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Cauchy problem for fractional high order equation with singular
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Abstract. In this paper, we aim to study the Cauchy problem posed for a fractional order equation.
General solution of the time-fractional equation is found by the Fourier method. The solution to the
given problem is shown to be unique using the generalized Hankel transform. The solution consists
of the Bessel function and the Mittag-Leffler function. Unknown coefficients are found by Hankel
transformation. It is shown that the constructed solution satisfies the initial condition and equation.
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1. INTRODUCTION

Third-order partial differential equations are considered when solving problems in the theory of
nonlinear acoustics and in the hydrodynamic theory of space plasma and fluid filtration in porous
media [1]. In total, all third-order equations occupy a special place due to their specific nature,
equations with multiple characteristics. In [2], [3], taking into account the properties of viscosity and
thermal conductivity of the gas, a third-order equation with multiple characteristics was obtained
from the Navier-Stokes system, containing the second derivative with respect to time

v
Uggg T Uyy — ;uy = UyUgzy, V = const.

This equation at ¥ = 1 describes an axisymmetric flow, and at v = 0 describes a plane-parallel flow
[4].

The first results on a third-order equation with multiple characteristics were obtained in the works
of H. Block [5] and E. DelVecehio [6]. In [7] and [8], fundamental solutions of third-order equations
with multiple characteristics were constructed, containing second derivatives with respect to time,
expressed through degenerate hypergeometric functions, their properties were studied, and estimates
for |t| — oo were found. In works [9] and |10], boundary value problems for third-order equations with
multiple characteristics are considered using the constructed Green function. In recent years, interest
in degenerate and singular equations has grown significantly, including equations containing the Bessel
differential operator. These equations are often encountered in applications, for example, in problems
with axial symmetry in continuum mechanics. Interest in problems related to the Bessel operator is
also known from fundamental physics. This is due to its numerous applications in gas dynamics, shell
theory, magnetohydrodynamics, and other fields of science and technology [11]. A special place in the
theory of degenerate and singular equations is occupied by equations containing the Bessel differential

operator
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According to the terminology by the Voronezh mathematician Ivan Aleksandrovich Kipriyanov,
equations of three main classes containing the Bessel operator are called B-elliptic, B-hyperbolic, and
B-parabolic, respectively. The monograph [12] studies boundary value problems for B-elliptic equa-
tions, in addition to this, the account of multi-dimension integral Fourier-Bessel-Hankel transformation
theory is given in the monograph. The final chapters contain new results on general weight boundary
value problems for singular B-elliptic and B-parabolic equations where parameter may be complex.
There it is shown how spectral characteristics of B-elliptic operators including kernels of fractional
powers are produced. The theory of boundary value problems for the equations with peculiarity has
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been reflected there, while the study of B-hyperbolic equations is presented in the monograph by R.
Carroll and R. Showalter [13] and of B-parabolic ones, in the monograph by M.I. Matiichuk [14]. A
wide range of questions for equations with Bessel operators was studied by I.A. Kipriyanov [15], [12]
and his students L.A. Ivanov [16], V.V. Katrakhov [17], [18], [19], [20], V.I. Kononenko [21], L.N.
Lyakhov [22], A.B. Muravnik [23], I.P. Polovinkin [24], S.M. Sitnik [25], [26], E.L. Shishkina [27], |2§]
and others. Mixed problems with integral conditions for hyperbolic equations with the Bessel operator
were studied by N. V. Zaitseva [11].

Until now, many mathematicians have conducted many scientific researches on third-order partial
differential equations. In contrast to them, in this article, we solve the Cauchy problem for the high
order fractional differential equation of the composed type using the Hankel transformation method.

2. DEFINITION OF THE HANKEL TRANSFORM

Hermann Hankel is remembered for his numerous contributions to mathematical analysis including
the Hankel transformation, which occurs in the study of functions, which depend only on the distance
from the origin. The Hankel transform involving Bessel functions as the kernel arises naturally in
axisymmetric problems formulated in cylindrical polar coordinates.

By authors Lokenath Debnath and Dambaru Bhatta in [29] engaged with the definition and basic
operational properties of the Hankel transform. A large number of axisymmetric problems in cylindri-
cal polar coordinates are solved with the aid of the Hankel transform. The use of the joint Laplace and
Hankel transforms is illustrated by several examples of applications to partial differential equations
129]-130].

Hankel transformation and other transformations are used to solve problems in mechanics, elasticity
theory, thermal conductivity, electrodynamics and other branches of theoretical physics. More detailed
information about the Hankel transform can be found in [31]-]32].

