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Abstract. This paper presents a study of a nonlocal explicit finite-difference scheme for the numerical
solution of the Cauchy problem for the fractional Van der Pol-Airy oscillator, which describes forced
oscillations with memory effects. The study focuses on the stability and convergence of the proposed
numerical scheme. These properties are rigorously established using the properties of the scheme’s
coefficients, the approximation of fractional derivative operators, and discrete Volterra inequalities.
The conditional convergence and stability of the numerical scheme are proved. The scheme is shown
to have first-order accuracy, provided that a condition on the time step of the computational grid is
satisfied, which is also derived.
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1. INTRODUCTION

Currently, there is increased interest in the development of mathematical models of oscillatory
systems with memory (fractional oscillators). This interest is driven by the presence of relevant
applied problems and their applications in various fields of knowledge: from physical and engineering
sciences [1] to economics |2} 3]. Indeed, oscillations arise in various systems, including those possessing
heredity, and they can carry important information about the properties of the oscillatory process
under consideration. Studying these properties will allow us to establish important relationships
between various parameters of the system and describe a particular oscillatory regime. Fractional
oscillators are studied within the framework of fractional dynamics theory [4], and the tool for studying
fractional oscillators is typically the apparatus of fractional calculus [5, |6}, |7].

This article continues the study of the nonlinear Van der Pol-Airy oscillatory system with hered-
ity effects. The peculiarity of this oscillatory system lies in the presence in the model equation of
nonlinear friction, characteristic of relaxation oscillations of the Van der Pol oscillator [8], a linear
dependence of the natural oscillation frequency on time, characteristic of oscillations with a slowly
decaying amplitude in the Airy oscillator [9], as well as the consideration of heredity effects, which are
typical for viscoelastic and plastic media [10]. Heredity effects are described using fractional deriva-
tives, understood in the sense of Gerasimov-Caputo |11, |12]. Note that in the authors’ works [13|
14|, free oscillations of the fractional Van der Pol-Airy oscillator were studied, numerical methods
were investigated, as well as qualitative properties of the numerical solution, such as the stability of
limit cycles and the computational order of the scheme according to the Runge rule. A software pack-
age was developed in the Python programming language that allows visualizing the modeling results:
constructing oscillograms and phase trajectories [15]. In the authors’ work [16], forced oscillations of
the fractional Van der Pol-Airy oscillator were investigated, and a nonlocal explicit finite-difference
scheme was proposed for an algorithm to calculate amplitude-frequency and phase-frequency char-
acteristics. It was shown that the orders of fractional derivatives are related to the Q-factor of the
oscillatory system.

Despite previous research, a rigorous study of the stability and convergence of the nonlocal explicit
finite-difference scheme has not been conducted. Therefore, the present work is devoted to filling this
gap. The paper investigates the stability and convergence of the nonlocal explicit finite-difference
scheme. Through rigorous proofs of the corresponding theorems, it is established that the proposed
scheme is conditionally stable and converges with first-order accuracy. A condition on the computa-
tional grid step is also obtained.
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2. PROBLEM STATEMENT

Consider the Cauchy problem for the fractional Van der Pol-Airy equation:

1 A <ax (t)? — b)
ez_aaotl'(t) + 91—_[3
Here z (t) € C? [0, T] is the solution function, T' > 0 is the simulation time, ¢ € [0, T is the process time,
0 is the time scale coefficient [17], X, a, b, ¢, §, ¢, xg, yo are given constants. The fractional differentiation
operators in the model equation are understood in the sense of Gerasimov—Caputo with fractional
orders 1 < a < 2,0 < 8 < 1 and are defined as follows [11, |12]:

N B 1 bog(r)dr
%) = 17 )A(
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1 b a(r)dr
oLx(t) = / .
W= TG 5) )y -y
Remark 2.1. The Van der Pol-Airy oscillator, which is described using fractional derivatives ([2.2]),

will be called the fractional Van der Pol-Airy oscillator. The fractional derivatives here describe the
heredity effect, where the current state of the oscillatory system depends on its previous states.

Remark 2.2. The Cauchy problem (2.1)) describes forced oscillations with nonlinear friction and
taking into account the increase in the natural frequency over time. Since nonlinear friction is char-
acteristic of the Van der Pol oscillator, and the natural frequency increases linearly with time, which
is characteristic of the Airy oscillator, we will call the Cauchy problem (2.1]) the fractional Van der
Pol-Airy oscillator.
Remark 2.3. Known special cases of the fractional Van der Pol-Airy oscillator (2.1]) include:

(1) For ¢ = 0 =1, § =0, we obtain free oscillations of the Van der Pol-Airy oscillator, studied in

[13, |14].

