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1. INTRODUCTION

An extensive study of Lie algebras has yielded many beautiful results and generalizations. In
the classical theory of finite-dimensional Lie algebras, it is known that any Lie algebra over a field
of characteristic zero decomposes into a semidirect sum of its solvable radical and its semisimple
subalgebra, according to Levi’s theorem. Thanks to the results of Malcev and Mubarakzjanov, the
study of non-nilpotent solvable Lie algebras is reduced to the analysis of nilpotent algebras and their
derivations [I4], [LI]. Consequently, the focus of research on finite-dimensional Lie algebras has shifted
to nilpotent algebras and the representations of semisimple algebras. Numerous studies have been
dedicated to solvable Lie algebras with given nilradicals [10], [I3], [4], [6], [I5]. Maximal solvable Lie
algebras, which form an important class of Lie algebras, can be analyzed through their cohomological
properties. This research explores the conditions under which the second cohomology group of such
algebras becomes trivial, offering insights into their deeper structure and potential applications in
representation theory and algebraic topology.

The investigation of cohomology groups of Lie algebras has been a central focus in the fields of
mathematical physics and algebraic geometry. Cohomology problems have been explored in many
papers [1], [2], [3], [5]. In particular, the second cohomology group, H?*(L, K), where L is a Lie
algebra and K is a field, plays a significant role in understanding the structure and classification of
Lie algebras. This article specifically examines when the second cohomology group of certain maximal
solvable Lie algebras vanishes. The goal of this work is to establish specific criteria that determine
when the second cohomology groups of these algebras are trivial, under a variety of necessary and
sufficient conditions. F.Leger and E.Luks [9] provided some necessary conditions for cohomological
rigidity in certain solvable algebras. We build on their work by generalizing these conditions and
providing additional sufficient conditions for cohomological rigidity under specific restrictions.

Unless otherwise stated, any Lie algebra considered in this work is finite-dimensional and R = N'xT.
Here, T is the maximal torus of N, N =N, ® N,, ® - D N,,, N,, with representing the root
subspaces with respect to the maximal torus in V. Additionally, dim N, = 1 for all « € W, rank(N) =
s and zero is not in W.

2. PRELIMINARIES

Definition 2.1. A vector space with a bilinear bracket (L£,[—,—]) over a field of F is called a Lie
algebra if for any z,y, z € L the following identities hold:

[x,y] = —[y,:r]
[z, ], 2] + [y, 2], 2] + [[z, 2], 4] = 0.

For a given Lie algebra £ we define the descending central sequence and the derived sequence in the
following recursive way:

LY=L, L =k L], and £V = £, cFH = [ £ k> 1, respectively.

Definition 2.2. A Lie algebra L is called nilpotent (respectively, solvable) if there exists s € N
(respectively, k € N) such that £* = 0 (respectively, LI¥l = 0.)
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For a given Lie algebra R, let C*(R, M) be the space of all alternating F-linear homogeneous
mappings A"R — M, k > 0 and C°(R,M) = M. Let d* : C*(R,M) — C**1(R, M) be an F-
homomorphism defined by

k+1 ‘ R
(dEf)(xy, .o xpyr) . = ;(—1)’*1[:Ui,f(x1,...,zl,...,:nkﬂ)]—l—
+ 1<‘<Z<k+1(*]—)i+jf([xiv:Cj]a:Ela"'7@7"'@’"'7xk+1)a
<i<y<

where d¥f € Z¥(R,M) and x; € R. Since the derivative operator d = Y d’ satisfies the property

i>0
dod =0, the k-th cohomology group well defined and

H* = 78R, M)/BMR, M),
where elements of Z*(R, M) := Kerd® and B*(R,M) := Imd*' are called k-cocycles and k-

coboundaries, respectively.
Hoschild-Serre factorization theorem simplifies computations of cohomology groups for semidirect
sums of algebras [12].

