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Abstract. In the article, high-accuracy difference schemes for the Cauchy problem for a system of
fourth-order equations are obtained. Based on the method of energy inequalities, the stability of
the scheme is proved, a priori estimates of the solution to difference schemes are obtained, and their
convergence and accuracy are proved. The results obtained for the system are applied to solve the first
initial-boundary value problem for the equation of ion-acoustic waves in a ”magnetized” plasma for
the generalized potential of the electric field. The schemes constructed for this problem have second-
order accuracy in spatial variables and fourth-order accuracy in time variables. In energy norms,
convergence and accuracy estimates are obtained in classes of smooth solutions.
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1. INTRODUCTION

In the spatial approximation of partial differential equations using finite difference or finite element
methods, we derive systems of ordinary differential equations with large dimensions. Currently, these
semi—discrete methods are frequently employed to numerically solve initial-boundary value problems
for differential equations, particularly for non—classical Sobolev—type equations. In reference [1], this
approach was applied to a system of nonstationary second—order equations, using piecewise cubic
interpolation—the finite element method—for approximation. Similar research was conducted in refer-
ences [2]—[3] for non-stationary first-and second-order equations, resulting in the development of two—
or three-parameter vector difference schemes with fourth-order accuracy. References [4]-]5] examined
the application of these schemes for numerically solving various high—order Sobolev—type equations.
For instance, high—accuracy difference schemes were constructed and analyzed for equations modeling
internal waves in a weakly stratified fluid [4] and for equations describing gravitational-gyroscopic
waves in a stratified fluid [6]. Additionally, the three-parameter schemes developed in reference |2]
were utilized in references [7]—[8] to address various non—classical Sobolev—type equations, where high—
accuracy schemes were constructed and investigated within the context of smooth and non—smooth
solutions.

The proposed research focuses on the development and examination of two-parameter difference
schemes for non-stationary fourth-order equations. These studies were initially conducted in [9]. This
work aims to generalize those findings for the numerical solution of the first initial-boundary value
problem related to the equation of ion—sound waves in a ”"magnetized” plasma, incorporating the
generalized potential of the electric field. The research presents theorems concerning the convergence
and accuracy of the schemes.

2. STATEMENT OF THE PROBLEM

We consider the Cauchy problem for a system of fourth—order operator differential equations:

d*u d?u
i P = < .
Dof+Bos+Au=f 0<t<T, (2.1)
'U,(O) = Up,0, U(O) = Uog,1, U(O) = Up,2, ’LL(O) = Ug,3, (22)

where D # D(t), B # B(t), A # A(t) are operators from H —+ H, u=u(t) e H, f=f(t)e His
the Hilbert space with an inner product (u,?) and norm |ju|| = y/(u,u). In what follows, we assume
that all necessary derivatives of the sought—for solution u(t) exist.
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3. SECOND—ORDER ACCURACY SCHEME

Consider problem , . On the interval 0 < ¢ < oo, we introduce uniform grid w, = {¢, =
nt, n =0,1,...}, w, = &, N{0} with step 7. We will consider abstract functions y = y(t,)
and ¢ = p(t,) of discrete argument t, € w, with values from H is grid space. We denote the
space consisting of elements of space H with the inner product (u,?)a = (Au,?) and energy norm

full | = \/(u,u)A by H,. Now we approximate problem ({2.1]), (2.2) with the following difference

scheme

Dyys + By, + Ay =, t, €w,,n=2,3,..., (3.1)

Y =wuoo, Y =To1, Y =Tz Y =Togs, (3.2)
where yzz, = (y"™ — 4" + 6y — Ay Y)Y gy = (T - 2t T/ Y =
y(tn), y"*= =y, £7), Y= =y(t, +27),

ﬂO,l = Ug,1 + 0.57 [E - (T2/12)D71B] Uo,2,
U2 = Ug2 + TUg 3, (3.3)

T3 = uos + (37/2)D " [f(0) — Bugz — Aug ],

E is the unit operator.

