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Abstract. In this article, an optimal quadrature formula for the approximate calculation of the
solution of a Fredholm-type singular integral equation of the second kind with the Hilbert kernel in

the space L
(3)
2 (0, 2π) is constructed. In the proposed quadrature formula, the Sard problem arises,

where the interval [0, 2π] is evenly divided into any N points, and this problem is solved using the
Sobolev method. For this purpose, an analytical representation of the optimal coefficients of the
quadrature formula is obtained by minimizing the norm of the error functional in the conjugate space

L
(3)∗

2 (0, 2π).
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1. Introduction

Singular integral equations arise in the mathematical formulation of problems in physics, mechanics,
engineering, and numerous other fields. One such equation is the following Fredholm-type singular
integral equation of the second kind:

a · g(t) + b

2π

2π∫
0

g(x) cot
x− t

2
dx = φ(t), (1.1)

where g(t) is an unknown function, and φ(t) is a known function that satisfies the Lipschitz condition
[1, 2]. a and b are arbitrary constants, which in general can be complex numbers.

This kernel

cot
x− t

2
is known as the Hilbert kernel. It is defined in the sense of the Cauchy principal value with properties
similar to a singular Cauchy-type integral, having a singularity when x = t in the square where
0 < x < 2π and 0 < t < 2π.

Using Hilbert transformations, the integral equation (1.1), if a ̸= 0, has the following solution (see
[3], p. 144, [4], p. 115):

g(t) =
a

a2 + b2
φ(t)− b

2π(a2 + b2)

2π∫
0

φ(x) cot
x− t

2
dx+

b2

2πa(a2 + b2)

2π∫
0

φ(x)dx. (1.2)

The main problem encountered in the solution of the integral equation (1.1) in the form (1.2) is the
calculation of Cauchy’s principal value integral

2π∫
0

φ(x) cot
x− t

2
dx. (1.3)

This problem persists even when the expression (1.2) is regularized.
Articles dedicated to the numerical solution of the integral equation (1.1) are scarce. In this work,

we develop a numerical method for solving the singular integral (1.3) in the sense of Cauchy’s principal
value, which appears in the solution of the integral equation (1.1) in the form (1.2). This method is
based on a functional approach. Since this method considers functions belonging to the Hilbert space

L
(3)
2 (0, 2π), it is considered highly effective and accurate.
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2. Statement of the problem

We consider the following quadrature formula

2π∫
0

φ(x) cot
x− t

2
dx ∼=

N∑
β=0

Cβφ(xβ), (2.1)

where Cβ are coefficients, xβ are nodal points, and xβ ∈ [0, 2π]. The functions φ(x) belong to the

Hilbert space L
(3)
2 (0, 2π), which is defined as

L
(3)
2 (0, 2π) = {φ(x) : [0, 2π] → R, φ′′(x) is absolutely continuous, φ′′′(x) ∈ L2(0, 2π)}.

In this L
(3)
2 (0, 2π) space, the inner product of functions φ and ψ is defined as follows

< φ,ψ >=

2π∫
0

φ′′′(x)ψ′′′(x)dx, (2.2)

and the norm of the function φ in this space is calculated using the inner product (2.2) as follows

∥φ∥ =

√√√√√ 2π∫
0

(
φ′′′(x)

)2

dx. (2.3)

The difference between the integral and the quadrature sum in the considered quadrature formula
(2.1)

2π∫
0

φ(x) cot
x− t

2
dx−

N∑
β=0

Cβφ(xβ) =

∞∫
−∞

(ε[0,2π](x) cot
x− t

2
−

N∑
β=0

Cβδ(x− xβ))φ(x)dx =

=

∞∫
−∞

ℓ(x)φ(x)dx = (ℓ, φ) (2.4)

is called the error of the quadrature formula.
For the derived expression (2.4), the following error functional corresponding to the conjugate space

L
(3)∗

2 (0, 2π) is obtained

ℓ(x) = ε[0,2π](x) cot
x− t

2
−

N∑
β=0

Cβδ(x− xβ), (2.5)

where ε[0,2π](x) is the characteristic function of the interval [0, 2π], and δ(x) is Dirac’s delta-function.
According to the definition of the norm of a linear continuous functional, the following is known

(see [5], p. 82):

∥ℓ∥
L

(3)∗
2

= sup
∥φ∦=0

|(ℓ, φ)|
∥φ∥

.

