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Abstract. In this paper, we classify the symmetric Leibniz algebras whose underlying Lie algebra is
almost filiform. We also describe the symmetric Leibniz algebras associated with Heisenberg and tri-
angular Lie algebras. Moreover, we prove that there is no symmetric Leibniz algebra whose underlying
Lie algebra is perfect.
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1. Introduction

Leibniz algebras are generalizations of Lie algebras, which are defined with the property that any
operator of left (or right) multiplication is a derivation. Leibniz algebras were first introduced in the
work of Bloh [7] under the name D-algebras in 1965. Then they were rediscovered by Loday [12],
who called them Leibniz algebras. Since the left and right Leibniz algebras have opposite properties,
researchers investigated just left (or right) Leibniz algebra as a Leibniz algebra. In the recent years,
the theory of Leibniz algebras has been actively examined and many results on Lie algebras have been
extended to Leibniz algebras [4, 10, 11, 14].

Symmetric Leibniz algebras are intersections of the left and right Leibniz algebras. The first char-
acterization and theory of symmetric Leibniz algebras are found in the paper of Benayadi and Hidri
[6]. They proved that quadratic left (or right) Leibniz algebra which has properties of invariant,
non-degenerate and symmetric bilinear forms is a symmetric Leibniz algebras. Recently, the theory
of symmetric Leibniz algebras has been intensively studied and many works have been devoted to the
investigation of this theory [5, 6, 11, 13]. Symmetric Leibniz algebras are associated to Lie racks [1] and
any symmetric Leibniz algebra is flexible, power-associative, and a nilalgebra with nilindex 3. Sym-
metric Leibniz algebra gives a Poisson algebra under commutator and anticommutator multiplications
[2].

It is difficult and fundamental problem that to classify up to isomorphism of any class of algebras.
There are several methods for the classification of algebras that were used for the Leibniz algebras.
Barreiro and Benayadi in [5] gave a method for the classification of symmetric Leibniz algebras, which
is based on the property that a symmetric Leibniz algebra forms a Poisson algebra with respect to the
commutator and anticommutator. Using this method, the classification of symmetric Leibniz algebras,
whose underlying Lie algebra is filiform was obtained in [8]. The complete classification of complex
five-dimensional symmetric Leibniz algebras can be found in [3, 9]. In this work, using this method we
give the classification of symmetric Leibniz algebras whose underlying Lie algebra is almost filiform.
Moreover, we prove that a non-Lie symmetric Leibniz algebra associated with perfect Lie algebras
does not exist.

2. Preliminaries

In this section, we give the basic concepts, definitions and preliminary results which are used in this
paper.

Definition 2.1. An algebra (L, [−,−]) over a field F is called Lie algebra if for any u, v, w ∈ L the
following identities hold:

[u, v] = −[v, u],

[u, [v, w]] + [v, [w, u]] + [w, [u, v]] = 0.
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Definition 2.2. An algebra (L, ·) is said to be a symmetric Leibniz algebra, if for any u, v, w ∈ L the
following identities hold:

u · (v · w) = (u · v) · w + v · (u · w),

(v · w) · u = (v · u) · w + v · (w · u).

Let (L, ·) be an algebra. For all u, v ∈ L, we define [−,−] and ◦ as follows

[u, v] =
1

2
(u · v − v · u), u ◦ v =

1

2
(u · v + v · u).

Proposition 2.3. [5] Let (L, ·) be an algebra. The following assertions are equivalent:

1. (L, ·) is a symmetric Leibniz algebra.

2. The following conditions hold:

(a) (L, [−,−]) is a Lie algebra.

(b) For any x, y ∈ L, x ◦ y belongs to the center of (L, [−,−]).

(c) For any x, y, z ∈ L, ([x, y]) ◦ z = 0 and (x ◦ y) ◦ z = 0.

