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1. INTRODUCTION

In the study of nonlocal problems, a close relationship has been observed between problems with
nonlocal boundary conditions and inverse problems |1]. By now, inverse problems for classical equa-
tions of mathematical physics have been studied extensively [2, 3, 4l |5]. Linear inverse problems
(involving the determination of solutions and right-hand sides of equations) for equations of mixed
type, both of the first and the second kind, have been considered in [6} |7, [8, |9} 10].

In contrast, coefficient inverse problems (involving the determination of solutions, coefficients, and
right-hand sides of equations) for equations of mixed type have not been studied in detail. In this
work, we aim to partially fill this gap.

In particular, we investigate the unique solvability of a coefficient inverse problem for the three-
dimensional Tricomi equation in a parallelepiped. Our approach is based on reducing the coefficient
inverse problem to a family of direct problems for loaded Tricomi differential equations with nonlocal
boundary conditions of periodic type in a bounded rectangular domain |5, |11].

Recall that a loaded equation is a partial differential equation whose coefficients or right-hand side
involve certain functionals of the solution itself |8} |9].

2. COEFFICIENT INVERSE PROBLEM
In the domain
G=Qx(0,0)={(z,t,y)] —1<z<1,0<t<T, 0<y</{}
we consider the three-dimensional Tricomi equation:

Lu = zuy — g, — Uy + oz, t)u, = c(z, t)u + (2, t,y), (2.1)
here ¢ (z,t,y) = g(z,t,y) + h(x,t) - f(x,t,y) , where g(x,t,y) and f(z,t,y) are given functions, while
h(z,t) and c(z,t) are unknown. For simplicity, we omit function arguments from now on.

Problem statement. Find functions {u(x,t,y), h(z,t), c(x,t)}, satisfying equation (2.1) almost

everywhere in domain G, such that u(z,t,y) satisfies the following boundary conditions:
1) non-local boundary conditions of periodic type:

vDYuli—o = Diuli=r, (2.2)

Drul,——y = DYul,—y, p=0,1 (2.3)
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uly—o = ufy— =0, (2.4)

where « is some constant number, such that |y| > 1;
2) additional conditions

u(z,t,l1) = ¢1(x,t), (2.5)
u(z,t,0y) = pa(x,t), (2.6)
0<l <ty <l<+o0
and together with the functions h(x,t), c¢(x,t) belong to the class

U ={(u, h, )| ue WE*(@), h e W2(Q), c€ WAQ)}.

Here W;*(G) is an anisotropic Sobolev space with norm

oo

2 2 3 2
[U]LS = |Hu|||W2L3(G) = Z (1 + )‘i) ||uk||W21(Q)7 1=0,1,2,..
k=1

where wuy(z,t) denote the coefficients of the Fourier expansion of the functions wu(z,¢,y) in the system
{Yi(y)} = {\/%sin )\ky}, A = ”7’“, k=1,2,3,...; Wi(Q) is the Sobolev space with the norm

l

2 2 o N2
fulfigiey = lullf = 3 [ (0w’ dat,
|a|:OQ

where [l = 0,1, 2, ..., D*— generalized derivative with respect to the variables z and ¢. Further through
C'(Q) let us denote the spaces of continuously differentiable functions up to order [ inclusive with

norm
l

. «
lullci gy = (eQ D%l
jal=0

For further study of the inverse problem, we need the following auxiliary theorems and notations in a
simplified form.
Theorem A.1. (S.L. Sobolev). There is a continuous embedding W2(Q) C C(Q), i.e.

2 2
||u||c(Q) < e ||u||W22‘(Q) )

where ¢, is a positive constant [12, 13].
Theorem A.2. For any function u(z,t) € W3 (Q) holds the following inequality holds

Hu||L4(Q) <c3 Hu||W§(Q) )

where c¢3 is a positive constant |12, [13].
Let us introduce the following notations:

Ble.t) =gt ), St = fatt), Vi=12 H=det(2 1),

P2
Yo = My [9]?,37 Y1 =M [f];gv Y2 = Ma;
my = 603397 er T (4(1+ 42) + 07 (e + ) )
my = 1926, 13 (3 + p?)
where = ZIn|y[ >0, |y| > 1, § = min {%", 01, a,u,,u(%)Q}, 01 will be defined in the theorem,

2 2 2 2
§ = max <||f1Hc;?:1(Q) ) ||f2Hc;?:1(Q) ) ||901||02;i(Q) ) H‘Pﬂcﬁ:i(@)) )

= —n
1 mzzl (1+22)°

and ¢y, ¢z are as defined above.
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Definition 2.1. A generalized solution of problem (2.1)-(2.6)) will be a functions {u, h, c} from class
U satisfying equation ([2.1)) almost everywhere in domain G, with conditions (12.2))-(2.6)).

