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Abstract. In this paper, we first classify all associative algebra structures on a two-dimensional vector
space over an arbitrary base field equipped with a non-degenerate bilinear form. We then determine
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classes of these algebras over an arbitrary base field.
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1. INTRODUCTION

Frobenius algebras are a fundamental concept in mathematics, appearing in areas such as algebra,
topology, and theoretical physics, particularly in the study of categories, representation theory, and
quantum field theory. They are named after the German mathematician Ferdinand Georg Frobenius.

Initially it was introduced as a finite-dimensional associative algebra equipped with a linear func-
tional whose “kernel” contains no nontrivial ideals. Later, a few equivalent definitions of these algebras
appear depending their applications in various areas of science. Frobenius algebras were first studied
by Frobenius [I3] around 1900. Further properties and relations go back to Nakayama [16] in the
1930s. The characterisation of Frobenius algebras in terms of comultiplication goes back to Lawvere
[15] (1967), and it was rediscovered by Quinn [22] and Abrams [I] in the 1990s (we refer the reader to
[12] as a most fundamental work on Frobenius algebras and their connections).

Frobenius algebras began to be studied in the 1930s by R. Brauer and C. Nesbitt [6]. T. Nakayama
discovered the beginnings of a rich duality theory [16, [I7]. J. Dieudonné used this to characterize
Frobenius algebras [10]. Frobenius algebras were generalized to quasi-Frobenius rings, those Noether-
ian rings whose right regular representation is injective. There are works on generalization of the
concept Frobenius algebra to some specific classes of algebras (see [3, 8, [14] [I§]). In recent times,
interest has been renewed in Frobenius algebras due to connections to Topological Quantum Field
Theory. TQFTs are functors from the category of cobordisms to the category of vector spaces. It
has been found that they play an important role in the algebraic treatment and axiomatic foundation
of Topological Quantum Field Theory [I], [4, 21]. Frobenius algebras underlie the algebraic structure
of 2D Topological Quantum Field Theory’s (TQFT’s). They provide a bridge between physics and
algebraic topology by encoding information about 2-dimensional surfaces and their invariants. Let
us mention a few results, illustrating the importance of the concept. In [I9] the author introduces
foundational concepts related to Frobenius algebras in the context of Hopf algebra theory. A. Atiyah
in [2] discussed the role of Frobenius algebras in the development of TQFT’s and first described their
axiomatic foundation. The authors of [7] present a unified approach to the study of separable and
Frobenius algebras.

In the paper, we first classify all associative algebra structures on two-dimensional vector spaces
over any base field equipped with a non-degenerate bilinear form (Section 3). Then we identify
which of those are Frobenius algebras (Section 4). Section 5 contains a comparison of two lists of
two-dimensional associative algebras over any base fields obtained in [11] and [20].

1.1. Preliminaries. Let A be a Pl-algebra, with a given set of polynomial identities
{P;u1,us,...,u,] =0: j € J} over a field F

and
k;

Pjluy, ug, ...y uy] = ZQ;[ul,ug, ...,un]R;[ul,uz, vy Uyp], Where j € J.

i=1
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In some applications this kind of algebras appear with a non-degenerate bilinear form o : A x A — F
such that Zf;l o(Q}lar, az, ..., an), Rilay, ay, ..., a,]) = 0 at all ay,ay,...,a, € A. A pair (A, o) is said
to be a Frobenius Pl-algebra. The classification of a given class of Frobenius Pl-algebras is of great
interest. In this paper we consider as a class PI-algebras the class of associative algebras and provide a
complete classification of such algebras on two-dimensional vector space over any base field. Therefore,
further an algebra A always is assumed to be associative. The next theorem establishes the equivalence
of several important and useful characterizations of Frobenius algebras (see [9]).

Theorem 1.1. The following statements about a finite-dimensional unital algebra A are equivalent:

e A is a Frobenius algebra, i.e., there exists a linear functional ¢ : A — F whose “kernel”
contains no nontrivial tdeals.

e There exists a non-degenerate bilinear form, o : A x A — F such that o(xy,z) = o(x,yz) for
all x,y,z € A.

e For all left ideals L and right ideals R in A we have
l(r(L))=L, and (r(L) :F)+ (L :F) = (A:F);

r(l(R)) =R, and ((R) :F)+ (R:F) = (A:TF),
where r(P) = {x € A : Px =0} and I[(P) = {x € A : xP = 0} are right and left annihilators
of a subset P C A, respectively and (— : F) is the dimension over F.

