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Abstract. In this paper, a new family of Pauli quaternions whose components are the Gaussian
Leonardo numbers is defined. These new Pauli quaternions are called Pauli Gaussian Leonardo quater-
nions. Furthermore, several properties of Pauli Gaussian Leonardo quaternions, including relations
with the Pauli Gaussian Fibonacci and Pauli Gaussian Lucas quaternions are investigated. In addi-
tion, Binet-like formula, (ordinary) generating function, exponential generating function, and some
summation formulas for these Pauli quaternions are given. Moreover, some results are illustrated with
examples.
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1. INTRODUCTION

The sequences of Fibonacci and Lucas numbers [1] are defined by the relations
Fb=0F=1LF,=F,_1+F, > n>2 (1.1)
and
Ly=2,Ly=1L,=L, 1+ Lp,_5, n>2, (1.2)

respectively. The Binet formulas for Fibonacci and Lucas numbers are given as

F, = M
a—p
and
L'I’L = an + ﬁn7
respectively, where o = # and 8 = 1_2‘/5. Here, @ and 3 are the roots of the characteristic equation

22 —x —1=0of (1.I) and (L.2]). For more information, we refer to [1].

Over the past few years, the sequence of Leonardo numbers, which is listed as A001595 in the
OEIS |2|, has garnered enormous interest. In [3], Catarino and Borges studied some properties of the
Leonardo number sequence.

The Leonardo sequence is defined by the relations

Le,=Le, 1+ Le, o+1, n>2
or
Le, =2Le,_ 1 —Le,_3, n>3

with initial conditions Ley = Le; = 1 and Le, = 3. Here, Le,, represents the n-th Leonardo number
[3]-

The Leonardo numbers have a strong relationship with the well-known Fibonacci numbers. Let Le,
be the n-th Leonardo number and F,,; be the (n+ 1)-th Fibonacci number. Then, the Leonardo and
Fibonacci numbers are related in the way that follows [3]:

Len = 2Fn+1 — 1.
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Furthermore, the n-th Leonardo number is given as

2an+1 _ 25n+1 _ 04+B
Len = )
a—p

where a = % and § = 1_2\/5 (see [3]).

A Gaussian number is a complex number with integer coefficients that was investigated by Gauss
[4]. The concept of complex Fibonacci numbers was first introduced and studied by Horadam [5].
Then, the Gaussian Fibonacci and Gaussian Lucas numbers were studied by Jordan [6].

The n-th Gaussian Fibonacci number is defined recursively by the relation

GF,=GF,_.1+GF,_5, n>2

with GFy =i and GF; = 1. Similarly, the n-th Gaussian Lucas number is defined recursively by
GL,=GL,_1+GL,,_5, n>2

with GLy =2 —i and GL; = 1+ 2i (see [6]).

Exactly like the Fibonacci numbers, the complex Leonardo numbers [7] and the Gaussian Leonardo
numbers [8} |9} |L0] are introduced and studied. Then, in [11], some new results involving the Gaussian
Leonardo numbers are given.

The n-th Gaussian Leonardo number is defined by

GLe, =GLe, 1+ GLe, >+ (1+1i), n>2 (1.3)
or
GLe, =2GLe,_, — GLe,_35, n>3 (1.4)

with GLey =1 —14, GLe; = 1+ i and GLey = 3 + 4. Moreover, for non-negative integer n, the n-th
Gaussian Leonardo number is given as

GlLe, = 22" = /Bn:z;%(an =8 a4, (1.5)

where a = % and f = 1*2‘/5 (see [8, 19, 110]).

Besides, for Gaussian Leonardo numbers, the followings hold [8, 9, |10} |11]:

GLe, = Le,, + Le, _1i, (1.6)
GLe, = 2GF, 1 — (1 +1), (1.7)
GLen_1 4+ GLepyy = 2GLyyy — 2(1 + 1), (1.8)
GLe, 1 — GLe, = 2GF,, (1.9)
GL€n+2 - GLen_g = 2GL7H_1, (110)
GLe, + GF, + GL, = 2GLe, + (1 +1), (1.11)
> GLey = GLeyny — (n+2)(1+ 1), (1.12)
k=0

> GLey, = GLeyyr —n — (n+ 2)i, (1.13)

k=0

Z GL62k+1 = GL62n+2 — (n + 2) — ni, (].14.)
k=0
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where Le,, is the n-th Leonardo number, GLe,, is the n-th Gaussian Leonardo number, GF,, is the
n-th Gaussian Fibonacci number, and GL,, is the n-th Gaussian Lucas number.