Assume all coefficients of equation (2.1]) are sufficiently smooth in @, and the following conditions
are satisfied with respect to the coefficients, right-hand side, and given functions ¢;(x,t), i = 1,2:
Conditions 1:

nonlocal conditions: a(z,0) =a(z,T), al-1,t) = a(l,t);
v9(2,0,y) = 9(x,T,y), ~7f(x,0,y) = f(z,T,y);
smoothness: fi € CS;%(Q), gi € Cﬁ;ﬁ(@), fe W22’3(G), g e W22’3(G).

coefficient conditions: 2a(x,t) + px > do > 1.

Conditions 2:
Functions ¢; € W2(Q), i = 1,2 is the solution to the following problem:

Lip; = gi,
VDI @il—g = DY @il s
Dipil,—y = Diil,ysp = 0,1
where Lip; = ¢, — ap;,, + ap;,. Besides this let
|H| = |p1fo — w2 fr] =2 > 0.

Without loss of generality, we may take n = 1.
To prove the solvability of problem (2.1))—([2.6]), we first use the Fourier method. Namely, we search

the solution to problem ({2.1)-(2.6)) in the form

gk

u(w,t,y) = uk(xvt)yk(y)a (A)

k=1

where functions {Y;(y)} = {\/%sin )\ky}, A = ”77“, k =1,2,3,... are solutions of the Sturm-Liouville

spectral problem with Dirichlet conditions, uy(z,t) are Fourier coefficients of the function u(z,t,y).
It is known that the system of eigenfunctions {Y;(y)} is complete in the space Ly(0,¢) and forms an
orthonormal basis [2, (9} 10, 14, [15]. In order to determine unknown functions wuy(x,t), it is necessary to
perform some construction formalities. Let us consider the traces of equation aty=4¢;, i=1,2,

Lul,_; = 2piy — aiy, — uyy (7,1, 6) + oy, = cpi + hfi + g, =0, 1. (2.7)

Now, taking into account conditions ([2.5)), (2.6)) and condition H # 0, we define formally unknown
functions h(z,t) and ¢(x,t) from the system of equations (2.7)):

{ccpl +hf =,
cpy +hfa =Y,

where @ = > A2 u,,(z,t)sin A\, 0y, U= > A2 u,,(z,t)sin \,,ls, in the form

m=1 m=1

1 o 1 = . - .
h(z,t) = T :‘2 \If‘ =4 1 mZZI /\?num(x,t) sin A\ fy — @o mZ:l)\fnum(m,t) sin /\m&]
and
1|® 1 = . - .
c@t) = |y g =5 [ meZ:l A2 (2, ) Sin A by — £ m; AUy, (1) sin Am@} ,
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and to determine the functions wuy(z,t) in the domain () we obtain infinite systems of loaded nonlinear
differential Tricomi equations:

2
Ly, = Tupyy — QUpgy + Qg + Ajug

U - .
_ Hk l Z A2y, (2, ) sin N, by — fi Z A2 U (2, 1) Sln)\m&]

m=1 (28)
Z (z,t)sin A\, 0y — o Z A2 (2, 1) sin N by | + gr = F(uy)
m=1 m=1
with nonlocal boundary conditions of periodic type
/nyukL::O = Dfuk|t=T7 (29)
Duy|,_ , =DPu|,_,, p=0,1, (2.10)

where f;, and g, are the coefficients of the Fourier expansion of the functions f and g, k =1,2,....

3. MAIN RESULT

Let us introduce the following notation

=4dmimo <2m1 [9]3,3 + [f]g?») )

Theorem 3.1. Let Conditions 1 and 2 above be satisfied for the coefficients of equation (2.1)). Suppose

there exists ad; such that

540
—T8>51>1,

and assume

L
<5

Then problem (2.1)—(2.6) admits a unique solution in the class U.

Remark 3.2. The inequality ¢ < % can be achieved by choosing the domain sufficiently small and by
requiring that g; and their derivatives are sufficiently small.

