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Abstract. The paper studies quasitraces on real C*-algebras, and AW*-completion of C*-subalgebras
with respect to the d.-metric generated by quasitrace 7. It is proved that the d,-closure of unital real
C*-subalgebra B of real C*-algebra R is the smallest real AW*-subalgebra of R containing B. To prove
this, it was necessary to obtain a key result concerning the maximal Abelian self-adjoint subalgebra
(masa), in connection with which Abelian algebras are studied separately. It is proved that for a
compact Hausdorff space X the algebra C,.(X) of all continuous real functions on X is a real abelian
AW*-algebra if and only if X is Stonean. Moreover, it has been proven that a unital real C*-algebra
is a real AW*-algebra if and only if every masa has Stonean spectrum, and this is equivalent to the
fact that every masa is monotone complete.
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1. INTRODUCTION

The theory of AW*-algebras, originally introduced by Kaplansky as a generalization of von Neumann
algebras without assuming a distinguished Hilbert space, continues to play an important role in the
study of non-commutative measure theory, projection lattices, and completions of C*-algebras. While
the complex case has been extensively developed over the past decades, the corresponding theory
for real C*-algebras and real AW*-algebras remains less explored, despite growing interest in real
structures in operator algebras, Jordan algebras, and applications in mathematical physics.

This paper is devoted to the study of quasitraces on real C*-algebras and to the description of
AW*-completions of real C*-subalgebras with respect to the metric d, induced by a quasitrace 7. The
central result establishes that, under suitable conditions, the d,-closure of a unital real C*-subalgebra
B inside a real C*-algebra R coincides with the smallest real AW*-subalgebra of R containing B.

A key step in proving this statement requires a detailed understanding of maximal abelian self-
adjoint subalgebras (masas) in the real setting. For this reason, the paper first investigates abelian
real C*-algebras and their AW*-properties.

It is shown that, for a compact Hausdorff space X, the algebra C,.(X) of all continuous real-valued
functions on X is a real abelian AW*-algebra if and only if X is Stonean (extremely disconnected).
Furthermore, a unital real C*-algebra is a real AW*-algebra if and only if every masa has Stonean
spectrum; this condition is in turn equivalent to every masa being monotone complete.

These characterizations closely parallel well-known results in the complex setting [1], but their
proofs in the real case require careful adaptation, often via the method of passing to the enveloping
complex C*-algebra R + iR and applying known complex results there.

The notion of quasitrace plays a crucial role throughout the work. We adopt the definition suit-
able for real C*-algebras and establish its close relationship with quasitraces on the complexification.
Building on this, we study normality of quasitraces (in the sense of additivity over orthogonal projec-
tions) and prove that if the closed unit ball is complete with respect to the d,-metric, then the algebra
is a real AW*-algebra and the quasitrace is normal.

Finally, combining these tools, we obtain the main theorem concerning the AW*-completion in the
real finite setting (when both R and its complexification are AW*-algebras), which provides a natural
real analogue of corresponding completion results in the complex theory |1} 2].

The proofs rely heavily on the enveloping complex algebra technique, together with results from |1,
2] and structural properties of real AW*-algebras developed in [3|, 4, 5. The proofs of basically all
the results were obtained by the so-called method of enveloping (complex) algebra. In this case, the
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results from the papers [1] and [2] were used, in which the above results were obtained in the complex
case.

1.1. Preliminaries. A Banach *-algebra A over a field C is called a C*-algebra if ||z*z| = ||z|?,
for any x € A. By a real C*-algebra we mean a real Banach *-algebra A such that the relation
|z*z|| = ||z||* holds and the element 1 + x*z is invertible for any z € A. Let A be a ring and S a
non-empty subset of A. Assume that R(S) = {z € A | sz =0 for all s € S} and call R(S) the right
annihilator of S. Similarly, L(S) = {x € A | s = 0 for all s € S} denotes the left annihilator of S.
A Baer *-ring is a ring A such that for every non-empty subset S of A, R(S) = gA for a suitable
projection g. The equality L(S) = ((R(S*)))* = ((hA))* = Ah (for some projection h) shows that
this definition can also be given through the left annihilator. AW*-algebra is a C*-algebra, which is
also a Baer *-ring.

