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About one composition of partial mapping of Euclidean space Ej
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Abstract. In the domain ) C FE5 we consider a set of smooth lines such that through each point
X € Q there passes exactly one line w! from the given set. The moving frame of the domain 2 is a
Frenet frame [I] associated with the line w'. The integral lines of the coordinate vector fields form a
Frenet net [I]. We define the point F} on the tangent of the line w'! in an invariant manner. As the
point X moves within the domain 2, the point F} traces out a new domain 2 C E5. This defines
the partial mapping f? : Q — Q3 such that f7(X) = F}.

Similarly, we define another partial mapping fi : © — Q3 Next, we consider the composition of
these two partial mappings, specifically the inverse mapping (f7)~! and f2 given by:

o (ff)~1: Q) — Q2 such that fdo (f))"'(F}) = F, where (f?)~! - is the inverse mapping f7.

Let the line v, Wthh belongs to the dlstrlbutlon A, = (X, s, s, ?4, €'5) be a quasi-double line
of the pair of distributions (A4, A}) in the partial mapping f7 (where A} = f7(Ay)).

We establish necessary and sufficient conditions for the line ff o (f7)~'(v) to be a quasi-double line
of the pair (A4, A)) of distributions A4, A} in the partial mapping f2 o (f7)™!

Keywords: Euclidean space, Frenet frame, cyclic Frenet net, partial mapping, quasi-double line,
distribution.
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1. INTRODUCTION

In the domain 2 C E5 we consider a set of smooth lines such that through each point X € ) exactly
one line of the given set passes. The moving frame R = (X, ?i)(i, J,k =1,5) is the Frenet frame for
the line w! of the given set of smooth lines. The derivation formula for the frame R take the form:

d?—w €;,d el—wk?k (1.1)
The forms w’, w! satisfy the structure equations of Euclidean space:
Dw' = w* Awj, Dwf = w! Awh,w! +w! = 0. (1.2)

Integral lines of the vector fields €; form the Frenet net ¥; [1] for the line w' of the given set of
lines. Since frame R is constructed on the tangent of the lines of the net 35, the forms w/ are principal

forms. In other words: _
wi = Afw’. (1.3)

Taking in to account (1.3) from (1.2) we have:
Afj = —Ajy- (1.4)
If we differentiate externally (1.3), we obtain:
Duwt = dAf”'j Aw + Aijwj.
Using equation (1.2) we get:
w)! /\w —dAk A w? —|—A’C Awb Aw].
Taking in to account equation (1.3) the last formula simplifies to:

wl /\Afewe = dAfj Aw! — A’C Aw) Aw
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or equivalently, _
Abw! Aw® = dAS Aw? — AF Awl AWt

From here, we obtain: _
dAS, Aw? — Afwi A w! — Alw! Aw' =0

or
(dAk Aéw _Afj 1)/\wj_0
Using Cartan’s lemma [2], [6], we conclude:
dAk A,sz - Afj i Af‘]m m
Which simplifies to:
dAf, = (MY, + AGLAS, + ALAL W™ (1.5)

The system of variable {A%., A¥, 1} forms a second - order geometrical object. The Frenet formulas

ij) trigm

for the line w! of given set take the form:

d1€>1 :Afl?g, d1€>2 —A _>1+A 21 € 3, dl?g :A§1?2+A§1€>4,
d1?4 = A _>3 + A41 €5, d1?5 = Agl?‘l’
and
A?l = _Agl = O7A4111 = _A?n = 07A?1 = _Agl =0. (1-6)
Agl = _A§1 = 07A31 = _A?u = 07Ag1 = A31 =0. (1~7)

Here ki = A2 ki = A3 ki = A}, ki = A3, = —A2, - represent the first, second, third and fourth
curvature of the line w* respectively (where d; - denotes differentiation along the line w').
A pseudofocus [3], [5] F/ (where i # j) of the tangent of the line w' in the Frenet net 35 is defined

by the radius-vector:
Fi=X_ —7,=%X - (1.8)
A”

There exist four pseudofocuses on each tangent (X, ¢,):
on the straight line (X,€,) - F2, F?, F} F?,
on (X,€ 2) F}, F3, F}, F3;
on (X, € 3) Fi, F}, F}, F};
on (X, 64) F}, F}, F}, F};
on (X,5) - FY, F2, F3, F}.
The net Y5 in Fj is called a cycle Frenet net [3] if the frames

- = = = = - = = = = A e S A
%1:()(,61,62,63,64,65), §R2:(X7627637€4765761)7 §R3:()(:63764765761a62)7

