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Abstract. Hypergeometric functions are divided into complete and confluent functions. For the
first time, Srivastava and Karlsson described a method for constructing a set of all possible triple
Gaussian hypergeometric series and compiled a table showing definitions and areas of convergence for
205 different complete series (Srivastava-Karlsson List) depending on three variables. Several authors
subsequently obtained various integral representations and transformations for the functions proposed
by Srivastava and Karlsson. In this work we compile integral representations and transformation
formulas for all confluent forms of one complete hypergeometric function in three variables from the
Srivastava-Karlsson List. To prove integral representations for 8 confluent hypergeometric functions
of three variables, properties of beta and gamma functions are used. The Boltz formula allows us to
derive transformation formulas for the confluent functions under consideration.
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1. INTRODUCTION

The great interest in the theory of hypergeometric functions (including functions of one, two or
more variables) is primarily due to the fact that hypergeometric functions allow us to find solutions
to various applied problems related to thermal conductivity and dynamic processes, electromagnetic
oscillations, aerodynamics, quantum mechanics and potential theory. These functions, which relate
to higher and special (or transcendental) functions [3|, 19, 20], are often called special functions of
mathematical physics.

Basically, hypergeometric functions of two variables, as the corresponding functions of one variable,
can be represented either by the Euler-Laplace type or by the Mellin-Barnes type of definite integrals.
Integral representations are useful in connection with the analytic continuation of hypergeometric
functions in two variables, their transformation theory, and also for the integration of hypergeometric
systems of partial differential equations. An exposition of these results for double hypergeometric
series of the second order together with references to the original literature are to be found in the
monograph [7, Chap. 5, Sect. 5.7]. When the order of the hypergeometric function exceeds two,
analogous results for the Kampé de Fériet function in two variables are found in [IT], 12} 24].

It is known that there are 205 hypergeometric functions of three variables of second order, of which
regions of convergence have been given in the literature [22, Chap. 3]. Hypergeometric functions of
three variables can be expressed either by integrals of the Laplace type or by integrals of the Euler type
[0, T4]. The list of hypergeometric functions of three variables is too extensive, moreover, Ergashev
[9] recently announced 395 confluent hypergeometric functions of three variables, and it is impossible
to give a complete list of integral representations here. Integral representations of the hypergeometric
functions with three variables are helpful for the analytical continuation [16]. In addition, an analytic
continuation of the Horn hypergeometric function with an arbitrary number of variables is given in
[4]. Therefore, the integral representations are mainly in the theory of transformation, as well as
the integration of hypergeometric systems of partial differential equations [9) [15]. In the attending
work, the authors aim to obtain some new integral representations, reduction and transformation
formulas for all possible confluent forms of the hypergeometric function of three variables Fjy, from
the Srivastava-Karlsson List, which are designated in [9] by from E;53 to Ej40.

2. PRELIMINARIES

In this section, the definition and some helpful relations will concern.
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The hypergeometric function 5 Fj is defined by

. — (@) (b)) 2™
oI (a, b5 c;) = ;Wm’ |z <1,
where (A), is the Pochhammer symbol defined by (), = I'(A + n)/T'(A), with T" is the gamma
function. Hereinafter, as usual, if the Pochhammer symbol ()), occurs in the denominator, then
N#£0,-1,-2,....
The Kummer function is defined by the series

= () m!

= (@), ™
INCEIEDY @)
The Bessel-Clifford function is defined by

PRI e

= (a+1),m!

The two complete Appell F;, [I] and Horn H, [I7] functions are, respectively, defined by

— (@)yyy (0),, (V) 2™ y"
F2 (a,b,b’;c,c’;x,y): Z T 7/n ”77’ ’l‘|+|y| <1>
oo (¢),, (), m! n!

— (a),,_,, (b),, (), (B"), =™ y"
Hy (a,b,b b iy y) = | o=t et (14 [a])|y| < 1.
oo (c),, m! n!

Horn’s confluent functions of two variables [17] , namely, Hy — Hs, Hy;, are given as

> (CL) _ (b) (b’) ™ "
H, (a,b,b';¢c;2,y) = Z mon 2 Tm L nZ g < 1, |y| < oo, (2.1)
mon=0 (c),, m! n!

