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Abstract. The paper considers a mixed problem for a quasilinear system of hyperbolic equations in
Riemann invariants with dissipative nonlinear boundary conditions. To numerically solve the mixed
problem, an initial-boundary difference problem based on an upwind difference scheme is proposed. A
discrete Lyapunov function is constructed for the numerical solution of the initial-boundary difference
problem for nonlinear problems. A theorem on the exponential stability of the stationary state of a
quasilinear system is proven.
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1. INTRODUCTION

One of the promising directions in the theory of stability of nonlinear difference schemes seems
to us to be a generalization of the direct Lyapunov method (see, for example, [1], which allows us
to reduce the study of the stability of systems of nonlinear hyperbolic equations to the construction
of a positive definite function that monotonically decreases on the solution of this system (function
Lyapunov). The method of |2] Lyapunov functions has found its application in the theory of stability
of ordinary difference equations [3, 4]. There are generalizations of the direct Lyapunov method to
partial differential equations [5} 6} 7, 8, 9] although this method is not so popular here. Note, however,
that the method of energy inequalities, widely used in the theory of linear partial differential equations,
is, in essence, a special case of the direct [2] Lyapunov method (in this case, the Lyapunov function is
constructed in the form of some quadratic form from the solution of the problem). All this allows us
to hope to generalize the method of Lyapunov functions to nonlinear difference schemes.

Note that works |10} |11, (12} |13, |14, |15] 16, 17| are devoted to the construction of the Lyapunov
function for linear difference schemes.

2. METHOD

Extensive literature is devoted to the issues of studying the stability of difference schemes. The
most complete results were obtained for linear schemes with constant (in time) operators; linear
circuits with variable operators, and especially nonlinear circuits, have been studied much less well.
Two methods for identifying the stability of linear difference schemes are widely used: the spectral
method and the method of energy inequalities, the latter being, in essence, a difference analogue of the
Lyapunov method of functions. This paper sets out stability criteria for nonlinear difference schemes.
The proposed criterion is a sufficient condition for the stability of the circuit in terms of Lyapunov
vector functions.

Well-known methods of Lyapunov stability analysis are based on the qualitative theory of ordinary
differential equations. Research on this basis is necessary for the theory and practice of automatic
regulation, control and monitoring, and super-operational control. As a rule, sustainability analysis
is carried out either a priori, before creating a control system, or a posteriori, based on the results of
operation. However, stability monitoring is important for the current state of the system.

The need to study the stability of motion or some state arises at all stages of the design or study of
physical systems. For the first time, a rigorous mathematical definition of stability and exact methods
for solving the issue of stability for a fairly wide class of systems were given by A.M. Lyapunov in his
famous [2].

This work was the logical conclusion of the entire previous stage in the development of the theory
of stability. With its advent, stability theory reached the level of an independent discipline, taking
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its rightful place among other mathematical disciplines. A.M. Lyapunov proposed two methods for
analyzing the stability of solutions to ordinary differential equations. The first method consists in
constructing the solutions of the differential equations of perturbed motions themselves in the form
of certain series. Based on subsequent qualitative research of these solutions, conclusions are drawn
about sustainability or instability. The second method is to find some auxiliary function, the properties
of which determine the stability or instability of the solution. Currently, these functions are called
Lyapunov functions, and the method is called the Lyapunov function method, the second Lyapunov
method, or the direct Lyapunov method.

Lyapunov’s work was the starting point for research of this kind. His ideas develop and deepen in
many directions. New theorems have been established that expand these methods, many questions
of the existence of Lyapunov functions and their effective construction have been solved, questions of
stability of unsteady and periodic motions, stability of the first approximation, in critical cases, with
constantly acting disturbances, and many others have been studied.

A development of the theory of stability in relation to automatic control and regulation systems is
the theory of motion stabilization, which explores such system control modes in which some program
motion (unperturbed motion) of the system will be stable in one sense or another. In many cases,
along with the requirement of stability of undisturbed motion, additional requirements are imposed
both on the nature of transient processes and on control actions. Often these requirements can be
expressed in the form of a minimum of some integral functional. Stabilization problems with these
additional requirements are called optimal stabilization problems, or analytical design of regulators.

