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Optimal quadrature formula for approximate solution of a singular
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Abstract. In this article, an optimal quadrature formula for the approximate calculation of the
solution of a Fredholm-type singular integral equation of the second kind with the Hilbert kernel in
the space LéB)(O,27r) is constructed. In the proposed quadrature formula, the Sard problem arises,
where the interval [0, 27] is evenly divided into any N points, and this problem is solved using the
Sobolev method. For this purpose, an analytical representation of the optimal coefficients of the
ql(la)u}rature formula is obtained by minimizing the norm of the error functional in the conjugate space
L (0, 2n).
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1. INTRODUCTION

Singular integral equations arise in the mathematical formulation of problems in physics, mechanics,
engineering, and numerous other fields. One such equation is the following Fredholm-type singular
integral equation of the second kind:

a-g(t) b /g(w) cot 2_ tda: = (), (1.1)
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where ¢(t) is an unknown function, and ¢(¢) is a known function that satisfies the Lipschitz condition
1, 2]. a and b are arbitrary constants, which in general can be complex numbers.

This kernel
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is known as the Hilbert kernel. It is defined in the sense of the Cauchy principal value with properties
similar to a singular Cauchy-type integral, having a singularity when x = ¢ in the square where
0<2<2rand 0 <t<2m.

Using Hilbert transformations, the integral equation , if a # 0, has the following solution (see
[3], p. 144, [4], p. 115):
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The main problem encountered in the solution of the integral equation (|1.1]) in the form (1.2)) is the
calculation of Cauchy’s principal value integral
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This problem persists even when the expression is regularized.

Articles dedicated to the numerical solution of the integral equation are scarce. In this work,
we develop a numerical method for solving the singular integral (1.3)) in the sense of Cauchy’s principal
value, which appears in the solution of the integral equation (1.1 in the form . This method is
based on a functional approach. Since this method considers functions belonging to the Hilbert space
L$(0,27), it is considered highly effective and accurate.
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2. STATEMENT OF THE PROBLEM

We consider the following quadrature formula

/go(x) cot dx = ZCﬁgo xgs), (2.1)
0 B=0

where Cj are coefficients, x5 are nodal points, and x5 € [0,27]. The functions ¢(z) belong to the
Hilbert space L;?’)(O, 27), which is defined as

L¥(0,27) = {¢(z) : [0,27] — R, " (2) is absolutely continuous, ¢ (z) € Ly(0,27)}.

In this ng)(O, 27) space, the inner product of functions ¢ and v is defined as follows

27
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and the norm of the function ¢ in this space is calculated using the inner product (2.2)) as follows
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The difference between the integral and the quadrature sum in the considered quadrature formula

(2.1)

/@(93) cot T dar > Caplag) = /(5[0,2w]( )cot o — ZCB x —xp))p(x)dr =

o0

/ Uz)p(z)dz = (¢, ¢) (2.4)

is called the error of the quadrature formula.
For the derived expression (2.4]), the following error functional corresponding to the conjugate space

L7 (0,27) is obtained

—ZCQ ZL‘—I’B (25)

Uzx) = €po2q () cot

where €9 2. () is the characteristic function of the interval [0, 27|, and §(x) is Dirac’s delta-function.
According to the definition of the norm of a linear continuous functional, the following is known

(see 5], p. 82):
(4, 0)]
1€]| L = sup :
B ez el

From this equality, the Cauchy-Schwarz inequality follows

1€ @) < 1o el o (2.6)

According to the Cauchy-Schwarz inequality, the following conditions hold for the norm (2.3]) of the
function p(x)

(£,z%) =0, a=0,1,2. (2.7)
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According to the conditions , the quadrature formula is exact for the function dyx?+d iz +d,.
These conditions ensure that the error functional is bounded.

Thus, the upper bound of the error of the quadrature formula is estimated using the
norm of the error functional ¢(x). From this, the following problem arises.

Problem 1. Find the form of the norm of the error functional ¢(z) belonging to the conjugate
space L (0, 2).

