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1. INTRODUCTION

In 1990s, Loday introduced the notion of Leibniz algebra, that is a generalization of Lie algebra,
where the skew-symmetricity of the bracket is dropped and the Jacobi identity is replaced by the
Leibniz identity (the identity has been called Leibniz identity by Loday due to its similarity to Leibniz
rule, this is the reason for the class to be called by the name of Leibniz). In right (left) Leibniz algebras,
the defining identity requires that each right (left) multiplication operator behaves as a derivation,
ie.,

[z,9], 2] = [l 2}yl + [, [y, 2] or [, [y, 2]] = [[=, 0], 2] + [y, [, 2]],

respectively. He also introduced several new classes of algebras, including Leibniz algebras, diassocia-
tive algebras, dendriform algebras, Zinbiel algebras |1, |2] and showed that the link between them, in
particular, Lie and associative algebras can be extended to analogous link between Leibniz algebras
and so-called associative dialgebras which are a generalization of associative algebras possessing two
composition laws.

By the definition [3], dialgebras are vector spaces with two bilinear products. A diassociative algebra
is a vector space with two bilinear associative operations -, -, satisfying certain conditions [1] required
for a dialgebra A to be associative are chosen in such a way that the new operation

ab=arFb—-—b-Hda or ab=a-d4b—-blFa

turns A into a left (right) Leibniz algebra. Moreover, associative algebras are a particular case of
diassociative algebras when two operations coincide. Some examples and applications of dialgebras
are given in [4, 5, (6} [1].

The problem of classifying algebras of a particular type lies at the core of algebraic research. It
provides the foundation for a deeper understanding of the structural behavior of the algebras involved.
The study of structural properties of Leibniz algebras has been initiated by Ayupov and Omirov |7,
8]. Casas gave the list of isomorphism classes of three-dimensional complex Leibniz algebras [9] (two-
dimensional case was given by Loday himself). There are classification results of low-dimensional
dialgebras |10, (11} |12, 13| |14, |15].

By the motivation of the relation of dialgebras and conformal algebras, in 2008, Kolesnikov [16]
gave the technique of how to define the notion of Var-dialgebra for a given variety of algebra Var. In
this paper, first, we give the concept of “O-dialgebra” for introducing dialgebras. Then, we deal with
the classification problem of 3-dimensional complex Leibniz dialgebras, particularly, we focus on the
case where the annihilator

£ = ideal([z,z] | x € L)

is one-dimensional, that is, dim (£*) = 1.
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1.1. Preliminaries.
Definition 1.1. A vector space D with two multiplication operators - and I is called a “0O-dialgebra”
if
(zdy)Fz=(@Fy bz z24(ykFz)=x4(y-2),
for all z,y,z € D.
Definition 1.2. A 0-dialgebra (D, ,F) is called a diassociative algebra if

(zFykFz=zk(ykz2), (dy)dz=24d(y2), (zFy) dz=aF (y2),

for all z,y,z € D.

Definition 1.3. A 0-dialgebra (D, ,F) is called a Leibniz dialgebra if
(zhy)Hdz=at(yd2)+(z42)Fy,
(zdy)kFz=zkF(yk2)+(xzk2)dy,
(xdy)dz=azd(yd2)+(xd2)dy,

for all z,y,z € D.

Let us consider an example of Lie dialgebras. Suppose Y = {(xy, z2, 23 — 22 (21, 23) , x122 + T221)}
then the corresponding dialgebra identities include

T, 29 + 20 F 21,

A Lie dialgebra D considered as an ordinary algebra with respect to [a,b] = a F b, a,b € D, is
just a left Leibniz algebra. Conversely, every left Leibniz algebra L is a Lie dialgebra with respect to
atb=la,b],a-b= —[b,a]. Therefore, a Lie dialgebra is just the same as a Leibniz algebra.

