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1. Introduction

In the study of nonlocal problems, a close relationship has been observed between problems with
nonlocal boundary conditions and inverse problems [1]. By now, inverse problems for classical equa-
tions of mathematical physics have been studied extensively [2, 3, 4, 5]. Linear inverse problems
(involving the determination of solutions and right-hand sides of equations) for equations of mixed
type, both of the first and the second kind, have been considered in [6, 7, 8, 9, 10].

In contrast, coefficient inverse problems (involving the determination of solutions, coefficients, and
right-hand sides of equations) for equations of mixed type have not been studied in detail. In this
work, we aim to partially fill this gap.

In particular, we investigate the unique solvability of a coefficient inverse problem for the three-
dimensional Tricomi equation in a parallelepiped. Our approach is based on reducing the coefficient
inverse problem to a family of direct problems for loaded Tricomi differential equations with nonlocal
boundary conditions of periodic type in a bounded rectangular domain [5, 11].

Recall that a loaded equation is a partial differential equation whose coefficients or right-hand side
involve certain functionals of the solution itself [8, 9].

2. Coefficient inverse problem

In the domain

G = Q× (0, ℓ) = {(x, t, y)| − 1 < x < 1, 0 < t < T, 0 < y < ℓ}

we consider the three-dimensional Tricomi equation:

Lu = xutt − auxx − uyy + α(x, t)ut = c(x, t)u+ ψ(x, t, y), (2.1)

here ψ(x, t, y) = g(x, t, y) + h(x, t) · f(x, t, y) , where g(x, t, y) and f(x, t, y) are given functions, while
h(x, t) and c(x, t) are unknown. For simplicity, we omit function arguments from now on.

Problem statement. Find functions {u(x, t, y), h(x, t), c(x, t)}, satisfying equation (2.1) almost
everywhere in domain G, such that u(x, t, y) satisfies the following boundary conditions:

1) non-local boundary conditions of periodic type:

γDp
t u|t=0 = Dp

t u|t=T , (2.2)

Dp
xu|x=−1 = Dp

xu|x=1, p = 0, 1 (2.3)
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u|y=0 = u|y=l = 0, (2.4)

where γ is some constant number, such that |γ| > 1;
2) additional conditions

u(x, t, ℓ1) = φ1(x, t), (2.5)

u(x, t, ℓ2) = φ2(x, t), (2.6)

0 < ℓ1 < ℓ2 < ℓ < +∞
and together with the functions h(x, t), c(x, t) belong to the class

U =
{
(u, h, c)| u ∈W 2,3

2 (G), h ∈W 2
2 (Q), c ∈W 2

2 (Q)
}
.

Here W 2,3
2 (G) is an anisotropic Sobolev space with norm

[u]
2

l,3 ≡ |∥u∥|2W l,3
2 (G) =

∞∑
k=1

(1 + λ2
k)

3 ∥uk∥2W l
2(Q), l = 0, 1, 2, ...

where uk(x, t) denote the coefficients of the Fourier expansion of the functions u(x, t, y) in the system

{Yk(y)} =
{√

2
ℓ
sinλky

}
, λk =

πk
ℓ
, k = 1, 2, 3, ...; W l

2(Q) is the Sobolev space with the norm

∥u∥2W l
2(Q) = ∥u∥2l =

l∑
|α|=0

∫
Q

(Dαu)
2
dxdt,

where l = 0, 1, 2, ..., Dα− generalized derivative with respect to the variables x and t. Further through
C l(Q) let us denote the spaces of continuously differentiable functions up to order l inclusive with
norm

∥u∥Cl(Q) =
l∑

|α|=0

max
(x,t)∈Q

|Dαu|.

For further study of the inverse problem, we need the following auxiliary theorems and notations in a
simplified form.
Theorem A.1. (S.L. Sobolev). There is a continuous embedding W 2

2 (Q) ⊂ C(Q), i.e.

∥u∥2C(Q) ≤ c2 ∥u∥2W 2
2 (Q) ,

where c2 is a positive constant [12, 13].
Theorem A.2. For any function u(x, t) ∈W 1

2 (Q) holds the following inequality holds

∥u∥L4(Q) ≤ c3 ∥u∥W 1
2 (Q) ,

where c3 is a positive constant [12, 13].
Let us introduce the following notations:

gj(x, t) = g(x, t, ℓj), fj(x, t) = f(x, t, ℓj), ∀j = 1, 2; H = det

(
φ1 f1
φ2 f2

)
,

γ0 = m1 [g]
2

1,3 , γ1 = m2 [f ]
2

2,3 , γ2 = m2;

m1 = 60δ−1
0 δ−1eµT

(
4
(
1 + µ2

)
+ δ−1eµT

(
∥αx∥2C + ∥αt∥2C

))
,

m2 = 192δ−1
0 c1c

2
3F
(
3 + µ2

)
where µ = 2

T
ln |γ| > 0, |γ| > 1, δ = min

{
δ0
2
, δ1, aµ, µ

(
π
ℓ

)2}
, δ1 will be defined in the theorem,

F = max
(
∥f1∥2C0,1

x,t (Q̄) , ∥f2∥
2

C0,1
x,t (Q̄) , ∥φ1∥2C0,1

x,t (Q̄) , ∥φ2∥2C0,1
x,t (Q̄)

)
,

c1 =
∞∑
m=1

λ4
m

(1 + λ2
m)

3

and c2, c3 are as defined above.
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Definition 2.1. A generalized solution of problem (2.1)-(2.6) will be a functions {u, h, c} from class
U satisfying equation (2.1) almost everywhere in domain G, with conditions (2.2)-(2.6).

Assume all coefficients of equation (2.1) are sufficiently smooth in Q, and the following conditions
are satisfied with respect to the coefficients, right-hand side, and given functions φi(x, t), i = 1, 2:

Conditions 1 :
nonlocal conditions: α(x, 0) = α(x, T ), α(−1, t) = α(1, t);

γg(x, 0, y) = g(x, T, y), γf(x, 0, y) = f(x, T, y);

smoothness: fi ∈ C0,1
x,t (Q̄), gi ∈ C0,1

x,t (Q̄), f ∈W 2,3
2 (G), g ∈W 2,3

2 (G).

coefficient conditions: 2α(x, t) + µx > δ0 > 1.

Conditions 2 :
Functions φi ∈W 3

2 (Q), i = 1, 2 is the solution to the following problem:

L1φi = gi,

γDp
tφi|t=0 = Dp

tφi|t=T ,

Dp
xφi|x=−1 = Dp

xφi|x=1, p = 0, 1

where L1φi = xφitt − aφixx + αφit. Besides this let

|H| = |φ1f2 − φ2f1| ≥ η > 0.

