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Nonlocal Problem for a Mixed Type Equation with Singular
Coefficient in a Domain Whose Elliptic Part Is a Half-Strip
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Abstract. This paper investigates a problem for the Gellerstedt equation with a singular coefficient in
a domain whose elliptic part is a vertical half-strip. The elliptic part uses the solution of the Problem
N type. By using generalized fractional differentiation operators, we specify a linear combination that
relates the value of the solution on characteristics of the equation with the value of the solution and
its derivative on the parabolic degeneration line. The uniqueness of the solution of the problem is
proved using the extremum principle and the energy integral method. The existence of a solution is
proved using the method of integral equations.
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1. INTRODUCTION AND STATEMENT OF THE PROBLEM

Many problems of plane gas flow [1], at transonic speeds, when the flow contains regions with
subsonic and supersonic speeds, can be mathematically formulated as boundary value problems for
a mixed elliptic-hyperbolic linear equation. For the mixed type equation yu,, + u,, = 0, the first
fundamental studies were carried out by F. Tricomi [2]. In [3], the Tricomi problem was considered for
the generalized Tricomi equation in an unbounded domain whose elliptic part is the upper half-plane
and whose hyperbolic part is the characteristic triangle.

Several fundamental problems in transonic aerodynamics lead to the Tricomi boundary value prob-
lem, where the domain in the elliptic part of the plane represents a half-strip. The Tricomi problem
for the equation (sign y)|y|™tz. +u,, =0, m > 0in a domain where the elliptical part is a half-strip
has been studied in [4, 5, 6], and for the case of m = 1, in [7]. The paper [§] is devoted to the
study of a problem with a Frankl-type condition on the degeneracy line for a mixed-type equation in a
domain whose elliptic part is the first quadrant of the plane. A study of the boundary value problem
in an infinite half-strip for the generalized biaxially symmetric Helmholtz equation was conducted in
[9]. Boundary value problems for mixed-type equations with singular coefficient were explored in |10,
11}, [12]. The degenerate elliptic-type equation with singular coefficient and a spectral parameter was
studied in the vertical half-strip in 13} 14, (15| |16] and in the upper half-plane in [17].

Consider the equation 4

0

v
where m > 0, =% < By < 1 in the infinite domain D bounded by the half-lines x = 0 and z = 1 in
the half-plane y > 0 and the characteristics

(seny) |y vew + wyy + 1y =0, (1.1)

2 m+42 2 m—+42
oC: =z m+2( y) 2 =0, BC': x+m+ (—y) = =1,

of Eq. issuing from the points O(0,0) and B(1,0).

Denote by D; = DN {(z,y) : y > 0},Ds = DN{(z,y) : y < 0} the elliptic and hyperbolic parts of
the mixed domain D, respectively, and let J = {(z,y) : 0 <2 < 1,y = 0}.

Problem. Find a solution of Eq. in the domain D = D; U D,, which satisfies the following
conditions:

1) u(z,y) € C(D) N C?*(D; U Dy) and satisfies Eq. in Dy U Ds;

2) u(z,y) satisfies the boundary conditions

u(0,y) = ¢1(y), uw(l,y) =w2(y), 0<y<oo, (1.2)
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ale) (T ™ 8()ulOy (1)]) () + bla) (1127w (t)ulO: (1)]) ()
el@)u(e,0) +d(@) lim (~9)"u,(@,) = g(z), @ e, (13)

and the conjugation condition

lim (—y)»*u, = lim y*u,, =z € (0,1). (1.4)

y——0 y—+40

Moreover, these limits at £ = 0 can have a singularity of order lower than 1 — 25, and at z = 1 they
are bounded, where g = 225

2(m+2) "
3)
lim w(z,y) =0 wuniformly in z € [0, 1], (1.5)
y——+o00
4)
y”u,(z,y), u,(z,y) are bounded as y — +oo0. (1.6)

Here p;, p;, and n; (i = 1,2) are real parameters, Oy(x) and ©,(x) are the points of intersection
of the characteristics of Eq. issuing from the point (z,0) € J with the characteristics OC and
BC, respectively. The given functions ¢;(y), a(x), b(x), c(z), d(z), g(x), é(x), and w(z) satisfy the
conditions