The Hankel transform is an integral transform and was first developed by the German mathemati-
cian Hermann Hankel (1839-1873). It is also known as the Fourier-Bessel transform. Just as the
Fourier transform for an infinite interval is related to the Fourier series over a finite interval, so the
Hankel transform over an infinite interval is related to the Fourier—Bessel series over a finite interval.
The Hankel transform expresses any given function f (§) as the weighted sum of an infinite number of
Bessel functions of the first kind J, (n§). The Bessel functions in the sum are all of the same order v,
but differ in a scaling factor n along the £ axis. The necessary coefficient F), of each Bessel function
in the sum, as a function of the scaling factor n constitutes the transformed function.

Definition 2.1. Let f (r) be a function defined for » > 0. The v*" order Hankel transform of f (r)
is defined as

E) = [ (v ). .)

where J, (x) is well known Bessel function of the first kind and defined as

n+v+1)n!

Theorem 2.2. If the function f (x) piecewise continuous in any finite interval (has bounded variation)
belonging to the interval (0, co) and integral converges

/ 1 (©) Ve,

then the Hankel transform exists and the inversion of the Hankel transform is given by the following
formula

£0) = [0 ) 2, (o) i 23
0
Formulas (2.1]) and (2.3)) can be written in the following form

o= L () ede / T F(0) 0 (€0) Cdc = / T rQ el / T €0 T, (re) Ede. (2.4)
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From relation , it follows
Fo = [ a©e mode (25)

where

a€) = [ £ (66) pdp. (26)
0
formulas (2.1)), and ([2.4) are given in monographs [29]-[33].

From the properties of the Dirac delta function [34]-]35], it follows

/Oooé(w—a)fb(x)dx:@(a), (2.7)

5(x—a) = x/o 11, (wt) J, (at) dt, |u] < % (2.8)

As can be seen from the above properties, we can conclude that the function f (r) is compatible
with Dirac delta function.

3. CAUCHY PROBLEM FOR HIGH ORDER FRACTIONAL DIFFERENTIAL EQUATION

A real valued C*°-smooth function on an open subset of R™ is called a Schwartz function, if it and all
of its partial derivatives rapidly decay when approaching any boundary point of the subset, including
oo if the subset is unbounded. The space of all Schwartz functions on a given subset U C R is a Fréchet
space denoted by S(U), and is called the Schwartz space of U. Schwartz spaces were first introduced
on R™ by Laurent Schwartz [36] and throughout the years were defined and studied in various contexts
on various objects. First introduced in the first half of the 20" century, Schwartz spaces still play an
important role in many fields of mathematics, such as harmonic analysis, representation theory and
number theory.

Let N be the set of non-negative integers, and for any n € N, let N™ be the n-fold Cartesian product.

Definition 3.1. The Schwartz space or space of rapidly decreasing functions on R" is the function
space
S(Rn,C) = {f S COO(RH7 C)]Vp,q €N, Hf”p,q < OO}?

where C*°(R", C) is the function space of smooth functions from R™ into C, and
11l = sup [27(Df)(z)]

Here, sup denotes the supremum, and we used multi-index notation a? = z{'z5>...2P» and D? =
orroF...0%. To put common language to this definition, one could consider a rapidly decreasing
function as essentially a function f(x) such that f(z), f'(z), f”(x),... all exist everywhere on R and
go to zero as  — +oo faster than any reciprocal power of z. In particular, S(R", C) is a subspace of
the function space C*(R", C) of smooth functions from R™ into C.

3.1. Statement of problem. Let us look for a solution in the space S(2) of the time-fractional order
equation given in the domain Q = {(z,t) : >0, 0 < t <t}

REDSw (2,t) = Ugy (7,1) + gux (x,t), 0<v<l1, 2<a<3, (3.1)

satisfying initial conditions
DG ()|, = ¢ (2), 0<z < oo, (3.2)
D6 u ()], = ¢ (z), 0<a<oo, (3.3)

DG (,t)|,_, =7 (z), 0<a< oo, (3.4)

t=0
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where ¢ (z),¢ (z) 7 (z) € C*(0,00) and
/ |4 (x)| x2dx < ¢ = const, / | (z)| 22dx < ¢ = const, / |7 (z)| 22dx < ¢ = const
0

in addition to this

P (0)=¢(0)=7(0)=0, lim(x)=0, lim¢(z)=0, lim7(z)=0, (3.5)
and for any fixed ¢ we have
T11_>H010 u(z,t) =0, (3.6)
liil’(l) u(z,t) =0, (3.7)
where £ Dg, is the Riemann-Liouville fractional derivative operator of order o defined by
[0 d " n—ox
REDGf (t) = (dt> {""Ig7of (®)}, Re(a) >0, n=[Re(a)]+1, (3.8)
and
RLJa ¢ / (€)d¢, t>0, Re(a) >0, (3.9)

represents Riemann-Liouville fractional integral |32].
Using the generalized Hankel transform, we can show that the solution to the given problem is
unique.