Without loss of generality, we may take η = 1.
To prove the solvability of problem (2.1)−(2.6), we first use the Fourier method. Namely, we search

the solution to problem (2.1)-(2.6) in the form

u(x, t, y) =
∞∑
k=1

uk(x, t)Yk(y), (A)

where functions {Yk(y)} =
{√

2
ℓ
sinλky

}
, λk = πk

ℓ
, k = 1, 2, 3, ... are solutions of the Sturm-Liouville

spectral problem with Dirichlet conditions, uk(x, t) are Fourier coefficients of the function u(x, t, y).
It is known that the system of eigenfunctions {Yk(y)} is complete in the space L2(0, ℓ) and forms an
orthonormal basis [2, 9, 10, 14, 15]. In order to determine unknown functions uk(x, t), it is necessary to
perform some construction formalities. Let us consider the traces of equation (2.1) at y = ℓi, i = 1, 2,

Lu|y=li = xφitt − aφixx − uyy(x, t, ℓi) + αφit = cφi + hfi + gi, i = 0, 1. (2.7)

Now, taking into account conditions (2.5), (2.6) and condition H ̸= 0, we define formally unknown
functions h(x, t) and c(x, t) from the system of equations (2.7):{

cφ1 + hf1 = Φ,

cφ2 + hf2 = Ψ,

where Φ =
∞∑
m=1

λ2
mum(x, t) sinλmℓ1, Ψ =

∞∑
m=1

λ2
mum(x, t) sinλmℓ2, in the form

h(x, t) =
1

H

∣∣∣∣φ1 Φ
φ2 Ψ

∣∣∣∣ = 1

H

[
φ1

∞∑
m=1

λ2
mum(x, t) sinλmℓ2 − φ2

∞∑
m=1

λ2
mum(x, t) sinλmℓ1

]
and

c(x, t) =
1

H

∣∣∣∣Φ f1
Ψ f2

∣∣∣∣ = 1

H

[
f2

∞∑
m=1

λ2
mum(x, t) sinλmℓ1 − f1

∞∑
m=1

λ2
mum(x, t) sinλmℓ2

]
,
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and to determine the functions uk(x, t) in the domain Q we obtain infinite systems of loaded nonlinear
differential Tricomi equations:

Luk = xuktt − aukxx + αukt + λ2
kuk

=
uk
H

[
f2

∞∑
m=1

λ2
mum(x, t) sinλmℓ1 − f1

∞∑
m=1

λ2
mum(x, t) sinλmℓ2

]

+
fk
H

[
φ1

∞∑
m=1

λ2
mum(x, t) sinλmℓ2 − φ2

∞∑
m=1

λ2
mum(x, t) sinλmℓ1

]
+ gk ≡ F (uk)

(2.8)

with nonlocal boundary conditions of periodic type

γDp
t uk|t=0 = Dp

t uk|t=T , (2.9)

Dp
xuk|x=−1 = Dp

xuk|x=1, p = 0, 1, (2.10)

where fk and gk are the coefficients of the Fourier expansion of the functions f and g, k = 1, 2, ....

3. Main result

Let us introduce the following notation

q ≡ 4m1m2

(
2m1 [g]

2

1,3 + [f ]
2

2,3

)
.

Theorem 3.1. Let Conditions 1 and 2 above be satisfied for the coefficients of equation (2.1). Suppose
there exists aδ1 such that

a− 5δ0
48

> δ1 > 1,

and assume

q <
1

2
.

Then problem (2.1)−(2.6) admits a unique solution in the class U .

Remark 3.2. The inequality q < 1
2
can be achieved by choosing the domain sufficiently small and by

requiring that gi and their derivatives are sufficiently small.

Proof. Let us prove the theorem step by step. Let there exist a solution to problem (2.1)− (2.4) from
the class U . First, let us show that the function u(x, t, y) satisfies the boundary conditions (2.5)−(2.6)
for any i = 1, 2, i.e.

u(x, t, ℓi) = φi(x, t), i = 1, 2.

We prove that these conditions are satisfied using the converse assumptions. Let there exist functions
ϑi(x, t) satisfying conditions (2.5), (2.6):

u(x, t, ℓi) =
∞∑
k=1

uk(x, t) sinλkℓi = ϑi(x, t) ̸= φi(x, t).

To make it easier to understand, let’s consider each case separately. First, let’s consider the case
when i = 1. Then for the function z1(x, t) = ϑ1(x, t)− φ1(x, t) in the domain Q, taking into account
conditions (2.9), (2.10), multiplying the systems of equations (2.8) by sinµkℓ1 and summing over k
from 1 to ∞, we obtain the following loaded equations

xϑ1 tt − aϑ1 xx + αϑ1 t +
∞∑
k=1

λ2
kuk sinλkℓ1

=
1

H
ϑ1

[
f2

∞∑
m=1

λ2
mum(x, t) sinλmℓ1 − f1

∞∑
m=1

λ2
mum(x, t) sinλmℓ2

]

+
1

H
f1

[
φ1

∞∑
m=1

λ2
mum(x, t) sinλmℓ2 − φ2

∞∑
m=1

λ2
mum(x, t) sinλmℓ1

]
+ g1.

(3.1)
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Let us substitute expression z1 + φ1 = ϑ1 =
∞∑
m=1

um(x, t) sinλmℓ1 instead of ϑ1. Then from (3.1) it

follows

x(z1 + φ1)tt − a(z1 + φ1)xx + α(z1 + φ1)t +
∞∑
m=1

λ2
mum(x, t) sinλmℓ1

= g1 + cz1 +
1

H

∞∑
k=1

λ2
kuk sinλkℓ1[φ1f2 − f1φ2].

(3.2)

Based on formulas (2.8)−(3.1) for the function z1(x, t) = ϑ1(x, t)−φ1(x, t) in the domain Q we obtain
the following problem

L0z1 ≡ xz1 tt − az1 xx + αz1 t = cz1, (3.3)

γDp
t z1|t=0 = Dp

t z1|t=T , p = 0, 1, (3.4)

z1x|x=−1 = z1x|x=1 = 0. (3.5)

Now we prove the uniqueness of the solution to problem (3.3)−(3.5) by the energy integral method
[10]. To do this, consider the identity

2(L0z1, e
−µt(z1 t + z1)) = 2(cz1, e

−µt(z1 t + z1)); (3.6)

integrating by parts identity (3.6) taking into account the conditions of Theorem 3.1 and boundary
conditions (3.4), (3.5) for |γ| > 1, and applying Sobolev embedding theorems, we obtain the following
inequality

δeµT ∥z1∥21 ≤ 2 ∥c∥2C(Q) ∥z1∥
2

1 ,(
δeµT − 2 ∥c∥2C(Q)

)
∥z1∥21 ≤ 0. (3.7)

At the end we will show the correctness of the inequality ∥c∥2C(Q) < r, where r = 1
2
δeµT . For now we

will just use it and obtain ∥z1∥21 ≤ 0, i.e. z1 = 0, from which it follows ϑ1 = φ1. Thus, for y = ℓ1 the
solution of equation (2.1) satisfies the condition u(x, t, ℓ1) = φ1(x, t). Similarly, u(x, t, ℓ2) = φ2(x, t)
is proved in the case when i = 2.

