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Abstract. Let @ be the field of rational numbers and Q? be the 2-dimensional linear space
over Q. A classification of all non-degenerate symmetric bilinear-metric forms over Q? have ob-
tained. Let ¢ be a non-degenerate symmetric bilinear form on Q2. Denote by O(2, ¢, Q) the group
of all g-orthogonal (that is the form ¢ preserving) transformations of Q?. Put MO(2,0,Q) =
{F:Q* = Q* | Fr=gx+b,g€0(2,0,Q),be Q*}, SO2,0,Q) = {g€ 0(2,¢,Q)|detg =1} and
MSO(2,0,Q) ={F € M(2,p,Q)|detg = 1}.The present paper is devoted to solutions of problems of
G-equivalence of m-tuples in Q? for groups G = O(2,¢,Q),SO(2,¢,Q), MO(2,¢,Q), MSO(2,¢,Q).
Complete systems of G-invariants of m-tuples in Q? for these groups are obtained.
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1. INTRODUCTION

Let N be the set of all natural numbers and m € N, m > 1. Denote by (Q?)™ the set of all m-tuples
(w1, Uz, ..., uy) in Q*, where u; € Q*,Vi =1,2,...,m.

Let V be a finite dimensional vector space over a field B and ¢ be a bilinear form on V. Denote
by O(¢, V) the group of all ¢-orthogonal (that is the form ¢ preserving) transformations of V. Let
MO(¢,V) be the group generated by the group O(¢, V') and all translations of V. In the paper [5],
for the orthogonal group O(¢, V') in the Euclidean, spherical, hyperbolic and de-Sitter geometries, the
orbit of m vectors is characterized by their Gram matrix and an additional subspace. In the book
[1, Proposition 9.7.1], for the group MO(¢,V) in the Euclidean geometry, the orbit of m vectors is
characterized by distances between m-vectors. A complete system of relations between elements of
this complete system is also given in [I, Theorem 9.7.3.4]. In the paper [7], a complete system of
invariants of m-tuples in the two-dimensional pseudo-Euclidean geometry of index 1 and a complete
system relations between the obtained complete system of invariants are given. In the paper [§], a
complete system of invariants of m-tuples in the one-dimensional projective space and a complete
system relations between the obtained complete system of invariants are given. Invariants of m-points
appear also in the theory of invariants of Bezier curves ([3], [I9]. Complete systems of invariants for
various geometric and topological settings have been developed in a series of works. In [9], the authors
construct complete systems of invariants for m-tuples associated with the fundamental groups of the
two-dimensional Euclidean space. The study in [10] presents complete systems of Galilean invariants
describing the motion of parametric figures in three-dimensional Euclidean space. In [11], the authors
investigate global invariants of topological figures in the two-dimensional Euclidean space, focusing on
properties preserved under continuous deformations. Similarly, in [I2], global invariants of objects are
analyzed in the context of the two-dimensional Minkowski space, taking into account the Lorentzian
structure. The papers [13] and [14] extend the study of invariants to immersions into n-dimensional
affine manifolds and to mappings from arbitrary sets into the two-dimensional Euclidean space, re-
spectively. Invariants of m-vectors in Lorentzian geometry are considered in [20], where algebraic
invariants under Lorentz transformations are analyzed. Moreover, the concept of m-vector invariants
appears prominently in applied disciplines such as computer vision ([16], [2I]), where they are used
for recognizing and comparing geometric configurations under affine or projective transformations,
and in computational geometry ([I8]), where such invariants aid in the analysis of shape and spatial
relationships. General theory of m-point invariants considered in the invariant theory (see [2], [5], [0],
[17], [23], [24]).This paper is a continuation of the paper [15]. The present paper is devoted to solutions
of problems of G-equivalence of m-tuples in Q? for groups G = O(2,¢,Q),SO(2,¢,Q), MO(2,¢,Q),
MSO(2,p,Q). Complete systems of G-invariants of m-tuples in Q? for these groups are obtained.
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1.1. A classification bilinear-metric spaces over the field of rational numbers.

Let @ be the field of rational numbers, @? be the 2-dimensional linear space over @ and p(z,y) be
a symmetric bilinear form on Q2.

If we replace the argument y € Q? in the symmetric bilinear form ¢(x,y) by x, where = (1, z3) €
Q?, we obtain the quadratic form ¢(z, z).

Theorem 1.1. (see [4], p.196) For every quadratic form ¢(x,x) on Q?, there exists a basis in Q*
such that it has following form
o(z, ) = M\a? + Nzl

for some A\, Ay € Q, where x1, x5 are the coordinates of the vector x in this basis.

In this case, there exist only following two cases: 1) rank(e(z,z)) = 1 and 2) rank(p(z,x)) = 2.
In the case 1) rank(p(z,z)) = 1, there exists a basis in Q% such that p(z,z) has following form:
o(z,x) = A\x1, where \; € @ and \; # 0.

Consider the case rank(o(x,x)) = 2. In this case, there exists a basis ey, e; in Q2 such that ¢(x,z)
has following form p(z,z) = A\2? + Apx3, where \; € Q, Ay # 0 and Xy € Q, Xy # 0. The equality
p(x,z) = Mat + Az implies following equality: ¢(z,x) = (2] + 3223). Since 32 is a rational
number, there are a, b integer numbers such that i—f = . Then we have: o(z,z) = A (2] + $23).

We may then introduce a new basis e}, e, by setting €] = ej, e, = bey, where b is the above
integer number. This implies that the quadratic form ¢(x,x) can be written in this basis in the
form ¢(z,2) = A\ (2] + abx3). We now consider the case of a positive rational number a - b. If the
prime factors of the product ab have a square of an integer, then we create p(z,x) = A\ (z? + px3) by
introducing a new basis, where p =1 or p = p; - ps - ... - p,, such that p;,j =1,...,n, — prime numbers
and py # py for all | # k,k = 1,...,n,0 = 1,...,n. As a result, there are infinitely non-congruent
symmetric bilinear forms over the field of rational numbers and bilinear-metric spaces relatively.

1.2. A linear representation of the field Q(,/—p) in two-dimensional linear space Q?.
Let @ be the field of rational numbers and p =1 or p = py -ps - ... p,, where p,— prime numbers and

pr # pi for all k # I. Denote by Q(\/—p) the set {a+by/—p | a,b € Q}. Let a = a; ++/—pas € Q(v/—D)
and b = b; + /—pby € Q(y/—p). We define addition and multiplication operations on Q(,/—p) as

follows: put a + b = (a1 + +/—paz) + (by + /—pbs) = (a1 + b1) + /—p(az + b2). A multiplication in

Q(y/—p) define as follows: aob = (a; + /—pay) o (by + /—pbz) = (ar1by — pasbhs) + /—p(a1bs + asby).
We will present the Propositions - mentioned in paper [I5], as these propositions will be
necessary for us

Proposition 1.2. The set Q(\/—p) is a field with respect to the defined above addition a + b and
multiplication a o b operations.

Let a = ay + /—paz. We denote by M, the matrix of the form ( Zl _gaz ) Let M(Q,p)
2 1

denote the set of all matrices M,, where a € Q(y/—p). We consider on the set M(Q,p) standard
matrix operations: the component-wise addition and the multiplication operations of matrices. Then
M(Q,p) is a field with the unit element, where the unit element is the unit matrix. The following
proposition is obvious.

Proposition 1.3. The mapping M : Q(/—p) — M(Q,p), where M : a — M,,Va € Q(/—p), is an
isomorphism of fields Q(y/—p) and M(Q,p).

For a = a; + /=pas,b = by + \/=pby € Q(v/—p), we put (a,b), = a1b; + pasb,. Then (a,b), is a
bilinear form on Q(y/=p) and (a,a), = af + pa3 is a quadratic form on Q(y/=p). For convenience, we
denote by ¥(a) the quadratic form (a, a),.
Proposition 1.4. Let M : Q(v/—p) — M(Q,p) be the isomorphism M : x — M, of fields Q(/—p)
and M(Q,p). Then ¥(x) = det(M,) and ¥(xoy) = ¥(z)U(y)for all x,y € Q(~/—p).

