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Abstract. This paper investigates the influence of the symmetric product functor SP n and the ex-
ponential functor exp on certain types of continuous mappings, focusing specifically on almost-open
and pseudo-open mappings. The primary objective is to analyze how functors SP n and exp interact
with these mappings and alter their topological properties. Through the study, several key lemmas
have been proven, providing insights into the behavior of the SP n-induced mappings. Notably, it is
demonstrated that for open sets U1, U2, . . . , Un ⊂ X, the set [U1, U2, . . . , Un] retains its openness in
SP nX. These findings contribute to a deeper understanding of the topological implications of apply-
ing the SP n functor on continuous mappings, offering new perspectives on its effect on almost-open
and pseudo-open transformations.

Keywords: exponential functor, functor of permutation degree, almost-open map, pseudo-open map,
sequence-covering map
MSC (2020): 18B05, 18A05, 18F60, 54A05

1. Introduction

The study of continuous mappings and their interactions with topological structures is a funda-
mental aspect of topology. Continuous mappings encode essential relationships between spaces, and
understanding how their properties change under various transformations is a central problem. Func-
tors such as the symmetric product functor SP n and the exponential functor expn play a significant
role in this context. These functors construct new spaces from given ones and induce corresponding
mappings, providing a framework to analyze the preservation or alteration of topological properties.

In classical topology, concepts like openness, continuity, and compactness serve as cornerstones for
understanding the behavior of mappings and spaces. Among these, almost-open and pseudo-open
mappings are essential generalizations of open mappings that retain specific weaker properties. For
instance, Michael’s work on pseudo-open mappings [1] provides a foundational basis for analyzing
mappings that are not strictly open but still preserve significant topological information.

The symmetric product functor SP n, introduced and studied in depth by Dold [2], constructs the
space of unordered n-tuples of points from a topological space X, equipped with a natural topology
derived from X. On the other hand, the exponential functor expn, closely associated with the Vi-
etoris topology [3, 4], represents the space of non-empty closed subsets of X with at most n points.
These constructions preserve certain topological structures of X while introducing new geometric and
combinatorial features.

The purpose of this paper is to investigate how the functors SP n and expn influence almost-open
and pseudo-open mappings [5]. Key results presented here extend previous work by Arhangel’skii
[6], Fedorchuk and Filippov [7], and Nagata [8] on general mappings, as well as Lin’s studies on
point-countable covers [9]. For example, we show that:

• For the symmetric product functor SP n, the mapping SP nf : SP nX → SP nY is almost-
open (Theorem 3.4) and pseudo-open (Theorem 3.5) whenever f : X → Y is almost-open or
pseudo-open, respectively.

• For the exponential functor expn : Comp → Comp, the mapping retains these properties
(Theorems 3.6 and 3.7).

By establishing these results, we contribute to a broader understanding of functorial transformations
in topology and their implications for continuous mappings. This research builds upon earlier works
in the field [10, 11, 12, 13, 14, 15, 16, 17] and opens avenues for further exploration of functorial
interactions in generalized topological settings.
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2. Preliminaries

Let X be a topological T1-space. The set of all non-empty closed subsets of a topological space X
is denoted by expX. The family of all sets of the form

O⟨U1, ..., Un⟩ =
{
F : F ∈ expX, F ⊂

n⋃
i=1

Ui, F
⋂
Ui ̸= ∅, i = 1, 2, ..., n

}
.

where U1, ..., Un are open subsets ofX, generates a base of the topology on the set expX. This topology
is called the Vietoris topology. The set expX with the Vietoris topology is called exponential space
or the hyperspace of a space X [18]. Note that the space expX is compact for any compact space X.

Define the following subspaces of expX:

expnX = {F ∈ expX : |F | ≤ n},
and

expωX =
⋃

{expnX : n = 1, 2, ...} .