It can be observed that the error functional depends on the coefficients C3 and the node points zg.
Minimizing the norm of the error functional with respect to both the coefficients C')s and the node
points x4 is called the Nikolsky problem, and this problem was first studied in Nikolsky’s works [6]
7]. The problem of minimizing the norm of the error functional only with respect to the coefficients
Cp, while fixing the node points x5 in advance, is called the Sard problem, and this problem was first
studied in the works of Sard [8, 9].

In this work, we solve the Sard problem. For this, we construct a quadrature formula at nodal
points xz where x5 = hf3 (h = Qﬁ’r, N € N) are equidistantly distributed points.

The coefficients Cz that minimize the norm of the error functional ¢(z), that is

inf €] 020 (2.8)

are called optimal coefficients and are denoted by CQ'B. The quadrature formula constructed using
these optimal coefficients is called an optimal quadrature formula. Therefore, to construct an optimal
quadrature formula in the sense of Sard in the space Lé?’)(O7 27), it is necessary to solve the following
problem.

Problem 2. Find the optimal coefficients éﬁ that achieve the value in (2.8).

The main purpose of this article is to construct an optimal quadrature formula that calculates
the integral equation with high accuracy in the space Lég)((), 27). Using the functional method
in Hilbert spaces, optimal quadrature formulas were constructed for singular integrals with Cauchy
kernels in works [10} |11, 12, 13], and for singular integrals with Hilbert kernels in works |14} |15]. Fur-
thermore, optimal quadrature formulas for regular integrals in various other spaces were constructed
using the Sobolev method in works 16}, |17].

The remainder of this article is structured as follows. In the third section, the extremal function
corresponding to the error functional ¢(x) is determined, and using this function, the expression for
the norm of the error functional is derived, thus solving Problem 1. In the fourth section, to find
the minimum of the quantity [|¢||* with respect to the coefficients Cjs, a system of linear equations

for the coefficients of the optimal quadrature formula in the Sard sense in the space L§3)(O, 27) is
formulated and solved using the Sobolev method. In the fifth section, the analytical form of the
optimal coefficients for the quadrature formula (2.1)) is obtained, thereby solving Problem 2.

3. FINDING THE EXTREMAL FUNCTION AND EXPRESSING THE NORM OF THE ERROR FUNCTIONAL

To solve problem 1, that is, to find the form of the norm of the error functional ([2.5)), we use the
concept of an extremal function.

The function v, (x) is called an extremal function corresponding to the error functional ¢(z) if the
following equality holds (see, [18}, |19, 20])

(6,he) = (1€l oo - Mlbell Lo (3.1)

The concept of an extremal function was first introduced by S.L. Sobolev and is defined as follows

vy = —L(x) * G3(z) + Pay(x),

||°

where G3(x) = 54, and Py(z) is a second-degree polynomial.

We note that * is the convolution and the convolution of two functions

oo oo

o) * P(r) = / oz —y)P(y)dy = / (y)Y(z —y)dy

— 00 — 00
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is defined by the formula.
Since the space L3(0,27) we are considering is a Hilbert space, we present the Riesz theorem on
the general form of a linear continuous functional.

Theorem 3.1. (Riesz theorem) Let H be a Hilbert space. Then for each linear continuous functional
€ H*, there exists a unique function 1, in the space H itself, called the Riesz element, which satisfies

the condition (¢,p) =< 1y, ¢ > corresponding to this functional, and the following equality holds for
this function

1z = el &
and conversely.

For any v, € H, there exists a unique functional £ € H* that satisfies the conditions ({,p) =<
Yo, 0 > and |€]|g- = [|¢e a-

According to the theorem, the extremal function v,(z) is a Riesz element and

(&, 1be) = [1€1” = llell*.

Based on the theorem, we calculate the square of the norm of the error functional

27 27

i —t —t
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Thus, the square of the norm of the error functional ¢(x) has been determined, and problem 1 has
been solved.

