132 Mamadaliyev N., Toshbuvayev B.

Uzbek Mathematical Journal

2026, Volume 70, Issue 1, pp.

DOI: 10.29229 /uzmj.2026-1-14

On the impact of the exponential functor on some types of
continuous mappings

Mamadaliyev N., Toshbuvayev B.

Abstract. This paper investigates the influence of the symmetric product functor SP™ and the ex-
ponential functor exp on certain types of continuous mappings, focusing specifically on almost-open
and pseudo-open mappings. The primary objective is to analyze how functors SP™ and exp interact
with these mappings and alter their topological properties. Through the study, several key lemmas
have been proven, providing insights into the behavior of the SP™-induced mappings. Notably, it is
demonstrated that for open sets Uy, Us,...,U, C X, the set [U,U,,...,U,] retains its openness in
SP"X. These findings contribute to a deeper understanding of the topological implications of apply-
ing the SP™ functor on continuous mappings, offering new perspectives on its effect on almost-open
and pseudo-open transformations.
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1. INTRODUCTION

The study of continuous mappings and their interactions with topological structures is a funda-
mental aspect of topology. Continuous mappings encode essential relationships between spaces, and
understanding how their properties change under various transformations is a central problem. Func-
tors such as the symmetric product functor SP™ and the exponential functor exp, play a significant
role in this context. These functors construct new spaces from given ones and induce corresponding
mappings, providing a framework to analyze the preservation or alteration of topological properties.

In classical topology, concepts like openness, continuity, and compactness serve as cornerstones for
understanding the behavior of mappings and spaces. Among these, almost-open and pseudo-open
mappings are essential generalizations of open mappings that retain specific weaker properties. For
instance, Michael’s work on pseudo-open mappings |1] provides a foundational basis for analyzing
mappings that are not strictly open but still preserve significant topological information.

The symmetric product functor SP", introduced and studied in depth by Dold [2], constructs the
space of unordered n-tuples of points from a topological space X, equipped with a natural topology
derived from X. On the other hand, the exponential functor exp,,, closely associated with the Vi-
etoris topology [3), |4], represents the space of non-empty closed subsets of X with at most n points.
These constructions preserve certain topological structures of X while introducing new geometric and
combinatorial features.

The purpose of this paper is to investigate how the functors SP™ and exp,, influence almost-open
and pseudo-open mappings [5]. Key results presented here extend previous work by Arhangel’skii
[6], Fedorchuk and Filippov [7], and Nagata [8] on general mappings, as well as Lin’s studies on
point-countable covers [9]. For example, we show that:

e For the symmetric product functor SP™, the mapping SP"f: SP"X — SP"Y is almost-
open (Theorem [3.4) and pseudo-open (Theorem whenever f: X — Y is almost-open or
pseudo-open, respectively.

e For the exponential functor exp,: Comp — Comp, the mapping retains these properties
(Theorems [3.6| and [3.7)).

By establishing these results, we contribute to a broader understanding of functorial transformations
in topology and their implications for continuous mappings. This research builds upon earlier works
in the field [10, |11}, 12, |13} |14} [15, |16} [17] and opens avenues for further exploration of functorial
interactions in generalized topological settings.
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2. PRELIMINARIES

Let X be a topological Tj-space. The set of all non-empty closed subsets of a topological space X
is denoted by exp X. The family of all sets of the form

o, ...,.U,) = {F: FeexpX, FC Lj U, FOU; #0, i=1, 2, ,n}
i=1

where Uy, ..., U, are open subsets of X, generates a base of the topology on the set exp X. This topology

is called the Vietoris topology. The set exp X with the Vietoris topology is called exponential space

or the hyperspace of a space X [18]. Note that the space exp X is compact for any compact space X.
Define the following subspaces of exp X:

exp, X = {F €exp X : |F| <n},

and
exp, X = U{exan n=1,2,...}.