Let f : X → Y be a continuous mapping between topological spaces. For a nonempty closed subset
C ⊂ X, define

(exp f)(C) = f(C). (1)

Then exp f : expX → expY is well-defined and continuous.
Equality (1) defines a functor expn : Comp→ Comp, which assigns to each topological space X the

hyperspace expX, and to each continuous map f : X → Y the continuous map exp f : expX → expY .
Let X be a compact Hausdorff space. Consider the mapping

πn : X
n → expnX

that assigns to each point x = (x1, x2, . . . , xn) ∈ Xn the set of its coordinates {x1, x2, . . . , xn}.
Then πn is a continuous mapping of the compact space Xn onto the compact space expnX. Thus,

the hypersymmetric n power of the compact space X is the quotient space of its n power with respect
to the partition generated by the following equivalence relation: points x, y ∈ Xn are equivalent if
they have the same set of coordinates.

On the nth power Xn of the compact X, the permutation group Sn acts as the group of coordinate
permutations. The set of orbits of this action with the quotient topology is denoted by SP nX.
Consider the quotient mapping

πsn : X
n → SP nX

that associates to each point x = (x1, x2, . . . , xn) ∈ Xn the orbit of this point. Thus, the points of the
space SP nX are finite subsets (equivalence classes) of the product Xn.

In this setting, two points (x1, x2, . . . , xn) and (y1, y2, . . . , yn) are considered equivalent if there exists
a permutation σ ∈ Sn such that yi = xσ(i) for all i = 1, 2, . . . , n [13].

The space SP nX is called the n symmetric power of the space X. Equivalence relations by which
the spaces SP nX and expnX are obtained from Xn are called symmetric and hypersymmetric equiv-
alence relations, respectively. Any two points that are symmetrically equivalent in Xn will also be
hypersymmetrically equivalent. However, in general, the converse does not hold. For example, for dis-
tinct elements x, y ∈ X such that x ̸= y, the points (x, x, y) and (x, y, y) ∈ X3 are hypersymmetrically
equivalent but not symmetrically equivalent [7].

Let f : X → Y be a continuous mapping between compact Hausdorf spaces X and Y . For the
equivalence class [(x1, x2, . . . , xn)] ∈ SP nX, put

(SP nf)([(x1, x2, . . . , xn)]) = [(f(x1), f(x2), . . . , f(xn))].

This defines a mapping
SP nf : SP nX → SP nY.

It is easy to verify that the operation SP n constructed in this way is a covariant functor in the
category Comp of compact spaces and their continuous mappings [7].
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Definition 2.1. A mapping f : X → Y is called almost-open if, for each y ∈ Y , there exists an
element x ∈ f−1(y) such that for every open neighborhood U of x, the image f(U) is a neighborhood
of y (i.e. y ∈ Int(f(U))) [19, 9].

Example 2.2. The notions of almost-open and open maps differ essentially. Let X be the disjoint
union of the unit circle S1 and the interval (0, 1); for brevity write X = S1 ∪ (0, 1) with the disjoint-
union topology. Fix a point r ∈ S1 and define a map

f : X → S1, f(x) =

{
x, x ∈ S1,

r, x ∈ (0, 1).

The map f is continuous and almost-open. Indeed, let y ∈ S1. Choose the point x = y ∈ X (here x
is regarded as an element of the domain X, while y is the corresponding element of the range S1). For
every open neighborhood U ⊂ X of x, we have U ⊂ S1, so f(U) = U , which is an open neighborhood
of y in S1. Thus the condition of almost-openness is satisfied.

However, f is not an open map: the set (0, 1) ⊂ X is open, while f((0, 1)) = {r}, which is not open
in S1. Moreover, there exist open neighborhoods in X whose images are neighborhoods in S1 but not
open. For instance, take y0 ∈ S1 with y0 ̸= r, and let x0 = y0 ∈ X. Let V ⊂ S1 be an open arc
containing y0 but not r, and define U = V ∪ (0, 1) ⊂ X. Then U is an open neighborhood of x0 in X,
while

f(U) = V ∪ {r}.
This set is a neighborhood of y0 in S1 (since it contains the open arc V ), but it is not open because of
the isolated point r. Hence an almost-open map may send an open neighborhood of a preimage point
to a neighborhood of the image point without that image being open.