4. FINDING THE CONDITIONAL MINIMUM OF THE ERROR FUNCTIONAL

Now we will tackle the second problem. The square of the norm of the error functional obtained
in is a multi-variable function with respect to the coefficients Cs. According to the rule for
finding the conditional extremum of a multi-variable function, we will determine its local minimum in
conjunction with the conditions . To achieve this, we construct the Lagrange function:

2
®(Cy,do, dy,do) = [[€* + 2 da(l, 2, =0,1,..,N.

a=0

According to (2.7)), the following holds true here

27
(,z%) = /3:“ cot T—
0

By setting the partial derivatives of the resulting function ® with respect to the coefficients Cs and
the unknowns ds, dy, dy to zero, we obtain the following system of linear equations

" N
dz—) Cy(hB)* =0, a=0,1,2.
B=0

o 18—l
207275(}/ +d2(h6)2 +d1(h5) + dO = f3(h5)7 5 = O?L "-7N7 (41)
¥=0 ’
N
Z 7(h7)2_g27 (4 2)
~=0
N
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(4.4)

N
Z C’y = Yo,
~v=0

where

27
[ lz—hBP r—t,
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2

x_
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0

t
dxr =0,

here, By are the Bernoulli numbers, and the following formula was used (see [21], p. 224)

> 22kB2k
xP cot xdxr = Z(—l)k—x%“’, p>1, |z <.
/ 2V G R

The system (4.1)-(4.4) consists of (N + 4) unknowns and (N + 4) linear equations with respect to
C,,7v=0,1,...,N,dy,dy,dy. To solve this system, we will employ the functional method proposed by
6

22
Sobolev. For this method, it is crucial to use a discrete analogue of the differential operator d°/dx
In [22], discrete analogue of the differential operator d®/dx® has been constructed.
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Theorem 4.1. The discrete analog of the differential operator d°/dx® satisfying the equality D3(h3) x
G3(hB) = 0(hpB) has the following form

2
Z Kt : q‘6|_17 ’/8‘ Z 27
5! =t 2
Dy(hf) = 324 1+ z 81 =1, (4.5)
2
Try i p=0,
t=1

where §(hB) is a discrete delta function, K; = %f(qt;l);, K, = (]13; ;2) Es(x) is a fifth-degree Euler-

Frobenius polynomial, and ¢, and g are roots of the Euler-Frobenius polynomial E4(q) satisfying the
inequality |q;| <1, (t=1,2).

Theorem 4.2. The discrete operator D3(hf3) has the following properties:

1) Da(hB)*1=0

2)  Da(hB)* (hB) =

3)  Da(hB)* (hB)* = (4.6)
4)  hDs(hB) G(hﬁ)—é(hﬂ)

The proofs of the theorems are provided in [22].
Since we will be using functions with discrete arguments and operations on them from this point
forward, we will introduce some concepts related to these.

Definition 4.1. The function ¢(hf) is a function of discrete argument if it is given on some set of
integer values of .

Definition 4.2. The inner product of two discrete functions ¢(hg) and ¥ (hp) is given by

o0

[o(hB),(hB)] = D @(hB) - (hB),

B=—00
if the series on the right hand side of the last equality converges absolutely.

Definition 4.3. The convolution of two functions p(hfB) and v (hg) is the inner product

p(h) * p(hB) = lp(hy), w(hB — k)] = Y @(hy) - $(hB — ).
We denote the left side of equation as
5
Z c, |hﬁ2 ;V’ +dy(hB)? + dy(hB) + do. (4.7)

We transform this expression (4.7) into a convolution form using the concept of discrete argument
function mentioned above

u(hB) = Cg * G3(hB) + do(hB)* + dy (hB) + do. (4.8)
By applying the discrete operator D3(h/3) to this expression and using its properties, we obtain
Cs = hD3(hp) * u(hpB). (4.9)

Thus, to find the coefficients of the optimal quadrature formula, it is necessary to determine the
general form of the function u(h53) at all integer points. From equation (4.1]), we see that u(hf) =
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fs(hp) for =0,1,..., N. Now, assuming Cz = 0, we need to find the form of the function u(hj) from
expression (4.8) when 8 < 0 and § > N.