Let f: X — Y be a continuous mapping between topological spaces. For a nonempty closed subset

C C X, define
(exp f)(C) = f(O). (1)

Then exp f : exp X — expY is well-defined and continuous.
Equality (1) defines a functor exp,,: Comp — Comp, which assigns to each topological space X the
hyperspace exp X, and to each continuous map f : X — Y the continuous map exp f : exp X — exp Y.
Let X be a compact Hausdorff space. Consider the mapping

Tt X" — exp,, X

that assigns to each point z = (x1,xs,...,x,) € X" the set of its coordinates {x;, zs,...,z,}.

Then 7, is a continuous mapping of the compact space X” onto the compact space exp,, X. Thus,
the hypersymmetric n power of the compact space X is the quotient space of its n power with respect
to the partition generated by the following equivalence relation: points z,y € X" are equivalent if
they have the same set of coordinates.

On the n'* power X" of the compact X, the permutation group S™ acts as the group of coordinate
permutations. The set of orbits of this action with the quotient topology is denoted by SP"X.
Consider the quotient mapping

7 X" — SP'X

that associates to each point z = (z1, s, ...,z,) € X" the orbit of this point. Thus, the points of the
space SP™X are finite subsets (equivalence classes) of the product X".

In this setting, two points (z1, s, ..., %,) and (y1,ys, . . . , Y, ) are considered equivalent if there exists
a permutation o € S™ such that y; =z, for all i =1,2,...,n [13].

The space SP"X is called the n symmetric power of the space X. Equivalence relations by which
the spaces SP"X and exp,, X are obtained from X" are called symmetric and hypersymmetric equiv-
alence relations, respectively. Any two points that are symmetrically equivalent in X™ will also be
hypersymmetrically equivalent. However, in general, the converse does not hold. For example, for dis-
tinct elements z,y € X such that = # y, the points (z,z,y) and (z,y,y) € X? are hypersymmetrically
equivalent but not symmetrically equivalent [7].

Let f: X — Y be a continuous mapping between compact Hausdorf spaces X and Y. For the
equivalence class [(z1,Za,...,2,)] € SP"X, put

(SP"f)([(z1, 22, z0)]) = [(f(21), f(@2), -, f(@0))]-
This defines a mapping
SP"f.: SP"X — SP"Y.

It is easy to verify that the operation SP™ constructed in this way is a covariant functor in the
category Comp of compact spaces and their continuous mappings [7].
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Definition 2.1. A mapping f: X — Y is called almost-open if, for each y € Y, there exists an
element z € f~!(y) such that for every open neighborhood U of z, the image f(U) is a neighborhood
of y (ie. y € Int(f(U))) [19, 9.

Example 2.2. The notions of almost-open and open maps differ essentially. Let X be the disjoint
union of the unit circle S* and the interval (0,1); for brevity write X = S* U (0, 1) with the disjoint-
union topology. Fix a point r € S' and define a map

FiX oS i) x, x €St
X = =
’ ! r, x€(0,1).

The map f is continuous and almost-open. Indeed, let y € S*. Choose the point x =y € X (here z
is regarded as an element of the domain X, while y is the corresponding element of the range S*). For
every open neighborhood U C X of z, we have U C S*, so f(U) = U, which is an open neighborhood
of y in S'. Thus the condition of almost-openness is satisfied.

However, f is not an open map: the set (0,1) C X is open, while f((0,1)) = {r}, which is not open
in S1. Moreover, there exist open neighborhoods in X whose images are neighborhoods in S* but not
open. For instance, take y, € S* with yy # r, and let 2y = 3y, € X. Let V C S! be an open arc
containing yo but not r, and define U = V' U (0,1) C X. Then U is an open neighborhood of x4 in X,
while

fU)=vu{r}.
This set is a neighborhood of y, in S* (since it contains the open arc V'), but it is not open because of

the isolated point . Hence an almost-open map may send an open neighborhood of a preimage point
to a neighborhood of the image point without that image being open.

Definition 2.3. A mapping f is called pseudo-open if for each y € Y and each open neighborhood U
of f~'(y) in X , f(U) is a neighborhood of y in Y [6} |19].

