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Essential and discrete spectrum of the Schrödinger operator of a
system of two particles on a lattice

Khalkhuzhaev A., Makhmudov Kh., Miyassarov A.

Abstract. We consider the Hamiltonian of a system of two fermions on a two-dimensional lattice Z2

with a certain type potential. It is proved that the subspace of odd functions Lo2(T2) is represented as
a direct sum of the subspaces Leo2 (T2) and Loe2 (T2), which are invariant under the operator H(k), k =
(k1, k2) ∈ T2, associated with this Hamiltonian. For any k1 ∈ (−π,π], it is proved that the operator
Heo(k1, π) = H(k1, π)

∣∣
Leo2 (T2)

has an infinite number of eigenvalues and for any k1 ∈ (−π,π), the

operator Hoe(k1, π) = H(k1, π)
∣∣
Loe2 (T2)

has a finite number eigenvalues lying to the left of the essential

spectrum. An asymptotic formula is obtained for the number of eigenvalues of the operator Hoe(k1, π)
as k1 → π.

Keywords: Schrödinger operator, lattice, fermion, quasi-momentum, invariant subspaces, essential
spectrum, eigenvalue

1. Introduction and formulation of main results

The discrete spectrum of the two-particle continuous Schrödinger operator hλ= −∆+λV has been
studied with various assumptions imposed on the potential V . Conditions ensuring the finiteness of the
negative spectrum and the absence of positive eigenvalues of hλ are presented in [1]. When V≤0, the
number of negative eigenvalues N(λ) is a non-decreasing function of λ ∈ (0,∞), and each eigenvalue
zn(λ) is monotonically decreasing on (0,∞). As the coupling constant λ decreases, the bound-state
energies of hλ approach the edge of the continuous spectrum [1], and for certain finite values of λ,
they may lie exactly on the boundary. These considerations naturally lead to two questions. Does a
threshold state correspond to a bound or virtual state, meaning, is its wave function square-integrable?
And as λ decreases further, where do the bound states “disappear to”? The first of these questions
has been studied in [2], [3], and [4].

The Hamiltonian of a two-particle system on a lattice is expanded in the momentum representation
into the following direct von Neumann integral [5]:

H≃
∫
k∈T2

⊕H(k) dk,

where T2 is a two-dimensional torus.
It turns out that the spectrum of the fiber operator is H(k) quite sensitive to variations in the

quasi-momentum k ∈ Td. The two-particle Schrödinger operator H(k), k ∈ T3, corresponding to the
Hamiltonian of a two-particle system on the three-dimensional lattice Z3, was considered in [6]. It was
shown that the function N(k) = N(k1, k2, k3), representing the number of eigenvalues lying below the
essential spectrum of H(k), is non-decreasing with respect to each component ki ∈ [0,π], for i= 1, 2, 3.

In the work [7], the spectral properties of the two-particle Schrödinger operator H(k), acting in the
ν-dimensional lattice space Zν , were studied. It was shown that the operator has only a finite number
of negative eigenvalues under rather general assumptions on the interaction potential v̂.

In [8], was considered the Hamiltonian of a two-particle bosonic system on the two-dimensional
lattice Z2 under a specific type of interaction potential. The associated Schrödinger operator H(k),
with total quasi-momentum k ∈ T2, was shown to possess an infinite number of eigenvalues when
k = π = (π, π). It has been established that the eigenvalue z0(π) = 4 − v̄(0) is non-degenerate,
z1(π) = 4 − v̄(1) has multiplicity two, z2(π) = 4 − v̄(2) appears with multiplicity four, while for
all n ≥ 3, the eigenvalues zn(π) = 4 − v̄(n) each have multiplicity five. It was also shown that each
multiple eigenvalue of the operator H(π) becomes a simple eigenvalue under perturbation. In addition,
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asymptotic expressions for the eigenvalues of H(π − 2β, π) have been obtained with an accuracy up
to terms of order β2.