Now we will prove the solvability of problem (2.8)−(2.10) by the methods of “ε− regularization”,
a priori estimates and successive approximations [10, 16], namely, in domain Q we will consider the
following family of nonlinear equations of the third order with a small parameter:

Lε uk,ε = −εuk,εttt + L0uk,ε + λ2
kuk,ε

=
uk,ε
H

[
f1

∞∑
m=1

λ2
mum(x, t) sinλmℓ1 − f1

∞∑
m=1

λ2
mum(x, t) sinλmℓ2

]

+
fk
H

[
φ1

∞∑
m=1

λ2
mum(x, t) sinλmℓ2 − φ2

∞∑
m=1

λ2
mum(x, t) sinλmℓ1

]
+ gk ≡ Fuk,ε,

(3.8)

with nonlocal boundary conditions of periodic type

γDp
t uk,ε|t=0

= Dp
t uk,ε|t=T , p = 0, 1, 2, (3.9)

Dq
xuk,ε|x=−1

= Dq
xuk,ε|x=1

, q = 0, 1, (3.10)

where ε is a small positive number.
To prove the unique solvability of problem (3.8)−(3.10), we need the following notations and lemmas.
Let us define the spaces of vector functions

Ws(Q) = {υ = (υ1, υ2, ..., υk, ...)| υk ∈W s
2 (Q), k = 1, 2, 3, ...}, s = 0, 1, 2

with the norm
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⟨υ⟩2s ≡
∞∑
k=1

(1 + λ2
k)

3 ∥υk∥2W s
2 (Q), (B)

where W s
2 (Q)− Sobolev spaces. From the definition of the spaces Ws(Q), s = 0, 1, 2 with a certain

norm (B) it follows that W2(Q) ⊂W1(Q) ⊂W0(Q) and they are Banach spaces.
Now by W (Q) = {{υk}∞k=1| {υk ttt}∞k=1 ∈ L2(Q), {υk}∞k=1 ∈W2(Q)} we denote the class of vector

functions satisfying the corresponding boundary conditions (3.9)−(3.10).

Definition 3.3. A generalized solution of problem (3.8)−(3.10) will be a vector of functions

{υ(θ)
k }θ=0,∞

k=1,∞ ⊂W (Q) satisfying equation (3.8) almost everywhere in Q.

We prove the solvability of problem (3.8)−(3.10) by the method of successive approximations,
namely, we consider the following system of nonlinear loaded equations of the third order with a small
parameter

Lεu
(θ)
k,ε = −εu(θ)

k,ε ttt + L0u
(θ)
k,ε + k2u

(θ)
k,ε

=
u
(θ−1)
k,ε

H

[
f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1 − f1

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinmℓ2

]

+
fk
H

[
φ1

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ2 − φ2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1

]
+ gk ≡ F (u

(θ−1)
k,ε )

(3.11)

with semi-nonlocal boundary conditions

γDp
t u

(θ)
k,ε

∣∣∣
t=0

= Dp
t u

(θ)
k,ε

∣∣∣
t=T

p = 0, 1, 2, (3.12)

u
(θ)
k,εx

∣∣∣
x=−1

= u
(θ)
k,εx

∣∣∣
x=1

= 0, (3.13)

where ε > 0, θ = 0, 1, 2, ..., k = 1, 2, 3..., u
(−1)
k,ε ≡ 0.

Lemma 3.4. Let all the conditions of Theorem 3.1 be satisfied, then the following estimates are valid
for the solutions of the problem (3.11)− (3.13):

I) ε
δ

〈
u(θ)
ε tt

〉2
0
+
〈
u(θ)
ε

〉2
1
< 2γ0,

II) ε
δ

〈
u(θ)
ε ttt

〉2
0
+
〈
u(θ)
ε

〉2
2
< 2γ0.

Proof. Consider the identity.

2
(
Lεu

(θ)
k,ε, e

−µtu
(θ)
k,ε t

)
0
= 2

(
Fε(u

(θ−1)
k,ε ), e−µtu

(θ)
k,ε t

)
0
. (3.14)

Let us estimate it from below. Integrating by parts we get:

εe−µT
∥∥∥u(θ)

k,ε tt

∥∥∥2
0
+

∫
Q

(2α(x, t) + µx)u
2(θ)
k,ε te

−µtdQ+

∫
Q

aµu
2(θ)
k,ε xe

−µtdQ+ µ
(π
ℓ

)2 ∫
Q

u
2(θ)
k,ε e

−µtdQ

−
∫
∂Q

(2εu
(θ)
k,ε tu

(θ)
k,ε tt + xu

2(θ)
k,ε t − µu

2(θ)
k,ε t + λ2

ku
2(θ)
k,ε t + u

2(θ)
k,ε x)e

−µtetdS

−
∫
∂Q

2u
(θ)
k,ε tu

(θ)
k,ε xexe

−µtdS ≤ 2
(
Lεu

(θ)
k,ε, e

−µtu
(θ)
k,ε t

)
0
,

(3.15)

where e⃗ = ((ex, et)| ex = (e⃗, x), et = (e⃗, t)) is the unit internal normal vector to the boundary ∂Q. Let
us estimate it from above. Using Cauchy’s inequalities with σ to (3.15) we have

2
(
Fε(u

(θ−1)
k,ε ), e−µtu

(θ)
k,ε t

)
0
≤ σ ∥gk∥20 + σc1c

2
3

(
∥f0∥2C + ∥f1∥2C

) ∥∥∥u(θ−1)
k,ε

∥∥∥2
1

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
1

)

+σc1c
2
3

(
∥φ0∥2C + ∥φ1∥2C

)
∥fk∥21

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
1

)
+ 5σ−1

∫
Q

u
2(θ)
k,ε te

−µtdQ,

(3.16)
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where c3 is the coefficient from the Sobolev embedding theorem, i.e. ∥u∥2L4(Q) ≤ c3 ∥u∥2W 1
2 (Q) [12, 17].

Taking into account the boundary conditions (3.12), (3.13) and γ2 = eµT , we obtain that the boundary
integrals will vanish. After performing some simple operations we get

εe−µT
∥∥∥u(θ)

k,ε tt

∥∥∥2
0
+ δe−µT

∥∥∥u(θ)
k,ε

∥∥∥2
1
≤ σ ∥gk∥20 + 2σc1c

2
3F ∥fk∥21

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
1

)

+2σc1c
2
3F
∥∥∥u(θ−1)

k,ε

∥∥∥2
1

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
1

)
,

(3.17)

where δ = min
(
δ0/2, µa, µ

(
π
ℓ

)2)
. Here we took σ equal to σ = 10

δ0
, which follows δ − 5σ−1 = δ0

2
. Now

multiplying (3.17) by (1 + λ2
k)

3
and summing the equations by k from 1 up to ∞ we obtain the first

recurrent formula
ε

δ

〈
u
(θ)
ε tt

〉2
0
+
〈
u(θ)
ε

〉2
1
< γ00 + γ11

〈
u(θ−1)
ε

〉2
1
+ γ22

〈
u(θ−1)
ε

〉4
1
, (3.18)

here
γ00 = 30δ0

−1δ−1eµT [g]
2

0,3, γ11 = 80δ0
−1δ−1eµT c1c

2
3F [f ]

2

1,3 , γ22 = 80δ0
−1δ−1eµT c1c

2
3F.

