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Abstract. In the present paper, we study Gs-periodic p-adic quasi Gibbs measures for the p-adic Potts
model with an external field on a Cayley tree of order two. We find G,-periodic (non-translation-
invariant) p-adic quasi Gibbs measures. Moreover, for the corresponding model, we show that if
lg(¢ — 1)|, = 1, /I —¢q € Q, then a phase transition occurs; If |¢|, < 1, a quasi phase transition
occurs.
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1. INTRODUCTION

A central problem in statistical mechanics involves understanding how infinite systems behave based
on their energy (Hamiltonian). This includes identifying phase transitions, where the system can exist
in multiple distinct stable states. While determining all possible stable states for a given system is
often extremely complex, researchers often focus their efforts on studying these states within specific
simplified structures known as Cayley trees. The problem of phase transitions for some models on a
Cayley tree was studied (for example, see [1}, 2, 3 4, 5, 6]).

Theories of p-adic and non-Archimedean stochastic processes have been established in previous
research [7, |§8]. Building upon these theories, researchers have constructed a wide range of stochastic
processes using finite-dimensional probability distributions [9, 10, 11, |7, [12]. Furthermore, p-adic
statistical mechanics has been developed within the framework of p-adic probability and stochastic
processes |11} 13| |14} 15 |16, |17, [18]. This research has specifically focused on investigating the p-adic
Ising and Potts models on the Cayley tree.

In the present paper, we study p-adic quasi Gibbs measures (including p-adic Gibbs measures) for
the Potts model with an external field on the Cayley tree of order two. Note that p-adic quasi Gibbs
measures were first introduced by F. Mukhamedov [5]. p-adic quasi Gibbs measures for the Potts
model (without external field) studied in [5, |19} 20]. In the real case, Gibbs measures for the Potts
model with external field were studied in |21} 22]. In [20] it was found that a phase transition occurs
for any p for the three state Potts model. Moreover, in [5] it was proved that if |¢|, = 1, a quasi
phase transition occurs for the (¢ + 1)- state Potts model. By comparing these works, we prove that,
if (¢ —1)|, =1, V/1—¢q € Q, a phase transition occurs, if |g|, < 1, a quasi phase transition occurs
for the p-adic Potts model with an external field.

2. PRELIMINARIES

2.1. p-adic numbers and p-adic measure. Let Q be a field of rational numbers. For a fixed prime
number p, every rational number x # 0 can be represented in the form z = p”" > where, r,n € Z, m is
a positive integer, and n and m are relatively prime with p. The p-adic norm of x is given by

_Jp 2 #0,
=l =90, z—o0.

This norm is non-Archimedean, i.e. it satisfies the strong triangle inequality: for all z,y € Q |z +y], <
max{|z|,, |y|,}. From this property, one gets the following facts:

1) %f ’x|p 7"é ’y|p7 then ‘JZ + y‘p = maX{|$’p7 ’y‘p};
2) if ||, = [ylp, then |z —yl, < |z,
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The completion of Q with respect to the p-adic norm defines the p-adic field Q,. Any p-adic number
y # 0 can be uniquely represented in the canonical form

y = p*Y (yo + y1p + ya2p® + ..,

where a(y) € Z and the integers y; satisfy: yo > 0, 0 < y; < p — 1. In this case |y|, = p~*®. An
integer a € Z is called quadratic residue modulo p if the congruent equation x* = a(modp) has a
solution = € Z.

Lemma 2.1. [25] The equation y* = a, 0 # a = p*?(ag + a1p+ axp® +...), 0<a; <p—1,a9>0
has a solution in y € Q, if and only if the following conditions hold:

i) a(a) is even;

i) y* = ag(mod p) is solvable for p # 2; the equality a; = ay = 0 hold if p = 2.

In [24] authors have introduced new symbols ”O” and ”0” which allowed to simplify certain calcu-
lations. Roughly speaking, these symbols replace the notation = (mod p*) without noticing about
power of k. Let us recall them. A given p-adic number y by O[y] we mean a p-adic number with the
norm p~*® ie. |yl, = |O(y)|,- By oly], we mean a p-adic number with a norm strictly less than
p~ @ ie. |o(y)|, < |yl,- For instance, if y = 1 — p + p?, we can write O[1] = y, o[1] =y — 1 or
o[p] = y — 1+ p. Therefore, the symbols O]-] and o[-] make our work easier when we need to calculate
the p-adic norm of p-adic numbers. It is easy to see that y = O[] if and only if x = O[y].