From this equality, the Cauchy-Schwarz inequality follows

|(ℓ, φ)| ≤ ∥ℓ∥
L

(3)∗
2

∥φ∥
L

(3)
2
. (2.6)

According to the Cauchy-Schwarz inequality, the following conditions hold for the norm (2.3) of the
function φ(x)

(ℓ, xα) = 0, α = 0, 1, 2. (2.7)
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According to the conditions (2.7), the quadrature formula (2.1) is exact for the function d2x
2+d1x+d0.

These conditions ensure that the error functional is bounded.
Thus, the upper bound of the error (2.4) of the quadrature formula (2.1) is estimated using the

norm of the error functional ℓ(x). From this, the following problem arises.
Problem 1. Find the form of the norm of the error functional ℓ(x) belonging to the conjugate

space L
(3)∗

2 (0, 2π).
It can be observed that the error functional depends on the coefficients Cβ and the node points xβ.

Minimizing the norm of the error functional with respect to both the coefficients Cβ and the node
points xβ is called the Nikolsky problem, and this problem was first studied in Nikolsky’s works [6,
7]. The problem of minimizing the norm of the error functional only with respect to the coefficients
Cβ, while fixing the node points xβ in advance, is called the Sard problem, and this problem was first
studied in the works of Sard [8, 9].

In this work, we solve the Sard problem. For this, we construct a quadrature formula at nodal
points xβ where xβ = hβ (h = 2π

N
, N ∈ N) are equidistantly distributed points.

The coefficients Cβ that minimize the norm of the error functional ℓ(x), that is

inf
Cβ

∥ℓ∥
L

(3)∗
2 (0,2π)

(2.8)

are called optimal coefficients and are denoted by C̊β. The quadrature formula constructed using
these optimal coefficients is called an optimal quadrature formula. Therefore, to construct an optimal

quadrature formula in the sense of Sard in the space L
(3)
2 (0, 2π), it is necessary to solve the following

problem.
Problem 2. Find the optimal coefficients C̊β that achieve the value in (2.8).
The main purpose of this article is to construct an optimal quadrature formula that calculates

the integral equation (1.1) with high accuracy in the space L
(3)
2 (0, 2π). Using the functional method

in Hilbert spaces, optimal quadrature formulas were constructed for singular integrals with Cauchy
kernels in works [10, 11, 12, 13], and for singular integrals with Hilbert kernels in works [14, 15]. Fur-
thermore, optimal quadrature formulas for regular integrals in various other spaces were constructed
using the Sobolev method in works [16, 17].

The remainder of this article is structured as follows. In the third section, the extremal function
corresponding to the error functional ℓ(x) is determined, and using this function, the expression for
the norm of the error functional (2.5) is derived, thus solving Problem 1. In the fourth section, to find
the minimum of the quantity ∥ℓ∥2 with respect to the coefficients Cβ, a system of linear equations

for the coefficients of the optimal quadrature formula in the Sard sense in the space L
(3)
2 (0, 2π) is

formulated and solved using the Sobolev method. In the fifth section, the analytical form of the
optimal coefficients for the quadrature formula (2.1) is obtained, thereby solving Problem 2.

3. Finding the extremal function and expressing the norm of the error functional

To solve problem 1, that is, to find the form of the norm of the error functional (2.5), we use the
concept of an extremal function.

The function ψℓ(x) is called an extremal function corresponding to the error functional ℓ(x) if the
following equality holds (see, [18, 19, 20])

(ℓ, ψℓ) = ∥ℓ∥
L

(3)∗
2

· ∥ψℓ∥L(3)
2
. (3.1)

The concept of an extremal function was first introduced by S.L. Sobolev and is defined as follows

ψℓ = −ℓ(x) ∗G3(x) + P2(x),

where G3(x) =
|x|5
2·5! , and P2(x) is a second-degree polynomial.

We note that ∗ is the convolution and the convolution of two functions

φ(x) ∗ ψ(x) =
∞∫

−∞

φ(x− y)ψ(y)dy =

∞∫
−∞

φ(y)ψ(x− y)dy
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is defined by the formula.
Since the space L3

2(0, 2π) we are considering is a Hilbert space, we present the Riesz theorem on
the general form of a linear continuous functional.