Proof. Let us prove the theorem step by step. Let there exist a solution to problem ([2.1] j 2.4) from
the class U. First, let us show that the function u(zx,t,y) satisfies the boundary condltlons 1 .
for any 1 = 1,2, i.e.

u(x,t,&) :@l(x,t), L= 172

We prove that these conditions are satisfied using the converse assumptions. Let there exist functions

9, (x, t) satisfying conditions (2.5)), (2.6]):

u(z,t,4;) = Zuk(x,t) sin A\pl; = 94(x,t) # @i(x,t).

k=1

To make it easier to understand, let’s consider each case separately. First, let’s consider the case
when ¢ = 1. Then for the function z;(x,t) = 91 (z,t) — ¢1(z,t) in the domain @, taking into account
conditions , , multiplying the systems of equations by sin upf; and summing over k
from 1 to oo, we obtain the following loaded equations

37191 tt — 6“91 ez T+ a’l91 t+ Z )\iuk sin )\kgl

k=1

1 (oo}
lfQ Z A2y, (2, t) sin A by — f Z A2 Uy, (2, ) sin Ay, fo (3.1)

T H

m=1 m=1

+g1-

1 - . = .
+ﬁf1 [g@l Z A2 Uy (2, 1) Sin A\ ly — g Z A2y, (2, ) sin A, b

m=1 m=1
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Let us substitute expression z; + @1 = 91 = > u,,(x,t)sin A\, ¢; instead of ¥;. Then from (3.1)) it

m=1

follows

z(21 + 1)y, — alz + ¢1),, +alz + 1), Z A2 Uy, (2, 1) sin A, 0
(3.2)

=g +cz + — Z /\kuk sin A\ply (@1 fo — fira].
k 1

Based on formulas (2.8)—(3.1)) for the function z;(z,t) = ¥, (z,t) — ¢:1(x, t) in the domain @ we obtain
the following problem

Lozy = x21 ¢t — 21 oo + @21 ¢ = €21, (3.3)
’Yszllt:() = szl‘t:Ta b= 07 1> (34>
Zl$|x:_1 = Zlﬁ‘x:l =0. (35)

Now we prove the uniqueness of the solution to problem (3.3))—(3.5)) by the energy integral method
[10]. To do this, consider the identity

2(Loz1,e " (214 + 21)) = 2(cz1, e (214 + 21)); (3.6)

integrating by parts identity (| . taking into account the conditions of Theorem 3.1 and boundary
conditions . ) for |y| > 1, and applying Sobolev embedding theorems, we obtain the following
inequality
2 2 2
e lz1lly < 2llellggy 1zl

(3™ =2 leligy)) I} < 0. (3.7)

At the end we will show the correctness of the inequality ||CH20(Q) < r, where r = £6e*”. For now we

will just use it and obtain Hle? <0, i.e. z; =0, from which it follows 9, = ;. Thus, for y = ¢; the
solution of equation satisfies the condition u(z,t,¢1) = ¢i(x,t). Similarly, u(z,t, ) = pa(z,t)
is proved in the case when i = 2.

Now we will prove the solvability of problem — by the methods of  “e— regularization”,
a priori estimates and successive approximations |10} [16], namely, in domain @ we will consider the
following family of nonlinear equations of the third order with a small parameter:

L uk: e — _guk ettt + Louk?,if + )‘iuk,e
Uk,e 2 2 .
= A U (4t Amf A2 U (2, t Amb
7 lfl Z U (x, ) sin A\ by — f1 mz::l 2 Up (x, ) sin 2] (3.8)
Z S U (2, 1) sin A\ by — oo Z A2y (2, 1) SNl | + gk = Fug.,
m=1 m=1
with nonlocal boundary conditions of periodic type
DY uge|,_y = Diugel,_p, p=0,1,2, (3.9)
Diuy.|._  =Dlug.| _,, ¢=0,1, (3.10)

where € is a small positive number.
To prove the unique solvability of problem (3.8)—(3.10]), we need the following notations and lemmas.
Let us define the spaces of vector functions

Wi(Q) ={v = (v1,v9, ...,vp, ..)| e € WS(Q), k=1,2,3,...}, s=0,1,2

with the norm
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)= £ 1+ 2 vnllis o (B)

where W5 (Q)— Sobolev spaces. From the definition of the spaces W,(Q), s = 0,1,2 with a certain
norm (B) it follows that W5(Q) C W1(Q) C Wy(Q) and they are Banach spaces.

Now by W(Q) = {{v.}32:] A{vpitiz, € L2(Q), {v,}52, € Wo(Q)} we denote the class of vector
functions satisfying the corresponding boundary conditions —.

Definition 3.3. A generalized solution of problem (3.8)—(3.10) will be a vector of functions

{U,(f)}zz?’;z C W(Q) satisfying equation (3.8) almost everywhere in Q.