Let Z2 be the two-dimensional lattice, and let (Z2)2 denote the Cartesian product of Z2. We denote
by ℓ2((Z2)2) the Hilbert space of square-summable functions defined on (Z2)2, and by ℓas2 ((Z2)2) ⊂
ℓ2((Z2)2) denote the subspace consisting of antisymmetric functions.

The free Hamiltonian Ĥ0 for a pair of fermions with mass equal to one on the two-dimensional
lattice Z2 acts as a bounded, self-adjoint operator in the space ℓas2 ((Z2)2), and is explicitly defined by

Ĥ0 = −1

2
∆1 −

1

2
∆2.

Here ∆1 = ∆ ⊗ I and ∆2 = I ⊗ ∆, where I is the identity operator, the lattice Laplacian ∆ is a
difference operator describing the transfer of a particle from one site to a nearest-neighbor site:

(∆ψ̂)(x) =
2∑
j=1

[
ψ̂(x+ ej) + ψ̂(x− ej)− 2ψ̂(x)

]
, x ∈ Z2, ψ̂ ∈ ℓ2(Z2),

where the vectors e1 = (1, 0) and e2 = (0, 1) form the standard basis in Z2.

The total Hamiltonian Ĥ of the two-fermion system acts in the ℓas2 ((Z2)2) and is defined as the

difference between the free Hamiltonian Ĥ0 and the interaction operator V̂ , as described in [9]:

Ĥ = Ĥ0 − V̂ .

The interaction potential V̂ is a multiplication operator acting pointwise as

(V̂ ψ̂)(x,y) = v̂(x− y)ψ̂(x,y), ψ̂ ∈ ℓas2 ((Z2)2),

where v̂ is a potential depending on the relative position of the two particles.
Let us assume that the function v̂(n) is defined as:

v̂(n) = v̂(n1, n2) =

{
10−|n|, if |n1| ≤ 1

0, if |n1| ≥ 2,
(1.1)

where |n| = |n1|+ |n2|.
Let T2 be a two-dimensional torus and L2(T2×T2) be the Hilbert space of square-integrable functions

defined on T2×T2, Las2 (T2×T2) ⊂ L2(T2×T2) be the subspace of antisymmetric functions with respect
to a permutation of variables. Let F : ℓ2(Z2 × Z2) → L2(T2 × T2) be the standard Fourier transform.

Let us denote by F̂ : ℓas2 (Z2 × Z2) → Las2 (T2 × T2) the restriction F in ℓas2 (Z2 × Z2). The Hamiltonian

H = H0 − V = F̂ ĤF̂−1 in the momentum representation commutes with the unitary operators
Us, s ∈ Z2 :

(Usf)(k1,k2) = e−i(s,k1+k2)f(k1,k2), f ∈ Las2 ((T2)2).

This implies [1] that there are decompositions of the space Las2 (T2 ×T2) and the operators Us, and
H into direct integrals:

Las2 ((T2)2) =

∫
T2

⊕L2(Fk) dk, Us =

∫
T2

⊕Us(k) dk, H =

∫
T2

⊕H̃(k) dk,

where
Fk = {(k1,k2) ∈ (T2)2 : k1 + k2 = k}, k = (k1, k2) ∈ T2.

The fiber operator H̃(k), associated with H, acts in the space L2(Fk) and is unitarily equivalent to
the two-particle discrete Schrödinger operator H(k) := H0(k)− V that acts in the Hilbert space

Lo2(T
2) :=

{
f ∈ L2(T2) : f(−q) = −f(q)

}
.



Essential and discrete spectrum of the Schrödinger operator of a system ... 109

The unperturbed operator H0(k) is an operator of multiplication by the function

εk(q) = ε

(
k

2
+ q

)
+ ε

(
k

2
− q

)
= 4− 2 cos

k1
2
cos q1 − 2 cos

k2
2
cos q2, (1.2)

ε(q) =
2∑
i=1

(1− cos qi) , k = (k1, k2) ∈ T2.