Definition 2.3. A mapping f is called pseudo-open if for each y ∈ Y and each open neighborhood U
of f−1(y) in X , f(U) is a neighborhood of y in Y [6, 19].

Definition 2.4. A mapping f is called a 1-sequence-covering mapping if for each y ∈ Y there exists
x ∈ f−1(y), such that whenever {yn} is a sequence converging to y in Y , there exists a sequence {xn}
converging to x in X with each xn ∈ f−1(yn) [6, 19].

Definition 2.5. A mapping f is called a sequence-covering mapping if whenever {yn} is a convergent
sequence in Y , there exists a convergent sequence {xn} in X with each xn ∈ f−1(yn) [6, 19].

Definition 2.6. A covariant functor F : Comp→ Comp acting in the category of compact Hausdorff
spaces and their continuous mappings, is called normal [18], if it

1) preserves the weight;
2) preserves singletons and empty set;
3) monomorphic (preserves embeddings);
4) epimorphic (preserves surjections);
5) preserves intersections of closed subsets;
6) preserves inverse images;
7) is continuous with respect to inverse limits.

Note that the functors exp and SP n are normal.

3. Main results

For subsets M1,M2, . . . ,Mn of a space X define:

[(M1,M2, . . . ,Mn)] =
{
[(x1, x2, . . . , xn)] ∈ SP nX : ∃σ ∈ Sn, xσ(i) ∈Mi, i = 1, . . . , n

}
⊂ SP nX.

Lemma 3.1. For open sets U1, U2, . . . , Un ⊂ X the set [(U1, U2, . . . , Un)] is also open in SP nX.

Proof. By the construction of the set SP nX, for the quotient map πsn : X
n → SP nX we have the

equality

(πsn)
−1([(U1, U2, . . . , Un)]) =

⋃
g∈Sn

Ug(1) × Ug(2) × · · · × Ug(n).
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Therefore, the set (πsn)
−1([(U1, U2, . . . , Un)]) is open in Xn as the union of n! number of open sets in

the form Ug(1) ×Ug(2) × · · · ×Ug(n). Consequently, the set [(U1, U2, . . . , Un)] is open in SP nX. Lemma
3.1 is proved. □

Lemma 3.2. For every sequence of subsets A1, A2, . . . An ⊂ X we have

[(IntA1, IntA2, . . . IntAn)] ⊂ Int [(A1, A2, . . . An)]

Proof. Get an arbitrary element [(x1, x2, . . . , xn)] ∈ [(IntA1, IntA2, . . . IntAn)]. Then there exists
g ∈ Sn such that xi ∈ IntAg(i) for every i = 1, . . . , n. This means that there are open sets U1, U2, . . . , Un
such that xi ∈ Ui ⊂ IntAg(i) for every i = 1, . . . , n. Therefore, we obtain [(x1, x2, . . . , xn)] ∈
[(U1, U2, . . . , Un)]. Note that by Lemma 3.1 the set [(U1, U2, . . . , Un)] is an open neighborhood of
the point [(x1, x2, . . . , xn)] in the space SP nX. Now for an arbitrary element [(y1, y2, . . . , yn)] ∈
[(U1, U2, . . . , Un)] there exists g′ ∈ Sn with yi ∈ Ug′(i) for every i = 1, . . . , n. Since Ui ⊂ IntAg(i),
we have yi ∈ Ag(g′(i)) = A(gg′)(i). Consequently, [(y1, y2, . . . , yn)] ∈ [(A1, A2, . . . , An)]. By the ar-
bitrariness of the choice of the element [(y1, y2, . . . , yn)], we obtain the relation [(U1, U2, . . . , Un)] ⊂
[(A1, A2, . . . , An)]. This implies [(IntA1, IntA2, . . . IntAn)] ⊂ Int [(A1, A2, . . . An)]. Lemma 3.2 is
proved.