According to this Proposition, any symmetric Leibniz algebra is given by a Lie algebra (L, [−,−])
and a symmetric bilinear form ω : L × L → Z(L), where Z(L) is the center of the Lie algebra, such
that for any x, y, z ∈ L,

ω([x, y], z) = ω(ω(x, y), z) = 0. (2.1)

Then the product of the symmetric Leibniz algebra is given by

x ·ω y = [x, y] + ω(x, y).

Proposition 2.4. [1] Let (L, [−,−]) be a Lie algebra and ω and µ two solutions of (2.1). Then (L, ·ω)
isomorphic to (L, ·µ) if and only if there exists an automorphism A of (L, [−,−]) such that

µ(x, y) = A−1
(
ω(A(x), A(y))

)
.

In the following proposition, we consider symmetric Leibniz algebras whose underlying Lie algebra
is perfect.

Proposition 2.5. Let L be a complex symmetric Leibniz algebra, whose underlying Lie algebra is
perfect, then it is a Lie algebra.

Proof. Let (L, [−,−]) be a perfect Lie algebra, i.e., [L,L] = L. Then, for any x ∈ L, there exist
zi, ti ∈ L, such that x =

∑
i

αi[zi, ti]. Consider a symmetric bilinear form ω satisfying the condition

(2.1). Then, we obtain ω(x, y) =
∑
i

αiω([zi, ti], y) = 0, for any y ∈ L. Hence, for any x, y ∈ L, we

have x · y = [x, y] + ω(x, y) = [x, y]. Thus, (L, ·) is a Lie algebra. �

Corollary 2.6. The symmetric Leibniz algebra structure for the following Lie algebras is trivial:

• Schrödinger algebra

Sn : [xi, yi] = z, [h, xi] = xi, [sj,k, xi] = δk,ixj − δj,ixk,
[e, f ] = h, [h, yi] = −yi, [sj,k, yi] = δk,iyj − δj,iyk,
[h, e] = 2e, [e, yi] = xi, [sj,k, sl,m] = δl,ksj,m + δj,msk,l + δm,ksl,j + δl,jsm,k,
[h, f ] = −2f, [f, xi] = yi, 1 ≤ i ≤ n, 1 ≤ j ≤ k ≤ n, 1 ≤ l ≤ m ≤ n.

• n-th Schrödinger algebra

schn : [xi, yi] = z, [h, xi] = xi, [e, f ] = h, [h, yi] = −yi,
[h, e] = 2e, [e, yi] = xi, [h, f ] = −2f, [f, xi] = yi, 1 ≤ i ≤ n.
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• Virasoro algebra,

V ir : [ei, ej] = (i− j)ei+j + δi,−j
i3−i
12
c.

• Not-finitely graded Virasoro algebra with basis {eα,i, c | α ∈ Γ, i ∈ Z+}

Ŵ (Γ) : [eα,i, eβ,j] = (β − α)eα+β,i+j + (j − i)eα+β,i+j+1 + δα+β,0δi+j,0
α3−α

12
c,

where α, β ∈ Γ, i, j ∈ Z+.

• Virasoro-like algebra with basis {eα,i, c | α ∈ Γ, i ∈ Z}

˜W(Γ) : [eα,i, eβ,j] = (β − α)eα+β,i+j + (j − i)eα+β,i+j−1 + δα+β,0(δi+j,−1α
3 + 3iδi+j,0α

2+

+3i(i− 1)δi+j,1α+ i(i− 1)(i− 2)δi+j,2)c,

where α, β ∈ Γ, i, j ∈ Z.

• The twisted Heisenberg-Virasoro algebra with basis {ei, fj, c, c1, c2 | i, j ∈ Z}

HV ir : [ei, ej] = (j − i)ei+j + δi+j,0
i3−i
12
c,

[fi, fj] = iδi+j,0c1,
[ei, fj] = jfi+j + δi+j,0(i2 + i)c2.

Where δi,j are Kronecker symbols.

3. Main result

In this section, we classify symmetric Leibniz algebras associated with the almost filiform algebra
nn,3. Furthermore, we also describe the symmetric Leibniz algebras whose underlying Lie algebra is
Heisenberg and triangular.