For an arbitrary element a = a; + v/—pas € Q(v/—p), we set W(a) =a = a; — /—pas.

Proposition 1.5. For an arbitrary element a = a1 + /—pas € Q(\/—p) following equalities hold:
a+a=2a,,({a,a), =aoca=aj+paj; € Q.
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Proposition 1.6. The function V(z) has the following properties:
Az) = N2U(x), VA € Q,Vx € Q(v/—p);

e) =1 for the unit element e € Q(\/—p);

r)=xz 0T =Tox hold for all x € Q(\/—p);

x) =Y (Wzx)=Y(T) hold for all x € Q(/—Dp).

Proposition 1.7. Let x € Q(y/—p). Then the element x=* exists if and only if ¥(x) # 0. In the case
U(z) # 0, the equalities ™' = 375 and ¥(z™!) = ﬁ hold.

Put Q*(/—p) = {x € Q(v/—p) | ¥(x) # 0}. @*(/—p) is a group with respect to the multiplication
operation o in the field Q(y/—p). Denote by M (Q*, p) the set of all matrices M,, where a € Q*(1/—p).

Consider elements a = a; + /—pas € Q*(v/—p) and = = 1 + /—pz2 € Q(/—p) as column vectors
a = ( = , T = 1 ) Let M, be the matrix ( S ) Since a € Q*\/—p, we have

Q2 ) Qa2 ay
U(a) = a? + pa2 # 0 and ¥(a) = det(M,) # 0.
Then the equality a o z = (a1 + \/—pasz) o (1 + /—px2) = (a121 — pas®s) + /—p(a1z2 + azx;) has
the following form

wow— ( a )o < 1 > _ < a1 T1 — PasTs > _ < ar  —pas ) < ) > _ M (1.1)
as To 122 + a2y ax a To
where M,z is the multiplication of matrices M, and xz. Hence M, € M(Q*,p) and the mapping
M : Q*(v/—p) — M(Q*,p), where M(a) = M,, is a linear representation of the group Q*(y/—p) in
2

Proposition 1.8. M(Q*,p) is a group with respect to the multiplication operation in the field M(Q).

Put S(Q*,v/—p) = {x € Q(v/—p) | ¥(z) = 1}. It is a subgroup of the group Q*(/—p).

Proposition 1.9. Let M : Q(/—p) — M(Q,p) be the isomorphism M : x — M, of fields

Q(/—p) and M(Q,p). Then M(S(Q*,\/—p)) is a subgroup of the group M(Q*,p) and the mapping
M: S(Q*,\/—p) = M(Q*,p), where M(a) = M, is a linear representation of the group S(Q*,/—p)

in Q2.

Let p=1orp=p;-ps-...-p,, where p,— prime numbers and p;, # p; for all k # [. The symmetric
bilinear form 21y, + pzsy, denote by (x,y),. Denote by @7 the 2-dimensional linear space Q* over Q
with the bilinear form (x,y>p = Z1Y1 + PTays, Where © = (z1,22),y = (y1,v2) € Q%

2. FUNDAMENTAL GROUPS OF TRANSFORMATIONS OF THE 2-DIMENSIONAL BILINEAR-METRIC
SPACE Q*

Definition 2.1. A mapping F': Q(y/—p) — Q(y/=p) is called p-orthogonal if (Fz, F'y) = (z,y), for
all z,y € Q(v/—p)-

We denote the set of all p-orthogonal transformations of @Q? by O(2,p,Q). Let I : Q* — @Q?
be the unit transformation I(z) = z,Vx € Q* Then I € O(2,p,Q). Let Ty, T, € O(2,p,Q) and
T, - Ty, : Q> — Q? be such that (T} - Ty)(x) = Ti(Tx(x)),Vx € Q. Then it is easy to see that

Tl : T2 € O(2ap7 Q)
The following propositions are well known.

Proposition 2.2. O(2,p, Q) is a group with respect to the composition operation Ty - Ty, where Ty, Ty €
0(2,p,Q).

Proposition 2.3. ([25], p.221) Every p-orthogonal transformation of QZ is linear.
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Let z = (v1,22) € Q*,y = (y1,42) € Q> Denote the matrix of the bilinear form (z,y), =
1Y + praye by A, = ||5ij||i,j:1727 where 8, = 1,815 = d21 = 0,20 = p. By Proposition we can
consider an element of O(2,p, Q) as a 2 x 2-matrix. Let H € O(2,p,Q), where H = ||h;j]| i i1 Let
HT be the transpose matrix of H. It is known that the equality (Hxz, Hy), = (z,y), for all z,y € Q°
is equivalent to the equality

H'AH = A, (2.1)

The following proposition follows from the equation [2.1
Proposition 2.4. Let H € O(2,p,Q). Then det(H) =1 or det(H) = —1.

We denote by SO(2,p,Q) the set {H € O(2,p,Q) :det(H) =1}. SO(2,p,Q) is a subgroup of
0(2,p,Q). O(2,p,Q) = SO(2,p,Q) U{HW | H € SO(2,p,Q)}, where HW is the multiplication of

matrices H and W, where W = ( _01 (1)

Theorem 2.5. (see [15]). The equality SO(2,p,Q) = M(S(Q*,\/—p)) holds.

Hence, we conclude from the above theorem that every special orthogonal transformations will be

matrices < Z —pb > such that a? + pb? = 1,a,b € Q . In that case, is the solution of the equation

a? + pb?> = 1 in the rational numbers field? We can answer this question by the following theorem.

Theorem 2.6. The description of the elements of the group SO (2,p,Q) is as follows.

(i) There is no element v = (x1,72) € Q?, such that x; = 0 and M, € SO (2,p,Q), where p # 1.
There are only two elements (xy,x2) € Q?, such that x5 = 0 and M, € SO (2,p,Q). These are (1,0)
and (—1,0).

(i1) Assume that © = (x1,x2) € Q* such that x5 # 0 and M, € SO (2,p,Q). Then there is the number
r € Q, where r # 0, such that the equalities are satisfied:

p—r? 2r
= —_— To =
p+r2’ 2 p+7’2

().

Z

(11i) Conwversely, assume that r is an arbitrary nonzero element in Q and for x = (x1,x2) € Q? the
equalities are satisfied (I). Then M, € SO (2,p, Q).

Proof. (i) This is obvious.

(i7) Assume that x = (z1,x,) € Q such that z, # 0 and 2? + pz2 = 1.

First, we prove that in this case 22 # 1. Suppose 2?7 = 1. Then from the equation z? 4+ px3 = 1, we
obtain that 22 = 0. It follows that x5 = 0. This contradicts to xy # 0. So we proved z? # 1, z; # 1
and x; # —1.

From the equation 27 4+ px3 = 1 and from the inequalities z; # 1, x; # —1 we obtain the following
equalities: 1 — 22 =p2? = pr2=(1—-z,) (1 +2;) = 2= =15,

14z T2
Put r = ffjl. Then we have r = % From these two equalities we obtain the following equalities
Lyn 2 1% _ . From last equalities we obtain = = 2 47, 22 =2 _ ¢ We find z;, 2, from
T2 T2 T T2 T2 To T T2 T

Ty = 2. The (ii) is proved.

p—r
p+r2? V2 T pyr?”

these two equalities and we obtain the following equalities x; =

(7i1) Conversely, let r € @ be an arbitrary nonzero rational number. Put z; = ;’;—:z, Ty = pi’;2. We
.2 2 5 2, 4 2 2 2, 4
have a7 + pr; = (5) + p(.355)* = © 2’{;;%#” =z ?;ff;;’“ = 1. Therefore, M, € SO(2,p, Q).

