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On a trinomial analogue of Muirhead’s inequaty
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Abstract. It is studied inequalities between three elementary symmetric polynomials being trinomial
generalization of the well-known Muirhead’s inequality. Some sufficient conditions have been derived.
A sufficient and necessary condition is given in the case of two variables.
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1. Introduction

The notable Muirhead’s inequality [1]

∀x ∈ Rn+ : µα (x) ≥ µβ (x) ⇔ α ⪰ β (1.1)

occupies an explicit position in both inequalities and symmetric polynomials theories.
In (1.1), the following denotations are used:
Rn+ = {x = (x1, x2, . . . , xn) |xk > 0, k = 1, 2, . . . , n} is the positive ortant;
µα (x) = 1

n!

∑
σ∈Sn

xα1

σ(1)x
α2

σ(2) . . . x
αn
σ(n) is an elementary (i.e., one-term) symmetric polynomial;

Sn is the symmetric group;
α = (α1, α2, . . . , αn) is an ordered set of integers satisfying the conditions

α1 ≥ α2 ≥ · · · ≥ αn ≥ 0, α1 + α2 + · · ·+ αn = m, (1.2)

where m is a fixed positive integer called a degree of the elementary symmetric polynomial µα (x) .
(Bold letters are used for vector quantities.)

The special order ⪰ in the set of collections satisfying (1.2) is determined by the following way:
α ⪰ β means

α1 ≥ β1, α1 + α2 ≥ β1 + β2, . . . , ,

α1 + α2 + · · ·+ αn−1 ≥ β1 + β2 + · · ·+ βn−1.

Several proofs of Muirhead’s inequality are known ([2], Sec. 2.18 and 2.74; [3], Sec. 11.3; three
proofs were given in [4]).

The subject was generalized to arbitrary positive quotients by R. Rado [3, 5] (for other general-
izations, see [6, 7, 8, 9, 10]). Below, only the classical version of Muirhead’s inequality with positive
integer quotients will be considered. We are interested in the following question: when does the
inequality

∀x ∈ Rn+ : µα (x) + µγ (x) ≥ 2µβ (x) (1.3)

hold?
If (1.3) is true, then it will be called the trinomial Muirhead inequality. Note if α = γ, then (1.3)

turns into the classical (binomial) Muirhead’s inequality. Therefore, we will assume α < γ further.
Besides, cases α = β and γ = β are trivial, therefore, it will be supposed α > β > γ.

Some trinomial generalization of Muirhead’s inequality was given by I. Schur ([2], Sec. 2.81) for
n = 3:

µ(α+2β, 0, 0) (x, y, z) + µ(α, β, β) (x, y, z) ≥ 2µ(α+β, β, 0) (x, y, z) . (1.4)

The simplest case of this looks

x3 + y3 + z3 + 3xyz ≥ x2y + y2x+ x2z + z2x+ y2z + z2y.
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The present paper is devoted to the discussion of (1.3). It turned out that, unlike the classical
binomial Muirhead’s inequality (1.1), the trinomial case meets some surprises. In Section 2, a sufficient
condition for (1.3) is given. In Section 3, a sufficient and necessary condition is derived for the case
n = 2. Properties of two arithmetic functions connected with this condition are considered in Section
4. In Section 5, some inequalities of Muirhead-Schur type are given. Section 5 consists of final notes.
Besides, two open problems are formulated.

2. A sufficient condition for the general case

Theorem 2.1. If α+ γ ⪰ 2β, then µα (x) + µγ (x) ≥ 2µβ (x).

Proof. Let α+ γ ⪰ 2β. We set ᾱ = 2β − γ, i.e. ᾱk = 2βk − γk, k = 1, 2, . . . , n.
Then, on one hand

µᾱ (x) + µγ (x) =
1
n!

∑
σ∈Sn

(
xᾱ1

σ(1)x
ᾱ2

σ(2) . . . x
ᾱn
σ(n) + xγ1σ(1)x

γ2
σ(2) . . . x

γn
σ(n)

)
≥

≥ 2 1
n!