Let A be a C*-algebra with identity and let A;, be its Hermitian part. A quasitrace T on A is a
function 7 : A — C satisfying the conditions:

(1) T(z*z) =T(xx*) >0, forall z € A;
(i1) T(a+ib) =7(a) + i7(b), for all a,b € Ay;
(73i) T is linear on any abelian C*-subalgebra B of A.
Definition 1.1. Let R be a unital real C*-algebra. A quasitrace T on R is a function 7 : R — R that
satisfies:
(") T(z*z) = 7(zz*) >0, for z € R;
(i7') T(a+0b) =7(a), for a € Ry, b € Ry, where R, = {b= —b*,b € R};
(#47") 7 is linear on any abelian C*-subalgebra B of R.
Theorem 1.2. [5] If T is a quasitrace on the C*-algebra A = R+ iR, then its restriction to the real
C*-algebra R, defined as 7(a +b) =7(a), a € Ry,,b € Ry, is a quasitrace on R.

Conversely, if T is a quasitrace on R, then its extension T to A = R+ iR, defined as T(x + iy) =
7(x) +i7(y), is a quasitrace on A, where z,y € R.

2. ABELIAN AND MONOTONE COMPLETE AW *-ALGEBRAS.

Proposition 2.1. Let R be a real AW*-algebra. Let Q C R be a *-subalgebra, and let Q' be the
relative commutant of Q, that is, Q' = {x € R: xy = yz,Vy € Q}.

(1) If @ = Q", then Q is a real AW*-subalgebra.
(2) The center Z(R) of R is a real AW*-subalgebra.

Proof. 1) Let N = Q +iQ. Then N’ = Q'+ iQ’ (see |4]), therefore N = Q" +iQ" = Q +iQ) = N.
By |1, Proposition 1.8] N is AW*-subalgebra of R + iR, hence by [3, Proposition 4.3.1] @ is a real
AW*_subalgebra of R.

2) By [1, Proposition 1.8] Z(R + iR) is AW*-subalgebra of R + iR, therefore Z(R) is a real AW*-
subalgebra of R. O

Definition 2.2. A compact Hausdorff space X is called Stonean (or extremely disconnected) if the
closure of every open set is open again. X is called Hyperstonean if it is Stonean (i.e., extremely
disconnected) and the support of every positive Radon measure on X is clopen.

Theorem 2.3. Let X be Stonean, and let C,.(X) be the algebra of all continuous real functions on X.
Then C,.(X) is a real AW*-algebra.

Proof. Let’s consider algebra C'(X) of all continuous complex function on X. It is easily to see that
C(X) =C.(X)+iC.(X). By [1, Theorem 1.10] C(X) is AW*-algebra. Then by [3, Proposition 4.3.1]
C,(X) is a real AW*- algebra. O

Theorem 2.4. Let X be compact Hausdorff space. If C,.(X) is a real abelian AW*-algebra such that
C(X)=C.(X)+1iC.(X) AW*-algebra, then X is Stonean.
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Proof. Since C(X) is AW*-algebra, by [1, Theorem 1.11] the space X is Stonean. O

Remark 2.5. Following the same scheme of proof of [1, Theorem 1.11], one can prove Theorem
without the assumption that C(X) = C,.(X) +iC,.(X) is AW*-algebra.

Let us recall that a complex or real C*-algebra called monotone complete if every upward directed
and norm-bounded set of self-adjoint elements has a least upper bound.

Proposition 2.6. Let R be a real C*-algebra. If A = R + iR is monotone complete, then R is
monotone complete.

Proof. Let (a,) C R be a bounded monotone increasing sequence of self-adjoint elements. Since the
algebra A is monotone complete, then the sequence (a, ) C A has a least upper bound in A, which we
denote by a. Since a,, € R (n € N), then a € R, hence R is monotone complete. O

Theorem 2.7. If X is Stonean space, then C,.(X) is monoton complete.

Proof. By [1, Theorem 1.13] *-algebra C'(X) is monotone complete. Then by Proposition2.6, C,.(X)
is also monoton complete. O

In the future, the mazimal abelian self-adjoint subalgebra is briefly written as masa. Let us present
one auxiliary result.

Lemma 2.8. Let R be a unital real C*-algebra such that every mazimal abelian self-adjoint subalgebra
(masa) is monotone complete. Let P be a family of commuting projections and L be the set of all
projections that are lower bounds for P. Then:

(1) L is upward directed.
(2) P has the greatest lower bound.

Proof. The proof of the lemma is similar to the proof of |1, Lemma 1.14]. O

Theorem 2.9. Let X be a compact Hausdorff space. Then C,.(X) is isomorphic to a real von Neumann
algebra if and only if X is a Hyperstonean space.