Definition 3.2. The generalized Hankel transform [37] of the function f (r) is introduced as follows

1

Boa 10N = [ 0y, (o1e?) dr = abu<n>,(y>2), (3.10)

where a,b € R, b#0, n € R,.

The generalized Hankel transformation (3.10]) is related to the Hankel transformation (2.1)) by the
equality

Fupw () = gonH[f (/) 2H D) (), (3.11)

K
Relation ((3.11)) also allows us to obtain the inversion formula

f(r)= b2r2b_“_1/ Fop.(n) n¥=a=1g, (nbrb) dn, (3.12)
0

for the transformation ([3.10)) of the function f(7) from the class S(2) with weight 72%/2) which has
bounded variation in the near of the point r.

3.2. Uniqueness of solution. Suppose that there are two solution u, (x,t) and us (z,t) to the Cauchy

problem (3.1))-(3.4]), denote
u(x,t) = U (.’L‘,t) — U2 (Iat) :

Then, the function u (z,t) clearly satisfy equation (3.1]), the conditions in (3.6))-(3.7) and the homo-
geneous conditions

REpDa—ty, (a:,t)|t:0 =0, "Dg %u (:z:,t)|t:0 =0, "Dy (a:,t)|t:0 =0, 0<z< 0. (3.13)

Let us the generalized Hankel transform of the function u(x,t) introduce the following

U(t,u):,ﬁz”/ w(z, t)z 5
0

1w (pa) dz, (p € R\{0}). (3.14)
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Note that the homogeneous conditions in (3.13]) lead to

RLDSLt_lU (tv M) |t:0 = RLDgt_ZU (t7 ,U,) |t:0 = RLDgt_?)u (ta M)‘ 0 (315)

t=0 —
and Riemann-Liouville fractional derivative of the expression (3.14]) gives

« 1ty > —v 0 v 1iv
DGU ) = [ ) s () e,

0

which on integrating by parts and using the conditions in - and Bessel equation reduces to
REDSU (¢, p) + p?U (t, 1) = 0, (3.16)

In |38], the solution of equation is represented
U (t,p) = a1 () t* " Eo o (—p%t%) + az () 1> Eq a1 (—pt%) + as (1) " ° Eq a—s (—p°t*)  (3.17)

where a; (A), i = 1,2,3 are unknown coefficients and E, g (z) Mittag-Leffler function with two pa-
rameters

Eaﬂ(z):nz_om, (a, B € C, Re(a) >0, Re(f) >0).

By (3.17) we determine the unknown function a; (x), i = 1,2,3. We obtain Riemann—Liouville
fractional derivative of order az — 1 of the function (3.17)

BEDSTIU (8, 1) = ay (1) Ean (—p°t%) — plag (n) t° " Eg o (—p°t%) — plag (1) t° > Eg a1 (—p°t*)

Using the condition (3.15)), we get #“Dg,"'U (¢, 11)|,_, = a1 (1) = 0 The Riemann-Liouville fractional
derivative of order o — 2 (2 < aw < 3) with respect to the variable from the function (3.17) has the
following form

RLDOat_QU (ta M) = (:u) tEa,2 (_#Qta) + az (M) Ea,l (_ﬂ'2ta) - M2a3 (N) ta_lEa,a (_ﬂQta) .

Using the condition (3.15)), we get #*Dg; U (t, 1)|,_, = a2 (1) = 0. The Riemann-Liouville fractional
derivative of order & — 3 (2 < a < 3) with respect to the variable from the function (3.17) has the
following form

MEDGSU (8 1) = ay (1) £ B (—p%t*) + az (1) tEo (—p*7) + a3 (1) Bax (—p*7) .
Using the condition (3.15)), we get #*Dg,"*U (t, 11)|,_, = as (1) = 0 imply that U(t, u) = 0. Therefore,

due to the inversion of the generalized Hankel transform (3.12), we get u(z,t) = 0, u(x,t) € S(Q).
This ends the proof of uniqueness of solution to the Cauchy problem (3.1)-(3.4)).

