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Abstract. This paper investigates the periodic and weakly periodic ground states on the Cayley
tree of order two and three. Utilizing techniques from statistical mechanics, algebraic graph theory,
and group theory, we determine the conditions under which these ground states can exist. Our
results demonstrate that the unique structure of the Cayley tree supports a variety of periodic and
weakly periodic ground states, each with distinct physical properties. These findings enhance our
understanding of phase transitions and critical phenomena in physical systems.
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1. INTRODUCTION

It is considered that a phase diagram of the Gibbs measures for a Hamiltonian has been close to
the phase diagram of isolated (stable) ground states of this Hamiltonian. A periodic ground state
is compatible with a periodic Gibbs measure at the low temperatures, (see [5, 9, [IT], 16, 17, [Ig]). It
encourages us to investigate the problem of description of periodic and weakly periodic ground states.
The notion of a weakly periodic ground state is introduced in [18].

For the Ising model with competing interactions, weakly periodic ground states are described in
[9, 18]. The authors of [18] also explore weakly periodic ground states for the normal subgroups of
index 2 and 4. For the Ising model with competing interactions in [I7] ground states are described
constructively on a Cayley tree of order k£ > 1. In [12] translation-invariant ground states for the Ising
model with translation-invariant external field and some periodic ground states for the Ising model
with periodic external field are described. In [I1], ground states are investigated for the Ising model
with competing interactions and a nonzero external field on the Cayley tree of order two.

In [], for the three-state Potts model with competing interactions on the Cayley tree of order
k = 2, all periodic ground states are studied. Weakly periodic ground states for the Potts model
for the normal subgroups of index 2 are examined in [10, 13]. For the Potts model with competing
interactions, such states for the normal subgroups of index 4 are explored in [I4]. In [3], periodic
ground states are studied for the Potts model with competing interactions and countable spin values
on a Cayley tree of order three.

In [7], translation-invariant ground states for the solid-on-solid (SOS) model with a translation-
invariant external field, as well as several periodic ground states for the SOS model with a periodic
external field, are delineated. The authors of [8] examines periodic and weakly periodic ground states
for the SOS model with competing interactions on Cayley trees of orders two and three. Additionally,
periodic and weakly periodic ground states for the SOS model with competing interactions on a Cayley
tree of order two are examined for the normal subgroups of index 2 in [I].

Modified models in statistical mechanics extend classical frameworks to capture richer behaviors
on complex structures. A recent study by Akin [2] investigates a modified g-state Potts model on
the Cayley tree, introducing cosine-modulated interactions that lead to phase transitions exclusively
in the antiferromagnetic region which is a notable departure from classical models. Using the cavity
method and recurrence relations, the work constructs Gibbs measures and analyzes phase transitions
via fixed-point dynamics. These methods, rooted in the self-similarity of Cayley trees, align with
foundational approaches by Rozikov [I5], and contribute to the growing literature on modified models
on graphs [2].

In this paper, we study periodic and weakly periodic ground states for the modified SOS model with
competing interactions on the Cayley trees of order two and three. The main concepts are presented in
the second section. In the third section, periodic and weakly periodic ground states are investigated



182 Rahmatullaev M. M., Askarov J.N.

on the Cayley tree of order two. Furthermore, in the fourth section, periodic and weakly periodic
ground states are meticulously examined on the Cayley tree of order three.

2. PRELIMINARIES

Let I'* = (V, L) be the Cayley tree of order k, i.e. an infinite tree such that exactly k + 1 edges are
incident to each vertex. Here V is the set of vertices and L is the set of edges of I'*. Let G}, denote
the free product of k+ 1 cyclic groups {e; a;} of order two with generators ay, as, as, ...ap;1, i.€., a? = ¢
(see [6, 15]).

There exists a one-to-one correspondence between the set V' of vertices of the Cayley tree of order
k and the group Gy, (see [6, [15]).

For an arbitrary vertex z2° € V, we put

W,={zeV:dxa2")=n}, V,={xeV: dz,2°) <n}, (2.1)

where d(z,y) is the distance between x and y on the Cayley tree, i.e., the number of edges of the path
between x and y. For each x € Gy, let S(z) denote the set of direct successors of z, i.e., if x € W,
then
S(z) ={y € Wy 1 d(z,y) = 1}.

