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Abstract. In this paper, the Cauchy problem for a differential equation with a fractional Hilfer
derivative DfPu(t) + Au(t) = f(t), 0 < t < T is studied, where the order of the fractional derivative
is 1 < a < 2. The existence and uniqueness of the solution of the Cauchy problem is proved.

Keywords: Cauchy problem; Hilfer derivatives; Subdiffusion equation; Direct and inverse problems

MSC (2020): 35R11, 34A12

1. INTRODUCTION

Fractional calculus plays an important role for the mathematical modeling in many natural and
engineering sciences. Fractional calculus is the generalization of ordinary calculus concerned with
operations of integration (and differentiation) of non-integer order. Fractional differential equations
including Caputo, Riemann-Liouville, Hilfer, and other fractional derivatives have been used in differ-
ent areas of technological disciplines and concentrated on by numerous mathematicians, see the books
1141213, 4.

During the last few decades, theoretical foundations and applications of the Hilfer derivative have
been explored in a variety of works [5, 6, 7], showing its relevance in anomalous transport, continuum
mechanics, and statistical physics (see, for example, [8, 9]). Operational methods for solving such
equations have been developed in [10, [11] and the behavior of solutions under different boundary
and initial conditions has been analyzed in the works [12, |13]. The Cauchy problem for an ordinary
differential equation with Hilfer derivative is studied for parameters n — 1 < a < n, and in the case
0 < a < 1, in the works [11] and [6]. The non-local problems for equations with these derivatives were
studied in the papers [14, |15} |16, |13].

It should be noted that Hilfer gave a generalization of derivatives of both Riemann-Liouville and
Caputo in [2] when he studied fractional-time evolution in physical phenomena. He named it a
generalized fractional derivative. This derivative interpolates between the Riemann-Liouville and
Caputo derivative in some sense.

The integral of the Riemann-Liouville order « of the function y(¢) in the interval [0, +00) is defined
by the following formula (see, e.g. [17], p. 181):

1oy (t) = F(la) [ =0 uepe

The generalized fractional derivative(GFD) of order o and type (3 is defined as following (see, for
example, |11]):
a
dtn

Note that Hilfer’s two-parametric fractional derivative is relatively new, and it interpolates between
the Caputo and Riemann-Liouville derivatives: at the value of the parameter 3 = 1 we obtain the
Caputo derivative, for 8 = 0 - the Riemann-Liouville derivative.

Therefore, in this article we study both the direct and the inverse problem of finding the right side
of the equation, that is, the source function.

Inverse problems have also been studied by many mathematicians. Here we cite some articles. In
the papers |18, |[19] the case Au = u,, the unique solvability of the direct and inverse problems for the
subdiffusion equation with a fractional Hilfer order derivative is studied. In the paper [20] in the case
of Au = Uzues, an equation of mixed type with the participation of the fractional Hilfer derivative is

Do Py(t) = [Pn=o) Z_[(=B)n—e)y () ¢ > 0.
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considered. We also note the papers [21], 22|, where u,, and u,, + u,, are taken as A on an interval
and a rectangle with non-self-adjoint boundary conditions.

Let H be a separable Hilbert space and A : H — H be a self-adjointed, positive, unbounded
arbitrary operator defined in H with the domain of definition D(A). Suppose that A has a complete
in system of orthonormal eigenfunctions {v;} and a countable set of positive eigenvalues {A;}. It is
convenient to assume that the eigenvalues do not decrease as their number increases, i.e. 0 < A\ <
Ay < oo = H00.

Let € be an arbitrary real number. We introduce the power of operator A, that acting in H according
to the rule

Ah = Ay,
k=1

where hy, is the the Fourier coefficients of a function h € H : hy, = (h,v;). Obviously, the domain of
this operator has the form

D(A) ={h € H:Y A\ |l |°< oo}

k=1
For elements of D(A®) we introduce the norm
IR 2= 0N [he [P=] AR 2,
k=1

and together with this norm D(A®) turns into a Hilbert space.
Let 1 << 2and 0 < <1 are a fixed number and let C((a,b); H) stands for a set of continuous
functions u(t) of t € (a,b) with values in H. Consider the following problem:

DYPu(t) + Au(t) = f(t), 0<t<T,
i (1-8)(2—a) —
i, 1 ult) =, (1.1)
im 2 J71-8)(2-a) =
i #1090 () = ,
where ¢, ¢ € H and f(t) € C([0,T]; H) are given functions.
Problem (|1.1)) also called the direct problem.
Definition 1.1. A function t0-ACy(t) e C([0,T); H) with the properties Df?u(t), Au(t) €
C((0,T]; H) and satisfying conditions (|1.1)) is called the solution of problem (I.1)).
In this work, we study both the direct problem (|1.1]) and the inverse problem determining the right
side of the equation. These tasks are discussed separately in the following two sections respectively.

