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Essential and discrete spectrum of the Schrodinger operator of a
system of two particles on a lattice
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Abstract. We consider the Hamiltonian of a system of two fermions on a two-dimensional lattice Z>
with a certain type potential. It is proved that the subspace of odd functions L§(T?) is represented as
a direct sum of the subspaces L5°(T?) and L5¢(T?), which are invariant under the operator H(k), k =
(k1,ky) € T?, associated with this Hamiltonian. For any k; € (—m,7], it is proved that the operator
Heo(ky,m) = H(ky,m) Lso(T2) has an infinite number of eigenvalues and for any k; € (—m,m), the

operator H%¢(ky,m) = H(ky,7) Loe (T2

spectrum. An asymptotic formula is obtained for the number of eigenvalues of the operator H¢(ky, )
as k; — .

) has a finite number eigenvalues lying to the left of the essential
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1. INTRODUCTION AND FORMULATION OF MAIN RESULTS

The discrete spectrum of the two-particle continuous Schrodinger operator hy= —A+AV has been
studied with various assumptions imposed on the potential V. Conditions ensuring the finiteness of the
negative spectrum and the absence of positive eigenvalues of hy are presented in [1]. When V<0, the
number of negative eigenvalues N () is a non-decreasing function of A € (0,00), and each eigenvalue
2, () is monotonically decreasing on (0,00). As the coupling constant A\ decreases, the bound-state
energies of hy approach the edge of the continuous spectrum [1], and for certain finite values of A,
they may lie exactly on the boundary. These considerations naturally lead to two questions. Does a
threshold state correspond to a bound or virtual state, meaning, is its wave function square-integrable?
And as A decreases further, where do the bound states “disappear to”? The first of these questions
has been studied in [2], [3], and [4].

The Hamiltonian of a two-particle system on a lattice is expanded in the momentum representation
into the following direct von Neumann integral [5]:

He / SH(K) dk,
keT?

where T? is a two-dimensional torus.

It turns out that the spectrum of the fiber operator is H (k) quite sensitive to variations in the
quasi-momentum k € T¢. The two-particle Schrodinger operator H (k), k € T?, corresponding to the
Hamiltonian of a two-particle system on the three-dimensional lattice Z*, was considered in [6]. It was
shown that the function N (k) = N(ky, ko, k3), representing the number of eigenvalues lying below the
essential spectrum of H (k), is non-decreasing with respect to each component k; € [0,7], for i= 1,2, 3.

In the work [7], the spectral properties of the two-particle Schrédinger operator H (k), acting in the
v-dimensional lattice space Z”, were studied. It was shown that the operator has only a finite number
of negative eigenvalues under rather general assumptions on the interaction potential .

In [8], was considered the Hamiltonian of a two-particle bosonic system on the two-dimensional
lattice Z? under a specific type of interaction potential. The associated Schrodinger operator H (k),
with total quasi-momentum k € T?, was shown to possess an infinite number of eigenvalues when
k = w = (m,m). It has been established that the eigenvalue zy(7) = 4 — v(0) is non-degenerate,
z1(m) = 4 — (1) has multiplicity two, zz(w) = 4 — ©(2) appears with multiplicity four, while for
all n > 3, the eigenvalues z,(7) = 4 — 9(n) each have multiplicity five. It was also shown that each
multiple eigenvalue of the operator H (7) becomes a simple eigenvalue under perturbation. In addition,
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asymptotic expressions for the eigenvalues of H(m — 23, m) have been obtained with an accuracy up
to terms of order (3%

Let Z? be the two-dimensional lattice, and let (Z?)? denote the Cartesian product of Z?. We denote
by ¢>((Z*)?) the Hilbert space of square-summable functions defined on (Z?)?, and by ¢5°((Z*)?) C
05((Z*)?) denote the subspace consisting of antisymmetric functions.

