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Abstract. In this paper, we first classify all associative algebra structures on a two-dimensional vector
space over an arbitrary base field equipped with a non-degenerate bilinear form. We then determine
which of these are Frobenius algebras. We provide lists of canonical representatives of the isomorphism
classes of these algebras over an arbitrary base field.
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1. Introduction

Frobenius algebras are a fundamental concept in mathematics, appearing in areas such as algebra,
topology, and theoretical physics, particularly in the study of categories, representation theory, and
quantum field theory. They are named after the German mathematician Ferdinand Georg Frobenius.

Initially it was introduced as a finite-dimensional associative algebra equipped with a linear func-
tional whose “kernel” contains no nontrivial ideals. Later, a few equivalent definitions of these algebras
appear depending their applications in various areas of science. Frobenius algebras were first studied
by Frobenius [13] around 1900. Further properties and relations go back to Nakayama [16] in the
1930s. The characterisation of Frobenius algebras in terms of comultiplication goes back to Lawvere
[15] (1967), and it was rediscovered by Quinn [22] and Abrams [1] in the 1990s (we refer the reader to
[12] as a most fundamental work on Frobenius algebras and their connections).

Frobenius algebras began to be studied in the 1930s by R. Brauer and C. Nesbitt [6]. T. Nakayama
discovered the beginnings of a rich duality theory [16, 17]. J. Dieudonné used this to characterize
Frobenius algebras [10]. Frobenius algebras were generalized to quasi-Frobenius rings, those Noether-
ian rings whose right regular representation is injective. There are works on generalization of the
concept Frobenius algebra to some specific classes of algebras (see [3, 8, 14, 18]). In recent times,
interest has been renewed in Frobenius algebras due to connections to Topological Quantum Field
Theory. TQFTs are functors from the category of cobordisms to the category of vector spaces. It
has been found that they play an important role in the algebraic treatment and axiomatic foundation
of Topological Quantum Field Theory [1, 4, 21]. Frobenius algebras underlie the algebraic structure
of 2D Topological Quantum Field Theory’s (TQFT’s). They provide a bridge between physics and
algebraic topology by encoding information about 2-dimensional surfaces and their invariants. Let
us mention a few results, illustrating the importance of the concept. In [19] the author introduces
foundational concepts related to Frobenius algebras in the context of Hopf algebra theory. A. Atiyah
in [2] discussed the role of Frobenius algebras in the development of TQFT’s and first described their
axiomatic foundation. The authors of [7] present a unified approach to the study of separable and
Frobenius algebras.

In the paper, we first classify all associative algebra structures on two-dimensional vector spaces
over any base field equipped with a non-degenerate bilinear form (Section 3). Then we identify
which of those are Frobenius algebras (Section 4). Section 5 contains a comparison of two lists of
two-dimensional associative algebras over any base fields obtained in [11] and [20].

1.1. Preliminaries. Let A be a PI-algebra, with a given set of polynomial identities

{Pj[u1, u2, ..., un] = 0 : j ∈ J} over a field F

and

Pj[u1, u2, ..., un] =

kj∑
i=1

Qi
j[u1, u2, ..., un]Ri

j[u1, u2, ..., un], where j ∈ J.
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In some applications this kind of algebras appear with a non-degenerate bilinear form σ : A× A→ F
such that

∑kj
i=1 σ(Qi

j[a1, a2, ..., an], Rij[a1, a2, ..., an]) = 0 at all a1, a2, ..., an ∈ A. A pair (A, σ) is said
to be a Frobenius PI-algebra. The classification of a given class of Frobenius PI-algebras is of great
interest. In this paper we consider as a class PI-algebras the class of associative algebras and provide a
complete classification of such algebras on two-dimensional vector space over any base field. Therefore,
further an algebra A always is assumed to be associative. The next theorem establishes the equivalence
of several important and useful characterizations of Frobenius algebras (see [9]).

Theorem 1.1. The following statements about a finite-dimensional unital algebra A are equivalent:

• A is a Frobenius algebra, i.e., there exists a linear functional ε : A −→ F whose “kernel”
contains no nontrivial ideals.

• There exists a non-degenerate bilinear form, σ : A× A −→ F such that σ(xy, z) = σ(x, yz) for
all x, y, z ∈ A.