Let us denote the errors by z = y — u, where u is the solution to problem ({2.1)), and y is the solution
to scheme (3.1). Then, substituting y = z + u into scheme (3.1)), we obtain the problem for the error

where ¢ = O(7?) is the approximation error of scheme (3.1)). The initial conditions (3.2]), considering
(3.3), also have second-order approximation error, i.e., O(7?).
To study scheme (3.1)), we perform the following transformation:

Dy"*? — (4D — 7°B)y" ™ + (6D — 27°B + 7*A)y" — (4D — 7°B)y" ' + Dy" 2 = 7.
Let y = y™*2, then from this equality we obtain:
B4yn+4 + Bgy"+3 4 Bgyn+2 _|_Blyn+1 +Boyn — 7_4()0' (35)

Here, By = By = D, B, = B3 = —4D + 72B, B, = 6D — 272B + 7*A. Further, following [10], we write
scheme (3.5)) in the following canonical form:

Nyz + szy;g + ngyfti + 7 Ryai + Ry = 7o, (3.6)
where N = T(2B4 + B3 - Bl — 2B0), = 2B0 + 05(31 + Bg) + 234, S = 05(B1 - Bg),

Here we use the following notations yr = (y" —y" 1) /7, yee = (y"* — 2y"*2 +y")/(472),
o = T 2 2y ) (2,
Taking into account (3.7)), after elementary calculations, from (3.6]), we obtain a difference scheme

in the canonical form:
D — (72/4)B]y5t{t + Bygg + Ay = o.

According to Theorem 2 from [[10], p. 276], an a priori estimate based on the initial data (¢ = 0),
holds

[Ynr1lla < llynllz (3.8)

if the following conditions are met:
ReN >0, (3.9)

R >0, (3.10)
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R—4AN—R >0, (3.11)
R + 16X > 0. (3.12)

Here

lynllz = (1/26) [ly" +y™" +y2 g™+ ™ 4y =y =y e+

+ [y =y y”Hi_m_R + " =yt ey y"Hiﬂwl '

Let us check the fulfillment of conditions (3.9 1- Condltlons 1- ) and (3.10)) are fulfilled, since
=0and R = T4A (A A* > 0). Cond1t1on (3.11]) will be fulfilled if 4D —|—7'4A § 272B, and, ﬁnally,
the last condition will be fulﬁlled if 16D + 7'4A > 472B. These two conditions will be fulﬁlled if

D > (r*/4)A, (3.13)

which is the stability condition of scheme , .

Thus, the following theorem holds.
Theorem 3.1. When conditions D = D >0,B"=B>0,A"=A >0 and (3.13)) are fulfilled, an
apriori estimate for the initial data is Vahd for the solutlon of scheme (| . (13.2).

To prove the stability of the right- hand side of scheme (| . , We represent it as an equivalent
two-layer scheme in space H* [10]:

Cy: + Qy = ¢, (3.14)

where y; = {yg, Yz o (7'2/2)yt,t; , (7/2)y2; + (T3/8)y{t,§t}7 ¢ ={p, 0,0, 0},

R 0 0 0
o R-m-R 0 0
Q=1 0 R_oR—-R 0 |
0 0 0 R + 168

N+ 0.57R (R — AN — R) 0 0.5(R + 16R)

oo [T -R) 05r(R 4R -R) 05r(R 48 —R) 0

= 0 —0.57(R—4R—R) 0.57(R — 48 — R) 0
—0.5(R + 16R) 0 0 0.5(R + 16R)

By Theorem 4 from ([10], p. 284), for the solution to difference scheme (3.14)), the following a priori
estimate holds:

lgnralls < lyolls + leolls-s + lealla-s + Y llonills-r, (3.15)
k=1

if the following conditions are met:

ReN >0, (3.16)

R > 0, (3.17)
R—AR —R >0, (3.18)
R+ 16X > 0. (3.19)

In inequality (B15), flallz— = I las lonells—s = [¢tls = (A7k, @b). Consequently, the
following assertion holds.
Theorem 3.2. Let D =D>0,B"=B >0, A" =A > 0. Then, if - is satisfied, then for the
solution of scheme -, estimate (3.15[) holds.