Proof. Since C'(X) = C.(X)+iC,(X) is isomorphic to a (complex) von Neumann algebra, then by [6,
Theorem 1.18] X is a Hyperstonean space, and conversely. O

Theorem 2.10. Let R be a unital real C*-algebra. Then the following are equivalent:
1) R is a real AW*-algebra;
2) every masa has Stonean spectrum;

3) every masa is monotone complete.

Proof. 1) = 2). Let @ € R be a masa. Then @ = Q' = @Q", hence by Propositio Q is a real
AW*-subalgebra. From the Theorem , we know that the spectrum X is Stonean.

2) = 3). This follows from Theorem

Further, the equivalence of these conditions to condition 1) is shown similarly to the complex
case. O
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3. NORMALITY OF 7 AND AW*-COMPLETION OF THE *-SUBALGEBRAS WITH RESPECT TO THE
d.-METRIC.

Lemma 3.1. Let R be a real C* algebra and T a faithful quasitrace on R. Then the closed unit ball of
A is closed in d,.

Proof. Let (z,)nen be a sequence in the closed unit ball of R, converging to x in d,. Consider the
sequence a,, = x,x, and the element a = z*x. Since the product is continuous in d, on norm-bounded
sets, it is obvious that the sequence a, converges to a in d,, and we can also deduce that for every
p € N, the sequence a? converges to a? in d,.. By continuity we obtain 7(a?) — 7(a”) for every p € N.
Let p, be the measure on the spectrum o(a,) given by the linear functional 7|c+(4, 1y, and let u be
the measure on the spectrum o(a) given by the linear functional 7|c«(4,1). We can consider all the
measures as measures in the interval J = [0, max{1, ||al|}], because all a,, are in the closed unit ball
of A. Since 7(a?) — 7(a?) for all p € N, we see that p, converges to p in the w*-topology on C'(J)*.
Furthermore, p,, has support in [0, 1] for all n € N, hence, u has also support in [0, 1]. From the fact
that 7 is faithful, we obtain supp(u) = o(a), and then the C*-equation gives ||z|* = ||a| < 1. O

Let us recall that a quasitrace 7 is called normal if for every orthogonal family of projections (p;)cr
the following holds: T(supielpi) =Y .c; 7). Put ||z]2, = 7(z*2)"/? and d,(z,y) = ||z — yl|23,
x,y € A. Then d is a metric on A (see [1],]2]).

Proposition 3.2. Let R be a real C*-algebra and 7 a faithful normalized trace on R. If the closed
unit ball of R is complete in the || - ||2,--norm, then R is a real von Neumann algebra and T is normal.

Proof. Let A = R+ iR. It is not difficult to show that the closed unit ball of A is also complete in
the || - ||27-norm. Then by |1, Lemma 2.20] A is a (complex) von Neumann algebra and 7 is normal.
Hence R is a real von Neumann algebra and 7 is normal. O

Theorem 3.3. Let R be a real C*-algebra and T a faithful quasitrace on R. If the closed unit ball of
R is complete in d,, then R is an real AW*-algebra and 7 is normal.

Proof. From the Theorem[2.10] we know that it suffices to show that every masa has Stonean spectrum.
So, let () be a masa in R. By Lemma the closed unit ball of B is closed in d,, therefore it is also
complete in d,. Since 7 is linear on B, ||.||2- is a norm, and the closed unit ball is also complete in this
norm. By Proposition B is a real von Neumann algebra, and 7|5 is normal. By Theorem B has
Hyperstonean spectrum, in particular, it is Stonean. Then by Theorem R is a real AW*-algebra.
The normality of 7 on every masa as a trace ensures that 7 is also normal as a quasitrace. O

Now we will prove one of the main results of the paper.

Theorem 3.4. Let R be a real finite AW*-algebra such that R+ iR is AW*-algebra. If B is a unital
real C*-subalgebra of R, then the d,-closure of B is the smallest real AW*-subalgebra of R containing
B.

Proof. Let 7 a faithful normal quasitrace on R and let 7 be its extension to A = R+ iR, which is also
a faithful normal. Let B. = B + iB. By [1, Theorem 2.26] algebra B, =B" +iB" is the smallest
(complex) AW*-subalgebra of A containing B.. Then by [3, Proposition 4.3.1] B" is a real AW*-

subalgebra of R, and in view of the above B" is the smallest real AW*-subalgebra of R containing
B. d
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