A (real) quaternion, introduced by W. R. Hamilton in 1843, is a hyper-complex number. A quater-
nion ¢ is represented as follows:

q=qo+ @i+ qJ+ gk,
where qq, q1, q2, and g3 are real numbers, and i, j, and k are quaternionic units such that
P=2=k=-1, ij=—ji=k, jk=—-kj=1i, ki=—ik=]j.
For further information, we refer to [12, |13].

The Pauli quaternions are quaternions formed by using the Pauli matrices. The Pauli matrices
comprise a collection of 2 x 2 complex matrices as follows |14} 15]:

(10 (0 1 (0 —i (1 0
“lo 1) 2=\1 0) %27\ o) 937 \0o -1

with multiplication rules given by

012 = 022 = 032 =1,

0102 = —0201 = 103, 0903 = —0309 = 107, 0301 = —0103 = i03. (1.15)

Moreover, the Pauli matrices, named after the German physicist Wolfgang E. Pauli, are Hermitian
and unitary (see [14, 15]). The Pauli matrices have found wide applications in various areas, including
mathematics, physics, and mathematical physics (see, e.g., |16} |17} 18} |14, [15, |19} 20, 21]).

The set of {1,i04,i02,i03} is the basis of Pauli quaternions. This set is isomorphic to the set of
(real) quaternions [15].

A Pauli quaternion is defined by Kim [15] as
P = pol + p101 + p202 + p30os,

where 0y, 02, and o3 satisfy the rules (1.15)).
The conjugate of a Pauli quaternion p, denoted by p, is

P =pol — pi01 — p202 — p303.

Furthermore, in |15], Kim investigated algebraic and analytic properties of Pauli quaternions.

In [22], Aydin introduced the Pauli Fibonacci quaternions and obtained some properties involving
these Pauli quaternions. Then, in [23], Isbilir et al. defined and studied the Pauli Leonardo quater-
nions.

The n-th Pauli Leonardo quaternion is defined as

QpLen = L@nl + Len+101 + L€n+202 + L€n+30'37 (116)

where Le,, is the n-th Leonardo number (see [23)]).

More recently, in [24], Azak defined the Pauli Gaussian Fibonacci and Pauli Gaussian Lucas quater-
nions as follow:

The n-th Pauli Gaussian Fibonacci quaternion is

QPGFn = GFn1+GFn+10'1 +GFn+20'2+GFn+30'3, (117)



Pauli Gaussian Leonardo quaternions 205

where GF), is the n-th Gaussian Fibonacci number.
The n-th Pauli Gaussian Lucas quaternion is

QPGLn == GLn]_ + GLnJrlO-l + GLnJrQO-z + GLn+3O'3, (118)

where GL,, is the n-th Gaussian Lucas number.
Furthermore, the author obtained some identities and formulas involving the Pauli Gaussian
Fibonacci and Pauli Gaussian Lucas quaternions (see [24]).

Quaternions are an extension of complex numbers. Both complex numbers and quaternions have a
rich representation capacity in many scientific disciplines, especially in applied sciences. Also, Pauli
matrices are very useful in quantum mechanics as well as in classical mechanics. On the other hand,
due to the extraordinary patterns of Fibonacci numbers in nature, the Fibonacci sequence and other
sequences that are closely related to this sequence are the focus of many researchers’ studies. The
Leonardo sequence, a non-homogeneous extension of the Fibonacci sequence, has recently attracted
considerable attention by researchers.

Inspired and motivated by some of the above mentioned papers, by bringing together complex
(Gaussian) numbers, quaternions, Pauli matrices, and Leonardo numbers, we aim to introduce a new
family of quaternions. These numbers will be referred to as Pauli Gaussian Leonardo quaternions. The
Pauli Gaussian Leonardo quaternions are an extended description of the Pauli Leonardo quaternions
in [23] to the complex case. For our purpose, we first define Pauli quaternions with Gaussian Leonardo
number coefficients. Then, we derivate some identities and formulas involving these Pauli quaternions.