For c € Q, and r» > 0 we denote

Ble,r)={x€Q,: |z —¢|, <1},

and the set of all p-adic integers Z, := B(0, p). The set Z\ = Z,\pZ, is called a set of p-adic units.
p-adic exponential is defined by

oo n

X
€pr($) = Z 57

n=0

which converges for z € B(0,1) if p=2 and z € B(0,1) if p # 2.
Put

& = {x €Q:lr—1, < p_l/(p_l)} )
The set &, has following properties.

Lemma 2.2. Let p be a prime. Then the set £, has the following properties:
(a) &, is a group under multiplication;

5 D=2

(b) |a—b]p<{ i p£2 for all a,b € &,;
3 P=2

(c) Ia+blp={ gz Joralabed,

(d) If a € &,, then there is an element h € B(0,p~'/®=V) such that a = exp,(h).

A more detailed description of p-adic calculus and p-adic mathematical physics can be found in [25],
[26].

Let (X, B) be a measurable space, where B is an algebra of subsets X. A function p: B — Q, is
said to be a p-adic measure if for any disjoin Uy, Us, ..., U,, € B, the following holds:

7 (O Uj) = iM(UJ‘)-

A p-adic measure is called probability if u(X) = 1. One of the important conditions is boundedness,
namely a p-adic measure ( is called bounded if sup{|u(U)|, : U € B} < co. For more detail information
about p-adic measures, we refer to |27, [25].
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2.2. Cayley Tree. Let I'" = (V,L) be a semi-infinite Cayley tree of order k¥ > 1 with the root z°
(whose each vertex has exactly k + 1 edges, except for the root z°, which has k edges)[5]. Here V
is the set of vertices and L is the set of edges. The vertices z and y are called nearest neighbors
and they are denoted by | = (z,y) if there exists an edge connecting them. A collection of the pairs
(x,21),...,(x4-1,y) is called a path from the point z to the point y. The distance d(z,y) on the
Cayley tree is the length (number of edges) of the shortest path from x to y. Let us set

W,={reV:dz2")=n}, V,= U W,

m=0

L,={(x,y) e L: z,yeV,}.

We define a coordinate structure in T'*: every vertex a (except for 2°) of T'® has coordinates
(1y--.,4n), here i,, € {1,...,k}, 1 < m < n and for the vertex 2° we put (0). Namely, the symbol
(0) constitutes level 0, and the sites (iy,...,1,) form level n (i.e. d(z° z) = n) of the lattice. Let us
define on T'* binary operation o : % x T'* — I'* as follows: for any two elements z = (i1, ...,%,) and

Yy = (jlv"',jm) put
rToy= (ilv"')in)o(jl)"wjm) - (ila-‘-vin7j17"‘7jm) (21)
and
rox’ =x"ox = (iy,...,in) 0 (0) = (i1,...,10p). (2.2)

By means of the defined operation I'* becomes a noncommutative semigroup with a unit. Let us denote
this group (G*,0). Using this semigroup structure one defines translations 7, : G* — G*, g € Gy by

Ty(x) =gouw.

It is clear that 7y = id.

Let G C G* be a sub-semigroup of G* and h : G¥ — Y be a Y-valued function defined on G*. We
say that h is G- periodic if h(7,(x)) = h(x) for all ¢ € G and x € G*¥. Any G*-periodic function is
called translation invariant.

Now for each m > 2 we put

G ={r € G* :d(z,2°) = 0(mod m)}. (2.3)
One can check that G,, is a sub-semigroup of G*.

3. p-ADIC QUASI GIBBS MEASURE FOR THE POTTS MODEL

Let Q, be field of p-adic numbers and ® = {1,2, ..., ¢} be a finite set. A configuration o on A C V is
defined by the function z € A — o(x) € ®. The set of all configurations on A is denoted by Q4 = ®4
and Q = Q.

For given configurations o € )y, | and w € Qy, we define their concatenations by

Oni1(z), if v €V,_4,
(O'nfl V w)(:x) = {W(x)a Zf x e Wn

It is clear that o Vw € Qy,, .
The (formal) Hamiltonian of p-adic Potts model with an external field is

H(J) =J Z 50’(9:)0’(,1/) + o Z 5qo’(£v) (31)

(z,y)€L zeV

where J,a € B(0,p~'/®=V) J is a coupling constant, « is an external field and d;; is the Kronecker
symbol, i.e.,

5 0, if i # j,

”_{1, if i=j.