For convenience, in inequality (3.18) we introduce the notation through J
(θ)
1 =

〈
u(θ)
ε

〉2
1
and I

(θ)
2 =〈

u
(θ)
ε tt

〉2
0
. Then from (3.18) we obtain the following recurrent formula

ε

δ
I
(θ)
2 + J

(θ)
1 ≤ γ00 + γ11J

(θ−1)
1 + γ22J

2(θ−1)
1 . (3.19)

Remark 3.5. Note that for linear inverse problems in the recurrent formula (3.19) the coefficient γ2
will always be zero. However, for nonlinear inverse problems γ22 is not zero. This complicates the
limited nature of the iterative process.

Now we will prove the boundedness of the iterative process. Let us introduce notations For the

initial approximation we take u
(−1)
k,ε = 0. Then from problem (3.11)−(3.13) for the zero approximation

we have
ε

δ
I
(0)
2 + J

(0)
1 ≤ γ00 < 2γ00.

From here, from the recurrent formula (3.19), taking into account the condition of Theorem 3.1, we
obtain the following estimate

ε

δ
I
(1)
2 + J

(1)
1 < γ00 + 2γ00γ11 + 4γ2

0γ22 < 2γ00.

Continuing this process, by induction from (3.19), taking into account the inequality γ11 + 2γ00γ22 <
q < 1

2
following from the condition of Theorem 3.1, we obtain the first a priori estimate for ∀ θ,

θ = 2, 3, ...,
ε

δ
I
(θ)
2 + J

(θ)
1 < γ00 + γ11J

(θ−1)
1 + γ22J

2(θ−1)
1 < γ00 + 2γ11γ00 + 4γ22γ

2
00 < 2γ00. (3.20)

Thus, the validity of the first a priori estimate of Lemma 3.4 is proven.
Now we will prove the second a priori estimate.
Let us consider the identities∣∣∣−2

(
Lεu

(θ)
k,ε, Pu

(θ)
k,εe

−µt
)
0

∣∣∣ = ∣∣∣−2
(
Fε(u

(θ−1)
k,ε ), Pu

(θ)
k,εe

−µt
)
0

∣∣∣ , (3.21)

where Pu
(θ)
k,ε = u

(θ)
k,ε ttt − u

(θ)
k,ε tt + u

(θ)
k,ε xx − u

(θ)
k,ε t. Let us estimate it in the same way as in the case of

the first estimate from below and from above. Let us estimate identity (3.21) from below

εe−µT
∥∥∥u(θ)

k,εttt

∥∥∥2
0
+

∫
Q

[
δ0u

2(θ)
k,εtt + aµu

2(θ)
k,εxt + au

2(θ)
k,εxx + δ0u

2(θ)
k,ε t +aµu

2(θ)
k,ε x + µ

(π
ℓ

)2
u
2(θ)
k,ε

]
e−µtdQ

−
∫
Q

(
∥αx∥2C + ∥αt∥2C

)
u
2(θ)
k,ε te

−µtdQ ≤
∣∣∣−2

(
Lεu

(θ)
k,ε, Pu

(θ)
k,εe

−µt
)
0

∣∣∣ . (3.22)
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Now let us estimate identity (3.21) from above∣∣∣−2
(
Fε(u

(θ−1)
k,ε ), Pu

(θ)
k,εe

−µt
)
0

∣∣∣ ≤ 3σ
(
1 + µ2

)
∥gk∥21 +

(
∥αx∥2C + ∥αt∥2C

) ∫
Q

u
2(θ)
k,ε te

−µtdQ

+4σc1c
2
3F
(
3 + µ2

)
∥fk∥22

∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
2
+ 2σc1c

2
3F
(
3 + µ2

) ∥∥∥u(θ−1)
k,ε

∥∥∥2
2

∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
2

+24σ−1

∫
Q

u
2(θ)
k tt e

−µtdQ+ 5σ−1

∫
Q

u
2(θ)
k t e

−µtdQ+ 5σ−1

∫
Q

u
2(θ)
k xxe

−µtdQ.

(3.23)
Combining (3.22) and (3.23), we get

εe−µT
∥∥∥u(θ)

k,ε ttt

∥∥∥2
0
+

∫
Q

[
(δ0 − 24σ−1)u

2(θ)
k,ε tt + aµu

2(θ)
k,ε xt + (a− 5σ−1)u

2(θ)
k,ε xx

+(δ0 − 5σ−1)u
2(θ)
k,ε t +aµu

2(θ)
k,ε x + µ

(π
ℓ

)2
u
2(θ)
k,ε

]
e−µtdQ

≤ 3σ
(
1 + µ2

)
∥gk∥21 +

(
∥αx∥2C + ∥αt∥2C

) ∫
Q

u
2(θ)
k,ε tdQ

+4σc1c
2
3F
(
3 + µ2

)
∥fk∥22

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
2

)

+2σc1c
2
3F
(
3 + µ2

) ∥∥∥u(θ−1)
k,ε

∥∥∥2
2

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
2

)
.

(3.24)

Choosing σ equal to σ = 48δ−1
0 , it follows that δ0 − 24σ−1 = δ0

2
, δ0 − 5σ−1 > δ0

2
, a − 5σ−1 > δ1 > 1.

Then from inequality (3.24) we obtain

εe−µT
∥∥∥u(θ)

k,ε ttt

∥∥∥2
0
+

∫
Q

δ0
2
u
2(θ)
k,ε tt + aµu

2(θ)
k,ε xt + δ1u

2(θ)
k,ε xx + δ0u

2(θ)
k,ε t +aµu

2(θ)
k,ε x + µ

(π
ℓ

)2
u
2(θ)
k,ε

]
e−µtdxdt

≤ 184δ−1
0

(
1 + µ2

)
∥gk∥21 +

(
∥αx∥2C + ∥αt∥2C

) ∫
Q

u
2(θ)
k,ε t

+192δ−1
0 c1c

2
3F
(
3 + µ2

)
∥fk∥22

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
2

)

+192δ−1
0 c1c

2
3F
(
3 + µ2

) ∥∥∥u(θ−1)
k,ε

∥∥∥2
2

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
2

)
.