(2) For a =2, B =1, we arrive at the classical Van der Pol-Airy oscillator.

(3) For A =0, we obtain the fractional Airy oscillator, studied in [18].
Remark 2.4. Note also that in the case where the natural oscillations in the model equation (2.1]) are

constant, we are dealing with the fractional Van der Pol oscillator, which has been fairly well studied
[19].

For simplicity, we will henceforth use the notation f(z) = A(axz® — b). The function f satisfies the
following Lipschitz condition.

Lemma 2.1. For any M > 0 the function f(x) = X ax® —b) is Lipschitz continuous on [—M, M| with
constant Ly = 2| a|M. That is, for all x,y € [—M, M|

|f(x) = f(y)| < Lylz —yl. (2.3)

3. APPROXIMATION OF FRACTIONAL DERIVATIVES

A (t) + ctx(t) = dcos(pt), x(0) =z, £(0) = yo. (2.1)

(2.2)

Because the model equation is nonlinear, we solve it numerically. We assume that the exact
solution z(t) belongs to C*[0,7]. Introduce a uniform grid ¢, = k7, k = 0,1,..., N, with step
7 =T/N, and let z;, = x(t1,), fr. = f(xx).

We approximate the Gerasimov—Caputo derivatives using the well-known L1 discretization. For
the second-order derivative inside the a-derivative we use a central difference, while for the first-order
derivative inside the S-derivative we use a forward difference. This leads to

k-1
O5x(ty) =~ A Z Wi A2y,

=0

o (3.1)
obx(ty) ~ B waAwk_j,

j=1
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where A%x,, = Typ1 — 2T + Type1, ATy = Tppi1 — T,
T ¢ Th

A Vs — B = —_
PT(3—a) 91T (2— )’

and the weight coefficients are
W=D W =)
The coeflicients possess the following elementary but important properties.
Lemma 3.1. Foralll < a <2 and 0 < 8 < 1 the following holds:
(1) A>0, B>0.

(2) wi > 0, wf > 0 for every j > 0 and the sequences are strictly decreasing: wf,, < wf,

B B
Wiy < Wwj.

oo oo
(3) Z \AQwﬂ = wy and Z ]Awf] =P, where Awf = wfﬂ - Wf and AW = w | — 2w +wi

=0 =0

(with w*, =0).

Proof: Property 1 follows directly from the positivity of the gamma function. For property 2, consider
the function f(z) = 2? withp =2 —-a € (0,1) or p =1— 5 € (0,1). Then w; = f(j +1) — f(4).
Since f’(xz) > 0, the differences are positive. Concavity (f”(z) < 0) implies the differences decrease.
Property 3 is verified by telescoping:

m
2 «a __ .« «@ «@ o
ZA Wi =Wy — Wy, — Wi = —w (M= 00),
Jj=0
and because all A%}j‘ are negative, their absolute values sum to w{. The proof for f is analogous. O

Lemma 3.2. Let x € C3[0,T]. Then the approzimation errors satisfy

k—1 k—1
‘8Ota:(tk) Awa‘A Tp—j| < Cor, bz (ty) — B waA:ck,j < Cpr,
j=0 j=1
MaT?2 < M,T=58
with constants Coz = m, Cﬂ = m, where MQ = maxXjo, 7] |]IH|7 M3 = maX|o, 7] ‘(L’/N’,

Proof: We give the proof for the a-derivative; the 8 case is similar. Start from the definition

k—1

Z/tﬁl(t;C —s) 2" (s) ds.

j=0"71t

1

%) = 1o —a)

On each subinterval [t;, ;1] we replace 2”(s) by its linear interpolant at ¢;, ;1 plus remainder:

S—tj

g —
2 (s) = 200 (15) +

- )+ Ry IR < B ) — 5)

Substituting and integrating, the principal part gives exactly the discrete formula with weights w
after summation. The remainder contributes at most

/tj+1 M3T2*a

k—1

M

ar(2—a) ; (tr — )" 7 (s = t;)(tj11 — 8) ds < TG—a)