Hence, all special orthogonal matrices given as follows:

M

p77‘2 —2pr
SO(2,p,Q) = {( pir? i > | VreQ,r# 0}

p+r?  ptr?
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and all orthogonal matrices are given as follows:

% *217; % 2pr2
0(2,p,Q) = pir gfj | Vre Q,r #0 U pL p& | Vre Q,r #0;.

p+r?  ptr? o

ptr2 ptr?

O

2.1. Complete systems of invariants of an m-tuple in Qf, for groups SO(2,p,Q) and
MSO(Qa b, Q)’
Let N be the set of all natural numbers and m € N,m > 1. Put N,, = {j € N|1 < j <m}.

Definition 2.7. A mapping v : N,, — Q?* will be called an m-tuple in Q*. Denote it in the following
form: u = (uy, ug, ... Up).

Denote by (Q?)™ the set of all m-tuples in Q*. Let G be a subgroup of the group MO(2,p, R).

Definition 2.8. Two m-tuples u = (uy,us, ... u,) and v = (v, Vs, ... v,,) in Q% is called G-equivalent
if there exists g € G such that v; = gu;,Vj € N,,. In this case, we write v = g(u) or u <o

Definition 2.9. A subset C' C (Q?)™ is called G-invariant if g(u) € C,Vu € C,Vg € G.

Definition 2.10. Let Q be a set and it has at least two elements and C' be a G-invariant subset
of (@*)™. A mapping f : C — Q is called G-invariant on C if v € C,v € C and u L v, implies

fu) = f(v).

Let C be a G-invariant subset of (Q*)™ and € be a set such that it has at least two elements.
Denote the set of all G-invariant functions f : C — Q on C by Map(C,Q)°.

Example 2.11. Definitions of the groups H = O(2,p, @), SO(2,p, Q) imply that the quadratic form
¥(z) = (z,z), and the bilinear form (z,y)  are H-invariant functions on the set Q.

1 ofx:<x1>,y— yl)eQZ. Since

T2 Y2 T2 N Y2
det(g) = 1 for all g € SO(2,p,Q), we have [(gz) (gy)] = det(g)[zy] = [xy] for all g € SO(2,p, Q).
Hence [z y] is an SO(2, p, Q)-invariant function on the set (Q?).

Example 2.13. Definitions of the groups H = MO(2,p,Q), MSO(2,p,Q) imply that the function
f(z,y) = (x —y,z —y), is an H-invariant function on the set (Q?)?.

Example 2.12. Let [zy] be the determinant ‘

Definition 2.14. (see [22, 1.1]). Let C be a G-invariant subset of (Q*)™. A system {f;|j € J},
where f; € Map(C,Q)%,Vj € J, will be called a complete system of G-invariant functions on C if

u € C,v € C and equalities f;(u) = f;(v),Vj € J, imply u L v.
Definition 2.15. ( see [22, 1.1]) Let C be a G-invariant subset of (Q*)™ and L = {f;|j € J} be a

complete system of G-invariant functions on C. L is called a minimal complete system of G-invariant
functions on C if L\ {f;} is not a complete system of G-invariant functions on C' for any j € J.

Put 6 = (0,0), where (0,0) € Q. Denote by 6,, the m-tuple u = (uy,us,...,u,) € (Q*)™ such
that u; = 6,Vj € N,,. Define the function B : (Q*)™ — N,, U {0} as follows: put B(0,,) = 0. Let
u=(uy,ug,...,u,) € (Q*)™ be such that u # 6,,. In this case, we put B(u) = k, where k € N,,, such
that u; =0,Vj =1,...k —1 and u; # 0.

Proposition 2.16. Let G be a subgroup of O(2,p,Q). The function B(u) is a G-invariant function
on (Q*)™.
Proof. 1t is obvious. O
Denote by U(m;0) the set {0,,}. Let k € N,,. Denote by U(m; k) the set {u € (Q*)™|B(u) = k}.
Proposition 2.17. Let G be a subgroup of O(2,p,Q). Then:
(1) The set U(m;k) is a G-invariant subset of (Q*)™ for k =0 and all k € N,,,.
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(2) U(m;0)NU(m;l) =0,Vl € N,,, and U(m; k) NU(m;l) = 0,Vk,l € N, k # 1.
(3) U(m;0) U (Upen, U(m; k) = (Q*)™
Proof. 1t is obvious. O

Proposition 2.18. Let z,y € Q(\/—p) such that x # 0. Then

(1) The element yx~—' exists, the equality yx=' = —py and the following equality hold
(wv(y))p _p[ﬂ(r y)]
_ 7 T
My = | Lyl way |- (2.2)
U (z) T (x)

(2) det(Myp1) = (5522)2 + p(554)2 # 0 if and only if W(y) # 0.

Proof. (1) Let x = 1 + /—px2,y = y1 + /—py2 € Q(/—p) such that x # 0. Then z~* exists. Hence
yz~! exists. By Proposition et = W@ Using W(z) = :c1 — +/—pzo and the multiplication in

U(z) -
and Eq.(2

the field Q(y/—p), we obtain the equalities yz~! = ;i" + p\p(l)
(2) Let W(z) # 0. Using Proposition|l.4|and Eq.(2.2), we obtain (42)?+p( [w 8 )2 = det(M,,-1) =

V(z)
U(yz™') = ¥(y)¥(™") = 383 Hence (%y )? +P(\[pw(z]))2 = \1/8; This equality implies that
det(M,,-1) = ‘I’(y 7é 0 if and only if ¥(y) # 0. 0

Now we consider the G-equivalence problem of m-tuples for the group SO(2,p, Q).

Proposition 2.19. Let G be a subgroup of O(2,p, Q). Assume that u = (uy,...,Uy),v =
(U1, Um) € (Q*)™ be m-tuples such that u S v. Then B(u) = B(v).

Proof. Assume that u S, By Proposition the function B(u) is G-invariant. The G-equivalence
of u, v and the G-invariance of B(u) imply the equality B(u) = B(v). O

Let u = (ug,...,Up),v = (V1,...,0n) € (Q*)™ be m-tuples such that B(u) = B(v) = 0. Then
w=v=0,, Hence u< v. Now we consider the case B(u) = B(v) # 0.

Theorem 2.20. Let u = (Ug,Us,y ..., Up),v = (V1,V2,...,0,) € (Q*)™ be two m-tuples in Q* such
that B(u) = B(v) = k, where k € N,,,.

(i) Assume that u S0P Y. Then

(i.1) In the case k = m, the equality V(u,,) = ¥(v,,) holds.
(i.2) In the case k < m, the following equalities hold
{ U (ug) = W (o),

<ukvu3>p <Uk7vj>pvv] € Ny, k < g, (2.3)
[uru;] = [vpv], V5 € Ny, k < j.

(13) Conversely, assume that the equality V(u,,) = V(v,,) holds in the case k = m and equalities
Eq.(2.3) hold in the case k < m. Then, in the every of these cases, there exists the unique
matriz F € SO(2,p, Q) such that v; = Fu;,Vj € N,,. In these cases, F' has the following form

(uk,vi)p  _ pluk vi]
_ W(u W(u
F=| 0% s | (2.4)

\Ij(uk) ‘I}(uk)

where det(F)

(wrodp 2 o ol vsly2
(™) PGy =1
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Proof. (i) Assume that u SOZPD 4, In the case (i.1), the function ¥(u,,) is SO(2, p, Q)-invariant.
Hence the equality ¥(u,,) = ¥(v,,) holds.

In the case (i.2), functions W(uy), (uk,u;), and [uyu;] are also SO(2, p, Q)-invariant for all j €
N,k < j. Hence equalities Eq. hold.

(74) Conversely, assume that the equality ¥(u,,) = ¥(v,,) holds in the case k = m and equalities
Eq. hold in the case k < m.