Definition 2.4. A mapping f is called a 1-sequence-covering mapping if for each y € Y there exists
x € f~1(y), such that whenever {y,} is a sequence converging to y in Y, there exists a sequence {z,,}
converging to x in X with each z,, € f~*(y,) (6} [19].

Definition 2.5. A mapping f is called a sequence-covering mapping if whenever {y,} is a convergent
sequence in Y, there exists a convergent sequence {z,} in X with each z, € f~*(y,) [6} [19).

Definition 2.6. A covariant functor F': Comp — Comp acting in the category of compact Hausdorff
spaces and their continuous mappings, is called normal [1§], if it
1) preserves the weight;
2) preserves singletons and empty set;
monomorphic (preserves embeddings);
epimorphic (preserves surjections);
preserves intersections of closed subsets;
preserves inverse images;
is continuous with respect to inverse limits.

3
4
5
6

7

Note that the functors exp and SP™ are normal.

~— —

3. MAIN RESULTS
For subsets My, Ms, ..., M, of a space X define:

[<M17M27. 7Mn)] = {[(I’l,mQ,. . .,.Tn)] e SP"X :do € S",a:a(,;) € M“Z = 1, 777/} C SP"X.
Lemma 3.1. For open sets Uy, Us,..., U, C X the set [(Uy,U,,...,U,)] is also open in SP"X.

Proof. By the construction of the set SP"X, for the quotient map 7 : X" — SP"X we have the
equality
(m3) (U, Usy o UDD) = | Ugry X Uyay x -+ X Uy

geS™
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Therefore, the set (%)~ ([(Uy,Us,...,U,)]) is open in X™ as the union of n! number of open sets in
the form Uyy x Uyy X - - X Uy(ny. Consequently, the set [(Uy,Us,...,U,)| is open in SP"X. Lemma
[3:1]is proved. O

Lemma 3.2. For every sequence of subsets Ay, Ay, ... A, C X we have

Proof. Get an arbitrary element [(x1,22,...,2,)] € [(IntA;, IntAs,...IntA,)]. Then there exists
g € S"such that x; € IntA,;) for every i = 1,...,n. This means that there are open sets Uy, Us, ..., U,
such that z; € U; C IntAyy for every i = 1,...,n. Therefore, we obtain [(x1,Z2,...,2,)] €
[(U1,Us,...,U,)]. Note that by Lemma the set [(Uy,Us,...,U,)] is an open neighborhood of
the point [(z1,%2,...,2,)] in the space SP"X. Now for an arbitrary element [(y1,¥2,...,Yn)] €
[(Uy,Us,...,U,)| there exists ¢’ € S,, with y; € Uy, for every i = 1,...,n. Since U; C IntAy),
we have y; € Ay = Awgyw)- Consequently, [(yi,Y2,...,yn)] € [(A1,As,...,A,)]. By the ar-
bitrariness of the choice of the element [(yi,ys,.-.,¥y,)], we obtain the relation [(U,Us,...,U,)] C
[(A1, As,..., A,)]. This implies [(IntA;, IntAs,...IntA,)] C Int[(A;, As,...A,)]. Lemma is
proved.

U

Proposition 3.3. The collection of all sets in the form [(Uy,Us,...,U,)|, where Uy, Us,...,U, are
open subsets in X, generates a base in SP"X.

Proof. Tt is clear that SP"X = [X]. For two elements [(Uy,Us,,...,U,)|,[(V1,Va,...,V,)] € SP"X
with

[(Ula U27 sey Un)] N [(‘/17‘/27 L) Vn)] 7é ®7
consider any element
[(xlaw% s 7xn>] S [(Ula U27 sy Un)] N [(‘/17 V’Qa R ‘/;L)]

Then there exist g;, g, € S™ such that x; € Uy, ;) NV, foreach i =1,...,n. Put W; = UiﬂV(gflgz)(i)
(Note that for each i =1,...,n we have U; N V-1 .y # 0, since 2; € Uy, ;) N Vi, ). Let us take an

arbitrary element [(y1,%2,...,¥s)] € [(W1, Wa, ..., W,)]. Then there exists g € S™ such that y; € Wy,
for each ¢ = 1,...,n. Taking into account that y; € Uy N ‘/(gl—lgz)(i) we obtain