The Lie algebra nn,3 is a nilpotent Lie algebra with the table of multiplications:

nn,3 : [e2, en] = e1, [e3, en−1] = e1, [ek, en−1] = ek−1, [en−1, en] = e2, 4 ≤ k ≤ n− 2.

This algebra is called almost filiform and can be found in the monograph by Snobl and Winternitz
[15].

LetM be a complex symmetric Leibniz algebra whose underlying Lie algebra is nn,3. Since Z(nn,3) =
span{e1}, then by straightforward computations, we get that the corresponding symmetric bilinear
form ω : nn,3 × nn,3 → Z(nn,3) satisfying equation (2.1) is

ω(en−2, en−2) = A1e1, ω(en−2, en−1) = A2e1, ω(en−2, en) = A3e1,

ω(en−1, en − 1) = A4e1, ω(en−1, en) = A5e1, ω(en, en) = A6e1,

where (A1, A2, A3, A4, A5, A6) 6= (0, 0, 0, 0, 0, 0).
Then, considering the multiplication x · y = [x, y] + ω(x, y), we obtain that any symmetric Leibniz

algebra M associated with the almost filiform algebra has the following product

M(A1, A2, A3, A4, A5, A6) : e2 · en = e1, en−1 · en = e2 +A5e1, en−2 · en−2 = A1e1,
en · e2 = −e1, en · en−1 = −e2 +A5e1, en−2 · en = A3e1,
e3 · en−1 = e1, en−2 · en−1 = en−3 +A2e1, en−1 · en−1 = A4e1,
en−1 · e3 = −e1, en−1 · en−2 = −en−3 +A2e1, en · en = A6e1,
ek · en−1 = ek−1, en−1 · ek = −ek−1, 4 ≤ k ≤ n− 3.

It is not difficult to obtain the matrix form of the group of automorphisms of the algebra nn,3 is
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A =



a2b2n−8 a2,n−1ab
n−5 − a2,nd − a3,nb

2 an−3,n−2b
2n−10 an−4,n−2b

2n−12 · · · a3,n−2b
2 a1,n−2 a1,n−1 a1,n

0 abn−3 0 0 · · · 0 0 a2,n−1 a2,n

0 −abn−5d a2b2n−10 an−3,n−2b
2n−12 · · · a4,n−2b

2 a3,n−2 a3,n−1 a3,n

0 0 0 a2b2n−12 · · · a5,n−2b
2 a4,n−2 a4,n−1 abn−7d

0 0 0 0 · · · a6,n−2b
2 a5,n−2 a5,n−1 0

0 0 0 0 · · · a7,n−2b
2 a6,n−2 a6,n−1 0

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · a2b2 an−3,n−2 an−3,n−1 0

0 0 0 0 · · · 0 a2 c 0

0 0 0 0 · · · 0 0 b2 0

0 0 0 0 · · · 0 0 d abn−5


,

Then, using Proposition (2.4), we obtain the following isomorphism criteria for the algebras of the
previous classes.

Proposition 3.1. Two algebras M(A1, A2, A3, A4, A5, A6) and M(A′1, A
′
2, A

′
3, A

′
4, A

′
5, A

′
6) are isomor-

phic, if and only if there exist a, b, c, d such that

A′1 = a2A1

b2n−8 , A′2 = cA1+b2A2+dA3

b2n−8 , A′3 = aA3

bn−3 ,

A′4 = c2A1+2b2cA2+2cdA3+b4A4+2b2dA5+d2A6

a2b2n−8 , A′5 = cA3+b2A5+dA6

abn−3 , A′6 = A6

b2
.

(3.1)

In the following theorem, we give the main result of the work.

