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On embedding theorems in generalized grand Sobolev spaces
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Abstract. In this paper, we introduce generalized grand Sobolev spaces and using the integral rep-
resentation method, study some properties of functions from these spaces from the point of view of
embedding theory.
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1. INTRODUCTION

Note that the grand Lebesgue L, (G), (|G| < 00, 1 < p < 00) introduced in [1], and after spaces of
these types, more precisely, small Lebesgue space L, (G), grand-grand Lebesgue-Morrey Ly ) (G),
grand Sobolev-Morrey W), __, (G), grand-grand Sobolev-Morrey W}, _, , , (G), small small Sobolev-
Morrey W(lp,(ma (G), and generalized grand Sobolev-Morrey Wli),q, (G) spaces has been introduced and
studied by many mathematicians [2, 3 4, 5], |6l 6, 7, 8,9, |10, 11} |12, (13} 14, |15} 16} |17} (18} 19].

In this paper we introduce a generalized grand Sobolev spaces Wl), 4 (G), and using integral repre-

p
sentation method we proof Sobolev type integral inequalities for functions from this introduced spaces.

It should be noted that the norm introduced in this paper is more general than in previous papers.

Definition 1.1. A generalized grand Sobolev space we denote by WA 4 (G) a space of locally sum-
mable functions f on G having the D% f (I, > 0 are integers i = 1,2,...,n) with the finite norm

1w, o) = 142, IGLFO) o + D IIDF A (e p, |Gl f () e (1.1)
i=1

where
1A, p, |Gl f () ly.e = 1A, p, |Gl f () |z, =

1
p—e

~ (/\A<s,p,yG|,f(m))\“dm) < o0, (1.2)

O0<e<p—1

G C R™ is bounded domain, 1 < p < 00, A : (0,p—1) x (0,hy) x L (G) — R is a measurable
function on D = (0,p — 1) x (0, hg) x Ly (G). Also A (x,y, z) is the differentiable function with respect
to argument z, and 1_i>r51+A (e,p, |G|, f) =0, for all fe L, .(G), |G| < 0.

Note that, if
Ae.p, |G, f (2)) = (|G|) @),

then the space Ly 4 (G) coincides with the space L, (G) in [1].
Now we give the definition of domains G C R" satisfying the horn condition (see [20]).

Definition 1.2. Let | = (I;,...,l,) be a vector with positive components, 0 < h < o0, & >0, > 0
and a; #0 (i =1,...,n). The set

V({I)=V(l,h) = U {x: £>0, v < (?)l <(1+e) (izl,...,n)}

0<v<h
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is called the l-horn of radius h and angle €. We say that an open set G satisfies the [-horn condition
if there exist open sets G}, and [-horns V(1) = Vi (I, h) (k=1,...,N) such that

N
=J G LJ@+mzm
k=1

and

G = U G(5)

where G\ ={z: z € Gy, p(z,0G,\ 0G) > b}.

We now construct an integral representation for studying the properties of functions in Wzi (G)
defined in n-dimensional domain and satisfying the A-horn condition. In addition, we will assume
that f € L!°(G) has all those generalized derivatives with respect to z that will be included in the
consideration.

Let us consider the averaging of functions A, i.e. consider the function (see, |20])

Ap Ep 61t @) = o™ [ AeplGL 1 @+ 9)2 () v (13)

where v > 0, A = (A1, Ao, ..., A), A >0 (j=1,2,...,n), v* = (vM,...,0v*), Qe Cg (R"), and

/QM@m:/WZ m—/Q

and k = (k1,kay .o k), ki (1=1,2,...,n) are sufficiently large mnatural numbers,
a

© (x) = [[}—; © (x;) is the Heaviside function.
Let us find the derivatives of Q,x (x) with respect to parameters v and obtain

;@ Z/\v_l A Dk L ( ) (1.4)

where

| ahg, (4) _
Li (;p) :Dk—k,,e,, |:(k_1)| / K(zh,..7zi,1,$i,zi+1,...,Zn) (H@(IEJ —Zj)dz(l) ,
Rn—1

J

Al = ZAMMH@ —z) =[] e
J#i
Let the functlon Al(e,p, |G|, f) be defined in a domain G containing the support of function L; (x)

and has generalized derivatives on G D! f. Then the following equality is true

[ AEp.161 £ @) DL (@) do =
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— (-1 [ DL A (Gl (@) Dk L (w) do, 1, < (1.5
G

which follows from the definition (see [20]) of the generalized derivatives, if D" L; (z) is taken as
the function ¢ € Cg° (R").
By virtue of (1.4]), from ([1.3) we have