□

Proposition 3.3. The collection of all sets in the form [(U1, U2, . . . , Un)], where U1, U2, . . . , Un are
open subsets in X, generates a base in SP nX.

Proof. It is clear that SP nX = [X]. For two elements [(U1, U2, . . . , Un)], [(V1, V2, . . . , Vn)] ∈ SP nX
with

[(U1, U2, . . . , Un)] ∩ [(V1, V2, . . . , Vn)] ̸= ∅,

consider any element

[(x1, x2, . . . , xn)] ∈ [(U1, U2, . . . , Un)] ∩ [(V1, V2, . . . , Vn)].

Then there exist g1, g2 ∈ Sn such that xi ∈ Ug1(i)∩Vg2(i) for each i = 1, . . . , n. Put Wi = Ui∩V(g−1
1 g2)(i)

(Note that for each i = 1, . . . , n we have Ui ∩ V(g−1
1 g2)(i)

̸= ∅, since xi ∈ Ug1(i) ∩ Vg2(i)). Let us take an

arbitrary element [(y1, y2, . . . , yn)] ∈ [(W1,W2, . . . ,Wn)]. Then there exists g ∈ Sn such that yi ∈Wg(i)

for each i = 1, . . . , n. Taking into account that yi ∈ Ug(i) ∩ V(g−1
1 g2)(i)

we obtain

[(y1, y2, . . . , yn)] ∈ [(U1, U2, . . . , Un)] ∩ [(V1, V2, . . . , Vn)].

As a result, we have

[(W1,W2, . . . ,Wn)] ⊂ [(U1, U2, . . . , Un)] ∩ [(V1, V2, . . . , Vn)].

Proposition 3.3 is proved □

Theorem 3.4. Let f : X → Y be an almost-open mapping. Then the induced map

SP nf : SP nX → SP nY

is also almost-open for every n ∈ N.

Proof. Get an arbitrary element [(y1, y2, . . . , yn)] ∈ SP nY . Since f : X → Y is an almost-open map-
ping, for each yi there is xi such that f(U) is an neighborhood of yi for every open neighborhood U
of xi (i.e. yi ∈ Int(f(U))). In this case, we have

[(x1, x2, . . . , xn)] ∈ (SP nf)−1([(y1, y2, . . . , yn)]). (3.1)
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By Proposition 3.3, without loss of generality, we can choose an arbitrary neighborhood of the point
[(x1, x2, . . . , xn)] ∈ SP nX in the form [(U1, U2, . . . , Un)], where U1, U2, . . . , Un are open neighborhoods
of points x1, x2, . . . , xn, respectively. Clearly, we have

[(y1, y2, . . . , yn)] ∈ (SP nf)([(U1, U2, . . . , Un)]).

Further, using Lemma 3.2 we obtain the following relations:

[(Int f(U1), Int f(U2), . . . , Int f(Un))] ⊂ Int [(f(U1), f(U2), . . . , f(Un))] ⊂

⊂ [(f(U1), f(U2), . . . , f(Un))] = (SP n(f))([(U1, U2, . . . , Un)]).

On the other hand, for each i = 1, 2, . . . , n we have yi ∈ Int(f(Ui)). Consequently,

[(y1, y2, . . . , yn)] ∈ [(Int(f(U1)), Int(f(U2)), . . . , Int(f(Un)))].

Therefore, we obtain [(y1, y2, . . . , yn)] ∈ Int(SP nf([(U1, U2, . . . , Un)])). The last relation means that
the mapping SP nf : SP nX → SP nY is almost-open. Theorem 3.4 is proved. □

Theorem 3.5. Let f : X → Y be a pseudo-open mapping. Then the induced map

SP nf : SP nX → SP nY

is also pseudo-open for every n ∈ N.

