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Extension of separately analytic functions with thin singularities on
one-dimensional parallel sections

Imomkulov S., Rasulov K.

Abstract. Let two bounded simply connected domains D C C,, G C C,, and two locally regular
compact subsets E C D, F C G be given. If f(z,w) is a separately analytic function with finitely
many singular points in each section of D x {w’} and {z°} x G for any (2°,w’) € E x F on the set
X = (D x F)U (FE x G), then it extends holomorphically to the domain

X ={(z,w)eDxG: w(z,E,D)+w(wFG) < -1},
except on an analytic set S. Where w*(z, E, D) is the harmonic measure of the set E C D C C relative

to the domain D.
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1. INTRODUCTION

A function of several complex variables w = f(z1, 22, ..., 2n), 2 = (21, 22, ..., 2,) € D C C? is called
holomorphic in the domain D if it is real differentiable with respect to the set of all variables and
satisfies the following equalities

of of  of

0z, 0z == 0z, 0

for any z € D.

The following question naturally arises: if a function w = f(z1, 29, ..., 2,,) of several complex variables
is holomorphic in each variable when the other variables are fixed, then is it holomorphic with respect
to the set of all variables? Hartogs [1] gives a positive answer to this question: if a function w =
f(z1, 22, ..., 2,) is holomorphic in the domain D C C™ with respect to each of the variables z;, j = 1.n,
then it is holomorphic in D with respect to the set of all variables.

The proof of this theorem is based on the important, so-called Hartogs lemma “On the extension of
functions of several complex variables along a fixed direction”: let a function f(z,w) be holomorphic
in a polydisk U x V, = {z€C": |z] <1} x{weC: |w|<r}, r >0, and for each fized 2° € U,
the function f(2°,w) extends holomorphically to a larger disk Vg = {w € C: |w| < R}, R > r with
respect to w. Then the function f(z,w) extends holomorphically to a larger polydisk U x Vg with
respect to the set of all variables.

These results of Hartogs play a fundamental role in the theory of analytic continuation of functions
of several complex variables.

The following problem was posed by M.Hukuhara [2]: let two domains D C C?, G C C, and two
sets £ C D, F C G be given. Suppose that the function f(z,w) originally defined on the set E x F
has the following properties:

1) for each fixed w® € F, the function f(z,w") extends holomorphically to D,

2) for each fixed 2" € F, the function f(z",w) extends holomorphically to G.

Then we say that the function f(z,w) defines some separately analytic function on

X=(DxF)U(EXxG).

The task is to determine the domain X, (X D X) to which the function f(z,w) admits a holomor-
phic extension with respect to the set of all variables.
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In case n = m = 1, this problem was solved by J.Siciak [3], and in the general case by
V.P.Zakharyuta [4]: let D C C? and G C CI’ be strongly pseudoconver domains, and let E and
F be closed subsets of D and G respectively. If f(z,w) is a separately analytic function on the set

X=DxF)U(ExG),

then it extends holomorphically to the domain

~

X={(z,w)eDxG: w (z,E,D)+w"(w,F,G) < —1}.

Here, w*(z, E/, D) denotes the basic quantity of complex potential theory, known as the P-measure
of the set £ C D C C” relative to the domain D (see. [5], [6]): let U(E, D) be a class of functions
u(z) € psh(D), such that u|, < —1, u|, <0. We put

w(z,E,D) =sup{u(z): welU(E,D)},

then w*(z,E,D) = %iimw (&, E, D) is a maximal plurisubharmonic function, and it is called the P-

measure of the set F relative to the domain D. In the one-dimensional case, w*(z, E, D) is called a
harmonic measure.

An analogue of Hartogs’ theorem in the class of meromorphic functions was given by E.Sakai [7]: let
S C D x G be a relatively compact set such that intS = 0 and that it does not split the domain D x G.
Let A (respectively B) be the set of all points z € D (w € G) such that int{w € G: (z,w) € S} =10
(int{z € D: (z,w) € S} =0). Let the function f(z,w) be defined on (D x G)\S and be separately

N

meromorphic on X = (A x G)U (D x B). Then there exists a function f meromorphic in the domain
D x G, such that f’ = f.
X\S

The works of V.Rothstein [§8], M.V.Kazaryan [9, |10], S.M.Ivashkovich [11], J.Ruppenthal [12],
A.S.Sadullaev and E.M.Chirka [13], A.S.Sadullaev and S.A.Imomkulov [14], S.A.Imomkulov [6],
T.T.Tuichiev [15], M.Yarnicki and P.Pflug [16, 17], A.A.Gonchar [18], P.Pflug and V.A.Nguyen [19],
A.A. Atamuratov [20] are also directly related to the continuation of this topic.