3.3. Existence of Solution.

Theorem 3.3. If2 < a < 3, 0 < v <1, then the Cauchy problem (3.1)-(3.4) has the following

solution defined in Schwartz space
u(z,t) —W”t“‘l/ /p”“’Jl; (p) Jrze (p) pp
00

X [10(p) Bao (—1°t%) + 9 (p)t Eayar (—1°t) + 7 () t > Eaaa (—p*t*)] dpdp (3.18)
and this solution satisfied conditions —.
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Proof. We look for the solution of equation (3.1]) using the Fourier method

u(z,t) =X (z)T(t). (3.19)
Substituting (3.19) in equation ({3.1f), we have two equations
Xow + 2 X, + 42X =0, (3.20)
x
RLDAT (1) + 12T (1) = 0, ju € R\ {0} (3.21)

By substituting the product X = 22" 6 (xw) into (3.20)), we get the following Bessel equation

(@) 00 (wp1) + by (wp1) + ((wu)2 - _4 2 ) 0 (zp) = 0.

We know that, when “5* is not integer the functions Juoa (pz) and Jiov (px) are linear independent

solutions of above Bessel equation [39]. From conditions (3.5)), we use only the function Jizw (px).
Then the solution of equation (3.20|) has the following form

X=c(paz= Jiv (px), (3.22)

where J, (2)-Bessel function of the first kind |34] defined as (2.2)).
Using the solutions (3.22)) and (3.17), we can write the general solution of the equation (3.1) as
follows

u(z,t) =z 1/01 2to‘)Jl v (px) dp

oo

4 T4 [ o) By (—4) T ()

0

4 T4 [ ) B (=) T ()
or o
w(z,t) =27t / Jizv (px) X
0
X [C1 (1) Bayo (=) + Co (u) t ' B gor (—p°t*) + C3 (1) t By 0o (—pt™)] dp. (3.23)

By (3.23) we determine the unknown function C;(u), ¢ = 1,2,3. We obtain Riemann-Liouville
fractional derivative of order aw — 1 of the function (3.23])

RLDgt—l

—pt%) Jize (p) dp

—ux2t“1/02 ,ut“),]lu(,ux)du

0
—pta e / Cs (1) Eaa1 (—pt*) Jizv (px) dp
0

Considering the initial condition (3.2), we determine the unknown function C; (u).
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DG )] g =2 [ € (1) Tage () dis = (2),
0

oo

v—1 Cl
¥ (z) x> =/ /EM)MJIJ (px) dp
0

= / Y (p) p*7 Jize (ppr) pdp. (3.24)
0

We obtain Riemann—Liouville fractional derivative of order ov — 2 of the function ((3.23))

DG (w,6) = 25 [ 1 () Bua (~4717) T (n)
0

—p*t%) Jiv (pz) dp

i 1/03 — ) Jiw (px) dp

Considering the initial condition (3.3), we determine the unknown function Cs (p).

DG ()] g =2 [ Ca () T () dit = (@),

[ C
o)z =/ Q;N)uﬁ; (n) dp,

Cs () = p / 0 (p) T Jiv (pp) pdp, (3.25)

We obtain Riemann—Liouville fractional derivative of order o — 3 of the function ((3.23))

REDo3y ( En /C'1 —p*t®) Jie (px) dp
o t/C’2 —p*t*) Jazy () dp
/Cg —pt*) Jiv (px) dp.

Considering the initial condition (3.4), we determine the unknown function Cs (p).
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/ ”qu (nz) dp,
)

Cs (1) = H/T(P) p’T Jize (pp) pdp. (3.26)

Substituting (3.24)), (3.25) and (3.26)) in (3.23), we get the solution (3.18|) of the Cauchy problem.

First, let us show that the constructed function (3.18]|) satisfies equation (3.1)). From the definition of
Riemann—Liouville fractional derivative operator of order « (3.8]), it is clear that

DG (x,t) = —:65"75“‘1/ /pngl—; (1) Jaze (px) ppa

X [1(p) Baya (—1°t%) + @ (p)t7 Baamr (=) + 7 (p) t 7 Bosaz (—p*t*)] dpdp (3.27)
We calculate the first derivative of the constructed function (3.18]) with respect to the variable z.

1—v
t— 2to¢1 2J1V
ug (z,t) = //p (pie) [2:5

X [V (p) B (—1°t%) + 0 (p) t ' B amr (—p°t*) + 7 (p) t > Eaas (—p*t*)] dpdp (3.28)

Then, we calculate second derivative of the function (3.18]) with respect to the variable x . We can make
a slight simplification by using the fact that the function Jl_T” (Az) are linear independent solution of

Jie (pz) + pd 1w (uw)} pi

Bessel equation
_ V)2

472

)\QJ//kTu ()\JJ) +x71)\J/1—Tu ()\a;) = <(1 — )\2> Jl—Tu ()\x)

Then, the second derivative of the function (3.18) with respect to the variable x is as follows

Uy (2, 1) —x;tM/ /pszl;f (i) prax
0 O

222
X W} (P) Eoa (_/fta) + ¢ (p) tilEma—l (_N2ta) +7(p) t72Ea,a—2 ( 2ta)] dpdju. (3.29)
Further we can substitute the obtained derivatives (3.27)), (3.28)) and in equation (3.1)).