Theorem 3.2. Let L be an n-dimensional complex symmetric Leibniz algebra, whose underlying Lie
algebra is nn,3, then it is isomorphic to one of the following pairwise non-isomorphic algebras:

Lα,β1 =M(1, 0, 1, α, 0, β) Lα,β2 =M(1, 0, 1, 0, α, β) Lα3 =M(1, 0, 0, α, 0, 1) L4 =M(1, 0, 0, 0, 1, 0)
L5 =M(1, 0, 0, 1, 0, 0) L6 =M(1, 0, 0, 0, 0, 0) Lα7 =M(0, 0, 1, α, 0, 1) L8 =M(0, 0, 1, 1, 0, 0)
L9 =M(0, 0, 1, 0, 0, 0) Lα10 =M(0, α, 0, 0, 0, 1) L11 =M(0, 0, 0, 1, 0, 1) L12 =M(0, 0, 0, 0, 0, 1)
L13 =M(0, 1, 0, 0, 1, 0) L14 =M(0, 1, 0, 0, 0, 0) L15 =M(0, 0, 0, 0, 1, 0) L16 =M(0, 0, 0, 1, 0, 0).

Proof. We make the following denotations:

∆1 = A1, ∆2 = A3, ∆3 = A1A6 −A2
3.

From this and Proposition 3.1, we get that

∆′1 =
a2

b2n−8
∆1, ∆′2 =

a

bn−3
∆2, ∆′3 =

a2

b2n−6
∆3.

Therefore, the ∆i are relative invariants under isomorphisms in the given class of algebras. Now,
we consider the following cases:

• If ∆1 6= 0, ∆2 6= 0, ∆3 6= 0, then choosing a =
∆n−4

2√
∆n−3

1

, b = ∆2√
∆1
, c = −∆2(A2∆2+d∆1)

∆2
1

,

d = −∆2
2(A5∆1−A2∆2)

∆1∆3
, we obtain the family of algebras Lα,β1 .

• If ∆1 6= 0, ∆2 6= 0, ∆3 = 0, then defining ∆4 = A1A5−A2A3, we get ∆′4 = a
b3n−13 ∆4. Next, we

consider the following subcases:

– If ∆4 6= 0, then choosing a =
∆n−4

2√
∆n−3

1

, b = ∆2√
∆1
, c = −∆2(A2∆2+d∆1)

∆2
1

, d = −∆2
2(A4∆1−A2

2)

2∆1∆4
, we

obtain the family of algebras Lα,β2 .

• If ∆1 6= 0, ∆2 = 0, ∆3 6= 0, then choosing a =

√
∆n−4

3

∆n−2
1

, b =
√

∆3

∆1
, c = −∆3A2

∆2
1
, d = −A5, we

obtain the family of algebras Lα3 .
• If ∆1 6= 0, ∆2 = 0, ∆3 = 0, A5 6= 0 then choosing a = bn−4

√
∆1
, b = 4n−18

√
∆1A2

5,

d = −
2n−9
√

∆1A2
5(A1A4−A2

2)

2∆1A5
, we obtain the algebra L4.

• If ∆1 6= 0, ∆2 = 0, ∆3 = 0, A5 = 0, then defining ∆5 = A1A4 − A2
2, we get ∆′5 = 1

b4n−20 ∆5.
Next, we consider the following subcases:

– If ∆5 6= 0, then choosing a = bn−4
√

∆1
, b = 4n−20

√
∆5, we obtain the algebra L5.
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– If ∆5 6= 0, then choosing a = bn−4
√

∆1
, we obtain the algebra L6.

• If ∆1 = 0, ∆2 6= 0, A6 6= 0, then choosing a =

√
An−3

6

∆2
, b =

√
A6, we obtain the family of

algebras Lα7 .
• If ∆1 = 0, ∆2 6= 0, A6 = 0, then defining ∆6 = A3A4 − 2A2A5, we get ∆′6 = 1

ab3n−15 ∆6. Next,
we consider the following subcases:

– If ∆6 6= 0, then choosing a = bn−3
√

∆2
, b = 4n−18

√
∆2∆6, we obtain the algebra L8.

– If ∆6 = 0, then choosing a = bn−3
√

∆2
, we obtain the algebra L9.