186 Samijonova N.

Assume that h : V' — QY is a mapping, i.e., hy = (h14,hog, ..., Bgo), Where h;, € Q, (i € ®) and

x € V. Given n € N, we consider a p-adic probability measure ,ufjnc), on {2y, defined by

i (0) = s exp{HL (@)} ] hocor (3:2)

n xeW,

Here, o € Qy, , and Z® is the corresponding normalizing factor

z\P = 3" exp{H. ()} [] hotw.e (3.3)

UEQVn zeW,

We say that p-adic probability distributions ([3.2)) are compatible if all n > 1 and o,,_; € ®"»1:

N (00 Vw) = D (00m): (3.4)

weQwW,,

We notice that a non-Archimedean analogue of the Kolmogorov extension theorem was proved in [6,
7]. According to this theorem there exists a unique p-adic measure p; on = ®" such that for all
n>1and o € V1

wo e Q:oly, =0,) = m" (o).

Such measure is called a p-adic quasi Gibbs measure corresponding to the Hamiltonian and
vector-valued function h,, x € V. By QG(H) we denote the set of all p-adic quasi Gibbs measure
associated with function h = {h,,x € V'} If all values of h, belong to the set &, then it is called p-adic
Gibbs measure.

Definition 3.1. [16] If there are at least two distinct u,v € QG(H) such that p is bounded and v
is unbounded, then we say that a phase transition occurs. If there are two different u,v € QG(H),
either both u, v are bounded or unbounded, then we say a quasi phase transition occurs.

The following statement describe conditions h, guaranteing compatibility of ,ufl")(a).
Theorem 3.2. [28] The measure p\"(c),n = 1,2, ... (see (3.2)) associated with the q-state Potts
model (3.1) satisfy the compatibility condition (3.4]) if and only if for any n € N the following equation
holds:
h.= [[ F(h,0,n), (3.5)
yeS(z)

here and below a vector h = (31,32, ,?L

follows

€ Q¢ is defined by a vector h = (hy, hy,...,hy) € QY as

R L i=1,2,...,g—1 (3.6)

q—l)
_
=
and mapping
F: Qi ' xQ, — Q4" is defined by F(x;0,m) = (Fi(x;0,1), ..., Fy_1(x;0,n)) with
qg—1
0 —1x; + Z:xj—i—n
Fy(x:0,n) = = L r={r}eQ, i=1,2..,q-1 (3.7)

qg—1

x; + 6n
=1

J

4. NON TRANSLATION-INVARIANT TWO PERIODIC QUASI GIBBS MEASURE FOR p-ADIC POTTS
MODEL WITH AN EXTERNAL FIELD

In this section, we are going to construct Gs-periodic QG M s for the considered model. Let G5 be
a sub semigroup of G* (see (2.3))). We denote that

h h17 T e GQ,
T h2, x € Gk\GQ.
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From equation (3.5)), we get the following system

{ﬁ1 = (F(hy,0,m)), (4.1)
hy = (F(hy,0,7))". |

Lemma 4.1. If the pair of numbers (z,y) satisfies the system of equations (4.1), then the pair (y,x)
also satisfies the system of equations (4.1)).

Proof. The proof follows from the fact that equation (4.1) is symmetric with respect to z and y. O

We assume fli = (ﬁ(l) n® ...,?qu*l)). Let ?Lf-j) = h;,j = 1,q — 1. For the sake of simplicity, we

[ A A
consider k£ = 2.
In this case, from (4.1) we can obtain following system of equations

~ 2
B ((9+q—2)h2+?7>
1 — ~ 9
(g —1)hy +6n

. ((9+q—2)ﬁl+n>2.

>

>

(¢ — 1)hy + 6

Let us denote

~ 2
~ 0+q—2)h+n
piy = (=2 -

(¢g—1)h+60n
For equation (4.2), if ﬁl = ?LQ then we get translation-invariant Gibbs measures. Our aim is to find

Go-periodic (non translation-invariant) p-adic quasi Gibbs measures. It demands to solve the following
equation

JU) —h_ (4.3)
f(h) =h
Simplifying the last equation we get R R
Ah*+ Bh + C =0, (4.4)

where
A= (0ng+ 6% —0n+20q+ q* — 40 — 4q + 4)*,
B = n3q93 _ 277303 + n2q292 + 2n2q63 4 77204 + 4772q20 _ 477293 _
n?q® — 12n%q0 + 2ng® + 6ng*0 + 6ngb* + 210> + 2n*q + 8n°0 —
12nq* — 24nq0 — 12n0* — n* + 24nq + 2400 — 161,
C=n*0*n+0+q—2)>%
Note that, the case ¢ € £, requires more calculus. Therefore, we investigate this case for future work.