We prove the solvability of problem (3.8)—(3.10) by the method of successive approximations,
namely, we consider the following system of nonlinear loaded equations of the third order with a small
parameter

Lgu,(fi = 5uk P Lou k%fi

(6-1)

“’“ lf ZA; O gin A,y — flem gﬁ{ysmm@]

(3.11)
Z 220D sin A\ ly — s Z Nl sin A\ b | + g = Fuf'2)
with semi-nonlocal boundary conditions
nyuEfQ Dfufg . p=0.12, (3.12)
uEfigc = uifix =0 (3.13)
where ¢ > 0,0 =0,1,2,..., k=1,23.,u." =0.

Lemma 3.4. Let all the conditions of Theorem 3.1 be satisfied, then the following estimates are valid

for the solutions of the problem (3.11)) — (3.13):
e (u® O
1) 5 <ua tt>0 + <u5 >1 < 270,
2 2

1) 5 <u§0)ttt>0 + <u£9)>2 < 2%.

Proof. Consider the identity.
2 (Lo e ul),) =2 (F(ul) e ) ) (3.14)
: <0
Let us estimate it from below. Integrating by parts we get:
2 2
+/(2a(:1c,t) + px)up e “tdQ%—/auuifg)xe“tdQ—i—u(z) /ui(g e "dQ
Q Q Q

—uT ||, ,(0)
ge ‘ Upe ¢t 0

) 0 2(6 ) 2(6 200) \ —
[ o )+ 0, = i, + 3 e et 515)
oQ
/Qu,(fg tu,(fi gceze_“tdS’ <2 (Laugi, e_“tuffi t>0
oQ

where € = ((e,, e:)| e, = (€, ), e; = (€ t)) is the unit internal normal vector to the boundary 9@Q). Let
us estimate it from above. Using Cauchy’s inequalities with o to (3.15)) we have

2

1

2 (R ) el ,) < ollgells +oendt (ILfolE+ I s ( > (AL fuld?
(3.16)

+oeics <Hc,00H2C + Hmyé) I1fll? (Z (14A2) Huw 1)” ) +501/uk 0 e=rt Q).

- Q
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where c; is the coefficient from the Sobolev embedding theorem, i.e. HUHZ(Q) <cs ||u||f,V2}(Q) [12, [17].

Taking into account the boundary conditions ([3.12)), (3.13) and v* = e*?, we obtain that the boundary
integrals will vanish. After performing some simple operations we get

2
+ ge T Hu’(f‘ZH1 <o Hng?) +20¢,65F kaHf (Z (1+22) H (o— 1)H )

=1
i(;(l+)\2 H (0-1) 1))

5, which follows § — 50" = % Now

—uT
ge Hukstt

(3.17)

+200163F Huk R

where 0 = min (50/2,,ua, M(%)Q) Here we took o equal to o =

multiplying (3.17)) by (1 + )\i)B and summing the equations by k& from 1 up to co we obtain the first
recurrent formula

€ 2 2 IR

3 <u£92t>0 + < (9)> < Yoo + 711 < @ 1)>1 + V22 <U§0 1)>1 ) (3.18)

here
Yoo = 3060715_1€HT[9]§)3, Y11 = 8050715_1€MT010§3 [f]i3, Y22 = 8050715_1€MT01C:233.

For convenience, in inequality (3.18|) we introduce the notation through Jl(e) = <u§9)>i and IQ(G) =

<u£et)t> Then from ([3.18) we obtain the following recurrent formula

210+ 0 <0+ IO+ 92 O, (3.19)

Remark 3.5. Note that for linear inverse problems in the recurrent formula (3.19) the coefficient 7,
will always be zero. However, for nonlinear inverse problems -5 is not zero. This complicates the
limited nature of the iterative process.

Now we will prove the boundedness of the iterative process. Let us introduce notations For the
initial approximation we take u,(;;) = 0. Then from problem (3.11))—(3.13|) for the zero approximation
we have

5
512(0) + 17 < Y00 < 2700.

From here, from the recurrent formula (3.19)), taking into account the condition of Theorem 3.1, we
obtain the following estimate

(51(1) + J(l) < Yoo + 2700711 + 415722 < 200-

Continuing this process, by induction from ([3.19)), taking into account the inequality v1; + 2700722 <
q < % following from the condition of Theorem 3.1, we obtain the first a priori estimate for V6,
0=23,..,

€ _ _

512(0) + J1(9) < Yoo + ’Yl1J1(9 D ’722J12(0 V< Yoo + 2711700 + 4722750 < 2700 (3.20)
Thus, the validity of the first a priori estimate of Lemma 3.4 is proven.
Now we will prove the second a priori estimate.

