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Abstract. This paper studies an analog of the Tricomi problem for a loaded parabolic-hyperbolic
equation of the second kind, which degenerates inside the domain. In proving the existence and
uniqueness theorem for a classical solution to the Tricomi-type problem, a general representation of
the solution to the loaded parabolic-hyperbolic equation degenerating within the domain is derived.
The uniqueness of the solution is established using the extremum principle and the energy integral
method. The existence of the solution is equivalently reduced to integral equations of the second kind,
specifically Volterra and Fredholm equations, which remain relatively unexplored. Furthermore, a
class of prescribed functions is determined to ensure the solvability of the obtained integral equations.
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1. Introduction

Many important problems in mathematical physics and biology, particularly long-term groundwater
prediction and regulation problems [1], modeling of particle transport processes [2], heat and mass
transfer problems with finite velocity, liquid filtration modeling in porous media [3], inverse problem
studies [4], and various optimal control problems in agroecosystems [5] lead to boundary value problems
for loaded partial differential equations.

The term ”loaded equation” first appeared in [6]. The general definition of loaded equations, which
is now widely accepted in scientific literature, was introduced by A.M. Nakhushev in 1976. In [7],
a more comprehensive definition and detailed classification of various types of loaded equations were
provided, including loaded differential, integral, integro-differential, and functional equations, along
with their numerous applications.

Boundary value problems for non-degenerate loaded equations of mixed type of the second and
third orders, where the loaded part contains a trace or derivative of the unknown function, have
been studied in [8–20]. For degenerate-loaded equations of hyperbolic, parabolic, and mixed types,
investigations have been carried out in [21–26]. A three-dimensional analog of the Tricomi problem for
a loaded parabolic-hyperbolic equation was examined in [27]. The theory of boundary value problems
for second-order loaded equations with integro-differential operators has been explored in [28–33].

In the study of degenerate loaded equations of mixed type of the second kind, difficulties arise
associated with the lack of a general representation of the solution, as well as the impossibility of
direct application of classical methods. This problem is solved in this paper. A new method for
constructing a representation of the general solution of a loaded parabolic-hyperbolic equation of the
second kind in a form convenient for further studies of various boundary value problems is developed,
and a new type of extremum principle for a degenerate loaded parabolic-hyperbolic equation of the
second kind is proved. The analysis of the state of affairs in this direction shows that boundary
value problems for degenerate loaded equations leading to less studied integral Volterra and Fredholm
equations with shifts.

In this paper, we study problems with the Tricomi condition for a loaded parabolic-hyperbolic
equation of the second kind, degenerating inside the domain. We prove the existence and uniqueness
theorems of the classical solution of the problems posed. The proofs of the theorem are based on
energy identities and the extremum principle, as well as on the theory of Volterra and Fredholm
integral equations.
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2. Formulation of Problem AT

Let Ω be a finite simply connected domain in the plane of variables x, y bounded by curves:

Sj : (−1)
j−1

x = 1, 0 < y < 1, S3 : 0 < x < 1, y = 1, S4 : −1 < x < 0, y = 1,

Γj : (−1)j−1x− 2

2−m
(−y)2/(2−m) = 0, Γj+2 : (−1)j−1x+

2

2−m
(−y)2/(2−m) = 1, y < 0, (j = 1, 2).

We introduce denotations

Ω+
j = Ω ∩

{
(x, y) : (−1)j−1x > 0, y > 0

}
, Ω−j = Ω ∩

{
(x, y) : (−1)j−1x > 0, y < 0

}
,

Ij =
{

(x, y) : 0 < (−1)j−1x < 1, y = 0
}
, Ωj = Ω+

j ∪ Ω−j ∪ Ij, I3 = {(x, y) : x = 0, 0 < y < 1} ,

Ω3 = Ω+
1 ∪ Ω+

2 ∪ I3, Aj
(
(−1)j−1, 0

)
= Īj ∩ S̄j, O (0, 0) = Ī1 ∩ Ī2, B1 (1, 1) = S̄1 ∩ S̄3,

B2 (−1, 1) = S̄2∩ S̄4, B0 (0, 1) = S̄3∩ S̄4, Cj

[
(−1)j−1

2
;−
(

(−1)
j−1 2−m

4

)2/(2−m)
]

= Γ̄j ∩ Γ̄j+2, (j = 1, 2) .

Next, we assume that the domains Ω+
1 and Ω−1 should be symmetric domains of Ω+

2 and Ω−2 with
respect to the axes Oy.