Lemma 4.2. Let ¢ € £,, p > 3. Equation (4.4)) has two distinct solutions if |q|, =1 and /(1 —q) €
Q, or |ql, < 1. Otherwise, there is not any solution.

Proof. We set
D(9,m,q) = B* — 4AC.

We note that, equation (4.4]) has a solution in Q, if and only if \/D(0,7,q) € Q,.
We can rewrite D(6, q) by the following

D(0,q) =n*(0 —1)*(0 +q—1)*D*.

where,
D* = —4m3qs? — 3m*s — 14m3qs + 4m>s? — 3m?q¢*s — 12m3qs® — 3m* — 10m3q + 8m3s—

3m?q* — 36m2qs + 12m?*s* — 12mq*s — 12mqs® — 36m?q + 36m?s — 24mq® — 12mqs+
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12ms? — 8¢*s — 4qs® + 36m* + 24mq + 24ms + 8qs + 4s* — 4¢° + 4¢°, (4.5)

m=60—-1,s=n—1.
It can be seen that \/D(0, q) € Q, if and only if vV D* € Q,. At first, we consider the following case.

Let |q|, =1, ¢ € £,. Since |m|, <1, |s|, < 1, we write
D* = 44¢*(1 — q) + o[1].

According to Lemma vD* € Q, is equivalent to /1 — ¢ € Q,. So, we get that equation (4.2]) has

two solutions if /1 — ¢ € Q,.
Next, we consider following case: p > 3, |q|, < 1. Using (4.5)), we have D* = 4(3m+ s+ ¢)*+ o[(3m +

s+ ¢)?]. We find the condition that v D* € Q, holds. So, if p | g, then equation (4.4 has two distinct
solutions. It is known that the solutions of (4.4]) has following forms

—B+vD
h172 -
2A

Lemma is proved.
According to Lemma the pair of (hq,hs) is a solution of (4.2)), then (hq, ki) also satisfies (4.2)).
Finding the first coefficient of these solutions of (4.4)) in the canonical form, is necessary to ascertain
the solution’s norm. Let |¢|, = 1,q & &,.
A=q¢*(q—1)*+0[1] B=2¢*(q—1)+o0[l], D =n*0 —1)*(0 + ¢ — 1)>D*. From these equalities,
we conclude that )
hi,=— 1].
S + o[1]
We study the case ||, < 1. Then we get
B=-203(0-1)+n—-1)+q)*+o[p’, D=7 —-1)*(0 +q—1)’D* =op'], A= (3(0 — 1) + (n -
1) +q)* + o[p?] . It yields that
2(3(0 — 1)+ (n — 1) + q)* + o[p]
2(3(0 — 1)+ (n — 1) + q)* + o[p?]
In [28], translation-invariant p-adic quasi Gibbs measures (TIQGM) associated with h =
{h,h,...,h} € ngl for the p-adic Potts model with an external field was examined. Here the fol-
lowing result was given.
Theorem 4.3. 28] Let q ¢ E,. Then the following assertions holds:
a) if lgl, = 1, p > 3, /1 —q € Q,, then there exist three TIQGMs such that, one of them is

bounded, the others are unbounded;
b) ifp=3,l¢ls=10rp>3,|q, =1, V1 —q¢&Q,, then there exist a unique bounded TIQGM ;

h172 = =1 + 0[1]

c) if p>3, |ql, <1, then there does not exist any TIQGM .
Using Theorem and Lemma |4.2] we obtain the following result.

Theorem 4.4. Let g ¢ £, and p > 3. The following statements hold for the Potts model on the Cayley
tree of order two:

1) If p # 3, |ql, = 1 and /T —q € Q,, then there exist three TIQGMSs and two G- periodic

QGMs;
2) If p =3, |ql3 =1 and /1 — q € Q3, then there ezist a unique TIQGM and two G- periodic
QGMs;

3) If l¢l, =1 and /T — q & Q,, then there exist a unique TIQGM ;

