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On embedding theorems in generalized grand Sobolev spaces
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Abstract. In this paper, we introduce generalized grand Sobolev spaces and using the integral rep-
resentation method, study some properties of functions from these spaces from the point of view of
embedding theory.
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1. Introduction

Note that the grand Lebesgue Lp) (G), ( |G| <∞, 1 < p <∞) introduced in [1], and after spaces of
these types, more precisely, small Lebesgue space L(p (G), grand-grand Lebesgue-Morrey Lp),λ) (G),
grand Sobolev-Morrey W l

p),κ,a (G), grand-grand Sobolev-Morrey W l
p),κ),a,α (G), small small Sobolev-

Morrey W l
(p,(κ,a (G), and generalized grand Sobolev-Morrey W l

p),Φ (G) spaces has been introduced and

studied by many mathematicians [2, 3, 4, 5], [6, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19].
In this paper we introduce a generalized grand Sobolev spaces W l

p),A (G), and using integral repre-
sentation method we proof Sobolev type integral inequalities for functions from this introduced spaces.
It should be noted that the norm introduced in this paper is more general than in previous papers.

Definition 1.1. A generalized grand Sobolev space we denote by W l
p),A (G) a space of locally sum-

mable functions f on G having the Dli
i f (li > 0 are integers i = 1, 2, . . . , n) with the finite norm

∥f∥W l
p),A

(G) = ∥A (ε, p, |G|, f (·)) ∥p),G +
n∑
i=1

∥Dli
i A (ε, p, |G|, f (·)) ∥p),G, (1.1)

where

∥A (ε, p, |G|, f (·)) ∥p),G = ∥A (ε, p, |G|, f (·)) ∥Lp)(G) =

= sup
0<ε<p−1

∫
G

|A (ε, p, |G|, f (x)) |p−εdx

 1
p−ε

<∞, (1.2)

G ⊂ Rn is bounded domain, 1 < p < ∞, A : (0, p− 1) × (0, h0) × L1 (G) → R is a measurable
function on D = (0, p− 1)× (0, h0)×L1 (G). Also A (x, y, z) is the differentiable function with respect
to argument z, and lim

ε→0+
A (ε, p, |G|, f) = 0, for all f ∈ Lp−ε (G), |G| <∞.

Note that, if

A (ε, p, |G|, f (x)) =
(
ε

|G|

) 1
p−ε

· f (x) ,

then the space Lp),A (G) coincides with the space Lp) (G) in [1].
Now we give the definition of domains G ⊂ Rn satisfying the horn condition (see [20]).

Definition 1.2. Let l = (l1, . . . , ln) be a vector with positive components, 0 < h ≤ ∞, ε > 0, δ > 0
and ai ̸= 0 (i = 1, . . . , n). The set

V (l) = V (l, h) =
⋃

0<v<h

{
x :

xi
ai
> 0, v <

(
xi
ai

)li
< (1 + ε)v (i = 1, . . . , n)

}
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is called the l-horn of radius h and angle ε. We say that an open set G satisfies the l-horn condition
if there exist open sets Gk and l-horns Vk(l) = Vk(l, h) (k = 1, . . . , N) such that

G =
N⋃
k=1

Gk =
N⋃
k=1

(Gk + Vk(l, h))

and

G =
N⋃
k=1

G
(δ)
k ,

where G
(δ)
k = {x : x ∈ Gk, ρ (x, ∂Gk \ ∂G) > δ} .

We now construct an integral representation for studying the properties of functions in W l
p (G)

defined in n-dimensional domain and satisfying the λ-horn condition. In addition, we will assume
that f ∈ Lloc (G) has all those generalized derivatives with respect to x that will be included in the
consideration.

Let us consider the averaging of functions A, i.e. consider the function (see, [20])

Avλ (ε, p, |G|, f (x)) = v−|λ|
∫
Rn

A (ε, p, |G|, f (x+ y)) Ω
( y
vλ

)
dy, (1.3)

where v > 0, λ = (λ1, λ2, . . . , λn) , λj > 0 (j = 1, 2, . . . , n), vλ =
(
vλ1 , . . . , vλn

)
, Ω ∈ C∞

0 (Rn), and

Ω (x) = Dk
x

 xk−1

(k − 1)!