For each = € Gy, let S1(z) denote the set of all neighbors of z, i.e., Si(z) = {y € Gy : (x,y) € L}.
The set S;(z)\S(z) is a singleton. Let z; denote the (unique) element of this set.

Let assume that the spin values belong to the set & = {—1,0,1}. A functiono:z €V — o(z) € ®
is called configuration on V. The set of all configurations coincides with the set Q0 = ®V.

Consider the quotient group Gx/G; = {H, Ho, ..., H, }, where G} is a normal subgroup of index r
with r > 1.

Definition 2.1. A configuration o is called Gj-periodic, if o(x) = o; for all € Gy, with x € H;. A
G-periodic configuration is called translation-invariant.

The period of a periodic configuration is the index of the corresponding normal subgroup.

Definition 2.2. A configuration o is called Gj-weakly periodic, if o(z) = o;; for all x € G, with

The Hamiltonian of the modified SOS model with competing interactions has a form:

H(o)=Ji Y lo(z)—o(y)lcos[r(o(z) —a(y)]+ 2 Y lo(x)—o(y)lcos[r(o(z) —o(y))]. (2:2)

; L z,yEV:
(ey)e d(a,y)=2

where Ji, J> € R.

Unlike the classical SOS model, which depends solely on absolute spin differences |o(z) — o(y)],
our modified Hamiltonian includes an oscillatory factor cos (7(o(z) — o(y))), introducing parity-
sensitive interactions. This modification promotes alternating spin configurations and reflects com-
peting, antiferromagnetic-like behavior. As a result, the model enables the study of richer phase
structures and boundary effects, especially on non-amenable graphs like the Cayley tree.

3. GROUND STATES ON THE CAYLEY TREE OF ORDER TWwO

In this section, we study periodic ground states corresponding to the normal subgroups of index
two and four for the model . Moreover, H s-weakly periodic ground states are examined. Note
that H, is a normal subgroup of index two in Gy (see [6]). For the classical SOS model, the ground
states were studied in the papers [I} [7, [§].

Let M be the set of all unit balls with vertices in V', i.e. M = {{z}USi(x) : Vo € V'}. A restriction
of a configuration o to the ball b € M is a bounded configuration and it is denoted by o,. We let ¢,
denote the center of the unit ball b.

We define the energy of the configuration o, on b by the following formula

U(Ub)Z%Jl > lo(z)=o(e)|cosln(o(z)~a(e)]+T2 Y lo(z)~o(y)|cosln(o(x)~a(y))], (3.1)

z,yEb;
webi(er) a(zy)=2
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where Jl, J2 € R.
We consider the case k = 2. It is easy to prove the following:

Lemma 3.1. For allb e M and any o € Q we have

U(Ub) € {UOa Ula UQa ceey Ull}a

where 2]
U():O, Ul :—71, U2 :—QJQ, U3:—J1—2J2,
Uy =3Jy, U5:37Jl—2J27 Us = 2J, +4J,, U7:—%—2J27
J 3J
Ug = J1 +4J,, U9:?1, Uip = —J1, U11:—71+4J2-

Definition 3.2. A configuration ¢ is called a ground state of the Hamiltonian (2.2)), if
U(ng) = min{UO') U17 U27 eevy U11}7

for all b € M.
For a fixed m =0,1,2,...,11, we set

Ay ={(J1, Jy) € R?: U, = min{Uy, Uy, Uy, ...,Up1 } }, (3.2)
and we find the sets:

AO :Ag :A10 = {(Jl,Jg) c ]R2 : Jl :O, J2 :0},

Ji
ah

A2 :A7 = {(Jl,Jg) ERQ . Jl :0, JQ > 0},

Ay ={(J1, L) eR*:J, >0, 0< J, <

Az ={(J1, o) €R*: ; >0, Jp > %},

Ay =A{(J1, J2) ER?*: J, < 0, % <J, < —%Jl}:

Ay = {(J1, ) €R2: <0, Jp> N

|2

1
1

As ={(J1, o) eR*: J1 =0, J» <0},
A ={(J1, 1) ER*: J; >0, J, <0}

Ag={(J1, o) ER*: J, <0, J, <

11
and |J A,, =R~

m=0
We put
Ci={o,:U(0p) =U;},i=0,..,11
and
BY =|{z € Si(cy) : pu(x) =t} |,
for t € ®.