(3.25)

Using the notation δ = min
{
δ0
2
, δ1, aµ, µ

(
π
ℓ

)2}
, we obtain

εe−µT
∥∥∥u(θ)

k,ε ttt

∥∥∥2
0
+ δe−µT

∥∥∥u(θ)
k,ε

∥∥∥2
2
≤ 184δ−1

0

(
1 + µ2

)
∥gk∥21 +

(
∥αx∥2C + ∥αt∥2C

) ∫
Q

u
2(θ)
k,ε tdQ

+192δ−1
0 c1c

2
3F
(
3 + µ2

)
∥fk∥22

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
2

)

+192δ−1
0 c1c

2
3F
(
3 + µ2

) ∥∥∥u(θ−1)
k,ε

∥∥∥2
2

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
2

)
.

(3.26)
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From (3.20) we have
〈
u
(θ)
ε t

〉2
0
< 2γ00. Now multiplying (3.26) by (1 + λ2

k)
3
and summing the equations

by k from 1 to ∞, we get

ε

δ

〈
u
(θ)
ε ttt

〉2
0
+
〈
u(θ)
ε

〉2
2
≤ γ0 + γ1

〈
u(θ−1)
ε

〉2
2
+ γ2

〈
u(θ−1)
ε

〉4
2
, (3.27)

where
γ0 = 60δ−1

0 δ−1eµT
(
4
(
1 + µ2

)
+ δ−1eµT

(
∥αx∥2C + ∥αt∥2C

))
[g]

2

1,3 ,

γ1 = 192δ−1
0 c1c

2
3F
(
3 + µ2

)
[f ]

2

2,3 ,

γ2 = 192δ−1
0 c1c

2
3F
(
3 + µ2

)
.

As in the first estimate, we introduce the notation I
(θ)
3 =

〈
u
(θ)
ε ttt

〉2
0
, J

(θ)
2 =

〈
u(θ)
ε

〉2
2
, then from (3.27) we

obtain the second recurrent formula
ε

δ
I
(θ)
3 + J

(θ)
2 ≤ γ0 + γ1J

(θ−1)
2 + γ2J

2(θ−1)
2 . (3.28)

Let us take
{
u
(−1)
k,ε

}
= 0 as the initial approximation. Then for the zero approximation we have:

ε

δ
I
(0)
3 + J

(0)
2 ≤ γ0 < 2γ0. (3.29)

Hence, taking into account the inequality γ1 + 2γ0γ2 < q < 1
2
, from (3.29) for the first approximation

we have
ε

δ
I
(1)
3 + J

(1)
2 ≤ γ0 + 2γ1γ0 + 4γ2γ

2
0 ≤ 2γ0. (3.30)

Continuing this process, taking into account the conditions of Theorem 3.1, by iteration, we obtain
the following second a priori estimate for ∀ θ ≥ 2:

ε

δ
I
(θ)
3 + J

(θ)
2 < γ0 + γ1J

(θ−1)
2 + γ2J

2(θ−1)
2 < γ0 + 2γ1γ0 + 4γ2γ

2
0 < 2γ0.

Thus, the validity of the second estimate of Lemma 3.4 is proven.
□

Now let us introduce a new function from U according to the formula ϑ
(θ)
k,ε = u

(θ)
k,ε−u

(θ−1)
k,ε , k = 1, 2, ...,

θ = 0, 1, .... Then the following lemma holds for it.

Lemma 3.6. Let the conditions of Theorem 3.1 be satisfied. Then the following estimates are valid
for the functions

III) ε
δ

〈
ϑ(θ)
ε tt

〉2
0
+
〈
ϑ(θ)
ε

〉2
1
< 2γ0q

θ,

VI) ε
δ

〈
ϑ(θ)
ε ttt

〉2
0
+
〈
ϑ(θ)
ε

〉2
2
< 2γ0q

θ

where q < 1
2
.

Proof. First, we prove the third III) estimate. From (3.11)−(3.13) for functions
{
ϑ
(θ)
ε,k

}
∈ U(Q) we

obtain the following problem:

Lεϑ
(θ)
k,ε = −εϑ(θ)

k,ε ttt + L0ϑ
(θ)
k,ε + λ2

kϑ
(θ)
k,ε

=
1

H
u
(θ−1)
k,ε f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1 −

1

H
u
(θ−1)
k,ε f1

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ2

− 1

H
u
(θ−2)
k,ε f2

∞∑
m=1

λ2
mu

(θ−2)
m,ε sinλmℓ1 +

1

H
u
(θ−2)
k,ε f1

∞∑
m=1

λ2
mu

(θ−2)
m,ε sinλmℓ2

+
1

H
fk

[
φ1

∞∑
m=1

λ2
mϑ

(θ−1)
m sinλmℓ2 − φ2

∞∑
m=1

λ2
mϑ

(θ−1)
m sinλmℓ1

]
(3.31)
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with nonlocal boundary conditions of periodic type

γDq
tϑ

(θ)
k,ε

∣∣∣
t=0

= Dq
tϑ

(θ)
k,ε

∣∣∣
t=T

, q = 0, 1, 2, (3.32)

Dp
xϑ

(θ)
k,ε

∣∣∣
x=−1

= Dp
xϑ

(θ)
k,ε

∣∣∣
x=1

, p = 0, 1, (3.33)

where k = 1, 2, ..., θ = 0, 1, .... We change the right-hand side of equation (3.31) adding and subtracting

terms 1
H
u
(θ−2)
k,ε f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1 and 1

H
u
(θ−2)
k,ε f1

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1 as follows:

Lεu
(θ)
k,ε − Lεu

(θ−1)
k,ε = Lεϑ

(θ)
k = Fεu

(θ−1)
k,ε − Fεu

(θ−2)
k,ε

=
1

H
u
(θ−1)
k,ε f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1 −

1

H
u
(θ−2)
k,ε f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1

− 1

H
u
(θ−1)
k,ε f1

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ2 +

1

H
u
(θ−2)
k,ε f1

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ2

− 1

H
u
(θ−2)
k,ε f2

∞∑
m=1

λ2
mu

(θ−2)
m,ε sinλmℓ1 +

1

H
u
(θ−2)
k,ε f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1

+
1

H
u
(θ−2)
k,ε f1

∞∑
m=1

λ2
mu

(θ−2)
m,ε sinλmℓ2 −

1

H
u
(θ−2)
k,ε f1

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ2

+
1

H
fk

[
φ1

∞∑
m=1

λ2
mϑ

(θ−1)
m sinλmℓ2 − φ2

∞∑
m=1

λ2
mϑ

(θ−1)
m sinλmℓ1

]
.