Let us check the fulﬁllment of conditions (3.16))-(3.19). Conditions and are fulfilled,
since N=0 and A = A" > 0. Conditions (3.18) and (3.19)) will also be fulfilled if condition is
fulfilled.
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To prove the convergence of difference scheme (3.1))-(3.3]), we obtain a problem for the error z = y—u,
i.e., substituting y = z 4+ u into (3.1]), we obtain:

[D — (7%/4)B2ses: + Bzee + Az =7

with the corresponding initial conditions. Therefore, based on Theorems 3.1 and 3.2, considering ,
we have the following result.

Theorem 3.3. When conditions D* =D > 0, B* =B > 0, A* = A > 0 and are met, the
following accuracy estimate for the solution of scheme (3.1)-(3.3) is valid:

ly(ta) — ulta)llz < O(7?), tn € @r. (3.20)
4. FOURTH-ORDER ACCURACY SCHEME
From , we obtain ¥ = ¢ — Dugs7; — Bugs — Au for the error. Then, using the Taylor expansion
formula and equation , we obtain:
Dug,s, = D(t,) + (1/6)7°Du'®(t,,) + O(r*), Bug, = Bii(t,) + (1/12)7°B i (t,) + O(4).
Consequently, ¢ = ¢ — f™ — (72/6)f* + (72/12)B i + (72/6)Aii + O(7*). Then, if we choose
D=D+(72/12)B, B=B+ (72/6)A, &=+ (72/6)f, (4.1)
then we obtain the following difference scheme:
Dyiiie + By + Ay =, t, €w,, n=2,3, ..., (4.2)

which has the order of approximation ) = O(7*). We choose the initial conditions for (4.2)) in the

form (3.2]):

Y’ = 0,0, y' = U, 1, Y= U, 2, Y’ = Ug,3, (4.3)
where
to1 = ugs + 0.57[E — (72/12)D'Blug s + (72/6)ug s + (7°/24)D 7 [£(0) — Aug o],
Up2 = Ug,2 + TUp 3 + (7'2/2)D71[f(0) — Bug s — Aug o]+
+(7° /D [£(0) — Bitg » — Adig o], (4.4)
tigs = uos + (37/2)D ' [£(0) — Bugs — Aug o] 4+ (572/4)D[£(0) — Biig2 — Adig o]+
+(372/4)D_1[f(0) — Biigs — Adi ).

The approximation error of the initial conditions coincides with the approximation error of scheme

ED). ie. = O(r*).
To study the stability of the initial data of scheme (4.2)), we write it in the canonical form:

[D — (7%/4)Blyzi7: + By;; + Ay = (4.5)

Then, for scheme (|4.5)), the a priori estimate (3.8) holds if conditions (3.9)-(3.12)) with operators
(3.7) are satisfied, where:

By=B,=D, B,=B;=-4D+7’B, B,=6D—-2r’B+A. (4.6)

Checking the fulfillment of conditions (3.9)-(3.12) and considering (4.6), we arrive at the stability
condition of difference scheme (4.2)): B
D > (7% /4)A. (4.7)

Consequently, the following theorem holds.
Theorem 4.1. When conditions D* =D >0, B"=B >0, A" = A > 0 and (4.7) are satisfied, for
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the solution of scheme (4.2)-(4.4), an a priori estimate based on the initial data (3.8]) with operators
(4.1, (4.6) holds.