Theorem 1.4. [9] Any 3-dimensional complex non-Lie Leibniz algebra L is isomorphic to one of the
following pairwise non-isomorphic algebras:

Algebra Table of multiplication Automorphisms
o(er) = (a3,a + azgazs + a3;)eq,
,Cl(OZ),
ac C [62, 62] = ey, [63, 62] = €1, [63, 63] = e. 80(62) = a921€1 + A922€9 + ag3€3,
p(es) = asie; + agoes + agzes.
90(61) = a§3€1,
ﬁg [63, 63] = €71. 80(62) = az1€1 t+ agz€2,
p(es) = azier + aszes + agzes.
o(e1) = (a3, + a3s)es,
£3 [62, 62] = €1, [63, 63] = €. 80(62) = A21€1 — A33€2 + a32€3,
p(es) = asie; + agoes + aszes.
80(61) = 1€,
Ly [61, 63] = €1. 80(62) = Q22€3,
@(63) = A32€2 + €3
£s(), [e1, e3] = ey, [ea, e3] = ea, [e3,6€2] = —€ 80221; i 31121’
aEC\{O} 1, €3] = (€1, |€2,€3] = €2, |€3,€3] = 2- | Plé2 22€2,
p(es) = aszes + e3
p(er) = e,
Ly [62763] = €9, [63762] = —é€2, [63763] = €1. 80(62) = G22€9,
p(es) = azieq + agoes + €.
_ _ _ pler) = a§2€17
e, e3] = 2eq, |ea, 0] = €4, |€a, 3] = €9,
£ {el e:j = —elz [[62 62]] = ell.[ wesl = p(e2) = —anaser + axes,
3 LS EAE p(es) = %(a%Q — a2, — 1)e; + azeq + e3.
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©1 (61) = Q12€2,
901(62) = a21€1,
p1(e3) = —es, where o = —1
4,02561; = Q11€1,
p2(€2) = A2z,
Ls(a), [e1, es] = aey, [es, €3] = es. pa(e3) = aszes, where o = —1
a € C\{0} _

p3(e1) = arrer + arzes,
p3(e2) = asieq + axes,
w3(e3) = es, where a = 1,
904(62) = G22€3,
wa(ez) = es, where a # +1.
p(er) = arer + arzes,

Lo [e1, €3] = e1 + e, [ea, €3] = e€a. (es) = ari€,
p(es) = es.
o(e1) = a3ser + azrazzes,

Lo le1, e3] = e, [e3, €3] = e1. p(e2) = agzeq,
p(e3) = agie; + aszes + aszes.
pler) = e + (az — 1ey,

L1 le1, e3] = eq, [ea, €3] = €2, [e3, €3] = €1. | p(ea) = ages,
@(63) = (CLQQ — a39 — 1)61 + QA39€9 + €3.

2. MAIN RESULT

In this section, we give lists of three-dimensional nontrivial complex Leibniz dialgebras. The idea
is as follows. We choose the first part A; = (DL, ) of the Leibniz dialgebra from Theorem 1.4
restricting our consideration to the case where the annihilator of the corresponding Leibniz algebra £
is one-dimensional i.e. they are algebras L,...L;. Combining an algebra from this list (taking into
account the Leibniz dialgebra axioms) with the second part Ay = (DL, ), we obtain constraints for
the structural constants. Then we distinguish non-isomorphic algebras. The following theorem is one
of the main results of this paper.

Theorem 2.1. Any three-dimensional complex Leibniz dialgebra constructed from the algebra L, is
isomorphic to one of the following pairwise non-isomorphic algebras:
ey 1ey = ey, €3 1es =eq, €3 1eg =¢;
DLy (0, m,m,q) - { ey ey = mel’, es ez = n’el, esb e = 2]61,
where m € C\{0},a,n,q € C;
DLy (aym,q) : ex des =ceq, e3 1ea =e1, e3 1eg =e1, ea b e3 =ne;, ez ey = qey,
ac C\{O}>nv q € C;

Proof. Consider the algebra A; = (DL, ) with multiplication table:
ey dey =aer,es 1ey =eq,e3 de; =ey.
The second part A, = (DL,F) is defined by the following multiplication table:
e1l e = aje; + e +7ies, el e = ager + Bies +yae3, es e = arer + Bres + res,
e1 b ey = ager + Boes +1ae3, €2k ey = aser + Brea +5e3, €3 ey = ager + Bges +zes,  (2.1)
er - es = ase; + fBzes +y3e3, ex b e3 = age; + PBses +Yse3, €3 e = age; + Boes + Yoes.