When B < 0,
u( ZC (5 5}17) + dy(hB3)? + di(hB) + do =
=0 )
:—§%Mﬂf+§gm%*—%ﬁmf+mwﬂf—mmm+mm+@mm?+¢wm+dm

here, po, p1, po are coefficients that are equal to the following

N N N
1

1 1
D2 = By ch(h’Y)g, p1= 18 ch(h7)4a Po = 240 WZCW

v=0 =0
When 8 > N,

§jo B8 =IO 4 ) + dy(8) + do =

Thus, the general form of u(hf) became as follows:

f3(hB), 0<B<N,
2 (hB)® — L(hB)* + Z(hB)? + (d2 — p2)(hB)* + (dy +p1)(hB) + (do — po), B> N.

Here, to simplify the form of u(h3), we introduce the following notations

0 { — 2 (hB)° + L& (hB)* — L2 (hB)* + (dz + p2) (hB)? + (di — p1)(hB) + (do + po), B <0,

dy+ps=ay, dy—pr=a;, dy+po=ag,
do—ps=a3f, di+p =af, do—po=ag.

From this, we can determine the following

— + — +
a +ay d ajtaf 4 ay + ag
0
2 )
— + — +
- a/2 - a2 - a‘*’,a* - ao - CLO
1 1
b2 = 5 y D1 = —%5 s Po= 5

dgz

Then, taking into account that gy = 0, we write the expression for u(h3) as follows

{ L (hB)* — £(hB)® + a3 (hB)* + ay (hB) +ay, B <O,
(hB) = q Js(hp), 0<B<N, (4.10)

—4(hB)* + £(hB)* + a3 (hB)* + af (hB) +af, B> N.

Here, a5 ,a] , a5 ,a3,al,al are unknown quantities. If these unknowns are determined, the general
form of u(hf) will be established, and the optimal coefficients C3, 5 =0,1,..., N can be found using

formula (4.9). Now let’s find these unknowns.
First, we will determine a, and aJ from expression (4.10)]).

At 8=
a(; :f3(0)7
and at § = N,

af = f3(hN) + 9

g
g = 51 (hN)? —af (hN)? — af (hN)
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we determine that it is equal to. Then u(hf) takes the following form

ggzg;“zi(hﬂ)"’+a5(h6)2+af(h6>+f3(0), g< g, N

5(hB), <B<N,

ulhf) = RN~ (197 + 508 (N)) + 0 (0~ () (4.11)
+ai (b3 — hN) + f3(hN), B> N.

Now we will determine the remaining unknowns a2 ,al a3, at. According to our assumption, since

Cs =0 when 8 <0 and 8 > N, therefore based on
Cs = hD3(hp) xu(hB) = 0, hB ¢ [0, 27]

Ds(hB) xu(hB) =0,
> Ds(hB — hy)u(hy) =0,

y=—o0
Taking into account expression (4.11)), we can rewrite it as follows

—1 o]

> Dy(hB — hy)u ZD3 (hB = hy)u(hy) + > D3(hB = hy)u(hy) =0,

y=—00 ~=0 y=N+1

i (B + hy)u(—h) + 37 Dy(hB — (i) + 3 Dy(hB — by + N)Julhiy + N)) =0,

r=1

By substituting the function u(hf) into the last expression, we obtain an equation with respect to

— 0= ot o
the unknowns a5 ,ai, a3, a]

ay i Ds(hB + hy)(hy)? — ay f: Ds(hB + hy)(hy)+

+af f: Ds(hB — h(y + N)R2 (72 + 2N7) + af f: Ds(hB — h(y + N))(h7) = (4.12)

y=1 y=1

:—Zpg, B — ) fo(h) ~ 203 b+ 1) (L) + 20 + 15(0)) -

g1 4 ggh glh4N 3 gghsN glh4N2 2
N Dy(hB - h(y+ N) [ — L(n _ - -
7}_13 (b3~ ho 4 M) (= Syt (B By (R DR
h3N? hiN?