The following theorem describes translation-invariant ground states.
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Theorem 3.3. If (J1,J2) ¢ Ao, then there is no translation-invariant ground state for the model
on the Cayley tree of order two.

Proof. Let o(x) = [, € &, Vo € V. According to (3.1)), we have Uy = 0, Vb € M and then we can

easily see from ({3.2)) that
AO = {(Jl,Jg) S RQ : Jl = 0, J2 = 0}

This finishes the proof of Theorem O

Remark 3.4. If cos[n(o(z) — o(c))] = —1, where z € Si(c) and cos[r(o(z) — o(y))] = —1, where
x,y € b;d(z,y) = 2, then Hamiltonian (2.2)) coincides with Hamiltonian of SOS model with competing
interactions which is studied in (see [II, §]).

3.1. H,-Periodic Ground States. Let A C {1,2,3} and Hy = {z € G2 : > w,(a;) — even}, where
i€A
w,(a;) is the number of a; in the word .
Note that H4 is a normal subgroup of index two in Gy, (see [0]). Let Go/Hs = {Ha, G2\ Ha} be a
quotient group. We set Hy := Ha, Hy := G5 \ H.
We shall study H s-periodic ground states. Note that each H 4-periodic configuration has the fol-

lowing form:
g1, if ¢ S Hla
o(x) = _ (3.3)
09, if x € Hy,

where 0, € ® = {-1,0,1},i=1,2.
In the sequel, we write (01, 0) for such an H 4-periodic configuration (3.3).

Theorem 3.5. Let |A| = p,p € {1,2,3}. For the modified SOS model with competing interactions
given by the following statements hold on the Cayley tree of order two:

a) If (J1,J2) € Ap2_7pi13 and |01 — o3| = 1, then the number of Ha-periodic ground states is 4 and in
the forms (17 0)7 (07 1)7 (_17 0)7 (07 _1)'

b) If (J1, J2) € A1g—2p and |01 — 03| = 2, then the number of H s-periodic ground states is 2 and in the
forms (1,-1),(—=1,1).

Proof. We prove the theorem for p = 1.
a) Let us consider the following configuration

€Tr) =
gp() ],lf $€H2,

{ m,if =€ Hy,
where |m — j| =1,m,j € ®.
1) Assume that ¢, € H;

wp(cy) = m,B™ =2 BU) =1.

Consequently, ¢, € C'.
2) Let ¢, € Hs, then one has
oy(cy) = j,BY =2,B"™ =1.

Consequently, ¢, € C'.
We conclude that, if (Ji,J2) € A; then the periodic configuration ¢ is an H 4-periodic ground state.
b) Let us consider the following configuration

() m,if =€ Hy,
€Tr) =
4 j, if T € HQ,

where |m — j| = 2.
1) Assume that ¢, € H;
ng(Cb) = mvB(m) = 27B(]) =1
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Consequently, ¢, € Cs.
2) Let ¢, € Hs, then one has
ou(cy) = j, BY) =2,B"™ =1,

Consequently, ¢, € Cg.
We conclude that, if (Jy, J5) € Ag then the periodic configuration ¢ is an H 4-periodic ground state. O

Other cases are proved similar. This finishes the proof of Theorem

Remark 3.6. If [A| = p,p € {1,3} and |07 — 03] = 1, the number of H4-periodic ground states
obtained in the Theorem is equal to the Theorem 2 of [I]. However, the sets containing these
ground states differ. If |A] = 2 and |0y — 03] = 1, the paper [1] does not have the H4-periodic
ground state, but it is found that the H 4-periodic ground state exists by contrast. Furthermore, if
|A| = p,p € {1,2,3} and |0y — 05| = 2, the number of H 4-periodic ground states obtained in Theorem
is equal to the Theorem 2 of [I]. However, the sets containing these ground states differ. The
H s-periodic ground state in p = 3 is G5-periodic ground state, where G$? = {z € G, : |z|—even}. If
|o1 — 09| = 0, then H 4-periodic ground state is translation-invariant ground state. Furthermore, the
differences in the translation-invariant ground states studied in Theorem and the paper [1] shows
that the SOS model does not overlap with model .