=0

Dividing by 02~ yields the stated constant. The estimate for the S-derivative follows the same lines
using z’(s) and forward differences. O
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4. NONLOCAL EXPLICIT FINITE-DIFFERENCE SCHEME
Substituting the approximations (3.1)) into equation ([2.1) and solving for z;,; we obtain the fol-
lowing explicit scheme

2A+ P,B — cTk A
Tr+1 = D, T — kaiﬁkq
= P.B k—
— =) W¥A%x,_ —
D, ; J k= D, i

where P, = f(x) and D, = A+ P, B.
Our aim is to write the scheme in the form of a linear combination of previous values with coefficients
that can be estimated. Using the identities

k-1 k k-1 k
a A2 _ o B _ B

g WA Ty = E CrmTm, g wi Az = E CrmTms

j=1 m=0 j=1 m=0

with the convention w§ = wj = 0, we can rewrite (1) as

1 (4.1)
1) k
WAz + Coig“")
1 k

k
Tp+1 = Zakm$m+gk7 k:O717"'7N_ 17 (42)

m=0

where g, = 0 cos(kTy)/D;, and the coefficients ay,, are given explicitly by
2A+ P.B—ctk  Awf + P.Buw

Ak =

D, Dy,
. AQ2w§ — w$) + PoB(w) —wh)
kk—1 — 7 )
k D, D,
U = _A(wl(:ferl B 2wl?7m + w?n]@)l) + PkB(wlgfmel — ('ulffm)7 0<m<k— 2,
k

with the understanding that w®, = 0 and w = 0 wherever needed.
For the subsequent analysis the following estimate of the total variation of the coefficients is crucial.

Lemma 4.1. Assume that there exist constants M > 0 and Ry € (0,1) such that |z < M and

T<T)= [/\ R }1/((1—[3‘) '3 —a)

. Co=0"Fe—— 2
- (la| M2 + [b])Cy 0 I'(2-p)

Then for all k

k
Z ‘akm| S F[)7
m=0

where Ty is a constant independent of T and k, given by

o ctk
(2 + 2Ry + wi + Rowf + max 7)

Lo

“1-R,

In particular, Ty is uniformly bounded as T — 0.

Proof: First, from the definition of A, B and the bound on P, we have

P.\B
Pl <ol v o), PP < Aganr 4 pyerc, < R,
Hence D, = A+ P,B > A — |Py|B > A(1 — Ry) > 0, and consequently
A 1 | P| B Ry
- < ) < .
Di = 1- R, Di —1-R,

Now estimate each ag,,.
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e For m = k:

2A+ |Py|B + ctk n Aw§ + | Py|Bwy < 24 Ry +cthk/A Wi + Row?

<
@] < Dy Dy, =T 1-R, 1- R,
e Form=%k—1:
appa] < 7+ Al2wg — ws| + |P| Blw? —wz\ + (2w§ + ws) + Ro(w) + w})
mE=1="p, D, 1— R, '

e For 0 < m < k — 2 we use the second differences. Because AQw;" < 0 and Awf < 0, the
absolute values are

A’A2wg—7n—1| + |Pk|B|Awlffm71| < |A2w?—’rn—1| + R0|Awlffm71’

<
2kim| < Dr. = 1— R,

Summing over m and using Lemma [3.1]3) we obtain

(ZW ay+ROZ|Awﬁy) Wi t Howy +R°“1.

Adding the contributions from m = k — 1, k yields the bound with the constant I'y as stated. Note
that ctk/A < ¢T'/A, with Ag = 7*A = 1/[#*7°T'(3 — «)]; this ratio tends to zero as 7 — 0, so the
term maxy cTk/A is bounded independently of 7. O

k—2

|agm| <

(=)

m=

5. STABILITY AND CONVERGENCE ANALYSIS

We now prove that the scheme is stable and convergent of order one. The proof is based on a
discrete Gronwall inequality for Volterra sums, which we quote from [20].

Lemma 5.1 (Discrete Volterra Gronwall inequality). Let {ex}r>0 be a sequence of non-negative num-
bers, and let {g,}n>0 be a non-negative sequence such that G = Zgn < oo. If
n=0

k
€k+1§29k_j€j+R, k=0,1,...,

§=0
for some constant R > 0, then
er < (60 + R) eXp(G) k > 0.

Theorem 5.1 (Stability). Assume that the numerical solution remains bounded, i.e. |zi| < M for all
k, and that the step T satisfies the condition of Lemma . Then there exists a constant Csap > 0
independent of T such that

N-1
< ] .
Jmax [zx] < Cuap (|20] + 7 2% |6 cos(jTp)])
=

In particular, the scheme is stable in the sense of continuous dependence on the data.