The free Hamiltonian H, for a pair of fermions with mass equal to one on the two-dimensional
lattice Z? acts as a bounded, self-adjoint operator in the space £5°((Z?)?), and is explicitly defined by

. 1 1
Hy=—=A, — = A,.
0 2 1 2 2

Here Ay = A® I and Ay = I ® A, where I is the identity operator, the lattice Laplacian A is a
difference operator describing the transfer of a particle from one site to a nearest-neighbor site:

(AD)x) =D [dlx +e) + dx—e) = 25(x)|, x€Z ez,

where the vectors e; = (1,0) and e, = (0,1) form the standard basis in Z2.
The total Hamiltonian H of the two-fermion system acts in the ¢5%((Z*)?) and is defined as the
difference between the free Hamiltonian H, and the interaction operator V, as described in [9):

H=H,-V.
The interaction potential Visa multiplication operator acting pointwise as

(Vi) (x,y) = 0(x —y)b(x,y), o € 65°((Z%)?),

where v is a potential depending on the relative position of the two particles.
Let us assume that the function v(n) is defined as:

107 i |y <1
o(n) = 0(ny,ny) = ' - 1.1
(8) = (1, ma) {O, oo (1)
where |n| = |nq| + |nal.

Let T? be a two-dimensional torus and L, (T?xT?) be the Hilbert space of square-integrable functions
defined on T? x T?, L§*(T? x T?) C Ly(T? x T?) be the subspace of antisymmetric functions with respect
to a permutation of variables. Let F': f5(Z* x Z?) — Lo(T? x T?) be the standard Fourier transform.
Let us denote by F': 05%(Z* x Z*) — L5*(T? x T?) the restriction F' in £3°(Z* x Z?). The Hamiltonian
H = Hy—V = FHF™! in the momentum representation commutes with the unitary operators
Us, seZ?:

(Uaf) (1, ko) = e 00 f(ky k), f € L5((T%)?).

This implies 1] that there are decompositions of the space L$*(T? x T?) and the operators U, and
H into direct integrals:
L3*((T2)?) = / DLy(R)dk, U,= [ oU(k)dk, H= [ ®Hk)dk,
T2 T2 T2

where
Fk:{(kth) S (T2)2 : k1+k2:k}7 k:(kl,kQ) €T2.

The fiber operator H (k), associated with H, acts in the space Ly(Fy) and is unitarily equivalent to
the two-particle discrete Schrodinger operator H (k) := Hy(k) — V' that acts in the Hilbert space

L3(T?) := {f € Ly(T?) : f(—q) = —f(q)}-
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The unperturbed operator Hy(k) is an operator of multiplication by the function

k k k k
cx(q) = ¢ <2+q> +e <2 —q> :4—200551008% —QCOSEQCOSQQ, (1.2)

2
Z 1—cosq), k= (ki,ky) €T
=1

The integral operator V is defined by the kernel ﬁv(q —s), which admits the representation

v(a—s)= 5o ) dmpea,
nez?
where the potential function ¢ is defined by the equality (1.1).
Note that due to the specific form of ©(n), the kernel of the integral operator V' can be expressed

in a separable form as v(q) = v1(q1)v2(g2), where the component functions are given by

1 o0
vi(q) = \ﬁ{lﬁLECONh} v2(q2) = E{l + 2; 10" ™ cosmgs }. (1.3)

Let L$¢(T?) =L4(T) @ L5(T) and L§°(T?) = L§(T) ® Ly(T), where L5(T) and L§(T) denote the
spaces of odd and even functions, respectively (see [10]). Then the space L3(T?) can be express as a
direct sum L§(T?) = Lg¢(T?) @ L5°(T?).

Observe that the subspace L5°(T?) and L5¢(T?) are invariant with respect to the operator H (k) (see
Lemma [3.1)). By H’(k) and H°(k) we denote the restrictions of the operator H (k) in the subspaces
L5°(T?) and L5°(T?), respectively.

Theorem 1.1. For any k, € (—m, 7| the operator H®(ky, ) has an infinite number of eigenvalues
lying to the left of the essential spectrum.