3.2. G{"-Periodic Ground States. Let A C {1,2,3}, G ={z € Gy : w;(z) —even, |z| —even}.
JEA

Note that G is a normal subgroup of index four in Gy (see[]). In fact, there are other forms of

normal subgroup of index four as well. But for the sake of convenience we consider the following

quotient group G,/GSY = {H:, Hy, H3, H,}, where

Hl = Ggl),

Hy ={z€G,: ij(w) — even, |z| — odd},
jeA

H;:={zxe€Gy: ij(:v) — odd, |x| — even},
jeA

Hy:={z € Gy: )Y wj(z)—odd, |z — odd}.
JjeA

We study G§4)—periodic ground states. We note that each Ggl)—periodic configuration has the following

form:
g1, if € H17
) o9, if x € H,,
o) =9 o, ifz € H,, (3.4)

Oy, if S H4,

where o, € ® = {—1,0,1},i = 1,2,3, 4.
In the sequel, we write 0 = (01, 02,03, 04) for such a Ggl)—periodic configuration ||

Theorem 3.7. For the modified SOS model with competing interactions given by the following
statements holds on a Cayley tree of order two:

1. Let |A| =1.

l.a) If (J1,JJ2) € A1 N Ay and |0y — 03] = 1, then the configuration ¢ = (01,02, —01, —03) is G§4)—
periodic ground state. They have the following forms (£1,0,F1,0) and (0,41,0,F1).

1.0) If (J1,J2) € Ay N Az and |0y — o3| = 1, then the configuration ¢ = (01,09, —09, —01) is G§4)—
periodic ground state. They have the following forms (£1,0,0,F1) and (0,+1,F1,0).

l.e) If (Ji, J2) € As N Az and |oy — 09| = 1, then the configuration ¢ = (01, —01, 02, —03) is Gg”-
periodic ground state. They have the following forms (£1,%1,0,0) and (0,0,+1, F1).

1.d) Other Gé‘” -periodic ground states correspond to H 4-periodic ground states.
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2. Let |A| = 2.

2.a) If (J1,J2) € Ay N Az and |0y — 09| = 1, then the configuration ¢ = (01, —01,09, —03) 18 Ggl)-
periodic ground state. They have the following forms (£1,F1,0,0) and (0,0,+1,F1).

2.0) If (J1,J2) € As N Ay and |0y — 03| = 1, then the configuration ¢ = (01,09, —02, —01) 1S Ggl)—
periodic ground state. They have the following forms (£1,0,0,F1) and (0,£1,F1,0).

2.c) Other Ggl) -periodic ground states correspond to H 4-periodic ground states.

3. Let |A| = 3.

3.a) All Ggl)—pem'odic ground states correspond to G§2)—periodic ground states.

Proof. 1.a) Let us consider the following configuration

1,if x € Hy,
0,if = € H,,
pi(w) = ~1,if z € Hs,
O,If ZL‘EH4

1) Assume that ¢, € H;
¢y(cy) =1,BM =0,B"Y =0,B0 =3.

Consequently, ¢, € C.
2) Let ¢, € Ho, then one has

¢y(cy) =0,B? =0,BM =2, B = 1.

Consequently, ¢, € C;.
3) Let ¢, € Hs, then one has

oy(cy) = —1,BY =0,BY =0,B =3.

Consequently, ¢, € Cf.
4) Let ¢, € Hy, then one has

op(cy) =0,B® =0,B"Y =2, BY =1.

Consequently, ¢, € Ci;.

We conclude that, if (J;, J2) € A;N A, then corresponding periodic configuration ¢, is a Gé4)—periodic
ground state. Other cases are proved similarly.

b) and c) are proved similar to a). This finishes the proof of Theorem O

Remark 3.8. If [0y — 03] = 1 and (Jy, J5) takes a value different from the sets in the above Theorem
the GSY-periodic ground states coincide with the case a) of Theorem If |oy — 03] # 1, the
Gy

-periodic ground states coincide with H 4-periodic ground states which is studied the case b) of
Theorem [B.5]

3.3. Weakly Periodic Ground States. Weakly periodic ground states have been studied and shown
to be exist for other models, including the Ising and Potts models. For the Ising model with competing
interactions, weakly periodic ground states are described in [9} [18]. In [I8], the authors also explore
weakly periodic ground states for the normal subgroups of index 2 and 4. Such states for the Potts
model with competing interactions for the normal subgroups of index 2 are examined in [10] 13]. For
this model weakly periodic ground states for the normal subgroups of index 4 are explored in [14]. It
should be noted that the set of all weakly periodic ground states include all periodic ground states.
In the above works, non-periodic weakly periodic ground states were found for the considered models.
Therefore, the question arises whether there are non-periodic weakly periodic ground states for model
as well. The answer to this question is given in this subsection.