(3.34)

Let us consider identity∣∣∣−2
(
Lεϑ

(θ)
k , e−µtϑ

(θ)
t k,ε

)
0

∣∣∣ = ∣∣∣−2
(
Fk(u

(θ−1)
k,ε )− Fk(u

(θ−2)
k,ε ), e−µtϑ

(θ)
t k,ε

)
0

∣∣∣ . (3.35)

Let us show that the identity (3.35) is bounded below. Integrating by parts we obtain:

εe−µT
∥∥∥ϑ(θ)

k,ε tt

∥∥∥2
0
+

∫
Q

(2α(x, t) + µx)ϑ
2(θ)
k,ε te

−µtdQ

+

∫
Q

aµϑ
2(θ)
k,ε xe

−µtdQ+ µ
(π
ℓ

)2 ∫
Q

ϑ
2(θ)
k,ε e

−µtdQ

+

∫
∂Q

(2εϑ
(θ)
k,ε tϑ

(θ)
k,ε tt + xϑ

2(θ)
k,ε t − µϑ

2(θ)
k,ε t + λ2

kϑ
2(θ)
k,ε t + ϑ

2(θ)
k,ε x)e

−µtetdS

+

∫
∂Q

(−2)u
(θ)
k,ε tϑ

(θ)
k,ε xexe

−µtdS ≤
∣∣∣−2

(
Lεϑ

(θ)
k , e−µtϑ

(θ)
t k,ε

)
0

∣∣∣ .
Considering the boundary conditions (3.32), (3.33) and γ2 = eµT , we get that the boundary integrals
are equal to zero:

εe−µT
∥∥∥ϑ(θ)

k,ε tt

∥∥∥2
0
+

∫
Q

((2α(x, t) + µx)ϑ
2(θ)
k,ε t + aµϑ

2(θ)
k,ε x + µ

(π
ℓ

)2
ϑ
2(θ)
k,ε )e

−µtdQ

≤
∣∣∣−2

(
Lεϑ

(θ)
k , e−µtϑ

(θ)
t k,ε

)
0

∣∣∣ . (3.36)
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Let us show the upper bound of expression (3.36). Let us write the right part in expanded form:∣∣∣−2
(
Fk(u

(θ−1)
k,ε )− Fk(u

(θ−2)
k,ε ), e−µtϑ

(θ)
t k,ε

)
0

∣∣∣
=

∣∣∣∣∣∣−2

∫
Q

(
1

H
u
(θ−1)
k,ε f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1 −

1

H
u
(θ−1)
k,ε f1

∞∑
m=1

λ2
mϑ

(θ−1)
m,ε sinλmℓ2

− 1

H
u
(θ−2)
k,ε f2

∞∑
m=1

λ2
mu

(θ−2)
m,ε sinλmℓ1 +

1

H
u
(θ−2)
k,ε f1

∞∑
m=1

λ2
mu

(θ−2)
m,ε sinλmℓ2

+
1

H
u
(θ−2)
k,ε f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1 −

1

H
u
(θ−2)
k,ε f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1

+
1

H
u
(θ−2)
k,ε f1

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλml2 −

1

H
u
(θ−2)
k,ε f1

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ2

+
1

H
fk

[
φ1

∞∑
m=1

λ2
mϑ

(θ−1)
m,ε sinλml2 − φ2

∞∑
m=1

λ2
mϑ

(θ−1)
m,ε sinλml1

])
e−µtϑ

(θ)
t k,εdQ

∣∣∣∣∣ .

(3.37)

Applying the Cauchy inequality with σ to (3.37) and using the results of Lemma 3.4 we obtain∣∣∣−2
(
Fk(u

(θ−1)
k,ε )− Fk(u

(θ−2)
k,ε ), e−µtϑ

(θ)
t k,ε

)
0

∣∣∣ ≤ 4σc1c
2
3F
∥∥∥ϑ(θ−1)

k,ε

∥∥∥2
1

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
1

)

+4σc1c
2
3F
∥∥∥u(θ−1)

k,ε

∥∥∥2
1

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥ϑ(θ−1)

m,ε

∥∥∥2
1

)

+4σc1c
2
3F ∥fk∥22

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥ϑ(θ−1)

m,ε

∥∥∥2
1

)
+ 5σ−1

∫
Q

ϑ
2(θ)
k,ε te

−µtdQ.

(3.38)

Taking into account the conditions of Theorem 3.1, the boundary conditions and we note that the
boundary integrals that appear during the calculations vanish. From below, identity (3.35) is estimated
similarly to the first estimate of Lemma 3.4. Now, combining the upper and lower bounds for identity
(3.36), we obtain

ε

δ

∥∥∥ϑ(θ)
k,ε tt

∥∥∥2
0
+
∥∥∥ϑ(θ)

k,ε

∥∥∥2
1
≤ 40

δ0
δ−1eµT c1c

2
3F
∥∥∥ϑ(θ−1)

k,ε

∥∥∥2
1

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
1

)

+
40

δ0
δ−1eµT c1c

2
3F
∥∥∥u(θ−1)

k,ε

∥∥∥2
1

∞∑
m=1

(1 + λ2
m)

3
∥∥∥ϑ(θ−1)

m,ε

∥∥∥2
1
+

40

δ0
δ−1eµT c1c

2
3F ∥fk∥22

∞∑
m=1

(1 + λ2
m)

3
∥∥∥ϑ(θ−1)

m,ε

∥∥∥2
1
.

(3.39)
Here we took σ equal to σ = 10

δ0
, from which follows δ0 − 5σ−1 = δ0

2
. Multiplying inequalities (3.39)

by (1 + λ2
k)

3
and summing by k from 1 to ∞, we obtain the first recurrent formula

ε

δ

〈
ϑ
(θ)
ε tt

〉2
0
+
〈
ϑ(θ)
ε

〉2
1
≤ 40

δ0
δ−1eµT c1c

2
3F
(
2γ0 + [f ]

2

2,3

)〈
ϑ(θ−1)
ε

〉2
1
. (3.40)

Let us denote the coefficient before
〈
ϑ(θ−1)
ε

〉2
1
by q1 ≡ 40

δ0
δ−1eµT c1c

2
3F
(
2γ0 + [f ]

2

2,3

)
. It is clear that

q1 < q. Then (3.40) has the form

ε

δ

〈
ϑ
(θ)
ε tt

〉2
0
+
〈
ϑ(θ)
ε

〉2
1
≤ q1

〈
ϑ(θ−1)
ε

〉2
1
< q

〈
ϑ(θ−1)
ε

〉2
1
.

Let us consider the zero approximation ϑ
(0)
ε,k = u

(0)
ε,k − u

(−1)
ε,k = u

(0)
ε,k. Since

〈
u(0)
ε

〉2
1
≤ 2γ0 by Lemma

3.4, then ε
δ

〈
ϑ
(1)
ε tt

〉2
0
+
〈
ϑ(1)
ε

〉2
1
< 2γ0q holds for it. Let us now consider the second approximation. The
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following inequality is valid for it ε
δ

〈
ϑ
(1)
ε tt

〉2
0
+
〈
ϑ(1)
ε

〉2
1
≤ 2γ0q1 < 2γ0q. Continuing this process, we

obtain for an arbitrary following relation

ε

δ

〈
ϑ(θ)
ε tt

〉2
0
+
〈
ϑ(θ)
ε

〉2
1
≤ 2γ0q

θ
1 < 2γ0q

θ.