Imposing the Leibniz dialgebra axioms, we obtain
€9 F €9 = (5€1, €2 F €3 = (g€1, €3 F €9 = (Xg€1, €3 F €3 = (g€q.

Let us consider the general change of the generators of basis:

p(e1) = (a3, + ageass + a3;) e, (e2) = agier + anes + agzes, (ez) = azier + asses + azzes,
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2 2 _ 2 2 _
with 4 @22¢ + ag2a93 + a3z = a (a3, + az2ass + a33) , A2az20 + Ag3asy + agzasz =0,
o 2

A220320¢ + (22033 + (23033 = Q350 + U32033 + A3, (22033 —23 A3z 7 0.

We write the new basis elements {¢(e;1), p(e2), ¢(e3)} via the basis elements {e;, ez, e3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters
{as, ag, a5, ap} and {as, g, as, ot

2 2

7 ! __ ajyas+tassazz(astas)taszzag
80(62) - 90(62) - a5$0(€1)’ = s = aZ,a+aszazz+ai, - ’

— - a22(132015+a22l133a6+(l23a320¢8+a23a330¢9
90(62) :: 80(63) B a?w(el)j - a? B as2a32Q +aa3?zata3j233zado% +as3azza 7

i — _ G2203505+0a23a32006+a22a3308 23339

olea) b pler) = afpler), = o e

0 r a320t +a32a33 agtasg +a33049
ples) F ples) = ahpler), = af = Shestamuslasion)

Then we have the following cases.

1. Let (a5, 9) # (0,0). Without loss of generality, we assume that «s # 0. Next, choosing

—(as+as)Ey/ (as+as)’—dasag

20(5

Q3o = ass, we can put ay = 0. Thus we obtained the following algebra:
€2 H €9 = (5€1, €9 H €3 = (g€, €3 H €y — (Qg€q.
Again by using a change of basis we obtain the following relations:

2
__ a3yas5+azzazs(astas)

o’ ol = (122a32045+(122a33046+a23ﬂ32048
5 a§2a+zir32a33+a§3+ ’ 26 a3,ataszazstad,
/! __ @22037Q5+0a330376+a2203308

g = a2, 0+as2053 a3, » G305 + aszass (a6 + as) = 0,

2 2 _ 2 2 _
with A5 + A22Q93 + A53 = (¢ (a32a + Q32033 + CL33) , Q92a39¢¢ + Ao3032 + QA93Q33 — 0,
! 2

(220320 + A22G33 + G2333 = A5, + A32a33 + A33, Go2033 — Q2332 7 0.

(1) If azs # 0 and « # 0. Then we have azy; = — ass(astas) #0, ag = am(as—as—as) .. #0,

as a(astas)

as(as — ag — ag) + o (ag + 018)2 #0, a3 = %jﬂlg) # 0, and
ar =y — g — Qg, Qg = —Qg, O = —0.
In this case we derive DL} (o, m,n, q) , where o, m # 0,n + q # 0.

(2) If azs # 0 and o = 0. Then we have azy, = M#O Qoy = ‘133(0‘5;75“6_&8)7&0,
ass # 0, azg = 0, and

0/5 = a5 — g — a87 (Xé — (XS(XG;?G_(IS? 0/8 — Olsas—afrla—oés.
In this case we derive DL? (0,m,n,q), where m # 0,n + q # 0.
(3) If azgy = 0. Then we have ay3 = 0, ag # 0, azz # 0, azy = aszz, and
oy =y, Qg = g, Qg = Qig,
we derive DL (o, m,n, q) , where m # 0.
In this case we obtain DL, (o, m,n,q), where m € C\{0}, a,n,q € C;