Definition 1.2. Let (A, o) and (B, 7) be Frobenius algebras on a vector space V over a field F with
non-degenerate bilinear forms o : AxXA — Fand 7 : BxB — F, respectively. Pairs (A, o) and (B, ) are
said to be isomorphic if there exists isomorphism of algebras f : A — B such that o(xy) = 7(f(x) f(y))
for all x,y € A (we denote it by A = B).

Let A be an n-dimensional algebra and e = (e, €z, ..., ¢,,) its basis. Then x, y and z can be presented
by their coordinate vectors x = (z1, %o, ..., )", ¥y = (Y1, Y2, -, Yn)? and z = (21, 29, ..., 2,) 7 as

x = ex,y = ey and z = ez, respectevely.

Here and onward we use the notions x and z for a vector and its coordinate vector on the basis e.
Therefore, xy = eA(z ® y), where the entries afj of

1 1 1 1 1 1 1 1 1

aél aéz a%n agl G%Q agn Ggl aéﬂ ng

A— ai; ajy ... ay, G313 Q5 ... Ao, ... QApy Qpo ... Gy,
n n n n n n n n n

app Qi - aln Aoy Qg - a2n anl an2 ann

are defined by:

ee; = Zafjek, where 7,5 = 1,2,...,n.
k=1
The matrix A is said to be the matrix of structure constants (MSC) of A on the basis e.
If A is a Frobenius algebra then the Frobenius map o also is presented by its matrix S: o(x,y) =
2T Sy. Then
o(xy,z) = (z7 @ y")ATSz and o(x,yz) = 27 SA(y ® 2).

Therefore, one has

Lemma 1.3. An algebra A is Frobenius if and only if
(2" @y")ATSz = 2T SA(y ® 2). (1.1)

Recently, in [5] a result on classification of two-dimensional algebras over any base field F appeared.
Using this classification in [20] the author gave the representatives of isomorphism classes of all asso-
ciative algebra structures on two-dimensional vector space over any base field and their automorphism
groups. Below we give results from [20] which we make use in the paper.
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Theorem 1.4. Any non-trivial 2-dimensional associative algebra over a field F (Char(F) # 2) is
isomorphic to only one of the following listed, by their matrices of structure constants, algebras:

L (0000
(1>A313'<1 00 0)

, (1000
(2)A33'_<0000 )
. (1000
(3)’433'_(0100 )

,_ (1000
(4)‘453'_(0 010)

2
(5) Asg(a4)::<(1] (1) (1) Oé‘*)%(é (1) (1) a0a4>,wherecmé]F,aEIF(mda#O.

Theorem 1.5. Any non-trivial 2-dimensional associative algebra over a field F, (Char(F) = 2) is
isomorphic to only one of the following listed by their matrices of structure constants, such algebras:

(1)> = <b2(50+a2) (1) (1) ?), where a,b € F and b # 0,
1

1 1 0 ~ 1 1 10
(4) A842(51)::<51 0 1) = (61+a+a2 00 1>a Whereaaﬁ1€F7
s (1000
(5)‘4832_(0 0 0 0 )
1 0 00
(6) ASEQ::(O 10 0).

We also need the automorphism groups of the algebras given in the theorems above.

Theorem 1.6. The automorphism groups of the algebras listed in Theorem[1.4] are given as follows

(1) Aut(As{Qz{(f 22 )|p,s€F, p;éO},

(2) Aut(Asg):{<(1) ?)\teIF,t;&O},
(3) Aut(As%)z{(i ?)\s,teﬂ?,t#o},
(4) Aut(Asé):{<i ?)\s,teﬂ?,t#o},
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Theorem 1.7. The automorphism groups of the algebras listed in Theorem[1.5 are given as follows

(1) Aut(Asl,,) = {( b ) | p#0, SE]F}

s p?