The following theorem of A.A.Atamuratov [20] on the continuation of separately meromorphic func-
tions is distinctive in that there is no condition on the set of poles of the given separately meromorphic
function: let D C C™, G C C™ be strongly pseudoconvexr domains, and E C D, F C G be nonpluripolar
compact sets. Suppose that the function f(z,w) is continuous on the set E X F and has the following
properties:

1) for each w° € F, there exists a function ¢.0(z), meromorphic in D, such that for every € € E,

Pun(€) = f(&w");

2) for each 2° € E, there exists a function 1.0(w), meromorphic in G, such that for every n € F,

P.o(n) = f(2°n).

Then f(z,w) defines a separately meromorphic function on the set X = (D x F)U (E x G) and it
extends meromorphically to the domain

X={(z,w) e DxG: w(z,E,D)+w(w,F,G) < —1}.

In this paper, we continue our study of holomorphic extension with singularities on sections and
establish an important theorem concerning separately holomorphic functions.

2. MAIN RESULT
The main theorem of the present paper is the following:

Theorem 2.1. Let two bounded simply connected domains D C C,, G C C,, and two locally reqular
compact subsets E C D, F C G be given. Suppose that a function f(z,w), originally defined on the
set B x F, satisfies the following conditions of separate analyticity:
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1) for each fired w° € F, the function f(z,w"), defined on E, extends holomorphically to D, except
on a finite set of singular points S0 C D\E;

2) for each fized 2° € E, the function f(z°,w), defined on F, extends holomorphically to G, except
on a finite set of singular points S,o C G\ F.
Then the function f(z,w) extends holomorphically to the domain

X ={(z,w) e DxG: w(z,E,D)+w(w,F,G) < -1},

except on an analytic set of singularities S C X.

A set E C D C C, is called (globally) regular at a point 2° € E relative to the domain D if
w*(2°, E,D) = —1. It is called locally regular at the point 2° if for any circle U(2%r), » > 0, the
intersection U(z°,7) N E is regular at the point 2°.

A set F C D is called locally regular if it is locally regular at every point of z € F.

3. THE RADIUS OF THE MAXIMAL CIRCLE OF HOLOMORPHY OF THE FUNCTIONS, EXCEPT ON A
DISCRETE SET OF SINGULARITIES

In the work of A.S.Sadullaev [21], the following characteristic of holomorphic functions was in-
troduced: let f(z,w) be a holomorphic function in the polydisk U x V., = {z € C: |z| <1} X
{w e C: |w| <r}, and let R(z) denote the radius of the maximal circle on which the function f(z,w),
with respect to w, extends as a holomorphic function with discrete singularities.

The following holds:

Lemma 3.1. [21] A function —InR.(z) is subharmonic in U C C, where R.(z) = im R(({) is the

(—z
lower regularization. Moreover, the set {z € U : R.(z) < R(z)} is polar in U and the function f(z,w)
extends holomorphically to Q\S, where Q = {(z,w) : |w| < R.(2), z € U} and S is an analytic subset
of Q.

Remark 3.2. The analiticity of the exceptional set S in Lemma 3.1 is established using methods
developed by A.S.Sadullaev and E.M.Chirka for extending holomorphic functions with fine singularities
along a given direction, as detailed in |13].

Lemma 3.3. Let the function f(z,w) be holomorphic in the domain U x V,. For each fized point z°
from some nonpolar compact set E C U, the function f(2°,w), with respect to w, extends holomor-
phically to the larger circle Vg = {w € C: |w| < R}, R > r, except on finitely many singular points.
Then the function f(z,w) extends holomorphically to the domain

{(z,w) : |w‘ < wa*(z,E,U) . T,1+w*(z,E,U)? = U},
except on an analytic set of singularities.

Proof. In the proof, we use Lemma 3.1. Let the function f(z,w) satisfy all the conditions of Lemma
3.3; that is, the function f(z,w) is holomorphic in U x V, and for each z° € E C U, the function
f(2° w), with respect to w, extends holomorphically to Vz = {w : |w| < R}, except on a finite set of
points S.o.

Hence, by Lemma 3.1, it follows that the function f(z,w) extends holomorphically to the domain

{(z,w) : |w| < R.(2), z€ U},

except on some analytic set S, where R.(z)|, > R, R.(z)|, > r holds.
It follows that the subharmonic function
InR.(z) —Inr
) = - InR—Inr
belongs to the class U(F,U), ie., u|, < —1, u|, < 0 and by definition u(z) < w*(z, E,U). Hence,
R.(2) > R~ &ED) plteGEU) 5 e U e,

{(z,w): Jw| <R.(2), 2z€U} D {(z,w) L |w| < R EEU) peT@ED) - e U}.
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Thus, any function f(z,w) satisfying the conditions of Lemma 3.3 can be holomorphically continued
to the domain {(z,w) : |w| < R ®FU) . pl+e (=B "except on the analytic set S.
O

Corollary 3.4. Let U C C, be a bounded open set, G C C, a bounded simply connected domain,
E C U a nonpolar set and W C G an open set. If the function f(z,w) is holomorphic in U x W, and
for every fized 2° € E, the function f(z°,w), with respect to w, extends holomorphically to G, except
on finitly many singular points, then the function f(z,w) extends holomorphically to the domain

{(z,w): W (z,E,U)+w(w,W,G) < -1},
except on an analytic set S.