3m+28¢

sz(y) € C[Ov +OO)7 yf‘;oi(y) € L1(07 +OO)7 yginooso ( ) 07 (’L = 17 2)7 (17)
a(z), b(z), c(z), d(z), g(x) € C'(J), d(x) € C'(0,1], w(x)e C'0,1), (1.8)

and moreover,
a’(x) + b*(z) + *(x) + d&*(z) #0 Vx € J, (1.9)

(I5" f)(x) and (112”7 f)(z) are operators of generalized fractional integro-differentiation with the
hypergeometric Gauss function, which were introduced in [18] (pp. 326-327) and, for real u, p, n and
x > 0, have the form

x
xfl‘*p

t
(z—t)" 'Flp+p,—nml—= ) f(t)dt, p>0,
(Ié‘f’"f)(:n) _ L) 0/ < x)

d
<d ) (e ) (@), p <0, n = [—p] + 1,

A—z)"" [ s
(L2 f)(w) = F(u)n Z/“ ) F(/ﬁ o x) Fydt, >0, -
<_(f%'> ([fj”’/’*ﬂ,nfnf)(l‘)’ 1% < 0, n = [_'u] 41,

The Problem posed above is a straightforward and essential generalization of the Tricomi problem,
which was considered for Eq. 1-) with m = 1, By = 0 in the domain D in the monograph [19]. The
Problem with the conditions (|1.2] . ) for the Eq. . ) with 8y = 0 in the domain D is studied in
20].

In this paper, we study the Problem for Eq. (1.1)) with singular coefficient.

2. UNIQUENESS OF THE SOLUTION
The solution of the Cauchy problem for Eq. (1.1)) in the hyperbolic domain D5 has the form [10]

u(z,y) = ?2??; O/ ( + 3_2( )mJZ (2t — 1)) P71 — )P at
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2 T(A=28), 4 / 2 o B B
_m+2F2(1—B)(_y) ’ O/V<~’C+(m+2)(—y) (275—1))75 P(1—t) P, (2.1)

where -
7(z) = u(z,0),Vz € J, v(z)= limo(—y)ﬂ‘)uy(:ﬂ,y), Vo e J.
y——
Using the representation ([2.1)) and taking into account the properties of the operator (1.10), we
obtain the relations
u[O(2)] = 1 (I 7 () (x) — (L7 7 7w (t)) (),

ul®1(2)] = M (77 (1)) () = 9 (L2727 () (2),

where

_ T(28) 1/ 4 NPT -28)
T TE) 72_2<m+2> r(1-8)

Theorem 2.1. In the domain D, there exists at most one solution of problem (1.1)—(1.3)) provided
that either

p = p2 = —f, p1=p2=0, m=mn=28-1, §(z) = w(r) =1, (2.2)
and the condition (1.6)),

Ei(z) = mla(z) + b(x)] + c(x) # 0, r€J, (2.3)
a(z) | b(z) ] d(z) -
a(1) >0, b(0) >0, {El(x)} <0, [El(m)} 20, 50 wel (2.4)
are satisfied, or
po=p2=0-1,  p=p=0, m=n=1-20 (2.5)
§(x) = 2?71 w(z) = (1—z)* (2.6)
Es(z) = yefa(x) + b(z)] — d(z) # 0, xrelJ. (2.7)

Proof: Let u(z,y) be a solution of the Problem satisfying the homogeneous conditions (|1.2)) and (|I.3])
(pi(y) =0, g(x) = 0), then, by integrating the identity

ﬁ m+Bo g Bo _ ,Bof,m 2 21
O (y uuz) + dy (y uuy) Y [y (uz)” + (uy) ] =0,

over the domain D; and taking into account the conditions imposed on the functions u(x,y), u.(z,y)
and y®u,(z,y), we have

1

// Y™ [y™ (us)® + (uy)?]dzdy + /T(:c)l/(w)d:c =0. (2.8)

Let us show that if the assumptions of theorem [2.1] hold, then

I = /lr(x)l/(:r)dx >0

cannot be negative.
Indeed, substituting the functions u[Oy(x)] and u[0;(x)] into condition (1.3), under conditions (2.2]),
taking into account the semigroup properties of generalized operators (|18], p. 327),

(fm (132077) @) @) = (B2 F) (@), >0,
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(e (omn7) () @) = (BE4F) (@), >0,
and the well-known relations ([18], p. 327)
(L6 f) (@) = (5 f) (=), (") (@) = (Lo f) (2),  p>0,

where If, and I} are fractional Riemann-Liouville integrals, and by making simple transformations,
we obtain the following relation between 7(x) and v(x) extended to J from the hyperbolic part Ds:

() = @) (57 0) (@) + 0 @) (179)(0) + ea(w)vla) + g3, 29)
where
W) =g @ =g al =g s =S

For g;(x) = 0, we have

1 1

1
I = [ a@@) (1) @z + [ by(@)w@) (1) @) + [ o) (@)ds
0 0 0
By using the well-known formula for the gamma-function I'(z) [21],
ftz_l cos(kt)dt = ') cos (LZ) E>0, 0<z<l1
kz 2 J 9 9
0

and by setting k = |x — £| and z = 20 in it, one can derive the relation

oo

1
426-1
o —€F 26 ) cos(n3) / cosl?

0

— &)]dt.

and hence

€T

m]* = /lal(x)u(m)dx/y(ﬁ)dﬁ 7t2ﬂ‘1cos[t(m—£>]dt

0
1

+/1b1(x)u(x)dx/ df/tzﬁ 1cos[t(£—x)]dt—|—mmﬁ)/cl(x)yz(@”)d:ﬂ.

By changing the order of integration and by integrating by parts, as a result, the following relation

holds
sn(mp)’ “1(1>/t25_1dt (/ v(€) cos(t§)ds | + (/ v(§) sin(tg)dg)

0 0 0

—7t26—1dt/1a’1(x) [(/I v (&) cos(t&)dg 2 + ]V(f) sin(t{)dﬁ) 2] dx
15,(0) 7 £ dt ( / (€) cos(t€) d . / v(€) sinr€) d€)2

4 / 291 gy / b, (x) ( / v(€) cos(te) de | + v(ﬁ)sm(ti)ds) da

Se—
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1

+sin(7r@0/01($)y2(x) dx.

From conditions and , we have I* > 0. Then it follows from that the solution of the
Problem is unique.

Now, if the conditions f in the theorem are satisfied, then the functional relation
between 7(z) and v(z) from the hyperbolic domain D, has the form

[e(a(x) +b(2)) — d(@)]v(z) = na(@) (Do 7)(z) + nb(x)(Dy~*'7)(2) + cz)r(2) — g(x), (2.10)

where Dy, *” and D;~*” are the Riemann-Liouville fractional differentiation operators ([18], p.43).
We rewrite relation (2.10)) in the form

v(z) = az(x) (Dé;MT) (x) + bz(a:)(Di:QﬁT) () + ca(z)7(x) + go(x), (2.11)
where
o) =g, () =mp el = g ()=

Let D;, and Dy, be finite domains cut off from D and D., respectively, by the line y = h > 0, where
On(0,h) and By (1,h).

Lemma 2.1. Let

1) the function u(z,y) € C (D1s) NC*(Dhy) satisfy the inequality L(u) > 0 (L(u) < 0) and take on
a positive maximum (respectively, a negative minimum) value at some point (x¢,0), zo € (0,1);

2) the value of u(z,y) on o = 00, UO,B), U BB is less (greater) than u(xq,0). Then

vy(z) = yliIEO yPu,(z9,0) <0 (vy(z) >0)

provided that this limit exists.

Lemma 2.2. Let g(z) =0, and let either a(x),b(z),c(x) > 0 and d(x) < 0 or a(z),b(x),c(z) < 0 and
d(x) > 0. If the function T_(x) attains a positive mazimum (respectively, a negative minimum) on the
interval [0,1] at the point x = xy, 0 < xo < 1, then v_(xy) > 0 (respectively, v_(xy) <0 ).

The assertion of the lemma readily follows from relation and the maximum principle for
fractional differentiation operators [19].

Let u(x,y) be a solution of the homogeneous problem for Eq. in the domain D; that satisfies
the boundary conditions u(0,y) = u(1,y) =0, y > 0. We show that u(z,y) =0 in D;.

Suppose that this is not true. Then there exists a domain Dy, such that, indeed, maxy —|u(z,y)| >
0. Without loss of generality, one can assume that maxg = |u(z,y)| = maxg,, u(z,y) > 0.

