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Abstract. In this work, the extremal function of the error functional in the Sobolev space of
complex-valued functions is derived. Using the obtained extremal function, the squared norm of
the error functional of quadrature formulas is computed. By minimizing the squared norm of the
error functional with respect to the coeflicients of the quadrature formulas, a system is derived for
determining the optimal coefficients of the considered quadrature formula in the Sobolev space. In
addition, an analogue of I. Babuska’s theorem is proved.
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1. INTRODUCTION

One of the important tasks of computational mathematics is the development of new methods for
constructing optimal quadrature, cubature, interpolation and difference formulas, and the assessment
of their errors in various functional spaces. The construction of optimal quadrature and cubature
formulas was first considered in the works of S.M. Nikolsky [I], A. Sard [2], S.L. Sobolev [3| [4]. In
the works of M.D. Ramazanov [5], [0, [7] a new algorithm for constructing cubature formulas with a
boundary layer was constructed. In the work of M.D. Ramazanov and Kh.M. Shadimetov [8] weighted
optimal cubature formulas in the Sobolev space of periodic functions were constructed. In recent
years, a number of works have been published on this topic (see [9, 10, 11, 12} 13| 14 5] [16] 17, [18§]).
In this paper, the variational method will be used to construct optimal quadrature formulas in the
Sobolev space of complex-valued functions.

Let us consider quadrature formulas of the form

[r@e@d=>cBleo. (11)
0 p=0
with the error functional
Uy (x) = e () p(x) = > C B (z — hp). (1.2)
B=0

Here p (z) is a weight function. It is required that the integral of this function exists in some sense,

i.e.
1

/p(:c)da:<oo,

0

o(x) € HS™ (0,1), and H™ (0,1) is the Sobolev space of complex-valued functions with the inner
product and norm, respectively

wmwzéﬁﬁlj”wmiymm (1)
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w a real number and w # 0, ¥ (x) is the complex conjugate function of the function ¢ (z), C'[8], B =

0,1,..., N, are coefficients of the quadrature formula (1.1f), eo,1; () is the characteristic function of the

segment [0, 1], 0 (x) is the Dirac delta-function, <T]Z) = k,(%k),, Bl=hB, h==x, N=12.. .
The next difference

(tn.0) = [ @ ¢ @ de =Y B0 = [ tx @) ¢ (@) ds (1.5
0 p=0

R

is called the error of the quadrature formula (1.1).
From the Cauchy-Schwarz inequality

)

(Exy )] < HzNyH2<m>*

el

it is clear that the absolute value of the error of the quadrature formula (1.1]) is estimated using the
norm of the error functional (/1.2))

— sup 1, )l (1.6)

HEN’HQW* (m)
¢ lleli#0 H@\HQ H

in the conjugate space Hg(m)*. It follows that the error estimate of the quadrature formula ((1.1)) on
complex-valued functions in the Sobolev space Hz(m) (0,1) reduces to finding the norm of the error
functional in the conjugate space HQ(m)* (0,1). It is evident that the norm of the error functional
depends on the coefficients C[3] of the quadrature formula . By minimizing the norms of
the error functional ¢y (x) with respect to the coefficients C[5], we obtain the optimal coefficients
of the quadrature formula. The resulting formula is called the optimal quadrature formula.

Thus, in order to construct an optimal quadrature formula in the Sobolev space, HQ(m) (0,1) it is
necessary to find the following quantity

inf Hz a7 1.7

Clf] wIH; (L.7)

We denote this value by ||¢ N]Hz(m)* , which we call the norm of the error functional of the optimal
quadrature formula, i.e.

¢ n|H{*| = int H£N|H§’">* . (1.8)

c (8]
The coefficients C[5] for which the exact lower bound is achieved as in (1.8]) are called the optimal

coefficients of the quadrature formula and are denoted by C[5], 8 =0,1,..., N.
So, we need to solve the following problems sequentially.

Problem 2. Find the norm of the error functional ¢ (z) of the quadrature formula (1.1]) on the space
H{™ (0,1).
Problem 3. Find the coefficients é’[ﬂ], B =0,1,...,N that satisfy ([1.8)).

In the next section, we find the extremal function that helps us to calculate the norm of error
functional.

2. AN EXTREMAL FUNCTION OF QUADRATURE FORMULAS IN SOBOLEV SPACE HS™(0,1) -
COMPLEX-VALUED FUNCTIONS

The explicit form of the norm of the error functional £y (z) in the space H{™* (0,1) is obtained by
means of the so-called extremal function of this functional [T} 2].
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Definition 2.1. (S.L. Sobolev) A function v, 5 (x) € H{™ (0,1) is called an extremal function of a
given functional £ (x) if

(b)) = HgN‘HQ(m)* (2.1)

. Hwe7H‘H2(TTL)

The following is true.