(2)Aut(As§172):{< p )(1)>|p7£OEIF},

Bi(p —

(3) Aut(Asg,) = {<i 2>|t7é0361[?}
s ={(3 9).(1 )}
(5) Aut(AsS,) = {(é (t)>|t7$0€IF},

(6) Aut(As%ﬁz{(i 0>\steFandt7§O}

Let A be a two-dimensional algebra over a field F, e = (ej, ey) its basis, A = (

a b
c d

a1 Qo QO3 Oé4>

Br B2 Bs P

MSC of A and S = < > € GL(2,F) the matrix of 0. Then

(2T @ yT)ATSz = (aqa+ Bic)riyiz1 + (aza + Bac)T1y221 + (aza + Bse)wayi 21
+(aa + Bac)xaysz1 + (b + Srd)x1y1 20 + (2b + Pod)x1Y222
+(azb + Bsd)xayr 2o + (b + Bad)xoys 2o

xTSA(y ® 2) = (a1a+ Bib)x1yiz1 + (aza + B3b)x1y221 + (¢ + frd)xayi 21 (1.2)
+(azc + Bad)xays21 + (c2a + Bob)x1yr 22
+(aga + Bub)z1y220 + (ac + Bod) o112 + (Cac + Bad)x2y2 2,
and can be written as follows

a1a+ fic—aa—pib = 0
Qo0 + BQC — 3a — ng 0
asa + Bsc—ac— pfid = 0
oya + Bac — asc — Bad 0 (1.3)
Oélb + Bld — Q2 — /ng =0
Ckgb + 62d — qa — ,846 =0
Oé3b + Bgd — OaC — 5261 = 0
Oé4b + B4d — 0y — 54(1 =0

as far as the System of monomial functions {mlylzl, T1Y221, L2Y121, L1Y122, L2Y221, L1Y222, T2Y1 22, .’EQZ/QZQ}
is linearly independent over F.

2. CLASSIFICATION OF TWO-DIMENSIONAL ASSOCIATIVE ALGEBRAS EQUIPPED BY A
NON-DEGENERATE FORM o

In this section first we classify non-degenerate bilinear forms given as S = (CCL Z) with respect to

the transformations g7 Sg, g € G, where G is a fixed nontrivial automorphism group from Theorems
and (the transformation S’ = g7 Sg is denoted by S’ ~ S). For the further usage the list of all
nontrivial autmorphism groups in Theorems and [I.7] we enumerate as follows
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>:07étE]F}, .G4:{(€ ;):p,SGF,p#O},

[ ]

«Q

Il
—
N\
S =
+ O

ca= (1) rem ol ¢ G ={ (561 1): pETr20)
(Char(F) = 2),
.« Gy— {(é ‘i) , G ?) }(Char(IF) _9), .« Gy = {(é j&) }(Char(IF) £9).

Now we treat the action g-S = g7 Sg for each G;,i = 1,2,...,6 (g € G;) one by one and find the

canonical representatives of the equivalent classes with respect to this action.

Let g = <(1) g) € G4. Then g7 <CCL 2) g= <7?c ;;Z) and the following canonical forms occur:

° <a ;),Where ad —c # 0,
° GL 2>,where ad # 0,
a 0 a 0
o<0 d>:<0 t2d>,where()7$t€]F, ad # 0.

2
If g = (i g) € G4 then g7 (CCL Z) g= (a + Stcciil;ﬁ;_ std b ;;td> and one comes to the following

canonical forms:

° (Cll 2), where ad # 0,

° (8 2): <g tgd>,whereO7EtEIF, ad # 0,

° (O é),wherec;é(), c+1+#0,

c
° (al é), where a € F.
Let g = G (1]> € G5. Then g7 <a Z) g= <a + EIZ—F d b -5 d> and we get the following canonical
forms
. <CCL Z):<a+giz+d b—gd>,whereadbc7éo,
b ‘ T [a b
r g = s p? EG4,Wherep,sEF,p#O,thengcdg:
2 5 3 )
(p ¢ +§’>ic: pgiz+ sd p bl—;g Sd) and the following canonical forms occur:
a 0 a0
o (c d> o~ (]p;gc p4d) , where p # 0,

0 b 0 p
° (c O)f:(pgc p0>,wherep7$0,b67é0,
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b 2 3b
° (—ab O) ~ (fpgb p() ),WherepyéO.
P 0
Ifg:{(B(p 1) 1>p750€F}6G551then
L(p —

a b p?a+ Bi(p+ 1)(pc+pb+ Gid(p+1)) pb+ fid(p+ 1)
7 (e p)o= (TP AR

and one gets the following canonical forms:

° (a 2)7 where ad # 0,

C

. (g ﬁclld), where ad # 0,

Bld d ﬂld d
B2d) + B#d has no root in T,

20 P2 2
. ( a ﬁld) ~ (p (a—fBrd) + Bid Bld), where ad — $7d* # 0 and the polynomial u?(a —

Bd ), where S:d # 0,
1

2), where ad # 0,

o

— Q

- (o
4
( 2) where ad # 0,

2
. (0 2) ~ (poa 2>,Where ad # 0.