Let N (k1) be the number of the eigenvalues of the operator H¢(ky, ) lying to the left of the
essential spectrum. Then the following statement holds for the number N (k;) as k; — 7

Theorem 1.2. For any k, € (—m, ), the operator H°¢(ky, ) has a finite number of eigenvalues lying
to the left of the essential spectrum. The number of eigenvalues N (ky) increases as ki — 7 and the
following asymptotic formula holds
N (k)
j =1. (1.4)

ki |1g cos 3
2. ESSENTIAL SPECTRUM OF THE OPERATOR H (k)

As is known, the spectrum of the operator Hy(k) consists of the range of values of the function ey:
o(Ho(k)) = [m(k), M(k)],

where

(1) =min ew(a) ==4(0) = 2(3),  M(K) =maxen(a) =ew(m) = § ~ 2:(3)

n € N} where -1 is the eigenvalue of

The spectrum of the operator V' consists of the set {0, 10", o
the operator V. Condition (1.1} implies that the operator V is Hilbert-Schmidt. By Weyl’s theorem,
since V' is compact, the essential spectrum of H (k) coincides with the spectrum of the operator Hy(k),
(see [1]), i.e
UesS(H(k)) = [m(k)7 M(k)]

We define w(k) as the width of the essential spectrum of H (k). Accordingly, we obtain:

w(k)= M (K)—m(k)= § — 45(5): 4cos%—|—4 cos% (2.1)
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and
iy w(k) =w(w) =0, {(réa%w(k) =w(0) =8,
where 7= (7, 7), 0= (0,0).
It follows from (£2.1) that if k; € [0, 7], j= 1,2, increases, then the width of the essential spectrum
w(k) decreases.
Let us determine the width of the essential spectrum H (k) in the direction e;,j = 1,2, as:

w;(k) = max er(p)— min ex(p) = 4cosﬁ, j=12.
p; E[—m,7] p; E[—m,7] 2
Then we have
w(k)=w, (k)+wq (k).

If k = 7, then the essential spectrum is concentrates at the point {4}, i.e. w(m) = 0. The spectrum
of the operator H(m) = 41—V consists of eigenvalues of the form 4—#, n € N. The narrowing
of the essential spectrum results in an increased number of eigenvalues for the Schrodinger operator
H(k).

From the self-adjointness of the operator H (k) =H,(k)—V and the positivity of V it follows that

o (H(k))N(M (k),00) =0

e, ousse(H(K))C(—00,m(Kk)).

3. INVARIANT SUBSPACES UNDER THE OPERATOR H (k)

We state the lemma on the invariant subspaces with respect to the operator H (k).

Lemma 3.1. The subspaces L5°(T?) and LS¢(T?) invariant under the operator H (k).

Proof. Let us prove the invariance of the subspace L5°(T?) with respect to H (k). From it is clear
that the function €, belongs to L5¢(T?), where L5?(T?) = L5(T) ® L5(T). From here we conclude that
if f € L5°(T?), then ey f € L§°(T?). This relation proves the invariance of the subspace L5°(T?) under
the operator Hy(k). According to condition , the kernel v(py, p2) of the operator V' belongs to
the subspace L5¢(T?). It follows that g = V f € L3°(T?) for any f € L5°(T?), i.e.:

1
(Vf)(p17p2) :% /’[[‘2 U(P1—51,P2—52)f(51, 52)d31d82 € LEO(TQ)'

From the above relations, we obtain the invariance of the subspace L§°(T?) under the operator
H(k)=H,(k)-V.
According to (1.1]) and (|1.3), the operator V=V

reo(r2) has following explicit form:
WV F)(p) 1/{1. . +2i1[. . n
p) =— —sinp,sing — [sinnp,sinng
212 Jp2 1107 0T 1 0m ? 2

+2cospysin(n—1)pscosqsin(n—1)gs]} f(@)da, f € L5(T%),

The invariance of the subspace L3¢(T?) with respect to the operator H (k) is also proved in this way,
there operator V°=V|pe(12) acts to f € L3*(T?) as:

e 1 1 . . =1 . .
(Ve f)(p) = 97 N {1—0 sin p; sin ¢, + 2; Ton [sin p; cos(n — 1)ps sin ¢y cos(n — 1)q2]}f(q) dq.
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neN
T), respectively. Let L°(n) and L¢(n) be

¢)}n € N and ¢9i(q) = Voo {v5(a)

1 1
Note that the systems {¢2(q) :#sinnq}neN and Y5(q) = iz {ve(q) = TCOS ng } are
s s

an orthonormal basises in the subspaces L$(T) and LS

5(
one-dimensional subspaces spanned by the vectors {19 ( =
1

N3

cos ngq }neN. Then we have the following equalities

=Y "@L°(n), Ly(T)=Y @L(n)

From here we obtain .
L(T)®L(T Z {L5(T)®L(n)}=> @B,

Ly(T)@L5(T Z@{L° JOLE(n)}=) | B,
where B:°:=L5(T)®L°(n) and B2:=L3(T)@Lo(n).
Lemma 3.2. For each n € N, the subspace BE° is invariant under the operator H(ky, ).