∫
Rn

K (z)⊖ (x− z) dz

 ,
∫
Rn

Ωvλ (x) dx =

∫
Rn

v−|λ|Ωvλ
( x
vλ

)
dx =

∫
Rn

Ω (x) dx = 1,

and k = (k1, k2, . . . , kn), ki (i = 1, 2, . . . , n) are sufficiently large natural numbers,
1 = (1, 1, . . . , 1), K ∈ C∞

0 (Rn) and ∫
Rn

K (x) dx = 1,

⊖ (x) =
∏n
j=1 ⊖ (xj) is the Heaviside function.

Let us find the derivatives of Ωvλ (x) with respect to parameters v and obtain

∂

∂v
Ωvλ (x) = −

n∑
i=1

λiv
−1−|λ|Dki

i Li
( x
vλ

)
, (1.4)

where

Li (x) = Dk−kiei

 xk−1xi
(k − 1)!

∫
Rn−1

K (z1, . . . , zi−1, xi, zi+1, . . . , zn)

 (i)∏
j

⊖ (xj − zj) dz
(i)

 ,
|λ| =

n∑
j=1

λj and

(i)∏
j

⊖ (xj − zj) =
∏
j ̸=i

⊖ (xj − zj).

Let the function A (ε, p, |G|, f) be defined in a domain G containing the support of function Li (x)
and has generalized derivatives on G Dli

i f . Then the following equality is true∫
G

A (ε, p, |G|, f (x))Dki
xi
Li (x) dx =
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= (−1)
li

∫
G

Dli
xi
A (ε, p, |G|, f (x))Dki−li

xi
Li (x) dx, li ≤ ki, (1.5)

which follows from the definition (see [20]) of the generalized derivatives, if Dki−li
xi

Li (x) is taken as
the function φ ∈ C∞

0 (Rn).
By virtue of (1.4), from (1.3) we have

∂

∂v
Avλ (ε, p, |G|, f (x)) =

∫
Rn

A (ε, p, |G|, f (x+ y))
∂

∂v

[
v−|λ|Ω

( y
vλ

)
dy
]
=

= −
n∑
i=1

λiv
−1−|λ|

∫
Rn

A (ε, p, |G|, f (x+ y))Dki
i Li

( y
vλ

)
dy. (1.6)

And using the Newton-Leibniz formula we obtain the following equality

Aηλ (ε, p, |G|, f) = Ahλ (ε, p, |G|, f)+

+

h∫
η

n∑
i=1

λiv
−1−|λ|dv

∫
Rn

A (ε, p, |G|, f (x+ y))Dki
i Li

( y
vλ

)
dy. (1.7)

From here we get
Aηλ (ε, p, |G|, f) = Ahλ (ε, p, |G|, f)+

+

h∫
ε

n∑
i=1

v−1−|λ|+λilidv

∫
Rn

Dli
i A (ε, p, |G|, f (x+ y)) L̃i

( y
vλ

)
dy, (1.8)

where L̃i (x) = (−1)
li λiD

ki−li
i Li (x).

Equality (1.8) can be considered as representation of the difference in the values of the average
functions with parameters ηλ and hλ at point x through the integrals of the generalized derivatives of
the functions A along the coordinate directions.

Let ν = (ν1, ν2, . . . , νn), νj ≥ 0 (j = 1, 2, . . . , n) are integers, and lj ≤ νj
(j = 1, 2, . . . , n; j ̸= i), li < ki + νi (i = 1, 2, . . . , n) . Let us apply differentation to both sides of
(1.8) and transfer the differentitation operation to the kernel, we have (x ∈ G)

A
(ν)

ηλ (ε, p, |G|, f (x)) = A
(ν)

hλ (ε, p, |G|, f (x))+

+

h∫
η

n∑
i=1

v−1−|λ|+λili−(ν,λ)

∫
Rn

Dli
i A (ε, p, |G|, f (x+ y)) L̃

(ν)
i

( y
vλ

)
dydv, (1.9)

where

A
(ν)

ηλ (ε, p, |G|, f (x)) = h−|λ|−(ν,λ)