To find the unknowns a, ,aj ,as,a;, we calculate equation (4.12)) for 8 = —1,8 = -2,8= N +1,
and 8 = N + 2, thus obtaining the following system of linear equations

Apay + Apsay + Ajzag + Aal = By
Asiay + Agpal + Aszad + Assal = B,
Asiay + Agpay + Aszad + Azsaf = Bs
Agpay; + Agpay + Agzay + Ayal = By

(4.13)

where

5! KD,
All = h ( 28“‘2 >,

el @
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5! ° K,D;
Au:_h5<—30+2 p );
1=1

?

51 /&
d M(ZKquN(DiQ N 2NDH));
i=1
51 (&
— ZKiDilqiN;
h5 i=1
5! 2 1 D)\,

i=1 i i

)

K2

Agy = —— ( Z Kig ™ (Dm + 2NDi1>);
2y KD );
5 iilq; )
i=1

2

5!
Agz = M(ZKiD12QfV>§

i=1

5! 2 K;
Ags = h4(—28—60N+Zq2(Di2+2NDi1)>;

51 1 Dis +2N Dy
Ay = h<—118—12ON+ZK (( q?>(1+2N)+3>);

i—1 q;

A44_< 60+ZK< D;f));

z (L

5! 91h Di491h4 Di392h3 Di491h4
B =——|[- —goh®— EjKF D; N —
1 h6< 3 [ 30/5(0 +Z 1 ( + l( 8 + o +D;of5(0) | +q; 3 +

3 g1hN 72 g2hN — g1 h*N? ' g2h*N? _ g1h*N? ' .
+D7,3h <24 12 )+Dz2h ( ] +D21h’ ] 12 +D10f3(hN) 9

51 215gh* 19g,h° : gih' | gah?
BQ__h6<_ 51 9 —30£3(0 Z Fiq; + 1—) 18 + 2 + f3(0) )+




76 Jabborov Kh.Kh

1 D‘4glh4 D'ggghg N D‘4glh4 go gth
L % i D. N+1( _ 7 D. 3 92
qg,( I DIy Do) 4 L | Doht (&2 9

hN h2N? h2N? h3N3
+Di2h2(g28 _ N 3 ) +Di1h<92 3 _ A 19 ) +Di0f3(hN)>>>§

! ht hIN hN h?N? h2N? h3N3
B — 5(91 _24h3<gz_gl )_28h2<92 5 >_30h<92 5 )—30f3(hN)+

I ANE 24 12 8 8 8 12
2 N
_ D,L g1h4 Diggghs 1 Di4glh4
K. N=vr (B N 4 D. —( =
# DK e ¥ (PR P 4 pno) + (- P

3 92 g1hN o gohN B G1h2N? | goh? N2 - G N3 | |
+D13h <24 12 >+D12h ( 8 8 +D11h 8 12 +DZ(]f3(hN) ;

5! /215g,h* g2 g1hN g2hN g h*N? g2h*N? g h3N3
B, =—— —228h3( = — —118n2 — — 60h — —
* h6< 24 8 <24 12 8 8 8 60 8 12

2 N
_ Dz h4 Dz h3 1 h4
a0 38 (3t 1 (P P s mno) (- ) (-5

i=1 v=0 i

3 g gth 2 gghN 91}7,2]\72 ggh2N2 g1h3N3 1 Di4gl I’L4
g2 — — N —_| =
th (24 12 >+h< 8 8 M 12 + fa(hN) Jrq3 s "

(9 NN e (BN gBNTY L (GPNT g RN .
+Dz3h (24 12 >+D'L2h < 8 8 +D’Llh 8 12 +D10f3(hN) ;

%

here

> @,
y=1

D=3 qf, Dy =3 qiv, Dy =) C]?W/Qv D3 =) Q¥73a Dy, =
y=1 y=1 y=1 ~y=1
Do =3 43, Dy =3 @37, Da=3 @7, D= @7 Du=> @7,
=1 y=1 y=1 y=1 =1
N N
P = Zocﬁfg(v), F, = Zoq;fs(v)-
Y= Y=

We solve the system of linear equations (4.13) using Cramer’s method to determine the unknowns

- = o+ o+
Ay, 01,0 ,07 .