(1,92 -+ yn)] € (U1, Usy o, UR) OV [(VE, Ve Vi)
As a result, we have
(Wi, Wa,...,W,)] C [(Uy,Us, ..., U] N [(Vi, Va, ..., Vi)
Proposition [3.3] is proved O
Theorem 3.4. Let f: X — Y be an almost-open mapping. Then the induced map
SP"f: SP"X — SP"Y
is also almost-open for every n € N.
Proof. Get an arbitrary element [(y1,¥y2,...,¥,)] € SP™Y. Since f: X — Y is an almost-open map-

ping, for each y; there is z; such that f(U) is an neighborhood of y; for every open neighborhood U
of z; (i.e. y; € Int(f(U))). In this case, we have

[(xlvx% s 7xn)] € (Spnf)_l([(yla Yo, ayn)]) (3'1)
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By Proposition [3.3] without loss of generality, we can choose an arbitrary neighborhood of the point
(1, 29,...,2,)] € SP"X in the form [(U,Us,...,U,)|, where Uy, Us,, ..., U, are open neighborhoods
of points x1, xs, ..., x,, respectively. Clearly, we have

[(ylny, s 7yn)] € (SPnf)([(Ul, U27 AR Un)])
Further, using Lemma [3.2] we obtain the following relations:
[(Int f(Ul)a Int f(UZ)a cee 7Int f(Un))] - Int [(f(U1)7 f(UQ)v AR f(Un))] C

C(f(U), f(U2), ..., f(U))] = (SP"(/)([(U1, Uz, ..., Un)]).
On the other hand, for each i = 1,2,...,n we have y; € Int(f(U;)). Consequently,

[((Y1s Y25+ Yn)] € [(Int(f(UL)), Int(f(Uz)), ..., Int(f(Un))))-

Therefore, we obtain [(yi, Y2, ..., yn)] € Int(SP"f([(U1,Us,...,U,)])). The last relation means that
the mapping SP"f: SP"X — SP"Y is almost-open. Theorem [3.4] is proved. O

Theorem 3.5. Let f: X — Y be a pseudo-open mapping. Then the induced map
SP"f: SP"X — SP"Y
1s also pseudo-open for every n € N.
Proof. Let [(y1,--.,yn)] € SP™Y be arbitrary and put
A= (SP"H) 7 ([, wn)]) © SPIX.

By Proposition we can choose open sets

Uy,....U, CX
such that each U; is an open neighborhood of the fiber f~*(y;) in X, and

[(Uy,...,U,)]

is a neighborhood of some point of A in SP"X. Since f is pseudo-open, for each i = 1,...,n we have

yi € Int(f(Us)).

Now consider the image of [(Uy,...,U,)] under SP"f. As in the proof of Theorem
(SPN)([U, -, Un)]) = [(f(Uh), - -+, F(U))]-

By Lemma [3.2]
(It F(T), .., Tt F(U))] € Tntl(F(TR), . F(U))].

Since y; € Int(f(U;)) for each i, it follows that
(Y1, -5 9n)] € [(Int f(TU1),...,Int f(U,))].

Therefore,
[(y1, - ya)] € Int ((SP" )([(Un, ..., Un))))-

Thus every neighborhood in SP"X of a point of (SP"f)~*([(y1,-..,¥yn)]) is mapped by SP"f to a
neighborhood of [(yi,...,y,)]. Hence SP"f is pseudo-open. O

Theorem 3.6. Let f: X — Y be an almost-open and surjective mapping. Then the induced map
exp,, f: exp, X —exp, Y

1$ also almost-open for every n € N.



On the impact of the exponential functor on some types of continuous mappings 137

Proof. Assume that f: X — Y is almost-open and surjective. Let F' = {y1,92,...,yn} € exp, Y be
arbitrary.

Since exp,, is a normal functor in the category of compact spaces, the induced map exp,, f is also
surjective. We will show that exp,, f is almost-open.