— (a),,_, (b),, z™y"
H3 (CL, ba c;x,y) = Z Tﬁﬁ) |:II’ < 17 |y‘ < 00,

— (a),,_, (b), ™ y"
H4 ((I,b; C;‘T’y) = Z Tﬁﬁ7 |£L‘| < 00, |y‘ < 00,

(@) 2™ y"
H5 (CL; C;:L‘ay) = Z (C) ﬁma |$‘ < 00, ‘y| < 0,
m

m,n=0
— (a),,_, (0), (), ™ y"
Hll (a,b,b’;c;x,y): Z (C) Wﬁv ‘LE| <OO7 |y‘ <1l
m,n=0 m : :

The two two-variables hypergeometric functions, called confluent Humbert functions [18], are defined
by

o0 (a) (b) " y"
Uy (a,bye, s, y) = oS z] < 1, Jy| < oo,
m%;O (C)m (Cl)n m! n!
- (a) ™ y"
Velaecimy) = T fa| <o, [yl < oo
m;o (C)m (C,)n m! n!

This paper uses standard definitions and notations, including the Pochhammer’s symbol ()),,, the
beta function B(z,y), the gamma function I'(z), the Gauss hypergeometric function and its general-
ization ,F, [7], the Appell functions [I], the Humbert functions [I8], the Horn functions [I7], and the
complete [22] and confluent [9] hypergeometric functions of three variables (see also [21]).
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3. CONFLUENT HYPERGEOMETRIC FUNCTIONS IN THREE VARIABLES

One of the three-variable hypergeometric functions most commonly used in applications is the hyper-
geometric function in three variables defined by Erdélyi [0]

= (@), (a2), (as), (@1), (D), 1, 2™ y™ 2P
Fy (a1, as,as,a4,b;c1,c0,2,1,2) = motn o Tpn b omdnep” 22 3.1
w (a1, a9, a3, a4,b;¢1, ¢ ) m,an_o (@), (ca). ml 1l p) (3.1)

for {|z|+ |y| <1} Nn{|z| <1/(1+ |z|+ |y|)}. For the definition and properties of this function the
reader is referred to [22, Chap. 3].
The following triple confluent hypergeometric series [9] ( for regions of convergence, see [21])

(a1),, (az2),, (as), (0),, 1, 2™ y™ 2P
E153 (a17a27a37b;cla02;$7y72) = = = £ me p7777
m.,g_o (c1),, (c2), m! n! p! (3.2)

lz] + |y < 1,]2] < oo,

= (@), (a3), (@a), (D), 2™ y™ 2P
E a,a,a,b;c,c;@y,;; = m p P m-+n piii,
154 (a1, a3, a4 15 C2 ) m,nz,z;—o (c1),, (c2), m! n! p! (3.3)

(1 +[z[) 2] < 1, |y| < oo,

Eis5 (a1, as,b;c1, Co5,y,2) = mvg_o (al)ﬁijl;i"(:;jrn_pﬂ%j, lz] + y| < 1,|z] < oo, (3.4)
Base (a1, s, b 1, €21, 7, 2) = mgzo (al)?c(f)ip(z))j*"—f’ﬁ%j, o] < 1, ly| < 00, |2| < 00, (3.5)
Ei57 (a,b;¢1, 0052, y, 2) = m,i_omﬁzj’ lz| < 1, |y| < o0, ]|z| < o0, (3.6)
Eiss (as, as, by ¢, 0052, y,2) = mvg_o (as)p(iﬁjip((;:)im_pﬁ%;I!), |z] < oo,y < oo, |z] <1, (3.7)
Eis0 (a,b;¢1,c052,y,2) = mni:;:() Mﬁij, |z| < o0, |y|] < o0, |2| < o0, (3.8)
Ei60 (b;c1, 005, y,2) = m’i_o mi%j |x| < o0, |y| < oo, 2] < oo, (3.9)

can be obtained from (3.1f) by limit (confluence) formulas
) 1
Eis3 (a1, a2, a3, by 1, ¢25 2, y, 2) = l%F4b ai, ag, s, 2’ byci,co52,y,€2 ),
. 1
Eisa (a1, a3, a4, 051, 0252, y, 2) = ll_I;%leb as, g»a& as, byc1,0050,€y, 2 )

11
. . —1i . . 2
E155 (a17a27b7 C1,C2, X, Y, Z) - I%Fﬁlb <a17a27 g7 g7b7 C1,C,Y,E°2 ),
5

)

1
. . 2
g7buclvc2ux7€y7€ zZ,
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) 11
E158 (a37a47b; 01,0253371%2) = lg%Félb (8’ g,a3,a4,b; C1,C2ET,EY, 2 |,