Theorem 2.3. If R = N & Q is a solvable Lie algebra such that Q is Abelian and operators adgrt (t €
Q) are diagonal, then the adjoint cohomology H?(R,R) satisfies the following isomorphism

H?(R,R)= Y  H*(Q,K)® H"'(N,R)?,

a+b=p

where
HY(N,R)? ={p € H'N,R)| (t.p) =0, t € Q} (2.1)

is the space of Q-invariant cocycles of N with values in R, the invariance being defined by:

(t.©) (21, 22, -« oy 2) = [t (21, 22, -y 20)] — an(zl, ce [t zs)y ooy 2p)e

s=1

Let consider
Ker (d*)

where d* : C*(Q,K) — C**(Q,K). Since ¢ : Q@ X --- x Q@ — K and [t;,¢;] = 0, t;,t; € Q we get
(d*¢)(t1,...,tar1) = 0. It implies that Im d* = 0 and Ker d* = C*(Q,K), i.e., H*(Q,K) = A*Q.

Therefore, the cohomology groups H*(R,R) vanish if and only if the space of Q-invariant cocycles
H*(N,R)< vanish. On the other hand, HP(R,R) = 0 implies that H*(A,R)2 =0 for all 0 < b < p.

Ha(QvK) =

Definition 2.4. A torus on a Lie algebra £ is a commutative subalgebra of Der(L) (the set of all
derivations of £) consisting of semisimple endomorphisms. A torus is said to be maximal if it is not
strictly contained in any other torus. We denote by 7,,.. a maximal torus of a Lie algebra L.

We should note that if dimT = dim(N /N?), then N is called nilpotent Lie algebra of maximal
rank.

Definition 2.5. A solvable Lie algebra R+ = N x T is said to be of maximal rank, if dim7T =
dim(N /N?).

The dimension of a maximal torus of a nilpotent Lie algebra is denoted by rank(N\).
Denote by W = {a e T* : N, # 0} the roots system of N associated to 7, and by ¥; =

{ai,...,as} the set of primitive roots such that any non-primitive root can be expressed by a linear
combination of them. In fact, any root « € W we have a = Y. p;«a; with p; € Z.
a; €V,

We should note that Q in the Theorem 2.3. is nothing else but torus of N'. In the following steps, we
consider maximal solvable extensions of nilpotent Lie algebras which are constructed by their maximal
torus, i.e. @ = T,,4.. We have the following remark.
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Remark 2.6. It should be noted that if (R, R)? = 0, where R = A" x T is a solvable Lie algebra such
that 7 is Abelian and operators adrt (t € T) are diagonal, then H(R,R)* =0 for any 0 <7 < p — 1.

Let consider b = 1 on :
H'(N,R)” ={p e H'(N,R)| (t.p) =0, t € T}.

Hence,

H'WN,R)=H'No, @ ON,, , Noy, @ ON,, &T).
Let ¢ € H'(N,R)7, then

(t-p)(na) = [t p(na)] — ([t na]) = [t p(na)] + a(t)p(na) = 0.

It implies that
[p(na), t] = at)p(na) = ©(Na) C N

Conditions of the triviality of the first cohomology groups of maximal solvable Lie algebras are
obtained in [§].

Theorem 2.7. [8] A solvable Lie algebra is complete if and only if it is the maximal solvable extension
of a d-locally diagonalizable nilpotent Lie algebra.

Let R = N x T be maximal solvable extensions of nilpotent Lie algebra of maximal rank. Then by
applying Theorem 4.9. in [7], we can take multiplications table of R as follows:

WV, N
R: 3 [Mati] = ing,,  1<i<k,
Maists] = Qigna, 1<j<k, k+1<j<n,

where N =N, @& -®N,, & -®N,, and N, are root subspaces with respect to the maximal torus
on N. Since any Lie algebra is also a Lie superalgebra, we can rewrite the following corollary (see,
Corollary 4.11. in [7]).

Corollary 2.8. [7] A mazimal solvable extension of a nilpotent Lie algebra of maximal rank has trivial
center and it admits only inner derivations.

Due to Theorem [2.3] and Corollary we can obtain the following remark.

Remark 2.9. Let R be a maximal solvable extension of a nilpotent Lie algebra of maximal rank.
H?(R,R) = 0 if and only if H*(N,R)7 = 0.