Theorem 3.1. (Riesz theorem) Let H be a Hilbert space. Then for each linear continuous functional
ℓ ∈ H∗, there exists a unique function ψℓ in the space H itself, called the Riesz element, which satisfies
the condition (ℓ, φ) =< ψℓ, φ > corresponding to this functional, and the following equality holds for
this function

∥ℓ∥H∗ = ∥ψℓ∥H
and conversely.

For any ψℓ ∈ H, there exists a unique functional ℓ ∈ H∗ that satisfies the conditions (ℓ, φ) =<
ψℓ, φ > and ∥ℓ∥H∗ = ∥ψℓ∥H .

According to the theorem, the extremal function ψℓ(x) is a Riesz element and

(ℓ, ψℓ) = ∥ℓ∥2 = ∥ψℓ∥2.

Based on the theorem, we calculate the square of the norm of the error functional

∥ℓ∥2 = −
2π∫
0

2π∫
0

|x− y|5

2 · 5!
cot

x− t

2
cot

y − t

2
dxdy +

+ 2
N∑

β=0

Cβ

2π∫
0

|x− hβ|5

2 · 5!
cot

x− t

2
dx−

N∑
β=0

N∑
γ=0

CβCγ

|hβ − hγ|5

2 · 5!
. (3.2)

Thus, the square of the norm of the error functional ℓ(x) has been determined, and problem 1 has
been solved.

4. Finding the conditional minimum of the error functional

Now we will tackle the second problem. The square of the norm of the error functional obtained
in (3.2) is a multi-variable function with respect to the coefficients Cβ. According to the rule for
finding the conditional extremum of a multi-variable function, we will determine its local minimum in
conjunction with the conditions (2.7). To achieve this, we construct the Lagrange function:

Φ(Cβ, d2, d1, d0) = ∥ℓ∥2 + 2
2∑

α=0

dα(ℓ, x
α), β = 0, 1, ..., N.

According to (2.7), the following holds true here

(ℓ, xα) =

2π∫
0

xα cot
x− t

2
dx−

N∑
β=0

Cβ(hβ)
α = 0, α = 0, 1, 2.

By setting the partial derivatives of the resulting function Φ with respect to the coefficients Cβ and
the unknowns d2, d1, d0 to zero, we obtain the following system of linear equations

N∑
γ=0

Cγ

|hβ − hγ|5

2 · 5!
+ d2(hβ)

2 + d1(hβ) + d0 = f3(hβ), β = 0, 1, ..., N, (4.1)

N∑
γ=0

Cγ(hγ)
2 = g2, (4.2)

N∑
γ=0

Cγ(hγ) = g1, (4.3)
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N∑
γ=0

Cγ = g0, (4.4)

where

f3(hβ) =

2π∫
0

|x− hβ|5

2 · 5!
cot

x− t

2
dx =

=
1

5!

[ ∞∑
k=0

(−1)k
B2k

(2k + 5)(2k)!

(
(2π − t)2k+5 − 2(hβ − t)2k+5 − t2k+5

)
+

+5(t− hβ)
∞∑
k=0

(−1)k
B2k

(2k + 4)(2k)!

(
(2π − t)2k+4 − 2(hβ − t)2k+4 + t2k+4

)
+

+10(t− hβ)2
∞∑
k=0

(−1)k
B2k

(2k + 3)(2k)!

(
(2π − t)2k+3 − 2(hβ − t)2k+3 − t2k+3

)
+

+10(t− hβ)3
∞∑
k=0

(−1)k
B2k

(2k + 2)(2k)!

(
(2π − t)2k+2 − 2(hβ − t)2k+2 + t2k+2

)
+

+5(t− hβ)4
∞∑
k=0

(−1)k
B2k

(2k + 1)(2k)!

(
(2π − t)2k+1 − 2(hβ − t)2k+1 − t2k+1

)
+

+2(t− hβ)5 ln

∣∣∣∣ sin t
2

sin hβ−t
2

∣∣∣∣],
g2 = 2

∞∑
k=0

(−1)k
B2k

(2k + 2)(2k)!

(
(2π − t)2k+2 − t2k+2

)
+

+4t
∞∑
k=0

(−1)k
B2k

(2k + 1)(2k)!