1 1 1
Eis9 (a,b; ¢y, 05,0y, 2) = hmF4b( ,a,b;cy,co5 e, 5y,52>
0 gee’ e’
11 1 1
Eq60 (b; 1, c25 2,9, )—hmF <

-, bicy, cosex, ey, €22
e'ee €’

Note, in [I3] the functions E;53 and E;55 are first defined and designated as A; and A,, respectively
Analogues of the function E;55 with four and more variables are found in [2], [§]

Using the series manipulation technique, we can obtain the following equivalent forms of . -
B9):

=L (a2), (as), (b),_ z
E153 (a17a2)a3ab;cl)c2;xayaz): Z s pyili 2F1 (alab+n_p7cl7 )7 (310)
n,p=0 (02)" n: p

o (01),, (a2),, (8), 4 2™ "
Eis3 (a1, as, a5, b;¢1, ¢33y, 2) = Z - ﬁyil 1Fi(az; 1 —b—m —n; —2)
m,n=0 (Cl)m (CQ)n m. n.

= (=1)" (a3),, 27
Eis3 (a1, a2, a3,b;¢1,¢; 7,9, 2) = 27*, 5 (b—p, a1, az;c1, 05 7,y)

o0 b n
Eis3 (a1, a2, a3,b;¢1,¢05 2,9, 2) = Z wy

(c2), 2 (b+n,a1,a3;¢15,2),

n=0
>, (ag), (aq) (b)n_ " 2P
Eisa (a1, a3, a4,b5¢1, 0053,y 2) = Z - - py' oF1 (a1,0+n —pieiz), (3.11)
o (c2),, n! p!

= (a1),, (a3), (ad), (b),,,_, 2™ 27
Eiss (a1, a3, a4, b5 01, 005 7,y, 2) = Z . = pﬁ* 1Py (b+m —piery),
mp=0 (€1),, m! p!

oo

(a1),,, (0), i 2™ y"
Eis4 (a1,a3,a4,b;¢1,c052,y,2) = ~maominZ 2 R (as,al —b—m —n; —2),
slan s bicn e D) = 0 TGk o 2 0 )

= (=1)"(as), (a4), 2
Eisi (a1, 03,048,001, 0032,y 2) = 1—b§ LW (b —parser, 05, y)
m,n,p=0 p
Eisa (a1, a3, a4, b5 01, ¢33, y, 2 Z yf Hy (b+n,a1,a3,a4; 157, 2)
n:O T'L
= (ay x™
Eis4 (a1, a3, a4,by¢1, c05 2, y,2) = Z Mﬁ Hiy (b+m,as, as5¢23y, 2)

= (c1),, m!

(0),—p (a2),, y" 2
Eiss (a1, a2,b5¢1,¢0;2,y,2) = Z 7y

(02) n‘ pf 2F1 ((Il +n — D, b C1, T ) s (312)
n,p=0 n

(0) (a1),, (a2), z™y" -
E a,a,b;c,c;:v, ,Z2) = men = 0 3 Y-b—m—-n 2V z )
155 ( 1 2 1,02 Yy ) m;l_o (Cl)m (CQ)n m' ' b— ( f)

= (1)
E155(a17a2>55017025$,y>z):Zﬁ* 5 (b—p,ar,as;c1, 051, y)
p=0

o0

b), (a "
Eiss (a1, a2,b;¢1, 0052,y, 2) = Z ©), (02), ¥

Tn' H3 (b—i—n,al;cl;x,z),
n=0 n :
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— (as), (0),,
Eise (a1,a3,b;c1,0252,y, 2) = Z #yfﬁ oFi (a1,0+n—pye;z), (3.13)

Eis6 (ahaa,b% C1,C25 2, Y, Z) =

o (a1),,, (as), (b),,_p, ™ 27
2 )

%E lFl(b—i—m—p;cQ;y),

i (al)m (b)m+n ﬂ yn

— 1F1(a3;1—b_m—n;—2),

E156 (a1 as b; C1,Co5,Y Z) =
) y Uy C1y L2y 4y Yy e (Cl)m (02)n m! n!