Let us consider the inverse problem, for this we need an additional condition. We use the following
condition as an additional condition for problem ([1.1]):

u(t) =1, 0<7<T. (1.2)

In this case ¢, ¢ € H, ¥ € D(A) are given elements and it should be noted that, when studying
the inverse problem, we assume that the unknown element f € H does not depend on t.

Definition 1.2. A pair of {u(t), f} functions t1=AC=*)y(t) € C([0,T]; H) and f € H with the
properties Dy u(t), Au(t) € C((0,T]; H) and satisfying the conditions and is called the
solution of inverse problem .

2. PRELIMINARIES AND DIRECT PROBLEM

In order to find a solution to the direct problem, we introduce some concepts. For « and an arbitrary
complex number 3, we denote the Mittag-Leffler function with two parameters by E, s(t):

oo tk-

E.5t) = Zm

k=0
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Lemma 2.1. If 0 < «a <2, then for any t > 0 one has:

.

E, . (—t) |< ,
| Bus=0) | 75

where C' is constant does not depend on p and t (see, e.g. [1],p.1536).
Lemma 2.2. Let 0 < a <2, >0, for all positive t, one has (see, e.g. (1] p.120):

t
| 0 s (X dn = B (3. (2.1)

0

Lemma 2.3. For sufficiently large t one has the asymptotic estimation (see, e.g.[1] p.134):

By (=) = 1(1 + 0(1)) P> 1. (2.2)

Lemma 2.4. The following relation holds:
|ta71Ea7M(_>\to¢)| S C)\sfltsozfl’ t> 07

where \ is a positive number and 0 < & < 1.
This lemma is proven in [23].

Lemma 2.5. Let 0 < € < 1 be any fized number, and f(t) € C([0,T]; D(A®)). Then the following

estimate holds: )

< C. max [|f][2. (2.3)

t€[0,T)

t
)\k/ T B (=T fr(t — 7)dT
0

D

1

ke
Proof. By using Lemma [2.4] for any fixed number 0 < ¢ < 1, we take

n 2 n
> <cy|
k=1

k=1
Using the generalized Minkowski inequality, we have

<o (/Otfal(imfk(t - T>|2)%d7>2

k=1

t t 2
/TalEa,u(—AkTa)fk(t—T)dT /Twuafk(t—ﬂm] .
0

0

2

CZ U AL St = 7)) dT]

< EQ 2: 2.
< OT* max 1|2 = C. max |11

Taking the limit as n — oo, we obtain the estimate (2.3)).
Lemma [2.5] has been proved. O

Theorem 2.6. Let ¢, ¢ € H and f(t) € C([0,T); D(A%)) for some ¢ € (0,1). Then the problem
(1.1) has a unique solution and this solution has the following form:

o0

u(t) =y LOkt(lﬂ)(a2>Eaﬁ+(1—ﬂ)(a—1)(—)\kta) + ot PCTVE, s a (< AtY) (24)
k=1

t
+/ T By o(=NeT®) fi(t — 7)dT | vk,
0

where @, ¢ and fi(t) are the Fourier coefficients of the function ¢, ¢ and f(t) respectively.
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Proof. Existence. Assume that a solution to problem (|1.1)) exists. Then, due to the completeness of
the system {wv}, the solution can be written in the form:

u(t) = i Ty (t)vg, (2.5)

where T}, (t) are the Fourier coefficients of the function u(t). Then we put equation (2.5 to problem
(1.1), and obtain the following problem:

DT () + M T (t) = fi(t),

im 70-9)@-a)T) (1) =

Jim T Ti(t) = ¢, (2.6)
: d - —a —

Jim FIOTAETOTL (L) = ¢y, k> 1.