Lemma 3.5. [22] Let D C C", (n > 1) be a bounded domain, and let D be the holomorphic hull of
D. Then every holomorphic function defined in the domain D\ A, where A C D is an analytic set of
full dimension (n — 1), exdends holomorphically to the domain 15, except on an analytic set Ac 15,
satisfying AN D = A.

4. PROOF OF THEOREM 2.1

Let D C C,, G C C, be bounded simply connected domains and £ C D, F' C G are locally regular
compact sets. Let the function f(z,w) satisfy all the conditions of Theorem 2.1. We consider the
following open neighborhoods of the regular compact sets

1 1
U; = {ZGD: w'(z,E,D) <—1+j},Wj: {wEG: w'(w, F, Q) <—1+j}

and

F}:{wOEF UjﬂSwo:@},EJZ{ZOEE WJQSZOZW},jzl,Q,
Note that the open sets U; and W; consist of the union of a finite number of simply connected domains.
It is clear that E; C Ej,,, F; C Fjyy and E =2, E;, F = J;Z, Fj. Since E and F are nonpolar,
there exists a number j, € N such that the sets E; and F} are nonpolar for all j > jy. According to
the Sichak-Zakharyuta theorem, the function f(z,w) extends holomorphically to the open set

Qj = {(z,w) ceU; x Wj: w*(Z,E?,Uj) —|—w*(w,F]Q,Wj) < _1}'
Now, we consider the following open sets:
U](O‘) ={zeU;: w*(&E?,Uj) < —a}
Wj(a) ={weW;: w(wF ,W;)<-1+a}

for which « € (0,1) is a fixed number. It is clear that Uj(o‘) X Wj(a) c Q.

It follows that the function f(z,w) is holomorphic in UJ@) X Wj(a). For each fixed 2° € EY, the
function f(2° w), with respect to w, is holomorphic in G\S,o. Hence, the restriction of the function
f(z,w) to the set Y;-(“) = (U;a) X Wj(a)) U (EY x G) satisfies all the conditions of Corollary 3.4 and
admits a holomorphic continuation to the open set

Vi = {(z,w) cU™ xG: w(z,E%U™) +w (w, W*,G) < —1},
except on an analytic set M;a) :MJ@ N ({z°} NG) = S.o, for almost all 2 € E; with respect to the
harmonic measure.

Similarly, the restriction of the function f(z,w) to the set ZJ(-O‘) = (D x F)u (U;a) X Wj(a)> satisfies
all the conditions of Corollary 3.4 and admits holomorphic continuation to the open set

7 = ((z,w) € DX W™ w(z,U", D) +w"(w, F), W) < _1) ’

J
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except on an analytic set L;a) :L;a) N (D N{w’}) = Syo, for almost all w® € F; with respect to the
harmonic measure. R R
On the other hand, Yj(a) C X; and Zj(-a) C X, where

X;={(zw) eDxG: w(zEY,D)+w (w F,G) < ~1}.

It follows that the holomorphic hulls Yj(a) and Z J(»a) also belong to X;. Moreover (D X F))U(EIxG) C
VU Z® ¢ X; holds.

Consequently, by Lemma 3.5, the function f(z,w) extends holomorphically to the domain Xj,
except on some analytic set S; satisfying }A/j(a) ns; = M;a), Z](a) ns; = Lg-a).

Finally, tending to j — 400, and using the continuity of the harmonic measure, we obtain

lim X,

j—+oo J

=X,

where A
X ={(z,w)eDxG: w(z,E,D)+w(w,F,G) < —1}.

Once again, by applying Lemma 3.5, we obtain that the function f(z,w) extends holomorphically
to the domain X , except on an analytic set S satisfying Xj NS = 8;. This completes the proof of
Theorem 2.1.
The following example shows that this theorem does not exclude the case SN (E x F) # ().
Example. Let us consider the set X = (U x F)U (E x V), where U = {z € C: |2]| <1},
V={weC: |w[<1}, E=]0, ] and F = [0, 1]. We put

» 2
2, 2w #0
0, =z-w=0.

f(sz) =

Then the function f(z,w) satisfies all the conditions of Theorem 2.1. The extension of the function
has the set of singularities S = {(z,w) : 2z 4+ w = 0}, and the intersection SN (F x F) = {(0,0)} is
nonempty.

Acknowledgement.The authors would like to express their profound gratitude to Academician
Azimbay Sadullaev for his exceptional guidance, thoughtful insights, and invaluable support through-
out the development of this work.