2. Let a5 = ag = 0 and o + ag # 0. Then we get a3 = asy = 0. Thus we obtain DL] (o, 0,7, q),
where n 4+ g # 0.

3. Let a5 = a9 = 0 and ag + ag = 0. Then we get
a; =0, ag = ag, ag = —ag, ag = 0.
Thus we obtain DL («,0,n, —n).
In this case we obtain DL, (a,n, q) , where a € C\{0},n,q € C;
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Theorem 2.2. Any three-dimensional complex Leibniz dialgebra constructed from the algebra Ly is
isomorphic to one of the following pairwise non-isomorphic algebras:
DE; (m,n): e3 des=ej,ealb ey =ey,e2 - €3 =mey, ez - ex = ney, where m,n € C;

DL2(q): esdes=eq,es b es = qe, where q € C;

D,Cg : e3des=ej,e3 ey =eq;

Dﬁg (n): es des=-eq,eabe3=eq1,e3 ex =ney, wheren € C;

DLy : ez e =ep,e3l e3 = ey
Proof. Consider the algebra A, = (DL, 4) with multiplication table:

es 1es =e;.

The second part Ay = (DL, ) is defined by unknowns o, 5;,v; where 1 <i <9 as in . Imposing
the Leibniz dialgebra axioms, we obtain
ex ey = aser, ex ez = ager, ez ey = ager, ez e3 = ager + Poey,
with the following constraints
asfBy =0, agBy =0, agfy = 0.
Let us consider the general change of the generators of basis:
pler) = agzer, plea) = aner + anes, p(es) = agier + azges + agses.

We write the new basis elements {p(e1), p(e2), ¢(e3)} via the basis elements {e1, €2, e3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters

{O/saaéﬂalsaag)aﬁé} and {a5705670587049769} :

ple2) b plez) = agp(er), = a5 = as,
plez) - ples) = agplen), = o = smsrputu,
ples) - pler) = oiplen), = af = eusaes e,
102 a21033 9 2 2
p(es) b ples) = agpler) + Byples), = { Zf’“:”?’a; S By = aZyas + asags (o + as) + aZyag,
9 T Gnn 9"

Then we have the following cases.

1. Let B9 = 0. Then we have g5 = 0 and

2
7 / __ Q2203205+0220330Q6
af = Z2ag, (i = 92203205002203306
o as. as.
33 33
2 2
o). — 02203205+azaszas o) azp,a5taszass(astag)tazsag
= 222825 522223858 = 2 .
8 a3s 9 a33

. —(x « Qg « 2_ a5
(1) If a5 # 0. Next, choosing ass = ag\/as and asy = (a6 +as)Ey/ (aotas)” 4 % ass, we can

2045
put o = 1 and o) = 0. Thus we obtained DL} (m, n),where m,n € C.

(2) If a5 = 0. Then we obtain the following relations:

! /I a22
oy =0, Qg = S2ag,

/I _ a2 1 _ azz(astasg)tazzag
g = 2ag, g = SE 8

as3 ass

(2.1) If ag = 0 and ag = 0. Thus we obtain DL} (¢q) , where ¢ € C.
(2.2) If ag = 0 and ag # 0. Then choosing azs = azas, we get DES.
2.3

(

2. Let B9 # 0. Then we get a5 = ag = ag = 0 and of = af; = afy = 0. Next, choosing ass = a3, 09,
we can put 8y = 1. In this case we obtain the algebra DLS.

) If ag # 0. Then choosing ass = agsars, we get DL, (n), where n € C.
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O

Theorem 2.3. Any three-dimensional complex Leibniz dialgebra constructed from the algebra L3 is
isomorphic to one of the following pairwise non-isomorphic algebras:

DLs(m,n,q): ez des =eq, e3 1es =e1, ea b e3 =mey, ez ex =ney, ez e; = qey,

where m,n, q € C;

Proof. Consider the algebra A4; = (DL, ) with multiplication table:
€9 = €y = €1,€3 = €3 — €.