Proof. We choose an arbitrary element of B¢ in the form (fv2)(p1,p2) = f(p1)¥S(p2), where f €
L5(T), then the action of H(ky,m) = Ho(ky,m) — V' on the space B is as follows:

(Hollke, ) £47) s )= | 2 (00) £ 00 0502) € 85 (3.1)
here £, (p) = 4 — 2 cosZ cosp,
(Ve fb) (pr; p2) 22%2 /TZ {1losinpzsinq2+

o0

1
+Z 10" [sinnpysinng,+2 cospsin(n—1)pacosgisin(n— 1)Q2]}(f¢2)(€17 g2)dq1dga=

1 1 2
= [277 /Tr (W+Wcosplcosq1)f(q1)dq1] ¥ (p2) € BLE. (3.2)

In obtaining (3.2) we used the orthogonality of the system {2} _. According to and (| .
we obtain the relation

o 10” 10+t
T

(H 0, £2) 1o)==, 00005 [ {5+ 160 cosplcosql}ﬂql)dql]wz@g)e%fﬁ

which proves the lemma. O

From expressions (3.1) and (3.2)) it can be seen that the restriction HS°(ki,7) of the operator
H¢°(ky, ) in the subspace B:°:=L5(T)®L°(n) is of the form:

H o (ky, m)=[Ho (k1) -V, ]®1,, (3.3)

where I, is the identity operator in L°(n), and H¢ (k1) :=Ho(k1)—V,¢ acts in the space L5(T) as follows:

(H; (k) £)0) =20, 01 ) = 5 [ {35+ Tgmreospeosa} (@) da (3.4)

Lemma 3.3. For each n € Z,, the subspace B2 is invariant under the operator H°¢(ky, ).
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Proof. We choose an arbitrary element of 82¢ in the form (f %) (p1,p2) == f(p1) ¢%(p2), where f €
L3(T), then the action of H°¢(ky,m) = Ho(k1,m) — V' on B is as

(o, m)f05) (1, p2) = [en, (1) f (1) | 5 (2) € B, (3.5)

(Vo) (pr,p2) = (2717)2 / {4 Z 101m sin p; cos(m — 1)p, sin g, cos(m — 1)¢]2}(f¢2)(Q1»Q2) dg1dgy =
T2

: ! i i € oe
= [ [ G smpsmasta)da]vio) € B (3
T

(3.6) is obtained based on the orthogonality of the system {¢¢} O

n€Zy”

From (3.5) and (3.6, it can be seen that the restriction of the operator H°¢(k;, ) in the subspace
Bo¢ := L3(T) @ L¢(n) has the form

HE (ky, ) = [Ho(ky) — V] @ I, (3.7)

where I, is the identity operator in L¢(n). Then the action of H?(k;) := Ho(k1) — V,? on L§(T):

() 1)) = 2 0)f0) — [ 1oy sinpsinaf(a)da (33

T

Thus, according to (3.3) and (3.7]), we have the following representation for the operators H®(ky, )
and H¢(ky,m

He(ky,m Z@Heo (ky,m), H*(ky,7 Z@H“e (ky, (3.9)

4. ON THE SPECTRUM OF THE OPERATOR H¢ (k)

This section is devoted to the analysis of the discrete spectrum of the operator H*°(ky, ). According

to (3.3)) and (3.4)) it is sufficient to study the eigenvalues of operator H¢(k;), n € N defined by (3.9).
It should be noted that the width w(k;) :=w(ky, 7) of the essential spectrum of the operator H¢ (k1)
is independent of n and is given by

w(ki)=wy (k)= 4COS%.

It is known that the study of the discrete spectrum of the operator H¢ (k) lying to the left of the
essential spectrum reduces to the study of the eigenvalues of the self-adjoint, compact and positive
operator T¢(ky,z) =ré (ki,2)Viri (ki,2), z € (—oo,m(k1)), where ro(ki,z) is the resolvent of the
unperturbed operator Hy(k1) (see [7]). The operator T¢(ky,z) acts on the space L5(T) according to
the following formula:

(T¢ (ki1 2)g) (p) =

z € (—oo,m(ky)).