For the elements ¢ € Z2(N,R)7, we have the following:

0= (t'90>(naiv naj) = [tv ‘P(nanna]‘ )] - ‘P([tanai]ana]‘) - Qp(naiv [ta na_j]) =
[tv ‘p(namnaj)] = ‘P([t> nai]’ naj) + @(naiv [ta naj]) = (O‘i + O‘j)(t)so(nannaj)-

It implies that ¢©(na,, Na,) € Naita,- Since B2 (N, R)T C Z*(N,R)7, for any element ¢ € B*(N,R)7
we have 1 (nq,, Na,) € Na,1a,-

Now, we present a proposition mentioned in the paper by F. Leger and E. Luks in [9]. We will
formulate this proposition using our notation:

Let AV be a nilpotent Lie algebra over a field F', of characteristic not 2, 7 is a subalgebra of Der(N),
R is semi-direct sum R =N x 7 and we shall assume the following properties (i)-(iv) hold.
(i) 7 is diagonalizable over F and dimT = dim(N /N?).
Let W denote the set of weights of 7 in A and for each « in W, denote by N, the weight space for a.
(ii) For o € W, dimN, =1 and if o, B, + B are all in W, [N,,Nj] = Nyip. We fix oy, as, ..., @, in
W and ey, es,...,e, in N so that N = > Fe; + N? (vector space direct sum) and ¢ - e; = a(t)e; for

t in 7. The weights ay, ay, ..., a,, will be called primitive. Every weight in W has the form > r;a;,
=1

where the r; are non-negative integers.
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(iii) If characteristic of F' is p # 0 we assume further, for every o in W, that 0 < r; < p/2 for each 1.
Since each weight in A/? is the sum of two weights, it follows from (iii) that zero is not in W.
(iv) If o, 8,7y, 0, e+ 7y, 5+ ¢ are all in W with «, 8 primitive and unequal and with a+~ = S+, then
there is some p in W such that 6 = o+ p, v = 8 + p and at least one of the following is satisfied:

Case 1. a+ [ is not in W.

Case 2. a+ fisin W but a + 25 is not in W and p = 8 + v for some v in W.

Case 3. a+ g isin W but 2a+ £ is not in W and p = a4+ v for some v in W.
Proposition A. Suppose 7, N are as (i)-(iv). Let R be an 7+ module such that the representation
of T on R is toroidal and the weights of 7 in R are in W. Then H*(N,R)” = 0.

A linear Lie algebra K is called toroidal if it can be diagonalized over an algebraic closure of the
base field; a representation p of K is called toroidal if p(K) is toroidal. From this, we can conclude
that in our case, the representation of 7 on R is toroidal.

3. MAIN PART.

Theorem 3.1. Let N be a nilpotent Lie algebra of mazimal rank such that N = 0. Then, R = N'xT
is cohomologically rigid, i.e., H*(R,R) = 0.

Proof. Due to N3 = 0, we can express non-zero products using only primitive roots:
N : { [namnaj] = Ai,jnamtaja 1<q 7£] <s,

where n,, € N,,. If A;; =0forall 1 <i# j <s, then N is abelian. In this case, it is clear that R
can be written as a direct sum of two dimensonal solvable Lie algebras R;, which have one dimensional
abelian nilradical. Since, they are all rigid, we can assume R is cohomologically rigid(see, Proposition
2,1in [3]). Assume A;; # 0, for some 1<i# j<¢, (s <s), then without loss of generalities we can
take as A;; =1for 1 <i#j <s"

Ni{ [namnaj]:nari-ajv 1<i#j<s.

Remark implies that it is enough to show that H*(N,R)7 = 0. Let suppose ¢ € Z>(N,R)7.
Since ¢(Na,,Na,) € Na,1a,, We can denote as:

{ Sp(namnaj) = Di,jna¢+aj7 1<1 7é,7 < 3/7

where D, ; are scalars.
We now show that ¢ € B*(N,R)7 too. In other words, we prove existence of f € C*(N,R) such
that ¢ = d' f, satisfying the following identity:

@(ea)eﬂ) = [f(ea))eﬂ} + [eomf(e,@)] - f([eone,@]) for all O[,ﬁ ew.
Let denote f(n,) = p(na)na, where pu(n,) are scalars. Then
{ (P(nai7n04j) = (:U«(nal) + M(naj) - /"L(nai+(¥j))n(¥i+aj = Di,jnm+aja 1 < i 7'&.7 < 3/7
Then we come to

{ iu(nai) + /‘L(na]‘) - u(nai+04j) - Di,j = 07 1 S { 7& ] S 3/7 (31)

system with variables (1, ), (1, ), #(Na,4a,), 1 <i#j <8
System (3.1]) has the following solution:

f(na,) = p(ne,) =1, 1<i#j<s,
M(nai+a]‘):2—Di’j, 1§Z7é]§5'

Therefore, there exists f € C1(N,R) such that d*f = ¢, i.e., H*(N,R)” = 0. By Remark we
obtain that H*(R,R) = 0. O
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We now consider the case N* = 0.

Theorem 3.2. Let N be a nilpotent Lie algebra of mazimal rank satisfying N* = 0 and rank(N) = 2.
Then R is cohomologically rigid, i.e., H*(R,R) = 0.

Proof. Without loss of generalities we can take the following products for N:

[nal ’ noéz] = Alnal-‘roém
N : [na1+a27na1] = A2n2a1+a27

[na1+a27no¢2] - A3na1+2a2'

where n, € N,. If A, = 0, then we come to the case N is abelian, then similar to the proof of
Theorem 1, we can prove that H?(R,R) = 0. Let A; # 0, then we can assume A; = 1. Remark
implies that it is enough to show H*(N,R)7 = 0. Let suppose ¢ € Z2(N,R)7.

Take the following denotions:

©(Nays Nay) = BiMay 1ass
Sp(na1+a27no<1) = (1 - 5A2,0)B2n2a1+a27 (32)
Qp(na1+0¢27n042) = (1 - 5A3,0)B3n041+20é27

where B;, By, Bz are scalars. We now show ¢ € B2(N,R)7 too. In other words, we prove the existence
of f € CY(N,R) such that ¢ = d' f, satisfying the following identity:

So(emeﬂ) = [f(ea)veﬂ] + [emf(eﬁ)] - f([emeﬂ]) forall o,8cW.

Let denote f(n,) = p(ny)n., where p(n,) are scalars. Then the system (3.2]) has the following
non-zero solution:

(na,) = ( 2) =
(Nay taz) = Bla
3— B — 2 if Ay #0,
#(n201+0,) = 0, otherw1se
83— By — B, if Ay £0,
P(Net20,) = 0, otherwise.
Therefore, there exists f € C'(N,R) such that d'f = ¢, i.e., H*(N,R)” = 0. O

Now, we consider the case rank(N) > 3 and N* = 0.

Lemma 3.3. Let N be a nilpotent Lie algebra of mazimal rank satisfying N* = 0 and rank(N) > 3.
If oy + oy + au, € W, then the element Ny +aj+ar, € Nai0+0‘j0+ako can be represented in at least
two different ways.

Proof. 1t is enough to show that the following equality holds:
Qi + (ajo + ako) = G, + (aio + ako)? (33)

if o, + o, + oy, € W for unequal primitive roots o, o, , Q-
Suppose contrary
Qo + (ajo + ako) 7& Qjg + (aio + ako) (34)
for the triple {io, jo,ko}. Because of oy, + oy, + ax, € W and (3.4]), without loss of generalities, we
can suppose

I:najo+ak07naio] 75 0, [naio+ak0 ) najo] =0, [naio+0¢jg ’ nako] = 0.

(if this [na,, 1a;, > May, | Product is nonzero too, then we can write the equality(3.3) as

Qg + (ajo + ako) = Qg + (aio + ajo)7
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which contradicts our assumption). However, this Jacoby identity

[naioa [najo ) nako]] + [najoa [nako ) nociu]] + [nakoa [naio ) najo]] =0

#£0 0 0

leads to contradiction.
O

Now, we provide criteria for the triviality of the second cohomology groups of maximal solvable
extensions in the case N* = 0 and rank(N') > 3. We consider it in two cases:

e o +a; + ay ¢ W for all unequal primitive roots «;, a;, ay,.

e o, +a; + oy € W for some unequal primitive roots a;, o, ay,.
Theorem 3.4. Let N be a nilpotent Lie algebra of mazimal rank satisfying N* = 0 and rank(N') > 3.
If a; + o + ax ¢ W for all unequal primitive roots o, o, ay, then H*(R,R) = 0.