Let k = m. Consider the element g = vju, " € Q*(y/—p). Since vy, = vy (uy, 'ug) = (viuy ' ug, we
have vy = guy. Then by Ejq. ., we obtain that v, = Mjuy, where M, € M(Q (v/=p)). Using the
equality ¥(uy,) = ¥(v;,) and Proposition [1.4] we obtain det(M ) =U(g) = U(vpup ') = U(ve)V(uy') =
U(vg)W(u,)~! = 1. Hence g € S(Q*(\/Tp)) By Theorem M, € SO(2,p,Q). This implies that
vy = Myuy. Since B(u) = B(v) = k, we have u; = v; = 0,VYj € N,,,j < k. These equalities, the

equality vy, = Myu;, and the equality £ = m imply equalities v = Mquj,Vj € Nm. Hence u %Y 4

in the case k = m. By g = viu, ' and Proposition M, has the form . By det(M,) =1 and
Proposition [2.18, we obtain the equality det(M,) = ( 7\*;(:::) )2+ p( [\;’(“u”:)) = 1

Let k < m. Using equalities Eq.(2 [ and equalities u 'u; = ”’“ Qi) /= p$ku“J) Vi € N,k < 7,
Vi Vj

W (ug)
equalities v; 'v; = e, Z;)p + VP50, ),Vj € N,,,k < j, in Proposition [2.18, we obtain following
equalities

uy 'y = v v, Vi € Ny k < . (2.5)

Consider the element g = vyu,' € Q*(y/—p). Since vy = vi(uy 'uy) = (veuy, )ur, we have vy, = guy.
Using equalities Eq., we obtain v (uy 'u;) = vi(v; 'v;),Vj € N, k < j. These equalities and the
above equality g = vju, " imply v; = (vvg vy = vi(vy 'vy) = v(uy, 'uy) = (veuy, u; = gu; for all
j € N,k < j. Thus we have v; = gu;,Vj € N,,,k < j, where g = vyu;,' € Q*(y/—p). The equality
g = vpuy, * implies v, = guy. This equality and the equalities v; = gu;,Vj € Ny, k < j imply equalities
v; = gu;,Vj € N,,,k < j. Then by Eq., we obtain that v; = Myu,;,Vj € N,,,k < j, where
M, € M(Q*(/—p)). These equalities and the equality B(u) = B(v) = k imply that v; = M u; for
all j € N,,. So we obtain that det(M,) = 1. Since det(M,) = 1, by Theorem 2.5, M, € SO(2,p.Q).

. SO(2,p,Q)
Hence we obtain « ~ v

Prove the uniqueness of U € SO(2, p, Q) satisfying the conditions v; = Uu;,Vj € N,,,. Assume that
U € SO(2,p,Q) such that v; = Uu;,Vj € N,,. Then by Eq. and Theorem there exists the
unique b € S(Q*(v/—p)) such that U = M,. Hence we have v; = M,u;,Vj € N,,. By Eq., we
obtain v; = bu;,Vj € N,,. Since U(uy) # 0, the equality v, = bu, implies that b = vu, =g €
S(Q*(v/—p))- The uniqueness of U is proved.

Let us obtain the evident form of M,. By Proposition the element g = v,u; ' is equal

to Lk Z’;;p ++/ p[l;’gu”:)]. Hence the matrix M, has the form Eq.. Since g € S(Q*(v/—p)), by
Theorem 2.5] det(M,) =1. O

Remark 2.21. Let k,me Nym > 1,1 <k <m. By Theorem. 0, the function ¥(uy) is a complete
system of SO(2, p, Q)-invariant functions on the set U(k; k) in the case k = m. By Theorem“7 0 the
system

{W(ug), (ur, w))p, [ug i), j € Ny k < 5} (2.6)

is a complete system of SO(2, p, Q)-invariant functions on the set U(m;k) in the case k < m.

Let G = O(2,p,Q) or G = SO(2,p, Q). Denote by GVTr(2,p, Q) the group of all transformations of
@Q? generated by elements of G and all translations of @*. In particularly, MO(2,p,Q) = O(2,p,Q) V
Tr(2,p,Q) and MSO(2,p,Q) = SO(2,p,Q) V Tr(2,p,Q). Now we consider H-equivalence problem
of m-tuples for the group H = GV Tr(2,p,Q). Let u and v be m-tuples, where m = 1. Then it is
obvious that they are G V Tr(2,p, Q)-equivalent.

Let z € Q*. Denote by z - 1,, the m-tuple (y1,%a,...,¥m) such that y; = z,Vj € N,,. Let u =
(uy,ug, ..., Uy,) be an m-tuple. Denote by u—,, - 1,, the m-tuple () — Uy, Ug — Uy« + s Upy—1 — U, 0).
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Proposition 2.22. Let G = 0(2,p,Q) or G = SO(2,p,Q). Assume that m > 1 and u =

GVTr(2,p,Q)
(Ui, Uy - o v s U ), = (V1, V2., V) € (Q*)™. Then u ~
and v — v, - 1,,, are G-equivalent.

v if and only if m-tuples uw — Uy, - 1.,

Proof. = Assume that u GVITCPQ o Then there exists F € G and a € Q* such that v; = Fu;+a,Vj €

N,,. In particularly, for j = m, we have v,, = Fu,, + a. This equality implies a = v,, — F'u,,. This
equality and equalities v; = F'u;+a,Vj € N,,, imply equalities v; = Fu; + v, — Fu,,,Vj € N,,. These

equalities imply equalities v;—v,, = F(u;—u,),Vj € Ny,. That is (w1 — U, Us—Up, - . -y Up—1—Up, 0) ~
(/Ul —Um; V2 = Umy -+ -5 Um—1 — Um, 0)
G
< Assume that (u; — U, Uz — Uy - ooy U1 — Uy, 0) ~ (V1 — Vpny U2 — Uy -+« s U1 — U, 0). Then

there exists F' € G such that v; — v, = F(u; — u,),Vj € Np,. Put a = v,, — Fu,,. This equality
implies v,, = Fu,, + a. The equality a = v,, — F'u,,, and equalities v; — v,, = F(u; — u,,),Vj € Ny,
Uy, = Fu,, + a imply equalities v; = Fu; + a,Vj € N,,,. Hence u VIR, O

Corollary 2.23. Let G = O(2,p,Q) or G = SO(2,p,Q). Assume that m > 1 and u =

(Ui, Uy ooy Upy), U = (V1,V2,...,0,) € (Q*)™. Then u NP, if and only if (m — 1)-tuples

Uy — Uy, Un — Ugny e v v s U1 — Upy) ANA (V1 — Uy, Vg — Upny -+« , Um—1 — Up) aTe G-equivalent.

( )

Proof. 1t follows from Proposition [2.22] O

Proposition 2.24. Let G = SO(2,p, or G = O(2,p,Q). Assume that u TP Q) v. Then
P y P p

B(u—ty, - 1,,) = B(v — vy - 1,,).

Proof. This statement follows from Propositions [2.19] and [2.22] O

Let v = (ui, U, ..., Uy,) € (Q*)™ and G denote either the special orthogonal group SO(2,p, Q) or
the orthogonal group O(2,p, @). By Proposition the function B(u—u,,-1,,)isa GVTr(2,p,Q)-
invariant function of u € (Q*)™.

It is obvious that B(u — u,, - 1,,) < m — 1,Vu € (Q*)™. We note that B(u — u,, - 1,,) = 0 if and
only if w — u,, - 1,, = 0,,, that is u = up, - 1, = (U1, U2, ..., Uy,), Where u; = w,,,Vj € Np,.
Proposition 2.25. Let G = SO(2,p,Q) or G = 0O(2,p,Q). Assume that B(u—t,,-1,,) = B(v—1v,,-

1) =0. Then u aTer,

Proof. In the case B(u—uy,-1,,) = B(v—v,,-1,,) = 0, the m-tuple u has the form u = (tp,, U, - - -, U )

and the m-tuple v has the form v = (v, Up,...,v,). Then we have v; = F(u;),¥j € N,,, where
F € Tr(2,p,Q) has the following form: v; = v,, = u,, + @ = u; + a,Vj € N,,, where a = v,, — Up,.
Hence u and v are G V T'r(2, p, Q)-equivalent. O

Denote by €(m;0) the set of all u € (Q*)™ such that B(u — t,, - 1,,) = 0. Let k =0 or k € N,,
such that k < m — 1. Put Q(m; k) = {u € (Q*)™|B(u — up, - 1,,) = k}.