∑
σ∈Sn

√
xᾱ1+γ1
σ(1) xᾱ2+γ2

σ(2) . . . xᾱn+γnσ(n) = 2µβ (x) .

On the other hand, α+ γ ⪰ 2β means

α1 + γ1 ≥ 2β1,

α1 + γ1 + α2 + γ2 ≥ 2β1 + 2β2,

. . . ,

α1 + γ1 + α2 + γ2 + . . .+ αn−1 + γn−1 ≥ 2β1 + 2β2 + . . .+ 2βn−1,

α1 + γ1 + α2 + γ2 + . . .+ αn + γn = 2β1 + 2β2 + . . .+ 2βn.

These relations imply

α1 ≥ 2β1 − γ1 = ᾱ1,

α1 + α2 ≥ 2β1 − γ1 + 2β2 − γ2 = ᾱ1 + ᾱ2, . . . ,

i.e. α ⪰ ᾱ. Therefore, due to (1.1)

µα (x) + µγ (x) ⪰ µᾱ (x) + µγ (x) ⪰ 2µβ (x) .

□

At first, we thought that, analogously to Muirhead’s theorem, the condition µα (x) + µγ (x) ⪰
2µβ (x) might be not only sufficient but also necessary for (1.2). But (1.4) refutes this supposition.
Here is another sample with two variables:

x6 + y6 + 2x3y3 ≥ 2
(
x5y + y5x

)
(2.1)

where n = 2, α = (6, 0), γ = (3, 3), β = (5, 1), and the condition α + γ ⪰ 2β do not hold.
Nevertheless

x6 + y6 + 2x3y3 − 2
(
x5y + y5x

)
= (x− y)

2 (
x4 − x2y2 + y4

)
≥ 0.

In this regard, it may be of interest
Problem 1. Find a necessary and sufficient condition in terms of α, β and γ for (1.1) to hold.
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3. A necessary and sufficient condition in the case of two variables.

It is natural to begin investigating trinomial inequalities with the simplest case n = 2. Further, we
will use the notations: x1 = x, x2 = y. A symmetric polynomial in this case contains only a couple of
summands:

xk1yk2 + yk1xk2

2
, k1 + k2 = m.

If all quotients in the trinomial Muirhead’s inequality are positive, then it can be divided term
by term to the greatest quotient of the product xy. Then, after at least one of the vector-quotients
α, β, γ will have a lower component equal to 0. If β2 = 0, but α2 > 0 and γ2 > 0, the trinomial
Muirhead’s inequality cannot hold, since β1 would be greater than both α1 and γ1. Therefore, we
can assume α = (m, 0). Thus, we will deal with the pairs (β, m− β) and (γ, m− γ) instead of the
vector-quotients β and γ respectively.

Now, the trinomial Muirhead’s inequality takes the form

xm + ym + xγym−γ + yγxm−γ ≥ 2
(
xβym−β + yβxm−β) (3.1)

in the considering case. Among all possible relations between the quotients m, β, γ, only the case
m > β > γ is nontrivial. Moreover, one may suppose γ ≥ m− γ. In this regard, we will assume

m > β > γ ≥ m

2
. (3.2)

This condition immediately excludes the case γ = 1, so that γ ≥ 2, β ≥ 3, and m ≥ 4. Below,
unless otherwise stated, condition (3.2) is assumed to be satisfied. In addition, x ≥ y can also be
supposed due to the symmetry. Then (3.1) will be equivalent to the inequality(

xβ − 1
) (
xm−β − 1

)
≥ xm−β (xβ−γ − 1

) (
xβ+γ−m − 1

)
. (3.3)

Reduction by (x− 1)
2
brings the last to the form

Gβ (x)Gm−β (x) ≥ xm−βGβ−γ (x)Gβ+γ−m (x) (3.4)

for circle division polynomials Gl (x) = 1 + x+ x2 + · · ·+ xl−1 ([11].)
Setting x = 1, we come to the conclusion that the condition

β (m− β) ≥ (β − γ) (β + γ −m) (3.5)

is necessary in order (3.1) to be held.
It turns out that the quantity ∆ = β (m− β) − (β − γ) (β + γ −m) plays a key role for trinomial

Muirhead’s inequality in the discussing case.

