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Abstract. Non-homogeneous Beatty sequence is a sequence of positive integer that taking the floor
value of irrational numbers. This paper using the prime counting function, 7(x) to estimate the car-
dinality of total distinct prime divisors of a non-homogeneous Beatty sequence. When the parameters
in the non-homogeneous Beatty sequence are sufficiently large, a better estimation can be obtained.
From this study, we found that for a fixed irrational § > 1 and a real A > 0, the the cardinality of
total distinct prime divisors is less than or equals to the prime counting function of the last term.
That is |A] < 7(| N0 + \|) where A is the set of total distinct prime divisors of a non-homogeneous
Beatty sequence (|nf+A]) up to N*" term. Also, when parameters are sufficiently large, the following

estimation is sharper, |A| < (\/«92 + )\) (log N).
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1. INTRODUCTION

Numerous studies have been done on Beatty sequence. There are two types of Beatty sequences,
namely homogeneous and non-homogeneous. The Beatty sequence that this paper considered is non-
homogeneous case and it is defined as follows:

(I +Al) ey = 110+ AL [20+ AL, [30 + AL, ..., [INO + A (1.1)

where 8 > 1 is an irrational number and A > 0 is a real number.

In [1], the researchers used Maynard’s methods to show the existence of gaps bounded by primes
in a homogeneous Beatty sequence. They found that #{x < n < 2z : there exist m distinct primes of
the form |[0r|,r € [n,n+ Ay} > Togmy® Where # is the number of elements in the set. [2] studied
the non-homogeneous Beatty sequence. They used Diophantine properties of 8 to established a better

estimate bound for its character sums. Below are some important theorems:

Theorem 1.1. Let 0 be a fixed irrational number. For all real numbers X, integers a,g,m with
gcd(ag,m) = 1, and positive integers N < t, where t is the multiplicative order of g modulo m. The
character sums of Beatty sequence (|nf + \]), - modulo m, S,,(0,\, x; N) is given by:

S (0, A, x; N) < miN% + NDy\(N)

where Dy x(N) is the discrepancy of the Beatty sequence (|nf + A|), < -

Theorem 1.2. Let 0 be a fized irrational number. For any fixed 6 > 0, there exists a constant n > 0
such that for all real numbers A, integers a,g and a prime p with gcd(ag,p) = 1, and positive integers
p’ < N <t, where t is the multiplicative order of g modulo p, the following bound holds:

Sp(07 )\7X7 N) << prn + ND@)\(N)’

Then, [3] continue to estimate the sum of the cardinality of distinct prime divisors after the
discovery of [2]. They found that the cardinality of distinct prime divisors w(n) for a non-zero
integer n, is approximate to Nloglog N. [4] studied the Beatty sequence in invariant games. They
introduced an infinite binary sequence, called Sturmian word, in order to distinguish any two pairs
of complementary Beatty sequences in non-homogeneous case. [5]| studied the number on primes
within the intersection of any non-homogeneous Beatty sequences and extended a few theorems under



Distribution of prime divisors of non-homogeneous Beatty sequences 127

various compatibility conditions. [6] solved the trigonometric functions by using the complementary
Beatty sequences. They use § = /3 for tangent function and § = v/6 for sine function while solving
the trigonometric inequalities. [7] worked on the disjoint complementary Beatty sequence which
covering the rational non-homogeneous Beatty sequence.

[8] studied the new approach found in [2]. They obtained an estimation of the bound associated
with composite moduli by using the method in [2] stated below.

Theorem 1.3. Let 0 be a fized irrational number, A be any real number and m is any composite
number with primitive elements. For positive prime P < m, the set of prime P and #P is the number
of elements in set P, the non-trivial multiplicative characters x (mod m), the following bound holds:

Sm(0, X, X; P) < ¢(m)T4P= + #PDy \(P).

[9] investigated the cardinality of character sums with Beatty sequences associated with composite
modulo. The Beatty sequence considered is |a(n + k) + 8. Character sums can be used to find the
number of solutions of equations over a given finite field. This sums can be obtained by one character
or more. Here, we provided the propositions stated in the book [10] on the character sums associated
with prime modulo. Suppose that p is a odd prime and F; is a multiplicative group. Then,

Proposition 1.4. Let g be a primitive element of F,, with order p—1. For each fized integer j where
0 <j < ¢(m)— 1, the multiplicative character of F,, denoted by x;(g*) is given by
x;(g") = e 7 where k = 0,1,....,p—1.

Proposition 1.5. For additive character x, and x, where a,b € F,. Then,

> Xa(@)xe(0) =

ceF,

p+1 ifa=0b
0 if a # 0.

For multiplicative character, if a,b € F,. Then,

_Jp ifa=b
;Xc(a)Xc(b)_{O zfa;éb

where the sum is extended over all multiplicative character x of F,,.

In this paper, we are going to improve the result of [3] and introduce a better estimation when the
parameters in Beatty sequence are sufficiently large. In our discussion, we let # = vk > 1 where k is
a square-free integer and A > 0 is a real number. Next, we expand the expressions in order to obtain
the patterns. We will explain more in the next section.

2. NOTATION
For any real number z, |x| denotes the greatest integer less or equals to x and {x} denotes the

fractional part of z, that is z — |z].

In this paper, A denotes as the set of total distinct prime divisors of a non-homogeneous Beatty
sequence (|nf + A]) up to N* term. Our objective is to obtain the approximation for cardinality of
A, |A| where the result will be shown in the next section. Before we proceed, we provide an example
so that the readers have a better understanding.