Let us consider the identities

‘— (L uy), Pu G)e*“t) ‘ ‘— ( (u) ="y, Pu) *"t) : (3.21)
0
where Pu,(“ = u,(fi i — uk ot uk ww — u,(f)i ;- Let us estimate it in the same way as in the case of
the first estimate from below and from above. Let us estimate identity (3.21]) from below
—uT 2 0) 20)|
e uk sttt 0 + 50uk ettt T (L,U,Uk ext + auk ex;c + 50“’ t —I—CL,U/LLk e 3: +u f uk e | € dQ
@ (3.22)

_/(HaTHCJrHatHC) 20) ¢ "”dQ<‘ (L W), Pul)e _m> ’
0
Q
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Now let us estimate identity (3.21)) from above

=2 (i), Puille™) | <30 (1+15%) lgull} + (llowlle + lloullc.) / up e dQ
Q

s 2
D INIRDYAE Ml
2 |

2

e 2
e, 3§ (34 122) I3 Y (L 22) [uls2?] + 200035 (34 42) Jull?

m=1 m=1
+2407! /ui(ft)e“tdQ + 507! /uk f)e*“tdQ + 507! /uk i)me*’“dQ
Q Q Q
(3.23)
Combining ((3.22)) and ( -, we get
2
ce T [ “+ / (69 — 240 )2, 4+ api2?, + (a — 50~ )u2?
Q
2
+00 =50 i, ot + () i) e
2 2 2 2(0)
<30 1+ ) el + (el + laul2) [wi%aQ (5.24)

Q

oy (o) Il (3 008 o)
1

2 e 2
(Eeonrtert)

Choosing o equal to o = 486, ", it follows that §, — 240~ = %0, 8o — bot > %0, a—>5"1> 6 > 1.
Then from inequality (3.24)) we obtain

(0-1)
uk,s

+20¢,63F (3 + 1)

2 0,
0 =+ / ;ui(g tt + aluuk ,€ Tt + 61Ui(g TT + 5Ouk et +aluuk E)”I' + 'U'(

Q

ge

—uT
Huks ttt

2
f) ui(g} e Mdxdt

_ 2 2 2 0
< 18467 (14 22) gl + (el + el 2) [ w2,
Q

> 2
+1920; ' e1c33 (3 + 1) [ fill; (Z L+ 22" fussz? 2)
m=1

— 0— 2 > 2
ot 0-4) o (32 oo o).
(3.25)
Using the notation § = mm{ ,01, a, u(%) } we obtain
2
el |+ 0 [ul?)) < 18085 (Lt 07) aul + (el ) [ i@
Q

> 2

+19265 " 1635 (3 + 12%) || fell3 (Z (14 22)" w2 ) (3.26)
m=1

+1926; L er 2§ (3 + 1) Huk H2 (i(“ﬂfn)s”?ﬁﬁe”“z)-
1
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From (3.20)) we have < £2> < 2700. Now multiplying (3.26)) by (1 + )\2) and summing the equations
by k from 1 to co, we get

2 (uf) + (u®) <70+ (u0DY 3 (w0, (3.27)

where
0= 600,16 e (4(1+ 1) + 57T (a2 + llow]2) ) [of s

v = 1926, cicaF (3 +u ) [f]23’
Yo = 19205 e1c5F (3 + p7) -

2
As in the first estimate, we introduce the notation Iée) = < éet)tt> ) JQ(G) = <“§9)>§’ then from (3.27)) we
obtain the second recurrent formula

5 I 4 I <y 4y JETY 4y g2070), (3.28)

Let us take {ué}l)} = 0 as the initial approximation. Then for the zero approximation we have:
5—73(,0) + I8 <0 < 2%. (3.29)
Hence, taking into account the inequality 71 + 27072 < ¢ < 3, from (3.29) for the first approximation

we have

9
513(,1) + 59 <0 + 29170 + 49298 < 2% (3.30)

Continuing this process, taking into account the conditions of Theorem 3.1, by iteration, we obtain
the following second a priori estimate for V6 > 2:

9 — —
sB7 4 B <oty 4 e <+ 20+ daeng < 20

Thus, the validity of the second estimate of Lemma 3.4 is proven.

Now let us introduce a new function from U according to the formula 1920) = u,(f; u,(:jgl), k=1,2
0 =0,1,.... Then the following lemma holds for it.