In the domain Ω we consider the following equation

0 =

{
uxx − ((−1)j−1x)puy − ρju (x, 0) , (x, y) ∈ Ω+

j ,
uxx − (−y)

m
uyy + µju (x, 0) , (x, y) ∈ Ω−j ,

(2.1)

where m, p, ρj, µj (j = 1, 2) are any real numbers, and

0 < m < 1, p > 0, ρj > 0, µj > 0, (j = 1, 2) . (2.2)

In the domain Ω for equation (2.1) we investigate the following problem.
Problem AT . Find a function u(x, y) that satisfies the following properties:
1) u(x, y) ∈ (Ω) ∩ C 1(Ω); 2) u(x, y) ∈ C2,1

x,y(Ω
+
1 ∪ Ω+

2 ) and it is a regular solution of equation (2.1)

in the domain Ω+
j ; 3) u(x, y) is a generalized solution of equation (2.1) from the class R2 [34] in the

domain Ω−j (j = 1, 2); 4) u(x, y) satisfies the boundary conditions:

u|Sj = ϕj(y), 0 ≤ y ≤ 1, (2.3)

u|Γj = ψj(x), 0 ≤ (−1)j+1x ≤ 1

2
, (2.4)

5) u(x, y) satisfies the matching conditions on the degeneration line Ii
(
i = 1, 3

)
:

lim
y→+0

u(x, y) = lim
y→−0

u(x, y), lim
y→+0

uy(x, y) = lim
y→−0

uy(x, y), (x, 0) ∈ Ij (j = 1, 2), (2.5)

lim
x→+0

u(x, y) = lim
x→−0

u(x, y), lim
x→+0

ux(x, y) = lim
x→−0

ux(x, y), (0, y) ∈ I3, (2.6)

where ϕj(y), ψj(x)(j = 1, 2) are given function, and ψ1 (0) = ψ2 (0) ,

ϕj(y) ∈ C(Ī3) ∩ C1(I3), (2.7)

ψ1(x) ∈ C2

[
0,

1

2

]
, ψ2(x) ∈ C2

[
−1

2
, 0

]
. (2.8)
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3. Investigation of Problem AT for equation (2.1)

If the conditions 1) and 2) of Problem AT , any regular solution of equation (2.1) can be represented
as in [16], ([35],p.3-6):

u(x, y) = υ(x, y) + ω(x) (3.1)

where

υ(x, y) =

{
υj(x, y), (x, y) ∈ Ω+

j ,
wj(x, y) (x, y) ∈ Ω−j ,

(3.2)

ω(x) =

{
ω+
j (x), (x,+0) ∈ Īj,
ω−j (x), (x,−0) ∈ Īj,

(3.3)

here υj (x, y) and wj (x, y)(j = 1, 2) are regular solutions of the equation

Lυj ≡ υj xx − ((−1)j−1x)pυjy = 0, (x, y) ∈ Ω+
j , (3.4)

Lwj ≡ wj xx − (−y)
m
wj yy = 0, (x, y) ∈ Ω−j (j = 1, 2) (3.5)

and ω+
j (x) and ω−j (j = 1, 2) are arbitrary twice continuously differentiable solutions of the equations

ω+
j

′′
(x)− ρjω+

j (x) = ρjυj(x, 0), (x, 0) ∈ Ij, (3.6)

ω−j
′′
(x) + µjω

−
j (x) = −µjwj(x, 0), (x, 0) ∈ Ij. (3.7)

Since the function ax + b is a solution to equations (3.4) and (3.6), arbitrary functions ω+
j (x) and

ω−j (x) can be chosen to satisfy the conditions

ω+
j

(
(−1)

j+1
)

= ω+
j

′
(

(−1)
j+1
)

= 0, (3.8)

ω−j (0) = ω−j
′
(0) = 0, (j = 1, 2) . (3.9)

The solution to the Cauchy problem (3.7), (3.9) and (3.8), (3.10) is given by:

ω+
j (x) =

√
ρj

∫ x

(−1)j−1

τj(t) sh
√
ρj(x− t)dt, (x, 0) ∈ Īj, (3.10)

and

ω−j (x) = −√µj
∫ x

0

τj(t)sin
√
µj (x− t) dt, (x, 0) ∈ Īj, (3.11)

where

τj(x) ≡ υj(x,+0) = wj(x,−0), (x, 0) ∈ Īj(j = 1, 2). (3.12)

In view of (2.1),(2.3), (2.4), (3.2), (3.3), (3.9), (3.10) Problem AT reduces to Problem A∗T for the
equation

0 =

{
Lυj, (x, y) ∈ Ω+

j ,
L wj, (x, y) ∈ Ω−j

(3.13)

with boundary conditions

υj|Sj = ϕj(y), 0 ≤ y ≤ 1, (3.14)

wj|Γj = ψj(x)− ω−j (x), 0 ≤ (−1)j+1x ≤ 1

2
, (3.15)

where ω−j (x) is determined from (3.12), (j = 1, 2).
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4. Uniqueness of solution of the Problem AT

To prove the uniqueness of the solution of Problem AT , we first prove the uniqueness of the solution
of Problem A∗T for equation (3.14). The following lemmas play an important role in proving the
uniqueness of the solution to Problem A∗T for equation (3.14).