Example 2.1. Let § = v/10, A =5 and N = 100. Then, (I.1)) will be as follow

(V10 + 5J>n<100 = [1V10+ 5], [2V10 + 5/, [3V10 + 5], ..., |100V/10 + 5
C =8,11,14,...,321.
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From above, we will find the prime divisors of each terms. Let A denotes as the set of prime divisors
of whole sequence 8,11, 14, ...,321. Then the elements of set A is as follow:

A=1{2,357,11,13,17,23,29, 31,37, 43,47, 53,59, 61,67, 71, 73, 83, 89, 97, 103, 107,
109,113,127,131,137, 151, 157, 163, 191, 197, 223, 229, 239, 251, 257, 283, 311}.

Thus, the cardinality or the number of elements in set A, |A| = 41.
Next, the following is the definition of prime counting function and an example to illustrate it.

Definition 2.2. Prime counting function m(z) is the number of primes less than or equal to the
positive integer x.

Example 2.3. Let = 10, then we list out the prime less than or equal to 10, which is {2,3,5,7}.
Thus 7(10) = 4.

For a larger number z, we can use online prime counting function calculator to evaluate it.

3. RESULT AND DISCUSSION
The following is the main result of our research.

Theorem 3.1. Let 6 > 1 be a fixed irrational and X\ > 0 be a real number. The cardinality of distinct
prime divisors, |A| is given by
|A| < 7(|NO+ A|) (3.1)

where 7(x) is the prime counting function for integer x and N is a natural number.
Proof. The Beatty sequence, By , with m,, = |[nf + \| for n =1,2,3,..., N is as follows:
By x =mq,ma, M3, ..., My_a, My_1, My.
Since 6 > 1, By, is an increasing sequence, that is
my < me <mg < ..<my.

For each term of m,,, it can be written as a product of prime factors, if m,, is a composite. Then,
arrange all primes by ordering number,

P < P2 <p3s<...<pr<my,.

Now, for the last term my, it can be either a prime or a composite. We consider two cases as follows:

Case 1: If my is a prime.
Let my = pmax- For any term, m,, with 1 <n < N — 1, we have

P <p2 <...<p; <My <Pjy1 <... <P <MN = Pmax-
Obviously, pmax is the largest prime that By ) consists. Thus,

A= {plap27p3> "'>pmax}-

Note that A may not consists of all the primes that less than p,... Let B be a set consists of all
distinct primes that less than or equals to puax,

B =1{2,3,5, ..., Pmax }-

We have A C B. Then,
Al < |B].

Since |B| = T(Pmax), therefore
|A| < m(my) =7([NO+ ).
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We proved for Case 1.

Case 2: If my is a composite.
Let my = pfllpf;pf;pfk" For any term, m, with 1 <n < N — 1, we have

aik

ai, Qi, Q.
P1 <P < ...<p; <My <Pjp1 < ... <pp <My :pillpigzpigs“'pik

and
Piy < Piy < oo < P, <My
Then,
A=CUD
where

C = {p1,p2,3, s 0} and D = {pi,, Piy,s Piss s iy }-

The largest prime in A is max{p, p;, }, but my is the largest integer in By . Thus,

max{py,p;, } < My
m(max{py, p;. }) < w(my)
|CUD| <7w(|[NO+ A|).

Therefore,
|A] < 7([NEO+ N)).

We proved for Case 2. As a result, we showed that (3.1)) is true,
|A] < 7(|NE+ A)).
O

The problem of Theorem is when 6, A and N become bigger, the right hand side of (3.1)) is much
more bigger than the left hand side. Thus, if §, A and N are sufficiently large, the below theorem has
a better estimation.

Theorem 3.2. For sufficiently large fized irrational 8, real A and N with
0> W(LNi—i_)\J), A> 7T(LN92+>\J) and N > 10V7UNO+HAD
Then,
Al < (VB +2X) (log ).

Proof. Firstly, we set

N
9 > ”(LZJ”\J)’ (3.2)
N
A > W (3.3)
and
N > 10V (N0+AD, (3.4)
By using (3.1) in Theorem then (3.2]) to (3.4) will become
0> M > @7 (3'5)
2 2
\> (N0 + A|) > | Al (3.6)

= 2 2
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and

N > 10V (N0 > 1ovIAlL (3.7)
From (3.5)), we have

|A| < 20% (3.8)
From (3.6), we have
| Al < 2. (3.9)
Then, we sum of (3.8)) and (3.9)
|A] <62+ A (3.10)
On the other hand, from (3.7) we have
|A| < (log N)?. (3.11)

Now, we do the product of (3.10)) and (3.11])
(IA])? < (62 + N)(log N)?
2
= ((VeZ+ ) (log V)"

Since |A| is a positive integer, we can remove square from both sides. Thus,

4] < (VB +2X) (log N).

4. CONCLUSION AND RECOMMENDATION
We found |A| by estimating the prime counting function which stated in Theorem (3.1} For a fixed
irrational # > 1 and a real A > 0. Then,
Al < 7(INO+ A))

where 7(x) is the prime counting function for integer z. On the other hand, when parameters are suf-
ficiently large, the following estimation (Theorem [3.2)) is sharper. For sufficiently large fixed irrational
0, real A and N with

0> ”(LM; Ay ”(LN‘;+ M) and N > 10V
Then,
1A < (\/92 + )\) (log N).

In the future, the estimation of |A| can be sharpened more. Next, the application of prime divisors in
Beatty sequence can be an interesting topic to be studied.
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