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1. INTRODUCTION AND STATEMENT OF THE PROBLEM

As is known, the application of the Fourier method in solving boundary value problems for partial
differential equations leads to an eigenvalue problem, and the main issue here is the expansion of an
arbitrary function into a series in terms of the system of eigenfunctions (and associated functions) of
this problem. In the case of self-adjoint operators, in general, the system of root functions forms an
orthonormal basis, and, in this case, the indicated problem is theoretically solved [].

As for non-self-adjoint operators, the solution to the above problems is ambiguous [2]. In this case,
the system of eigenfunctions may be incomplete, and the problem arises in supplementing them with
so-called associated functions. It should be noted that the system of eigenfunctions and associated
functions of non-self-adjoint operators is defined ambiguously; that is, there are different approaches
to constructing systems of eigenfunctions and related functions of such operators.

Let us note the well-known works [3], [4], where the theory of associated functions was constructed
and the completeness of the system of eigenfunctions and associated functions of a wide class of non-
self-adjoint differential equations was proven. We also note the work [5], where another method for
constructing associated functions of non-self-adjoint differential operators is proposed. In the works
[6]-[7], a constructive method for constructing the so-called reduced system of eigen- and associated
functions such operators is proposed, and necessary and sufficient conditions of its basis property are
also proved.

We note the works [2], [§]-[10], where new formulas for constructing chains of associated functions
of non-self-adjoint differential operators are proposed and substantiated. More detailed information
on the spectral properties of non-self-adjoint differential operators can be found in the monograph
[11].

As noted above, the spectral problems of self-adjoint problems for ordinary differential equations
of the fourth order, in the case of a model equation of the form

y'(x) = Ay(z) =0 ()

have been theoretically solved [I], [I2]. In this direction, we note the work [13], where the spectral
properties of a differential operator defined by differential equations of even (in particular, fourth)
order with piecewise smooth weight functions, as well as with separated boundary conditions, are
studied.

As for non-classical problems, here we can only note the works of [14],[I5], where for equation (*)
investigates the spectral properties of a Samarskii-lonkin type problem. Using the spectral method,
eigenvalues and the corresponding root functions are found, and their completeness and basis properties
are proven. The associated adjoint problem is also studied. We also note the works [16], where spectral
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issues of multidimensional spectral problem is studied. It is shown that the system of eigenfunctions
is complete and forms a Riesz basis in Sobolev spaces.

As far as we know, the spectral properties of Bitsadze-Samarskii type problems, or interior boundary
value problems for fourth-order equations, have not been studied.

In the proposed work, spectral issues of two nonlocal problems of the Samarskii-Ionkin type for a
non-self-adjoint fourth-order differential operator are investigated. Problems of this type for the heat
equation were first formulated and investigated by N.I. Ionkin [5].

Problem 1. It is required to find such values A for which problem

XV(x) = AX(z)=0,0<z<1 (1.1)
X(1)=0,X"(0)=0, (1.2)
X'(0) = X'(1), X" (0) = X""(1). (1.3)

has a non-trivial solution.
Problem 2. It is required to find such values A for which problem (1.1), (1.2) and

X'(0) + X'(1) = 0, X"(0) + X" (1) = 0, (1.4)

has a non-trivial solution. Here X is a spectral parameter.

The necessity of studying such problems arises when studying boundary value problems for partial
differential equations by the spectral method, when conditions of the form (1.2), (1.3) are given with
respect to one of the spatial variables.

2. SOME AUXILIARY INFORMATION ABOUT THE RIESZ BASIS

Let {¢n(2)} and {4, (x)} are two complete system of functions in L,(a,b). Let (¢,1)), denote the
scalar product of functions ¢(z) and ¥ (x) in Ly(a,b), that is

() = (@) = [ $la)0(@)a.

Definition 2.1. (see [I7]) Two system of functions {p, (z)} and {¢,(z)} form a biorthonormal system
on some interval [a, b], if

b 0,n#k,
(@nawk)o = ‘/a %ﬂﬁkdw = 6nk = { 17 n—k.

Thus, the system {1, (z)} is called biorthogonally adjoint to the system {p, (x)}.

Definition 2.2. (see [I7]) System is called minimal if none of the functions of this system is included
in the linear envelope of other functions of this system.
The minimality of the system ensures the existence of a biorthogonally adjoint system.