Lemma 1. If the conditions (2.2), −1 < 2β < 0, p + 2β > 0, ϕ1(y) ≡ ϕ2(y) ≡ 0, ∀y ∈
[0, 1] and ψ1(x) ≡ 0, ∀x ∈

[
0; 1

2

]
, ψ2(x) ≡ 0, ∀x ∈

[
− 1

2
; 0
]

are satisfied, then

τj(x) ≡ 0, ∀(x, 0) ∈ Īj, (4.1)

where τj(x) is defined from (3.13) (j = 1, 2), 2β = m/(m− 2).
Lemma 1 is proven in exactly the same way as in ([25], p. 39-41, Lemma 3.1 ).
From (4.1), using (3.11) and (3.12) , we obtain

ω+
j (x) = ω−j (x) = 0, ∀x ∈ Īj.

Thus, from (3.3), we have
ω(x) ≡ 0, ∀ x ∈ Ī1 ∪ Ī2 . (4.2)

Lemma 2. The solution υ(x, y) ∈ C
(
Ω̄3

)
∩C 1(Ω3)∩C2,1

x,y(Ω
+
1 ∪Ω+

2 ) of equation (3.4) in the closed

domain Ω̄3 attains its positive maximum and negative minimum only on A 1B 1 ∪A2B2 ∪ I1 ∪ I2.
Proof. By the extremum principle for parabolic equations [36, 37, 38], the solution of equation

(3.4) inside the domain Ω+
1 and Ω+

2 cannot attain its positive maximum and negative minimum. We
will show that the solution υ(x, y) of equation (3.4) in the domain Ω 3 does not attain its positive
maximum (or negative minimum) on Ī3.

Assume the contrary. Suppose that υ(x, y) attains its positive maximum (or negative minimum) at
some point (0, y0) on the interval I3. Then, based on the extremum principle [36, 39] from the domain
Ω+

1 , we have
υx(+0, y0) < 0 (> 0). (4.3)

On the other hand, from the domain Ω+
2 , we obtain

υx(−0, y0) > 0 (< 0).

This inequality, due to the matching condition υx(+0, y) = υx(−0, y), (0, y) ∈ I3, contradicts the
relation (4.3). Therefore, υ(x, y) does not attain its positive maximum (or negative minimum) on the
interval I3.

By condition (3.10) from (3.16), and considering (3.2) and ψ1 (0) = ψ2 (0) = 0, it follows that
υ(0, 0) = wj(0, 0) = υj (0, 0) = 0. Thus, υ(x, y) does not attain its extremum at the point O(0, 0).

Using Lemmas 1.1 and 1.2 ([36], ch. 2, § 2.3. p. 93-94), it can be proven that at the point B0 (0, 1),
there is no positive maximum (or negative minimum).

Therefore, υ (x, y) does not attain its positive maximum (or negative minimum) on the interval Ī3.
2

Theorem 1. If the conditions of Lemmas 1-2 and (4.2) are satisfied, then the solution of Problem
A∗T for equation (3.14) is unique in the domain Ω.

Proof. According to the maximum principle for parabolic equations [37, 38, 40], and considering
Lemma 2, the Problem with conditions(3.13) and (3.15) for equation (3.4) in the domain Ω̄3 with
τj(x) ≡ ϕj(y) ≡ 0(j = 1, 2), has no non-zero solution, i.e.

υj(x, y) ≡ 0 in Ω̄+
j (j = 1, 2). (4.4)

Due to the uniqueness of a solution of the Cauchy problem with homogeneous conditions wj(x, y)
∣∣
y=0

=

0, (x, 0) ∈ Īj, wj y(x, y)
∣∣
y=0

= 0, (x, 0) ∈ Ij for equation (3.6) in the domain Ωj, it follows that

wj(x, y) ≡ 0, (x, y) ∈ Ω̄j. (4.5)

Due to (4.4) and (4.5), from (3.2), we have

υ(x, y) ≡ 0, (x, y) ∈ Ω̄ . (4.6)
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From (4.6) the uniqueness of the solution of Problem A∗T for equation (3.14) follows. 2

Theorem 2. If the conditions of Theorem 1 are satisfied, then the solution of Problem AT for
equation (2.1) is unique in the domain Ω.

Proof. From (4.2), (4.6) and (3.1), it follows that u(x, y) ≡ 0, (x, y) ∈ Ω̄ . Thus, the uniqueness
of the solution of Problem AT for equation (2.1) follows. 2

5. Existence of a Solution to Problem AT

The existence of a solution to Problem AT is proven using the method of integral equations. To
prove the existence of a solution to Problem AT , we first prove the existence of a solution to Problem
A∗T for equation (3.14) with the conditions (3.15) and (3.16).