Proposition 2.26. (1) Let G = SO(2,p,Q) or G = O(2,p,Q). Then every set Q(m;k) is an
GV Tr(2,p, Q)-invariant subset of (Q*)™ for k=0 and all k € N,,,k <m — 1.

(2) Q(m;0)NQ(m;l) =0,Vl € Ny, 1 <m — 1.
(3) Q(m;k) N Q(m;1) = 0,Vk,l € Ny, where k #1, k <m —1,1 <m—1.
(4) Upt(ms k) = (@)™,
Proof. 1t follows from Proposition [2.17 g

Let u,v € (Q*)™ such that B(u — u,, - 1,,) = B(v — v, - 1,,) = 0. Then, by Proposition [2.24]

u SOCPRUTTEPD L Now we consider the case B(u — uy,, - 1,,) = B(v — v, - 1,,) = k, where

ke Ny, k<m-—1.
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Theorem 2.27. Let u = (uy,Ug, ..., Up), v = (V1,V2,...,0,) € (Q*)™ be two m-tuples such that
B(u—1u,,-1,,)=B(w—uv,-1,) =k, where k € N,,,,k <m — 1.

(i) Assume that u MICEPR) . Then

(i.1) In the case m = k + 1, the equality V(uy — u,,) = V(v — v,,) holds.
(1.2) In the case k + 1 < m, the following equalities hold
{ U(up, — ty,) = V(vp — vy);

(U = Uy Uj — U )p = (Vg — Vpny Vj — U )py VJ € Ny kb < j <m —1; (2.7)
(g — ) (U — wm)] = [(Vk — V) (Vj — V)],V € Ny k < j <m—1.

(ii) Conversely, assume that the equality ¥ (uj, — u,,) = ¥(vx — v,,) holds in the case k+1 =m
and equalities Eq. hold in the case k +1 < m. Then there exists the unique matrix
F € SO(2,p,Q) and the unique element b € Q* such that v; = Fu; +b,Vj € N,,,. In this case,
F' has the following form

w _pw
_ U(up —Um W(Up—Um
= [(uk*umk) (Ve —Vm)] <uk7um,»':k7vm>:0 ) (2:8)

where det(F) = (<"’°;(L;",’c’fzfgm>”)2 +p([(“k;7z$k)fzk3“m)])2 =1 and element b € Q? is equal to
Uy, — FUyyy .

Proof. (i) Assume that u MSOLPQ) Then, by Proposition [2.22 the m-tuples (u; — u,, us —

Uy v vy U1 — Uy, 0) and (V1 — Uy Vo — Uy« « o, Upn1 — U, 0) are SO(2, p, Q)-equivalent. This equiv-
alence and Theorem imply the equality ¥ (us — u,,) = ¥(vx — v,,) in the case m = k + 1 and the
equalities Eq. in the case kK +1 < m.

(i1) Conversely, assume that the equality ¥(uy — w,,) = V(v — v,,) holds in the case m = k + 1
and the equalities Eq. hold in the case £ + 1 < m. Then, by Theorem in every these
cases there exists the unique matrix F' € SO(2,p, Q) such that v; — v,, = F(u; — u,,),¥j € N,,. By

Theorem [2.20, F has the form lb where det(F) = ({tmth—tmp )2 4y, [lun—tm) Ceva)ly2 — 9 pyyg

W (uk—um) U (up—um)

b = v;, — Fu,,. Then this equality and equalities v; — v,, = F(u; — up,),Vj € N, imply equalities
v; = F(u;) +b,Vj € N,,. The uniqueness of F' such that v; — v,, = F(u; — u,,),Vj € N, implies the
uniqueness of b such that v; = F(u;) +b,Vj € N,,. O

Remark 2.28. Let k,m € Nym > 1,1 <k <m — 1. By Theorem the function ¥(uy — u,,) is
a complete system of MSO(2,p,Q)-invariant functions on the set Q(m; k) in the case m = k + 1. By
Theorem the system

{0 (g, — W), (Wl — U, Wy — U ), [(Wh — W) (U5 — U)K +1<j<m—1} (2.9)
is a complete system of M SO(2,p, @Q)-invariant functions on the set Q(m;k) in the case k + 1 < m.

3. COMPLETE SYSTEMS OF INVARIANTS OF AN m-TUPLE IN Q* FOR GROUPS O(2,p, Q) AND
MO(2,p,Q)

First we consider the case m = 1.
Theorem 3.1. Let u,v € Q2.

0(2;57@)

(i) Assume that u v. Then the equality ¥(u) = W(v) holds.

(i) Conwversely, assume that the equality ¥(u) = ¥(v) holds. In this case, ¥(u) =0 or U(u) #0
(13.1) Let ¥(u) =0. Then u=0,v =6, where § = (0,0), and u OBy
(13.2) Let W(u) #0. Then u # 0,v # 0 and u LR 4. In this case, only two matrices Fy €
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0(2,p,Q) and Fy € O(2,p,Q) exist such that v = Fyu, and v = Fyu. Here F; € SO(2,p, Q)

and it has the following form
<“’(”>)p _ plu v)]
_ U (u U (u
1= < [uv] (uv’ng ) ) (31)

where det(Fy) = (<u 2 )2 +p(£l(z]))2 =1

Here Fy € O(2,p,Q) and it has the following form Fy = HW, where W = |[wpll}, ;=1 5, win = 1,
Wi = Wo = 0, wee = —1, H € SO(2,p, Q) and H has the following form

(Wu)v),  p[(Wu) ]
— W (Wu) U (Wu)
H= ( [(Wu) o] (Wu)v), ) ) (3.2)
U (Wu) (W)

where det(H) = (<(Z,V(;V)f)>”)2 —i—p([,(ljvzl‘;,y)]) 1 and det(Fy) = —1.

Proof. (i) Assume that u Q)
the equality ¥(u) = ¥(v) holds.

(77) Assume that the equality ¥(u) = ¥(v) holds.
0(2,p,Q)

(#4.1) Let U(u) = 0. Then w = v = . Then it is obvious that u "~ v.
(13.2) Let W(u) # 0. This inequality and the equality ¥(u) = ¥(v) imply inequalities u # 6
and v # 6. By Theorem there exists the unique F; € SO(2,p, Q) such that v = Fju. Since

F, € SO(2,p,Q) C O(2,p,Q), we obtain that u G2 \, put g = vu~ . By this equality and
Proposition 2.18, F; = M. Hence we have v = Myu. By Theorem [2.20, we obtain that M, has the

form and the properties det(M,) = (<$(1:3)”)2 +p(\[1,(u)) =1, M, € SO(2,p,Q), v=M,u hold.

NOW we investigate an existence of Fy € O(2,p,Q) of the form F, = HW such that v = Fyu,
where H € SO(2,p,Q). For given above u,v, the equality ¥(u) = ¥(v) holds. Using Proposition
1.6(4), we obtain the equality ¥(v) = ¥(u) = ¥(Wu). By the equality ¥(v) = ¥(Wu) and Theorem
2.20, there exists the unique H € SO(2,p,Q) such that v = H(Ww). Put F; = HW. Then F, €
{HW|H € SO(2,p,Q)}. Hence there exists Fy € O(2,p,Q) of the form F, = HW, where H €
SO(2,p,Q), such that v = Fyu.