• For all left ideals L and right ideals R in A we have

l(r(L)) = L, and (r(L) : F) + (L : F) = (A : F);

r(l(R)) = R, and (l(R) : F) + (R : F) = (A : F),

where r(P ) = {x ∈ A : Px = 0} and l(P ) = {x ∈ A : xP = 0} are right and left annihilators
of a subset P ⊂ A, respectively and ( : F) is the dimension over F.

Definition 1.2. Let (A, σ) and (B, τ) be Frobenius algebras on a vector space V over a field F with
non-degenerate bilinear forms σ : A×A→ F and τ : B×B→ F, respectively. Pairs (A, σ) and (B, τ) are
said to be isomorphic if there exists isomorphism of algebras f : A −→ B such that σ(xy) = τ(f(x)f(y))
for all x, y ∈ A (we denote it by A ∼= B).

Let A be an n-dimensional algebra and e = (e1, e2, ..., en) its basis. Then x, y and z can be presented
by their coordinate vectors x = (x1, x2, ..., xn)T , y = (y1, y2, ..., yn)T and z = (z1, z2, ..., zn)T as

x = ex, y = ey and z = ez, respectevely.

Here and onward we use the notions x and x for a vector and its coordinate vector on the basis e.
Therefore, xy = eA(x⊗ y), where the entries akij of

A =


a1

11 a1
12 ... a1

1n a1
21 a1

22 ... a1
2n ... a1

n1 a1
n2 ... a1

nn

a2
11 a2

12 ... a2
1n a2

21 a2
22 ... a2

2n ... a2
n1 a2

n2 ... a2
nn

... ... ... ... ... ... ... ... ... ... ... ... ...
an11 an12 ... an1n an21 an22 ... an2n ... ann1 ann2 ... annn


are defined by:

eiej =
n∑
k=1

akijek, where i, j = 1, 2, ..., n.

The matrix A is said to be the matrix of structure constants (MSC) of A on the basis e.
If A is a Frobenius algebra then the Frobenius map σ also is presented by its matrix S: σ(x, y) =

xTSy. Then
σ(xy, z) = (xT ⊗ yT )ATSz and σ(x, yz) = xTSA(y ⊗ z).

Therefore, one has

Lemma 1.3. An algebra A is Frobenius if and only if

(xT ⊗ yT )ATSz = xTSA(y ⊗ z). (1.1)

Recently, in [5] a result on classification of two-dimensional algebras over any base field F appeared.
Using this classification in [20] the author gave the representatives of isomorphism classes of all asso-
ciative algebra structures on two-dimensional vector space over any base field and their automorphism
groups. Below we give results from [20] which we make use in the paper.
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Theorem 1.4. Any non-trivial 2-dimensional associative algebra over a field F (Char(F) 6= 2) is
isomorphic to only one of the following listed, by their matrices of structure constants, algebras:

(1) As1
13 :=

(
0 0 0 0
1 0 0 0

)
,

(2) As2
3 :=

(
1 0 0 0
0 0 0 0

)
,

(3) As3
3 :=

(
1 0 0 0
0 1 0 0

)
,

(4) As4
3 :=

(
1 0 0 0
0 0 1 0

)
,

(5) As5
3(α4) :=

(
1 0 0 α4

0 1 1 0

)
∼=
(

1 0 0 a2α4

0 1 1 0

)
, where α4 ∈ F, a ∈ F and a 6= 0.

Theorem 1.5. Any non-trivial 2-dimensional associative algebra over a field F, (Char(F) = 2) is
isomorphic to only one of the following listed by their matrices of structure constants, such algebras:

(1) As1
12,2 :=

(
0 0 0 0
1 0 0 0

)
,

(2) As2
11,2(β1) :=

(
0 1 1 0
β1 0 0 1

)
∼=
(

0 1 1 0
b2(β1 + a2) 0 0 1

)
, where a, b ∈ F and b 6= 0,

(3) As3
6,2 :=

(
1 0 0 0
0 0 1 0

)
,

(4) As4
4,2(β1) :=

(
1 1 1 0
β1 0 0 1

)
∼=
(

1 1 1 0
β1 + a+ a2 0 0 1

)
, where a, β1 ∈ F,

(5) As5
3,2 :=

(
1 0 0 0
0 0 0 0

)
,

(6) As6
3,2 :=

(
1 0 0 0
0 1 0 0

)
.