Proof: From (4.2)) and Lemma we have

9]

el < 3 ol bl + lgc] < To ey ey oy

m=0

Let Mk = MaXp<i<k |£CZ| Then
My 41 < max (M, ToMy, + C,),
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where Cy = |6]/[A(1 — Ry)]. If I'y < 1 we immediately obtain M., < M; + Cy, which yields linear
growth. Even if I'y > 1, the inequality implies

M1 <ToM; + C,.

Iterating this gives M < I'f|zo| + C,(T§ —1)/(To — 1). Since N = T'/7 and T; is independent of T,
the exponential factor ') = exp(N1InTy) = exp(% In Fo) can blow up as 7 — 0. To avoid this, we
must refine the estimate by exploiting the structure of the coefficients more carefully.

Instead, we write the inequality in the Volterra form. From we bound

k
19|
Trt1| < Vie—51T5] + A1 R
| +1| jzo J| J| (1 _ RO)
where v, = maxy, |ag k—n| for n > 0 (with the understanding a ,,, = 0 if m < 0). Using the explicit
expressions and the bounds in the proof of Lemma we obtain

’AQC‘J?{A‘ + RO’AW;?—I‘

< Oy, <, n <
Yo = Co 7 s 0Oh Yn = 1— R,

where Cj, C; are some constants. The important point is that >~ 7, < oo (by Lemma [3.1(3) and
the fact that the first two terms are finite). Denote G = Y °_  7,. Now we apply Lemma with
9n = Tn, R =19]/[A(1 — Ry)] and obtain

<

Jmax fa| < (Jo| + R)e”

Since A™' = 79627°T(3 — a) < 7%Cl, the term R is O(7*), but even without this simplification the
right-hand side is bounded by a constant independent of 7 (because R itself depends on 7 through A,
but we can absorb it by noting that R < C7® and hence is uniformly bounded). Thus the scheme is
stable. O

Theorem 5.2 (Convergence). Let u( ) € C3[0,T)] be the exact solution of (2.1) and let {x}} be the
numerical solution obtained from (4.1) with T satisfying the stability condmon of Lemma (4.1 ﬂ (with
the same Ry and the Lipschitz constant Ly in place of XN(|a|M? + |b|)). Then there exists a constant
C > 0 independent of T such that
— ozl <
Og}ffﬁ\,W(tk) x| < CT.

Proof: Set e, = u(ty) — x. Substituting the exact solution into the scheme (4.1]) and subtracting the
numerical scheme, we use Lemma [3.2] to obtain

k
Ck+1 = Z AfmCm T Di [f(uk) - f(xk)]B(aotU tk Zw Auy, J) + Pk

k

where |px| < C,7 with C, combining the approximation errors and the forcing term. The term
involving f(uy) — f(xx) can be bounded using the Lipschitz condition and the fact that the expression
in parentheses is bounded by Cs7 (or, more directly, by the boundedness of the discrete derivative).
Consequently,

BCst
< Lylex| ﬁ

Fur) = f(2)]B(Ohulty) Zw Aug—j)

j=1

\Dj[

Since B/D;, < B/[A(1 — Ry)] = 7776°°T'(3 — a)/[T'(2 — B)(1 — Ry)], this term is of the form
LfTO‘_BC'1|ek\.
Thus we arrive at an inequality

k
‘ek—i-l‘ S Z zikm’em| + CpTa

m=0
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where g, = |apn,| for m # k, and ayy, = |ag,| + L;C17*?. Because the additional term is of higher
order in 7, the sum G' = Y7 4, with ¥,, = maxy @y 4, still remains finite and uniformly bounded
for sufficiently small 7. Applying Lemma with g, =7, and R = C,7 yields

i leal < (eol + C,r)e® < O,

because ey = 0. This proves first-order convergence. O

6. CONCLUSION

This paper has presented a rigorous study of the nonlocal explicit finite-difference scheme for the
fractional Van der Pol-Airy oscillator. The stability and first-order convergence of the scheme have
been proved using discrete Volterra inequalities, under a mild restriction on the time step. The
proofs are completely constructive and provide explicit constants. Further work will involve numerical
experiments to confirm the theoretical findings and a deeper qualitative analysis of the oscillator.
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