The integral operator V is defined by the kernel 1
2π
v(q− s), which admits the representation

v(q− s) =
1

2π

∑
n∈Z2

v̂(n)ei(q−s,n),

where the potential function v̂ is defined by the equality (1.1).
Note that due to the specific form of v̂(n), the kernel of the integral operator V can be expressed

in a separable form as v(q) = v1(q1)v2(q2), where the component functions are given by

v1(q1) =
1√
2π

{1+ 2

10
cosq1}, v2(q2) =

1√
2π

{1 + 2
∞∑
m=1

10−mcosmq2}. (1.3)

Let Loe2 (T2) =Lo2(T) ⊗ Le2(T) and Leo2 (T2) = Le2(T) ⊗ Lo2(T), where Lo2(T) and Le2(T) denote the
spaces of odd and even functions, respectively (see [10]). Then the space Lo2(T2) can be express as a
direct sum Lo2(T2) = Loe2 (T2)⊕ Leo2 (T2).

Observe that the subspace Leo2 (T2) and Loe2 (T2) are invariant with respect to the operator H(k) (see
Lemma 3.1). By Heo(k) and Hoe(k) we denote the restrictions of the operator H(k) in the subspaces
Leo2 (T2) and Loe2 (T2), respectively.

Theorem 1.1. For any k1 ∈ (−π, π] the operator Heo(k1, π) has an infinite number of eigenvalues
lying to the left of the essential spectrum.

Let N (k1) be the number of the eigenvalues of the operator Hoe(k1, π) lying to the left of the
essential spectrum. Then the following statement holds for the number N (k1) as k1 → π:

Theorem 1.2. For any k1 ∈ (−π, π), the operator Hoe(k1, π) has a finite number of eigenvalues lying
to the left of the essential spectrum. The number of eigenvalues N (k1) increases as k1 → π and the
following asymptotic formula holds

lim
k1→π

N (k1)

| lg cos k1
2
|
= 1. (1.4)

2. Essential spectrum of the operator H(k)

As is known, the spectrum of the operator H0(k) consists of the range of values of the function εk:

σ(H0(k)) = [m(k),M(k)],

where

m(k) =min
q∈T2

εk(q) =εk(0) = 2ε(
k

2
), M(k) =max

q∈T2
εk(q) =εk(π) = 8− 2ε(

k

2
).

The spectrum of the operator V consists of the set {0, 1
10n
, n ∈ N} where 1

10n
is the eigenvalue of

the operator V. Condition (1.1) implies that the operator V is Hilbert-Schmidt. By Weyl’s theorem,
since V is compact, the essential spectrum of H(k) coincides with the spectrum of the operator H0(k),
(see [1]), i.e.

σess(H(k)) = [m(k), M(k)].

We define w(k) as the width of the essential spectrum of H(k). Accordingly, we obtain:

w(k)=M(k)−m(k)= 8− 4ε(
k

2
)= 4 cos

k1
2
+4 cos

k2
2

(2.1)
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and

min
k∈T2

w(k) =w(π) = 0, max
k∈T2

w(k) =w(0) = 8,

where π= (π, π), 0= (0, 0).
It follows from (2.1) that if kj ∈ [0, π], j= 1, 2, increases, then the width of the essential spectrum

w(k) decreases.
Let us determine the width of the essential spectrum H(k) in the direction ej, j = 1, 2, as:

wj(k) = max
pj∈[−π,π]

εk(p)− min
pj∈[−π,π]

εk(p) = 4 cos
kj
2
, j= 1, 2.

Then we have

w(k)=w1(k)+w2(k).