We also need the automorphism groups of the algebras given in the theorems above.

Theorem 1.6. The automorphism groups of the algebras listed in Theorem 1.4 are given as follows

(1) Aut(As1
13) =

{(
p 0
s p2

) ∣∣ p, s ∈ F, p 6= 0

}
,

(2) Aut(As2
3) =

{(
1 0
0 t

) ∣∣ t ∈ F, t 6= 0

}
,

(3) Aut(As3
3) =

{(
1 0
s t

) ∣∣ s, t ∈ F, t 6= 0

}
,

(4) Aut(As4
3) =

{(
1 0
s t

) ∣∣ s, t ∈ F, t 6= 0

}
,

(5) Aut(As5
3(0)) =

{(
1 0
0 t

) ∣∣ t ∈ F, t 6= 0

}
,

(6) Aut(As5
3(α4)) =

{(
1 0
0 ±1

)}
, α4 6= 0.
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Theorem 1.7. The automorphism groups of the algebras listed in Theorem 1.5 are given as follows

(1) Aut(As1
12,2) =

{(
p 0
s p2

) ∣∣ p 6= 0, s ∈ F
}
,

(2) Aut(As2
11,2) =

{(
p 0

β1(p− 1) 1

) ∣∣ p 6= 0 ∈ F
}
,

(3) Aut(As3
6,2) =

{(
1 0
s t

) ∣∣ t 6= 0, s ∈ F
}
,

(4) Aut(As4
4,2) =

{(
1 0
0 1

)
,

(
1 0
1 1

)}
,

(5) Aut(As5
3,2) =

{(
1 0
0 t

) ∣∣ t 6= 0 ∈ F
}
,

(6) Aut(As6
3,2) =

{(
1 0
s t

) ∣∣ s, t ∈ F and t 6= 0

}
.

Let A be a two-dimensional algebra over a field F, e = (e1, e2) its basis, A =

(
α1 α2 α3 α4

β1 β2 β3 β4

)
MSC of A and S =

(
a b
c d

)
∈ GL(2,F) the matrix of σ. Then

(xT ⊗ yT )ATSz = (α1a+ β1c)x1y1z1 + (α2a+ β2c)x1y2z1 + (α3a+ β3c)x2y1z1

+(α4a+ β4c)x2y2z1 + (α1b+ β1d)x1y1z2 + (α2b+ β2d)x1y2z2

+(α3b+ β3d)x2y1z2 + (α4b+ β4d)x2y2z2

xTSA(y ⊗ z) = (α1a+ β1b)x1y1z1 + (α3a+ β3b)x1y2z1 + (α1c+ β1d)x2y1z1

+(α3c+ β3d)x2y2z1 + (α2a+ β2b)x1y1z2

+(α4a+ β4b)x1y2z2 + (α2c+ β2d)x2y1z2 + (α4c+ β4d)x2y2z2

(1.2)

and (1.3) can be written as follows

α1a+ β1c− α1a− β1b = 0
α2a+ β2c− α3a− β3b = 0
α3a+ β3c− α1c− β1d = 0
α4a+ β4c− α3c− β3d = 0
α1b+ β1d− α2a− β2b = 0
α2b+ β2d− α4a− β4b = 0
α3b+ β3d− α2c− β2d = 0
α4b+ β4d− α4c− β4d = 0

(1.3)

as far as the system of monomial functions {x1y1z1, x1y2z1, x2y1z1, x1y1z2, x2y2z1, x1y2z2, x2y1z2, x2y2z2}
is linearly independent over F.

2. Classification of two-dimensional associative algebras equipped by a
non-degenerate form σ

In this section first we classify non-degenerate bilinear forms given as S =

(
a b
c d

)
with respect to

the transformations gTSg, g ∈ G, where G is a fixed nontrivial automorphism group from Theorems
1.6 and 1.7 (the transformation S′ = gTSg is denoted by S′ ' S). For the further usage the list of all
nontrivial autmorphism groups in Theorems 1.6 and 1.7 we enumerate as follows
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• G1 =

{(
1 0
0 t

)
: 0 6= t ∈ F

}
,

• G2 =

{(
1 0
s t

)
: s, t ∈ F, t 6= 0

}
,

• G3 =

{(
1 0
0 1

)
,

(
1 0
1 1

)}
(Char(F) = 2),

• G4 =

{(
p 0
s p2

)
: p, s ∈ F, p 6= 0

}
,

• G5,β1
=

{(
p 0

β1(p− 1) 1

)
: p ∈ F, p 6= 0

}
(Char(F) = 2),

• G6 =

{(
1 0
0 ±1

)}
(Char(F) 6= 2).