(S =4 o o) T ) =27 o) T ()]

—xz”t“l/ /p"“’l; (pp) Jige (p) pp
0 0

X [ (p) Baa (=17%) + 0 (p) t7 Baamr (—pt%) + 7 (p) > Ega—z (—*t*) ] dpdp

v —v Vit ,
//p = Ji (pp) [( 52 uz) Jige (pp) Juge (ux) —=—=Jaze (pp) J' 15 (uw)} pit

X [ (p) Eaa (—1°t*) + 0 (p)t " Eaac1 (—1°t%) + 7 (p) t > Eaaa (—p%t*)] dpdp

1—v
//" J“p“[%

Jie (px) + pd 1 (um)} P
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< [6(6) Bua (—1) + 0 (0) 6 Eurcs (—4°17) + 7 (0)tEura (—41°)] dpd.
After some simplifications, we get

—//p (o) Jozv (p) pp®
0 0

X [0 () Baa (—p*t%) + @ (p)t~

1Ea,o¢71 (_Itha) +7 (P) t_QEa,a72 (_thCx)} dpd,u

= —/ /pV;Jl; (o) Jaze (pp) Jize () ppps®
0O O

X [I;Z) (P) Ea,oz (_:u ta) + ¥ (p) t_lEa,afl (_/'tha) +T (p) t_QEoz,a72 (_:u2ta)] dpd/’L

We can conclude that the solution (3.18)) satisfies equation (3.1]).
Let us show that the constructed function (3.18]) satisfies the initial conditions and .

3-2), (3.3 (3-4)-
The Riemann-Liouville fractional derivative of order @ — 1 (2 < av < 3) with respect to the variable
from the constructed function (3.18) has the following form.

DG t) =25 [ [ 5 T (o) T () pr
0 0

X [V (p) Bax (—p°t%) — 120 (p) 1% Eq o (—1°t%) — 027 (p) t* *Egpa1 ( 2t”‘)] dpdp
Using the condition ([3.2)) and the properties of the Dirac delta function we obtain

DG ()] g = T [ [ 600) 95 T (o) e () prdp
0o 0

o0

:xl?/PTw(p)é(fv—p)d/):fvl_;fﬂu"‘_lw(x) =v(@).

0

The Riemann-Liouville fractional derivative of order o — 2 (2 < av < 3) with respect to the variable
from the constructed function ([3.18)) has the following form

T Dg P (2, 1) ZIZV/ /ﬂ"%]l; (p11) J e () p
0 0

X [0 ()t Bap (—p7t%) + ¢ (p) Bay (—p°t%) — 127 (p) t* " B g ( 1°t%) ] dpdp.
Using the condition ([3.3) and the properties of the Dirac delta function ., we obtain

"D (1)

/ / 0 (p) p7 Jizw (ppu) Jiow (pa) pudpdys
0 0

p z—pldp=27 127 p(x)=p().
0

The Riemann-Liouville fractional derivative of order o — 3 (2 < o < 3) with respect to the variable
from the constructed function ([3.18)) has the following form

DG (2,) = 90_/ /pngl—; (pp) Jize (p) ppe
0 0
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X [¢ (p) P Eas (—p*t™) + @ (p) tEas (—p*t*) + 7 (p) Ean (—p?t*)] dpdp.
Using the condition (3.4) and the properties of the Dirac delta function (2.7)), (2.8)), we obtain

1—

DG (0] g =2 [ [ 70) T T () T () pradpe
0 0

Consequently, the solution (3.18) satisfies the initial conditions (3.2), (3.3) and (3.4). Now we show
that function (3.18)) satisfies condition (3.6)). For any fixed ¢, function 7' (¢) is bounded. Further, taking

into account the asymptotic representation of the Bessel functions [39] for z — oo, with |arg (z)| < 7

then X ~ ¢(A\)2~% and in addition to this, it can be shown that u(z,t) € S(2). And this means
that on the basis of we are convinced that the condition is satisfied. From this we can
conclude that the integral is convergent.This ends the proof of existence of solution to the
Cauchy problem —. Theorem 3.3 has been proved.

O
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