(
(2π − t)2k+1 + t2k+1

)
,

g1 = 2
∞∑
k=0

(−1)k
B2k

(2k + 1)(2k)!

(
(2π − t)2k+1 + t2k+1

)
,

g0 =

2π∫
0

cot
x− t

2
dx = 0,

here, B2k are the Bernoulli numbers, and the following formula was used (see [21], p. 224)∫
xp cotxdx =

∞∑
k=0

(−1)k
22kB2k

(2k + p)(2k)!
x2k+p, [p ≥ 1, |x| < π].

The system (4.1)-(4.4) consists of (N + 4) unknowns and (N + 4) linear equations with respect to
Cγ , γ = 0, 1, ..., N, d0, d1, d2. To solve this system, we will employ the functional method proposed by
Sobolev. For this method, it is crucial to use a discrete analogue of the differential operator d6/dx6.
In [22], discrete analogue of the differential operator d6/dx6 has been constructed.
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Theorem 4.1. The discrete analog of the differential operator d6/dx6 satisfying the equality D3(hβ)∗
G3(hβ) = δ(hβ) has the following form

D3(hβ) =
5!

h6



2∑
t=1

Kt · q|β|−1
t , |β| ≥ 2,

1 +
2∑

t=1

Kt, |β| = 1,

−25 +
2∑

t=1

Kt

qt
, β = 0,

(4.5)

where δ(hβ) is a discrete delta function, K1 = (1−q1)
7

E5(q1)
, K2 = (1−q2)

7

E5(q2)
, E5(x) is a fifth-degree Euler-

Frobenius polynomial, and q1 and q2 are roots of the Euler-Frobenius polynomial E4(q) satisfying the
inequality |qt| < 1, (t = 1, 2).

Theorem 4.2. The discrete operator D3(hβ) has the following properties:

1) D3(hβ) ∗ 1 = 0

2) D3(hβ) ∗ (hβ) = 0

3) D3(hβ) ∗ (hβ)2 = 0 (4.6)

4) hD3(hβ) ∗G3(hβ) = δ(hβ)

The proofs of the theorems are provided in [22].
Since we will be using functions with discrete arguments and operations on them from this point

forward, we will introduce some concepts related to these.

Definition 4.1. The function φ(hβ) is a function of discrete argument if it is given on some set of
integer values of β.

Definition 4.2. The inner product of two discrete functions φ(hβ) and ψ(hβ) is given by

[φ(hβ), ψ(hβ)] =
∞∑

β=−∞

φ(hβ) · ψ(hβ),

if the series on the right hand side of the last equality converges absolutely.

Definition 4.3. The convolution of two functions φ(hβ) and ψ(hβ) is the inner product

φ(hβ) ∗ ψ(hβ) = [φ(hγ), ψ(hβ − hγ)] =
∞∑

γ=−∞

φ(hγ) · ψ(hβ − hγ).

We denote the left side of equation (4.1) as

u(hβ) =
N∑

γ=0

Cγ

|hβ − hγ|5

2 · 5!
+ d2(hβ)

2 + d1(hβ) + d0. (4.7)

We transform this expression (4.7) into a convolution form using the concept of discrete argument
function mentioned above

u(hβ) = Cβ ∗G3(hβ) + d2(hβ)
2 + d1(hβ) + d0. (4.8)

By applying the discrete operator D3(hβ) to this expression and using its properties, we obtain

Cβ = hD3(hβ) ∗ u(hβ). (4.9)

Thus, to find the coefficients of the optimal quadrature formula, it is necessary to determine the
general form of the function u(hβ) at all integer points. From equation (4.1), we see that u(hβ) =
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f3(hβ) for β = 0, 1, ..., N . Now, assuming Cβ = 0, we need to find the form of the function u(hβ) from
expression (4.8) when β < 0 and β > N .

When β < 0,

u(hβ) = −
N∑

γ=0

Cγ

(hβ − hγ)5

2 · 5!
+ d2(hβ)

2 + d1(hβ) + d0 =

= − g0
240

(hβ)5 +
g1
48

(hβ)4 − g2
24

(hβ)3 + p2(hβ)
2 − p1(hβ) + p0 + d2(hβ)

2 + d1(hβ) + d0,

here, p2, p1, p0 are coefficients that are equal to the following

p2 =
1

24

N∑
γ=0

Cγ(hγ)
3, p1 =

1

48

N∑
γ=0

Cγ(hγ)
4, p0 =

1

240

N∑
γ=0

Cγ(hγ)
5.