The second part Ay, = (DL, F) is defined by unknowns «;, 3;,y; where 1 <1i <9 as in (2.1). Imposing
the Leibniz dialgebra axioms, we obtain

(] F €y = (5€1, €2 F €3 = (g€, €3 - €y = (g€, €3 = €3 = (Qg€q.

Let us consider the general change of the generators of basis:

p(er) = (a3, + a3z) €1, p(ea) = asier — aszes + azes, p(ez) = asier + azes + asses,

with 929A33 — A23032 ?é 0.

We write the new basis elements {¢(e1), ¢(e2), ¢(e3)} via the basis elements {e;, ez, €3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters
{af, af, af, ag} and {as, ag, as, ag} -

ple2) - plex) = azpler), = ap = “§3a5*“32‘;%zfsgas)+a§2a9,
oles) Foles) = ahpler), = af = (omonlanaun—dyastayas
’ ag,tas; ’

—as - + 2
(,0(63) [ ()0(62) = O/S(p(el), = O/B — ((:9 [ )%2@%:1(%22% azSas?
ples) Foles) = agpler), = ay= aszas+aszze§2<+ajg:as>+a33a9.

Then we have the following cases.

1. Let (a5 — ag)? + (g + ag)? = 0. Then we have g = a5 — i(ag + ag) and

1 __ (aszz—iazz)as—aszz(as+as) ! __ aszzagtiazsas
A = - = -
5 a3z —iazz ) 6 azp—iazz
/ __ azzagtiazsas r_ ((l32+“1333a5+a33((¥6+a8)
af = 4s22etiassas ap = : .
8 azz—iazz az2+iazs
(1) Let as + ag = 0 and g — ag = 0. Then we have a5 = —iag and
al = 3}¢132+ia33a Oé% — asatiass a/S — asatiass Oéé — 3asz—iagy
5 iagz —ass ’ azz—iagz °’ azz—iagz O’ azz+iazs

Furthermore, by choosing ass = 3iasze, we obtain the following relations:
al =0, af=—tas, af=—-lag, o) =—dica
5 — Y 6 — 246, 8 — 246, 9 — 6-

In this case we obtain DL} (m), where m € C.

(2) Let a5 + ag = 0 and g — ag # 0. Then we have a5 = —% (a6 + ag) and

! _ _3azztiass / _ agaagtiazzae
Qs = 2(iaz2—as3) (a6 + QS)’ Qg = azz—iazz

azaq6tiazzasg / _ _3aszz—iagy
azz—iazz ) Qg = 2(az2+iazs) (a6 + 0[8) !

ay =
Then, by choosing az3 = 3iaszs, we obtain the following relations:
ol =0, ag=1(-3as+as), ag=31(-3as+ag), ay=—2i(as+ as).

In this case we obatin DL (m,n), where m,n € C and m — n # 0.
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(3) Let a5 + ag # 0 and ag — ag # 0. Then we have 2a; — i (ag + ag) # 0. Therefore, by

choosing as, = —magﬁ, we obtain the following relations:

/

al =0, oy =—ias—ag, of=—ias—ag, oy=2a5—1(w+ ag).

ot~

In this case we obatin DLS (m,n, q), where m,n,q € C, n+q # 0 and 2m —i (n + q) # 0.

In this case we obatin DL3 (m,n,q), where m,n,q € C, n+q # 0, 2m —i (n + q) # 0.
2. Let (a5 — a)? + (ag + ag)? # 0 and 1) let (as, ) # (0,0). Without loss of generality, we

(astas)Ety/ (as+as)® —dasog
20(9

assume that ag # 0. Next, choosing az, =
Thus we obtained the following relations:

ass, we can put ag = 0.

2 2
3203309 —A3306+a35 08

2 — A
A3509 — (32033 (046 -+ 048) = 0, Qg =

2 2 )
N R azztags R
/ __ G3203309—a3308+a3,Q6 ; __ azzazz(aetasg)tazzag
Qg = @ a2 ) Qg = aZ.ta2 .
321053 320353

(1) If agy # 0. Then we have agy, = (2012 apd

Qg
/ ! A
Qg = g, Qg = (g, g = Q9.
. . 4
In this case we obtain DL; (m,n,q), where ¢ # 0.