Proof. Let [(y1, . . . , yn)] ∈ SP nY be arbitrary and put

A := (SP nf)−1
(
[(y1, . . . , yn)]

)
⊂ SP nX.

By Proposition 3.3, we can choose open sets

U1, . . . , Un ⊂ X

such that each Ui is an open neighborhood of the fiber f−1(yi) in X, and

[(U1, . . . , Un)]

is a neighborhood of some point of A in SP nX. Since f is pseudo-open, for each i = 1, . . . , n we have

yi ∈ Int(f(Ui)).

Now consider the image of [(U1, . . . , Un)] under SP
nf . As in the proof of Theorem 3.4,

(SP nf)([(U1, . . . , Un)]) = [(f(U1), . . . , f(Un))].

By Lemma 3.2,
[(Int f(U1), . . . , Int f(Un))] ⊆ Int[(f(U1), . . . , f(Un))].

Since yi ∈ Int(f(Ui)) for each i, it follows that

[(y1, . . . , yn)] ∈ [(Int f(U1), . . . , Int f(Un))].

Therefore,
[(y1, . . . , yn)] ∈ Int

(
(SP nf)([(U1, . . . , Un)])

)
.

Thus every neighborhood in SP nX of a point of (SP nf)−1([(y1, . . . , yn)]) is mapped by SP nf to a
neighborhood of [(y1, . . . , yn)]. Hence SP

nf is pseudo-open. □

Theorem 3.6. Let f : X → Y be an almost-open and surjective mapping. Then the induced map

expn f : expnX → expn Y

is also almost-open for every n ∈ N.
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Proof. Assume that f : X → Y is almost-open and surjective. Let F = {y1, y2, . . . , yn} ∈ expn Y be
arbitrary.

Since expn is a normal functor in the category of compact spaces, the induced map expn f is also
surjective. We will show that expn f is almost-open.

By the definition of almost-openness, for each yi ∈ F , there exists a point xi ∈ f−1(yi) such that
for every open neighborhood Ui of xi, the image f(Ui) is a neighborhood of yi. Let us define the finite
set

C = {x1, x2, . . . , xn} ∈ expnX.

Clearly, (expn f)(C) = f(C) = {f(x1), . . . , f(xn)} = F , so C ∈ (expn f)
−1(F ).

Now let ⟨U1, U2, . . . , Un⟩ be a basic open neighborhood of C in expnX, where each Ui is an open
neighborhood of xi in X.

We want to show that
F ∈ Int ((expn f) (⟨U1, U2, . . . , Un⟩)) .

First, observe that by the properties of the functor expn,

(expn f) (⟨U1, U2, . . . , Un⟩) = ⟨f(U1), f(U2), . . . , f(Un)⟩.

According to Lemma 2.3 in [16], we have:

⟨Int(f(U1)), Int(f(U2)), . . . , Int(f(Un))⟩ ⊂ ⟨f(U1), f(U2), . . . , f(Un)⟩,

and this inclusion holds within expn Y , where the left-hand side is an open set.
Therefore,

⟨Int(f(U1)), . . . , Int(f(Un))⟩ ⊂ Int (⟨f(U1), . . . , f(Un)⟩) .
Since yi ∈ Int(f(Ui)) for each i = 1, . . . , n, we conclude that

F = {y1, . . . , yn} ∈ ⟨Int(f(U1)), . . . , Int(f(Un))⟩ ⊂ Int ((expn f)(⟨U1, . . . , Un⟩)) .

Hence, expn f is almost-open. □

Theorem 3.7. Let f : X → Y be a pseudo-open and surjective mapping. Then the induced mapping

expn f : expnX → expn Y

is pseudo-open for every n ∈ N.

Proof. Let f : X → Y be pseudo-open and surjective. Take an arbitrary element F = {y1, y2, . . . , yn} ∈
expn Y .