Prove the uniqueness of Fy, € {HW|H € SO(2,p,Q)} such that v = Fou. Assume that Fy = H,W €
{HW|H € SO(2,p,Q)} and F3 = H;W € {HW|H € SO(2,p,Q)} such that v = HyWwu and v =
H3;Wu, where Hy, Hy € SO(2,p, Q). Then we have v = Hy(Wu) = H3(Wu). Using the uniqueness in
Theorem [2.20 we obtain H, = Hj. This means that the unique F, = H,W € {HW|H € SO(2,p,Q)}
exists such that v = Fy(u ) By Theorem [2.20} we obtain that H, has the form and the properties

det(H,) = (Lew o) 4+ p(IHd)? = 1, HaW € O(2,p,Q), det(F>) = =1, v = HyW (u) hold. 0

w(w T (W)

v. By Example [2.11] the function ¥(z) is O(2, p, @Q)-invariant. Hence

1

Remark 3.2. Theorem [3.1/ means that the function ¥(u) is a complete system of O(2, p, Q)-invariant
functions on the set U(1;1).

Let u = (up,ug, ..., uy) € (Q*)™. Denote by r(u) the rank of the system {u;,uq,...,u,} in the
space Q?. For u = 0,,, we put 7(6,,) = 0. Assume that u # 6,,. Then r(u) = 1 or r(u) = 2. It is obvious
that the rank r(u) is O(2, p, Q)-invariant of u. Put Uy(m) = U(m,0). For k € N,,, [ = 1,2, denote by
Ui(m, k) the set of elements u € U(m, k) such that r(u) = [. It is obvious that Uy(m) N U;(m, k) = ()
for | = 1,2 and U;(m, k) N U,(m,k) = 0 for I,q = 1,2 such that | # q. The following equalities
Uy (m, k)UUs(m, k) = U(m, k),Vk € N,, and Uy(m) U (U, U, (m, k)) U (U Us(m, k)) = (Q*)™ hold.

Let u € Uy(m),v € Uy(m). Then u = v = 6,,. Hence u 02pQ)

Theorem 3.3. Let m > 1 and u = (uy, ua, ..., Up) € Ur(m,k),v = (v1,v2,...,0,) € Ui (m, k), where
ke N,,.
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(1) Assume that k = m and u OCLD . Then the equality V(u,,) = ¥(v,,) holds. Conversely,

assume that k = m and the equality V(u,,) = V(v,,) holds. In this case, only two matrices Fy €
O(2,p,Q) and Fy € O(2,p, Q) exist such thatv; = Fy(u;),¥j € Ny, and v; = Fy(u;),Vj € Np,.
Here Fy € SO(2,p, Q) and it has the following form

<uk7vk>p —p [ug vi)
o W(u U(u
F1 — ( [ul(c Ukk)] {uk,v(k>’;) ) ’ (33)

where det(Fy) = (<¥(’Z:;p)2 +p(%)2 =1

Here F, € O(2,p, Q) and it has the following form Iy = HW, where W = [[wyl[,, ;1 , w11 = 1,
Wig = wo =0, wyy = —1, H € SO(2,p,Q) and H has the following form

(Wug),vk), _ pl(Wug) vi]
_ T (Wur) T (Wur)
H_< [(Wukquk] ((Wuk)jffép )7 (3.4)
T (Wur) T(War)

where det(H) = (<(V£€Lv’;)$;>p)2 —l—p([(&;}ﬁ:;]y =1 and det(F;) = —1.

O(%,Q)

(ii) Assume that k < m and u v. Then the following equalities hold

{ U (uy) = ¥(vy),
<uk7uj>;0 = <Uk7vj>p7vj € Ny, k < j.

Conversely, assume that the equalities Eq. hold. In this case, only two matrices Fy €
0(2,p,Q) and F, € O(2,p, Q) exist such that v = Fiu and v = Fou. Here Fy, € SO(2,Q) and
it is has the form Eq.. Here Fy € O(2,p,Q) and it has the following form Fy = HW,
where W = Hwlek’l:w, wip = 1, wip = wey =0, wye = =1, H € SO(2,p,Q) and H has the

form Eq.(3.4)).

Proof. (i) In this case, m-tuples v and v have following forms: u = (u1,us, ..., u,,), where u; = 60,Vj €
Niyj <m, Uy, # 6, v=(v1,02,...,0,), where v; = 0,Vj € N,,,j < m, v, # 6. These forms imply
that the statement (i) follows from Theorem

(i4) Assume that the equalities Eq.(3.5]) hold. Since r(u) = r(v) = 1, m-tuples u and v have following
forms: u = (u1,us,...,Uy), where u; = 6,Vj € N,,,j < k, up # 0, u; = ajug,Vj € Ny, k < j, for
some a; € Q,Vj € Ny, k < j, and v = (v1,v2,...,0,,), where v; = 0,Yj € N,,,j < k, vy, # 0,
v; = bjvg,Vj € N,,, k < j for some b; € R,Vj € N,,,k < j. It is easy to see that equalities Eq.
and the inequality W(uy) # 0 imply equalities a; = b;,Vj € N,k < j. Hence m-tuples u,v have
following forms u = (uq, us, . .., Uy ), where u; = 0,Yj € Ny, j < k, ux # 0, uj = ajug,Vj € Ny, k < j,
and v = (v1,v2,...,0y), where v; = 6,Vj € N,,,, j <k, vy # 60, v; = ajup,Vj € Ny, k < j.

By using Eq.(3.5)), we obtain equality W(u) = U(vy). Since ux # 6, we obtain that U(u;) =
U(v;,) # 0. Then, by Theorem ii.2), only two matrices F; € O(2,p,Q) and F, € O(2,p, Q) exist
such that v, = Fj(uy) and vy = Fy(uy). Here Fy € SO(2,p, Q) and it has the form Eq.(3.3) and F; €
0(2,p,Q) has the form Fy, = HW, where H € SO(2,p,Q) and H has the form Eq.(3.4]). Equalities
v = Fi(uy), v = Fy(ug) and equalities u; = 6,Vj € Ny, j < k, uy, # 0, u; = ajug,Vj € Ny, k < 7,
v; =0,Yj € Ny, j <k, vy, # 0, v; =a;v,Vj € Ny, k < j imply equalities v; = Fi(u;),Vj € N, and
V; = FQ(UJ),VJ € Nm

Now we prove that if a matrix A € O(2,p, Q) such that v; = A(u;),Vj € N,,, then A = F; or
A = F,. Equalities v; = A(u;),¥j € N,,, implies the equality v, = A(ux), where k € N,,,. Then, by
Theorem [3.1)i.2), A = F} or A = F). O

(3.5)

Theorem 3.4. Let m > 1,k € N, and u = (u,uz,...,u,) € (Q)™. Let
{\I/(uk), (ursuz), | € Niny b < j} be the complete system of O(2,p, Q)-invariants on the set Uy(m;k)
given in Theorem[3.3. Then ¥(uy) > 0 for all u € Uy(m;k).
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Proof. A proof is similar to the proof of Theorem [2.20] and it is omitted. O

Let m > 1 and u = (uy,us, ..., uy) € (Q*)™. Assume that r(u) = 2 and B(u) = k, where k € N,,,.
Put B;(u) = B(u). Denote by {\ux|\ € Q} the linear subspace of @Q* generated by u,. Denote by
By(u) the smallest of s,s € N, such that u, ¢ {Aux|A € Q}. Then B;(u) < By(u) < m for all
u € Uy(m, k). The number By(u) is an O(2, p, Q)-invariant of an m-tuple u. The pair (B;(u), Ba(u))
will be called the type of an m-tuple u € Us(m,k) of r(u) = 2. The type (B;(u), Bz2(u)) is an
O(2,p, Q)-invariant of an m-tuple u € Us(m, k). Let k,l € N,, such that k¥ < [. Then there exists
an m-tuple u = (uy, ug, ..., u,) € (Q*)™ such that B;(u) = k and By(u) = I. In this case, vectors
up = (Ug1, ug2) and u; = (uyy, use) are linearly independent.