2. MAIN RESULTS

Definition 2.1. For n > 0, the n-th Pauli Gaussian Leonardo quaternion, denoted by QpGLe,, is
defined by

QpGLe, = GLe,1+ GLe, 101 + GLe, 202 + GLe, 303, (2.1)
where G Le,, is the n-th Gaussian Leonardo number, and o4, 03, and o3 satisfy the rules ([1.15)).
Note that, by virtue of (1.6 and (1.16)), it is easy to see that
QPGLen = QPLen + QPLen—li'

By considering the definition of the conjugate of a Pauli quaternion, the conjugate of QpGLe, is
defined as

QpGLe, = GLe,1 — GLe, 101 — GLe, 905 — GLe, 505. (2.2)
Throughout the paper, let P = (1+414)(1+ 01 + 02+ 03). From the definition of the Pauli Gaussian
Leonardo quaternions, we can get the recurrence relations as
QpGLe, = QpGLe,_1 +QpGLe, o+ P, n>2 (2.3)
or
QpGLe, =2QpGLe,_ — QpGLe,_35, n>3 (2.4)
with

QPGLGO == (1 - 1,)]_ + (1 + 1:)0'1 + (3 + ’L')O'2 + (5 + 37:)()'37
QpGLey = (14 0)1+ (34 1)o1 + (5+ 3i)oz + (9 + 5¢)0s,
QpGLey = (3+1i)1+ (5+3i)oy + (9 + 5i)os + (15 + 9i)os.
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Theorem 2.2. Let QpGLe, be the n-th Pauli Gaussian Leonardo quaternion. Then, for n > 0, we
have

QpGLe, + QpGLe, = 2GLe,1, (2.5)
(QpGLe,)? = QpGLe, (2GLen1 — QPGLen) , (2.6)
QpGL@n]_ - QPGL6n+101 - QPGL€n+2O-2 - QPGL€n+3O'3 - — (GL€n+1 + 2GLn+6 - (1 + Z)) 1.
(2.7)
Proof. (2.5)): From (2.1)) and ([2.2)), it is straightforward.
(2.6): By considering ({2.5)), we get
(QpGLe,)? = QpGLe,.QpGLe, = QpGLe, (2GLen1 — QPGLen) .
(2.7): By virtue of the multiplication rules (1.15)) and Equation ({2.1]), we obtain
QprGLe,1 — QpGLey101 — QpGLey 202 — QpGLey 303
= (GL@n]. -+ GL€n+10'1 + GL€n+20'2 + GL€n+30'3) 1
- (GL€n+11 + GLen+201 + GL€n+30'2 + GL€n+40'3) 01
— (GLe,, 21+ GLe, 301 + GLe, 402 + GLe,  503) 02
— (GLen-i-?)]- + GL€n+40'1 + GL€n+50'2 + GLen+6U3) O3
= ((GLen — GL€n+2) — (GL€n+4 + GLen+6)) 1.
From (|1.3) and (/1.8)), we have
QPGLenl — QPGLen_HO'l — QPGL6n+20'2 — QPGL€n+3U3 = — (GLen+1 + ZGLn+6 — (1 + Z)) 1.
This completes the proof. O

We now give some identities involving the Pauli Gaussian Leonardo quaternion Q) pGLe,,, including
relations with the Pauli Gaussian Fibonacci quaternion () pGF,, and Pauli Gaussian Lucas quaternion
QpGL,.

Theorem 2.3. Forn > 0, let QpGLe, be the n-th Pauli Gaussian Leonardo quaternion. Then, the
followings hold true:

QpGLen 1 + QpGLepniy = 2QpGLy 1 — 2P, (2.8)
QpGLe, 1 — QpGLle, =2QpGF,, (2.9)
QpGLe, o — QpGLle, 5 =2QpGL, 1, (2.10)
QpGLe, + QpGF, + QpGL, =2QpGLe, + P. (2.11)

Proof. (2.8): By virtue of (1.8, (1.18)), and (2.1)), we have

QpGLe, 1+ QpGLe, 1 = GLe, 11+ GLe,o1 + GLe, 102 + GLe, 203
+ GLen 11+ GLe, 201 + GLe, 302 + GLe, 403
= (GLe, 1+ GLe,y 1)1 + (GLe,, + GLe,12)0y
+ (GLepy1 + GLey3)02 + (GLeyy 2 + GLey )03
=2(GL, 114+ GL, 201 + GL, 302 + GL, . 403)
—2(1+14)(1 4+ 01 + 02 + 03)
=2QpGL, 1 —2P.