When β > N ,

u(hβ) =
N∑

γ=0

Cγ

(hβ − hγ)5

2 · 5!
+ d2(hβ)

2 + d1(hβ) + d0 =

=
g0
240

(hβ)5 − g1
48

(hβ)4 +
g2
24

(hβ)3 − p2(hβ)
2 + p1(hβ)− p0 + d2(hβ)

2 + d1(hβ) + d0,

Thus, the general form of u(hβ) became as follows:

u(hβ) =

 − g0
240

(hβ)5 + g1
48
(hβ)4 − g2

24
(hβ)3 + (d2 + p2)(hβ)

2 + (d1 − p1)(hβ) + (d0 + p0), β < 0,
f3(hβ), 0 ≤ β ≤ N,
g0
240

(hβ)5 − g1
48
(hβ)4 + g2

24
(hβ)3 + (d2 − p2)(hβ)

2 + (d1 + p1)(hβ) + (d0 − p0), β > N.

Here, to simplify the form of u(hβ), we introduce the following notations

d2 + p2 = a−2 , d1 − p1 = a−1 , d0 + p0 = a−0 ,

d2 − p2 = a+2 , d1 + p1 = a+1 , d0 − p0 = a+0 .

From this, we can determine the following

d2 =
a−2 + a+2

2
, d1 =

a−
1 +a+

1

2
, d0 =

a−0 + a+0
2

,

p2 =
a−2 − a+2

2
, p1 =

a+
1 −a−

1

2
, p0 =

a−0 − a+0
2

.

Then, taking into account that g0 = 0, we write the expression for u(hβ) as follows

u(hβ) =


g1
48
(hβ)4 − g2

24
(hβ)3 + a−2 (hβ)

2 + a−1 (hβ) + a−0 , β < 0,
f3(hβ), 0 ≤ β ≤ N,
− g1

48
(hβ)4 + g2

24
(hβ)3 + a+2 (hβ)

2 + a+1 (hβ) + a+0 , β > N.
(4.10)

Here, a−2 , a
−
1 , a

−
0 , a

+
2 , a

+
1 , a

+
0 are unknown quantities. If these unknowns are determined, the general

form of u(hβ) will be established, and the optimal coefficients Cβ, β = 0, 1, ..., N can be found using
formula (4.9). Now let’s find these unknowns.

First, we will determine a−0 and a+0 from expression (4.10).
At β = 0,

a−0 = f3(0),

and at β = N ,

a+0 = f3(hN) +
g1
48

(hN)4 − g2
24

(hN)3 − a+2 (hN)2 − a+1 (hN)
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we determine that it is equal to. Then u(hβ) takes the following form

u(hβ) =


g1
48
(hβ)4 − g2

24
(hβ)3 + a−2 (hβ)

2 + a−1 (hβ) + f3(0), β < 0,
f3(hβ), 0 ≤ β ≤ N,
− g1

48
((hN)4 − (hβ)4) + g2

24
((hβ)3 − (hN)3) + a+2 ((hβ)

2 − (hN)2)+
+a+1 (hβ − hN) + f3(hN), β > N.

(4.11)

Now we will determine the remaining unknowns a−2 , a
−
1 , a

+
2 , a

+
1 . According to our assumption, since

Cβ = 0 when β < 0 and β > N , therefore based on (4.9)

Cβ = hD3(hβ) ∗ u(hβ) = 0, hβ /∈ [0, 2π]

D3(hβ) ∗ u(hβ) = 0,
∞∑

γ=−∞

D3(hβ − hγ)u(hγ) = 0,

Taking into account expression (4.11), we can rewrite it as follows

−1∑
γ=−∞

D3(hβ − hγ)u(hγ) +
N∑

γ=0

D3(hβ − hγ)u(hγ) +
∞∑

γ=N+1

D3(hβ − hγ)u(hγ) = 0,

∞∑
γ=1

D3(hβ + hγ)u(−hγ) +
N∑

γ=0

D3(hβ − hγ)u(hγ) +
∞∑
γ=1

D3(hβ − h(γ +N))u(h(γ +N)) = 0,

By substituting the function u(hβ) into the last expression, we obtain an equation with respect to
the unknowns a−2 , a