By the definition of almost-openness, for each y; € F, there exists a point x; € f~!(y;) such that
for every open neighborhood U; of z;, the image f(U;) is a neighborhood of y;. Let us define the finite
set

C ={x,29,...,2,} € exp, X.

Clearly, (exp,, f)(C) = f(C) = {f(21),.... f(za)} = F, s0 C € (exp, )" (F).
Now let (Uy,Us,...,U,) be a basic open neighborhood of C' in exp, X, where each U; is an open
neighborhood of x; in X.
We want to show that
F € Int (exp, f) (U1, Us, ..., U,)))

First, observe that by the properties of the functor exp,,,
(exp, f) (U1, Uz, ..., Un)) = (f(U1), f(U2), ..., f(Un))-

According to Lemma 2.3 in |16], we have:

(Int(f(U1)), Int(f(U2)), ..., Int(f(Un))) C (f(U1), f(U2), ..., f(Un)),

and this inclusion holds within exp,, Y, where the left-hand side is an open set.

Therefore,
(Int(f(U1)), -~ -, Int(f(U,))) € Int ((f(U1), ..., f(Un)))-
Since y; € Int(f(U;)) for each i = 1,...,n, we conclude that

F={y,...,yn} € (Int(f(Uy)),...,Int(f(U,))) C Int ((exp,, f)((Ui,...,Uy,))).

Hence, exp,, f is almost-open. O
Theorem 3.7. Let f: X — Y be a pseudo-open and surjective mapping. Then the induced mapping
exp, f: exp, X = exp, Y

is pseudo-open for every n € N.

Proof. Let f: X — Y be pseudo-open and surjective. Take an arbitrary element F' = {y1,y2,...,yn} €
exp, Y.

Since exp,, is a normal functor in the category of compact spaces, the induced map exp,, f is
surjective as well. We will show that exp,, f is pseudo-open.

By the definition of pseudo-openness, for each y; € F, there exists a point 27 € f~'(y;), indexed by
j € A, such that for every open neighborhood U; of #7, the image f(U;) is a neighborhood of y;. Here
the index j € A is used to distinguish different possible choices of preimages of y;, since in general the
fiber f~!(y;) may contain more than one element.

Fix such a collection of points {z,z},...,27} C X and define

CV ={zf,2},...,2)} € exp, X.

Clearly, exp,, f(C7) = f(C7) = {f(z]),..., f(z))} = F, so C7 € (exp,, f)"(F).
Let (Uy,Us,... ,4Un> be a basic open neighborhood of C7 in exp, X, where each U; is an open
neighborhood of 7. We want to prove that

F € Int ((exp,, f)((U1,Us, ..., U,))) .

Using the properties of the exp,, functor, we have

(exp,, f)((U1, Uz, ..., Up)) = (f(Uh), f(Uz), ..., f(Un))- (3.2)
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By Lemma 2.3 in [16], the following inclusion holds:
<Int(f(U1)>7 Int(f(U2))7 T 7Int(f(Un))> - <f(U1)7 f(U2)7 tet f(Un)>7

and this set is open in exp, Y. Moreover, since y; € Int(f(U;)) for each i = 1,...,n, it follows that

F={yy,....,yn} € (Int(f(Uy)),...,Int(f(U,)))-
Therefore, by , we conclude that

Felnt ((f(Uh), f(U2), ..., f(Un))) = Int ((exp,, f)((Us, ..., Un)))

Hence, exp,, f is pseudo-open. O

Theorem 3.8. Let f: X — Y be an almost-open surjective mapping between compact spaces X and
Y. Then the induced mapping exp f: exp X — expY 1is also almost-open.

Proof. Take an arbitrary point E € expY. Since f is surjective, the preimage F' = f~'(E) € exp X
we have F € (exp f)~'(E).
Consider an arbitrary open neighborhood O = (Uy,...,U,) of F in exp X, where each U; is an open
subset of X. Then:
FNU;#0 foreachi=1,2,...,n,

and

el
=1

This implies:
ENnf(U;)#0 foreachi, and E C U f(U).