If k = π, then the essential spectrum is concentrates at the point {4}, i.e. w(π) = 0. The spectrum
of the operator H(π) = 4I−V consists of eigenvalues of the form 4− 1

10n
, n ∈ N. The narrowing

of the essential spectrum results in an increased number of eigenvalues for the Schrödinger operator
H(k).

From the self-adjointness of the operator H(k) =H0(k)−V and the positivity of V it follows that

σ(H(k))∩(M(k),∞) =∅

i.e. σdisc(H(k))⊂(−∞,m(k)).

3. Invariant subspaces under the operator H(k)

We state the lemma on the invariant subspaces with respect to the operator H(k).

Lemma 3.1. The subspaces Leo2 (T2) and Loe2 (T2) invariant under the operator H(k).

Proof. Let us prove the invariance of the subspace Leo2 (T2) with respect to H(k). From (1) it is clear
that the function εk belongs to Lee2 (T2), where Lee2 (T2) = Le2(T)⊗Le2(T). From here we conclude that
if f ∈ Leo2 (T2), then εkf ∈ Leo2 (T2). This relation proves the invariance of the subspace Leo2 (T2) under
the operator H0(k). According to condition (1.1), the kernel v(p1, p2) of the operator V belongs to
the subspace Lee2 (T2). It follows that g = V f ∈ Loe2 (T2) for any f ∈ Leo2 (T2), i.e.:

(V f)(p1, p2) =
1

2π

∫
T2

v(p1−s1, p2−s2)f(s1, s2)ds1ds2 ∈Leo2 (T2).

From the above relations, we obtain the invariance of the subspace Leo2 (T2) under the operator
H(k) =H0(k)−V .

According to (1.1) and (1.3), the operator V eo=V |Leo2 (T2) has following explicit form:

(V eof)(p) =
1

2π2

∫
T2

{ 1

10
sinp2sinq2+2

∞∑
n=2

1

10n
[sinnp2sinnq2+

+2 cosp1sin(n−1)p2cosq1sin(n−1)q2]}f(q)dq, f ∈ Leo2 (T2).

The invariance of the subspace Loe2 (T2) with respect to the operator H(k) is also proved in this way,
there operator V oe=V |Loe2 (T2) acts to f ∈ Loe2 (T2) as:

(V oef)(p) =
1

2π2

∫
T2

{ 1

10
sin p1 sin q1 + 2

∞∑
n=2

1

10n
[sin p1 cos(n− 1)p2 sin q1 cos(n− 1)q2]

}
f(q) dq.

□
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Note that the systems {ψon(q) = 1√
π
sinnq}n∈N and ψe0(q) =

1√
2π
,
{
ψen(q) =

1√
π
cosnq

}
n∈N are

an orthonormal basises in the subspaces Lo2(T) and Le2(T), respectively. Let Lo(n) and Le(n) be

one-dimensional subspaces spanned by the vectors {ψon(q)}, n ∈ N and ψe0(q) =
1√
2π
,
{
ψen(q) =

1√
π
cosnq

}
n∈N. Then we have the following equalities

Lo2(T)=
∞∑
n=1

⊕Lo(n), Le2(T)=
∞∑
n=0

⊕Le(n)

From here we obtain

Le2(T)⊗Lo2(T) =
∞∑
n=1

⊕{Le2(T)⊗Lo(n)}=
∞∑
n=1

⊕Beo
n ,

Lo2(T)⊗Lo2(T) =
∞∑
n=0

⊕{Lo2(T)⊗Le(n)}=
∞∑
n=0

⊕Boe
n ,

where Beo
n :=Le2(T)⊗Lo(n) and Boe

n :=Lo2(T)⊗Leo(n).
Lemma 3.2. For each n ∈ N, the subspace Beo

n is invariant under the operator Heo(k1, π).