Theorem 3. If the conditions (2.2), (2.8), (2.9) and

− 1 < 2β < 0, p+ 2β > 0, ψ1 (0) = ψ2 (0) = 0 (5.1)

are satisfied, then the solution to Problem A∗T exists in the domain Ω .
Proof. The proof of Theorem 3 relies on the following problems, which have independent interest.
Problem Bj(j = 1, 2). Find a solution υ(x, y) ∈ C(Ω̄j)∩C 1(Ωj)∩C2,1(Ω+

j )∩C2(Ω−j ) to equation
(3.14), satisfying the conditions (3.15), (3.16) and

υ(0, y) = τ̃3(y)− ω+
j (0), (0, y) ∈ Ī3, (j = 1, 2), (5.2)

where τ̃3(y) = u(0, y), (0, y) ∈ Ī3 is a given function, and τ̃3(0) = ψ1(0) = ψ2(0) = 0,

τ̃3(y) ∈ C(Ī3) ∩ C 1(I3), (5.3)

and ω+
j (0) is determined from (3.11) .

Problem B3. Find a solution υ(x, y) ∈ C(Ω̄ 3) ∩ C 1(Ω 3) ∩ C 2, 1
x, y (Ω+

1 ∪ Ω+
2 ) to equation (3.4),

satisfying the conditions (3.15) and

υ(x, y)|y=0 = τj(x)− ω+
j (x), (x, 0) ∈ Īj, (5.4)

where τj(x) and ω+
j (x)(j = 1, 2) are determined respectively from (3.11), and

τj(x) = wj(x,−0) = υj(x,+0), (x, 0) ∈ Īj.

5.1. Investigation of Problem Bj, (j = 1, 2).

Theorem 4j, (j = 1, 2). If the conditions (2.2), (2.8), (2.9), (5.1), and (5.3) are satisfied, then a
solution to Problem Bj, exists and is unique in the domain Ωj.

Proof. By Lemma 1 and from the extremum principle for degenerate parabolo-hyperbolic equations
[36], it follows that the solution υ(x, y) to Problem Bj with ψj(x) ≡ 0 has a positive maximum (PM)
and a negative minimum (NM) in the closed domain Ω̄+

j , which is attained only at Sj ∪ Ī3, (j = 1, 2).
According to the extremum principle, the homogeneous Problem Bj, taking into account conditions

(3.3) and (4.2), i.e., the problem with zero boundary conditions, has no solution other than zero. This
implies the uniqueness of the solution to Problem Bj.

Now we proceed to prove the existence of a solution to the problem with conditions (3.15), (3.16)
and (5.2).

The generalized solution of the class R2 [25, 34] of the Cauchy problem with initial conditions

lim
y→ 0−

wj(x, y) = τj(x), (x, 0) ∈ Īj, lim
y→ 0−

wjy(x, y) = νj(x), (x, 0) ∈ Ij,

for equation (3.6) in the domain Ω−j (j = 1, 2) is given by the formula

wj (ξ, η) = (−1)j−1

[∫ ξ

0

(η − t)−β (ξ − t)−β Tj (t) dt+

∫ η

ξ

(η − t)−β (t− ξ)−β Nj (t) dt

]
, (5.5)
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where ξ = (−1)j−1x− 2
2−m(−y)

2−m
2 , η = (−1)j−1x+ 2

2−m(−y)
2−m

2 ,

Nj (x) = Tj (x) /2 cosπβ − γ2νj (x) , γ2 = [2 (1− 2β)]
2β−1 Γ (2− 2β)

Γ2 (1− β)
. (5.6)

τj(x) = (−1)j−1

∫ x

0

Tj(t)dt

((−1)j−1(x− t))2β
= Γ(1− 2β)(−1)j−1D2β−1

0x Tj(x), (x, 0) ∈ Īj, (5.7)

where the function Tj(x) is continuous in Ij and integrable on Īj, and τj (x) and becomes zero of order

no less than at 1 − 2β when x → 0, and D2β−1
0x [•] is the integral-differential operator of fractional

order ([41], p. 42-43).
By setting ξ = 0, η = x, in (5.5) considering (3.16), (5.6), and the properties of integral-differential

operators of fractional order ([41], p. 42-43), ([42], p. 16-21), we obtain

Tj(x) = γ3νj(x) +
2(−1)j−1 cosπβ

Γ(1− β)
((−1)j−1x)βD1−β

0x

[
ψj(x)− ω−j (x)

]
, (x, 0) ∈ Ij, (5.8)

where γ3 = 2γ2 cosπβ, and ω−j (x) is determined from (3.12) (j = 1, 2),
Substituting (5.8) into (5.7), we find the first functional relationship between τj(x) and νj(x),

transferred from the domain Ω−j to domain Ij (j = 1, 2):

τj(x) = Γ(1− 2β)γ3(−1)j−1D2β−1
0x νj(x) + Ψj(x), (x, 0) ∈ Īj, (5.9)

where

Ψj(x) =
2Γ(1− 2β) cosπβ

Γ(1− β)
D
−(1−2β)
0x (±x)βD1−β

0x

[
ψj(x)− ω−j (x)

]
.