Definition 2.3. (see [I7]) The biorthogonal expansion of the function f € Lg(a,b) in the system
{@n(x)} is the series

f(x) ~ Z Cn(Pn(x)a

where ¢, = (f,¥n),-

Definition 2.4. (see [I7]) We call complete and minimal system of functions {p,(z)} the Bessel
system, if for any f € Ly(a,b) the series of squared coefficients of its biorthogonal expansion in
{@n(x)} converges, i.e. if f € Ly(a,b) implies that

oo

D1 tn)ol* < o0,
n=1

where {1, } is biorthogonal conjugate system to {p, (x)}.
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Definition 2.5. (see [I7]) We call complete and minimal system of functions {¢,(z)} the Hilbert

system, if for any sequences of numbers c¢,,, such that Y ¢? < oo, there is one and only one f € Ly(a,b)
k=1
for which these are the coefficients of its biorthogonal expansion in {¢, ()}, i.e.

Cn = (f) wn)oa n = ]-727

Definition 2.6. We call complete and minimal system a Riesz basis, if it is both Bessel and Hilbert
system.

Theorem 2.7. (see [18]) Following statements are equivalent:

1) Sequence {1;}° forms a basis in the space R, which is equivalent to an orthonormal one.

2) Sequence {1;}3° will be an orthonormal basis in the space R at the corresponding replacement of
the scalar product (f,g) with the new (f,g),, which topologically equivalent to the previous.

3) Sequence {1;}7° is complete in R and there exist constants a, as (> 0), such that, for any natural
n and for any complexr numbers Y1, Ya, ..., Yn

n n n
ay Y Pl <>l < a Yl
j=1 j=1 j=1

4) Sequence {1;}3° complete in R and its matrices of Gramm (v;,¢y)° generate a bounded invertible
operator in the space l5.
5) Sequence {1;}° complete in R, it corresponds to a complete bi-orthogonal sequence {x;}° and

forany f € R
STIF P < 00,3 1(f,x)F < 0.

Jj=1 j=1
1 1

Lemma 2.8. (see [19]) Let f(z) € Ly(0,1), a, = [ f(z)e *"dx, b, = [ f(z)e*@Vdx, where X is
0 0

o0 o0
any complex number, Re X\ > 0. Then series Y. |a,|?, > |bn|? converge.
n=1

n=1

3. THE SOLUTION OF PROBLEM 1

Let us find the eigenvalues and eigenfunctions of Problem 1. For this aim, we write the characteristic
equation
= A=0 k'= )\ (3.1)

We have the consider three cases: A <0, A =0, A > 0, from which depends the general expression
of the solution of the equation (1.1). Let A\ = 0. Then equation (3.1) has multiple roots k1234 = 0,
therefore general solution has a form

X(.ZU) = Cl.’IJ?) + ng2 + 03$ + 047

where C;,i = 1,4 are some numbers. Substituting this solution into conditions (1.2),(1.3), obtain
C, =C, =0,C3 = —C,. As consequence, all the solutions of Problem 1 with A = 0 are given by
the expression X (z) = Cy(1 — z), with any real number C;. Thus, we can call Xy(z) = 1 — z the
eigenfunction associated to the single eigenvalue Ag = 0.

Let A < 0. Assume A\ = —4p*, (1 > 0) and we write characteristic equation as follows k* = —4u*,
roots of which are

ki = (L+d)p, ke = (=1+)p, ks = (1 —d)p, ky = (=1 —i)p.
Obviously, the general solution of equation (1.1) has the form

X (z) = C cosh px cos px + Cy cosh px sin px + C sinh px cos px + Cy sinh pa sin p.
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Substituting this expression into conditions (1.2) and (1.3), to find C;,i = 1,4, we obtain a system of

equations
C; cosh i cos i + Cy cosh psin p + Cy sinh pcos = 0,

Cy sinh pcos pp 4+ Cy sinh psin g + Cs(cosh pcospu — 1) = 0,
C cosh psin p + Cy(1 — cosh pcos p) + Cs sinh psin p = 0,
Cy=0.
which has only a trivial solution C; = 0,7 = 1,4, so that Problem 1 also has only a trivial solution
X(x)=0.
(ansiger the case A > 0. Assume, A = u*, (u > 0) and we write the characteristic equation with
its roots k* = p*, ki o = £, ks34 = +pi. The following functions correspond to these roots

Xi(z) =", Xo(z) = e, X3(x) = cos px, X,(x) = sin px,
and the general solution is form
X(x) = Cre"® + Cye™ + C5 cos px + Cy sin pz.