−
1 , a

+
2 , a

+
1

a−2

∞∑
γ=1

D3(hβ + hγ)(hγ)2 − a−1

∞∑
γ=1

D3(hβ + hγ)(hγ)+

+a+2

∞∑
γ=1

D3(hβ − h(γ +N))h2(γ2 + 2Nγ) + a+1

∞∑
γ=1

D3(hβ − h(γ +N))(hγ) = (4.12)

= −
N∑

γ=0

D3(hβ − hγ)f3(hγ)−
∞∑
γ=1

D3(hβ + hγ)

(
g1
48

(hγ)4 +
g2
24

(hγ)3 + f3(0)

)
−

−
∞∑
γ=1

D3(hβ − h(γ +N))

(
− g1

48
(hγ)4 + (

g2h
3

24
− g1h

4N

12
)γ3 + (

g2h
3N

8
− g1h

4N2

8
)γ2+;

+(
g2h

3N2

8
− g1h

4N3

12
)γ + f3(hN)

)
;

To find the unknowns a−2 , a
−
1 , a

+
2 , a

+
1 , we calculate equation (4.12) for β = −1, β = −2, β = N + 1,

and β = N + 2, thus obtaining the following system of linear equations
A11a

−
2 +A12a

−
1 +A13a

+
2 +A14a

+
1 = B1

A21a
−
2 +A22a

−
1 +A23a

+
2 +A24a

+
1 = B2

A31a
−
2 +A32a

−
1 +A33a

+
2 +A34a

+
1 = B3

A41a
−
2 +A42a

−
1 +A43a

+
2 +A44a

+
1 = B4

(4.13)

where

A11 =
5!

h4

(
− 28 +

2∑
i=1

KiDi2

q2i

)
;
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A12 = − 5!

h5

(
− 30 +

2∑
i=1

KiDi1

q2i

)
;

A13 =
5!

h4

( 2∑
i=1

K1q
N
i (Di2 + 2NDi1)

)
;

A14 =
5!

h5

( 2∑
i=1

KiDi1q
N
i

)
;

A21 =
5!

h4

(
− 118 +

2∑
i=1

Ki

(
1− 1

q2i
+
Di2

q3i

))
;

A22 = − 5!

h5

(
− 60 +

2∑
i=1

Ki

(
1− 1

q2i
+
Di1

q3i

))
;

A23 = − 5!

h5

( 2∑
i=1

Kiq
N+1
i

(
Di2 + 2NDi1

))
;

A24 =
5!

h5

( 2∑
i=1

KiDi1q
N+1
i

)
;

A31 =
5!

h4

( 2∑
i=1

KiDi2q
N
i

)
;

A32 = − 5!

h5

( 2∑
i=1

KiDi1q
N
i

)
;

A33 =
5!

h4

(
− 28− 60N +

2∑
i=1

Ki

q2i

(
Di2 + 2NDi1

))
;

A34 =
5!

h5

(
− 30 +

2∑
i=1

KiDi1

q2i

)
;

A41 =
5!

h4

( 2∑
i=1

KiDi2q
N+1
i

)
;

A42 = − 5!

h5

( 2∑
i=1

KiDi1q
N+1
i

)
;

A43 =
5!

h4

(
− 118− 120N +

2∑
i=1

Ki

((
1− 1

q2i

)
(1 + 2N) +

Di2 + 2NDi1

q3i

))
;

A44 =
5!

h5

(
− 60 +

2∑
i=1

Ki

(
1− 1

q2i
+
Di1

q3i

))
;

B1 = − 5!

h6

(
− g1h

4

3
−g2h3−30f3(0)+

2∑
i=1

Ki

(
Fi+

1

q2i

(
Di4g1h

4

48
+
Di3g2h

3

24
+Di0f3(0)

)
+qN1

(
−Di4g1h

4

48
+

+Di3h
3

(
g2
24

− g1hN

12

)
+Di2h

2

(
g2hN − g1h

2N2

8

)
+Di1h

(
g2h

2N2

8
− g1h

3N3

12

)
+Di0f3(hN)

)))
;

B2 = − 5!