(2.9): By virtue of (1.9)), (1.17)), and (2.1), the desired result can be obtained in a similar manner as
Equation ([2.8]).
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2.10): By virtue of (1.10f), (1.18), and (2.1]), the proof is similar as Equation ([2.8)).
2.11)): By virtue of (L.11]), (1.17), (1.18]), and (2.1)), we have

QpGLe, + QpGF, + QpGL, = (GLe, + GF, + GL,)1 + (GLepy1 + GF, 41 + GL, 1 1)0y
+ (GLeyyo + GFyyo+ GLyyo)oa + (GLeyy 3 + GEy i3+ GLyy3)03

= (2GLe, + (1414))1 + (2GLep1 + (1 +14))o1 + (2GLeyio + (1 +1))oz + (2GLey 13 + (1 +14))os
=2 (GLenl + GL€n+10'1 + GL€n+20'2 + GL€n+30'3) + (1 + Z)(]_ + 01+ 02+ 0'3) = 2QPGL€n + P

which completes the proof. O

Example 2.4. If we take n = 1 in Equation (|2 , n = 0 in Equations (2.9) and (| ,and n =2 in
Equation ([2.10)) in Theorem then, we get

QpGLey + QpGLey = (1 —i)1 + (1 4+ i)oy + (3+1i)oz + (5 + 3i)os
+ (3+1)1+ (5+ 3i)or + (9 + 5i)oa + (15 + 9i)os
=41+ (6 +4i)oy + (12 4+ 64)oy + (20 + 124)03

2QpGLy — 2P =2((34+4)1 + (44 3i)oy + (7T + 4i)oz + (11 + Ti)oz) —2(1 +¢)(1 + 01 + 02 + 03)
=41+ (6 +4i)oy + (124 6i)oz + (20 + 12i)03,

QpGL(i’l - QpGL@O = ( + Z)]_ + (3 + i)O'l + (5 + 3’L')O'2 + (9 + 5i)0'3

— (=914 A +4)or+ (3+1i)oz + (5 + 3i)os)
=2i1 + 20 + (24 2i)o2 + (4 + 2i)03
2QpGFy=2(i1+ 1oy + (1 +i)oa + (2 + i)o3)
=2i1 +20¢ + (24 2i)o2 + (4 + 2i)03,

QpGLey — QpGLey = (94 5i)1 + (154 9i)oq + (25 + 159)02 + (41 4 25i)03
(=91 + (1 +i)oy+ (3+i)oz + (54 3i)os)
= (8 +6i)1 + (14 + 8i)o1 + (22 + 14i)o5 + (36 + 22i)03
2QpGL3 =2((4+3i)1 + (7T+4i)oy + (11 + Ti)og + (18 + 11i)03)
= (8 +6i)1 + (14 + 8i)oq1 + (22 + 14i)o + (36 + 22i)03
and
QpGLey + QpGFy+ QpGLy= (1 —1i)1+ (1 +1i)or + (34 i)o2 + (5 + 3i)os
+il+ 1oy + (1 +i)ox+ (24 i)os
+ (2 =014 (1 + 2i)oy + (3 +i)oz + (4 + 3i)os
=B —-9)14+(3+3i)or + (T4 3i)o2 + (11 + Ti)os

2QpGLey +P=2((1—0)1+ (1 +i)or + (3+i)o2+ (b +3i)os) + (1 +4)(1 + 01 + 02 + 03)
=B =914 (3+3i)oy + (7T+ 3i)os + (11 + Ti)os,

respectively.

Theorem 2.5. For n > 0, the Binet-like formula for the Pauli Gaussian Leonardo quaternions is
given by

2(a+i)ara™ = 2(B +1)p* 0" _p
a—pf ’
where a* = 1+ aoq + o?04 + o3 and 8* = 1+ Boy + (%04 + B303.