3. RESULTS AND DISCUSSIONS

Statement of a quasilinear mixed problem. According to the work [18] in the region

w2 {(t,z) : 0 <t <T,0 <z <L} we consider a mixed problem for the following quasilinear hyper-
bolic system

&+<P(£ n)fz , %+<p(§ ) z+7f—0 pt+tp(£,n)pm+pf+7fr:0,
0 th O<x<L

with boundary conditions

at z=0:
{ £(t,0) =a(n(t,0), ¢(t0)v(t0)=—a (n(t
@ (t,0)p(t,0) +7(t,0) f(¢,0) =

at x = L :

{ n(tvL):b(é‘(tvL))a (
Y (t,L)O(t, L)+ (t,L)p(t,

and with initial data
f(o,l’) :50 (l’), 7(0>$) :‘S(/J (l‘), p(oax) :&)/ (.CC),
TPl B o A e O<o<b 33

Here { =¢(t,2), n=n(t,2), v=7t2)=&, 0=060t2)=n, p=pt,2) =", 0=0(t, ) =6,
are unknown functions to be determined, and ¢ = ¢ (§,1), ¥ = ¥ (&, n) are given functions that
have continuous derivatives up to the second order inclusive. We will assume that a,b € C* (R).

Do %) oY oY
f:’Yafg‘f‘(Safn, p:’}/afgﬁ-(safn.
Here
gp(t, 0):90(§(t’ 0) an(tv O))’ ¢(ta 0):7!}(5(1;? O) 777(t7 0))7
gO(t,L):(p(é(t, L) 777(t7 L))7 w(tv L):w(g(tv L) 777(t7 L))7
f(t,O):f(f(t,O), n(t70)7 7(t70)7 5(t70))7 p(t, O)ZP(f(tvo)v 77(@0)7 ’Y(t?O)? 5(t70))7
f(tvL):f(f(t’L)v n(tvL)’ ’y(t’L)v 6(t7L))v p(t, L):p(f(t,L), 77( ’L)’ ’y(tvL)v 6(tvL))
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The functions e (t) and h (t) are defined as

a’(n(t,0)) ¢ (,0) V(€ L)) w(t L)
¢ (t,0) ’ ¥ (t, L)

Exponential stability of the numerical solution of a nonlinear initial-boundary difference problem. In
this section we establish the exponential stability of the numerical solution of the initial-boundary
difference problem for the mixed problem , , .

To obtain the initial-boundary difference problem, we will use an upwind difference scheme for the
numerical calculation of system .

To do this, we cover the spatial region [0, 1] using a uniform grid Qa, = {xj =j-Azx, j=0, J} ,
Ax step by .
To numerically solve the mixed problem , , , we propose the following upwind explicit
difference scheme

e(t) :=

h(t):=

g1 = (1 - [Cw]f_l) o) &, k=0K -1, j=1,J,
it = (1= (Ol ) ml + (Gl s k=0,K =1, j=0,7—1,

Jj+1

k k 0K —1. i=1.J
3= (L= O o+ O o = At k=DK1, j =T,

j—1
(3.4)
ot = (1 . [C¢]§+1) 68 4 [Cy)t,, 05 + A 849, k=0,K 1, j=0,J - 1,
k .
P;Hl = (1 - [CCP]?—l) p? + [Cw]§—1 p§71 — At - [P?fgk ""7? (%)]] »J=1J,
Ot = (1—[Cult,,) 0F + [Cy)F, 05, + At - [08pF 168 ()], j=0,7—1
j $ljr1) Y $li1 Vi iPi T 95 5z, J ’ )
with boundary conditions
{ & =a(m), et =—a (F)vEss, wbel+ S5 =— (¢ (£)" 65 —e* [v56h + o5pt] 55
3.5
s =b(gh),  hoh = b (&5) ek, el + okl = — (W (£)" 45 + hF [l + Ahph]
and with initial data
& =8 (z;), nj=no(x;), 7 =& (x;), 07 =ny(x;), 56
3.6

sz H(-Tj)v 9?:776/(551‘)» j€{071727'”7‘]}‘

Let us introduce the following vectors into consideration

5: (677710)7 ﬁ: (777 6a 0)7 gzﬁ = (5*77*71)*)7 ﬁ* = (77*’5*76*>7 51 = (5075675//)a 52 = (770777(/)777//)

and the following matrices:

— — —

A . — — ) — « A . % % o fx
Uk :dzag (77](;75%777]167 """ 75‘];71777;]77175?61)7 U :dzag 7_7’*75 s My 7€ » N 75 )

A

U= diag (52 (o) 751 (1) 752 (1), 751 (xs_1) 752 (xs_1) a51 (xJ)) .

Definition 3.1. The equilibrium state U* of the initial-boundary difference problem (3.4)), (3.5]),
(3.6) is stable in the [? -norm if there exist positive real constants n;, no such that for any initial
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condition @ the solution to U*, k € {1,2,---} the initial-boundary difference problem ([3.4)), (3.5]),
(3.6) satisfies the inequality

[U* = U"|p < moe ™" @ —U"|a, ke {1,2,---], (3.7)
where
6J
A ke ke ke T « A o P o T ok fk T
U (n07§157717 """ 75‘]71777(]7155,]') ) U :<77,§77Ia """ 55)7775) )
® 2 (6, (20),61 (51), 8 (1) -+ 161 (254) 62 (1), 61 ()
and
EREA = ERE A
Ut - 2 e ([ - 1 s - 7)) + 0 ([ - €] [8 -] +

s {([@-8) [g-]") + (m -7 17 - 71")
2 -0l 2 A ([ ) = 7] [ o) - 7)) + e ([ ) - €] [ ) €] )4

J=1 . 5 AT - T T

saa S {([6 @) -] [aw)-€]) + ([ - 7] G -7] )}

j=1
ke {0,1,---}.

Definition 3.2. (Discrete Lyapunov function). It is said that the function L* : R/ — R{ is a

discrete Lyapunov function for the initial-boundary difference problem , , , if

(1) there are positive constants h; and hs that for all k € {0,1,---}:

hy |[U* = U*|[, < LF (U*) < by |U* = U7, (3.8)
(2) there is a positive constant n such that for all k € {0,1,---}:
k k+1 *Lk Uk
Lr (Ut (") < —nL" (U"). (3.9)

At
To simplify the notation, in what follows we define a sequence of discrete values £* as
Lr=1L"(U", ke{0,1,---}

where U* a given solution of the initial-boundary difference problem , , .
It should be noted that the presence of a discrete Lyapunov functlon ensures the stability of the
equilibrium state of U* the initial-boundary difference problem (3.4] P in the [? -norm.
First, let us separately consider the difference equations for 5’“ and system 1.'

{ = (1O ) g Hiod g, k=0FT =T o
P = (1 . [C¢L+1) O e, k=0K T, j=0.7 1. .
where

[CW];?:@?%’ [C ] _1/15 ¥ = max ([Cw]fj[cw];?)‘

p = 90(0’0) >0, '(/] :¢(07O) >0
As a discrete Lyapunov function for (3.10)), we consider discrete function

A J g Il
,h=rch+ck L= TAmZ (5;?)2 exp <—m:cj_1> , Lh = —_sz (77;-“)2 exp (n}xﬁl) :
¢ = P v = G
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The difference time derivative of the discrete Lyapunov function on solutions of difference equations

(3-4) is
Ek+1 ,Ck £k+1 Ek £k+1 . [,k
1 + 2 2
At At At
Let us calculate the difference ratios the right side of (3.11)) separately.