Lemma 3.6. Let the conditions of Theorem 3.1 be satisfied. Then the following estimates are valid
for the functions

HI) % <19£‘9)tt>§2+ <19£9)>i2< 270(]9,
VI) % <Q9<(€9)ttt>0 + <19£0)>2 < 2’70(]9
where q < %

Proof. First, we prove the third III) estimate. From (3.11)—(3.13|) for functions {1929,1} € U(Q) we
obtain the following problem:

L 79;9,2 = _gﬁgfittt + Loﬁ(e) + )‘2791(902

= H ](Cea Y, Z)\fnuffwl)sm)\ El——ufel flz/\m 7251 sin A, 05

(3.31)

H E€9€2f ZAm mg Sln)\ gl—i_iuks )f Z)\fn gzsz)SHlA 62

1 > )
+Efk o1 Y A0 sin ALy — @22)\ 90V sin \,, 0

m=1
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with nonlocal boundary conditions of periodic type

g=0,1,2, (3.32)

Dqlg(@)
YLt Vg e —o

0
= D] _

)

proll  =Dr9ll . p=0,1, (3.33)

where k =1,2,...,0 =0, 1,.... We change the right hand side of equation (|3.31]) adding and subtracting

terms 7u§€06 Dhy S A2l 1)sm>\ w1 and —uke 25 Z A2V sin A, 0 as follows:
R

m T m,e

L) — Lu"" = L9 = Ful ") - Feu;‘f;”
E (‘9 1)f Z A 5251) sin A\, ¢ — —u(e 2 £y Z )\fnufgsl)sm)\ 4
% ,(C f Z )\i1 ,(fl 51) sin A\, 05 + —u,(fs 2)f Z )\il 5,26” sin A, 4o
% I(f f2 Z A2 5352) sin Al + — H ,(CGE 2)f Z )\fnugf;el) sin A4y (3:34)
;Iuk R 2 f Z A;u;’; D sin A by — —u,(fa ) f Z A2 ,(figl) sin \,, 42
+E f lgol D> XU sin Auly — 0o Z A2 90— gin Am&] .
m=1 m=1
Let us consider identity
-2 (L e 0lf,) | = |2 (Ftuls ) = B, e95.) |- (3.35)

Let us show that the identity (3.35]) is bounded below. Integrating by parts we obtain:

—uT (0)
ge Hﬂk,e tt

i 2 9 De i d
T Qalzt) + pw)dyedQ

Q
/a/m92(0) e MdQ —l—,u /ﬂk E) “HdQ
Q
+ / (251952 tﬁz(f,z wt xﬂifg)t - Mﬁifg)t + )‘2792(2 ¢ T ﬁk € x)eiutetds
oQ
b [ ol 90 enertas < |2 (10?0 ) |
0
oQ

Considering the boundary conditions (3.32)), (3.33) and v? = e#T, we get that the boundary integrals
are equal to zero:

2
e |02+ [ (2atat) + p)i 0+ apsi 0, + () 0 g
Q

(3.36)
< ’_2 (Laﬁl(ce)a eimﬁg?ﬁ)o‘ '
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Let us show the upper bound of expression (3.36]). Let us write the right part in expanded form:

=2(Fu() = Rl e 0. |
2/<H (. fQZ/\m 7251 sin A\, 01 — H éeal)f Z)\m n‘zal)sm)\ ly
Q

1
u’” QfQZ)\fn O D sin Al + — g Z)\fn ng)sm)\ ly

H kE H ka

) (3.37)
*UI(CGEQJ[ E/\m ulf Y sin A El—ﬁu,” 2 f, Z)\fnuﬁzal)sm/\ 4

1

H uy” flefn 0D 8in A, ly — uks flem 07D sin A, b

+— fk |“101 Z AZ9E D sin A, ly — 2 Z 2290 Y sin A, D —ﬂtﬂt?EdQ'.

m=1

Applying the Cauchy inequality with o to (3.37) and using the results of Lemma 3.4 we obtain
(Z (14 A2)"||uld 2 )
1
1
2
(o) 539

’—2 (Fk(u,(fE Yy — Fk(u,(ff)),e_“tﬂw ) ‘ <doc 033H19(0 2

+doc caF Hukeg Y

+oe 2§ ||l <2(1+)\2 ) o H ) +501/192(9te H4Q.

=1

Taking into account the conditions of Theorem 3.1, the boundary conditions and we note that the
boundary integrals that appear during the calculations vanish. From below, identity (3.35)) is estimated
similarly to the first estimate of Lemma 3.4. Now, combining the upper and lower bounds for identity

(3.36]), we obtain

5 Hz?,mtt +Hz9,(fi jg L;Sd clcggHﬁ(e 1) (7;1(14”\2) ‘ 5251) 1)
e [ ) o | ot 3 0o
m=1 =1

(3. 39)
Here we took o equal to o = (15—2, from which follows §y — 5o~! = %‘). Multiplying inequalities (3

by (1 + )\i)3 and summing by k from 1 to oo, we obtain the first recurrent formula
2