Substituting this solution into conditions (1.2) and (1.3), obtain following system

Ci+Cy,—C5=0,

Cret 4+ Coe™ + Czcospu+ Cysinp =0,

Ci(e' —1) = Cy(e™ —1) — Cysinp + Cy(cospu — 1) = 0,

Ci(e" —1) = Cy(e™ = 1)+ Cysinp — Cy(cosp — 1) = 0.

(3.2)

The resulting system of equations has a nontrivial solution only for those values of y at which its
determinant goes to zero. The determinant of this system is A(p) = 4(2 — e — e )(1 — cos ).
Equating this determinant to zero, we find that the numbers A\, = pl = (27Tn)4, n =1,2,... are the
eigenvalues of Problem 1.

Let us study the multiplicity of the found eigenvalues. It is easy to see that for A\, = (27rn)4 the
rank of the main matrix of system (3.2) is equal to 2. It follows that the geometric multiplicity
of the eigenvalues is equal to 2, therefore, each eigenvalue corresponds to a pair of eigenfunctions.
Since A'(puy) = 0, A”(uy) # 0, we find that the algebraic multiplicity of the eigenvalues is equal to
2. Consequently, all eigenvalues of the problem under consideration have multiplicity equal to two
(geometrically and algebraically), and the eigenfunctions are the functions

eQTrnw _ 627rn(1—x)

Xin(z) = —sin2mnz, Xo,(z) = 5 1 — cos 2mn.
e2mn _

Thus, the eigenvalues of Problem 1 are given by
X =0, \, = (2mn)", neN, (3.3)

and corresponding eigenfunctions has the form

627rn:1: _ e271"(1(17:5)

Xo(x) =2(1 — 2), Xy, (x) = —2s8in2mnz, Xo, () = " — cos 2mnx. (3.4)

Problem 1 is non-self-adjoint and it is easy to see that the following problem will be adjoint to it
YV(x) =AY (z) =0, 0<z <1, (3.5)
Y(0)=Y(1),Y'(1)=0,Y"(0) =Y"(1),Y"(0) = 0. (3.6)
It is not difficult to show that problem (3.5), (3.6) has eigenvalues (3.3), and the corresponding
eigenfunctions have the form

eZme + 627m(1—x)

Yo(z) =1, Yiu(x) = —sin2mnx, Y, (x) = —2cos2mn. (3.7)

627rn -1
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It should be noted that (3.4) and (3.7) are a non-orthogonal system of functions. Indeed, let us
consider, for example, system (3.4) and calculate

(Xo(:c), Xfﬁ(a:))o = —4/1 (1 —x)sin2rnade = —% # 0.

0
We proceed to study the questions of the basis property of systems (3.4) and (3.7) in L(0, 1).

Lemma 3.1. System of functions (3.4) and (3.7) are biorthogonal system in Ls(0,1), that is

1, k=ni=j

0, k#n,i#j

Proof. We present the proof of Lemma 3.1 for the functions X1, (x) and Y3,,(x). According to Definition
2.1, we calculate the integral

(XO7)/O)L2(G’1,) = 17 (szvnn) = { 7i7j = 1727k7n - 1727

1

(X1k, Y1) = —2/sin27rkx (e

0

2Tnx + 627rn(1—:c)

— sin 27mw> dr =

6271'71 -1

1 1
/ (e2™* 4 62””(1_”)) sin 2rkxdz + 2 / sin 2rnz sin 2rkxdr = Iy, + Jin.
0 0

2
e27'rn _ 1

Simple calculations show that

1

2
1 / (e*™ 4 2™ (=) gin 2rkadr = 0,k,n € N,

B e27rn _

Ikn =

0

J 21'2k‘2 o= { T nen
kn = /sm TKX - SIN 2TNnx x_{O,k:;én’ ,n €
0
and so (Xi,,Y1,) =1 at k =n and (X, Y1,) = 0 at k # n, which is needed what to proven. O

Lemma 3.2. The system of functions (3.4) and (3.7) are minimal in Ly(0,1).

The proof of Lemma 3.2 follows from the existence of a biorthonormal system, which was established
in Lemma 3.1.

Theorem 3.3. The system of functions (3.4) and (3.7) are complete in Ly(0,1).