Let A € {1,2,3}. In this subsection, we describe H 4-weakly periodic ground states, where H, is
a normal subgroup of index two in G5 (see [6]). Let Go/Ha = {Ha, G2\ Ha} be the quotient group.
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We set Hy := Ha, Hy := G5\ Ha. Due to the Definition we infer that each H 4-weakly periodic
configuration has the following form:

011, if ZIIiGHl, xGHl,
012, if $¢€H1, LL‘GHQ,
091, if x, € Hy, x € Hy,
09, if x, € Hy, x € Ho,

o(x) =

where 0;; € ®,1,5 = 1,2.

In the sequel, we write 0 = (011,012, 021, 022) for such a weakly periodic configuration o(z),z € Gy.

Theorem 3.9. Let k = 2 and |A| = j,j = 1,2. If (J1,J2) & Ao, then for the modified SOS model
there is no H a-weakly periodic (non periodic) ground state.

Proof. Let |A| = 1. If 017 = 012 = 091 = 099, then corresponding configurations are translation-
invariant. Translation-invariant ground states for this case are studied in Theorem [3.3] It is easy to
see that in the case 011 = 091 and 015 = 093 the H 4-weakly periodic configuration are periodic
configuration which are studied in Theorem

Now we consider the cases 011 # 091 O 013 7 Tas.
Let

—1, .Z'iEHl, $€H1,

_ 0, =, € Hy, x € Hy,
pla) = 0, z,€ Hy, x € Hy,
1, Xy S HQ, x e HQ.

Let ¢, € Hy, then we have the following possible cases:
a) If ¢, € Hy and @y(cy;) = 0, then py(cy) = —1, BTV =1, BO =2 BW =0, ¢, € Cs.
b) if ¢, € Hy and ¢y(cpy) = —1, then py(c;) = —1, B"Y =2, BO =1, BO =0, ¢, € C;.
c) If ¢y € Hy and ,(cpy) = 1, then ¢,(c,) =0, BEY =2, BO =0, B® =1, ¢, € C4;.
Let ¢, € Hy, then we have the following possible cases:
a) If ¢,y € Hy and py(cpy) = —1, then ¢y(c,) =0, BEY =1, BO =0, BO =2, ¢, € C4;.
b) If Cpy € H, and Qpb(cbi) =0, then gOb(Cb) =1, B = 0, BO) = 2, BM = 1, ¢y € Cs.
c) If ey € Hy and @,(cyy) = 1, then ¢4(c;) =1, B&Y =0, BO =1, B® =2, ¢, € C-.
We conclude that the configuration ¢ is a ground state if

(Jl,JQ) & A3 ﬂA7 ﬂAu == {(Jl,JQ) S R2 . Jl = JQ == 0}

Therefore, if J; # 0 and J, # 0 then the weakly periodic configuration ¢ is not a weakly periodic
ground state. All possible configurations can be checked similarly.

By similar way we can prove that all H 4-weakly periodic (non periodic) configurations are not ground
states. This finishes the proof of Theorem O

Remark 3.10. Due to computational complexity, weakly periodic ground states for the normal sub-
groups of index 4 have not been considered. Furthermore, all H4-weakly periodic ground states
correspond to H 4-periodic ground state. If |A| = 1, H4-weakly periodic ground states are explored
in the [I]. All weakly periodic ground states for the SOS model with competing interactions found to
be H 4-periodic ground states but not translation-invariant.