QpGLe, = (2.12)
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Proof. From (1.5 and (£2.1)), we have
QpGLe, = GLe,1+ GLe, 101 + GLe, 202 + GLe, 1303

(2t e =)
= < p— -1+ z)) 1
N <2(a"+2 - ﬁ"“()}ﬂLQBZ(a”“ =gy (1+ i)) o1
N <2(a"+4 - ﬁ"+4()1+2;(a"+3 - g (1+ i)) -
. 2Oén+1(1 + 07 + 0420'2 + CM30'3) — 2Bn+1<1 + 50’1 + ,820'2 + 530'3)
= "
N 2ia"™(1 + aoy + a0z + a’o3) — 2if" (1 + foq + o2 + (303)
a—p

— (1+Z)(1+O'1 +O'2+0'3)

2o +i)ara" — 2B+ )88
a—p

Thus, the proof is completed. O

P.

Example 2.6. If we take n = 2 in Theorem , then QpGLe, can be obtained as
2(a+i)ata® = 2(B+14)8° B

QPGLGQ == P
a—f
_ 25 ) (5 (14 (255 o + (555 )a+ (24vE) )
- V5
1=v5 1 3-V5 1=v5 o1 3-V5 o2 — o .
A0S )t (5 )0t (Cv0)os) (1 1) (1 4 04 + 03+ 03)
(4\/51+6\/5a1+10\/502+16\/503);;(2\/5.1+4\/501+6\/502+10\/5a3) (149 (1+ 01 + 03 + 03)

=B+9)1+ (5+3i)or + (9 + 5i)oz + (15 + 9i)o3.
Theorem 2.7. The (ordinary) generating function of the Pauli Gaussian Leonardo quaternions is

QPGLeo + (QPGLel - 2QPGL€0)$ + (QPGLGQ — QQPGLel)xQ
9lw) = 1— 2z + a5 '

Proof. Let g(x) be the generating function of the Pauli Gaussian Leonardo quaternions. From the
definition of the generating function of a sequence, we can write

g(z) = ZTZOQPGLenx". (2.13)
By virtue of and , we have
9(z) = QpGLe + QrGLerw + QpGLexs® + Y QpGLeya”
= QpGLey+ QpGLex + QpGLexx® + Zig(ZQPGLen_l — QpGLe,_3)x"

= QpGLey + QpGLeix + QpGLexz® + 2:6200_3QPGL6”,13:"_1 — x3z:oozgQPG'Len,g,:U"_‘3
= QpGLey + (QpGLe; — 2QpGLey)x + (QpGLey — 2QpGLey )2
+ 2xZiOQpGLen:c” — :I:SZZOZOQPGLenx".



Pauli Gaussian Leonardo quaternions 209

Then, it follows that
g(x)(1 — 22 + 2°) = QpGLey + (QpGLe; — 2QpGLeg)r + (QpGLey — 2QpGLey )22
which completes the proof. |

Theorem 2.8. The exponential generating function of the Pauli Gaussian Leonardo quaternions is

2(a+i)are* — 2(B + i) Bl

— Peét.
a—f €

g(t) =

n

o 3 . . . . .
Proof. Let g(t) = > .2 ,Q pGLen—‘ be the exponential generating function for the Pauli Gaussian
n!
Leonardo quaternions. Then, from (2.12)), we have

o(t) = Zzo_o<2(a +i)ara" —2(8+4)8° " P) tn

n!

a—p
Cati)at e (@) 2AB+DF e (B e
- a-p Zn:0 nl a-p Zn:O n! Pznzom
_ 2(a+ i)a*eat _2(B+9)B Bt pot.
a—p a—p
Hence, the proof is completed. a

Theorem 2.9. Let QpGLe, be the n-th Pauli Gaussian Leonardo quaternion. Then, we have

S QrGLec = QeGLens — (n+2)P — 2oy + (2 + )0z + (4 + 20)aa), (2.14)
ZZZOQPGIA?% =QpGLesyyy1 — (n+2)P +2(1 +ioy — 03), (2.15)
Z:ZOQPGL€2k+1 = QpGLleyyia — (n+2)P+2(il —0a — (2+1i)03). (2.16)

Proof. (2.14): By virtue of (1.12), and (2.1f), we get
Zk:OQPGLek = Zk:o (GLekl + GLek+101 + GL€k+20'2 + GL€k+3O'3)

= (Z:ZOGLek) 1+ (Z:ZOGLekH) o1+ (Z::OGLek+2) o2 + (Z:ZOGLer‘) o3
= (GLepi2—(n+2)(1+1) 1+ (GLepis — (n+2)(1+1i) —2) 0y

+ (GLeyya — (n+2)(1+4) — (44 2i)) o2+ (GLeyys — (n+2)(1 +4) — (8 4 4i)) 03
= GLe, .21+ GLe, 301 +GLe, 402+ GLe, 503

—(n+2) 14491401 +02+03)—2(01+ (2+1i)o2+ (44 2i)o3)
= QpGLleyio— (n+2)P —2(01 + (24 1i)oz + (4 + 2i)03).