Denote by FE(u;k,l) the following 2 x 2-matrix

U1  Ug2
Upip Uz '
Since vectors uy, = (ug1, ure) and u; = (w1, wj2) are linearly independent, det(E(u; k, 1)) # 0.
Denote by ®(u; k,1) the following 2 x 2-matrix

( Ukt Pk ) (3.6)

Uiy pug2

We have det(®(u; k,1)) = pugitic — purauyn = pdet(E(u;k,l)). Since det(E(u;k,l)) # 0, we obtain
that det(®(u;k,1)) # 0. Hence the inverse matrix ®~*(u; k,[) exits.
Denote by Us(m, k, 1) the set of all m-tuples u such that B;(u) = k and By(u) = 1.

Theorem 3.5. Let m > 1 and u = (uy, ua,...,uy) € Us(m,k,1),v = (v1,02,...,0,) € Us(m,k,l),
where k,l € Ny, k <1, up, = (g1, up2), wr = (W1, w2), vk = (Vp1, Vra), v = (Vi1, Vi2).

0(2;\13762)

(1) Assume that u v. Then the following equalities hold:

<uk7uj>p = <Ukavj>pvvj € Np, k < J; (3 7)
(ul7uj>p: <Ulyvj>p7vj€Nm7k<j' '

(1) Conversely, assume that the equalities Eq. 1' hold. Then u °“2% v. In this case, the

unique F' € O(2,p,Q) exists such that v; = F(u;),¥j € N,,, and F has the following form
F =0 vk, 1)®(u; k,1).
Proof. (i) Assume that u OG22, Since the functions (ug, u;)p and (u;, u;), are O(2,p, Q)-invariant,
equalities Eq. hold.
(1) Conversely, assume that the equalities Eq. hold. For j € N,,, consider the vectors u; =
(uj1,uj2) and v; = (v;1,v;2). Transposes of vectors u; and v; denote by u] and v} .

U1 Vi1
u; = J ,fujT = J i
U]‘Q Ujg

Consider the following vectors: uy, = (ug1, pug2) and u; = (w1, puga). The multiplication of matrices
uy, and u; is equal to (ug, u;),:

it > = (up, ), Vj € Ny, (3.8)

Uk UJT = (U1, puga) < Uio
J

Similarly we obtain

up - u;r = (ull,pulg) ( z]; ) = <ul,uj>p,Vj € Nm' (39)
J
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Using equalities Eq.(3.8) and Eq.(3.9) to matrices ®(u;k,1), u} and vectors u;, we obtain the
following equalities

O (u; k, lu; = ( k1 Ptz ) ( it > = ( (s, ) > Yj € Ny (3.10)

Uy PU2 Uj2 (uy, Ua>p

Similarly we obtain the following equalities

(v k, Lo, = ( Ukt DUk ) < Vit ) = < (e, V) ) Vj € Ny (3.11)

Vi1 P2 Vj2 <Ula Uj)p

Since By (u) = B;(v) = k, we have u; = v; = 0,Vj € N,,,j < k. These equalities imply the following
equalities

Vi€ Ny, j <k,

(U, uj)p = (U, v5)p =
{ Vj € Ny, j<l. (3.12)

(ur, uj)p = (Vi,v5)p =

0,
0,
These equalities and the equalities Eq.(3.7]) imply following equalities

(Up, 1u5)p = (Vk, Vj)p, Vi € Ny,
{ (g, )y = (v, 05)p, Vj € Ny (3.13)

These equalities and equalities Eq.(3.10)), Eq.(3.11]) imply following equalities

®(us k, Du; = ( (ks 1), ) = ( (v, ;) ) = ®(v; k, 1)v;,Vj € N (3.14)

{w, uj)p (v, v3)p
Since vectors uy, = (ug1, pure) and u; = (u;1, pugz) are linearly independent, the inverse of the matrix
O~ (u; k, 1) exists. The equalities ®(u; k,)u; = ®(v; k,1)v;,Vj € N, in Eq.(3.14]) implies the following
equalities

v; = O vk, 1) ®(u; k, Duj,Vj € N,y,. (3.15)

We prove that the matrix ®~!(v; k,1)®(u;k,[) is orthogonal. Using the equalities Eq. (3.15) and
Eq. (3.7), we obtain the following equality

(@ (v k, )@ (us k, Duj, @ (v k, @ (us k, Dus) = (v;,v,) = (uj,us) (3.16)

for j = k,l and s = k,l. Since the system of two vectors u; and wu; are a basis in Q?, equalities
Eq.(3.16]) imply the following equalities

(@ (v k, 1)®(us ke, D, @ (3 k, 1) (us ky Dy)yp = (2,9),, YV, y € Q. (3.17)

This means that the matrix ®~*(v; k, 1)) ®(u; k, 1) is orthogonal.

Now we prove the uniqueness of a 2 x 2-orthogonal matrix F' such that v; = Fu;,Vj € N,,. Assume
that a 2 x 2-orthogonal matrix F' such that v; = Fu;,Vj € N,,. In particularly, we have v; = Fu; for
7 = k,l. These equalities and equalities Eq. imply equalities

Fu; = & vk, 1)®(us k, Duy, Vi = k, 1. (3.18)

Since the system of two vectors u;, and u; are a basis in Q?, equalities Eq.(3.18) imply following
equalities:

Fr=® "(v;k,1)®(u; k, )z, V2 € Q. (3.19)

This means that F = & '(v; k,[)®(u; k,l). The uniqueness of a 2 x 2-orthogonal matrix F' such
that v; = Fu,;,Vj € N,,, is proved. O
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Remark 3.6. By theorem the system of O(2,p,@)-invariants obtained in Theorem is a
complete system of O(2, p, Q)-invariants of m-tuples.

Now we investigate complete systems of invariants of the group MO(2,p,Q) = O(2,p,Q) V
Tr(2,p,Q) on the set (Q*)™

Let u = (uy, U, ... Up),v = (V1,0s,...,0,) € (Q*)™. By Proposition [2.22 u v if and

only if (v — wu,, - 1,,) Q) (v — v, - 1,,). By Proposition the function B(u — u,, - 1,,) is an
MO(2,p, Q)-invariant.

Let u = (uj,ugy... Uy),v = (V1,09,...,0,) € Ug(m,k). Then u = v = 6,,. This implies that
u MO(E:P,Q) v

MO(EJP,Q)

Let u = (ug,uz,y...,Un),v = (V1,V2,...,0,) € U(m,k). Assume that v and v be m-tuples
such that m = 1. Then it is obvious that they are MO(2,p,@)-equivalent. Assume that u =
(ug,Uay ... Uy) € Uy(m,m) and v = (v1,v2,...,0,) € Ui(m,m). Then it is obvious that they are
MO(2,p, Q)-equivalent.

Let u = (u1, Uy ..y Up),v = (v1,02,...,0,) € (Q*)™. By Corollary 2.23, u MoGPQ) if and
only if (m — 1)-tuples (u; — Up, Uz — Uy« - oy U1 — Up,) a0d (V] — Vppy Vg — Uy - - — U,) are

O(2, p, Q)-equivalent. This Corollary n and Theorems |3.1] -, . ﬂ imply Theorems m -, -

given below.
Consider the case m = 2.

Theorem 3.7. Let u = (uy, uz) € (Q*)? and v = (vy,v2) € (Q*)>.

MO(EJP,Q)

(i) Assume that u v. Then the equality ¥(u; — uy) = VU(vy — vy) holds.

(17) Conversely, assume that the equality ¥(uy—us) = ¥(v1—v2) holds. In this case, ¥(u3—us) =0
or U(u; —uy) #0
(79.1) Let W(u; —uz) = 0. Then uy —uy = vy —vy = 0 and u v. In this case the
unique a € Q* exists such that v; = u; + a,Vj = 1,2. It is equal to vy — us.
(73.2) Let U(u;—ug) #0. Thenu MOZPR) oy In this case, only two elements Fy € MO(2,p, Q)
and Fy, € MO(2,p,Q) exist such that v; = Fiu;,Vj = 1,2, and v; = Fyu;,Vj = 1,2. Here
Fi(u;) = Hi(u;) + a1,j = 1,2, where Hy € SO(2,p,Q), a1 € Q*, and Hy has the following

MO(}\;%Q)

form
<ur?2,mﬂ)}z>p _p[(ulﬂ(u) (v1—v3)]
_ W(uy—u W(uy—u
Hl - [(ul—ug)l (vlz—vg)] <U1*u2,vllfvigp ’
W (u1—us) U (u1—u2)
det(H1) = (7U1szlvlu;)}2 ) +p(—(“1;97f2)1_(22)_v2)])2 == 17 a; = U1 — H1U1.