• ∆1 = 0, ∆2 = 0, A6 6= 0, A2 6= 0, then choosing b =
√
A6, c = −A4A6−A2

5

2A2
, d = −A5, we obtain

the family of algebras Lα10.
• ∆1 = 0, ∆2 = 0, A6 6= 0, A2 = 0, then defining ∆7 = A4A6 − A2

5, we get ∆′7 = 1
a2b2n−10 ∆7.

Next, we consider the following subcases:

– If ∆7 6= 0, then choosing a =
√

∆7

An−5
6

, b =
√
A6, we obtain the algebra L11.

– If ∆7 = 0, then choosing b =
√
A6, we obtain the algebra L12.

• ∆1 = 0, ∆2 = 0, A6 = 0, A2 6= 0, A5 6= 0 then choosing a = A5√
A2
, b = 2n−10

√
A2, c =

−A4
n−5√A2+2dA5

2A2
, we obtain the algebra L13.

• ∆1 = 0, ∆2 = 0, A6 = 0, A2 6= 0, A5 = 0 then choosing b = 2n−10
√
A2, c = − A4

2 n−5
√
An−6

2

, we

obtain the algebra L14.
• ∆1 = 0, ∆2 = 0, A6 = 0, A2 = 0, A5 6= 0 then choosing a = A5

bn−5 , we obtain the algebra L15.

• ∆1 = 0, ∆2 = 0, A6 = 0, A2 = 0, A5 = 0, then A4 6= 0 and choosing a = A4

bn−6 , we obtain the
algebra L16. Box

Now, we consider a Lie algebra of strictly upper triangular matrices, which is denoted by n(n,F).
It is known that n(n,F) has a basis ei,j for i < j, which the table of multiplication is

[ei,j, ej,k] = ei,k, 1 ≤ i, j, k ≤ n.

Consider a symmetric Leibniz algebra L, whose underlying Lie algebra is n(n,F). Since Z(n(n,F)) =
span{e1,n}, then by straightforward computations, we get that the corresponding symmetric bilinear
form ω satisfying the condition (2.1) is

ω(ei,i+1, ek,k+1) = Ai,ke1,n, 1 ≤ i ≤ k ≤ n− 1.

Then we obtain the following result.

Proposition 3.3. Any symmetric Leibniz algebra whose underlying Lie algebra is the algebra of upper
triangular matrices has the following multiplications:

ei,j · ej,k = −ej,k · ei,j = ei,k, 1 ≤ i, j, k ≤ n, (j − i, k − j) 6= (1, 1),
ei,i+1 · ei+1,i+2 = ei,i+2 +Ai,i+1e1,n, 1 ≤ i ≤ n,
ei+1,i+2 · ei,i+1 = −ei,i+2 +Ai,i+1e1,n, 1 ≤ i ≤ n,
ei,i+1 · ek,k+1 = ek,k+1 · ei,i+1 = Ai,ke1,n, i ≤ k, i+ 1 6= k.

Now, we consider a symmetric Leibniz algebra whose underlying Lie algebra is a Heisenberg algebra.
A Heisenberg algebra h is a (2n + 1)-dimensional Lie algebra with basis {xi, yi, z} and the following
multiplication table:

[xi, yi] = z, 1 ≤ i ≤ n.
Since Z(h) = span{z}, then by straightforward computations, we get that the corresponding sym-

metric bilinear form ω : h× h→ Z(h) satisfying the equation (2.1) is

ω(xi, xj) = αijz, ω(yi, yj) = βijz, ω(xi, yj) = γijz.



Symmetric Leibniz algebras ... 45

Proposition 3.4. Any symmetric Leibniz algebra whose underlying Lie algebra is the Heisenberg
algebra has the following multiplications:

xi · yi = (1 + γi,i)z, yi · xi = (−1 + γi,i)z, 1 ≤ i ≤ n,
xi · xj = xj · xi = αi,jz, yi · yj = yj · yi = βi,jz, 1 ≤ i, j ≤ n,
xi · yj = yj · xi = γi,jz, 1 ≤ i 6= j ≤ n.
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