Thus, the general form of the function u(h3) has been determined.
5. OPTIMAL COEFFICIENTS OF THE QUADRATURE FORMULA

In this section, we present the main result for the quadrature formula (2.1).

Theorem 5.1. The optimal coefficients of the quadrature formula (2.1)), with nodes equidistantly
spaced in the space Lg?’)(O, 27), have the following form

: {glm Gh e 2 K, F,
C, = - + +ay h? —a;h—31- f3(0) + f3(1) + I
’ po| a8 " o2a i 5(0) + fa(1) nz::l -
2
K, (Dpsgih*  D,sg.h® ) )
+ ; qn< 281 :;42 + D00, h? — D,1a7h + Dnof3(0)> +
2
_ D,ug1h* go g1 hN ghN g h?N?
KygN ' — =2 4 pand( 2 — D,k B N
' ; " ( R L O 7 R TR At N o ta )+
92h2N2 g1h3N3

+ Dn1h< +2a3 hN + af) + Dnofg(N))} :

8 12
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2 B 4571}14 D392h3 2
= K.,q L n D,sa;h® — D,1a7h+ D,
Cs [; q, < 13 + 94 + Dpoaq niaqy b+ n0f3(0)>+

N 2
+ ZZK"QW () + f5(B—1) = 32£:(8) + fs(B+ 1) +

v=0n=1

2

4 Dyugih? g2 GihN g2hN  gih>N?
K N-Bg—1( _ Hnad1lt D h3 g2 D h2 . +

+ nz::l nn ( 45 TEmM\op T g ) T Pm 8 g @)t

h2N? h3N3
+ Dnlh<92 8 - S 12 + 2(1 hN +G1> + Dn0f3(N)>:|7 /8 = 1727"'7N - 17

5! [_ g ht  g.h? B g1h*N N g2h3 N B g1h*N? N goh3 N2 B

Cn = hs 48 24 12 8 8 8
glh4N3 + 2N + 7,2 N N
— Ty 20N +afh® +ah =31 fy(N) + f5(N - 1) +
2
1 Dypagih*  D,3goh* _ _

+ ;anff < 181 + ; 42 + D205 hQ—Dn1a1h+Dnof3(0)> +
& 1 491h4 3( 92 g1hN
KN~ — 2 L Dk 22—

i ;; fsby Z ( g TP <24 12 ) +
hN h2N? h2N? h3N3

+ Dn2h2<928 5 - +a;> +Dn1h<92 - 0 = + 2a; hN—l—a1> +Dn0f3(N)>:|;

Proof: To prove the theorem, we use the expression (4.9). For this purpose, the discrete operator
Ds(hp) is defined by formula (4.5)), while the function u(hf) is determined using expression (4.11]).

Thus,
Cy = hDy(hB) *u(hB) =h S Ds(hB — hy)u(hy) =

y=—00

= h< _Z Ds(hB — hy)u(hy) + ZDg(hﬂ — hy)u(hy) + Z Dy (hf — hv)u(h7)> _

y=—00 y=N+1

= h<i Ds(hB + hy)u(—h~) + Y Ds(hB — hy)u(hy) + i D5(h8 — h(y + N))u(h(y + N))> -

y=1 7=0 y=1

i ght K
<Z (hB + ) < T 74+9273+a5h2’y2—afhv+f3(0)>+

24

B W g hiN
+ZD3 (hB = h) f(y +ZD3 (h8 — h(fy+N))<—gle 74+<g§4 —9112 >73+

~v=0 y=1

h3*N hiN? h3N? h*N3

+( 2 - o +aih® )y + g2 _ o +2a7h*N +afh )y + f3(N) ) ).
8 8 8 12

From the final expression, we obtain the coefficient C; when S = 0, the coefficients C)s when

B=1,2,..., N — 1, and the coefficient Cy when = N.

The theorem is thus proven. O

Problem 2 has been solved.
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6. CONCLUSION

In this article, an optimal quadrature formula in the space Lég)(0,27r) was developed using the
Sobolev method for high-precision approximate calculation of singular integral equations with a Hilbert
kernel, and an analytical expression for its optimal coefficients was derived.

—
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