Proof. We choose an arbitrary element of Beo
n in the form (fψon)(p1, p2) := f(p1)ψ

o
n(p2), where f ∈

Le2(T), then the action of Heo(k1, π) = H0(k1, π)− V eo on the space Beo
n is as follows:

(H0(k1, π)fψ
o
n)(p1, p2)=

[
εk1(p1)f(p1)

]
ψon(p2) ∈ Beo

n , (3.1)

here εk1(p) = 4− 2 cosk1
2
cosp,

(V eofψon)(p1, p2) =
1

2π2

∫
T2

{
1

10
sinp2sinq2+

+
∞∑
n=2

1

10n
[sinnp2sinnq2+2 cosp1sin(n−1)p2cosq1sin(n−1)q2]

}
(fψon)(q1, q2)dq1dq2=

=

[
1

2π

∫
T
(
1

10n
+

2

10n+1
cosp1cosq1)f(q1)dq1

]
ψon(p2) ∈ Beo

n . (3.2)

In obtaining (3.2) we used the orthogonality of the system {ψon}n∈N. According to (3.1) and (3.2)
we obtain the relation

(Heo(k1, π)fψ
o
n)(p1, p2) =

[
εk1(p1)f(p1)−

1

2π

∫
T

{ 1

10n
+

2

10n+1
cosp1cosq1

}
f(q1)dq1

]
ψen(p2) ∈ Beo

n

which proves the lemma. □

From expressions (3.1) and (3.2) it can be seen that the restriction Heo
n (k1, π) of the operator

Heo(k1, π) in the subspace Beo
n :=Le2(T)⊗Lo(n) is of the form:

Heo
n (k1, π)=[H0(k1)−V e

n ]⊗In, (3.3)

where In is the identity operator in Lo(n), and He
n(k1) :=H0(k1)−V e

n acts in the space Le2(T) as follows:

(He
n(k1)f)(p) =εk1(p)f(p)−

1

2π

∫
T

{ 1

10n
+

2

10n+1
cospcosq

}
f(q)dq. (3.4)

Lemma 3.3. For each n ∈ Z+, the subspace Boe
n is invariant under the operator Hoe(k1, π).
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Proof. We choose an arbitrary element of Boe
n in the form

(
f ψen

)
(p1, p2) := f(p1)ψ

e
n(p2), where f ∈

Lo2(T), then the action of Hoe(k1, π) = H0(k1, π)− V oe on Boe
n is as

(H0(k1, π)fψ
e
n)(p1, p2) =

[
εk1(p1)f(p1)

]
ψen(p2) ∈ Boe

n , (3.5)

(V oefψen)(p1, p2) =
1

(2π)2

∫
T2

{
4

∞∑
m=2

1

10m
sin p1 cos(m− 1)p2 sin q1 cos(m− 1)q2

}
(fψen)(q1, q2) dq1dq2 =

=
[ 1
π

∫
T

1

10n+1
sin p1 sin q1f(q1)dq1

]
ψen(p2) ∈ Boe

n . (3.6)

(3.6) is obtained based on the orthogonality of the system {ψen}n∈Z+
. □

From (3.5) and (3.6), it can be seen that the restriction of the operator Hoe(k1, π) in the subspace
Boe
n := Lo2(T)⊗ Le(n) has the form

Hoe
n (k1, π) = [H0(k1)− V o

n ]⊗ In, (3.7)

where In is the identity operator in Le(n). Then the action of Ho
n(k1) := H0(k1)− V o

n on Lo2(T):

(Ho
n(k1)f)(p) = εk1(p)f(p)−

1

π

∫
T

1

10n+1
sin p sin qf(q)dq. (3.8)

Thus, according to (3.3) and (3.7), we have the following representation for the operators Heo(k1, π)
and Hoe(k1, π):

Heo(k1, π)=
∞∑
n=1

⊕Heo
n (k1, π), Hoe(k1, π) =

∞∑
n=0

⊕Hoe
n (k1, π). (3.9)

4. On the spectrum of the operator He
n(k1)

This section is devoted to the analysis of the discrete spectrum of the operatorHeo(k1, π). According
to (3.3) and (3.4) it is sufficient to study the eigenvalues of operator He

n(k1), n ∈ N defined by (3.9).
It should be noted that the width w(k1) :=w(k1, π) of the essential spectrum of the operator He

n(k1)
is independent of n and is given by

w(k1)=w1(k1)= 4 cos
k1
2
.