4. GROUND STATES ON THE CAYLEY TREE OF ORDER THREE

In this section, we are going to continue investigation related to periodic ground states corresponding
to the normal subgroups of index two and four for the modified SOS model on the Cayley tree of order
three. Moreover, H 4-weakly periodic ground states are examined. Let k£ = 3. It is easy to prove the
following lemma.
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Lemma 4.1. For allb € M and any o € ) we have
Ul(oy) € {Uo, Uy, Uy, ..., Urz},

where

U() - 0, U1 - —% - 3J2, UQ - —2J1, U3 - —2J1 + 6J2,

3J
U4 - —71 - SJQ, U5 == —Jl - 2J2, UG == —Jl - 4J2, U7 == —2J1 + 8J2,

J
Us = J, + 6J, UQZ%_3J27 Uip =3/ +6Jy, Uy =4,

3J J
Upp = —=2J3, Uiz = —71 +Jy, Uy = ?1 + Jo,

U15:—7+J2, U16:J1—4J2, U17:2J1+8J2'

Definition 4.2. A configuration ¢ is called a ground state for the Hamiltonian ([2.2), if
U(ng) = min{UO, Ul, UQ, ceey U17}, forallbe M.

For a fixed m =0,1,2,...,17, we set
A ={(J1, Jy) € R* : U,, = min{Uy, Uy, Uy, ..., U7} }. (4.1)
It is easy to check that

A0:A1:As:As=A12:A13:A14:A15:{(J1,J2)€R23J1:0, Jy = 0},

A= {(Ji, ) €R? 120, 0, <D},

Ag = {(Jl,Jg) S Rz : Jl Z 0, J2 == O},
Ji Jo

Ay ={(J1, J2) eER*: J, >0, & <Jy < E,JQZO},
2 Ji
Ag =A{(J1,J2) eR*: J; >0, JzZE},
A7:{(J1,J2)€R23J1 ZO, Jg SO},
Ji 3J1

Ap={(J1, o) R : L <0, =5 < Ty < =77},

5J J
Ao ={(J1,J2) eR*: J; <0, 71 </, < *1},

J J
AHZ%ALNR%LSQ—égkg—ih
2 3J1

AlG:{(J17J2)€R 21 <0, J2 >0, J22_7}7
2 Ji
Ay ={(J1,J2) e R*: J; <0, J2§5}

17
and | A,, =R~
m=0
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4.1. H,-Periodic Ground States. Let A C {1,2,3,4}, Hy = {z € G5 : > wj(z)—even}, where
JEA
w;(z) is the number of letters a; in the word z. It is obvious that H4 is a normal subgroup of index
two. Let G3/H4 = {Ha,G3\ Ha} be the quotient group. We set Hy := Hy, Hy := G3 \ Ha.
We study H 4-periodic ground states. Note that each H4-periodic configuration has the following
form:
o1, ifr € Hy,

o(x) = { (4.2)

09, ifx € Hy,
where 0, € ® = {—1,0,1},i =1,2.

Theorem 4.3. If (J1,J5) ¢ Ag, then there is no translation-invariant ground state for the model
on the Cayley tree of order three.

Proof. Let o(x) = 1,1 € ®, Vx € V. According to (3.1)), we have Uy = 0, Vb € M and then we can see

easily from (4.1]) that
AO = {(Jl,JQ) € R2 . J1 = 0, JQ = 0}

This finishes the proof of Theorem [4.3] a

In the sequel, we write (o1, 02) for such an H 4-periodic configuration (4.2)).

Theorem 4.4. Let |A| = p,p € {2,3,4}. For the modified SOS model with competing interactions
given by the following statements hold on the Cayley tree of order three:

a) If (J1,J2) € A1g—2p and o1 — 02| = 1, then the number of H s-periodic ground states is 4 and in the
forms (17 0)7 (07 1)7 (_17 O)a (07 _1)'

b) If (J1,Ja) € Asp2_orpiss and |01 — 03| = 2, then the number of H 4-periodic ground states is 2 and
in the forms (1,—1),(—1,1).

Proof. Let p = 2. Now we consider the following configuration

m, if x € Hy,
p(x) =

j, if © € HQ,

where |m —j|=1or |m —j|=2,m,j € ®.
a) Let |m — j| = 1.
1) Assume that ¢, € Hy, then

Hence, ¢, € Cs.
2) Assume that ¢, € H,, then

eo(cy) = j, BY =2, Bt = 2.

Hence, ¢, € Cs.
We conclude that if (J;, J3) € Ag, then the periodic configuration ¢ is an H 4-periodic ground state.
b) Let |m — j| = 2.
1) Assume that ¢, € Hy, then
o(cy) = m, B™ =2 BY =2,

Hence, ¢, € Cy7.
2) Assume that ¢, € H,, then

¢o(cr) = j,BY =2,BM™ = 2.