(2) If azs = 0. Then we have the following relations:
g = —Qg, Qg = —Qg, g = Q.
In this case we obtain DE; (=m, —n,q), where g # 0.

2) Let a5 = ag = 0. Then we get azs = 0, and
al =0, ag = —ag, oy = —ag, oy =0.
In this case we obtain DL; (—m, —n,0).

In general, we obatin DL (m,n,q), where m,n,q € C.
O

Theorem 2.4. Any three-dimensional complex Leibniz dialgebra constructed from the algebra L4 is
isomorphic to one of the following pairwise non-isomorphic algebras:

Dﬁi: er 1es3 =eq, ez e3 =eq;

D,Ci: er 1es=e1, esb e = —eq;

DEZ: er 1es =e1, esbe; = —eq, es bk e3 =eq;

Dﬁi: e1des=¢e, e Fe3=ey;

Dﬁiz ep 1es=ey, egbFes=ceq, esb ez =ey;

Proof. Consider the algebra A4, = (DL, ) with multiplication table:
€1 = €3 — €.

The second part A, = (DL, F) is defined by unknowns «, 5;,7; where 1 <i <9 as in . Imposing
the Leibniz dialgebra axioms, we obtain
e1 - es =aze;, est e = areq, ez es = Boeq,
with the following constraints
azar =0, az (a3 —1) =0, a7 (a; +1) =0.

Let us consider the general change of the generators of basis:

@(61) = apiéq, 90(62) = Q22€2, 90(63) = asz€ + €3.
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We write the new basis elements {¢(e1), ¢(e2), ¢(e3)} via the basis elements {e;, €2, €3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters

{aé,&;,ﬁé} and {063,(17,69} :

pler) Feles) = asp(er), = a3 =as,
ples) - pler) = azp(er), = ar =ag,
p(es) - ples) = Byp(er), = 59 oo

Hence, we see that if 9 = 0, then 3§ = 0. If B9 # 0, then by choosing as; = (9, we obtain 3 = 1.
Therefore, without loss of generality, 5 can be reduced to either 0 or 1. Thus we obtain the algebras
DL, DL, DL, DL, and DL,

g~w S~

O

Theorem 2.5. Any three-dimensional complex Leibniz dialgebra constructed from the algebra Ls is
zsomorphzc to one of the following pairwise non-isomorphic algebras:

1

DL;: e deg=aey, ex 1eg=eq, €3 13 = —ea, €2 €3 =¢€2, €3 €2 = —ey, where a € C\{0};
5

DL;: egdes=e€1, ea ez =ey, €3 1ea=—ea, eal-e3 =61+ €2, 3 €2 =—€1 —€y;

Do er 1es =aeq, eg 1es=ey, 63 1€y = —€y, sl e3=1¢€9, e3le; = —aeq, e3F ey = —ey,
5" where a € C\{0};

DL e; ez =aey, ex dez=ey, €3 dey=—e€y, e e3=aey, eabe3=¢€y, e3b ey = —ey,
5

where o € C\{0};
Proof. Consider the algebra A; = (DL, ) with multiplication table:
ep 1es = ey, e; de3 =ey, e3 1ey = —ey, where a € C\{0}.

The second part Ay, = (DL, F) is defined by unknowns «;, 3;,7; where 1 <1i <9 as in (2.1). Imposing
the Leibniz dialgebra axioms, we obtain

e e3s=ase;, eale3 =age; + ey, 3 e; =aqge;, es ey = —age; — es.
with the following constraints
az(az —a) =0, azag =0, ag(a—1) =0, azar =0, azas =0, agar =0, ay (ar +a) = 0.

Let us consider the general change of the generators of basis:

p(er) = arier, p(es) = ases, p(es) = asres + es.