It is known that the study of the discrete spectrum of the operator He
n(k1) lying to the left of the

essential spectrum reduces to the study of the eigenvalues of the self-adjoint, compact and positive

operator T en(k1, z) =r
1
2
0 (k1, z)V

e
n r

1
2
0 (k1, z), z ∈ (−∞,m(k1)), where r0(k1, z) is the resolvent of the

unperturbed operator H0(k1) (see [7]). The operator T en(k1, z) acts on the space Le2(T) according to
the following formula:

(T en(k1, z)g)(p) =
1

2π

∫
T

[10−n+2 · 10−n−1cospcosq]g(q)dq√
εk1(p)−z

√
εk1(q)−z

, z ∈ (−∞,m(k1)).

By definition of the operator T en(k1, z), it has rank two for each n ∈ N.

Lemma 4.1. The number z ∈ (−∞,m(k1)) , is an eigenvalue of the operator He
n(k1) if and only if 1

is the eigenvalue of the operator T en(k1, z).

The proof proceeds analogously to that of Theorem 1 in [5].
Let m[µ,B] denote the number of eigenvalues of the self-adjoint operator B that lie above µ, where

µ > supσess(B) and B acts in a Hilbert space H.
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Lemma 4.2. If z < m(k1), then the number of eigenvalues of He
n(k1) below z is equal to the number

of eigenvalues of T en(k1, z) that are greater than 1:

m [1, T en(k1, z)] = m [−z, −He
n(k1)] .

The proof proceeds analogously to that of Lemma 2 in [5].

Theorem 4.3. For each n ∈ N there exists at least one eigenvalue of the operator He
n(k1) lying to the

left of the essential spectrum.

Proof. By Lemma 4.2, we show that for some z0 < m(k1) the operator T en(k1, z) has at least one
eigenvalue greater than 1.

Let g0(q) =

√
C0(z)

√
2π
√
εk1 (q)−z

∈ Le2(T) and ∥g0∥= 1, where C0(z) is the normalizing multiplier. Observe

that the result below is valid for all z<m(k1) :

C0(z)=

(
1

2π

∫
T

dq

εk1(q)−z

)−1

=

√
(4−z)2−4cos2

k1
2

(4.1)

and

lim
z→m(k1)

C0(z)= 0. (4.2)

Consequently, we arrive at the following expression for the inner product (T en(k1, z)g0, g0) :

(T en(k1, z)g0, g0) =
1

2π

∫
T

∫
T
T en(p, q;k1, z)g0(q)dqg0(p)dp=

=
10−n

2π

∣∣∣∣ ∫
T

g0(q)dq√
εk1(q)−z

∣∣∣∣2+10−n−1

π

∣∣∣∣ ∫
T

cosqg0(q)dq√
εk1(q)−z

∣∣∣∣2.
Both terms of this sum are nonnegative, so according to (4.1) we have

(T en(k1, z)g0, g0)≥
10−nC0(z)

(2π)
2

∫
T

dp

εk1(p)−z

∫
T

dq

εk1(q)−z
=

10−n

C0(z)
.

From here and from (4.2) there exists z=z0(n) <m(k1) such that for any z ∈ (z0(n),m(k1)) the

relation 10−n

C0(z)
> 1 holds. Then, according to the Birman-Schwinger principle (see Lemma 4.2), it

follows that m[−m(k1),−He
n(k1)]>1. □

Proof of Theorem 1.1. The proof of this theorem follows immediately from Theorem 4.3 and
(3.9).