Lemma 3.3. For grid functions §jk satisfying difference equations (3.10), the following inequality
holds:

(3.11)

Lo Y\ [( ’“)2 *ex (—mm)”‘]—mA zlj (5’“) ¥ ex (—Ex- )+
At =T |\ FEP T 0T L Pl =51 (31

with

o O 00(&m) e 9 (§0m) g
T T A e on

k+1 k

Proof. Substituting the value of the expression for 5;““ from into expression % we get

% = %A:r ZJ: [W} exp (——mj 1) = i: [(§k+1) (ka)Q] exp <—%$j—1> =

j=1

- £ [0 e e - @] on (-2,
- (3.13)

2

Using Jensen’s inequality to evaluate the expression {(1 — [Cw]ﬁ_l) gj’? + [C@]";_l 5;?_1} from above we
have |

L,k A 9 L m

T CTP Z |: ) } [C@}j—l exp <_¢33j1) . (3.14)

7j=1
Using the difference formula

(uj — uj—1) vjiqwj—1 = (Ujvw; — Uj 101 Wj—1) — Uy (VW; — V1 Wj—1) =

(3.15)
= (wvjw; — w10 wj) =y [(v; = vjm1) Wy + v (w; — wj)]
and assuming u; = ({ ) [C'g,]f , W; = exp (—%xj) from ([3.14]) we obtain the inequality
k1

1T7£k = cA Zi: [( ) [Cw]jq exp (_%xj—l) - (’Sf)Q [Cw]? exp <_%xj)} +
2 3 (& [l — 10 e (—20,) + (O [exo (—2,) —exp (<20,01)] .

Therefore, taking into account equality
[exp (—%xj) — exp (—%xj,l)} = exp (—%xj,l) (exp (—%Al’) — 1) =

= exp (—%xj_l) [—%Aw +0 ((Am)z)} :
with accuracy O (Ax) from inequality (3.14) we obtain

k+1 k
‘Cl _‘Cl

s < -2 @) 08 e (-2)] || - matae S (@) Ol e (<2a )+
+ Ci]il (gf)Z [[Cw];c - [Csa]?—l} €xp (_ ‘Tj) - % [(gk) ('0] exp ( % ])} ‘Z B
—m% Z (5’6) ¥ exp (_%xj_l) é (ff)Qf]’? exp (—%xj)

Lemma 3.3 is proven. O

63

‘G\\}
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Lemma 3.4. For grid functions 7];-C satisfying difference equations (3.10), the following inequality
holds:

k+1_ pk J J—1
St <) e (3a,)]| - mEAe S () Ve (Ba50) - (3.16)
J_1 3.16
_ % ; ( ) " exp (%%)
with
pk: j+1 ¢k 81/}( ]777J+1)7k alb( Jﬂ?])é
/ Az o€ I on a

k+1 k

Proof. Substituting the value of the expression for nkH from (3.10]) into expression % we get

% = Az Jf {W] exp< $]+1) =& Jf [(,,7;«+1) (n%) } exp( :nJH) =

- C% j:; {{ (1 - [Cw]JJrl) [Cw]J+1 77]-1-1}2 - (77]‘)2:| exp ( $J+1)

(3.17)
Using Jensen’s inequality (for convex mappings y — y? the inequality [¢;y; + q2y2]2 <q (y1)2—|—q2 (y2)2

2
holds, ¢, g2 > 0 and ¢; + g2 = 1), to evaluate the expression {( [C’,p]ﬁl) [Cw]ﬁl 17]+1} from
above we have

£12c+1_Lk B
At — Cy

5 {1 10) 097 + i 082" = )7 e (0,01 = (3.18)
£ [00)" = @] 1Oy exo (20,00) |

Using the difference formula

B
Cy

(Ujp1 = Uj) Viprwipr = (Uj10j11 W41 — UV w;) — Uy (Vi1 Wi1 — VW) =
(3.19)
= (uj105m w41 — wv5w;) — s (V41 — ) Wi + V1 (Wi — w;)]

and taking into u; = (nf)g, v = [Cw];?, w; = exp( a;JH) account equality (3.19) from inequality
(3.18)) we obtain