The inequality q < 1
2
comes from the condition (3.21). Thus, the third III) estimate is proven. Now

we will prove the fourth IV) estimate. Let us consider the identity∣∣∣−2
(
Lεϑ

(θ)
k,ε, e

−µtPϑ
(θ)
k,ε

)
0

∣∣∣ = ∣∣∣−2
(
Fk(u

(θ−1)
k,ε )− Fk(u

(θ−2)
k,ε ), e−µtPϑ

(θ)
k,ε

)
0

∣∣∣ , (3.41)

where Pϑ
(θ)
k,ε = ϑ

(θ)
k,ε ttt−ϑ

(θ)
k,ε tt+ϑ

(θ)
k,ε xx−ϑ

(θ)
k,ε t. Let us show the lower boundedness of expression (3.40).

Let us estimate it in a similar way as in the case of the third estimate from below. Then we have

εe−µT
∥∥∥ϑ(θ)

k,εttt

∥∥∥2
0
+

∫
Q

[
δ0ϑ

2(θ)
k,εtt + aµϑ

2(θ)
k,εxt + aϑ

2(θ)
k,εxx + δ0ϑ

2(θ)
k,ε t +aµϑ

2(θ)
k,ε x + µϑ

2(θ)
k,ε

]
e−µtdQ

−
(
∥αx∥2C + ∥αt∥2C

) ∫
Q

ϑ
2(θ)
k,ε te

−µtdQ ≤
∣∣∣−2

(
Lεϑ

(θ)
k , e−µtPϑ

(θ)
k,ε

)
0

∣∣∣ . (3.42)

Now we will show the upper bound (3.41). Let us write the right part in expanded form∣∣∣−2
(
Fk(u

(θ−1)
k,ε )− Fk(u

(θ−2)
k,ε ), e−µtPϑ

(θ)
k,ε

)
0

∣∣∣
=

∣∣∣∣∣∣−2

∫
Q

(
1

H
u
(θ−1)
k,ε f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1 −

1

H
u
(θ−1)
k,ε f1

∞∑
m=1

λ2
mϑ

(θ−1)
m,ε sinλmℓ2

− 1

H
u
(θ−2)
k,ε f2

∞∑
m=1

λ2
mu

(θ−2)
m,ε sinλmℓ1 +

1

H
u
(θ−2)
k,ε f1

∞∑
m=1

λ2
mu

(θ−2)
m,ε sinλmℓ2

+
1

H
u
(θ−2)
k,ε f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1 −

1

H
u
(θ−2)
k,ε f2

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ1

+
1

H
u
(θ−2)
k,ε f1

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ2 −

1

H
u
(θ−2)
k,ε f1

∞∑
m=1

λ2
mu

(θ−1)
m,ε sinλmℓ2

+
1

H
fk

[
φ1

∞∑
m=1

λ2
mϑ

(θ−1)
m,ε sinλmℓ2 − φ2

∞∑
m=1

λ2
mϑ

(θ−1)
m,ε sinλmℓ1

])
×
(
ϑ
(θ)
k,ε ttt − µϑ

(θ)
k,ε tt + ϑ

(θ)
k,ε xx − ϑ

(θ)
k,ε t

)
dQ
∣∣∣ .

(3.43)

Let us show the upper bound of expression (3.43). Indeed, applying the Cauchy inequalities with σ
and using the previous results we obtain∣∣∣−2

(
Fk(u

(θ−1)
k,ε )− Fk(u

(θ−2)
k,ε ), e−µtPϑ

(θ)
k,ε

)
0

∣∣∣ ≤ 4σc1c
2
3F
(
3 + µ2

) ∥∥∥ϑ(θ−1)
k,ε

∥∥∥2
2

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
2

)

+4σc1c
2
3F
(
3 + µ2

) ∥∥∥u(θ−1)
k,ε

∥∥∥2
2

∞∑
m=1

(1 + λ2
m)

3
∥∥∥ϑ(θ−1)

m,ε

∥∥∥2
2
+ 4σc1c

2
3F
(
3 + µ2

)
∥fk∥22

∞∑
m=1

(1 + λ2
m)

3
∥∥∥ϑ(θ−1)

m,ε

∥∥∥2
2

+30σ−1

∫
Q

ϑ
2(θ)
k tt e

−µtdQ+ 6σ−1

∫
Q

ϑ
2(θ)
k xxe

−µtdQ+ 6σ−1

∫
Q

ϑ
2(θ)
k t e

−µtdQ.

(3.44)
Let us choose σ equal to σ = 60

δ0
, then δ0 − 30σ−1 = δ0

2
, a − 6σ−1 > δ1. Taking into account

the conditions of Theorem 3.1, the boundary conditions and γ2 = eµT , we note that the boundary
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integrals that appear during the calculations vanish. From below, identity (3.41) is estimated similarly
to the second estimate of Lemma 3.4. Now combining the upper (3.44) and lower (3.42) estimates for
identity (3.41) we obtain

ε

δ

∥∥∥ϑ(θ)
k,ε ttt

∥∥∥2
0
+
∥∥∥ϑ(θ)

k,ε

∥∥∥2
2
≤
(
∥αx∥2C + ∥αt∥2C

) ∫
Q

ϑ
2(θ)
k,ε te

−µtdQ

+
240

δ0
δ−1eµT c1c

2
3F
(
3 + µ2

) ∥∥∥ϑ(θ−1)
k,ε

∥∥∥2
2

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥u(θ−1)

m,ε

∥∥∥2
2

)

+
240

δ0
δ−1eµT c1c

2
3F
(
3 + µ2

) ∥∥∥u(θ−1)
k,ε

∥∥∥2
2

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥ϑ(θ−1)

m,ε

∥∥∥2
2

)

+
240

δ0
δ−1eµT c1c

2
3F
(
3 + µ2

)
∥fk∥22

(
∞∑
m=1

(1 + λ2
m)

3
∥∥∥ϑ(θ−1)

m,ε

∥∥∥2
2

)
.

(3.45)

Multiplying the inequalities (3.48) by (1 + λ2
k)

3
and summing by k from 1 to ∞ we obtain the second

recurrent formula

ε

δ

〈
ϑ
(θ)
ε ttt

〉2
0
+
〈
ϑ(θ)
ε

〉2
2
≤ 240

δ0
δ−1eµT c1c

2
3F
(
3 + µ2 + ∥αx∥2C + ∥αt∥2C

)(
2γ0 + [f ]

2

2,3

)〈
ϑ(θ−1)
ε

〉2
2

<
240

δ0
δ−1eµT c1c

2
3F
(
4(1 + µ2) + ∥αx∥2C + ∥αt∥2C

)(
2γ0 + [f ]

2

2,3

)〈
ϑ(θ−1)
ε

〉2
2
.