Now we treat the action g · S = gTSg for each Gi, i = 1, 2, ..., 6 (g ∈ Gi) one by one and find the
canonical representatives of the equivalent classes with respect to this action.

Let g =

(
1 0
0 t

)
∈ G1. Then gT

(
a b
c d

)
g =

(
a tb
tc t2d

)
and the following canonical forms occur:

•
(
a 1
c d

)
, where ad− c 6= 0,

•
(
a 0
1 d

)
, where ad 6= 0,

•
(
a 0
0 d

)
'
(
a 0
0 t2d

)
, where 0 6= t ∈ F, ad 6= 0.

If g =

(
1 0
s t

)
∈ G2 then gT

(
a b
c d

)
g =

(
a+ sc+ sb+ s2d tb+ std

tc+ std t2d

)
and one comes to the following

canonical forms:

•
(
a 0
1 d

)
, where ad 6= 0,

•
(
a 0
0 d

)
'
(
a 0
0 t2d

)
, where 0 6= t ∈ F, ad 6= 0,

•
(

0 1
c 0

)
, where c 6= 0, c+ 1 6= 0,

•
(
a 1
−1 0

)
, where a ∈ F.

Let g =

(
1 0
1 1

)
∈ G3. Then gT

(
a b
c d

)
g =

(
a+ c+ b+ d b+ d

c+ d d

)
and we get the following canonical

forms:

•
(
a b
c d

)
'
(
a+ c+ b+ d b+ d

c+ d d

)
, where ad− bc 6= 0.

If g =

(
p 0
s p2

)
∈ G4, where p, s ∈ F, p 6= 0, then gT

(
a b
c d

)
g =(

p2a+ psc+ psb+ s2d p3b+ p2sd
p3c+ p2sd p4d

)
and the following canonical forms occur:

•
(
a 0
c d

)
'
(
p2a 0
p3c p4d

)
, where p 6= 0,

•
(

0 b
c 0

)
'
(

0 p3b
p3c 0

)
, where p 6= 0, bc 6= 0,
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•
(
a b
−b 0

)
'
(
p2a p3b
−p3b 0

)
, where p 6= 0.

If g =

{(
p 0

β1(p− 1) 1

)
: p 6= 0 ∈ F

}
∈ G5,β1

then

gT
(
a b
c d

)
g =

(
p2a+ β1(p+ 1)(pc+ pb+ β1d(p+ 1)) pb+ β1d(p+ 1)

pc+ β1d(p+ 1) d

)
and one gets the following canonical forms:

•
(
a 0
c d

)
, where ad 6= 0,

•
(
a β1d
0 d

)
, where ad 6= 0,

•
(
a β1d
β1d d

)
'
(
p2(a− β2

1d) + β2
1d β1d

β1d d

)
, where ad − β2

1d
2 6= 0 and the polynomial u2(a −

β2
1d) + β2

1d has no root in F,

•
(

0 β1d
β1d d

)
, where β1d 6= 0,

•
(
a 1
0 d

)
, where ad 6= 0,

•
(
a 0
1 d

)
, where ad 6= 0,

•
(
a 0
0 d

)
'
(
p2a 0
0 d

)
, where ad 6= 0.

Finally, taking g =

(
1 0
0 ±1

)
∈ G6 we get gT

(
a b
c d

)
g =

(
a ±b
±c d

)
and only the canonical form

appears:

•
(
a b
c d

)
'
(
a −b
−c d

)
, where ad− bc 6= 0.

Now we turn to pairs (A, σ), where A is a two-dimensional associative algebra, σ : A×A −→ F is a
non-degenerate bilinear form, up to isomorphism. Taking into account the canonical forms of σ along
with Theorems 1.4 and 1.7 we state the following results.