% < c% jz_:_; [(77]+1)2 [Cw]ﬁl exp (%w]+1> — (Uf) [Cw]] exp (%x])} -
- & 0 [0~ O] e (22,) & T 07 (O e (B00s) —e (32,)]

we obtain with accuracy O (Ax)

z:’;+A1t Ly < c% [( ) [Cw} exp ( J)] ‘Z _ c% jz_: (ﬁf)2 [[Cw]erl — [Cw]ﬂ exp (%xj) _
- f?wlszx jg:o (T)f)2 [C'zp]?ﬂ exp (:Z]:CJ:A) :% [(nf)%f exp (%azj)} ‘J
m2; A:C'Z (77;?‘)21/;;?“ exp (%l'frl) - %2 (77?)2 [WF — k] exp (%mj) —
- J .
=3 [(ﬁf) Y exp (%%)} ’0 —mAzr Eo () W) exp (%%H) -
~Eae's () |y, - 2 e (32,

Lemma 3.4 is proven. O
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From Lemmas 3.3-3.4 taking into account equality (3.11]), we obtain the following inequality

Lr+l _ pk

A S TF+YE+ T8 (3.20)

Here
(&) e ()|, + 2 [ e ()]
J ) J-1
T [A S (€ bep (2, 1)+ BAwS (), e (22, )] ,
7=0
T, = %Am Z (g;?)Qf]’? exp (—%xj_l) — %Ax g:l (77;?)219? exp (%@)
7=0

Let us assume that the functions of boundary conditions (3.5) a,b: R — R, satisfy the inequalities:

Jmax a (ng)| < +oo, max o’ (i15)] < +oe,

max_|b (&%) < +oo, Jmax !b’ (&) < +o0

0<k<K

(3.21)

and denote
:‘io:a/(O), HL:b/(O).

Then we have the following lemma
Lemma 3.5. If |kokr| < 1, if coefficients m, A, B satisfy inequalities A2 — B < 0 and
B exp (%L) k2 — Aexp (—%L) < 0, then there are positive real constants Ky, dy, l; such that if

|§’-€| + |77f| <d, Vje{0,1,---,J}, then along the solution of system (3.4)) with boundary conditions
(13.5) the following inequality holds

LEH 4 2
Eo S st { e (@) 1+ + AT 00 e+ 18D
Proof. For expression T% the following equalities are true
i = AN g () Lexp (L) + RO o (2L) - ) _
_ Aaz(ng)w’a‘ B A(sfﬁ?ﬁ%? exp (—%L) L) (EJ)wJ exp (%L) _ B(n’gz);w!?

This expression can be represented as
Th =Tk + AT}
where, through Y% for small £% and 7% denoted the terms of the second order of smallness with
Sof = 957 ¢f = QZJ’ a (Ug) = ’{077(];7 b (g,];) = K/L&?'

Then it is obvious that for T}, we have

th = |Boxp (1) wt - Aexp (~2L)] (€)" + (At - B) ()’

which, as was shown earlier in 6], is a non-negative expression Y%, < 0. Moreover, the remainder AT,
is denoted by terms of third order of smallness with respect to &% and n} (i.e, ATY = O <(§ "?, (n§)3>

for small [€%| and |nf|. Now let’s look at the expression for T%. Let us introduce the following notation:

o (&) =e+@ (&), w (&) =d+9 (&)
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Then for the expression T we have
Yh = —mLF + ATE
with
A 4 2 m B — 2 ~ m
AYE = —m szxZ (ff) @? exp <—:Uj_1> + — Az Z (njk) fﬂ exp <_xj+1> .
I P (s Y

According to the definitions of 4,5;? and 9%, ,, it is easy to verify that the expression for AT, will take

J+10
place of the members third order of smallness relative to é’f and nf :

J
ATE~ O (Am > |€)”
j=1

T/ 3 J 3 T
. (m}) ‘ for small ijgl‘(ﬁj) ’and ijgo‘(nj) ’

For ¢ and n¥ satisfying inequalities |€¥| + |n*| <dy Vj € {0,1,---,J}
Select a parameter I; so I; > m and TV + T5 < -1, £F for all k.
One can choose a sufficiently large positive real number K; such that