A @GS @) = [ACp 6L @+ ) o [P0 (X)) 4] =

R™

i=1

P il / A(e,p, |Gl f (z + ) D Li (5 ) dy. (1.6)

And using the Newton-Leibniz formula we obtain the following equality
/17]A (871)7 |G|7 f) = Ah)‘ (E7p7 ‘Gya f) +

n

1= ki (2
+/;Aw dvR/A(s,p,|G|,f(x+y))Dz Lo (%) dy. (17)
) :

From here we get

An* (57]7, |G‘7f) = Ah)‘ (Eapv ‘Glaf)—i_

h n
[y [ DEAp Gl f @+ ) L () dy, (18)
=1

Rn

where L; (z) = (=1)" \;\DF7 L, (2).

Equality can be considered as representation of the difference in the values of the average
functions with parameters n* and h* at point z through the integrals of the generalized derivatives of
the functions A along the coordinate directions.

Let v = (v,v0,...,1), v; > 0 (j=12,...,n) are integers, and [, < v
G=12,....n;5#14), L < ki+wv;(i=1,2,...,n) . Let us apply differentation to both sides of
and transfer the differentitation operation to the kernel, we have (z € G)

AR (2,9, 1G], £ (2) = A (6,1, |G, f () +

h n
. 1. —(v i T (v Yy
4 [ S ur oo [ DA (6L, f o+ ) 2 () dyav, (1.9
n =1 R™
where
AL Ep G F (@) = N0 [ A(ep |61 f (@4 ) 2 () d. (1.10)
R‘n

and (v, \) = Zn: vjA;. Note that the A-norm
1=1
s+ VNS =z+ | (@*+0'6) C@
0<d<h

is the support of this representations for x € U, where U = {x : x € G, z +V C G}.
Let us now show that if the inequalities

m; =Nl —(v,A) >0 (i=1,2,...,n) (1.11)
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are satisfied, then there is a generalized derivatives D" A (e, p, |G|, f) € L'° (G) and we will obtain an
integral representations for them. Let us first establish that

A — AN o, (1.12)

with 0 <n < h — 0 in L'¢(U). Let the compact F C U, then at some p > 0, F + pI C U. By virtue

of Minkowski‘s inequality we have

1A® (2,9, 1G], £ () — A% (,p,1GI, £ () 1o <

h

n
< / Z v—1—|>\\+>\ili—(l’7>‘) ||D§7"A||1,F+PI

0 i=1

~ . n ‘ . h’fm
L (o) o < o ULl 1EE,

From here, by virtue of (1.11) it follows (1.12). Let us assume that generalized derivatives D" A
exist on G, and passing to the limit in (1.9) as n — 0, for almost all € U we obtain with the same
kernels the following equality

D A(e,p. |G, f (x)) = A (e.p, |G, f () +

—1—|A[+Aili— (1, A) L Fw) (Y
+Z/v /DZA(E,p,]GLf(m—i—y))LZ <U/\>dvdy. (1.13)
Rn

2. MAIN RESULTS
Now let‘s prove the main theorems on the properties of functions from the introduced spaces.

Theorem 2.1. Let G C R™ be a bounded domain satisfying the A-horn condition, 1 < p < q < o0,
v=(v,...,1,), v; >0 (j =1,2,...,n) are integers, f € W;),A (G), and

L AL S s

Bi = Xl — (Va >\)—
p—€E q—¢€

Then D¥ : Wi ,(G) <= Ly . (G), 0 <e<p—1,ie foralfeW, ,(G) onthe domain G there
exist generalized mized derivatives D¥ f € L,_. (G) and there are positive numbers hy, C* and C? such
that

1" Ally—sic < CR* || A(e,p, |G, £ O) Iy + C* D WP |IDEA e, IGLf (D e (21)

i=1

where /BQ = /Bz - )\le
In particular, if B) = Nl; — (v, \) — % >0 (i=1,2,...,n), then D" f (z) is continuous on G and

esssup| D A (., |G, £ (2)| < C'WB A e,y |G £ (D) o+ €2 D07 1D A |Gl £ Ol 6
x i=1

(2.2)
C*' and C? are constants do not depend on h and f.

Proof. Initially note that under the conditions, of our theorem, there exist generalized derivatives
D"Aon G. Indeed p<gq, B;>0 (i=1,2,...,n), then \;l; — (v,\) >0, (i=1,2,...,n), if follows
that exist DY A, and the following integral representation .