Therefore, as in the work ([43], p.39-48), according to conditions 1) - 2) of Problem AT , by taking
the limit as y → + 0 in equation (3.4) and condition (3.15), (5.4) considering (5.1), we obtain

υj(x,+0) = τj(x), (x, 0) ∈ Īj, υj y(x,+0) = νj(x), (x, 0) ∈ Ij

it follows that
τ ′′j (x) =

(
(−1)j−1x

)p
νj(x), (5.10)

τj(0) = −ω+
j (0), τj

(
(−1)j−1

)
= ϕj(0), (5.11)

where ω+
j (x) (j = 1, 2) is determined from (3.11).

Solving the problem (5.10) and (5.11), we obtain the functional relationship between τj(x) and
νj(x), transferred from the domain Ω+

j to domain Ij(j = 1, 2):

τj(x) = (−1)
j−1
∫ (−1)j−1

0

Gj (x, t)
(

(−1)
j−1

t
)p
νj(t)dt+ fj(x), x ∈ Īj, (5.12)

where

G 1 (x, t) =

{
(x− 1) t, 0 ≤ t ≤ x,
(t− 1)x, x ≤ t ≤ 1,

G 2 (x, t) =

{
(t+ 1)x, − 1 ≤ t ≤ x,
(x+ 1) t, x ≤ t ≤ 0,

fj(x) = −ω+
j (0) + (−1)j−1x

[
ϕj (0) + ω+

j (0)
]
. (5.13)

By virtue of (3.11), from (5.12) and (5.13), we obtain the Fredholm integral equation of the second
kind with respect to: τj(x) (j = 1, 2):

τj(x) +

∫ (−1)j−1

0

Kj (x, t)τj(t)dt = Φj(x), (x, 0) ∈ Īj, (5.14)

where
Kj (x, t) =

√
ρj
(
1− (−1)j−1x

)
sh
√
ρj t ,
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Φj(x) = (−1)j−1

∫ (−1)j−1

0

Gj (x, t)
(
(−1)j−1t

)p
νj(t)dt+ (−1)j−1xϕj(0). (5.15)

According to the theory of Fredholm integral equations ([44], ch.1, § 15) and from the uniqueness
of the solution to Problem Bj, we conclude that the integral equation (5.19) is uniquely solvable in
the class C 1(Īj) ∩ C 2(Ij), (j = 1, 2) and its solution is given by the formula:

τj(x) = Φj(x)−
∫ (−1)j−1

0

K∗j (x, t)Φj(t)dt, (x, 0) ∈ Īj, (5.16)

where K∗j (x, t) is the resolvent of the kernel Kj(x, t) (j = 1, 2) (see [44], p. 81-88).
Eliminating τj (x) from (5.9) and (5.16), considering the matching condition and (3.12), we obtain

the integral equation with respect to: νj(x) (j = 1, 2):

νj(x)−
∫ (−1)j−1

0

Mj (x, t) νj(t)dt = Fj(x), (x, 0) ∈ Ij, (5.17)

where

Mj (x, t) =
((−1)j−1t)

p

γ3Γ(1− 2β)
D1−2β

0x Gj(x, t)−
((−1)j−1t)

p

γ3Γ(1− 2β)

∫ (−1)j−1

0

Gj (z, t)D1−2β
0x K∗j (x, z)dz−

−
2(−1)j+1√µj cosπβ · ((−1)j−1x)

β

γ3Γ(1− β)

(
(−1)j+1t

)p
D1−β

0x

∫ x

0

sin
√
µj (x− z)Gj (z, t) dz+

+
2(−1)j−1√µj cosπβ · ((−1)j−1x)

β

γ3Γ(1− β)

(
(−1)j−1t

)p
×

× D1−β
0x

∫ x

0

sin
√
µj (x− z) dz

∫ (−1)j−1

0

K∗j (t, s)Gj (s, z) ds, (5.18)

Fj(x) =
ϕj(0)

γ3Γ(1− 2β)
D1−2β

0x x− ϕj(0)

γ3Γ(1− 2β)

∫ (−1)j−1

0

t D1−2β
0x K∗j (x, t)dt−

− 2 cosπβ

γ3Γ(1− β)