We write the new basis elements {¢(e1), p(e2), ¢(e3)} via the basis elements {e;, ez, e3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters
{a, ag, a4} and {az, ag, a7} :

p(er) Fples) = azp(er) = ay = as,
ple2) Fples) = agpler) +ples) = ag = 2a,
p(es) Fpler) = 0/790( 1) = a; = ay,
ples) - p(e2) = —agp(er) — ple2) = ag = 2as.

Hence, we see that if ag = 0, then o = 0. If ag # 0, then by choosing a;; = as06, We obtain
ag = 1. Therefore, if o, = 1, then o = 1. Thus, without loss of generality, a can be reduced to either
0 or 1. Then we obtain the algebras Dﬁé, DE?, Dﬁg and Dﬁg.

O

Theorem 2.6. Any three-dimensional complex Leibniz dialgebra constructed from the algebra Lg is
isomorphic to the following algebra:
D,Cé: ey des=ey, €3 dey=—€y, €3 de3=¢€1, eabe3 =€y, €3t ey = —ey, e3 b e3 = qey,
where q € C;
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Proof. Consider the algebra A; = (DL, ) with multiplication table:
62463:62, 63462:—62, 63463261.

The second part A, = (DL, F) is defined by unknowns «;, 5;,7; where 1 <4 <9 as in (2.1). Imposing
the Leibniz dialgebra axioms, we obtain

€9 = €3 = €9, €3 F €9 = —€9, €3 H €3 = (g€q.
Let us consider the general change of the generators of basis:
p(er) = e1, p(ea) = ages, p(esz) = azier + azes + €.

We write the new basis elements {p(e1), p(e2), ¢(e3)} via the basis elements {ey, €5, e3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters
oy and ag :

ples) Fples) = agpler) = ag = ao.

Hence, in this case we have DL;.
O

Theorem 2.7. Any three-dimensional complex Leibniz dialgebra constructed from the algebra Ly is
isomorphic to one of the following pairwise non-isomorphic algebras:

DLl ep 1es =2e;, ex 1ea =e1, ex dez3 =€y, €3 1€y = —ey, €3 1ez3 =ey,

[ €1|_€3:2€1,€2|_62:€1,€2|_€3:€2,€3|_62:—€2;

2 €1 deg=2e, e d1ex =€y, €2 €3 =€y, €3 12 = —€3, €3 13 =€y,

DLy Fey = Fes = Fep = Fey = Fes = —ei;
s ey = —e1, ea-es=e9, €3 €1 = —2¢1, e3 ey = —ey, €3 e3 = —ey;

Proof. Consider the algebra A4, = (DL, ) with multiplication table:
61_{63:261, 62_162261, 82463262, 63462:—62, 83463261.

The second part A, = (DL, F) is defined by unknowns «;, 5;,7; where 1 <1i < 9 as in (2.1). Imposing
the Leibniz dialgebra axioms, we obtain

e1bes=aze;, eab ey =(ag—1)e;, ex ez = ey,
€3 F € = (043 — 2)61, €3 = €9 = —€9, €3 = €3 = (g€q.

with the following constraints
ag(Q3—2):07 (a3—2)(a9—|—1)20
Let us consider the general change of the generators of basis:
p(e1) = a3ye1, @lea) = —amasser + anes, w(es) = 5 (a3, — a3, — 1) e + ases + es.

We write the new basis elements {p(e1), p(e2), ¢(e3)} via the basis elements {e, €2, e3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters

{af, g} and {az, a9} :

pler) Foles) = azpler) = oy = as.
plex) Foler) = (g —1)p(er) = a3 =as.
ples) Foler) = (a5 = 2)p(er) = a3 =as.

2 2
az, a3 —a5,+1+ag

ples) b oles) = agpler) = ay=

Then we have the following cases.

Case 1. Let a3 # 0. Hence, by setting azy = 1/ %, we obtain ay = 0. In this case we have
DL,

Case 2. If a3 =0, then a9 = —1. In this case we obtain DE?.
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