J J-1
i< Ar3 (€ [0+ 0]+ arX 6 [ + 81 .
j=1 7=0
This completes the proof of Lemma 3.5. O

Now consider the difference equations for 'yf and (55? from the system ([3.7))

k k P 7 . —
P = (1= [CUl5 )+ Gy iy = Al S, k=0K—1, j=T,J,

(3.22)
gt = (1 - [Cd,]ﬁl) 68 4 [Cylt,, 05, + AL 889, k=0,K 1, j=0,J - 1,
with appropriate boundary conditions
wove = —a' (115) Yoy, Y505 = b (€5) ¥hrb- (3.23)
Here
wo = (& M), Yo=v(& . m), Ps=w(& ), h=v(E.nb).
Next, consider the system of difference equations for pf , 9;“
S = (1= [CL ) P+ [Cols, phy — At [phfE+ (—f) =17
p] 1p3 jlpgl Pyja J »y ]{;_OK—]_
o = (1~ [%LH) OF + [Cull,, 0%y + At - [0k + 85 (2)] ] -1,
(3.24)
with appropriate boundary conditions
bk + b IE = —(e/ (1))"0h — e [wb05 + obnt]
(3.25)

hO% + Skph = — (W (£)) 7 4+ BE [k ply + AEph] .

Here

fE= (&, nk, A&, ob), ph=p (&, 0k, A&, oF),

f5 =1 b, b, 65, o =p(&, 0, 5, o).
The functions e* and h* are defined as e* := a’ (nk) Y& /ok, h* = (&%) % Jobh.
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Linearization of systems of difference equations (3.24) and (3.25) (around the origin) have the

following form:
K =A=Co) +Cf s k=0.K -1, j=1.7,

= (1—Cy)0F +Cuok,,, k=0,K 1, j=0,7 -1

respectively - B
Pl = (1= C)ph +Cppt_y, k=0,K—1, j=1,J,

9f+1:(1—0w)6;€+cw9;€+1, k:O,K—]., JZO,J—l

It is easy to see that the resulting systems coincide with the linear system with other notations for
the dependent variables. That is why this circumstance suggests that we should take as the Lyapunov
function

L =cF + LF + g*,
where L* and £F have the format £F:
J 2 m - i, 2 m
LF =LF Lk, LF = @AAQ:Z (vjk) exp <_95le> , LF=yBAzx Z (5;“) exp <¢ajj+1>

Jj=1 j=0
and
4 2 m — s, 2 m
gh=gh 4 eb oh = @3AA932 (pf) exp (—@@1) , Ch=q? BALEZ (0;“) exp (ile) .
Jj=1 7=0

Now let’s study the difference derivatives with respect to time of functions L* and £* along solutions
of the closed-loop system ([3.22))-(3.23)-(3.24))-(3.25).

Lemma 3.6. If |korr| < 1, if positive real constants m, A, B satisfy inequalities Ak3 — B < 0 and
Bexp (%L) k2 — Aexp (—%L) < 0, then there exist positive real constants Ko, da,la such that if
&8+ nf| <dy Vje{0,1,---,J} then

Lkl Lk . L2 ek oy Tk L sk
;. Skl K Az (vf) [+ a5 [] + Az Y (85) ||+ [85]]
j=1

j=0
along solutions of systems (3.22)),(3.24]) with boundary conditions (3.23)),(3.25)).
Proof. The proof of Lemma 3.6 is similar to the proof of Lemma 3.5. Therefore, we omit it. O

Lemma 3.7. If |kokr| < 1, if positive real constants m,A, B satisfy inequalities Aki — B < 0 and
Bexp (%L) k2 — Aexp (—%L) < 0, then there are positive real constants Kz, ds,l3 such that if |§f| +
| <dy Vje€{0,1,---,J} then

k+1 k J J=1

i <ot Ar ) (14160 + 400 5 00 1+ 161 |+
J= J=

J

o o O ot + il + & 2 0" 181+ 5D}

j=1 Jj=

along solutions of systems (3.22)), (3.24) with boundary conditions (3.23)), (3.25)).