5. On the spectrum of the operator Ho
n(k1)

In this section we give some statements about the spectrum of the operator Ho
n(k1), n ∈ Z+ defined

by the formula (3.8), and then give results for the operator Hoe(k1, π) using the representations (3.7)
and (3.9).

Theorem 5.1. Let n ∈ Z+ and k1 ∈ (−π, π). a) If 1
10n+1 > cos k1

2
, then the operator Ho

n(k1) has a
simple eigenvalue lying below the essential spectrum;
b) if 1

10n+1 ≤ cos k1
2
, then the operator Ho

n(k1) has no eigenvalues lying outside of essential spectrum.

Proof. a) Suppose that the equation

(Ho
n(k1)f)(p) = zf(p) (5.1)
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has a nonzero solution f ∈ Lo2(T). We express this equation in the form

(εk1(p)− z) f(p) =
1

π

∫
T

1

10n+1
sin p sin qf(q)dq.

Denoting

a =
1

π

∫
T

sin qf(q)dq (5.2)

we arrive at the following expression for the eigenfunction:

f(p) =
10−n−1a sin p

4− z − 2 cos k1
2
cos p.

(5.3)

From here, by setting (5.3) to (5.2) and after some simplifications, we obtain the following Fredholm
determinant ∆(k1, z) for the operator Ho

n(k1):

∆(k1, z) = 1− 10−n−1

π

∫
T

sin2 qdq

4− z − 2 cos k1
2
cos q

(5.4)

This function is a continuous and monotonically decreasing function of z on the interval
(−∞,m(k1)). Hence we have the following relationship:

lim
z→−∞

∆(k1, z) = 1, lim
z→m(k1)

∆(k1, z) = ∆(k1,m(k1)) < 0

and

∆(k1,m(k1)) = 1− 10−n−1

2π cos k1
2

∫
T

sin2 qdq

1− cos q
= 1− 10−n−1

cos k1
2

.

Since 10−n−1 > cos k1
2
, then the function ∆(k1, z) has zero on the interval (−∞,m(k1)), i.e. the

operator Ho
n(k1) has unique simple eigenvalue lying to the left of essential spectrum;

b) if 10−n−1 < cos k1
2
, then the determinant ∆(k1, z) does not have zeros in the interval (−∞,m(k1)).

If 10−n−1 = cos k1
2
, then the solution of the equation (Ho

n(k1)f)(p) = m(k1)f(p) is f(p) =
sin p

1− cos p
/∈

Lo2(T). It follows that the number z = m(k1) is not an eigenvalue for the operator Ho
n(k1).

□

Lemma 5.2. Suppose that the condition a) of the theorem 5.1 holds. Then the operator Ho
n(k1) has

a unique simple eigenvalue lying in a some neighborhood of the eigenvalue zn(π) = 4 − 1
10n+1 of the

operator H(π) to the left of the essential spectrum:

zn(k1) = 4− 1

10n+1
− 10n+1 cos2

k1
2
.

The proof of this and the following lemma is omitted due to its triviality.

Lemma 5.3. Let k1 ∈ (−π, π). If for some number n ∈ N the inequality 1
10n+2 < cos k1

2
< 1

10n+1 holds,
then the operator Hoe(k1, π) has exactly n eigenvalues to the left of the essential spectrum, i.e.

N (k1) = n (5.5)

Proof of theorem 1.2. Suppose that equality (5.5) holds, i.e. implies the relation

1

10n+2
< cos

k1
2
<

1

10n+1
.
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From here we have

lg 10−n−2 < lg cos
k1
2
< lg 10−n−1 or n < −1− lg cos

k1
2
< n+ 1.

Considering (5.5), we deduce

1 +
1

N (k1)
< −

lg cos k1
2

N (k1)
< 1 +

2

N (k1)
.

Thus, from here we obtain

lim
k1→π

N (k1)

| lg cos k1
2
|
= 1.
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