Thus, i
E € <f(U1)7 R f(Un)>

We now show that £ € (Int f(U;),...,Int f(U,)) C (f(U1),...,f(U,)). Let us define F;, = F N U,.

Then:
UFr=Fn (UUZ) =F.
Set E; = f(F;). Then:
= r((1r) =5

Now take an arbitrary y € E. Then y € E; for some i, so there exists x,, € F; C U; with f(z,) = v.
Since f is almost-open we clearly have y € Int f(U;).
Thus:

Ec U Int £(U,). (3.3)
i=1
Moreover, for each j =1,2,...,n, there exists z € F; = F'NU; such that f(z) € Int f(U;). Hence:
EnInt f(U;) # 0. (3.4)
From (3.3), and Lemma 2.3.1 in [16], we conclude that
E € (Int f(Uy),...,Int f(U,)) C Int(f(U1),..., f(Uy,)).
Therefore, E € Int(f(U,),..., f(U,)), and so exp f is almost-open. O
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Theorem 3.9. Let f: X — Y be a pseudo-open and surjective mapping between compact spaces.
Then the induced mapping exp f: exp X — expY is also pseudo-open.

Proof. Take an arbitrary E € expY. Clearly, F = f~'(E) € exp X. For any F, consider an arbitrary
neighborhood O(Uy, ...,U,,). We have F N U; # () for each i = 1,2,....,n and F C |J U,. This implies
i=1

En f(U;) # 0 for each i , andECUf( ;). Hence, E € O(f(Uy), ..., f(U,)).
=1
Now we need to show pseudo-openness. For any y € FE, since f is pseudo-open, there exists

x, € f~(y) such that y € Int(f(U;)) because z, € F'NU,. Therefore,

EC UIHt(f(Ui)).
i=1
Moreover, for each j = 1,2,...,n, we have E N Int(f(U;)) # 0. Consequently, E lies inside a

pseudo-open neighborhood.
Thus, exp f : exp X — expY is pseudo-open. |

Theorem 3.10. Let f: X =Y be an 1-sequence-covering mapping . Then the induced map exp,, f :
exp, X — exp, Y is also 1-sequence-covering.

Proof. Let F' € exp,Y and let (F)) be a sequence in exp, Y converging to F. We aim to find a
sequence (C%) in exp,, X converging to some C' € exp,, X such that

(exp,, f)(Ck) = F forall k, and (exp, f)(C)=F.

Write
Fk_{y )y2 a---vygk)} F:{yl,y%"'?yn}‘
Since convergence in exp,, Y implies that for each ¢ = 1,...,n, the sequences (yi(k)) converge to y; in Y

(possibly after reindexing or relabeling elements if necessary), we can apply the 1-sequence-covering
property of f individually to each sequence (yz( ))

Thus, for each i, there exists a sequence (x; (i )) in X and a point z; € f~!(y;) such that:
s Sz inX, and f@M)=y* forall k.

Now define
Cp= {2 2P}, O ={a1,20,. .. 2.}

Then Cy — C in exp, X because each coordinate sequence converges, (exp,, f)(Ci) = Fj, for all k,
and (exp,, f)(C) = F.
Therefore, exp,, f is 1-sequence-covering. O

Theorem 3.11. Let f: X — Y be a sequence-covering mapping . Then the induced map
exp, f: exp, X — exp, Y is also sequence-covering.

Proof. Let (F},) be a sequence in exp,, Y converging to F', where

F _{y 7y2 7"'7y7(1k)} F:{yl)y27"')yn}'
By the definition of convergence in exp,, Y, for each ¢ = 1,...,n, the sequences (ygk)) converge to y;

inY.
Since f is sequence-covering, for each i there exists a sequence (z; (k )) in X and a point x; € X such

that:

e

K2

sz, X, f@E)=y® forallk, and f(z;)=uy.
Define
Cp={z®, 2P, a®}, C = {21, 20,... 20}

Then C), — C in exp, X since each (¥ — (expn f)(Cy) = F}, for all k, and (exp,, f)(C) = F.
Thus, exp,, f is a sequence-covering mapping. a
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