Similarly to the second-order accuracy scheme, the following assertion is proved.
Theorem 4.2. When conditions D* =D >0, B"=B >0, A" = A > 0 and (4.7) are satisfied, for

the solution of scheme (4.2))-(4.4]) with operators (4.1)), (4.6)), estimate (3.15)) holds.
To prove the convergence of scheme (4.2))-(4.4), we obtain a problem for the error:

sztft +Bzft +AZ = 1;7 tn € (D‘ra n = 2a3a"'a (48)

with the corresponding initial conditions. Here, 1) = O(7*). Therefore, based on Theorems 4.1 and
4.2, taking into account (4.8]), we obtain the following result.
Theorem 4.3. Under conditions D* =D > 0, B* =B > 0, A* = A > 0 and (4.7)), the accuracy

estimate (3.20)) is valid for solving scheme (4.2))-(4.4)).

5. SCHEME WITH WEIGHTS
Based on difference schemes (4.2))-(4.4) with operators (4.6)), we consider the following family of
difference schemes with weights

Dyftft + Bytgihoz) + Ay(og,m;) = (/_)7 t, € W;. (51)

A Y A \%
Here, (7172 = 1y + (1 — 01 — 09)y + 02, Y7 = 03y + (1 — 05 — 04)y +04Y , where 01, 03, 03, 04
are some constants, the weights of the scheme, the presence of which allows us to select various explicit

and implicit schemes and regulate their accuracy.
Let us study the stability and convergence of scheme (j5.1) with initial conditions (4.3, (4.4). To
do this, we will reduce (5.1)) to canonical form. We will perform the following transformation with

scheme (5.1)):
D + 7%0,B)y" ™ — [4D — 73 (1 — 01 — 03)B + 2720, B — 7t Aly" T+
+[6D + 7205B — 27%(1 — 0y — 09)B + 720, B+ 7*(1 — 03 — 04)AJy"— (5.2)
—[4D + 27%0,B — 72(1 — 0y — 02)B — T*oyAly" ™t + (D + m20.B)y" 2 = .

Let in (5.2) y = y"*2. Then (5.2)) has the following form:
Byy"™ + Bay" " + Boy™* + Biy"! + Boy" = '@,

where _ _ _ _ _
By=D+71%01B, Bsy=—-[4D —7*(1 — 0, — 02)B + 27%0,B — 7'034],

By = 6D + 7%0,B — 27%(1 — 0y — 02)B + 7?0 B + 7 (1 — 03 — 04) A, (5.3)
By, = —[4D + 27%0,B — 7*(1 — 01 — 03)B — 7*0,A], By = D + 7%0,B.
Now we write scheme (5.3)) in the following canonical form:
My; +7°Ryeo +7°Py, o +7'Quun + Ny = 7'¢, (5.4)
where
M = T(2B4 + B3 - Bl - 2B0), R = QBO + 05(B1 + B3) + 2B4,
From here, taking into account ({5.3)), we obtain
M =7%(03 —04)A, R=7>[1—-2(0; +02)]B+0.57"(04 + 03)A,
P=—(0y —0))7°B+0.57%(04 — 03)A,
Q=D—(72/4)[1 — 2(0y +01)]B— (7*/8)(04 + 03)A, N =7*A.
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Let 0y = 05 =0, 03 = 04 = 0, then M = P = 0. Consequently, after elementary calculations from
(5.4), we obtain the difference scheme in the canonical form:

Quait + Rygg +Ay =, (5.5)
where
Q=D — (7?/4)(1 — 40)B — (7*/8)0A, R =1%*(1—40)B + 7*0A.

Then, an a priori estimate based on the initial data (3.8) (¢ = 0 ) holds, if the following conditions
are satisfied:
ReM >0, N>0, R—4Q—-N>0, N+16Q >0, (5.6)

where [|[Y™||% is defined in section 3.

Let us check the fulfillment of conditions . The first condition Re M > 0 is fulfilled, since
M = 0. The second condition is N > 0, since the operator is A > 0. Condition R — 4Q — N > 0 will
be fulfilled if

4D + 7(1 — 20)A < 27%(1 — 40)B (5.7)
and finally the last condition N 4 16¢) > 0 will be fulfilled if

16D + 7%(1 — 20)A > 47%(1 — 40)B. (5.8)
Conditions and will be fulfilled if

0<1/2, o<1/4, D> (r"/8)A, (5.9)

which are the stability conditions for scheme (5.1)), (4.3]), (4.4)).