The solution of problem (2.6 has the form (see, for example [11]):

Ty(t) = Z et 0 ey (—AEY) F St T TPCTOE s 0y (= ARtY)
k=1

+ / P B (=A™ fa (= T)dr (2.7)
0

Thus, according to equalities (2.5) and (2.7]), we find the formal solution of problem ([1.1)) as the form
).

To prove the uniqueness of the solution, we use the standart technique, that is, the solution of
problem with the homogeneous condition is identically zero. Taking into account ¢ =0, ¢ =0
and f(t) = 0, then the Fourier coefficients of that functions ¢y, ¢x, and fi(t) would be zero (i.e.
or =0, ¢, =0, and fi(t) = 0), respectively. Then it follows T}.(¢) = 0, for all £ > 1. In that case,
u(t) = 0 derives from equality and the completeness of the system {vy}.

We now verify that the formal solution satisfies the conditions of Definition 1.1. We denote the

partial sum of series (2.4)) by S, (¢).
First of all, we need to show that (== g () € C([0,T]; H). After simplifying the expression,
we got following:

n

RO [SokEa,B—r(l—ﬁ)(a—l)(_Akta) + Okt Eoa+p2—a) (—At®)
k=1

t
+¢(1-A)(2=a) / T B o (= AT) fr(t — T)dT} V.
0

Due to Parseval equality, we can write following:

n

|t g (1) ||2= Z

k=1

kLo gr(1-p)(a-1)(—Akt?)

t 2
+¢ktEa,oz+ﬁ(2—a)(_)‘k’ta) + t(liﬂ)@ia) / TailEoz,a(_AkTa)fk (t - T)dT
0

Then we obtain this:

2 n 2

+CY

k=1

| s, @) P< Oy

k=1

‘PkEa,BHl—ﬂ)(a—l) (_)‘kta) ¢ktEa,a+B(2—a) (_)\kta)

2

n
+O 3 0-A =)

k=1

t
/ T By o (=T fr(t — 7)dT
0
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=P, +P}+ P,

Using inequality in Lemma 2.1, estimate each term:

2 n
ok Eapr-pa—n(—Mt*)| <C> | er )
k=1

k=1
n 2 n

P} = C'Z Ot Eoars-a)(—t®)| < CT? Z [ &
k=1 k=1

Using the generalized Minkowski inequality estimate the last term:

n 2

P? = Opa-Aema)

k=1

t

// T By o (=M fo(t — 7)dT

0

n 2

< CO2(1-8)(2=a) Z

k=1

t n % 2
scﬁ“ﬁ)(“)( / Tal[z [t —7) 12} dT>
0 k=1

< CPUmREmIT max || f P< CT* max || £

0<t<T 0<t<T

/t T (t — T)dT
0

Hence, we get the following estimation:

I t(lfﬂ)(%a)gn(t) [ CZ | on |? +CT22 | ¢ | +CTH Orgta;% £ 12

k=1 k=1

if ,¢ € H and f(t) € C([0,T); H), then t1=AC=)y(t) € C([0,T); H).
Now we apply the operator A on the partial sum S, (), then we have:

n

ASn(t) = Z <S0kt(1_ﬁ)(a_2)Ea,,B+(l5)(a1)(_>\kta) + ¢kta_1+ﬁ(2_a)Ea,a+B(27o¢)(_)\kta)

k=1
t
+/ Ta_lEa,a<—Ak7'a)fk<t — T)dT) /\kvk.
0

Due to the Parseval equality we may write

I AS.(t) 7= X |t TP DB, gy gyamn (= At®) + gt PO, s oy (—At®)
k=1

2

t
—}—/ T By o (2T fu(t — 7)dT| .
0

Then, we have

n 2
I AS, (1) 1IP< CY A |ent PP E, 50 gya1y (= Aut®)

k=1

2
¢kta71+5(27Q)Ea,u+B(2—a) (—Akta)

+CiA§

k=1

2

t
/ P B (=M ) f(t — T)dr| = ASL 4+ AS? + AS?,
0

+C zn: A7
k=1

where )

A4S =C3 N

k=1

e O R A )

I
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2

AS? = sz Pt TPETIE sy (= Akt?)