Proof. In the multiplication table of N, without loss of generalities, we can write the following prod-

ucts: | |
[no‘i’ naj] = Ai,jnai_paj, 1< 7& J < S,

N . [na,+aj7nai] - Ai+j,in2ai+aj 1 S Z 7&] S 87 (35)
[n()é,j-‘r()éj?naj] = Ai+j,jno¢i+2aj 1<y 7é i < s.
Because of ¢(na,, Na,) € Na,+a, property for ¢ € Z*(N,R)7, we can denote as:
<p(nai7n04j) = (1 - 5Ai,_7‘»0)Bi7jnai+aj7 1 < { 7&] < S,
So(naq‘,-i-ajvnaq‘,) - (1 - 6147:4’,0)(1 - 6A1‘,+j,i70)Bi+j»in20¢i+Oéj7 1< #.7 < s, (36)
@(na7‘,+ajvn0tj) = (1 - 5147:,3‘70)(1 - 5Ai+j,j,0)Bi+j7jn04i+2ajv 1<i 7é.7 <s.

We now show ¢ € B2(N,R)7 too. In other words, we prove the existence of f € C*(N,R) such that
¢ = d' f, satisfying the following identity:

plea,ep) = [f(ea), es] + [€a, f(ep)] — f([eare5]) forall a,8 € W.

Let denote f(n,) = p(na)na, where p(n,) are scalars. Then, we come the following system of linear
equations (1 <i # j < s):
A (Bre) + p(na) = 1(nasve)) = (1= 6a,,.0) B,
Aitgi ((Maiva;) + 1(Na,) = 1(N2a,10,)) = (1 =04, ,.0)(1 = 0a,.;..0) Bitji (3.7)
Ai+j7j (:u(naﬂrllj) + M(na]’) - lu(noéi+2aj)) = (1 - 5141’,]’70)(1 - 5Ai+j,j,0)Bi+j7j'
Then the system (3.7)) has the following solution:

1(na,) ZU(na_j) =1, 1<i#j<s,
2 Duif A £0 1<i#£j<s,

M(na-Jra-) = S : ; ;
e 0, otherwise, 1<iz#j<s,
3—%—%, i Ay #0 1<i#j <s,
H(M2aita;) = 0, otherwise, 1<1i#j <s,

B— R — FEf A #0 1<i#j<s,
#lnat2e,) = 0, otherwise, 1<1i# j <s.

Therefore, there exists f € C'(N, R) such that d'f = ¢, i.e., H*(N,R)7 = 0. Then by Remark [2.9]
we obtain that H*(R,R) = 0. O
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An example that satisfies the conditions of Theorem 3.4:

N : { le1,e0] = €4, [e1,e3] =e5, [ea,e3] =6, [e5,e1] = er.
N can be decomposed to the following root subspaces:

Nal - {el}a Na2 - {62}7 Nag - {63}7 Na1+a2 - {64}7 Naﬁ-cx:; - {65}a Na2+a3 - {66}7 Af?og—}—cx;; - {67}'
Its maximal solvable extension R(N) = N x T4, has the following products:

N [eiatl] = €, 1= 174757 [677t1] — 2677
R( ) ’ [eiatQ] :€i7 i:274a67 [ei,tii] = €4, 7::376;7’ [Na-/\/']

This algebra satisfies the conditions of Theorem 3.4, i.e., a; + ap + a3 ¢ W and one can check that
H*(R(N),R(N)) = 0.

An example that does not satisfy the conditions of Theorem 3.4:

M : [61762] = €4, [62763] = €g, [64,63] = €s, [66761] = €s,
' [61763] = €5, [65761] = ér, [65762] = 2es.