Thus, the following theorem is proved.
Theorem 5.1. When conditions D* =D > 0, B"=B >0, A" = A > 0 and (5.9) are fulfilled, an a
priori estimate based on the initial data holds for the solution of scheme (j5.1]), , .

To prove the stability of the right-hand side of scheme , , ., we will represent it as an
equivalent two-layer scheme in space H*:

Qlyt +9:ny = \Ija

where y = {ye, Ty0, (72/2)y,,5, (7/2)ss + (7/8)yrere ), ¥ = {1, 0, 0, 0}.
Therefore, the following assertion holds.
Theorem 5.2. Let D" =D > 0, B* =B > 0, A" = A > 0 and the following operator inequalities
hold:
ReM >0, N>0, R—4Q—N >0, N+16Q > 0. (5.10)

Then, for the solution of difference scheme (5.1)), (4.3)), (4.4), the following a priori estimate is true:

lynsalls < lwolls + 1Bolls— + 1@nllz-r + D 7l @nell 5-1-
k=1
From ([5.10]), the first two conditions are satisfied, since M = 0 and A" = A > 0, and the rest will
be satisfied if inequalities ([5.9)) hold.
To prove the convergence of difference scheme (5.5)), (4.3)), (4.4), we obtain a problem for the error

QZ{t{t‘FRZ;; +AZ:@, tn GLDT, n:2,3,...

with the corresponding initial conditions. Here, 1) = O(7*). Therefore, based on Theorems 5.1 and
5.2, we obtain the following assertion.

Theorem 5.3. When conditions D* =D >0, B"=B >0, A* = A > 0 and are satisfied, for
the solution of scheme , , , the following accuracy estimate is true:

ly(t,) —ulty)llx < O(TY), t, €@,
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6. DIFFERENCE SCHEMES FOR PARTIAL DIFFERENTIAL EQUATIONS

In domain
Qr = {(ar,t) s x = (21,70,23) € Q=[0< 2, <1, a=1,2,3], t € [O,T]}

consider equation [11]

o 1 0? w, 0%u
o <A3u Z > + 5 {(w%i + w2) 2 u +w§iw%ia—x§ = f(z,t) (6.1)
with initial
ok
Frul,t) =wuok k=03, z€Q (6.2)
ot
and boundary conditions of the first kind
u@,t)y = p(t), te 0.7, (6.3

where u = u(a: t) is the generalized potential of the electric field, A3 is the three-dimensional Laplace
operator, w;, = eBy/(Mc) is the ion gyro-frequency, w?, = 4we?ng/M is the Langmuir frequency for

ions, rp = [T, /(4mnge?)] /2 s the Debye radius, M is the ion mass, T, is the electron temperature, ng
is the unperturbed particle density, e is the absolute value of the electron charge.
To discretize problem (/6.1])-(6.3) in space, we rewrite it in the following form

o 9%
ar T g

" _
—u(z,0) =ugy, k=0,3, z €,

otk
(xvt”r = :u(t)v te [OvT]’

LO + L2u f(fE,t), (:Cat) € QT7

where )

1 W,
Lo=A;— —FE, L =w?A;—LE L,=w’—
0 3 7'123 1 0 3 7"]23 2 1 aﬂfg
Here, w§ = w?, + wh;, i =w2wg,, T isthe boundary of domain Q, E is the unit operator.
Let us construct subspace H; C H, that approximates the Hilbert space H with the corresponding
scalar product and norm. Let us introduce into 2 a grid uniform in each direction &y, = @y, X Wp, X Wy, ,
where w,, = {:ca =ioha, ta=0,N,, ho=1,/N, }, a =1,2,3. Here, @, = wy, + Yn, Y - are the

(6.4)

boundary nodes of the grid. Let us define subspace Hy, = W, (wj,) with norm

11 12 13

||UH§ = \lzlizshlhzh?, [ 2)° 4 (92,)° + (19@3)2} < M.