Hence, ¢, € Cy7.

We conclude that if (Jy, J;) € Ay7, then the periodic configuration ¢ is an H 4-periodic ground state.
By the similar way, we can prove easily other cases of this theorem. This finishes the proof of the
Theorem .4 O
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Remark 4.5. It is known from [§] there exist the H 4-periodic ground states for the SOS model with
competing interactions when |A| = 1. By contrast, by Theoremthe H 4-periodic ground state does
not exist when |A| = 1 for modified SOS model with competing interactions. H 4-periodic ground
state does not exist in [8] when |A| = p,p € {2,3} and |o; — 02| = 1 but the existence of H4-periodic
ground states in the Theorem is proved. If |A| =4 and |0y — 03] = 1, the number of H 4-periodic
ground states obtained in the Theorem is similar to the Theorem 2.2 of [8], but the sets containing
the ground states are different. In addition, if |A| = p,p € {2,3,4} and |0y — 03] = 2 too, the
number of H4-periodic ground states obtained in the Theorem [4.4] is similar to the Theorem 2.2 of
[8], but the sets containing the ground state are different. The H 4-periodic ground state in p = 4
is GY)-periodic ground state which is studied in Theorem where G = {z € Gy : |z|—even}.
If oy — 02| = 0, then H 4-periodic ground state is translation-invariant ground state but there is no
translation-invariant ground state due to Theorem [£.3]

4.2. G{"-Periodic Ground States. Let A C {1,2,3,4}, G = {z € G5 : 3 w;(x) — even, |z| —
jeA

even}. Note that G{" is a normal subgroup of index four in G; (see [6]). In fact, there are other forms

of normal subgroup of index four as well. But for the sake of convenience we consider the following

quotient group G3/G§4) ={H,,H,, H3, H,}, where

H1 = Ggl),
Hy, :={ze€G3: ij(x) — even, |z|-odd},
jEA
Hs; :={reGs: ij(x) —odd, |z| — even},
jEA
Hy:={x € Gs: ij(ac) —odd, |z| — odd}.
jEA

We study G:(f)— periodic ground states. We note that each GéA‘)—periodic configuration has the following

form:
oy, if x € Hy,
) oq,ifx € Hy,
o(x) = o3, if v € Hs, (4.3)

oy, if x € Hy,

where 0; € ® = {-1,0,1},71=1,2,3,4.

In the sequel, we write 0 = (01,02, 03, 04) for such a G§4)—periodic configuration .
Theorem 4.6. Let |0, — 05| = 1. For the modified SOS model with competing interactions given by
the following statements hold on the Cayley tree of order three:
a) If (Ji,J2) € Ay N Az and |A| = 1 or |A| = 3, then the configuration ¢ = (01,09, —01, —02) is
Ggf) -periodic ground state. They have the following forms (£1,0,F1,0) and (0,+1,0,F1).
b) If (J1,J2) € Ay N Ay and |A| = 2, then the configuration ¢ = (01,04, —01, —03) is G -periodic
ground state. They have the following forms (+1,0,¥F1,0) and (0,£1,0,F1).
c) If (Ji,Jo) € Ag N A and |A| = 2, then the configurations ¢ = (01,—01,02,—02) and
©* = (01, —09,09,—01) are Ggf) -periodic ground states. They have the following forms (£1,F1,0,0),
(0,0,£1, F1) and (£1,0,0,F1), (0, %1, F1,0).
d) All G§4) -periodic ground states except the case a),b),c) are H 4-periodic ground states.

Proof. a) Let us consider the following configuration

1, 1f$EH1,
(Z’)* 0, 1fx€H2,
PIE) =Y 1, ifz € Hs,

0, if S H4.
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1) Assume that ¢, € H;
¢v(cy) =1,BY =0,B"Y =0,B = 4.

Consequently, ¢, € Cs.
2) Let ¢, € H,, then one has

oy(cy) =0,B =0,BY =3, B =1.

Consequently, ¢, € Cs.
3) Let ¢, € Hs, then one has

() = —1,B"Y =0,BY =0,BO = 4.

Consequently, ¢, € Cs.
4) Let ¢, € Hy, then one has

op(cy) =0,BY =0,B"Y =3 BY =1.