2

n t
AS? =C Z A7 / T By a(= 2T fi(t — T)dT
k=1 0

Using inequality in Lemma, we estimate the first two sums AS! and AS2:

2

n n 1
AS, = CZ)‘I% Pt E s 1opa-n (= Mt)| < CzAth(l_ﬁ)(%2) | o | 5ot
k=1 k=1
- 2t2(1 Ala2) 2 28(2 4 - 2
<O N | P05 |
k=1
n 2 n 2
1
AS2 —C )\2 ta71+ﬁ(2fa)Ea (=t <C )\2 2 tz(a71+3(2,a))
n ; k| Pk ,a+p(2 a)( K| < ; w | Pr ‘ 15 N W

n
<O A g P 0

k=1
Let us estimate the sum AS2. According to Lemma [2.5] we have:

J
ASE =N
n=1

2

t
| 7 BN e = m)dr| < €. max 111
; t€[0,T)

Therefore,

I AS,(#) ||< Ct2Pmo= 42\@ > +Ct2reme- QZW > +C. Jnax I1£12.

k=1 k=1

Hence, if p, ¢ € H and f € C’([O T] D(A7)) we obtain u(t) € C((0,T); H
Further, from the equation one has DYPu(t) = f(t) — Aul(t). Slnce f € C(]0,T); D(A9)),
Au(t) € C((0,T]; H), it follows that DPu(t) e C((0,T); H).
|

Remark. If the function f does not depend on ¢, using the equality in Lemma 2.2, u(t) can be
written as following:

=2 {%tl DCDE, gra-g)a—n)(=Mt®) + ¢t TPEVE, (s (=Aet®)  (2.8)
k=1

+ fit® Ea a1 (—Aet®) | vk

In that case, according to Definition 1.1, it is sufficient to be f € H, to show that Au(t) €
C((0,T]; H). Now we reveal it.

After applying the operator A on the partial sum of equality in and in consequence of the
Parseval equality we may write:

I AS, (2) [|*= Z A

et OB, ooy (FAR) + gpt T HPCTIE, sy (= Akt®)

2
+fktaEa,o¢+1 (_)\kta)
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Therefore,
2

I AS, (1) 1IP< CY A ort PP B, g gy ey (—Aut®)

k=1
n 2 n 2
+C Z A7 (;Skto‘_HB@_a)Ea,aHa(zfa)(—)\kta) +C Z M| fit®Eg a1 (—Mt*)| = AS! + AS? + AS2.
k=1 k=1
The first 2 terms of above were evaluated, so we estimate the last term:
n 2 n 1 2
AS = CON Nt Ey it (=0t < COSTN PR ——
" ; | fr a1 (=AtY)] < ; A W
n N 1 n
<OY N P <O P
k=1 k=1

Hence,
| AS, () [P< CEPE=IAN " o P 4O PC DN " 6 P +CY | fie [P
k=1 k=1 k=1

It is clear that, if ¢, ¢, f € H then we obtain Au(t) € C((0,T]; H).

3. INVERSE PROBLEM

In this section, we study the inverse problem of finding the right-hand side of the equation. Let the
functions u(t) and f are unknown in the next problem.

DYPu(t) + Au(t) = f, 0<t<T,
lim 70-AE=)y(t) = ¢, (3.1)

t—0

lim 4 7=ACE=qy(t) = ¢; ¢, ¢ € H.

t—0
Note that f function does not depend on the variable ¢.
Theorem 3.1. Let 1 < a<2,0<3<1and p,¢ € H, Y € D(A). Then the inverse problem (1.1,
(11.2)) has a unique solution {u(t), f} and this solution has the form as (2.8)), where

fr = Vi _ oI E g (M)
TEy a1 (=A%) TEy ar1(— A7)

¢k7—a71+6(2ia)Ea,a+ﬂ(27Q) (_)\lﬂ'a)
TEy a1 (=A%)

and

k=1

Proof. We indicated above, that f is unknown and it does not depend on t. We solve the direct
problem by assuming that the unknown function f is a known element. Then the solution to the
direct problem has the form .