- = = = = - = = = =
%4:()(,64,65,61,62,63), %5:()(,85,61,62,63,64),

are Frenet frames for the lines w', w?, w? w*, w® respectively, of the net X5 simultaneously.
If the net X5 be a cycle Frenet net, we denote it by Xs. [3]. The pseudofocus F? € (X, ) is
defined by the radius-vector:
F=X_- 7. (1.9)

A%5
As the point X moves within the domain Q C Fj, the pseudofocus F} traces out its own domain
Q} C E5. Thus, we define the partial mapping f} : Q — QF such that f7(X) = FP. We associate the

domain Q} C Fj5 with the moving frame %' = (F?, b;)(i = 1,5), where the vectors b ; have the form
4], [

— B? :
b= e+ A51512? Aél ?i;
( 15) 15
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— B} :
b, = ? + 152 — 412 ?i;
T (AL A
— B’ Al
ba=€s+ 28 ¢, — LB, 1.10
T I T A (1.10)
— B Al
Bo= Pt i, Mg,
(AIS) A15
75 - Biss — li5—>'

(A% 1AL T
2. SETTING AND SOLVING THE PROBLEM
It is considered that the line 7, belongs to the distribution A, = (X, o, €3, €4, ?5).
The tangent vector 7 of this line v has the form: ¥ =~2¢,+73 €5+ €4 +~° 5. We will find
the tangent vector of the line
_ — — — — —
T=H0):7 =7 b+ bs " batq7 b
Taking into account formulas (1.10) from here, we find:
T = (72 + b + UL + 70 T+ (77 4 7P A+ b+ Ab2) E ot
+ T+ T a+ (P8 + 70+ 40 s,
» -
where b] - j-th coordinate of the vector b ;.

Definition 2.1. If line tangent of the line v C A4 at the point X and the tangent vector of line
7 = f3(v) at the point F? = f3(X) belong to the same four-dimensional space (X, €3, €3, €4, €5),
then the lines v and 7 are called quasi-double lines of the pair of distributions (A4, A}) in the partial
mapping f7 (where A} = f7(Ay)).

From the condition 7, ? € (X, Ty, s, €, ?5) we have:
2y + v3by + bl +4°b = 0.
Substituting the coordinates b from the (1.10) we get:
V2 Blsy +7° Biss + '743554 +7°Bys; = 0. (2.1)

If the coordinates of the tangent vector 7 of the line v satisfy the conditions (2.1), then the lines
7,7 are quasi-double lines of the pair of distributions (A4, A}) in the partial mapping f7. Thus, the
following theorem is proved.

Theorem 2.2. Lines v and 5 = f7 () are quasi-double lines of the pair of distributions (Ay, A}) in
the partial mapping f? if and only if the coordinates of the tangent vector 7 of the line ~v satisfy the
conditions (2.1).

The pseudofocus F2 € (X, €5) is defined by the radius-vector:
1

When the point X is moving in the domain Q C Es, the pseudofocus Fi describes its domain
Q! C Es. Thus, the partial mapping f2 : Q — Q2 is defined such that: f2(X) = Fy.
We will associate with Qf C E5 the moving frame R = (Fy, d;), (i =1,5) [4], where:

1 4
71 — e, - Az, 2. — D5y 2.
= 1 1 ;
Az, (A54)?
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Al Al D?
2 = —r?f?1 +€s— TZQ?AL Aj422 s
54 54 (A3,)
Ay 5 A | Dy
s _ Zs : 2.3
i v R VYRR (23)
Al D}
74 —%?1 + 5442 s
A5y (A34)
7 Al B45 1=>
s=———-€1+[1+ ICE
A3, (A3,)?

In the work [4], necessary and sufficient conditions were found for the lines v and 7 = f2(7) to
be a quasi-double lines of the partial mapping fi (in which case these lines will automatically be
quasi-double lines of the pair (Ay, A}) where A} = f2(A)):

VAL, + VP Ay + v AL 4+ AL = 0. (2.4)

From conditions (2.1) and (2.4) it follows that the line 7 in the domain Q7 transforms into the line
7 in the domain 3.

It is considered the composition fd o (f)~!: Q3 — Q2 of the partial mapping (f7)~! and f2, where
(f2)~* - is a reverse mapping such that (f7)"'(F}7) = X € Q. Let 7 is a line which tangent vectors
coordinates satisfy the conditions (2.1). Then (f7)"*(¥) = v and f2(y) =7 C Q2, where 7 is a line
which tangent vectors coordinates satisfy the conditions (2.4).

Thus, the following theorem is proven:

Theorem 2.3. If the coordinates of the tangent vector of the line 7 C 0 satisty the condition (2.1)
than f3o (f2) ' (7) =7, where 5§ C Q2 is line, which tangent vector’s coordinates satisfy the condition

(2.4).
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