We assume that U + V' C G and based on the Minkowski from equality we have

ID* Ally—sic < 1A lg—cic + D 1 Billg—c.co, (2.3)
=1
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where
h

Bi(a) = [0t PN [ Dha(ep |G (o)) L () dydo,
R’!L

0

(2.4)

For |B;| presented in the form ([2.4) we apply the generalized Minkovskii inequality and obtain that

h
IBillo-ea < [ o7 HNCNNE ()
0

where

R0 = [ DA o)L () dy
R‘VL

Let us represent the integrand of the expression presented in formula (2.6)), in the form

) ()T

and apply Holders inequality for |F;| in this case

1 1 1 1 1
() )
q—¢ p—e q—c¢ s qg—E€
(pis_qis)
|E: (-, v) ||g—e.c < sup / !DiiA (e,p, |G, f (= + y))|p_E z (%) dy X
xeU . v

Xi‘éé’(/\Dﬁ* (e.p, 1G], f (+ )" ) (R/ y)
U

» be the characteristic function of set S (LE”)).

For x € U, we have

|DlALY)| = LY LN

(\Dl AP

we get

i
>\

/|DfiA(€7p7|G!af($+y)){p_5%<v‘li)dyg

/|Dl (0, 1G1, £ (w+ )" dy < | DAL,
for all y € V, we have

[ 1D A 1GL £ @+ )| dw < DA,

U

and

L0 (5] dy = oML
v

R’n.
From inequalities (2.7))-(2.10) follows, that

[

. _ L
I1F; (- 0) llg-cc < CLIDF A e, G, f () llp-eig v 75702,

,iJr\M

o p—

1AD 4—cc < Coll Allp-cic

(2.5)

(2.6)

(2.8)

(2.9)

(2.10)

(2.11)
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= Coh~ Vet *‘H Ae,p |Gl F ) llp-cc (2.12)

From inequalities (2.3] . and (2.12)) follows that inequality (2
Show that D" f is contmuous on G By 1-} and (| . for ¢ = oo we obtam

104~ ARy ST A (e, 161, DY )|

i=1

p—&;G °

It follows that the left-hand side of the last inequality tends to zero as h — 0. Since AY, k is continuous
on G, in our case the convergence in L, (G) coincides with uniform convergence; concequently DYA
is continuous on G.

This completes the proof.

Let v be an n-dimensional vector.

Theorem 2.2. Suppose that the domain G, the parameters p,q and vector v satisfy the condition of
Theorem 2.1.
Letl; € N, j=1,2,...,n, and also let

A A
’|+Jif_&@>QiJ:Lzuwn

i = Aili — (1, A) —
Bis R

Then D¥ = Wi ,(G) — Wél_&A (G), i.e., the inequality holds for f € W, , (G)

1D Allyr (@) < C'h* | A (6.0, 1GI, f ()] +

+C2Y || DEA (e, p, G £ () )]s (2.13)
i=1

1

where h is an arbitrary number from (0, hg), C* and C? are constants and do not depend on f.

Proof. Note that

”f”W’1 al@) HA(€ p, |G‘ f q e,G + Z ||Dl E Db, ’G| f ||q ;G

where )

q—¢

||A (5,1)7 |G|,f('))||q—e,G — (/ ’A(&,p, |G"f($))|q—s dx)

To obtain inequality (2.13)) on the identity ((1.13)), in the second term on the right side instead of v
we will take v+ 17, j=1,2,...,n, ie,

DB A(e,p, |G, f (@) = A (e,p, |G, f (2)) +

" Lo (N 1l ) (Y
+2 / / TN AL DI A e, G f (2 +y) LY () dvdy, (2.14)
J=1;Z1 pn
where
v ZIA—=(v (Y
AL p, G £ @) =0 [ A |61, 1 (w4 9) 2 (5 o (2.15)
Rn

As in Theorem 2.1 here too

| DA e, 1GI, £ ()

<||4 eplcl )| +Z||B”||qeg, (2.16)

q—¢,G
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where

h
Buj(w) = [ [or e NS D A G £ @+ ) 2 () dudy.
(%

0 Rn

Similarly, using inequalities (2.5 and (2.12]) here we also obtain the following inequalities

and

|4 Epel s (), < Ch* IAERICLFO)lce (2.17)
y Lt
1Bijlly—cc < CohP9 | D Ale,p, |G, f () e (2.18)
It is known that
1D Al @ = A EpIGL D+ =
— | A® ~ || et
ALy ace) + ; HD A‘ S (2.19)

Then, taking into account inequalities (2.17)-(2.19) and (2.16]), we obtain the required inequality
@.13).
Theorem 2.2 is proved.
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