Now, using additional condition we have:

oo

u(r) =Y |:<10k7—(1_5)(a_2)E0¢,ﬁ+(1ﬁ)(al)(_)‘kTa) + g PN B sy (—AT®)
k=1

+fk7—aEa,o¢+1)(_)\k'7_a) UV = w
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from the completeness of the system {v;}, we get

it OB sy (AT + kT TV s ay (M)

+fk7_aEa,a+1) (_)\kTa) — wl«

Hence,
Y, B s py ey (AT?)
TEy ar1(— A7) TEy ar1(— A7)

_ ¢kTa_1+ﬁ(2_a)Ea,a+B(2—a) (_)‘kTa)
7By ag1 (=A%)

fr =

Let us introduce the following notation:

Uy,
7By a1 (— A7)’

fi=

op TP E, 500 gy a1y (= AeT®)

fi= TEq a41(— A7) ’
go T B0 (C T
k T EOW“( AT®)

Then, the equality holds:
F=2 (i + fi+ o
k=1

Let us reveal the convergence of series (3.2)). If F), the partial sums of series (3.2), then by virtue of
the Parseval equality we may write

n 2

I FolP=

k=1

§2Z|f,§ E +22|f,§ 2 +22]f,§ P= 2M} + 2M? + 2M°.

k=1 k=1 k=1

fe+ i+ i

After using Lemma in order to estimate M’, i = (1,2, 3), then we have:

n 2 n 2
LT B, a1 (= ATe) F=ra (A7) 71 + O((A\m) 1))

n 2 2 n
<C), Ml oS
(1 +o<<wa)—1>>

2

3

T PO E s op) - (AT)

M? <
" TEy a1 (=A%)

k=

n ’ O |2 TQ(lfﬁ)(a72) ’ Ea,,@—i—(l—ﬁ)(a—l)(_)\k‘Ta) ’2
‘ TaEa,a+l(_)‘k7—a) 2

[u

k=1
2

N |Q0k |2 o 72(1=B)(a—2) 2(B(2—0)—2)

‘ Pk ‘2
<
CZ T20(Ne7) 7 2(1 + O((A\p7e)~ CZ (14 O((A\p1>)~1))?
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< CTZ(B(Q—(X)—2) Z | Ok |2 )

k=1
n _ —a oY% 2
M3 < _¢k7—a 1+5(2 )Ea,(x+ﬂ(2—a)(_)\k’7_ )
"= TEy ar1(— A7)
<C | ¢k ‘2 TQB(Z_Q)_Q ‘ Ea,a+6(2—a)(_)\k7'a) |2
I | Baot1(=Ae7) |2
2
n | o |? 17& F2B(2—a)—2
< C 1+ Z | ¢k |2 —2
B ()\k’Ta)72(1 + O(()\]ﬂ'a 1 + O )\kﬂ'a) 1))2

k=1 k=

B(2—a)—

‘ ¢k ’2 2B8(2—a) 2
CZ )\kTO‘)_l)> =T Z ol

These estimates derive from the convergence of series (3.2) under the condition ¢,¢ € H and
1 € D(A). From here the existence of the element f determined by series follows.

Uniqueness. Suppose that this problem has two solutions {u;(t), f1} and {uy(t), fo}. It is enough
to prove that u(t) = uy(t) — us(t) and f = fi; — fo = 0. Using the linearity of the problem conditions,
to determine the function u(t) and f we get the following problem:

DPPu(t) + Au(t) = f, 0<t < T,

: (1-8)(2—a) _

llmo I u(t) =0, (3'3)
: d 71(1-8)(2—a)

thm+0 =1 u(t) =0,

and

u(r) = 0. (3.4)

Let u(t) be the solution to this problem. Let us introduce the notation. Then from equation (3.3) and
the self-adjointness of operator A, we will have

D Pug(t) = (D u(t), v) = —(Au(t), ve) + (f, vr) = —(u(t), Avg) + (f,v) =

= —(u(t), \kvi) + fir. = =Ai(u(t), o) + fi = —Aeur(t) + fi.
Thus, taking into account equality (3.4)), we have the following problem:

D Py (t) 4+ Aug(t) = fr, 0<t < T,

lim (=A@, (t) = 0, (3.5)
Jim 709Gy, () = 0.

Then the solution to this problem has the form (see [24]; |12] p.174; [25] p.17):
() = fit*Eaat1(—At®).
Using equality in (3.4]), we have
(1) = fiTEgar1(—A7%) = 0.

Hence, due to the properties of the Mittag-Leffler function 7*E, o11(—Ax7%) # 0, it follows from here
fr =0 for all kK > 1. In consequence, from the completeness of the system of eigenfunctions {v;}, we
finally obtain f = 0 and u(t)= 0, as required. Theorem 3.1 is completely proven. O
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