REFERENCES

[1] Hartogs F., Zur Theorie der analytischen Funktionen mehrerer unabhdngiger Verdnderlichen, insbesondere
ber die Darstellung derselben durch Reihen, welche nach Potenzen einer Verdnderlichen fortschreiten.
Math. Ann. (1906) Vol. 62, P. 1-88.

[2] Hukuhara M., L’extensions du theoreme d’Osgood et de Hartogs. Kansu-hoteisiki ogobi Oyo-Kaiseki,
(1930) Vol. 48, Iss. 8, P. 48-49.

[3] Siciak J., Separately analytic functions and envelopes of holomorphy of some lower dimensional subsets
of C". Annales Polonici Mathematici, (1969) Vol. 22, Iss. 2, P. 145-171.

[4] Zaharjuta V., Separately analytic functions, generalizations of Hartogs’ theorem, and envelopes of holo-
morphy. Mathematics of the USSR-Sbornik, (1976) Vol. 30, Iss. 1, P. 51-67.

[5] Sadullaev A. S., Plurisubharmonic measure and capacities on complex manifolds. Russian Mathematical
Surveys, (1981) Vol. 36, P. 61-119.

[6] Sadullaev A. S., Plyurisubharmonic functions. Itogi Nauki I Tekhniki. Sovrem. Probl. Mat. Fund Napr.
(1985) Vol. 8, P. 65—-111.

[7] Sakai E., A note on meromorphic functions in several complex variables. Mem. Fac. Sci. Kyushu Univ.
ser. A, (1957), Iss. 1, P. 75-80.

[8] Rothstein W., Ein neuer Beweis des Hartogschen Hauptsatzes und seine Ausdehnung auf meromorphe
funktionen. Math. Z. (1950) Vol. 53, P. 84-95.



99

Kazaryan M., On functions of several complex variables that are separately meromorphic. Mathematics
of the USST-Sbornik, (1976) Vol. 4, P. 481-489.

Kazaryan M., Holomorphic continuation of functions with special singularities in C”. Dokl. Akad. Nauk
Arm. SSR, (1988) Vol. 76, P. 13-17.

Ivashkovich S., The Hartogs-type extension theorem for meromorphic maps into compact Kehler manifolds.
Inv. Math. (1992) Vol. 109, P. 47-54.

Ruppenthal J., A 0—theoretical proof of Hartogs’ extension theorem on Stein spaces with isolated singu-
larities. Journal of Geometric Analysis, (2008) Vol. 18, P. 1127-1132.

Sadullaev A. S., Chirka E. M., On continuation of functions with polar singularities. Mathematics of the
USSR-Shornik, (1988) Vol. 60, Iss. 2, P. 377-384.

Sadullaev A. S., Imomkulov S. A., Extension of Holomorphic and Pluriharmonic Functions with Thin
Singularities on Parallel Sections. Proc. Steklov Inst. Math. (2006) Vol. 253, P. 144-159.

Tuichiev T. T., Continuation of functions in a fixed direction. Siberian Mathematical Journal, (1988)
Vol. 29, Iss. 3, P. 142-147.

Jarnicki M., Pflug P., An extension theorem for separately holomorphic functions with analytic singular-
ities. Ann. Pol. Math. (2003) Vol. 80, P. 143-161.

Jarnicki M., Pflug P., An extension theorem for separately meromorphic functions with pluripolar singu-
larities. Kyushu J. Math. (2003) Vol. 57, P. 291-302.

Gonchar A., On analytic continuation from the “edge of the wedge”. Annales Academiae Scientiarum
Fennicae. Series A I. Mathematica, (1985) Vol. 10, P. 221-225.

Pflug P., Viet-Ahn N.; A boundary cross theorem for separately holomorphic functions. Ann. Pol. Math.
(2004) Vol. 84, P. 237-271.

Atamuratov A., Meromorphic continuation of separately meromorphic functions defined on part of a
domain boundary. Uz. Math. Journal, (2009), Iss. 3, P. 18-26.

Sadullaev A. S.,; A note on meromorphic functions with discrete singularities 0z,. Uz. Math. Journal,
(2010), Iss. 1, P. 130-134.

Dloussky G., Envelopes d’holomorphie et prolongement d’hypersurfaces. Seminaire Pierre Lelong (Anal-
yse). Springer-Verlag, (1977), vol. 578, P. 217-235.

Imomkulov Sevdiyor,

National University of Uzbekistan,
Tashkent, Uzbekistan.

V.I.LRomanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences

Tashkent, Uzbekistan.

e-mail: sevdiyor_i@mail.ru

Rasulov Kamol,

Tashkent University of Social Innovation,
Tashkent, Uzbekistan.

e-mail: rasulov.kamol@gmail.com