% <19£9t)t>z + <79£9)>j < ?5‘16“Tclc§& (270 + [f]g?)) <19§9_1)> . (3.40)

0 1

Let us denote the coefficient before (9~ >1 by ¢, = —5 e c3F (270 + [f]g?)) . It is clear that
¢1 < q. Then (3.40 - ) has the form

) (0, ) o),

Let us consider the zero approximation 1920,1 = uio,z ui_kl) = uio,)c Since <u(0)>2 < 27y by Lemma

3.4, then % <19£1t)t> + <19(1)> < 270q holds for it. Let us now consider the second approximation. The
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following inequality is valid for it %<19£12t> + (¥ > < 294, < 27gq. Continuing this process, we

obtain for an arbitrary following relation

2 2
s <79§9 tt> + <19§0)>1 < 270(1f < 2’70(19-

The inequality ¢ < % comes from the condition (3.21). Thus, the third III) estimate is proven. Now
we will prove the fourth /V) estimate. Let us consider the identity

-2 (L0 e Pof?)) | = | -2 (F({T") = Fu(u2?), e Pol)) |, (3.41)

where P??Efi = 19532 o 19297; ot 19,(2 o — 195;275' Let us show the lower boundedness of expression (3.40)).
Let us estimate it in a similar way as in the case of the third estimate from below. Then we have

o
@ (3.42)
H%HchllatH ﬁkﬁ’t Q< | =2 (Lo e PO |

0

2
—uT
ge Hﬁk ettt |

60070 + apd} D), + adil), + 500i Y, +apdi?, + pipl | e rtaQ

k,exx k,e x

Now we will show the upper bound (3.41]). Let us write the right part in expanded form

—2(Fus") = ), e Poll)) |

2/([—[ /(fgl)f Z)\fn O~V sin A, 51——u§f£1)f Z)\fn O sin Al
Q

1
H 2, ZA; D sin\,, €1+—u,(f€2)f Z)\m D 5in A, 0l
m=1
1
E ’(f 2)f Z/\?n igsl)sul)\ El H 1(€0€ Q)fQZ)\2 (eel)Sin)‘mgl (343)

1
H“kg i Z)\?'n O Dsin A, 52——u,(€952)f Z)\fn 0D sin A, Ly

+—= fk l%Z)\fn ffigl sin A\, 0y — @22)\m 7261 sin A 61]>

0) 0)
X (ﬁl(c,a ttt ,U,’l9k € tt + ﬁk e xx ﬁl(c,a t) dQ‘ .

Let us show the upper bound of expression (3.43)). Indeed, applying the Cauchy inequalities with o
and using the previous results we obtain
(e 2)
9 m m,e 9
m=1

2
oy (34 4) |14l Z (1+22)" o2y

-2 (Buu’-) - P> 2),6*”13192?2)0) < doercds (34 422) [0

(1+M22)

7”

+4oci165F (3 + 1) ‘ u,(fs 2 2

Hﬂ(a—n

+300" / 03 tte‘“tdQ +60" / Iie "dQ + 6o~ / 977 e dQ.

(3.44)
60 do

Let us choose o equal to o0 = o then 6y — 30071 = S, a— 60~! > §,. Taking into account

the conditions of Theorem 3.1, the boundary conditions and 7? = e#T, we note that the boundary
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integrals that appear during the calculations vanish. From below, identity (3.41) is estimated similarly
to the second estimate of Lemma 3.4. Now combining the upper ([3.44) and lower (3.42]) estimates for

identity (3.41]) we obtain

€190
5 Hﬁk,s ttt

ol

< (ol + ] 2) / F20 e dQ

240 2
0@ o (S 0w )

(3.45)
2;06 Terc3F (3 + 12 |[uis 2(2(1+)\2 ([ >
0 m=1
240

B0y o) s (35 ) o ).

m=

Multiplying the inequalities (3.48]) by (1 + )\i)g and summing by k from 1 to co we obtain the second
recurrent formula

5 (9%, + <ﬁ§9)>z < 205107 e, (34 0 4 ol + Nl ) (230 + F12) (00’

0 2
240

(3.46)
2
< 507 (A0 ) + s+ laale) (200 + 11T55) (9077,

Here we used inequality (3.40). By the condition of Theorem 3.1, the factor in front of <19§9_1)>§ is

equal to g, i.e.
240

0= 5071l (344 + oulle + lloulle) (220 + [7135) -

2
Then (3.46) has the form £ <19£02tt> + <19(9)>§ <q <19£9_1)>§ . Again as in the third estimate, consider

2
the zero approximation 19?2 = uio,)c — ui kl) uio,i For him % <19£1t)tt>0 + (9 ; < 27pq holds, since