Since expn is a normal functor in the category of compact spaces, the induced map expn f is
surjective as well. We will show that expn f is pseudo-open.

By the definition of pseudo-openness, for each yi ∈ F , there exists a point xji ∈ f−1(yi), indexed by
j ∈ A, such that for every open neighborhood Ui of x

j
i , the image f(Ui) is a neighborhood of yi. Here

the index j ∈ A is used to distinguish different possible choices of preimages of yi, since in general the
fiber f−1(yi) may contain more than one element.

Fix such a collection of points {xj1, x
j
2, . . . , x

j
n} ⊂ X and define

Cj = {xj1, x
j
2, . . . , x

j
n} ∈ expnX.

Clearly, expn f(C
j) = f(Cj) = {f(xj1), . . . , f(xjn)} = F , so Cj ∈ (expn f)

−1(F ).
Let ⟨U1, U2, . . . , Un⟩ be a basic open neighborhood of Cj in expnX, where each Ui is an open

neighborhood of xji . We want to prove that

F ∈ Int ((expn f)(⟨U1, U2, . . . , Un⟩)) .

Using the properties of the expn functor, we have

(expn f)(⟨U1, U2, . . . , Un⟩) = ⟨f(U1), f(U2), . . . , f(Un)⟩. (3.2)
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By Lemma 2.3 in [16], the following inclusion holds:

⟨Int(f(U1)), Int(f(U2)), . . . , Int(f(Un))⟩ ⊂ ⟨f(U1), f(U2), . . . , f(Un)⟩,

and this set is open in expn Y . Moreover, since yi ∈ Int(f(Ui)) for each i = 1, . . . , n, it follows that

F = {y1, . . . , yn} ∈ ⟨Int(f(U1)), . . . , Int(f(Un))⟩.

Therefore, by (3.2), we conclude that

F ∈ Int (⟨f(U1), f(U2), . . . , f(Un)⟩) = Int ((expn f)(⟨U1, . . . , Un⟩)) .

Hence, expn f is pseudo-open. □

Theorem 3.8. Let f : X → Y be an almost-open surjective mapping between compact spaces X and
Y . Then the induced mapping exp f : expX → expY is also almost-open.

Proof. Take an arbitrary point E ∈ expY . Since f is surjective, the preimage F = f−1(E) ∈ expX
we have F ∈ (exp f)−1(E).

Consider an arbitrary open neighborhood O = ⟨U1, . . . , Un⟩ of F in expX, where each Ui is an open
subset of X. Then:

F ∩ Ui ̸= ∅ for each i = 1, 2, . . . , n,

and

F ⊂
n⋃
i=1

Ui.

This implies:

E ∩ f(Ui) ̸= ∅ for each i, and E ⊂
n⋃
i=1

f(Ui).

Thus,
E ∈ ⟨f(U1), . . . , f(Un)⟩.

We now show that E ∈ ⟨Int f(U1), . . . , Int f(Un)⟩ ⊂ ⟨f(U1), . . . , f(Un)⟩. Let us define Fi = F ∩ Ui.
Then:

n⋃
i=1

Fi = F ∩
(

n⋃
i=1

Ui

)
= F.

Set Ei = f(Fi). Then:
n⋃
i=1

Ei = f

(
n⋃
i=1

Fi

)
= f(F ) = E.

Now take an arbitrary y ∈ E. Then y ∈ Ei for some i, so there exists xy ∈ Fi ⊂ Ui with f(xy) = y.
Since f is almost-open we clearly have y ∈ Int f(Ui).

Thus:

E ⊂
n⋃
i=1

Int f(Ui). (3.3)

Moreover, for each j = 1, 2, . . . , n, there exists x ∈ Fj = F ∩ Uj such that f(x) ∈ Int f(Uj). Hence:

E ∩ Int f(Uj) ̸= ∅. (3.4)

From (3.3), (3.4) and Lemma 2.3.1 in [16], we conclude that

E ∈ ⟨Int f(U1), . . . , Int f(Un)⟩ ⊂ Int⟨f(U1), . . . , f(Un)⟩.