h6

(
− 215g1h

4

24
− 19g2h

3

2
− 30f3(0) +

2∑
i=1

Ki

(
Fiqi +

(
1− 1

q2i

)(
g1h

4

48
+
g2h

3

24
+ f3(0)

)
+
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+
1

q3i

(
Di4g1h

4

48
+
Di3g2h

3

24
+Di0f3(0)

)
+ qN+1

i

(
− Di4g1h

4

48
+Di3h

3

(
g2
24

− g1hN

12

)
+

+Di2h
2

(
g2hN

8
− g1h

2N2

8

)
+Di1h

(
g2h

2N2

8
− g1h

3N3

12

)
+Di0f3(hN)

)))
;

B3 = − 5!

h6

(
g1h

4

3
−24h3

(
g2
24

−g1hN
12

)
−28h2

(
g2hN

8
−g1h

2N2

8

)
−30h

(
g2h

2N2

8
−g1h

3N3

12

)
−30f3(hN)+

+
2∑

i=1

Ki

( N∑
γ=0

qN−γ
i f3(hγ) + qNi

(
Di4g1h

4

48
+
Di3g2h

3

24
+Di0f3(0)

)
+

1

q2i

(
− Di4g1h

4

48
+

+Di3h
3

(
g2
24

− g1hN

12

)
+Di2h

2

(
g2hN

8
− g1h

2N2

8

)
+Di1h

(
g2h

2N2

8
− g1h

3N3

12

)
+Di0f3(hN)

)))
;

B4 = − 5!

h6

(
215g1h

4

24
− 228h3

(
g2
24

− g1hN

12

)
− 118h2

(
g2hN

8
− g1h

2N2

8

)
− 60h

(
g2h

2N2

8
− g1h

3N3

12

)
−

−30f3(hN)+
2∑

i=1

Ki

( N∑
γ=0

qN+1−γ
i f3(hγ)+q

N+1
i

(
Di4g1h

4

48
+
Di3g2h

3

24
+Di0f3(0)

)
+

(
1− 1

q2i

)(
− g1h

4

48
+

+h3

(
g2
24

− g1hN

12

)
+ h2

(
g2hN

8
− g1h

2N2

8

)
+ h

(
g2h

2N2

8
− g1h

3N3

12

)
+ f3(hN)

)
+

1

q3i

(
− Di4g1h

4

48
+

+Di3h
3

(
g2
24

− g1hN

12

)
+Di2h

2

(
g2hN

8
− g1h

2N2

8

)
+Di1h

(
g2h

2N2

8
− g1h

3N3

12

)
+Di0f3(hN)

)))
;

here

D10 =
∞∑
γ=1

qγ1 , D11 =
∞∑
γ=1

qγ1γ, D12 =
∞∑
γ=1

qγ1γ
2, D13 =

∞∑
γ=1

qγ1γ
3, D14 =

∞∑
γ=1

qγ1γ
4,

D20 =
∞∑
γ=1

qγ2 , D21 =
∞∑
γ=1

qγ2γ, D22 =
∞∑
γ=1

qγ2γ
2, D23 =

∞∑
γ=1

qγ2γ
3, D24 =

∞∑
γ=1

qγ2γ
4,

F1 =
N∑

γ=0

qγ1f3(γ), F2 =
N∑

γ=0

qγ2f3(γ).

We solve the system of linear equations (4.13) using Cramer’s method to determine the unknowns
a−2 , a

−
1 , a

+
2 , a

+
1 .

Thus, the general form of the function u(hβ) has been determined.

5. Optimal coefficients of the quadrature formula

In this section, we present the main result for the quadrature formula (2.1).

Theorem 5.1. The optimal coefficients of the quadrature formula (2.1), with nodes equidistantly

spaced in the space L
(3)
2 (0, 2π), have the following form

C0 =
5!

h5

[
g1h

4

48
+
g2h

3

24
+ a−2 h

2 − a−1 h− 31 · f3(0) + f3(1) +
2∑

n=1

KnFn

qn
+

+
2∑

n=1

Kn

qn

(
Dn4g1h

4

48
+
Dn3g2h

3

24
+Dn2a

−
2 h

2 −Dn1a
−
1 h+Dn0f3(0)