(
(−1)j−1x

)β
D1−β

0x ψj(x)−
2(−1)j−1√µjϕj(0) cosπβ

γ3Γ(1− β)

(
(−1)j−1x

)β ×
×D1−β

0x

∫ x

0

t sin
√
µj (x− t) dt+

2(−1)j−1√µjϕj(0) cosπβ

γ3Γ(1− β)

(
(−1)j−1x

)β ×
× D1−β

0x

∫ x

0

sin
√
µj(x− t)dt

∫ (−1)j−1

0

zK∗j (t, z)dz. (5.19)

Based on (2.2), (2.8), (2.9) and (5.1), considering the properties of the integral-differentiation opera-
tor, Beta, the hypergeometric function ([42], ch. 1, § 1, 2 and 4, p.4-32) and function Gj (x, t) (j = 1, 2)
from (5.18) and (5.19), it follows that the kernel and the right-hand side of equation (5.17) admit es-
timates

|Mj (x, t)| ≤ Cj((−1)j−1x)2β−1((−1)j−1t)p, (5.20)

|Fj (x)| ≤ Cj+2((−1)j−1x)2β, Ck = const > 0, (k = 1, 4). (5.21)

Based on (2.2), (2.8), (2.9) and considering (5.21), we conclude that Fj(x) ∈ C1(Ij), where the
function Fj(x) (j = 1, 2) may have a singularity of order less than −2β as (−1)j−1x → 0, and it is
bounded as x→ (−1)j−1.

By virtue of (2.2),(5.20), (5.21), equation (5.17) is a Fredholm integral equation of the second kind.
According to the theory of Fredholm integral equations ([44], ch.1, § 15) and from the uniqueness of
the solution to the problemj, we conclude that the integral equation (5.17) is uniquely solvable in the
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class C 1(Ij), and the function νj(x) may have a singularity of order less than −2β as (−1)j−1x→ 0,
and it is bounded as x→ (−1)j−1 , and its solution is given by the formula:

νj(x) = Fj(x) +

∫ (−1)j−1

0

M∗
j (x, t) Fj(t)dt, (x, 0) ∈ Ij, (5.22)

where M∗
j (x, t) (j = 1, 2) is the resolvent of the kernel Mj (x, t) (see [44], p. 81-88).

Substituting (5.22) into (5.15) and (5.16), we find the function τj(x):

τj(x) = (−1)j−1

∫ (−1)j−1

0

Gj (x, t)
(
(−1)j−1t

)p
Fj(t)dt+ (−1)j−1

∫ (−1)j−1

0

Gj (x, t)
(
(−1)j−1t

)p
dt×

×
∫ (−1)j−1

0

M∗
j (t, z) Fj(z)dz − (−1)j−1

∫ (−1)j−1

0

K∗j (x, t)dt

∫ (−1)j−1

0

Gj (t, s)
(
(−1)j−1s

)p
Fj(s)ds−

(−1)j−1

∫ (−1)j−1

0

K∗j (x, t)dt

∫ (−1)j−1

0

Gj (t, z)
(
(−1)j−1z

)p
dz

∫ (−1)j−1

0

M∗
j (z, s) Fj(s)ds−

(−1)j−1ϕj(0)

∫ (−1)j−1

0

tK∗j (x, t)dt+ (−1)j−1xϕj(0),

and it belongs to the class

τj(x) ∈ C 1(Īj) ∩ C 2(Ij), (j = 1, 2) . (5.23)

Therefore, Problem Bj is uniquely solvable due to the equivalence of its Fredholm integral equation
of the second kind (5.17).

Thus, the solution to Problem Bj can be recovered in the domain Ω+
j as the solution of the first

boundary value problem for equation (3.4) [45], and in the domain Ω−j as the generalized solution of
the Cauchy problem for equation (3.6) (see (5.5)).

From this, it follows that in the domain Ωj, the solution to Problem Bj for equation (3.14) exists
and is unique. Theorem 4j, (j = 1, 2) is proven. 2

5.2. Investigation of Problem B3 for Equation (3.4).

Theorem 43. Let the conditions (2.2), (2.8), (5.23) and −1 < 2β < 0, p + 2β > 0 be satisfied,
then in the domain Ω3, the solution to Problem B3 exists and is unique.