By considering ([1.13]) and (1.14)), Equations (2.15)) and (2.16)) can be obtained similarly. O
Example 2.10. For n = 3 in Theorem [2.9] we obtain

ZZZQQPGLE’“ = QpGLeo + QpGLer + QpGLer + QpGlLes
=(1—-i)1+(1+i)oy+ (3+i)oz+ (54 3i)os
+ (1 401+ B +1i)or + (54 3i)oz + (9 + 5i)os
+ (3491 + (5+3i)o1 + (9 + 5i)os + (154 9i)os
+ (5 +31)1 + (9 + 5i)oy + (154 9i)os + (25 + 15i)0s
= (10 4 4i)1 + (18 + 10i)0y + (32 + 18i)0a + (54 + 32i) 05
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QpGLes — 5P —2(01 + (2 +14)os + (4 + 2i)0o3)
= (15 + 90)1 + (25 + 15i)0y + (41 + 251)05 + (67 + 414) s
—5(1+i)(14+01+02+03) —2(01 + (2+13)o2 + (4 + 2i)03)
= (10 + 4i)1 + (18 + 10i)oy + (32 + 18i)0a + (54 + 3203,

> QuGLew = QpGLeq + QpGLes + QpGlLes + QpGLey
=1—-i)1+(1+i)oy+ (3+i)oz+ (54 3i)os
+ 3401+ (5+3i)ay + (9 + 5i)os + (15 + 9i)os
+ (9 4 5i)1 + (15 + 9i)oy + (25 + 15i)05 + (41 + 25i)0g
+ (25 + 150)1 + (41 + 25i)0y + (67 + 41)0 + (109 + 67i)0s
= (38 4 20i)1 + (62 + 38i)oy + (104 + 62)05 + (170 + 104405

QpGLe; — 5P 4+ 2(1 +ioy — 03) = (41 + 25i)1 + (67 + 41i)oq + (109 + 67i)og + (177 + 109i)0g
—5(1+i)(1+o01+03+03)+2(1+i0, —o03)
= (38 +204)1 + (62 + 38i)0y + (104 + 62i)05 + (170 + 104i)0g

ZiZOQPGLer-H = QpGLes + QpGLles + QpGLes + QpGLleq
— (1+)14 (3+i)or + (5 + 3i)oz + (9 + 5i)os
+ (5 + 30) L+ (9 + 5i)oy + (15 + 9i)oz + (25 + 15i)03
+ (15 + 94)1 4 (25 + 154)0y + (41 + 25%)0, + (67 4 41i)o
+ (41 + 250)1 + (67 + 41i)oy + (109 + 67i)o + (177 + 109i)07
= (62 + 38i)1 + (104 4 62i)oq + (170 4 1044)o + (278 4 170i) 03

QpGLes — 5P + 2(il — 03 — (2 +i)o3) = (67 + 414)1 + (109 + 67i)oy + (177 + 1097) 05
+ (287 + 177i)os — 5(1 + i) (1 + 01 + 02 + 03) +2(i11 — 02 — (24 i)03)
= (62 + 38)1 + (104 + 62i)oq + (170 + 104i)05 + (278 4 170¢) 03,

respectively.

3. CONCLUSIONS

In the current study, complex (Gaussian) numbers, quaternions, Pauli matrices, and Leonardo
numbers are combined to develop a new class of quaternions. These newly defined quaternions are
referred to as Pauli Gaussian Leonardo quaternions. Moreover, many formulas for these quaternions,
such as the recurrence relation, Binet-like formula, ordinary generating function, exponential gener-
ating function, and some summation formulas, are presented. Also, some relationships between the
Pauli Gaussian Leonardo quaternions, Pauli Gaussian Fibonacci quaternions, and Pauli Gaussian Lu-
cas quaternions are established. Additionally, examples of some results obtained in this paper are
provided.

Pauli matrices and quaternions are extensively used in mathematics and physics, especially in quan-
tum mechanics. We believe that the new number family we propose may offer a new perspective to
researchers working in the related fields.
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