)
+

+
2∑

n=1

Knq
N−1
n

(
− Dn4g1h

4

48
+Dn3h

3

(
g2
24

− g1hN

12

)
+Dn2h

2

(
g2hN

8
− g1h

2N2

8
+ a+2

)
+

+ Dn1h

(
g2h

2N2

8
− g1h

3N3

12
+ 2a+2 hN + a+1

)
+Dn0f3(N)

)]
;
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Cβ =
5!

h5

[ 2∑
n=1

Knq
β−1
n

(
Dn4g1h

4

48
+
Dn3g2h

3

24
+Dn2a

−
2 h

2 −Dn1a
−
1 h+Dn0f3(0)

)
+

+
N∑

γ=0

2∑
n=1

Knq
|β−γ|−1
n f3(γ) + f3(β − 1)− 32f3(β) + f3(β + 1) +

+
2∑

n=1

Knq
N−β−1
n

(
− Dn4g1h

4

48
+Dn3h

3

(
g2
24

− g1hN

12

)
+Dn2h

2

(
g2hN

8
− g1h

2N2

8
+ a+2

)
+

+ Dn1h

(
g2h

2N2

8
− g1h

3N3

12
+ 2a+2 hN + a+1

)
+Dn0f3(N)

)]
, β = 1, 2, ..., N − 1;

CN =
5!

h5

[
− g1h

4

48
+
g2h

3

24
− g1h

4N

12
+
g2h

3N

8
− g1h

4N2

8
+
g2h

3N2

8
−

− g1h
4N3

12
+ 2a+2 h

2N + a+2 h
2 + a1h− 31 · f3(N) + f3(N − 1) +

+
2∑

n=1

Knq
N−1
n

(
Dn4g1h

4

48
+
Dn3g2h

3

24
+Dn2a

−
2 h

2 −Dn1a
−
1 h+Dn0f3(0)

)
+

+
2∑

n=1

N∑
γ=0

Knq
N−γ−1
n f3(γ) +

2∑
n=1

Kn

qn

(
− Dn4g1h

4

48
+Dn3h

3

(
g2
24

− g1hN

12

)
+

+ Dn2h
2

(
g2hN

8
− g1h

2N2

8
+ a+2

)
+Dn1h

(
g2h

2N2

8
− g1h

3N3

12
+ 2a+2 hN + a+1

)
+Dn0f3(N)

)]
;

Proof: To prove the theorem, we use the expression (4.9). For this purpose, the discrete operator
D3(hβ) is defined by formula (4.5), while the function u(hβ) is determined using expression (4.11).
Thus,

Cβ = hD3(hβ) ∗ u(hβ) = h
∞∑

γ=−∞

D3(hβ − hγ)u(hγ) =

= h

( −1∑
γ=−∞

D3(hβ − hγ)u(hγ) +
N∑

γ=0

D3(hβ − hγ)u(hγ) +
∞∑

γ=N+1

D3(hβ − hγ)u(hγ)

)
=

= h

( ∞∑
γ=1

D3(hβ + hγ)u(−hγ) +
N∑

γ=0

D3(hβ − hγ)u(hγ) +
∞∑
γ=1

D3(hβ − h(γ +N))u(h(γ +N))

)
=

= h

( ∞∑
γ=1

D3(hβ + hγ)

(
g1h

4

48
γ4 +

g2h
3

24
γ3 + a−2 h

2γ2 − a−1 hγ + f3(0)

)
+

+
N∑

γ=0

D3(hβ − hγ)f3(γ) +
∞∑
γ=1

D3(hβ − h(γ +N))

(
− g1h

4

48
γ4 +

(
g2h

3

24
− g1h

4N

12

)
γ3+

+

(
g2h

3N

8
− g1h

4N2

8
+ a+2 h

2

)
γ2 +

(
g2h

3N2

8
− g1h

4N3

12
+ 2a+2 h

2N + a+1 h

)
γ + f3(N)

))
.

From the final expression, we obtain the coefficient C0 when β = 0, the coefficients Cβ when
β = 1, 2, ..., N − 1, and the coefficient CN when β = N .

The theorem is thus proven. □

Problem 2 has been solved.
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6. Conclusion

In this article, an optimal quadrature formula in the space L
(3)
2 (0, 2π) was developed using the

Sobolev method for high-precision approximate calculation of singular integral equations with a Hilbert
kernel, and an analytical expression for its optimal coefficients was derived.
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