1/ [107"42 - 10~ *cospcosq|g(q)dq
21 Jr Ve (p)—2v/er () —2 7

By definition of the operator T¢(k;, z), it has rank two for each n € N.

Lemma 4.1. The number z € (—oo, m(ky)), is an eigenvalue of the operator HE (k1) if and only if 1
is the eigenvalue of the operator T¢(ky, z).

The proof proceeds analogously to that of Theorem 1 in [5].
Let m[u, B] denote the number of eigenvalues of the self-adjoint operator B that lie above u, where
i > supoess(B) and B acts in a Hilbert space §.
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Lemma 4.2. If z < m(ky), then the number of eigenvalues of HE (k1) below z is equal to the number
of eigenvalues of T¢(ky, z) that are greater than 1:

m L, T7(ky, 2)] = m[=2, —H (k)]

The proof proceeds analogously to that of Lemma 2 in [5].

Theorem 4.3. For each n € N there exists at least one eigenvalue of the operator HE(ky) lying to the
left of the essential spectrum.

Proof. By Lemma we show that for some zy < m(k;) the operator T (k;, z) has at least one
eigenvalue greater than 1.

Let go(q) =m0 Vf:l(z)_z € L5(T) and ||go||= 1, where Cpy(2) is the normalizing multiplier. Observe

that the result below is valid for all z<m/(ky) :

c(,(z):<217T /T (C%I(szq)_z)lz\/(él—z)z—élcoszl{; (4.1)

lim Coy(z)=0. (4.2)

z—m(k1)

and

Consequently, we arrive at the following expression for the inner product (7 (k1, 2)go, go) :

1 -
(T, 2)90.90) =5 [ [ Tolp. ik, 2)on(a)dagap)dp=
™ Jr JT

2 2

_1o 90(q)dq 107" | [ cosqgo(q)dyq
2 | Jr \Ver, (q)—= @ T /€ (q)—2

Both terms of this sum are nonnegative, so according to (4.1)) we have

. 10-"Cy(2) dp dg___ 107"
(T (k1 2)90, 90) = (2r)? Agkl(p)_zAgkl(q)—Z_CO(Z).

From here and from (4.2]) there exists z=zo(n) <m(k;) such that for any z € (zo(n),m(k‘% the

relation é?)g;)> 1 holds. Then, according to the Birman-Schwinger principle (see Lemma 4.2)), it

follows that m[—m(ky), —H¢(k1)]>1. O

Proof of Theorem [1.1. The proof of this theorem follows immediately from Theorem and
B9).
5. ON THE SPECTRUM OF THE OPERATOR H? (k)

In this section we give some statements about the spectrum of the operator H2(k;),n € Z, defined
by the formula (3.8)), and then give results for the operator H°¢(k;, ) using the representations (3.7

and .

Theorem 5.1. Let n € Zy and ky € (—m, 7). a) If 55 > cos %, then the operator H (k1) has a
stmple eigenvalue lying below the essential spectrum;
b) if lon% < cos %, then the operator HS (ki) has no eigenvalues lying outside of essential spectrum.

Proof. a) Suppose that the equation

(H; (k1)) (p) = 2f(p) (5.1)
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has a nonzero solution f € L$(T). We express this equation in the form
() = 2) £0) = = [ Jorr sinpsinaf(a)d
- =— [ ——sinpsin :
en(p) = 2) f(p) = — | {garr sinpsingf(q)dg
T

Denoting

a= i/sian(q)dq (5.2)

T

we arrive at the following expression for the eigenfunction:

107" lasinp

flp) =

5.3
4—z—2005%cosp. (5:3)

From here, by setting (5.3)) to (5.2)) and after some simplifications, we obtain the following Fredholm
determinant A(kq, z) for the operator H?(k;):

A(k‘l,Z) =1-

1071 in” gd
/4 sin® qdq (5.4)

s —z—2cos%cosq
T

This function is a continuous and monotonically decreasing function of z on the interval
(—o0,m(ky)). Hence we have the following relationship:

lim A(k,2) =1, lim Ak, z) = A(k,m(k1)) <0

Z—>—00 z—m(ky)
and X ) )
107"~ sin® qdq 107"~
A(k‘l,m(k‘l)) =1- T =1- T
27 cos J 1 —cosq cos -