∫
Rn

A (ε, p, |G|, f (x+ y)) Ω(ν)
( y
hλ

)
dy, (1.10)

and (ν, λ) =
n∑
i=1

νjλj. Note that the λ-norm

x+ V (λ, δ) = x+
⋃

0<δ<h

(
avλ + vλδλI

)
⊂ G

is the support of this representations for x ∈ U , where U = {x : x ∈ G, x+ V ⊂ G}.
Let us now show that if the inequalities

mi = λili − (ν, λ) > 0 (i = 1, 2, . . . , n) (1.11)
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are satisfied, then there is a generalized derivatives DνA (ε, p, |G|, f ) ∈ Lloc (G) and we will obtain an
integral representations for them. Let us first establish that

A
(ν)

ηλ −A
(ν)

hλ → 0, (1.12)

with 0 < η < h→ 0 in Lloc (U). Let the compact F ⊂ U , then at some ρ > 0, F + ρI ⊂ U . By virtue
of Minkowski‘s inequality we have

∥A(ν)

ηλ (ε, p, |G|, f (·))−A
(ν)

hλ (ε, p, |G|, f (·)) ∥1,U ≤

≤
h∫

0

n∑
i=1

v−1−|λ|+λili−(ν,λ)∥Dli
i A∥1,F+ρI

∥∥∥L̃i ( ·
vλ

)∥∥∥
1
dv ≤

n∑
i=1

∥Dli
i A∥1,U

∥L̃(ν)
i ∥

1

hmi

mi

From here, by virtue of (1.11) it follows (1.12). Let us assume that generalized derivatives DνA
exist on G, and passing to the limit in (1.9) as η → 0, for almost all x ∈ U we obtain with the same
kernels the following equality

DνA (ε, p, |G|, f (x)) = A
(ν)

hλ (ε, p, |G|, f (x))+

+
n∑
i=1

h∫
0

v−1−|λ|+λili−(ν,λ)

∫
Rn

Dli
i A (ε, p, |G|, f (x+ y)) L̃

(ν)
i

( y
vλ

)
dvdy. (1.13)

2. Main results

Now let‘s prove the main theorems on the properties of functions from the introduced spaces.

Theorem 2.1. Let G ⊂ Rn be a bounded domain satisfying the λ-horn condition, 1 < p < q ≤ ∞,
ν = (ν1, . . . , νn), νj ≥ 0 (j = 1, 2, . . . , n) are integers, f ∈W l

p),A (G), and

βi = λili − (ν, λ)− |λ|
p− ε

+
|λ|
q − ε

> 0, i = 1, 2, . . . , n.

Then Dν : W l
p),A (G) ↪→ Lq−ε (G), 0 < ε < p− 1, i.e. for all f ∈ W l

p),A (G) on the domain G there

exist generalized mixed derivatives Dνf ∈ Lq−ε (G) and there are positive numbers h0, C
1 and C2 such

that

∥DνA∥q−ε;G ≤ C1hβ0∥A (ε, p, |G|, f (·)) ∥p);G + C2
n∑
i=1

hβi∥Dli
i A (ε, p, |G|, f (·)) ∥p);G (2.1)

where β0 = βi − λili.
In particular, if β0

i = λili − (ν, λ)− |λ|
p−ε > 0 (i = 1, 2, . . . , n), then Dνf (x) is continuous on G and

esssup
x∈G

|DνA (ε, p, |G|, f (x)) | ≤ C1hβ
0
0∥A (ε, p, |G|, f (·)) ∥p);G + C2

n∑
i=1

hβ
0
i

∥∥Dli
i A (ε, p, |G|, f (·))

∥∥
p),G

,

(2.2)
C1 and C2 are constants do not depend on h and f .

Proof. Initially note that under the conditions, of our theorem, there exist generalized derivatives
DνA on G. Indeed p < q, βi > 0 (i = 1, 2, . . . , n), then λili − (ν, λ) > 0, (i = 1, 2, . . . , n), if follows
that exist DνA, and the following integral representation (1.13).