Theorem 2.2. In the Sobolev space HQ(m) (0,1), the extremal function of the error functional £y (x)
s given by the formula

Vu (@) = () * 2 (@) = [ D@ (= 9y~ ZC Jomu (@ —h8),  (22)
where o -
vl 2m—k -2 z

Emw () = 22m T(m—1) 'Z K (2m — )k:(— 1))| s (2:3)

Iy () is the complex conjugate functional of the functional Ly (z), P(y) is the complex conjugate
function of the function p (y), C[B] is complex conjugate coefficient of C'[5].

Proof. To find an extremal function ¢, y (), we use the well-known Riesz theorem on the general
form of a linear continuous functional. The space Hém) (0,1) is a Hilbert space, according to the
Riesz theorem for the error functional £y () and for any function ¢ (z) € HS™ (0,1) there is a unique
function ¢y (z) € H{™ (0,1) for which the following equality holds

(Unsp) = (Yem, SO)Hém, (2.4)

and

| lmg (2.5)

The right side of ( is determined by formula
Now to find 1y, H( ) we solve equation (|2 Taklng 1nto account (| -, after integrating by parts
the right side of (2.4), we get

=3 () = / C dw+i7j (i )”,’j‘@?@ Y| . o)

2
W
k=0 0

From here, taking account the arbitrariness ¢ () and uniqueness of the extremal function, we obtain
the following boundary value problem

S (1) e @ - v o), )

m m 1

ZZ(@( )" k- (@) =o. (2.8)
s=1 k=s 0

On the other hand, by Sobolev’s theorem (see [I] theorem 11), Cg° (0, 1) is the space of functions

that are infinitely differentiable and finite on the interval [0,1] is dense in L, for 1 < p < co. It follows

that the space C§° (0, 1) is dense in the Sobolev space Hz(m) (0,1). Further, by virtue of these results

it follows that in equality the last double sum vanishes. Indeed, from the finiteness of ¢ we have

0= (0) =0, 1 (1) = 0. Then

S5 (1) e @ @)

s=1 k=s
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As a result, to find ¢, g () it is enough to solve equation (2.7). Now we will deal with solving equation
(2.7). We write equation ([2.7) in the form

S () @ =@, 29)

k=0

The operator L,, has the form

m m (_1)k ko ( d? )[m] ( 2 )[ml] ( a2 >
L = aez -\ =1- %= 1-—— . 2.10
o < k?) w2k dx2k w2dx2 w2dr? w2dz? ( )

If we find a fundamental solution of the operator L,,, i.e.

Lyemw (x) =06 (), (2.11)

then the solution to equation (2.9)) is given by the following formula for the convolution of two functions

@z,H () = LUy () *Emw (). (2.12)

Lemma 2.1. A fundamental solution of the operator L,, has the form

we—«l=l mlzm k—2)( )|x|

Emw () = —
22m=1 (m — 1) &~ (m—k—1)!

(2.13)

Proof. Tt is not difficult to verify that

(1 - dQ) e (2) = Em_1. (2). (2.14)

w2dx?
Then

d2 [m] d2 [m—1] 2 2 [m—1]
(1-zz) 0= (-gm)  (-gm) 0= (1-5gm) @
(2.15)

In the same way, we have

d? [} d? [m—1] pe
<1 — u}2d$2> €m7w (.’E) = (]_ — M) €m,(m,1),w (I‘) = (1 — u)2dx2> El,w (ﬂj) . (216)

In case m = 1 expression (2.13)) takes the following form

we_w‘xl
€1w(z) = 5 (2.17)

Now, calculating the generalized derivatives of the function, ¢; ,, (z) we have

2
"

3
€1 (T) = —%efw‘z'sign (), e, (@)= %e*wlm‘-w%(x) . (2.18)

Due to (2.17)), (2.18)), expression (2.16)) takes the following form

1"

(1 - d2>wgmyw (z) = <1 - CF) e (1) = er (1) — e () we ~ e 15 (@) = 6 (x)

w2dx? w2dx? w? 2

So, we have proved Lemma 2.1 completely. O
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Next, using formulas (1.2)), (2.12)) and calculating the convolutions, we obtain

o0

Do () = by (2) * o ( /EN Emw (T —y)dy = / (5[071] (¥)p(y)

— 00

ZC[B](S(@/hﬁ))em,w(azy)dy:/p( )Emw (T —y)dy — ZC Emw (T — hP).
B=0 0

From this, we have

1

¢4,H($):/p( ) Emw (T —y)dy — ZC Emw (T — hB).