> (-1 Qs b_ 2P
Eis6 (a1,a375;01702;$7y72) = ( ) ( 3)p( ) P o, (b+n—Paa1;Cl,C2;xay)7
(1-b) p!
p=0 p
oo b n
E156 (alya?nb; 01,02§$ay72) = Z ((C ))n yf, H2 (b+na CL1,CL3;61;IE,Z),
n=0 2/n T
— (a1),, (0),, ™
Ei56 (a1,a3,b;¢1,¢05 2,9, 2) = —m_m__ Hy(b+m,as;cy,2),
156(1 3 1,C2 Yy ) mzzo (01)m ! 4( 3;C2;Y )
[e’e] (b) B yn Zp
E b; ; = rrZ ZLF b — p;cy; 3.14
157(01, 7617027%3172) n;() (02)n TL' p' 2 1(61, +n p,Chx), ( )
>, a)m (b)m— xm Zp
Eis7 (a,b5¢1, 0252, y, 2) = Z 71)7*' 1By (b+m—pieny),

(c1),, m! p

m,p=

0
- a m b m nxm "o
E157 (CL, b7 C1,C2;,Y, Z) = Z &7& J—b—m—n (2\/2) ’

m,n=0 (c1),, (c2), m! n!

= (1

W (b—p,a;ci;
—0 (02)n (1-— b)p p! 1 ( D, a;C1;T,Y),

Eqs7 (a, b;ci,co3 2, Y, Z) =
p

o0 b n
Eis7 (a,b;c1, 005,y 2) = Z ( )n Yy H,

o (c2), n!

= (a),, (0),, (b+m), , zm
Eis7 (a,b;c1,c0i2,y, 2) = Ui P Hy (b+m;ey, 2),
157 ( 1,C2, T, Y ) mz:o (Cl)m (62)71 ] 5 ( 2;Y )

(b+7’L,CL;Cl;$,2),

>, (a3), (a4), (b),_, y" 2P
Z ¥

(02) n'ﬁ 1F1(b+n—p;cl;x),

Eiss (ag,a4,b; C1,C25 2, Y, Z) =

Eqss (ag,a4,b; 1,030, Y, 2) =

o Uy (b—p;cr,0052,y),

b n
( )n v Hy (b4 n,a3,a45¢152, 2)

&)l pl 1By (b+n—pyes @),
2n . .

e b m ,n
E159(6L,b;61702;$,y,2): Z Miyf lFl(a;libimin;iz)v
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_ 2P
Eiso (a,b;¢1, 0952, 9, 2) :Zlibpﬁ Wy (b —pscr,e052,y)
=0 (1- )p p:

Eigo (b c1, 232, 9, 2) Z ﬂf* T bmn (2V7),

, m!n!

= (1)
Eieo (b5 c1,252,9,2) = 7
160 1,C2 pZO (1 _ b)p p|

\1]2 (b —D; 01562;x7y)5

ElGO (ba C1,C5 T, Y, Z) = Z ]
— (c2), n!

n

H; (b+n5cq52, 2) .

4. INTEGRAL REPRESENTATIONS

Theorem 4.1. If Re(8) > Re(a) > 0, then the following integral representations hold true:

Eis3 (o, ag,a3,b; B, ¢; 2,9y, 2)

= M)PF((’;)_Q) / e (- (1 ae) " H, (b, e 2 (1 - x§)> ge. A
Eis4 (o, a9,a3,b; 8, ¢, 2,9, 2)
= M)Flf(@_a) / e 1 (1) (b, anayie 72z (1- x@) ge. 42
Ei55 (o, a, b; B,c T,Y, 2

5 a) / -9 1 —2¢) " Hy <b,a;c;1_yx§,z(1—mf)> de, (4.3)

Eis6 (a, a,b; B, ¢;x,y, 2)
= F(Q)FF((@_Q) / e (- (L ae) (b, O ;Ug)) g Y

Ei57 (o, b; 8, ¢; 2,0y, 2)

- M)FF(% / e (1), (b; & %xg 2(1— x@) )

F(a)r‘f‘((%)—a)/o ﬁa_l (1_5)5_a_1E158(ﬂvaab;claCZ;xayazé)dga (4-6)

Eiss (aaaa b;ci,cosm,y, 2) =
Eis9 (avb;claCZ;mvyvz)_ B— / £ 1 B o 1Elsg (575 C1,C2; T, y,zf)d{, (4-7)

Ei60 (b; B¢y, 2) = L (/6) — a) / 5a_1 (1 - f)ﬁ_a_l Ei60 (b o, 520, y, Zf) dg. (4-8)