2
<uio,1> < 27y by Lemma 3.4. Let us now consider the second approximation. For him the following
2

e 2 2
(oL (00 < .
Continuing this process, we obtain for an arbitrary 6 > 2 the following relation
2
5 <"9£0 ttt>0 + <19(9)> < 2’}’0(] < Rq
Thus, estimate V) is proven. Lemma 3.6 is proven. ]

Theorem 3.7. Let all the conditions of Theorem 3.1 be satisfied. Then problem ([2.8)—(2.10) has a
unique solution in W(Q).

inequality is true

Proof. To prove the theorem, we show that the sequence {u\ N e W(Q) is fundamental. We assume
that {u® }, {u"Y} € W(Q). Now we consider the new functions {79560) } = {u,(f) — u,(f_l) } For

these functions the a priori estimate V') in Lemma 3.6 is appropriate, i.e.
2
19(9)] < 270d°. 3.47
[ g =7 (3.47)

Now we prove that the sequence of functions {u(®} € W(Q) is fundamental. To do this, using the
estimate (3.47)) and the triangle inequality, we obtain the following inequality

4 [uorr-1 _ -]’

O+p) _ <e+p—1>] ? [ }
w(Q) c ‘ w(Q)

E

2
(6+p) _ (9)} [
u u
[5 lw) —
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) < 270¢"

1—q

It is clear that for sufficiently large 6 since g < %, this quantity is arbitrarily small. From this it follows

that the sequence { u{”) } is fundamental. Hence, the problem (3.8)-(3.10) has a solution in the space
Q), ie. { 9% — {u.}. It follows that the functions {u.} € W(Q) are solutions to the problem

Now we show that {uy .} has a limit in an appropriate space and the limit functional sequence {u }

is a solution to the problem (2.8))—(2.10]).
We notice that F (uy.) in (3.8]) consist of nonlinear terms. First we estimate this term. Using

Theorem A.2 and Cauchy inequality, we have

/(Z)\ U e U e, SN £1> dadt =

Q m=1

+ [ul) — <29 (@ ) = 29" A g P

(e))}
° lww@

2
=1
/ (Z rxm%m@juk,q sin)\m£1> dzxdt

Q m=1""T

< / i )\12 i )\mﬁum E]uk EJd:L‘dt Z 2 Z Am / Ejuijajdxdt
Q

m m=1 m m=1
U?n,ej dxdt /“i,a]dl‘dt <ac Z A’ ”umﬁj H?/VL}(Q) Huk’fj H?/V;(Q)

m=1 Z Q m=1
oo
DY

(1 + )\7n 3 Hum,sj ||12/V21(Q) Z (1 + >\k2)3 ||uk,aj ||?’V§(Q) S 6103(2'70)2-
k=1

Here we have the boundedness of the integrand in L,(Q), which allows us extract weak convergent
subsequence in Ly(Q). So, from estimation of Lemma 3.4 we can pass to the limit in subsequence
{um }, such that

Uge, — U weakly in W

Up,e, — U weakly in W,
considering above results and from (|3.48))

F (Ulm,-) — F (uy,) weakly in  Lo.

From Lemma 3.4 we have that VE Uk ettt 18 bounded, so we have

VEiVEiUk.e e — 0in Ly(Q). Since, convergence in Ly(Q) is stronger than weak convergence, it follows
VEi (\/?jukﬁjttt,ﬁ) — 0. Passing to the weak limit in as €; — 0, we obtain Luy = F(uy). This
means that the function u; with fixed k& will be the unique solution of the problem — from
W2(Q) [12, 18]. This proves Theorem 3.7. O

Now we prove Theorem 3.1.

Since all the conditions of Theorem 3.1 are satisfied, then, using the Parseval Steklov equalities [20]
to solve the problem (2.8] -, we obtain a solution to problem . 2.6)) from the specified class
U.

Estimation for c(x, t):

c = max |c(x,t)| = max
lelloqg) = max fe(a, )] = ms

1 o0 o0
T lfg Z )\mzum sin Al — fi Z )\mzum sin )\mfg‘|
m=1 m=1

<2F Z A max [u,,| < 2§cicy Z (14 X02)? |t < 4ereaFro
m=1 m=1

We can choose data such that number 4c;cyFvo will be lower than r.
Theorem 3.1 is proved.



48

Remark 3.8. For definiteness and ease of exposition, the analysis is carried out in the three-
dimensional framework. Nonetheless, it should be noted that the extension to an arbitrary number of
spatial dimensions does not entail essential difficulties, since the underlying arguments and techniques
remain valid in the general multidimensional setting.
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