Lemma 2.1. The representatives of isomorphism classes of pairs (A, σ), where A is a two dimensional
associative algebra over a field F (Char(F) 6= 2), σ : A × A → F is a non-degenerate form, are given
as follows:

(1)

(
As2

3,

(
a 1
c d

))
, where a, c, d ∈ F, ad− c 6= 0,

(2)

(
As2

3,

(
a 0
1 d

))
, where a, d ∈ F, ad 6= 0,

(3)

(
As2

3,

(
a 0
0 d

))
∼=
(
As2

3,

(
a 0
0 t2d

))
, where a, d, t ∈ F, ad 6= 0, t 6= 0,

(4)

(
As3

3,

(
a 0
1 d

))
, where a, d ∈ F, ad 6= 0,
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(5)

(
As3

3,

(
a 0
0 d

))
∼=
(
As3

3,

(
a 0
0 t2d

))
, where a, d, t ∈ F, ad 6= 0, t 6= 0,

(6)

(
As3

3,

(
0 1
c 0

))
, where c ∈ F, c 6= 0, c+ 1 6= 0,

(7)

(
As3

3,

(
a 1
−1 0

))
, where a ∈ F,

(8)

(
As4

3,

(
a 0
1 d

))
, where a, d ∈ F, ad 6= 0,

(9)

(
As4

3,

(
a 0
0 d

))
∼=
(
As4

3,

(
a 0
0 t2d

))
, where a, d, t ∈ F, ad 6= 0, t 6= 0,

(10)

(
As4

3,

(
0 1
c 0

))
, where c ∈ F, c 6= 0, c+ 1 6= 0,

(11)

(
As4

3,

(
a 1
−1 0

))
, where a ∈ F,

(12)

(
As5

3(0),

(
a 1
c d

))
, where a, c, d ∈ F, ad− c 6= 0,

(13)

(
As5

3(0),

(
a 0
1 d

))
, where a, d ∈ F, ad 6= 0,

(14)

(
As5

3(0),

(
a 0
0 d

))
∼=
(
As5

3(0),

(
a 0
0 t2d

))
, where a, d, t ∈ F, ad 6= 0, t 6= 0,

(15)

(
As5

3(α4),

(
a b
c d

))
∼=
(
As5

3(α4),

(
a −b
−c d

))
, where α4, a, b, c, d ∈ F, α4 6= 0, ad− bc 6= 0,

(16)

(
As1

13,

(
a 0
c d

))
∼=
(
As1

13,

(
p2a 0
p3c p4d

))
, where a, c, d, p ∈ F, ad 6= 0, p 6= 0,

(17)

(
As1

13,

(
0 b
c 0

))
∼=
(
As1

13,

(
0 p3b
p3c 0

))
, where b, c, p ∈ F, bc 6= 0, p 6= 0,

(18)

(
As1

13,

(
a b
−b 0

))
∼=
(
As1

13,

(
p2a p3b
−p3b 0

))
, where a, b, p ∈ F, a 6= 0, b 6= 0, p 6= 0.

Lemma 2.2. The representatives of isomorphism classes of pairs (A, σ), where A is a two dimensional
associative algebra over a field F (Char(F) = 2), σ : A × A → F is a non-degenerate form, are given
as follows:

(1)

(
As1

12,2,

(
a 0
c d

))
∼=
(
As1

12,2,

(
p2a 0
p3c p4d

))
, where a, c, d, p ∈ F, ad 6= 0, p 6= 0,

(2)

(
As1

12,2,

(
0 b
c 0

))
∼=
(
As1

12,2,

(
0 p3b
p3c 0

))
, where b, c, p ∈ F, bc 6= 0, p 6= 0,

(3)

(
As1

12,2,

(
a b
−b 0

))
∼=
(
As1

12,2,

(
p2a p3b
−p3b 0

))
, where a, b, p ∈ F, b2 6= 0, p 6= 0,
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(4)

(
As2

11,2(β1),

(
a 0
c d

))
, where β1, a, c, d ∈ F, β1ad 6= 0,

(5)

(
As2

11,2(β1),

(
a β1d
β1d d

))
∼=
(
As2

11,2(β1),

(
p2(a− β2

1d) + β2
1d β1d

β1d d

))
, where β1(ad−β2

1d
2) 6=

0 and the polynomial u2(a− β2
1d) + β2

1d has no root in F, β1, a, d, p ∈ F,

(6)

(
As2

11,2(β1),

(
a β1d
0 d

))
, where β1, a, d ∈ F, β1ad 6= 0,

(7)