(3.46)

Here we used inequality (3.40). By the condition of Theorem 3.1, the factor in front of
〈
ϑ(θ−1)
ε

〉2
2
is

equal to q, i.e.

q =
240

δ0
δ−1eµT c1c

2
3F
(
3 + µ2 + ∥αx∥2C + ∥αt∥2C

)(
2γ0 + [f ]

2

2,3

)
.

Then (3.46) has the form ε
δ

〈
ϑ
(θ)
ε ttt

〉2
0
+
〈
ϑ(θ)
ε

〉2
2
≤ q

〈
ϑ(θ−1)
ε

〉2
2
. Again as in the third estimate, consider

the zero approximation ϑ
(0)
ε,k = u

(0)
ε,k − u

(−1)
ε,k = u

(0)
ε,k. For him ε

δ

〈
ϑ
(1)
ε ttt

〉2
0
+
〈
ϑ(1)
ε

〉2
2
≤ 2γ0q holds, since〈

u
(0)
ε,k

〉2
2
≤ 2γ0 by Lemma 3.4. Let us now consider the second approximation. For him the following

inequality is true
ε

δ

〈
ϑ
(2)
ε ttt

〉2
0
+
〈
ϑ(2)
ε

〉2
2
≤ 2γ0q

2.

Continuing this process, we obtain for an arbitrary θ ≥ 2 the following relation

ε

δ

〈
ϑ(θ)
ε ttt

〉2
0
+
〈
ϑ(θ)
ε

〉2
2
≤ 2γ0q

θ < Rqθ.

Thus, estimate IV) is proven. Lemma 3.6 is proven. □

Theorem 3.7. Let all the conditions of Theorem 3.1 be satisfied. Then problem (2.8)−(2.10) has a
unique solution in W (Q).

Proof. To prove the theorem, we show that the sequence {u(θ)
k } ∈ W (Q) is fundamental. We assume

that
{
u(θ)
ε

}
,
{
u(θ−1)
ε

}
∈ W (Q). Now we consider the new functions

{
ϑ
(θ)
k

}
=
{
u
(θ)
k − u

(θ−1)
k

}
. For

these functions the a priori estimate IV ) in Lemma 3.6 is appropriate, i.e.[
ϑ(θ)
ε

]2
W (Q)

< 2γ0q
θ. (3.47)

Now we prove that the sequence of functions {u(θ)
ε } ∈ W (Q) is fundamental. To do this, using the

estimate (3.47) and the triangle inequality, we obtain the following inequality[
u(θ+p)
ε − u(θ)

ε

]2
W (Q)

≤
[
u(θ+p)
ε − u(θ+p−1)

ε

]2
W (Q)

+
[
u(θ+p−1)
ε − u(θ+p−2)

ε

]2
W (Q)

+ ...
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+
[
u(θ+1)
ε − u(θ)

ε

]2
W (Q)

≤ 2γ0
(
qθ+p + qθ+p−1 + ...+ qθ+1

)
= 2γ0q

θ+1(1 + q + q2 + ...+ qp) ≤ 2γ0q
θ+1

1− q
.

It is clear that for sufficiently large θ since q < 1
2
, this quantity is arbitrarily small. From this it follows

that the sequence
{
u(θ)
ε

}
is fundamental. Hence, the problem (3.8)-(3.10) has a solution in the space

W (Q), i.e.
{
u(θ)
ε

}
→ {uε}. It follows that the functions {uε} ∈ W (Q) are solutions to the problem

(3.8)-(3.10).
Now we show that {uk,ε} has a limit in an appropriate space and the limit functional sequence {uk}

is a solution to the problem (2.8)−(2.10).
We notice that F (uk,ε) in (3.8) consist of nonlinear terms. First we estimate this term. Using

Theorem A.2 and Cauchy inequality, we have∫
Q

(
∞∑
m=1

λm
2um,εjuk,εj sinλmℓ1

)2

dxdt =

∫
Q

(
∞∑
m=1

1

λm
λm

3um,εjuk,εj sinλmℓ1

)2

dxdt

≤
∫
Q

∞∑
m=1

1

λm
2

∞∑
m=1

λm
6u2

m,εj
u2
k,εj

dxdt =
∞∑
m=1

1

λ2
m

∞∑
m=1

λm
6

∫
Q

u2
m,εj

u2
k,εj

dxdt

≤ c1

∞∑
m=1

λm
6

∫
Q

u4
m,εj

dxdt

 1
2
∫
Q

u4
k,εj

dxdt

 1
2

≤ c1c
2
2

∞∑
m=1

λm
6
∥∥um,εj∥∥2W 1

2 (Q)

∥∥uk,εj∥∥2W 1
2 (Q)

≤ c1c
2
2

∞∑
m=1

(1 + λm
2)

3 ∥∥um,εj∥∥2W 1
2 (Q)

∞∑
k=1

(1 + λk
2)

3 ∥∥uk,εj∥∥2W 1
2 (Q)

≤ c1c
2
2(2γ0)

2
.

(3.48)

Here we have the boundedness of the integrand in L2(Q), which allows us extract weak convergent
subsequence in L2(Q). So, from estimation of Lemma 3.4 we can pass to the limit in subsequence{
uk,εj

}
, such that

uk,εj → uk weakly in W 2
2 ;

uk,εj → uk weakly in W ;

considering above results and from (3.48)

F
(
uk,εj

)
→ F (uk) weakly in L2.

From Lemma 3.4 we have that
√
εjuk,εjttt is bounded, so we have√

εj
√
εjuk,εjttt → 0 in L2(Q). Since, convergence in L2(Q) is stronger than weak convergence, it follows

√
εj
(√
εjuk,εjttt, ϑ

)
→ 0. Passing to the weak limit in (3.8) as εj → 0, we obtain Luk = F (uk). This

means that the function uk with fixed k will be the unique solution of the problem (2.8)−(2.10) from
W 2

2 (Q) [12, 18]. This proves Theorem 3.7. □

Now we prove Theorem 3.1.
Since all the conditions of Theorem 3.1 are satisfied, then, using the Parseval-Steklov equalities [20]

to solve the problem (2.8)−(2.10), we obtain a solution to problem (2.1)−(2.6) from the specified class
U .

Estimation for c(x, t):

∥c∥C(Q) = max
Q

|c(x, t)| = max
Q

∣∣∣∣∣ 1H
[
f2

∞∑
m=1

λm
2um sinλmℓ1 − f1

∞∑
m=1

λm
2um sinλmℓ2

]∣∣∣∣∣
≤ 2F

∞∑
m=1

λm
2 max |um| < 2Fc1c2

∞∑
m=1

(1 + λm
2)3 ∥um∥22 < 4c1c2Fγ0

We can choose data such that number 4c1c2Fγ0 will be lower than r.
Theorem 3.1 is proved.

□
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Remark 3.8. For definiteness and ease of exposition, the analysis is carried out in the three-
dimensional framework. Nonetheless, it should be noted that the extension to an arbitrary number of
spatial dimensions does not entail essential difficulties, since the underlying arguments and techniques
remain valid in the general multidimensional setting.
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