Proof. The proof of Lemma 3.7 is similar to the proof of Lemma 3.5. Therefore, we omit it. (]
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Lemma 3.8. If |kokr| < 1, if positive real constants m,A,B satisfy inequalities Akj — B < 0 and
Bexp (%L) k2 — Aexp (—%L) < 0, then there are positive real constants ly such dy that if L* < dy,

then
(L4 L) /AL < 4Lt

along closed loop solutions system (3.22), (3.23)), (3.24)),(3.25).

Proof. In the process of proof, we use discrete versions of some inequalities (a continuous analogue of
which can be found in [9]), valid for [>-functions o,¢ : [0, L] — R and some positive real constant =:

J J
Ax Z o lg] < Max |s;| Az Z o3, (3.26)
j=0 7=0
J J
2
szga? 51 < gnax o] szg 5] (3.27)
J= J=

According to ([3], p.109) we have

2 2 2 2 0j —0j-1
lolle: <2 (Lllosll* +03) . llolle <2 (Ll osll® +03) s 00 = 2=,

1
J /2
! 2
lolle = max, [0y, [l o5l = (02,04 "> = (Ame) )
hence

max |o;| < C
0<y<J

(s5) "+ (a2} ) a9

Discrete Cauchy-Schwarz inequality:

J J 1/2
sz |loj] < ﬁ(AxZa?) . (3.29)
=0

=0

From Lemmas 3.5, 3.6 and 3.7 we conclude that L* = £F +L* 4 £* it satisfies the following inequality:

it < nnvie a7 [+ 194+ a0 S 08" Tt + 19 |+
s Ar G0 It + D+ A 0 ot + i | +

410 8 A S5 ()" [1f+[85]) + Ao S (0° (4] + 138+

+Ka § A 35 (04)° ot +104]] + A S (8)° [of] + 5]
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with I, = min{l;,ls,l3}. Next we use the following inequalities. Regardless, £,n,7,d, p, 6 there are
real positive constants =, =, such that

e €" [0t + 181 + 80 5 00" 1ot + 1] <
< (Pl + 10410 { e % (e 1 5 0} <

xfjl )7+ Ag;_j];l (4«)2 + . . 2 (3.30)
<5 T F o ) { v 3 (&) +Ax > () }s
e X (@) +|Ar % (@)

< B (L) () () (e) ] ek + ).

We obtain this chain of inequalities as a result of applying inequalities (3.26)) and (3.28]). Likewise,
regardless of £,7,7,6,p,0 3 Z] > 0 and 3 =) > 0 such that

{ é( 5’ H%|+|5k|]+m;z(5;)2[|»y;f|+|5§|]}§
é( 924 ArY (5)?

J j=0

1
2

< (IW*lle + 119%c) | Az

1
2

J )2
szl (7]-)
]:

J )2
Az 21 (Pj)
J:

<z 1
= 1 Il o 3 J-1 2 2 7=0
AT (8] +|ac'S (@)
J= J=

Inequalities (3.26)) and (3.28]) were also applied here. Likewise, regardless of &,1,v,6,p,0 3 =1 > 0
and 3 =5 > 0 such that

o s ()" [+ 0]+ A @97 [0 181} <

7 J—1 )
< (I*lle + le*]lc) (A 3 (k)" tary 5)°] <
; 3 3
Az ; (ny’“)Q + | Az Z:l (p’;)2 + J i (3.32)
ez LA L T et e an B 7] <
J=1 NE J=1 Nk j=1 i=0
+| Az ((5;“) + [Az Y (9;“)
j=0 i=0
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To obtain this inequality, we applied inequalities (3.26]) and (3.28). Regardless &,1,7,6,p,0 3E] >0
and 3 Z)’ > 0 such that

{m@im&nm+wm+af§wﬁ%wwww@s
Dac g ittt + oo S it o | <

= (H (’yk)2 J=1
Ao () + A S ()'+ ; SR
<= :} ) { lAZL‘ j; (P§)2 Ax ];) (ef)2‘| } <

+Az Z (5’“) + Az (9’“

j=0 Jj=

+ H(5k)2

C

N

+

k‘

IN

=, ()77 + (27 4 (1) + (e8)""] [t + ]

Here we also applied inequalities (3.26)), (3.27) and (3.28). So from inequality (3.30)-(3.31))-(3.32)-
(3.33)), we obtain the inequality

LF+l _ Lk 3
S < LUK (L) 2
VZQ, 0< lo < l4 E'do that
KLY < (I~ 1) LF VLF < dy.