I'(a)I (B 0
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Proof. To prove the relation (4.1]) conformed in Theorem let I denotes its right-hand side. Then,
from the definition of Horn’s function H, in (2.1)), we get

_ B 5 Oy (@) (@)yym e o st bt
I_F(a)F(B—a) > ©). n.p,/i (1-¢) (1 —xg) de.

n,p=0

By applying the following integral representation of the Gaussian function [7, p. 59, Eq. (10)]

. e _ F(C) ! a—1 . c—a—1 - —b
QFl(a,b,c,x)—F(a)F(c_a)/o5 (1= )" (1 — 2€) " d¢, Re(c)> Re(a) >0,
in (4.9), we obtain
>, (a2), (as), (b),_, y" 27

Now, by virtue of the expansion (3.10f), we get the required result. Using the same manner, we find

the identities (4.2)) to (4.5).
Let J denotes right-hand side of (4.6)). By applying the following integral representation of the beta

function [7, p. 9, Eq. (1)]

B(a, 8) :/O €1 (1= 67 de, Re(a) >0, Re(B) >0,

in
J = L f: (B)P (a)P (b)m+n—p ﬁyinip /1 é—afler (1 . g)ﬁ*ozfl df,
[()T (B —a) im0 c1),, (c2),  m!nlplJ
we obtain
I'(B) = (B),(a), (0) s ™y 2P
J=————— PP PBla+p, B — a)— 2. 4.10
L(a)T(8—a) m,%—o (c1),, (c2),, ( P, )m! n! p! ( )
Now, using the well-known expression for the beta function in terms of the gamma function [7, p.
e ()(8)
I'(a)l
B(a,8) = ——-=,

in , We get the required integral representation (4.6). Using the same manner, we find the

1dent1tles and (| . O

Using a similar demonstration as the previous proof, we can give the following theorem.

Theorem 4.2. If Re(a)) > 0 and Re(3) > 0, then the following integral representations hold true:

Eis3 (o, a, 8,b; ¢, 050,y 2) = 5((2)—1_(6))/ ga—l(l—g)ﬁ‘lEm (a+B,a,b;ca,c13y, 28, 2 (1 = §)) dE,

Eis3 (a,B,a,b;cl,CQ;x,y, g((z)—i_ﬁ))/ £ 1 1El78 (a+B,a,b;c1, 0528,y (1 = §), 2) dE,

Eiss (o, B,a,b;¢1, 0052, y,2) = IE‘(OOE)—F( ))/ 5“‘1(1—£)ﬁ_1E177 (a4 B,a,b;ca, 15y, 28, 2 (1 —&)) dE,
Dla+8)

Eis5 (a, B, b;¢1, 052, y,2) = +5 / got 1—5)6 1E173(a+5,b e, coyx€,y (1 —=8),2)dE,

T()D(3)
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Eis6 (an&b;Cl,Cz;%%z)m/ & 1( f)ﬂﬂ Ei74 (a‘i‘ﬂvb;CQ;Cl;yax&Z(l_f))d§7

where Ei73, Ei74, Ei76, E177 and Eqrzg are the confluent functions defined in [9)

oo

amnbmn :,U
E173(a,b;61,62;x,y7z): Z () +() +n—p y"

. (61)m(02)n ﬁm* \/ “i‘ A\/ |y[ < 1 ‘Z| < 00,
m,n,p=

o0

x 2P
E174 (a7b;61762;x7y7 Z n+p m+n pi'y7|7 | |<OO |y| < 1 |Z‘ < o0,
may (c1)m(c2)n  mln!
> (a (a b ™" y" 2P
Buro(aan bicr,cuiyz) = Y (Sl VT oy < 1 s] < o
m,n,p=0 CQ)n m: p
> A1) pin(@ b L T2
Burr (0, a3 bycpy iy 2) = 3 Adwtpl02pOhmencp R )y <,
ma (c1)m(c2)n m! n! p!

oo

m-rn b m-+n—
E178 (al,a2,b;cl,cg;x,y,z) _ Z (al) + (a2)p( ) + p.%'

W enle g Viel+ bl <1, el <o

Theorem 4.3. The following double integral representations hold true

. . - INCRNQ) b a—1,y—1 B—a—1
ElSS(a”%a’b’ﬁ’é’x’y’Z)_F(Oz)F(’y)F(ﬁ—a)F((S—’y)/o /05 n (1_6) X