Finally, taking g = (é £1> € Gs we get g7 (Z Z) g = (iac jj) and only the canonical form
appears:

° <CCL 2) ~ <ac _db>, where ad — bc # 0.

Now we turn to pairs (A, o), where A is a two-dimensional associative algebra, o : A X A — Fis a
non- degenerate bilinear form, up to isomorphism. Taking into account the canonical forms of ¢ along
with Theorems [I.4] and [1.7] we state the following results.

Lemma 2.1. The representatives of isomorphism classes of pairs (A, o), where A is a two dimensional
associative algebra over a field F (Char(F) # 2), 0 : A x A — F is a non-degenerate form, are given
as follows:

(1) (As?,), (CCZ ;)), where a,c,d € F, ad — ¢ # 0,

<A83,< )) where a,d € F, ad # 0,
0
(As 3 <g )) <As37 (O t2d>>’ where a,d,t €F, ad #0, t #0,
0
(As,< d>> where a,d € F, ad # 0,
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(5) (As3, (& ) = (a2, (¢ 0 where a,d,t € F, ad #0, t #0
3 0 d - 3 0 t2d ) ) Wy ) ) )
(6) (Asg, <2 é)),whereceﬂ?,c#o, c+1+#0,
(7) <As§, (_al (1)>>, where a € F,
(8) (Asg, <61L 2)), where a,d € F, ad # 0,
9) (Ast, (@ V) = (ast, (@2 where a,d,t € F, ad #0, t #0
3 0 d - 3 0 t2d ) s Wy ) ) )
(10) (Asé, <2 (1)>>, where c€F, c#0, c+1#0,
(11) <As§, ( al 1>>, where a € T,
-1 0
(12) (Asg(O), (CCL é)), where a,c,d € F, ad — ¢ # 0,
(13) <Asg(0), (CIL 2)), where a,d € F, ad # 0,
a 0 N a 0
(14) (Asg(O), <0 d>> = <As§(0), (0 tgd)), where a,d,t € F, ad # 0, t # 0,
(15) <As§(a4), (CCL 2)) = (Asg(a4), (_ac _db)), where ay,a,b,c,d €F, ay # 0, ad — bec # 0,
(16) (Asl, (¢ O)) = (4s pa 0 where a,c,d,p € F, ad #0, p#0
137 c d - 13> pdc p4d ) s &y Uy ) ) )
00 ~ 0 3D
(17) (AS}S, (c 0)) = <As%3, <p30 pO )), where b,c,p €F, be #0, p # 0,

as) (

a b))\ - a  p°b
Asls, (—b 0)) = (As}?,, (fpgb pO >>, where a,b,p €F, a#0,b#0, p #0.

Lemma 2.2. The representatives of isomorphism classes of pairs (A, o), where A is a two dimensional
associative algebra over a field F (Char(F) = 2), 0 : A x A — F is a non-degenerate form, are given
as follows:

2
A8%2,27 <(Z 2)) = <AS%2,27 <p . 0 >> ) U)h€7’€ a, ¢, dap € F7 ad 3& 07 p 7é 07

p’c pld

3
A5%2,27 <2 8)) = <A5%2,27 <p8 p0b>>7 where bv 6D € F; bC # 07 p 7& 07

2 3
° 8)) ~ (As%m ( L p0b>>, where a,b,p € F, 1 0, p#0,
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(4) (ASH 2(B1), (a 2)), where By,a,c,d € F, Biad # 0,

d\Y 2(a— B2d) + B2d pud
6) (st (g ")) = (astiaon, (VO GG, where i ad- g1
0 and the polynomial u*(a — Bid) + B?d has no root in F, 31,a,d,p € T,

d
AS%l,Z(ﬁl)’ (3 IB(li ))7 where 5laaad€]F’ Blad#oy
0 d

AS?IQ(/Bl)? <ﬁ1d ﬂcll >>) U/h@’f’e Blvd € IF; Bld 7é 07
Asi 5(0), (0 2)), where a,d € F, ad # 0,
As 0

511.2(0), 1 d) ) where a,d € F, ad # 0,

2

AS%lQ(O)? (g 2)) = (AS%LQ(O)a <p0a 2)); where pvaad € F; ad 7& 07
>, where a,d € F, ad # 0,
) = <Asg)2, (8 t9d>>’ where a,d,t € F, ad # 0, t # 0,