Theorem 3.1. ∆ ≥ 0 is necessary and sufficient for (3.1).

Proof. Let ∆ ≥ 0. It is required to establish the inequality

φ (x)
def
= xm + 1 + xγ + xm−γ − 2xβ − 2xm−β ≥ 0

for x ≥ 1. We are going to show, by means of derivatives, that φ (x) is increasing. It is more convenient
to use the operator x d

dx
instead of usual derivation.

We have

xφ′ (x) = mxm + γxγ + (m− γ)xm−γ − 2βxβ − 2 (m− β)xm−β = xm−βψ (x)

where ψ (x) = mxβ + γxβ+γ−m + (m− γ)xβ−γ − 2βx2β−m − 2 (m− β).
Further,

xψ′ (x) = mβxβ + γ (β + γ −m)xβ+γ−m + (m− γ) (β − γ)xβ−γ − 2β (2β −m)x2β−m = xβ−γχ (x)
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where χ (x) = mβxγ + γ (β + γ −m)x2γ−m + (m− γ) (β − γ)− 2β (2β −m)xβ+γ−m.
Similarly

xχ′ (x) = mβγxγ + γ (β + γ −m) (2γ −m)x2γ−m − 2β (2β −m) (β + γ −m)xβ+γ−m = x2γ−mξ (x) ,

where ξ (x) = mβγxm−γ + γ (β + γ −m) (2γ −m)− 2β (2β −m) (β + γ −m)xβ−γ , and finally,

xξ′ (x) = β
[
mγ (m− γ)xm−γ − 2 (2β −m) (2β −m) (β − γ)xβ−γ

]
.

Since x ≥ 1 and m− γ > β − γ > 0, the inequality ξ′ (x) ≥ 0 is equivalent to

mγ (m− γ)− 2 (2β −m) (β + γ −m) (β − γ) ≥ 0.

One may verify by direct calculation that the expression on the left side of the last inequality equals
(2β −m)∆ + γ (m− β) (m− γ), that is non-negative. Thus ξ′ (x) ≥ 0. Further, it turns out

ξ (1) = mβγ + γ (β + γ −m) (2γ −m)− 2β (2β −m) (β + γ −m) = (2β + 2γ −m)∆ ≥ 0.

(In order to verify, it is enough to open all brackets). Thus, ξ(x) ≥ 0 implies χ′(x) ≥ 0. Moreover,
the formula χ(1) = 2∆ can be checked as well. Therefore χ(x) ≥ 0, that in turn implies ψ′(x) ≥ 0.
However, ψ(1) = 0, so ψ(x) ≥ 0. Now, taking into account the fact that the signs of φ′(x) and ψ(x)
coincide, as well the value φ(1) = 0, we obtain φ(x) ≥ 0, which concludes the proof. □

Now we determine the values of m,β and γ for which the condition ∆ ≥ 0 holds. It is easy to see
that the last is equivalent to the relation

m ≥ m∗ (β, γ)
def
=

⌈
2β2 − γ2

2β − γ

⌉
= β +

⌈
βγ − γ2

2β − γ

⌉
(3.6)

Besides, obviously, 2β − γ ≥
⌈
2β2−γ2

2β−γ

⌉
. (Here and below ⌈s⌉ denotes the selling function and ⌊s⌋ does

the floor function).
Similarly, from ∆ ≥ 0, we can derive the formula for the biggest value of β for given m and γ. But

now we get a function containing quadratic irrationality:

β∗ (m, γ)
def
=

⌊
m+

√
m2 − 2mγ + γ2

2

⌋
Thus, the condition ∆ ≥ 0 is equivalent to β ≤ β∗ (m, γ) as well.
Table 1 illustrates values of the function m∗ (β, γ) for β = 3 ÷ 33. If γ ≥ β, then inequality (1.3)

becomes trivial, and the condition ∆ ≥ 0 is also evident. Cells corresponding to such pairs (γ, β) are
left white in the table. Moreover, ∆ < 0 for pairs (γ, β) associated with gray cells.