Proof. First, we prove the completeness of (3.4). Assume, on the contrary, that the system of functions
(3.4) is not complete in L5(0,1). Then there exists a nontrivial function ¢(z) in L(0,1), that is
orthogonal to all functions of system (3.4). Let us expand the function ¢(x) into a Fourier series

o(x) = ap+ Z (a, cos 2mnx + b, sin 2wnz),
n=1

o0
n=1’

which converge in Ly(0,1). Since ¢(z) is orthogonal to the system {—2sin2mnz} then the last

expansion can be written as

o(x) =ag + Z a,, Cos 2Tne. (3.8)
n=1
By assumption, ¢(x) is orthogonal to all functions of the form X,(z), Xar(x). Then, multiplying
series (3.8) sequentially by these functions and integrating along [0, 1], we have

1 1 0 1
0:2/ go(x)(l—a:)da:zan/ (1—x)dm+22an/ (1 — ) cos 2mnxdx = a,
0 0 n=1 0
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1 eQ‘n’km _ 627rk(1—m)
0= /0 o(x) - < e — cos 27rkx> dx =

& 1 e27rkz _ e27rk(17x) 1
:Zan/ < —cos27rk:m) cos 2mnxdr = _iak’k: 1,2,3,....
n=1 0

€27Tk _ 1

From here, it follows that a;, = 0, k = 0,1,2,.... Therefore, from (3.8) we conclude that p(z) =0
in [0, 1], which opposing conditions ¢(x) # 0. Thus, system (3.4) is complete in the space L,(0,1).

We prove the completeness of the system (3.7). Let there exists a nontrivial function ¢(x) in
L5(0,1), that is orthogonal to all functions of system (3.7). Since the function ¢(z) is orthogonal to
the system {—2cos2mnx} ", it can be represented in Ly(0,1) as a series of sinus, i.e.

n=0’

o(z) = Z b,sin2mna. (3.9)

n=1

Then multiplying last series to Yj;(z) and integrating along [0, 1], taking into account the orthogo-
nality of the functions ¢(z) and Yi,(z), we obtain

1 2rkx 27k(1—x)
0= /0 o(x) - <e e;ke_ 1 —sin 27Tk:9:> dr =

> 1 2k 2nk(1—x) 1
:an/ (e te —sin27rk:x> sin 2rnxdr = _§bk’k: 1,2, ..,
0

— 627rk -1
that is by = 0, n = 1,2,.... Then from (3.9) it follows that ¢(x) = 0 in [0,1], i.e. system (3.7) is
complete in Ly(0,1). Theorem 3.3 is proven. O

Theorem 3.4. The system of functions (3.4) and (3.7) are two bases of Riesz in Ly(0,1).

Proof. In order to prove this statement, it is sufficient to prove the completeness of systems (3.4) and
(3.7), and the convergence of the following series for p(z) € Ly(0,1) according to Theorem 2.7:

2

> > 2rnx _ 2mn(l—z)
(p(x),2(1 — )2 + Z (p(x), —2sin 27nz)? + Z <cp(x), c e%ne N — cos 27rnx> ,  (3.10)
n=1 n=1 - 0
) ) ) 0 e2mna 4 e27rn(1fx) 2
(p(x),1), + ; (p(x), —2cos2mnx), + ; (gp(m), e — sin 27ma:>0. (3.11)

Since the completeness of systems (3.4) and (3.7) has been proven in Lemma 3.1 we only must verify
the convergence of the previous series. To this end, we consider (3.10) and introduce the following
notations

L =4(p(x),(1— )5, Lo =4 (p(x),sin 2mna);,

2

et e2mn _ 627rn(1—r)
I, = Z <gp(1‘), T — cos 27rnx> .
n=1 0

From I;, applying the Cauchy-Bunyakovsky inequality we obtain

I = 4(/01 (1— :U)(p(x)dx)

i.e. I, is finite.
I, will be represented in the form

2

1 1
4
<t (-Pde [ P)s=gle@) 0

IL=4) (p(z),sin 2777137)3 =2

n=1

K

((p(x), V2sin 27m3:> g 2 i 2,
n=1

3
Il
-
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where ¢,, = (ga(x), V2 sin 27m:c) are the coefficients of Fourier of the function ¢(x) on the orthonor-

mal system {\@sin 2mnx}. From here, applying Bessels inequality, we obtain that I, = 2 Y ¢ <
n=1
2 . . .
2le(@)l7,(0.1s 1-e- I2 is finite.
Consider I5. Let
2rnT 2mn(l—zx) 2

e —e
3 — cos 2mnx
e*m™ — 1

A=<ﬂ@,

0

Since
2

A= (o0 T - plahcoszmna))

627rn —1 0

from here, applying inequality
(a+b)° <2(a® +1?)

obtain that

e2mnr _ 627rn(1fz)

2
> + 2 (p(x), cos 27?71:6)3
0

2

e27rn:v eQ-rrn(l—r) )
=2 <<90(a:), egm_1> - <90($), 62””—1)>0 + 2 (p(x), cos 2mnx), .