(
As2

11,2(β1),

(
0 β1d
β1d d

))
, where β1, d ∈ F, β1d 6= 0,

(8)

(
As2

11,2(0),

(
a 1
0 d

))
, where a, d ∈ F, ad 6= 0,

(9)

(
As2

11,2(0),

(
a 0
1 d

))
, where a, d ∈ F, ad 6= 0,

(10)

(
As2

11,2(0),

(
a 0
0 d

))
∼=
(
As2

11,2(0),

(
p2a 0
0 d

))
, where p, a, d ∈ F, ad 6= 0,

(11)

(
As3

6,2,

(
a 0
1 d

))
, where a, d ∈ F, ad 6= 0,

(12)

(
As3

6,2,

(
a 0
0 d

))
∼=
(
As3

6,2,

(
a 0
0 t2d

))
, where a, d, t ∈ F, ad 6= 0, t 6= 0,

(13)

(
As3

6,2,

(
0 1
c 0

))
, where c ∈ F, c 6= 0, c+ 1 6= 0,

(14)

(
As3

6,2,

(
a 1
−1 0

))
, where a ∈ F,

(15)

(
As4

4,2(β1),

(
a b
c d

))
∼=

(
As4

4,2(β1),

(
a+ c+ b+ d b+ d

c+ d d

))
, where β1, a, b, c, d ∈ F,

ad− bc 6= 0,

(16)

(
As5

3,2,

(
a 1
c d

))
, where a, c, d ∈ F, ad− c 6= 0,

(17)

(
As5

3,2,

(
a 0
1 d

))
, where a, d ∈ F, ad 6= 0,

(18)

(
As5

3,2,

(
a 0
0 d

))
∼=
(
As5

3,2,

(
a 0
0 t2d

))
, where a, d, t ∈ F, ad 6= 0, t 6= 0,

(19)

(
As6

3,2,

(
a 0
1 d

))
, wherea, d ∈ F, ad 6= 0,

(20)

(
As6

3,2,

(
a 0
0 d

))
∼=
(
As6

3,2,

(
a 0
0 t2d

))
, where a, d, t ∈ F, ad 6= 0, t 6= 0,
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(21)

(
As6

3,2,

(
0 1
c 0

))
, where c ∈ F, c 6= 0, c+ 1 6= 0,

(22)

(
As6

3,2,

(
a 1
−1 0

))
, where a ∈ F.

3. Classification of two-dimensional Frobenius algebras

Now we determine those pairs from the lemmas above which are Frobenious algebras.

Theorem 3.1.

• If Char(F) 6= 2 then any two-dimensional Frobenius algebra over F is isomorphic to only one
of the following such algebras:

∗
(
As2

3,

(
a 0
0 d

))
∼=
(
As2

3,

(
a 0
0 t2d

))
, where a, d, t ∈ F, t 6= 0, ad 6= 0,

∗
(
As5

3 (0) ,

(
a 1
1 0

))
, where a ∈ F,

∗
(
As5

3 (α4) ,

(
a b
b 2α4a

))
∼=
(
As5

3 (α4) ,

(
a −b
−b 2α4a

))
, where α4, a, b ∈ F,

2α4a
2 − b2 6= 0, α4 6= 0,

∗
(
As1

13,

(
0 b
b 0

))
∼=
(
As1

13,

(
0 p3b
p3b 0

))
, where b, p ∈ F, p 6= 0, b 6= 0.

• If Char(F) = 2 then any two-dimensional Frobenius algebra over F is isomorphic to only one
of the following such algebras:

∗
(
As5

3,2,

(
a 0
0 d

))
∼=
(
As5

3,2,

(
a 0
0 t2d

))
, where a, d, t ∈ F, t 6= 0, ad 6= 0,

∗
(
As4

4,2(β1),

(
b+ β1d b

b d

))
∼=
(
As4

4,2(β1),

(
b+ d+ β1d b+ d

b+ d d

))
, where β1, b, d ∈ F,

β1d
2 + bd− b2 6= 0,

∗
(
As2

11,2(β1),

(
β1d β1d
β1d d

))
∼=
(
As2

11,2(β1),

(
p2(β1d− β2

1d) + β2
1d β1d

β1d d

))
,

where the polynomial u2(1− β1) + β1 has no root in F, β1, d, p ∈ F, β1 6= 0, 1, d 6= 0,

∗
(
As1

12,2,

(
0 b
b 0

))
∼=
(
As1

12,2,

(
0 p3b
p3b 0

))
, where b, p ∈ F, p 6= 0, b 6= 0.