Nontrivial pairs (γ, β), for those (3.1) is valid, are represented by colored cells. In particular,
blue cells reflect Theorem 2.1. Other values for which inequality (1.3) holds are highlighted in red.
Inequality (1.3) for values γ, β,m∗ corresponding to the light-red cells follows from the inequality
associated with the dark-red cell located to the left in the same row. Thus, each dark-red cell expresses
a significant three-term Muirhead’s inequality.

4. One more inequality of I. Schur’s type.

Consider the case n = 3. We have mentioned that the inequality (1.4) is usually associated with
the name of I. Schur [2]. (It should be noted that (1.4) differs from more essential Schur’s inequality
on the estimation of the polynomial norm called Schur’s Lemma as well [12].) Here is a four-term
generalization of (1.4).

Theorem 4.1.

µ(α+β+γ, 0, 0) (x, y, z) + µ(α, β, γ) (x, y, z) ≥ µ(α+β, γ, 0) (x, y, z) + µ(α+γ, β, 0) (x, y, z) (4.1)
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Proof. One can assume x ≥ y ≥ z without loss of generality. This condition implies

xα
(
xβ − yβ

)
(xγ − zγ) ≥ yα

(
xβ − yβ

)
(yγ − zγ)

xα
(
xβ − zβ

)
(xγ − yγ) ≥ yα

(
yβ − zβ

)
(xγ − yγ)

zα
(
zβ − xβ

)
(zγ − yγ) + zα

(
zβ − yβ

)
(zγ − xγ) ≥ 0

(4.1) implies another trinomial Muirhead’s inequality. □

Corollary.

µ(α+2β+2γ, 0, 0) (x, y, z) + µ(α, 2β, 2γ) (x, y, z) ≥ µ(α+β+γ, β+γ, 0) (x, y, z) . (4.2)

One may note that inequalities (4.1) and (4.2) are not mutually comparable.

5. Final notes

1#. Theorems 2.1 and 4.2 remain valid for any non-negative quotients.

2#. It is easy to show that if inequality (1.1) holds then both sides are equal if and only if
α = β = γ or x1 = x2 = . . . = xn.

3#. Each trinomial inequality (1.1) of n variables generates an inequality of n+ 1 variables of the
same type by means of the transformation of elementary symmetric polynomials

µα (x1, x2, . . . , xn) → µ(α, 0) (x1, x2, . . . , xn, xn+1) =

= 1
n+1

[
µα (x1, x2, . . . , xn) +

n∑
k=1

µα (x1, x2, . . . , xn) |xk=xn+1

]
For example, the inequality x6+y6+2x3y3 ≥ 2 (x5y + xy5) with characteristics ∆ = 1 generates
a sequence of trinomial Muirhead inequalities

x6 + y6 + z6 + x3y3 + x3z3 + y3z3 ≥ x5y + y5x+ x5z + z5x+ y5z + z5y,

1
4

4∑
k=1

x6
k +

1
6

∑
1≤i≤j≤4

x3
ix

3
j ≥ 2 1

12

4∑
i,j=1, i̸=j

x5
ixj, . . .

4#. If α + γ ⪰ 2β and β + δ ⪰ 2γ then µα(x) + µγ(x) ≥ 2µβ(x), µβ(x) + µδ. Adding these
inequalities one gets four-term Muirhead’s inequality µα(x) + µδ(x) ≥ µβ(x) + µγ(x) differ
from (4.1).

Thus, we can conclude that the theory of symmetric homogeneous inequalities, initiated by Muir-
head more than a century ago, is fraught with many more mysteries. We hope that the present work
will serve as a stimulus for further research on the fundamental problem of three-term Muirhead’s
inequalities: to determine the necessary and sufficient conditions that α, β, γ must satisfy in order for
inequality (1.3) to hold.
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