Consequently, ¢, € Cj.
We conclude that, if (J;,J2) € Ay N A3 then the periodic configuration ¢; is a Gg4)— periodic ground
state. Other cases are proved similarly. This finishes the proof of Theorem O

Remark 4.7. When |0, — 05| = 1 and (Ji, J3) takes a value different from the sets in the above

Theorem the Ggl)—periodic ground states coincide with the case a) of Theorem When

o1 — Oy 1, the G(4)—periodic ground states coincide with H 4-periodic ground states which is
3

studied the case b) of Theorem If |A| =4, G§4)—periodic ground states correspond to Géz)—periodic
ground states.

4.3. Weakly Periodic Ground States. In this subsection we describe H4-weakly periodic ground
states, where H, is a normal subgroup of index two.

Theorem 4.8. Let k = 3. The following statements hold:

1. Let |A] = 2.

l.a) If (Jy,J2) € A N Ayz, then for the modified SOS model with competing interactions there are
H s-weakly periodic (non periodic) ground states which are the following forms:

1, if x, € Hy, x € Hy,

-+ —]., ’Lf .’13¢€H1, {L’EHQ,
Pra2= -1, if x, € Hy, x € Hy,
1, if z, € Hy, v € Hs.

1.b) If (J1,J2) € Ay N Ag, then for the modified SOS model with competing interactions there are
H -weakly periodic (non periodic) ground states which are the following forms:

1, if x, € Hy, x € Hy, 0, if =, € Hy, x € Hy,

_ 0, iof =, € Hy, v € Hy, — 1, if x, € Hy, v € Hy,
P34 = 0, if x, € Hy, x € Hy, ¥5.6 = 1, if x, € Hy, x € Hy,
1, if =, € Hy, v € Hy, 0, if x, € Hy, x € Hs.

2. Let |A| = p,p € {1,3}. If (J1,J2) ¢ Ao, then for the modified SOS model with competing

interactions there is no H 4-weakly periodic (non periodic) ground state.

Proof. 1.a) Let us prove the case |A| = 2 without loss of generality which is H 4-weakly periodic (non
periodic) ground state on the set A;q N Ayy.
Let
1, it =, € H, x € Hy,
—1, if xy S H17 T € HQ,
—1, if .’L"LEHQ, I’EHl,
]., if x¢€H27 .IGHQ

5
I
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Let ¢, € Hy, then we have the following possible cases:
a) If ¢y € Hy and ,(cpy) = —1, then py(c,) =1, BEY =3, B =0, BY =1, ¢, € Cy.
b) If ¢,y € Hy and ¢y(cy;) = 1, then py(c,) =1, BEY =2, BO =0, B® =2, ¢, € C45.
C) If Cp, € H, and Qab(cbj,) =1, then Qpb(cb) =—-1, Bt = 1, BO) = 0, BM = 3, vy € Clo.
) If Cp, € H, and gOb(CbJ() = —1, then Sob(cb) =—1, BV = 2, BO) = 0, BM = 2, wp € Cir.
e
)

= o

t ¢, € Hy, then we have the following possible cases:

a) If ¢y € Hy and @y(cpy) = 1, then ¢y(c;) = —1,BCY =1, BO =0, BM =3, ¢, € Cy.

b) If Cpy € H1 and gOb(Cb¢) = —1, then Sob(cb) = —1, B(il) = 2, B(O) = O, B(l) = 2, Yy € 017.
c) If ¢y € Hy and ¢y(cy) = —1, then ¢y(c;) = 1, B&Y =3, BO =0, BY) =1, ¢, € Co.
d) If Cpy S H2 and Sob(cbj,) = 1, then (,Db(Cb) = 1, B(_l) = 2, B(O) = 0, B(l) = 2, ©Yp € 017.

We conclude that the configuration ¢; is a weakly periodic ground state if (Ji,Jo) € A N Ayr.

Remaining cases can be proved analogously. This finishes the proof of Theorem

Remark 4.9. Theorem says that if |[A| = p,p € {1, 3}, then for the modified SOS model with
competing interactions there is no H4-weakly periodic (non periodic) ground state. Furthermore, in
the paper [§], it is proved that there are no weakly periodic (non periodic) ground states for the SOS

model when |A] = 1.
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