Here M does not depend on hy, ha, hs, ¥ = ¥(i1hy,iz2hs,i3hs),

= [(iyhy, isha, ishs) — 9((iy — 1)hy, ishs, ishs)] /ha,
Vg, = [U(i1hy,i2ha, ishs) — 9(i1hy, (i — 1)hy,ishs)] /ha,
= [0(i1h1, i2ha, ishs) — O(i1h, i2he, (i3 — 1)hs3)] /hs,

where W3 (wy,) is the Sobolev space [12].

Now, approximating operators Ly, L;, and L, by difference relations, we obtain the following
problem:
d*uy, d?u dkuy,
dit + B a2 + Auh(t) = fh, W(O) = Uo,k,h, k= O, 3, (65)

D
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where u;, approximates u(z,t), D, B, and A are linear constant operators from H;, — H,, D" =D > 0,
B"=B>0,A"=A>0VYt>0, u, =uu(t) € Hy, fr = fr(t) € Hy. Here operators are:

w2,
];lE, A= W%Ag,
D

1
D

3
where A = > Ay, Apun = upz,2,, m = 1,2,3, u, are the values of function u(x,t) at the fixed

a=1
node x = (i1hy,i2hs, izhs),

Up gz, = (Wp((i1 + 1)ha,d2he, ishs) — 2up (i1 hy, i2ha, ishs) + wp((in — 1)h1,i2h27i3h3))/h§,
Uh zyzy = (Un(T1h1, (12 + 1)ho, ishs) — 2up(i1hy, i2he, ishs) + up (i1 hy, (G2 — 1)hs,izhs))/ ha,
= (un(irha, ishs, (is + 1)hs) — 2up((irha, ishe, ishs)) + un(ishy, iohs, (is — 1)hs))/ b3

uhvigmg

Operators D, B, and A approximate operators Lg, Li, and L, from with the second order,
respectively, i.e., O(|h|?), |h| = /h2+ h2 + hZ.

For approximation of , we apply difference scheme with parameters o, = 05 = 0, 03 =
o, = 0, i.e., we have a two-parameter difference scheme

Dyftft + Byg) + Ay(9) = @7 t, € W;. (66)

The initial conditions remain the same, i.e., . Based on Theorem 5.3 and the results of discretiza-
tion in space, we obtain the following result.

Theorem 6.1. When conditions D* =D >0, B* =B >0, A*=A >0and 6§ < 1/2, 0 < 1/4,
D > (7*/8)A are satisfied, for the solution of scheme (6.6), (4.3)), ([4.4), the following accuracy estimate
holds:

ly(@i, tn) — (s, o)l 5 < O(h> + 1), y, u € Hy, x; €@y, t, € @

If we choose h, = h, a = 1,3, then condition D > (7%/8)A will be satisfied for 7 < 2h/,/w;.

7. NUMERICAL IMPLEMENTATION

If o = 6 = 0, then from (/6.6) we can derive explicit scheme (4.2)), (4.3]), which is realized directly,
and for other ¢ and 6, we obtain implicit schemes, which can be implemented using the sweep method.

8. CONCLUSIONS

In this article, we have constructed and analyzed fourth-order accurate schemes for a fourth-order
non-stationary equation. We established stability conditions and derived a priori estimates. Based
on these estimates, we proved theorems regarding the convergence and accuracy of the solutions for
the difference schemes. The difference schemes developed for the abstract Cauchy problem were then
applied to solve the initial-boundary value problem for the Sobolev sixth-order partial differential
equation. We also proved theorems concerning the convergence and accuracy of the constructed
difference schemes. These findings pave the way for the development and analysis of difference schemes
for other non-classical high-order equations with various boundary conditions.
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