Here Fy(uj) = HoW (u;) + az,j = 1,2, where Hy € SO(2,p,Q), as € Q*, W = Hwlek’l:M, wy =1,
Wi = Wy = 0 Woy = —1, and Hy has the following form

[(W(u1—u2)) (vi—wv2)] (W (u1—u2),v1—v2),
U(W (u1—uz2)) (W (u1—uz))

(W(ur—uz),v1—v2), (W (ug—u2)) (v1—v2)]
H, = ( U (W (u1—uz)) p W(W(ulfw); ) ,

W (u1—uz2),v1—v 1—u 1—v
det(Hg) _ (( ((W(jl) ;2))2 ) +p([(W($(W1(Z)1)_(u1;)) 2)])2 =1, ay = v, — HyWu.

Proof. By Corollary two 2-tuples u = (uj,us) and v = (vy,vy) are MO(2,p, Q)-equivalent if
and only if vectors u; — up and v; — vy are O(2,p, Q)-equivalent. Hence Theorem implies this

theorem. 0

Let m > 2 and u = (ug,us,...,Un),v € (Q*)™ be two m-tuples such that u = (u; — Uy, us —
Uy e ey U1 — Up) € Ug(m — 1,k),v = (V1 — Uy U2 — Uy oo, U1 — U) € Ug(m — 1, k), where
1 <k <m—1. Then m-tuples v and v have forms u = (Up, Upn, - - -, Upy) AN V = (Vpyy Uy« « o, Upn). b

is obvious that they are MO(2, p, Q)-equivalent.
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Remark 3.8. Theorem [3.7| means that the function U(u; — us) is a complete system of MO(2,p, Q)-
invariant functions on the set (Q?)2.

Theorem 3.9. Let m > 2 and u = (Uy, Uz, .., Up), v = (U1, V2, ..., V) € (Q*)™ be two m-tuples such
that w = (U — Uy, Us — Uy« v oy U1 — U ), U = (V1 — Uy V2 — Uppy ooy U1 — V) € Ur(m — 1, k),
where 1 < k <m—1.

(i) Assume that k =m —1 and u MOZPD o, Then the equality V(uy, — u,,) = V(v — v,,) holds.

Conversely, assume that k = m — 1 and the equality V(uy — ) = V(vy, — vy) holds. In this
case, U(uj, — Up,) =0 or U(u, — uy,) #0

(i.1) Let ¥(up — u,,) = 0. Then up — Uy, = vp — Uy, = 0 and u v. In this case the
unique a € Q* exists such that v; = u; + a,Vj € N,,. It is equal to v,y — Up,.

(1.2) Let ¥(up—u,,) #0. Thenu MOZPQ) y, In this case, only two elements F; € MO(2,p,Q)

and Fy € MO(2,p,Q) exist such that v; = Fiu; and v; = Fyu;,Vj € N,,. Here Fi(u;) =
Hi(uj) 4+ a1,Vj € N, where Hy € SO(2,p,Q), a1 € Q?, and Hy has the following form

MO(E;ZLQ)

(o —tm )y (e —ti) (v —vm)]
_ W (Up — U ) U (U — U )
Hl - ( [(uk—umlﬁ (Vi —Vm)] <"k_um7$k—vm>p ) 5 (320)
\I}(“k_um) ‘Ij(uk_um)
det(H ) — (M)Q + ([(uk_um) (Uk_vm)])Q — 1 a1 = UV — H U
1 W (g —Um ) p U (U — U ) ; U1 k 1UE -
Here Fy(u;) = HyW (u;) + ag,Vj € Ny, where Hy € SO(2,p,Q), az € Q*, W = [Jwyll,, 1—; 5,
wip = 1, wig = woy =0, wey = —1, and Hy has the following form
(W (ur—um), vk —vm), _p[(W(uk—um)) (V1 —vm)]
— (W (up—tm)) U(W (ug —tm))
H,= ( [(W(uk—umﬁ) (v —vm)] <W(uk—um),kvk—vm Y ) ) (3.21)
U(W (up—um)) U (W (ug—tm))

(W (u 7um),v.7vm>p Uk — U Vi —Um
det(Hy) = (g s )? + p( g luseall)2 — 1 ay = v, — HyWouy.

(i1) Assume that k+1 <m and u MO2p.Q)
\I,(uk - um) = \IJ(Uk — Um),
<U/k — U, Uj — um)p = <Uk — Um,Vj — 'Um>p,Vj S Nm7k < ] < m.

Conversely, assume that the equalities Eq. hold. In this case, only two elements F, €
MO(2,p,Q) and Fy € MO(2,p,Q) exist such that v; = Fiu;,Vj € N,,, and v; = Fyu;,Vj €
N,.. Here Fi(u;) = Hy(u;) + a1,Vj € N,,,, where Hy € SO(2,p,Q), a; € Q%, and H, has the
following form Eq.. Here Fy(uj) = HoW(u;) + a1,Vj € N,,, where Hy € SO(2,p,Q),
a, € Q*, W = ||wkl”k,z:1,2f wi1 = 1, wie = wo; = 0, wey = —1, Hy has the form Eq. and
as = v, — HoWuy,.

v. Then the following equalities hold

(3.22)

Proof. A proof follows from Corollary Theorem and Theorem O
Let m > 2 and u = (uy,us,...,uy) € (Q*)™ be an m-tuple in Q* such that (u; — Uy, us —
Uy o e oy U1 — Up) € Us(m — 1,k,1). In this case, vectors uy — Uy, = (Ur1 — Umi, Upz — Ume) and

U — U, = (Upy — U1, Ugg — Upmz) are linearly independent. Denote by F(u — u,,1,,; k, 1) the following

2 X 2-matrix

Ukl — Um1  Ug2 — Um2

Uy — Um1 U2 — Um2 '
Since the vectors u, — u,, and u; — u,, are linearly independent, det(E(u — u,1,;k,1)) # 0. Denote
by ®(u — U1, k, 1) the following 2 x 2-matrix

Ukl — Umi p(qu - Um2)
Uy — Um1 p(ulz - Um2) '

Since det(P(u — U1k, 1) = p - det(E(u — Uy 1,5k, 1)) and det(E(u — un,1,,; k,1)) # 0, we obtain
that det(®(u — w15k, 1) # 0. This implies that the inverse matrix ®~*(u — u,,1,,; k,1) exists.
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Theorem 3.10. Let m > 2. Assume that u = (u1,ua, ..., Uy) and v = (v1,Va,...,0y) are (m —1)-
tuples such that (Uy — Upy, Us — Uy« « oy U1 — Upy) € Us(m—1,k,1), (V1 — Upy Vo — Vppy o+ U1 — Upy) €

Us(m — 1,k,1), where 1 <k <l <m—1.

MO(EJP;Q)

(1) Assume that u v. Then the following equalities hold:

{ <uk — U, Uy — Um>p = <'Uk = Um, U5 — vm>P’vj S Nm?k < j sm-— 1’ (323)

(W = Uy Wi — Upn)p = (U — Vs Vj — U ), VJ € Nppy, < j <m — 1.

MO(2.p,Q)

(17) Conversely, assume that the equalities Eq. hold. Then u v. In this case, the
unique F' € MO(2,p,Q)) exists such that v; = F(u;),Vj € Ny, and F has the following form
F(uj) = (@' (v — vyl K, )P (u — w1 k, 1)) (uy) + a,Vj € Ny, where a = vy — (P71 (v —
U Lo by D)@ (u — Uy 1y K, 1) ().

Proof. A proof follows from Corollary 2.23] and Theorem 0O
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