77)6_%1 (1—a¢— y’?)_blﬂ (a;

x (11— 1 —b;—z (1 —x2€ —yn)) dédn,

(4.11)
Re(B) > Re(a) >0, Re(6) > Re(y) >0, b#0,+1,4+2,£3
E153 (a7167,y7 ba 61762;x7y’z) = I—\]ECE[OZ_FB—{_V) / / §ﬂ+77177ﬁ71 (]‘ _5)0‘71 X
x (1 - 77)771E184 (a4 B+7,b5cr, 052 (1 —8),yén, 2€ (1 —n)) dE, (4.12)

Re(a) > 0, Re() >0, Re(y) >0,
where Eyg4 is the confluent hypergeometric function defined in [9)

o0

am n bm n— x y Z
Eis4 (a,b5c1,005,y,2) = Z (@)mtnip(D)min—p

(Cl) (62) ﬁg* \/ |$’ + \/ |y| < 1 ’Z‘ < 0.
m,n,p=0 m n

Proof. To prove the relation (4.11)) it is necessary to use the well-known integral representation for
the Appell function F; (see [7, p.230, Eq.(2)]):

. B L)L (<)
FQ(aJ),b,C,C,%?/)_ F(b)F(b’)F(C—b)F(C’—b’)X

o S R (R (RS

Re(c) > Re(b) >0, Re(c') > Re(t') >0

" dgdn,
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5. REDUCTION FORMULAS

Under exceptional circumstances, hypergeometric functions of three variables can be expressed in
terms of simpler functions, notably in terms of hypergeometric functions of one or two variables or in
terms of elementary functions. In such cases we speak of reducible hypergeometric functions and of
reduction formulas. The exceptional circumstances arise either if the parameters in a hypergeometric
series satisfy one or several relations, or if the two variables are connected by a relation. In the
latter case the relation is usually the equation of a singular curve of the system of partial differential
equations associated with the series in question.

Certain trivial reduction formulas are obvious: if a; = 0 in - , if z = 0 in any of the series,
the hypergeometric series of three variables can be expressed in terms of series of two variables: such
trivial reductions are disregarded in the sequel.

The following reduction formulas can be proved either by expanding in infinite series and comparing
coefficients, or by manipulating integral representations:

Eis3 (¢1, a0, a3,b;¢1,¢052,y,2) = (1 — $)_b H, (b7 Qg, as; Ca; %» (1-x) Z) )
—x

Eis4 (€1, a2,a3,b;¢1, 05w, y,2) = (1 — w)_b Hiy (b, Az, a3; C2; %» (1-x) Z) )
Eis5 (c1,a9,b5¢1,¢052,y,2) = (1 — $)_b H; (b7 Qz; Cg; %7 (1-x) Z) )
—x

E1s6 (01,02,b§ C1,C25 2, Y, Z) = (1 - $)_b H,4 (57 Qz; C2;

(1-2)z),

Eis7 (c1,b5¢1,¢052,y,2) = (1 — $)_b Hs (bv C2; %7 (1-x) Z) .
—x

6. TRANSFORMATIONS

Although there is essentially only one hypergeometric series of the second order in one variable
(namely Gauss’ series), its transformation theory is quite extensive (see, Sections 2.9 to 2.11 in [7]).
With the considerable number of hypergeometric series of the second order in two and three variables,
the complete set of transformations would run into the hundreds, and only a few examples can be given
here. The best means for deriving these (and other) transformations is the integral representations of
the functions concerned where a change of variables of integration, or a deformation of the contour of
integration will often yield the desired results.

First we have transformations of a series into a series of the same type:

—b
Eis3 (a15a25a37b; 01,023%%2) = (1 - $) Eqs3 <C1 — ay,as,a3,b; ¢y, c; T

Eis3 (a1,a2,as3,b;¢1,¢052,9,2) = (1 — o — y)ib X

2

z y (-z-y)
x E - - b; ; 6.2
153(01 a1, C2 — A2, ag, ’cl’CQ’x—i-y—l’a:—i-y—l’ 1—» Z)v (6.2)

_b X y
Eqs54 (a1;a27a3753 01,62;5373/72) = (1 - x) Eis4 <C1 —ay, az,as,b;cy, co; 1 1—2 (1 - x) Z) s

_ x
Eis5 ((11702717; 01,02§337y72') = (1 - x) bE155 (Cl — aq, ag, b; c1, ca; E’ %7 (1 - x) Z) ) (6-4)