Applying the previous inequality again, we get that

A§2<ﬂ@,

627m -1

€2Trna: 2 e27rn(17:1:) 2 5

A<4 (90(53% 62,”1_1)0 +4 (@(ff)7 eg,m_l)o + 2 (p(x), cos 2mnx);, .

Thus
ot 2mne 2 o0 2nn(l—x) 2 e
e (& 2
I;<4) (SO(CU)a 2) +4) (@(m)a 2) +2) " (p(x), cos 2mn)y =
n=1 e — 1 0 n=1 e — 1 0 n=1
=L+ I+ J;3
Consider J;.
J3 =2 Z (¢(x), cos 2mnz)® = Zai,
n=1 n=1

where a, = (gp(a:), V2 cos 27m3:> are the coefficients of Fourier of the function on the orthonormal

system {v/2cos27nz}. Then applying Bessel’s inequality, we get

2
Js =Y al < le@)7,00) -
n=1

Consider J;. Since

1 2

eZ'n’nz 2 e27rn o 1
<¢(x)’ e — 1>o N /go(x) e —1° dr ) =

0 0

2

2 1
1
= /QO(I‘) |:1 + 21:| eQ-rrn(ac—l)dx <4 /C,D(ZE)GQTm(m_l)dx 7
e2nmn
0
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hence
1

1 2
JI<16) /go(:n)ezm(m_l)dx =16 b2.b, = /Qp(x)ezmu—ndx
n=1 0 n=1

0

Here, from Lemma 3.2, it follows that J; is finite. Similarly, we can prove that .J; is finite too.
Thus, the series I; and I, are converge, and therefore series (3.10) also converges. The convergence of
series (3.11) is proved similarly. Theorem 3.4 is proved. O

4. THE SOLUTION OF PROBLEM 2

Let us find the eigenvalues and eigenfunctions of Problem 2. After similar calculations, as in the
case of Problem 1, it is easy to see that the eigenvalues of Problem 2 are given by

A= (20 —1))", neN (4.1)
and corresponding eigenfunctions has the form
67r(2n—1)z 4 eﬂ(Qn—l)(l—z)
eﬂ'(2n—1) + 1

Note that Problem 2 is a non self-adjoint problem. On the contrary, it is not difficult to verify that
the following problem is self-adjoint.

YV(z) =AY (2)=0, 0<z <1, (4.3)
Y(0)+Y(1)=0,Y(1) =0,Y"(0) + Y"(1) = 0,Y"(0) = 0. (4.4)

Problem (4.3), (4.4) have eigenvalues (4.1), and the corresponding eigenfunctions have the form

Xin(z) = 2sin (7(2n — 1)x), Xa,(z) = + cos (m(2n — 1)x). (4.2)

67r(2n—1)a: _ eﬂ'(2n—1)(1—w) ]
Yi,.(x) = T +sin (7(2n — 1)x), Y2, (z) = 2cos (m(2n — 1)x) . (4.5)
It is not difficult to show that systems (4.2) and (4.5) are bi-orthonormalized in L,(0,1). This also
implies the minimality of these systems in L, (0, 1).

Theorem 4.1. The system of functions (4.2) and (4.5) are complete in the space Ly(0,1).

Proof. We prove the completeness of system (4.2). Assume, on the contrary, that the system of
functions (4.2) is not complete in Ly(0,1). Then there exists a nontrivial function ¢(x) in L9(0,1),
that is orthogonal to all functions of system (4.2). Let us expand the function ¢(z) into a Fourier
series

o(z) = Z (ay, cos(2n — 1)wx + b, sin(2n — 1)7x),
n=1
according to the complete orthogonal system {cos(2n — 1)mz,sin(2n — 1)wz} - |, which converges in
L,(0,1). Since ¢p(z) is orthogonal to the system {sin(2n — 1)z}, ., then the last expansion can be

written as -
o(z) = Z a, cos(2n — 1)mx. (4.6)
n=1

Further, multiplying last series by the function X, (x), and integrating along [0,1], by using the
orthogonality of this last function and ¢(x), we obtain the following equality:

1 e(2k—1)7rw +eﬂ(2k—l)(1—w)
0= /0 o(x) - < e + cos(2k — 1)773:) dx =

0 L/ o@h-D)mz | om(2k—1)(1-x) 1
= ;an/o < RET= + cos(2k — 1)7rw> cos(2n — 1) mxdr = ok k=1,2,3,...

From here, it follows that ay = 0, k = 1,2,.... Therefore, from (4.6) we conclude that ¢(z) = 0 in
[0, 1], which opposing conditions ¢(z) # 0. Thus, the system (4.2) is complete in the space Ly (0, 1).
The completeness of the system (4.5) is proved similarly. Theorem 4.1 is proven. O
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Theorem 4.2. The system of functions (4.2) and (4.5) are two bases of Riesz in Ly(0,1).