, whereceF, c#0, c+1+#0,

Asg ,, (_a,l é)), where a € F,

b b+d b+d
AsiQ(ﬁl), <CCL d)) =] <Asi2(f81>’(a+§::__d+ ;)), where f1,a,b,c,d € T,

where a,c,d € F, ad — ¢ # 0,

.
w ut
v
R
(SRS
Q=

, where a,d € F, ad # 0,

QU O

QU O

, wherea,d € F, ad # 0,

QU O

QO

)
))
)= (450 (8 ), whreastremato, 0
))
))

= <As32, (0 t9d>>, where a,d,t € F, ad #0, t # 0,
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(21) <Asg_’2, (2 (1)>>, where c€F, c#0, c+1#0,

(22) (Asg’z, (_al é)), where a € F.

3. CLASSIFICATION OF TWO-DIMENSIONAL FROBENIUS ALGEBRAS
Now we determine those pairs from the lemmas above which are Frobenious algebras.

Theorem 3.1.

e If Char(F) # 2 then any two-dimensional Frobenius algebra over F is isomorphic to only one
of the following such algebras:

* (As%, (COL 2)) = (As?,}, <g t9d>>’ where a,d,t € F, t #0, ad # 0,
* <As§ (0), <61L é)), where a € T,

a b N a —b
* <As§ (o), (b 2a4a)) = (Asg (), <—b 2a4a))’ where oy, a,b € T,
20[40,2 —b? 75 0, Qy 7é O,

3
* <As}3, <2 8)) = <As}3, (p(;b p0b>>’ where b,p €F, p#0, b+# 0.

e If Char(F) = 2 then any two-dimensional Frobenius algebra over F is isomorphic to only one
of the following such algebras:

* <As§72, (8 2)) = (Asg’g, (3 tgd)), where a,d,t € F, t #0, ad # 0,

b d b b+d d b+d
* <A512(61)7 ( +bﬁl d)) = (AS?LQ(Bl)7 ( +b _:_dﬁl —5 )), where /61, b, d S ]F,
Byd? + bd — b2 + 0,

d Bid\\ ~ 2(Brd — B2d) + B2d  Bid
* <A5%1,2(51)7 <g1d 5(11 >> = <A5%1,2(ﬁ1)7 (p (B 5?& )+ A 5& >>;
where the polynomial u?(1 — ) + B1 has no root in F, By,d,p € F, By #0,1, d # 0,

3
* <AS%2,27 (2 8)) = <AS%2,27 <p2b pob)); where bvp € F; p # 07 b ?é 0.

Proof. Let now check the condition o(xy,z) = o(x, yz) for the pairs appeared in Lemma (CharF #
2) and Lemma (CharF = 2), i.e., find the solutions to the system of equations (L.3).

e Let CharF # 2. In this case the system of equations is consistent only for pairs (3), (12),
(15) and (17) of Lemma The solutions to the system are given as follows. For the pair

(w3 )= (56 )

where a,d,t € F ad # 0,t # 0 of Lemma the system becomes an identity, therefore, the pair (3) is
a Frobenius algebra.

Consider the pair (12) <As§(0), (Z ;)), where a,c¢,d € F, ad—c # 0 of Lemmaa As a solution

to the system ([1.3)) we get ¢ = 1 and d = 0 and the corresponding Frobenius algebras are

<As§ 0), <Cll (1))) , where a € F.
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15) (a0 (0 0)) = (ass00. (2 ).

where a,b,¢c,d,ay € F, ad — bc # 0, ay # 0 of Lemma those satisfying ¢ = b, and d = 2a4a are
Frobenius. Thus, we get

(8@ (5 sma)) = (45090 (% o))

where a,b, a4 € F, 2a40% — b* # 0, a4 # 0.
Considering the system of equations ([1.3)) for the pair

o (i (2 )= (1. (2 %)

where p # 0, of Lemma we obtain ¢ = b and hence,

3
<As}3, <2 8)) o <As}3, (p(g)b p0b>> where b,p e F p#0, and b # 0

is a Frobenius algebra.
e Let CharF = 2. Considering the pairs

0 b N 0 3b
(2) <A3%2,27 <c 0)> = <A3%2,27 <p‘°’c pO )) )

where b,c,p € F, bc # 0,p # 0 of Lemma we generate the following Frobenius algebras