Assume that maxg  u(z,y) is attained on O, B;,. Since u(0,y) = u(1,y) = 0 for y > 0, it should
not be attained on ¢ = 00, U O, B, U B, B, and, by virtue of the well-known property of elliptic
equations [22] (pp.24-25), it should be attained on the segment OB at some its interior point (zo,0).
But then, by the lemma [2.1] given above, it is v, (xo) < 0, which contradicts v_(z) > 0.

Therefore, maxp,, u(z,y) must be attained on O, By,. Take an arbitrary small number ¢ > 0 and,
by (L.5), choose h large enough so that |u(z,y)| <e for y = h.

Let (z9,yo) be an arbitrary point in the domain D;. For a sufficiently large h, this point falls in the
domain D;;, and therefore |u(zo, yo)| < €. Since ¢ is arbitrary, we have u(zo,yo) = 0. Then u(x,y) =0
in the domain D;, and, in particular, u(x,+0) = 7,.(z) = 0 on [0,1]. But since 7, (z) = 7_(x), it
follows from that v_(z) = 0. Then, from Darboux’s formula (2.1)), we obtain u(z,y) = 0 in the
domain D,.

Therefore, the Problem has at most one solution. O
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EXISTENCE OF A SOLUTION OF THE PROBLEM

To derive a functional relation between 7(z) = u(x,0) and v(z) = liriloyﬁouy(x,y) extended to J
Yy—

from the elliptic part D, of the mixed domain D, consider Problem N.
Problem N. In the domain Dl, find a solution of Eq. (1.1)) satisfying the inclusion u(x,y) €

C(D,) N C?*(D,) and conditions and (L.5)- .

The solution of Problem N was found in [10] in the form

u(@,y) = ui(z,y) + ua(z, y),

where -
wle) =P [0+ a0 (S5 ) o
’ 2 m—+2 ’
0
2\ 7 2m+1+ﬁo 2\ mge
Az —Ar __ : _ 3
a;(N)e™® + ag(A)e " = (m T 2)smha |:Slnh (1—2x) /y <m oY ) v1(y)dy
0
7 2)\ m+2
+Sinh()\.%')/J2L‘?21 <m+2y;> 902(3/)dy] ,
0
and

1—8 >0 27Tn m+2 .
uy(z,y) =y = ZCnK% (m+2y 3 >sm(7rna:),

n=1

1428

1
V Sln 7Tn = - T Ii5a -
m\m+2) T(EZ)
0

2

Here, J,(z) is the Bessel function of the first kind and K, (z) is the Macdonald function [23].
The relation between 7(x) and v(x) extended from D; to J has the form

1

@) = 70 / V()G (1)t + 7 (), (2.12)

0

where
Ga,t) =[x —t|7% — (z + 1)~
[(@n—z+t) ™ +@nt+a—t) " —2n-z-1) - Cnt+az+1)],

n=1

2m+1 0 h 1— 142 2)\ m42
n(z) = i (z, 0)—k0/ S G () dt /Sm sinh(M1 = 7)) | E Jan (té*) A

sinh A m—+ 2
0

T omiris inh(Az) 1 IN  meo
+k0/t +2+/3 @2(t)dt/snl,(x))\+2ﬂz]2ﬁzl <t2+) dA,

sinh A m+ 2
0

() i ()
m+2) 2y (228 " \m+2 (28
By using the formula [23] (p. 191)

viasinh(az) oy 2y 3 et sin (97 g, (5T
/z sinh(bz) (%) Z_b(b) 21 M\ )7\ )

0 k=1
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[Rev > —1; Reb > |Rea|+ |Imc|],

one can claim that the function 7i(x) has derivatives of arbitrary order on the interval (0,1) and
remains bounded as x — 0 and z — 1.

Let conditions ([2.2) and (2.3]) be satisfied. By substituting the function (2.12)) into relation (2.9)),

we obtain, after some transformations,

[ K (o u(t)dt
d(2)v(z) + O/ S = @) (2.13)
where
_ \28 _ Yea(z)
YoE (z)(z — t)* G(z,1) 7“1 —25)’ t <z,
K, t) = Y2b()