Proof of Theorem 43. The solution to the first boundary value problem with conditions (3.15),
(5.4) for equation (3.4) in the domain Ω+

j has the form:

υj(x, y) = (−1)j+1

{∫ (−1)j+1

0

R j (x, t, y; δ)
(
(−1)j+1t

)p
τj(t)dt+

+
∂

∂y

∫ y

0

R
(1)
j (x, y − t; δ)

(
τ̃3(t)− ω+

j (0)
)
d t− ∂

∂y

∫ y

0

R
(2)
j (x, y − t; δ) ϕj(t)d t

}
, (j = 1, 2) (5.24)

and belongs to the class υj(x, y) ∈ C(Ω̄+
j )∩C 2, 1

x, y (Ω+
j ), if the conditions (2.8), (5.3), (5.23) are satisfied,

where R j (x, t, y;α) is the Green’s function for the first boundary value problem for equation (3.4) in
the domain Ω+

j is:

R j (x, ξ, y; δ) =
∞∑
k=0

exp

{
−λ

2
ky

4

}
(1− δ)

√
xξ

J2
2−δ (λk)

×

× J1−δ

(
λk (1− δ)

(
(−1)

j+1
x
)1/2(1−δ)

)
J1−δ

(
λk (1− δ)

(
(−1)

j+1
ξ
)1/2(1−δ)

)
, (5.25)

R
(1)
j (x, y; δ) = 1 + (−1)

j
(1− δ)2(1−δ)

x−
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−
∫ (−1)j+1

0

R j (x, t, y; δ)
[
1 + (−1)

j
(1− δ)2(1−δ)

ξ
] (

(−1)
j+1

ξ
)p

dξ, (5.26)

R
(2)
j (x, y; δ) = (−1)

j+1
(1− δ)2(1−δ)

x−

−
∫ (−1)j+1

0

R j (x, t, y; δ)
[
(−1)

j+1
(1− δ)2(1−δ)

ξ
] (

(−1)
j+1

ξ
)p

dξ, (5.27)

Jθ (z) =
∑∞

k=0
(−1)k(z/2)θ+2k

k!Γ(k+θ+1)
is the Bessel function of the first kind [46], λk are the positive roots of the

equation J1−δ(λk) = 0, k ∈ N ∪ {0} , δ = p+1
p+2

, where

1

2
< δ < 1. (5.28)

Note that in [46] the convergence of Bessel series and (5.25) was shown, and in [36], [45] the existence
of integrals (5.26) and (5.27) was proven.

Differentiating (5.24) with respect to x and taking the limit as (−1)j−1x→ 0 , we obtain

ν3(y) =
∂

∂y

∫ y

0

Nj (y − t; δ) τ̃3(t)dt+ Hj(y), (0, y) ∈ I3, (5.29)

where ν3(y) = υj x(0, y), (0, y) ∈ I3,

Hj(y) = lim
x→0

(−1)
j+1 ∂

∂x

{∫ 1

0

R j (x, t, y; δ) ((−1)j+1t)pτj(t)dt −

− ω+
j (0)

∂

∂y

∫ y

0

R
(1)
j (x, y − t; δ) dt − ∂

∂y

∫ y

0

R
(2)
j (x, y − t; δ) ϕj (t) dt

}
, (5.30)

Nj (y − t; δ) ≡ (1− δ)2δ−1
(−1)

j+1
lim
x→0

∂

∂x

[
R

(1)
j (x, y − t; δ)

]
=

= (−1)
j

{
(1− δ) +

∞∑
k=0

exp

{
−λ

2
k (y − t)

4

}
22δλ−2δ

k

Γ2 (1− δ) J2
2−δ (λk)

}
,

where ω+
j (0) (j = 1, 2) are determined from (3.11).

Based on the properties of the function Jθ (z) and Nj (y − t;α) can be represented as ([46], p. 12):

Nj (y − t; δ) =
(−1)

j

Γ (1− α)
(y − t)δ−1

+Bj (y − t) , (5.31)

where the function Bj (y − t) is continuously differentiable at y ≥ t.
Substituting (5.31) into (5.29), we obtain the functional relationship between τ3(y) and ν3(y),

transferred from the domain Ω+
j to domain I3:

ν3(y) =
(−1)jΓ (δ)

(1− δ)
D1−δ

0y τ̃3(y) +Bj (0) τ̃3(y) +

∫ y

0

B′j (y − t) τ̃3(t)dt+ Hj(y). (5.32)

Eliminating ν3(y) from the relations (5.32) as j = 1 and j = 2, and then applying the integral
operator Dδ−1

0y [•] considering τ̃3 (0) = 0 and Dδ−1
0y D1−δ

0y τ̃3(y) = τ̃3(y) , we obtain

τ̃3(y)−
∫ y

0

M3 (y, t) τ̃3(t)dt = H3(y), (0, y) ∈ Ī3, (5.33)

where

M3 (y, t) =
1

2Γ(α)

{
B2(0)−B1(0)

(y − t)δ
−

y∫
t

[B′2 (z − t)−B′1 (z − t)](y − z)−δdz

 , (5.34)
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H3(y) =
Γ(1− δ)