Since 107"~' > cos %, then the function A(k,z) has zero on the interval (—oo,m(k;)), i.e. the
operator H?(k;) has unique simple eigenvalue lying to the left of essential spectrum;
b) if 107! < cos &, then the determinant A(k;,z) does not have zeros in the interval (—oo, m(ky)).
If 107"~ = cos £, then the solution of the equation (HZ(k:1)f)(p) = m(k:)f(p) is f(p) = 18& ¢
—cosp
L3(T). It follows that the number z = m(k;) is not an eigenvalue for the operator H?(k;).
]

Lemma 5.2. Suppose that the condition a) of the theorem[5.1] holds. Then the operator HS(k,) has
a unique simple eigenvalue lying in a some neighborhood of the eigenvalue z,(m) = 4 — 10,@% of the
operator H(m) to the left of the essential spectrum:

1
10n+1
The proof of this and the following lemma is omitted due to its triviality.

ky

zn(ky) =4 — — 10" cos®

Lemma 5.3. Let ki € (—n,m). If for some number n € N the inequality 5 < cos % < 15 holds,
then the operator H°¢(ky,m) has exactly n eigenvalues to the left of the essential spectrum, i.e.

N(k) =n (5.5)

Proof of theorem Suppose that equality (5.5)) holds, i.e. implies the relation
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From here we have

k k
lg107"% < Ig cos 51 <1g107" ' or n < —1 —Igcos 51 <n+1.

Considering (5.5)), we deduce

1 lg cos k2 2
1+ < - <14
N (k1) N (ky) N (k1)
Thus, from here we obtain
Nk
ki | 1g cos &2
REFERENCES

Reed M., Simon B., Methods of Modern Mathematical Physics IV: Analysis of Operators. Academic, New
York, (1979).

Rauch J., Perturbation theory for eigenvalues and resonances of Schréodinger Hamiltonians. J. Funct. Anal.
(1980) Vol. 35, P. 304-315.

Simon B., The bound state of weakly coupled Schrédinger operators in one and two dimensions. Ann.
Phys. (1976) Vol. 97, P. 279-288.

Klaus M., On the Bound state of Schrodinger operators in one dimension. Ann. Phys. (1977) Vol. 108,
P. 288-300.

Lakaev S., Khalkhuzhaev A., Spectrum of the two-particle Schrodinger operator on a lattice. Theoret.
and Math. Phys. (2008) Vol. 155, Iss. 2, P. 754-765.

Abdullaev J., Khalkhuzhaev A., Usmonov L., Monotonicity of the eigenvalues of the two-particle
Schrodinger operatoron a lattice. Nanosystems: Phys. Chem. Math. (2021) Vol. 12, Iss. 6, P. 657-663.

Abdullaev J., Ikromov I., Finiteness of the number of eigenvalues of the two-particle Schrodinger operator
on a lattice. Theor. Math. Phys. (2007) Vol. 152, P. 1299-1312.

Abdullaev J., Khalkhuzhaev A., Makhmudov K., Discrete spectrum asymptotics for the two-particle
Schrodinger operator on a lattice. Lobachevskii Journal of Mathematics, (2024) Vol. 45, Iss. 10, P. 4828
4845.

Abdullaev J., Perturbation theory for the two-particle Schrédinger operator on a one-dimensional lattice.
Theor. Math. Phys. (2005) Vol. 145, Iss. 2, P. 1551-1558.

Reed M., Simon B., Methods of Modern Mathematical Physics IV: Analysis of Operators. Academic, New
York, (1980).

Khalkhuzhaev A.M.,

Samarkand State University named after Sharaf Rashidov,
Samarkand, Uzbekistan;

V.I.LRomanovskiy Institute of Mathematics,

Uzbekistan Academy of Sciences,

Samarkand, Uzbekistan;

e-mail: ahmad _x@mail.ru

Makhmudov Kh.Sh.,

Samarkand State University named after Sharaf Rashidov,
Samarkand, Uzbekistan;

e-mail: mahmudovh276@gmail.com

Miyassarov A.A.,

Samarkand State University named after Sharaf Rashidov,
Samarkand, Uzbekistan;

e-mail: azizkhuja_miyassarov@mail.ru