4) If |ql, < 1, then there exist two G-periodic QGMs.
Remark 4.5. From Theorem 4.3 it can be seen that when |¢|, = 1, p > 3, V1 —¢ € Q,, there
are three TIQGM s. Based on this condition and p = 3, |g|s = 1, /(1 — ¢) € Q3, we identified two

different G- periodic QGMs. Furthermore, it was shown that when p > 3, |¢|, < 1, TIQGM s do
not exist, but in this work, two distinct Gs- periodic QG M s were found when p > 3, |q|, < 1.
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5. BOUNDEDNESS OF TWO PERIODIC p-ADIC QUASI (GIBBS MEASURES AND PHASE TRANSITIONS

Lemma 5.1. Let h be a solution of (3.5)), and p;, be an associated p-adic quasi Gibbs measure. Then
for the corresponding partition function Z™ the following equality holds:

Z® = Ay 2™, (5.1)

q9
where Ap, = [[ an(z), I X exp,{Jdi;}hjy = an(@)his, an(r) € Qp, i =1,2,...,q.
zeEW, yeS(z) j=1
Proof. The proof of this lemma follows a similar argument to that of Lemma 3.2 in [16]. Using
Lemma [5.1] we get the following statement.

Lemma 5.2. Let k = 2. If h™? is Gy-periodic (non translation-invariant) solution of (3.5)) then for
the corresponding partition function Z® the following assertions true:
If n is odd, then

2ntl_y 2ntl_y
Z =20 = ((q=Dhi+0n) 5 ((q—Dha+0n) 5 21" (5.2)
If n is even, then
(h) _ 2nt2_4 2" 4 ()
Z," = ((g=1Dhy+0n) = ((qg— Dha + ) = 2. (5.3)
Proof. Let
he, if o(z)€el,q—1;
ha(:r) z = . .
1, if o(z)=¢q
and

h hy, if |x| is even;
) hy, if x| is odd.

Consider the following cases
Case 1. Let n be odd. By Lemma 5.1 we get

0+ (¢ —2)hi +n)°

h, = ((¢ — 1)hy +6n)?,

ap(x) =

Apn=((g— D+ >, Appr = ((g — Dho +60)*".

ontl_y on+l_y

Z0W = ((g—1)h+0n)" = ((g—Vha+0n) = Z.

Case 2. Let n be even. By Lemma |5.1] we get

(0 4 (¢ —2)ha +n)?
ha

an(z) = = ((g = 1)h2 + 0n)?,

2n+1

) Ah,n—l - ((q - 1)h1 + 077)2".

2nt2_ 4 2" —4

ZM = ((q—1Dhi+0n) = ((q—1ha+6n) >

Ah,n = ((q — 1)h2 + 07’])

zM,
Lemma is proved.

Theorem 5.3. Let ¢ ¢ €, and p > 3. If |q|, =1 and /T —q € Q, or |q|, < 1, then the measures
pa2 are unbounded.
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Proof. Let |q|, =1, /1 —q € Q,. Then the measures pi,a.2 exist.
By Lemma and (3.2), we get

eXp{Hn(J)} H hcr(ac),r
6l = . 1
1,2) |p ontl_a ontl_4 12 ontl_4 N 1.2
" ((g = Vhio+0n)"5 ((¢ = Dhoy +6n) == 207 (0n —1)"= (n — 1) 207 |

p

Since |0 — 1], < 1, we get following result

hHl ‘Mh(l’z)(n)

= OQ.
n—o00 P

Case 2. 1f |q|, < 1, then there exist measures j,a.2. Note that, for |g|, < 1, we get h{"® = 1+0[1],
By Lemma [5.2] we have

exp{H,(0)} II ho@).e
(n) _ TEW,, 1
’Mh(1,2)|p— ontl_a 2l oa (i) 2128 (1)

((q=Dhia+0n) 5 ((q—1)hoa +0n)" 5 Z; ) (g+0n—1)""= 21",

It yields that
lim |y |, = oo.

Theorem is proved.
Due to Remark [4.3| and Theorem [5.3, we have the following assertions belong to a phase transition.

Theorem 5.4. Let g ¢ £, and p > 3. The following statements hold for the p-adic q-state Potts model
on the Cayley tree of order two:

e Iflql, =1 and /1 —q € Q,, then there exists a phase transition;

o If|q|, <1 then there exist a quasi phase transition.
Remark 5.5. Note that the first part of Theorem coincides with the result of [28]. However,
under the case where |¢|, =1 and /1 — ¢ € Q,, we found two distinct QG(H)s. Moreover, in the case

lg|, < 1, we found that a quasi phase transition occurs for the p-adic Potts model with an external

field.
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