Proof. In order to prove this statement, it is sufficient to prove the completeness of systems (4.2) and
(4.5), and the convergence of the following series for ¢(x) € L2(0, 1) according to Theorem 2.7:

6(277,—1)77&0 + 677(277,—1)(1—r) 2

i (p(x), 2sin(2n — 1)7z)? + i (cp(m), e + cos(2n — 1)7mc> , (4.7)

0

n=1 n=1

e(2n—mz _  m(2n—1)(1-2) 2

Z (p(x),2cos(2n — 1)mx)2 + Z ( EETE +sin(2n — 1)z, (p(:(})) .

0

n=1 n=1

Since the completeness of systems (4.2) and (4.5) has been proven in Theorem 4.1, we only must verify
the convergence of the previous series. Let us prove the convergence of series (4.7). To this end, we
consider (4.7) and introduce the following notations

o0

Z ,sin(2n — 1)71'3:)0

e(2n71)‘n’$ + 677(2n71)(17$) 2

— Z_:l (@(z), eV + cos(2n — 1)m) '

0

I, represent in the form

o0 oo

Z ,sin( n—lﬂ'x Z( \fsm(n—lwx) —Qch,

where ¢, = (p(x),V2sin(2n — 1)7z), are the Fourier coefficients of the function ¢(x) on the or-
thonormal system {v/2sin(2n — 1)mz}. From here, applying Bessels inequality, we obtain that

L =2 z 2 < 2|l@(@)7, 0.1y, ie. T is finite.
Con81der I,. Let

2

A=

€(2n71)7m: + e7r(2'r171)(1793)
(@),

e@n—1m 4 | + cos(2n — 1)7rx>

0

Since
2

e(2n—1)7rr _"_671'(277.—1)(1—1‘)
A= ((vte) )+ (elo).cosCn = o), )

from here, applying inequality (a + b)® < 2(a2 + b%) we obtain that

6(2n—1)7m; 4 eﬂ'(Qn—l)(l—w) 9
A <2 <(p(l‘), e(@n—1)m +1 )0 + 2 (90(‘7:)7005(2” - 1)7Tx)0 =
6(2n—1)7m: 627771(1_1') 2 2
= 2((@(@7 6(2"1)’T+1>0 + <<P(x)7 6(2"1)’“+1>0) + 2 (p(2), cos(2n — 1)mz); .

Applying the previous inequality again, we get that

2

6(277, 1) 7r(2n 1)(1—xz) 9
A<A4 <tp($), e(gn_l)ﬂ_i_l)o +4 (‘P(l’), M) +2(p(x), cos(2n — 1)mx); .

Thus

e(2n )rx 7r(2n—1)(1—x)

< 42 (ﬁP( e@n—Dr 4 1) +4Z ( e<2"‘””H> +22 ,cos(2n — D))y = Jy+Jo+Js.
n=1
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Consider J; = 2 Y (p(z),cos(2n — 1)71':2)3 = Y a2, where a, = (p(x),V2cos(2n — 1)7z), are the
n=1 n=1

Fourier coefficients of the function () on the orthonormal system {v/2 cos(2n—1)mx}. Then applying

Bessel’s inequality, we get J3 = Y a? < Hcp(x)Hiz(O,l). Consider J,. Since

n=1

67r(2n—1)(1—x) eﬂ(2n—1) Ly
<Sp(x)7 ) = 7( (x)eﬁm7 e ‘n'n:c)
0

em(2n—1) +1 em(2n—1) +1 ¥ 0’

hence

0 €7r(2n71)(17:1:) 2 oo - , %)
B=3 (o) Sy ), 4D (e =1
n=1 n=1 n=1

0

T —27’L7T.’,C)

where ¢, = (p(z)e™, e o- Then from Lemma 3.2, it follows that .J, is finite. Similarly, we can
prove that J; is finite too. Thus, the series I; and I, are converge, and therefore series (4.7) also
converges. The convergence of the second series is proved similarly. Theorem 4.2 is proven. O
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