Yoy (x)(t — 2)*G(z,t) — (1 —23)" t>

f(x) = g(x) — Er(x)71(2).
By virtue of the above-stipulated assumptions on the smoothness of the given functions, one can
obtain f(x) € C(J)NC(J).
Therefore, relation with d(z) # 0 is a Fredholm integral equation of the second kind with
a weak singularity in the kernel, whose unconditional solvability follows from the uniqueness of the
solution of the Problem.
By substituting the function into relation and by making simple transformations, we

have
1

[2(a() + b(x)) = d(z)]v(x) - Yoc(x) / v(t)G(x, t)dt

_7071a($)d/ G 7df _ /V(t)G(§,t)dt

I'(28) dx J £)1-28 J
vonb(@) d [ dE | -
B dxm/ (& —z)20 O/V(f)G(&t) dt = F(x), (2.14)

where

Fx) = g(x) + c(z)ni(z) +

[ / w—t 1-28 b(ﬂﬂ)/m] . (2.15)

T

Now, let us study the solvability of the integral equation . To this end, we transform the
expression on the left-hand side in Eq. (2.14)),

Li(z) = i](x—ﬁ)wldf/lV(t)G

and then, by making the related transformations, the following is obtained

1

I(z) = 7 tan(nB)v(z) + /1 ( é )”ﬁ v(t)dt / < t >12ﬂ v(t)dt

t—x T t+x
0

oo

- on 4+ t\'" n—t\'"*" u(t)dt
+Z1/< > 2n—x—|—t+z/( > n+z—1
=0 0
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_i/ 2n —t 20 °°/ 2n +1 20 y(t)dt
— n—x—t / n+ax+t

n=

In a similar way, we have

1 1

L(z) = (;i/(g_iilmo/y(t)G(g,t)dt

:_ﬂmmwmu@y+j<;:;>lwt_m /(iji> ”t@ﬁt

1
i/ on+t—1\"" °°/ on—t+1\""  ut)dt
1—=x 2n—x+t S 1l-z 2n+x—t
0 n

=1

+§:/ on—t—1\"% +§:/ on+t4+1\'"""  v(t)dt
1—z 2n—x—t —~ 1—z 2n+x+t
0 n=

In what follows, we additionally assume that

a(z) = z°ay (), b(x) =(1— 33)551 (x), d(z) =[z(1 - x)]sczl (x), e>1-28, (2.16)

a1 (2), by (), dy(z) € COVT)NCHT),  A>0.
By using conditions (2.16]), we rewrite Eq. (2.14) in the form

m@%@+i?/i@f+/Kﬁ?ﬁwﬁ:ﬂ@, (2.17)
where _ -
A(z) = 7 [msél(:n) +(1- CU)Ebl(:L‘)] (1 +sin(wp)) — 2°(1 — x)°dy (),
B(z) = i3 (2) + (1 — )75y (2)] cos (n8),
and

1
|z —t26  (x41)? ]

ol ea (471 - [(222)
vl @HB + (1= 2)bi(x) ( e ) N

{ (2n —x +1t) 2ﬁ—|—(2n—|—x—t)_25—(2n—x—t)_25—(2n+x+t)_2ﬁ}

§:2n+t1”ﬁ 1 +§i2n—t1”5 1
T 2n—x+1t = T 2n+x —t

n=1 1

fi n—tlﬂﬁ 1 om+t\ ' 1
2n—x —t o x 2n+x+t

K(2,1) = —pelz)(t — ) [

)

Yoy1 t—x

e

|

)

[e=)
Q
oy.

|
&
3
&ME%
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Yo - < o +t—1\" 1 < /o —t+1\" 1

_ 1— 2)% t— STy - - S rra -

F(Z,B)( )b @)( x)LZ:1< 11—z 2n—$—|—t+nz::1 1—x 2n+x —t
Z 2n—t—1 Z 2n+t+1 1

S 1-—z 2n—x—t S 1l—z 2n+zx+1t

It follows from the form of the kernel K(z,t), the smoothness of the given functions, and the

conditions (2.16|) that

K(z,t) € CON(T x J)nCYJ x J),

and the right-hand side F'(z) € C(0,1] N C*(0,1) of Eq. (2.17) from (2.15)).
Thus, the singular integral equation (2.17)) has a unique solution given by the following form

o= are 20 (1) ] (),

where

A(z)
A?(x) — B%(z)’

B B(x) o) = Flg) — / v
- A2(x) — B2(x)’ Plw) = F(x) / t—wx

The condition A?(z)— B?(z) # 0 provides the existence of a regularizer [24] that reduces the singular
integral equation (2.17) to a Fredholm integral equation of the second kind, whose unconditional
solvability follows from the uniqueness of the solution of the problem.

A*(x) = B*(z)
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