2(δ)
Dδ−1

0y [H2(y)−H1(y)] , (5.35)

here Hj(y) (j = 1, 2) are determined from (5.30).
By virtue of (2.2), (2.8), (5.28), (5.32) and the properties of the function Bj (y − t) from (5.34) and

(5.35), it follows that:
1) The kernel M3 (y, t) is continuous in {(y, t) : 0 ≤ t < y ≤ 1} and, for y → t admit the estimate

|M3 (y, t)| ≤ C5 (y − t)−δ ; (5.36)

2) The function H3(y) belongs to the class C
(
Ī3

)⋂
C 1 (I3) and admits the estimate

|H3(y)| ≤ C6y
1−δ (5.37)

where C5 and C6 are arbitrary positive constants.
From (5.36) and (5.37), it follows that the integral equation (5.33) is a Volterra integral equation

of the second kind with a weak singularity. According to the theory of Volterra integral equations of
the second kind [44], we conclude that the integral equation (5.33) is uniquely solvable in the class
C
(
I3

)⋂
C 1 (I3), and its solution is given by the formula:

τ̃3(y) =

∫ y

0

M3
∗ (y, t) H3(t)dt+ H3(y), (0, y) ∈ Ī3, (5.38)

where M∗
3 (y, t) is the resolvent kernel of M3 (y, t).

Substituting (5.38) into (5.32), considering (5.36) and (5.37), we determine the function ν3(y) from
the class

ν3(y) ∈ C1 (I3) ,

where the function ν3(y) may have a singularity of order less than 1 − δ at y → 0 and is bounded
at y → 1. Therefore, Problem B3 is uniquely solvable.

Thus, the solution to Problem B3 can be recovered in the domain Ω+
j (j = 1, 2) as the solution to

the first boundary value problem for equation (3.4) [45].
This completes the investigation of the existence of the solution to Problem B3 for equation (3.4)

in the domain Ω 3. Theorem 43 is proven. 2

From Theorems 4j and 43, it follows the existence of the solution to Problem A∗T for equation (3.14)
in the domain Ω. Theorem 3 is proven. 2

We proceed to the proof of the existence of the solution to Problem AT .
Theorem 5. If the conditions (2.2), (2.8), (2.9) and (5.1) are satisfied, then the solution to

Problem AT exists in the domain Ω .
Proof.Let the solution u (x, y) to Problem AT in the domain Ω with conditions (2.3), (2.4), (2.5),

(2.7) exist, then, using the results of Theorems 41 and 42 (see Section 5.1), we recover the solution
to the problem AT . By virtue of (5.12), (5.22) from (3.11), (3.12), considering (3.1), (3.2), (3.3), we
determine the functions ω+

j (x) and ω−j (x). Then, in the domain Ω+
j , the solution to Problem AT is

expressed as
u (x, y) = υj (x, y) + ω+

j (x) ,

where υj (x, y) is the solution to the first boundary value problem with conditions (3.15) and (5.2)
for equation (3.4) [36, 45], here τ̃3(y) is determined from formula (5.38), and in the domain Ω−j , it is
expressed as:

u(x, y) = wj(x, y) + ω−j (x), (j = 1, 2) ,

where wj(x, y) is the generalized solution to the Cauchy problem for equation (3.6) in the domain Ω−j
(j = 1, 2) (see (5.5)).

Thus, in the domain Ω the solution to Problem AT for equation (2.1) exists.
Theorem 5 is proven. 2

This concludes the study of the problem AT for equation (2.1).
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6. Conclusion

In the study of degenerate loaded equations of mixed type of the second kind, difficulties arise
associated with the absence of a general representation of the solution, as well as the impossibility
of direct application of classical methods. This problem is solved in this paper. A new method for
constructing a representation of the general solution of a loaded parabolic-hyperbolic equation of the
second kind in a form convenient for further studies of various boundary value problems is developed,
and a new type of extremum principle for a degenerate loaded parabolic-hyperbolic equation of the
second kind is proved. The analysis of the state of affairs in this direction shows that boundary value
problems for degenerate loaded equations leading to less studied integral equations of Volterra and
Fredholm with shifts. Moreover, boundary value problems for loaded parabolic-hyperbolic equations
of the second kind, degenerating inside the domain, have not yet been studied.

In this paper, we study problems with the Tricomi condition for a loaded parabolic-hyperbolic
equation of the second kind, degenerating inside the domain. Theorems of existence and uniqueness
of the classical solution of the problems are proved. The proofs of the theorem are based on energy
identities and the extremum principle, as well as on the theory of Volterra and Fredholm integral
equations. A class of given functions is determined that ensures the solvability of the obtained integral
equations. The studied boundary value problems for such equations are effectively used in modeling
processes that are associated with the dynamics of soil moisture, groundwater and biology.
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