Proof. Let now check the condition σ(xy, z) = σ(x, yz) for the pairs appeared in Lemma 2.1 (CharF 6=
2) and Lemma 2.2 (CharF = 2), i.e., find the solutions to the system of equations (1.3).
• Let CharF 6= 2. In this case the system of equations (1.3) is consistent only for pairs (3), (12),

(15) and (17) of Lemma 2.1. The solutions to the system are given as follows. For the pair

(3)

(
As2

3,

(
a 0
0 d

))
∼=
(
As2

3,

(
a 0
0 t2d

))
,

where a, d, t ∈ F, ad 6= 0, t 6= 0 of Lemma 2.1 the system becomes an identity, therefore, the pair (3) is
a Frobenius algebra.

Consider the pair (12)

(
As5

3(0),

(
a 1
c d

))
, where a, c, d ∈ F, ad−c 6= 0 of Lemma 2.1. As a solution

to the system (1.3) we get c = 1 and d = 0 and the corresponding Frobenius algebras are(
As5

3 (0) ,

(
a 1
1 0

))
, where a ∈ F.



Classification of Frobenius algebra structures on two-dimensional vector space 31

Among the pairs

(15)

(
As5

3 (α4) ,

(
a b
c d

))
∼=
(
As5

3 (α4) ,

(
a −b
−c d

))
,

where a, b, c, d, α4 ∈ F, ad − bc 6= 0, α4 6= 0 of Lemma 2.1 those satisfying c = b, and d = 2α4a are
Frobenius. Thus, we get(

As5
3 (α4) ,

(
a b
b 2α4a

))
∼=
(
As5

3 (α4) ,

(
a −b
−b 2α4a

))
,

where a, b, α4 ∈ F, 2α4a
2 − b2 6= 0, α4 6= 0.

Considering the system of equations (1.3) for the pair

(17)

(
As1

13,

(
0 b
c 0

))
∼=
(
As1

13,

(
0 p3b
p3c 0

))
,

where p 6= 0, of Lemma 2.1 we obtain c = b and hence,(
As1

13,

(
0 b
b 0

))
∼=
(
As1

13,

(
0 p3b
p3b 0

))
where b, p ∈ F p 6= 0, and b 6= 0

is a Frobenius algebra.
• Let CharF = 2. Considering the pairs

(2)

(
As1

12,2,

(
0 b
c 0

))
∼=
(
As1

12,2,

(
0 p3b
p3c 0

))
,

where b, c, p ∈ F, bc 6= 0, p 6= 0 of Lemma 2.2 we generate the following Frobenius algebras(
As1

12,2,

(
0 b
b 0

))
∼=
(
As1

12,2,

(
0 p3b
p3b 0

))
,

where b, p ∈ F, p 6= 0, b 6= 0 as far as the solution to the system of equations (1.3) in this case is
c = b = 0.

From the pair

(5)

(
As2

11,2(β1),

(
a β1d
β1d d

))
∼=
(
As2

11,2(β1),

(
p2(a− β2

1d) + β2
1d β1d

β1d d

))
,

where β1(ad − β2
1d

2) 6= 0 and the polynomial u2(a − β2
1d) + β2

1d has no root in F, β1, a, d, p ∈ F, of
Lemma 2.2 subjecting to the system (1.3) we get a = β1d and obtain the following Frobenius algebra(

As2
11,2(β1),

(
β1d β1d
β1d d

))
∼=
(
As2

11,2(β1),

(
p2(β1d− β2

1d) + β2
1d β1d

β1d d

))
,

where the polynomial u2(1− β1) + β1 has no root in F, β1, d, p ∈ F and β1d
2 − β2

1d
2 6= 0.

Let us consider the pair (15)

(
As4

4,2(β1),

(
a b
c d

))
∼=
(
As4

4,2(β1),

(
a+ c+ b+ d b+ d

c+ d d

))
, where

β1, a, b, c, d ∈ F, ad− bc 6= 0 of Lemma 2.2. Then the system of equations (1.3) is equivalent to b = c
and a = b+ β1d. Therefore,(

As4
4,2(β1),

(
b+ β1d b

b d

))
∼=
(
As4

4,2(β1),

(
b+ d+ β1d b+ d

b+ d d

))
,

where β1, b, d ∈ F, β1d
2 + bd− b2 6= 0 are Frobenius algebras.