Taking into account this inequality we have

Lk:+1 _ Lk
At
Note that if dy we take small enough, then from (3.34]) we conclude that

]Eﬂ + ‘nﬂ < min (dy,ds,d3) V5 € {0,1,---,J}. Finally, this fact gives us the right to use Lemmas
3.1, 3.2, 3.3 in the process of proving Lemma 3.4. O

< —[,L* VLY < dy. (3.34)

Theorem 3.9. (Discrete stability for the case U* > 0). Let us assume that the Courant Friedrichs
Lewy (CFL) type condition

C =max (C,,Cy) <1, where C, = @ﬁ—i, Cy = @Zi—;’

1s satisfied for . For each U* satisfying the matriz inequality U* > 0, each ko, kp satisfying the
inequality 0 < |korr| < 1, each U > 0 and for any initial vector function ® satisfying the matriz
inequality U® > 0, and

|® —U"|. <U (3.35)
the solution U* of the initial-boundary value problem , (13.5), (3.6) satisfies the matriz inequalities
Uk >0, ke {0,1,---}, and the stationary state U*of the initial-boundary difference problem ,

(3.5), (3.6) is stable in the I* -norm.

Let’s go to U* = 0. Then inequality (3.35)) in Theorem 3.9 is now expressed as
@l <U. (3.36)
Note that inequality (3.7)) can be rewritten as

U, < voe™" || @],., ke{1,2,--},



Lyapunov stability of an upwind difference scheme... 17

Proof. Further, in the process of proving Theorem 3.9, we consider only the case of the matrix in-
equality
U > 0. (3.37)

Since the initial data are U° > 0, then according to the discrete system ({3.4)), , (3.6) and the CFL
condition in equation (3.4), (3.5), (3.6) , we have U* >0, k€ {0,1,---}.

Consider the following candidate for the discrete Lyapunov function for any U* € R6*”/
J 2 2 2 m
L (U*) = Az j; [%(gf) + @A (VF)” + GPA(ph) } exp (—Eajj,1>—|—

J—1 _ B
+A0 S (20" + 0B + 3B exp (001).

=0

Discrete weight norm L (Uk) is equivalent to the discrete W -norm , for all k& > 0.
min {exp (—2 L) min (4, A, ¢*A) +min (2, ¢B,9°B) } [[U*]2, <L (U") <

max {exp (%L) max (%, PA, @3A) + max (% UB, 153]3)} 0%

where
[0 = a3 (€ + () + (0)°] + Ay ()" + (09" + (0%)°].

As a second step, we evaluate a finite difference approximation of the time derivative of L (U*) time.

For this purpose, we use inequality ((3.34))
L (U*) — L (U*)
At

Inequality (3.34) means the existence of a discrete Lyapunov function L (Uk), which provides an
exponential decrease L (U*).
This completes the proof of Theorem 3.9. O

< —eL (U,

4. CONCLUSION

So, in this work we studied the problem of exponential stability of the numerical solution of an
upwind difference scheme for a quasilinear hyperbolic system with dissipative boundary conditions.
An upwind difference scheme is constructed for the numerical solution of the initial boundary value
problem. The definition of exponential stability of a numerical solution with respect to the equilibrium
state of an initial-boundary difference problem is given. For the first time, a discrete Lyapunov function
for a numerical solution was constructed and a theorem on the exponential stability of the equilibrium
state of an initial-boundary difference problem for a quasilinear hyperbolic system was proved.
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