M can be decomposed to the following root subspaces:
Mlll = {61}7 Ma2 = {62}7 Mas = {63}7 M(¥1+a2 = {64}7 MalJras = {65}’ Ma2+a3 = {66}7

M2a1+a3 = {67}7 Ma1+<¥z+a3 = {68}‘
Its maximal solvable extension R(M) = M x T4, has the following products:

[eiytl] = €4, 1= 1; 4, 55 85 [e7>t1] — 267)
R(M) ' [ei7t2] =€, 1= 2a4a6587 [eiatS] = €4, 1= 3>5’677787 [MvM]

This algebra does not satisfy the conditions of Theorem 3.4, i.e., a; + as + a3 € W, and one can verify
that dim H*(R(M), R(M)) = 1.

We should note that in Theorem 3.4, the case a;, + a;, + oy, ¢ W for all unequal primitive roots
a;,,q; ,q, has been considered. It has been proven that all the maximal solvable Lie algebras in
this case are cohomologically rigid. Therefore, we present the following theorem in the case where
a;, +a; + o, € W for some roots «; ,; , 0, in ¥y, where 1 < p < C3, and s is the number of
different roots in ;.

Theorem 3.5. Let N be a nilpotent Lie algebra of mazimal rank satisfying N* = 0 and rank(N') > 3.
Then H*(R,R) = 0 if and only if for any unequal primitive roots a; , o; , o, such that oy +oy 4oy, €

W, the equalities a;, + (o, + o) = o, + (0, + ) imply oy, +a;, ¢ W for 1 <p < C2.
Proof. By Lemma 2.3, from «; + «;, + o, € W, we can write

a;, + (a;, +ag,) = a;, + (i, +ag,). (3.8)

P

Because of Remark instead of H?(R,R), we consider H*(N,R)7. Let H*(N,R)” = 0, we now

show that for any unequal primitive roots «; ,a;, , s, such that a; +«;, + g, € W, these equalities

aip+(ajp+akp) :ajp+(aip +akp)7 1 gpgcf,

imply
a;, +aj, ¢ w, 1§p§0§’.

Assume contrary, let H2(N,R)7 = 0, but there exists a triple of primitive roots {«,, a;,, ax, } such
that oy, + a;, + o, € W, and this equality

Qg + (ajo + ako) = Qy, + (aio + O[;%)
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implies
(67N + Qj, eWw.

Then, without loss of generality, we can write the products of A as follows:

no‘io ’ n("jo] = Na Qig g

My Moy ] = Ny +ag

n
Qg nako] = naJO +0¢k0 9

S

na¢0+ak0 ) najo] Anaz0+aj0+akoa A 7é 0,

najOJrakO s naio] = (A — ].)na io 0otk

] {Oé,ﬁ} 7& {almajo} ?é {alovako} 7é {ajoﬂako}
Na+ﬁ’ ] {O%ﬁ} # {O‘Zoaam} # {O‘mvako} #* {ajmako}
[ 2aaNﬁ]7 [NaaNZB]'

[
[
[
[nai(, +agg nako] Mo +oot+ang
[
[
N
[

Let us consider the following map, defined as:

Sp(naio +agg nOéjO ) = naio +ajytagy
So(najo Fang ) Tag, ) = Naig+ajo+ang (39)
©(ng,ng) =0, otherwise.

For 2-cocycles, we have the following identity:

¢(a, [b,c]) = ¢([a,b], ) + ¢([a, c],b) + [a, p(b, c)] — [p(a,b),c] + [p(a, c),b] =0, (3.10)

for any elements a,b,c € N.

Now, we show that ¢, defined as in , belongs to Z2(N,R)7. Let us consider the identity
for the triple {n,,ng,n,} in the case where one of «, 8,7 is non-primitive. Then, due to N* =0 and
the way ¢ is defined, all terms in simultaneously equal zero. Therefore, it remains to check the
triples {n,,ng,n,} where all «, 8, are primitive. If at least one element in the triple {n,,ng,n,}
differs from the triple {nmo,nam,nako}, then, due to the way ¢ is defined, all six summands in the
2-cocycle identity are simultaneously equal to zero.