0
Theorem 2.2 is completely proved. O
3. THE SQUARE OF THE NORM OF THE ERROR FUNCTIONAL FOR QUADRATURE FORMULAS

Now, using the expression of the extremal function, EE’ g () we calculate the norm of the error

functional for the quadrature formula (1.1]). For this, using formulas (2.1)), (2.2) and (2.5)), we obtain

oo

(£N7¢Z,H) = / (5[0 1] Z C 33 - h7)>

— 00

x ( / B (W) e (@ — y) dy — ; C18) e (2 — hﬁ)) dz = / / P (2)P () Emo (& — y) dady

0

2
Jewtig| =

1 1

_ZC / Emw(h')/ y) dy—ZC’[B]/p(x)Em,w (x_hﬂ)dx"i_zzé[ﬁ]ch]gm,w (hﬁ_h’Y) .

B=0 0 B=0~v=0
So, we have proven the following theorem.

Theorem 3.1. The square of the norm of the error functional of quadrature formulas of the type (1.1))
in the Sobolev space Hém)* (0,1) is expressed by the following formula

1

=3 Zﬁ 181C Weme (b — hB) — S C ] / B (W) Eme (Y — y) dy—

(3.1)

i /P Z) Emw (@ — hpB) dz + // Y) Emw (z — y) dzdy.

C [] are the coefficients of the quadrature formula and C [3] are the complex conjugate value to
them, &, ., (x) is determined by equality (2.3), P (y) is the complex conjugate function to the function
py)-

4. SYSTEM OF EQUATIONS FOR DETERMINING THE OPTIMAL COEFFICIENTS OF QUADRATURE
FORMULAS

_ We proceed to minimize the error of quadrature formulas with respect to the coefficients C [y] and
C'[B]. To do this, by calculating the partial derivatives of the square of the norm of the error functional
¢xn with respect to C'[y] and C'[3]. Then we obtain

N 1

= S OBl by = 1) ~ [ P(@) e (= ), (4.1)

B=0 9

8H£N|H2 *|*
9C ]
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N

ofesitg™ [ 1
— - > Chlemw (hy —hp) - / p(z) e (z — hB) da. (4.2)

Equating these partial derivatives to zero, we have

ZC Emw (hy —hB) = [ P(y)emw (hy —y)dy, v =0,1,..., N, (4.3)

O\H

NE

I
=)

Cy]emw (b —h7) :/p x)Emw (B —x)dx, =0,1,. (4.4)
0

v

From these systems it is clear that systems (4.3 and (4.4]) are obtained from each other. Therefore,
it is enough for us to solve one of them. In What follows, we will solve system (4.4). The solution of
this system are the optimal coefficients for the quadrature formula (1.1]), which we denoted by C|3],
8=0,1,...,N.

If we know the optimal coefficients of the quadrature formulas, then by virtue of (4.3) the optimal
square of the norm of the error functional of the optimal quadrature formula is determined by the
equality

1

/1 /1 P@)P(y) em (@ = y) dedy - ZC / 2) eme (@ = hB)dz.  (4.5)

If we use system (4.4]) then we have

° 2
EN‘HQm)* _

ZN\H;")* i = ()P (y) emw (x — y) dedy — 3 C 8] | P(2)emw (@ —hpB)da. (4.6)
0/ 0/ p(2)p(y)e y) dady ; O/ p(r)e
It follows that
Zg 8] / P (@) Em (v — hB) d =3 C 8] / B (x) eme (@ — hB) do (4.7)
B=0 0 B=0 0
> [ |0 Blp@ - [P @) el — h)de =0
B=0 0

Thus, we have proved the following

Theorem 4.1. The square of the norm of the error functional of optimal quadrature formulas in the
space HS™"(0,1) is determined by the formula

1

:/1/1p(:1:)p(y)€m7w( y) ddy — ZC / () Emw (x — hp) dx

=0 0

° 2
EN‘HQm)*

From system (4.3) we obtain the following theorem, an analogue of the theorem of I. Babuska.
Theorem 4.2. Let the error functional {y (z) be defined on the space H{™* (0,1) and be optimal,
i.e., among all functionals of the form

N

e () p(x) =Y C[B]6 (z — hB)

=0
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it h

whi

as the smallest norm in the space Hz(m)* (0,1). Then there exists a solution to the equation

S () @ =t

k=0

ch vanishes at points h3, 8 =0,1,..., N and belongs to Hém) (0,1).
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