Therefore, E ∈ Int⟨f(U1), . . . , f(Un)⟩, and so exp f is almost-open. □
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Theorem 3.9. Let f : X → Y be a pseudo-open and surjective mapping between compact spaces.
Then the induced mapping exp f : expX → expY is also pseudo-open.

Proof. Take an arbitrary E ∈ expY . Clearly, F = f−1(E) ∈ expX. For any F , consider an arbitrary

neighborhood O⟨U1, ..., Un⟩. We have F ∩ Ui ̸= ∅ for each i = 1, 2, ..., n and F ⊂
n⋃
i=1

Ui. This implies

E ∩ f(Ui) ̸= ∅ for each i , and E ⊂
n⋃
i=1

f(Ui). Hence, E ∈ O⟨f(U1), ..., f(Un)⟩.
Now we need to show pseudo-openness. For any y ∈ E, since f is pseudo-open, there exists

xy ∈ f−1(y) such that y ∈ Int(f(Ui)) because xy ∈ F ∩ Ui. Therefore,

E ⊂
n⋃
i=1

Int(f(Ui)).

Moreover, for each j = 1, 2, ..., n, we have E ∩ Int(f(Uj)) ̸= ∅. Consequently, E lies inside a
pseudo-open neighborhood.

Thus, exp f : expX → expY is pseudo-open. □

Theorem 3.10. Let f : X → Y be an 1-sequence-covering mapping . Then the induced map expn f :
expnX → expn Y is also 1-sequence-covering.

Proof. Let F ∈ expn Y and let (Fk) be a sequence in expn Y converging to F . We aim to find a
sequence (Ck) in expnX converging to some C ∈ expnX such that

(expn f)(Ck) = Fk for all k, and (expn f)(C) = F.

Write
Fk = {y(k)1 , y

(k)
2 , . . . , y(k)n }, F = {y1, y2, . . . , yn}.

Since convergence in expn Y implies that for each i = 1, . . . , n, the sequences (y
(k)
i ) converge to yi in Y

(possibly after reindexing or relabeling elements if necessary), we can apply the 1-sequence-covering

property of f individually to each sequence (y
(k)
i ).

Thus, for each i, there exists a sequence (x
(k)
i ) in X and a point xi ∈ f−1(yi) such that:

x
(k)
i → xi in X, and f(x

(k)
i ) = y

(k)
i for all k.

Now define
Ck = {x(k)

1 , x
(k)
2 , . . . , x(k)

n }, C = {x1, x2, . . . , xn}.
Then Ck → C in expnX because each coordinate sequence converges, (expn f)(Ck) = Fk for all k,
and (expn f)(C) = F .

Therefore, expn f is 1-sequence-covering. □

Theorem 3.11. Let f : X → Y be a sequence-covering mapping . Then the induced map
expn f : expnX → expn Y is also sequence-covering.

Proof. Let (Fk) be a sequence in expn Y converging to F , where

Fk = {y(k)1 , y
(k)
2 , . . . , y(k)n }, F = {y1, y2, . . . , yn}.

By the definition of convergence in expn Y , for each i = 1, . . . , n, the sequences (y
(k)
i ) converge to yi

in Y .
Since f is sequence-covering, for each i there exists a sequence (x

(k)
i ) in X and a point xi ∈ X such

that:
x
(k)
i → xi in X, f(x

(k)
i ) = y

(k)
i for all k, and f(xi) = yi.

Define
Ck = {x(k)

1 , x
(k)
2 , . . . , x(k)

n }, C = {x1, x2, . . . , xn}.
Then Ck → C in expnX since each x

(k)
i → xi, (expn f)(Ck) = Fk for all k, and (expn f)(C) = F .

Thus, expn f is a sequence-covering mapping. □
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