Now, it is enough to check for the triples {na, ,Ma,,s oy, }- By applying the 2-cocycle identity
to the triple {nq, ;Na,, ,Na,, }, We obtain the following result:

[naio ) @(nam ) nako) - [‘p(naio y Ny )7 nakg] +[§0(nai0 y Rau, )7 najo] +

0 0 0

+ (p(nai(ﬂ [najo ) nako]) - (P([naio ) naj0]7n04k0) + (P([naio ) nako]a najo) =0.

Tagg ey tak 0 Majy tojg o,
Therefore, ¢ € Z*(N,R)7. Let assume ¢ € B%(N,R)7, then suppose there exists f € C*(N,R)
such that ¢ = d'f, and we have the following identity:

(10 ng) = [f(na), 1] + [na; f(15)] = f([na,15])  forall o, 5eW.

( (1(na ) + M(nam) - N(nai0+ajo))nai0+ajo =0,
(N = (p(na ) + H(nako) - H(naiOJrako ))naio+ak0 =0,
‘P(na ot nako) (1 (naio +a_7'0) + ﬂ(nako) - M(naio +ovjy ok ))nai0+a_70 tok, — 0,
(nq o) = Al(Masy +ary) + H(Nagy) = (Mg +ajy+ary ) Ta,+as,+ar, = Masy+az,+arg

Then we come to

iu(naio) + M(na]’o) + lu(noéko) = :u(naz‘o+0¢jg+ak0) = _% + :u(naio) + lu’(nOéjO) + M(nak0)7 A 7& 0.
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Thus, ¢ ¢ B2(N,R)7 and it is a contradiction for triviality of H*(N,R)”.

Let assume for any unequal primitive roots «; , o, , ay, such that o; +a;, +ai, € W, the equalities
a;, + (aj, +ag,) = o + (a;, + o) imply o) +a;, ¢ W, 1 <p < C2. Let us show that all the
conditions of Proposition A hold true for N.

(i) holds true, because of N is a nilpotent Lie algebra of maximal rank i.e., dimT = dim(N JN?);
(ii) holds true, because in our case dim N, = 1 for all « € W

(iii) holds true, because we are considering zero is not in W case;

(iv) holds true, because, if we take as

a=qa;,, B=o;, Y=0a; tap, d=a, +a,, 1<p<C?

then o + v = 8+ §, which is what we need to show.
Finally, the condition oo + 3 ¢ W implies that we are in Casel. Therefore, by Proposition A, we
obtain H2(N,R)T = 0. O

An example that satisfies the conditions of Theorem 3.5:

L: { le1,e0] = eq, [er,e3] =es5, [es,e3] =eq, [e5,€2] = €.

L can be decomposed to the following root subspaces:

‘COQ = {61}’ [’062 = {62}’ ‘Caz = {63}7 ‘COélJraz = {64}’ ‘Ca1+0¢3 = {65}"CC¥1+C¥2+0¢3 = {66}'

Its maximal solvable extension R(L) = L X T4 has the following products:
R(L) : { leist1] =€, i =1,4,5,6, [ests] =€;, i =2,4,6, [es,t;] =e;, i =3,5,6, [L,L].

If we take as a1 = «;,, o = o, a3 = ay,, then o, + o, + ag, € W. Due to Lemma 3.3, we
can write o, + (g, + @) = ag, + (o, + @), and we have «a;, + oy, ¢ W. One can check that
H*(R(L),R(L)) = 0.

An example that does not satisfy the conditions of Theorem 3.5:

Let consider the algebra M as we already mentioned above:

M { [61,62] = €4, [62763] = €g, [64,63] = €g, [66’61] = €s,

[61,63] = €5, [65,61] =€, [65,62] = 2es.

M can be decomposed to the following root subspaces:
Mal = {61}7 Ma2 = {62}7 Ma3 = {63}> Ma1+a2 = {64}> MalJrag = {65}7 Ma2+a3 = {66}7

M2a1+a3 = {67}7 M051+062+(¥3 = {68}‘

This algebra does not satisfy the conditions of Theorem 3.5. Indeed, o + oy + a3 € W and for all
identity o; + (a; + o) = a; + (o + @), 1 <@ # j # k < 3 we have o; + a; € W. One can check that
for its maximal solvable extension, we have dimH?*(R(M), R(M)) = 1.
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