Finally, considering the pair

(18)

(
As5

3,2,

(
a 0
0 d

))
∼=
(
As5

3,2,

(
a 0
0 t2d

))
,

where a, d, t ∈ F, t 6= 0, ad 6= 0 of Lemma 2.2 we find the system of equations (1.3) to be an identity
and hence, they all are Frobenius algebras.

Note that for all the other classes from Lemma 2.2 the system of equations (1.3) is inconsistent.
�
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4. Remarks

(1) The authors of the paper are informed by the referee on a classification of two-dimensional
associative algebras obtained earlier by M. Gerstenhaber and F. Kubo in [11]. On the way we
compare the classification of [11] with that obtained in [20]. Here are the comparisons and
some corrections.

• Char(F) 6= 2:

Algebra from [11] Algebra Isomorphism
from [20]

P1 =

(
1 0 0 0
0 0 0 1

)
As5

3( 1
4
)

P1 = g−1As5
3( 1

4
)g⊗2,

where g =

(
1
2

1
2

−1 1

)
P2(d) =

(
1 0 0 d
0 1 1 0

)
, d 6= 1

4

∼=
(

1 0 0 r2d
0 1 1 0

)
, r 6= 0

As5
3(d), d 6= 0, 1

4
P2(d) = As5

3(d)

P3 =

(
1 0 0 0
0 1 1 0

)
As5

3(0)
P3 = g−1As5

3(0)g⊗2,

where g =

(
2 0
0 1

)
P4 =

(
1 0 0 0
0 1 0 0

)
As3

3 P4 = As3
3

P5 =

(
1 0 0 0
0 0 1 0

)
As4

3

P5 = g−1As4
3g
⊗2,

where g =

(
2 0
0 1

)
P6 =

(
1 0 0 0
0 0 0 0

)
As2

3 P6 = As2
3

P7 =

(
0 0 0 0
1 0 0 0

)
As1

13 P7 = As1
13

• Char(F) = 2:

Algebra from Algebra Isomorphism
[11] from [20]

Q1 =

(
1 0 0 1
0 1 1 1

)
As4

4,2(1)
Q1 = gAs4

4,2(1)(g−1)⊗2,

where g =

(
0 1
1 0

)
Q2(d) =

(
1 0 0 d
0 1 1 0

)
, d 6= 0

∼=
(

1 0 0 r2d
0 1 1 0

)
, r 6= 0

As2
11,2(d), d 6= 0

Q2(d) = g−1As2
11,2(d)g⊗2,

where g =

(
0 1
1 0

)

P3 =

(
1 0 0 0
0 1 1 0

)
As2

11,2(0)
P3 = g−1As2

11,2(0)g⊗2,

where g =

(
0 1
1 0

)
P4 =

(
1 0 0 0
0 1 0 0

)
As6

3,2 P4 = As6
3,2

P5 =

(
1 0 0 0
0 0 1 0

)
As3

6,2 P5 = As3
6,2

P6 =

(
1 0 0 0
0 0 0 0

)
As5

3,2 P6 = As5
3,2

P7 =

(
0 0 0 0
1 0 0 0

)
As1

12,2 P7 = As1
12,2
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Conclusion: In the case of Char(F) = 2 in [11] the family of algebras As4
4,2(β1), β1 6= 1 is

missing.

(2) There are the following misprintings in the list of automorphism groups in [20]: in the case of
Char(F) = 3 the groups

Aut(As1
13,3) =

{(
p 0
s 2p2

) ∣∣ p, s ∈ F, p 6= 0

}
and Aut(As4

3,3) =

{(
1 0

1 + 2t t

) ∣∣ t ∈ F, t 6= 0

}
must be read as follows

Aut(As1
13,3) =

{(
p 0
s p2

) ∣∣ p, s ∈ F, p 6= 0

}
and Aut(As4

3,3) =

{(
1 0
s t

) ∣∣ s, t ∈ F, t 6= 0

}
,

respectively.

(3) In the paper we used Maple software for some computations.
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