0 b\ - 0 %
(b ()= (4 (s 7).

where b,p € F, p # 0,b # 0 as far as the solution to the system of equations ([1.3]) in this case is
c=b=0.
From the pair

6 (asta0. (g "47)) = (astiaton, (7O FD A ),

where (3(ad — B3d?*) # 0 and the polynomial u?(a — 32d) + 32d has no root in F, $3;,a,d,p € F, of
Lemma subjecting to the system (|1.3)) we get a = [;d and obtain the following Frobenius algebra

(s, (31 O7) ) = (st amn), (VO R0 00 BT

where the polynomial u?(1 — 3;) + 31 has no root in F, 8;,d,p € F and $,d*> — 32d* # 0.

Let us consider the pair (15) (Asiz(ﬁl), (z Z)) = <Asi2(ﬂl), (a +EIZ+ d b—;d>>7 where

B1,a,b,¢c,d € F, ad — bc # 0 of Lemma Then the system of equations ((1.3) is equivalent to b = ¢
and a = b+ (1d. Therefore,

(ASZ*,Q(&), (b +bﬂld Z)) ~ (ASZ‘,Q(&% (b +bd++d51d b;d)) ,

where 81,b,d € F, 3,d*> + bd — b* # 0 are Frobenius algebras.
Finally, considering the pair

o (a5 )= (55 )

where a,d,t € F,;t # 0,ad # 0 of Lemma we find the system of equations (|1.3)) to be an identity
and hence, they all are Frobenius algebras.
Note that for all the other classes from Lemma the system of equations (|1.3)) is inconsistent.
O

Among the pairs
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4. REMARKS

(1) The authors of the paper are informed by the referee on a classification of two-dimensional
associative algebras obtained earlier by M. Gerstenhaber and F. Kubo in [I1]. On the way we
compare the classification of [I1] with that obtained in [20]. Here are the comparisons and
some corrections.

o Char(F) # 2:

Algebra from [11] Algebra Isomorphism
from [20]
P =g 'As3(Dg%2,
o 100 0 ASS(l) 1=9 Sg(f)g f
! 00 01 3\4 where g = <_21 i)
1 0 0 d
P2(d):<0 1 1 0>7d7é411 s ) s
1 0 0 ,r.Qd ASS(d)7d7éO7Z PQ(d) :ASS(d)
- (0 11 0 > T 70
P; = g1 As5(0)g®?
1000 . 3 ’
Py = (0 11 0) As3(0) where g = (g (1))
10 00
P4: <O 10 0) ASg P4:AS§
1000 Py =g As;g*,
Py = As! 2 0
0010 where g = 0 1
1 0 00
P6: (0 0 0 0) AS% P6:AS§
00 0O
P7 = (1 0 0 0) AS%3 P7 = AS%3
e Char(F) = 2:
Algebra from Algebra Isomorphism
[11] from [20]
Q1= gAs;,(1)(g71)%,
(1001 s ,
@1 = <() 11 1) Asi(1) where g = <(1) (1))
10 0 d
Q2(d) = ,d#0 Q2(d) = g7 As?) ,(d)g™*,
01 10
1 0 0 r3d Asii(d),d # 0 where g = (0 1>
~(0 1 1 o >  r£0 10
Py =g 1452, ,(0)g%?
/1000 ) 11,2359
P, = (0 00 0) As?, ,(0) where g — (? é)
1 0 00 i
Py = (0 1o 0) As§, P, = As§,
1 0 00
P5 = (0 0 1 0) AS:&Q P5 = AS%Q
10 00
Pﬁ = (0 0 0 0) ASg’Q P6 = ASgg
00 00
P7 = <1 0 0 0> AS%ZQ P7 = AS%ZQ
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Conclusion: In the case of Char(F) = 2 in [I1] the family of algebras Asj,(8:1), 01 # 1 is
missing.

(2) There are the following misprintings in the list of automorphism groups in [20]: in the case of
Char(F) = 3 the groups

Aut(As%?,,s):{(}; 2p(2))|p,seF,p#O}andAut(Asé?,):{(l_i% 2)]75613‘,1&7&0}

must be read as follows

Aut(Asiy ) = {( i p(Q) > | p,s €F,p# O} and Aut(Asy ;) = {( i (z ) | s,teF,t+# O},
respectively.

(3) In the paper we used Maple software for some computations.
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