- x
Eise (a1, a2,b5¢1, 0052, y, 2) = (1 — ) "Eise <C1 —ay,as, by ¢, 05 -1 %a (I—x) Z) , (6.5
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1'1—-=x
All these correspond to Euler’s transformation of the ordinary hypergeometric series:

o Fi(a,b;c;x) = (1 —x) % F ( —b;¢ L 1) =1 —2)"%F <c— a,b; ¢ xil) . (6.7)

The transformatlons . . can be proved by applylng the Boltz formula (6.7 to the expan-
sions - . To give an example, by the expansion (3.10)) for E;53, we have

Eis3 (al,ag,a;;,b; C1,C2; T, yvz)

Eq57 (a, b;ci,co3 1, Y, Z) = (1 - JU)_b Eis7 <C1 —a,b;cq,c; La Lv (1 - »”U) Z) . (6'6)
T —

>, (a2), (as), (b),_, y" 27
- v

. x
(), ol p,(l_fE) bente, By <C1 —al,b+n—p;cl;x_1)

n,p=0

_ x Yy
=(1- bES‘ - y 42, ‘ab; yCof — 1- .
(1—2x) 13<cl a1, a9, as,b;cy sz_l 1—1‘( CL‘)Z)

No simple transformations of this type seem to be known for any of the confluent hypergeometric
functions Eqsg, Ei59, E160, defined in (3.7) — (3.9).

7. APPLICATIONS

Confluent hypergeometric functions of three variables have important applications.
1) Fundamental solutions of the generalized bi-axially symmetric Helmholtz equation

" 92 2a0 0 28 0
Z 2242 Ou 2000 a0, 0 < 20,26 < 1
8:ck x, 01 xo O

in the domain {(x1,...,z,) : &y > 0,25 > 0} are expressed by a confluent function E;s5, for instance,
one of which has an explicit form (for details, see [10] ):

4 4 A2 -
¢ = kyr 2 Ey55 (O[?Baa + 520, 28; — ?2&7* 1‘252’79) , 0= Z (z1 — ‘fk)Q'

2
T 4 pt

Moreover, to construct fundamental solutions of the equation

"L (02 20y, 0
Z<Z+O‘k“> —Nu=0, 0< 20, <1
—~\Ozy  x Oy

a multivariable analogue of the function E 55 defined as

3
W‘

l n

Yy

k1., kleO j:1 o=

n a, by, ..., by; -
HE471) |: ' . xl"'wajn;y] = Z

Ciy.eey Cpy

is used [23].
2) Consider the three-dimensional singular Helmholtz equation

2 2 2
Ugy + Uyy + Uz + —auw + —ﬁuy + luz —Mu=0, 0<2a,28,2y<1 (7.1)
x Yy z

in the first octant 2 := {(z,y,2) : 2 > 0,y > 0,z > 0}.
Dirichlet problem. Find a regular solution u (z,y,z) € C (2) N C?(Q) to the singular Helmholtz
equation ([7.1)) , satisfying the following conditions

u(z,y,0) =7i(z,y), 0< 2,y <oo, u(x,0,2) =n(r,2), 0<z,2< o0, (7.2)
u(0,y,2) =13(y,2), 0<y,z< o0, I%imu(az,y, ) =0, R=+/22+y%+ 22, (7.3)

where 71 55 (¢, s) are given functions.
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Theorem 7.1. The following function

7 (t,8)ts

u(z,y, 2) = (1 — 27) kga! 720y =20 1 =2 / / ———FEi55 (1 — o, 1 = B3,0;2 — 20, 2 — 23;X) dtds
1
0 0

(1= 28) ka2t 20 51 27//72 BB (1 0,1 — 7,02 — 20, 2 — 7Y ) dids
0 0

+ (1 - 2a) kyz! 20y 128 1- 27//73 (L= 7,1 — Bas2 — 29, 2 — 28:Z) dtds,
0 0

where a =7/2 —a— 3 —7,

P=@—t) +y—s) +2 =@t ++ -9 =+ (y—1)° + (2 —9);

Azt 4 1 Azt dzs 1 Ayt dzs 1
X:< x,—%s,—4A2r$),Y=( x,—?,—ﬁﬁ),zz( y,—zs,—AQrg),

2
rs Ty r3 5 4 r3 T3 4

is a reqular solution of equation (7.1) in €, satisfying the conditions (7.2]) and (7.3)).
Proof. The validity of the statements of theorem is verified by direct calculation. O
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