We assume that U + V ⊂ G and based on the Minkowski from equality (1.13) we have

∥DνA∥q−ε;G ≤ ∥A(ν)

hλ ∥q−ε;G +
n∑
i=1

∥Bi∥q−ε,G, (2.3)
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where

Bi (x) =

h∫
0

v−1−|λ|+λili−(ν,λ)

∫
Rn

Dli
i A (ε, p, |G|, f (x+ y))L

(ν)
i

( y
vλ

)
dydv. (2.4)

For |Bi| presented in the form (2.4) we apply the generalized Minkovskii inequality and obtain that

∥Bi∥q−ε,G ≤
h∫

0

v−1−|λ|+λili−(ν,λ)∥Fi (·, v) ∥q−ε;Gdv, (2.5)

where

Fi (x, v) =

∫
Rn

Dli
i A (ε, p, |G|, f (x+ y))L

(ν)
i

( y
vλ

)
dy. (2.6)

Let us represent the integrand of the expression presented in formula (2.6), in the form∣∣∣Dli
i AL

(ν)
i

∣∣∣ = (∣∣Dli
i A
∣∣p−ε ∣∣∣L(ν)

i

∣∣∣s) 1
q−ε
(∣∣Dli

i A
∣∣p−ε κ) 1

p−ε−
1
q−ε
(∣∣∣L(ν)

i

∣∣∣s) 1
s−

1
q−ε

,
1

s
= 1− 1

p− ε
+

1

q − ε
,

and apply Holders inequality for |Fi| in this case

1

q − ε
+

(
1

p− ε
− 1

q − ε

)
+

(
1

s
− 1

q − ε

)
= 1,

we get

∥Fi (·, v) ∥q−ε,G ≤ sup
x∈U

∫
Rn

∣∣Dli
i A (ε, p, |G|, f (x+ y))

∣∣p−ε κ ( y
vλ

)
dy

( 1
p−ε−

1
q−ε)

×

×sup
y∈V

∫
U

∣∣Dli
i A (ε, p, |G|, f (x+ y))

∣∣p−ε dx
 1

q−ε
∫
Rn

∣∣∣L(ν)
i

( y
vλ

)∣∣∣s dy
 1

s

, (2.7)

κ be the characteristic function of set S
(
L

(ν)
i

)
.

For x ∈ U , we have ∫
Rn

∣∣Dli
i A (ε, p, |G|, f (x+ y))

∣∣p−ε κ ( y
vλ

)
dy ≤

≤
∫
G

∣∣Dli
i A (ε, p, |G|, f (x+ y))

∣∣p−ε dy ≤ ∥Dli
i A∥

p−ε
p−ε;G, (2.8)

for all y ∈ V , we have ∫
U

∣∣Dli
i A (ε, p, |G|, f (x+ y))

∣∣p−ε dx ≤ ∥Dli
i A∥

p−ε
p−ε;G, (2.9)

and ∫
Rn

∣∣∣L(ν)
i

( y
vλ

)∣∣∣s dy = v|λ|∥L(ν)
i ∥ss. (2.10)

From inequalities (2.7)-(2.10) follows, that

∥Fi (·, v) ∥q−ε,G ≤ C1∥Dli
i A (ε, p, |G|, f (·)) ∥p−ε;G v|λ|−

|λ|
p−ε+

|λ|
q−ε , (2.11)

∥A(ν)

hλ ∥q−ε,G ≤ C2∥A∥p−ε;G · h−|λ|−(ν,λ) h|λ|− |λ|
p−ε+

|λ|
q−ε =
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= C2h
−(ν,λ)− |λ|

p−ε+
|λ|
q−ε ∥A (ε, p, |G|, f (·)) ∥p−ε;G. (2.12)

From inequalities (2.3), (2.5), (2.11) and (2.12) follows that inequality (2.1).
Show that Dνf is continuous on G. By (2.1) and (2.3), for q = ∞ we obtain

∥DνA−A
(ν)

hλ ∥q−ε,G ≤ C
n∑
i=1

hβi
∥∥A (ε, p, |G|, Dli

i f
)∥∥

p−ε;G .

It follows that the left-hand side of the last inequality tends to zero as h→ 0. Since A
(ν)

hλ is continuous
on G, in our case the convergence in L∞ (G) coincides with uniform convergence; concequently DνA
is continuous on G.

This completes the proof.
Let γ be an n-dimensional vector.

Theorem 2.2. Suppose that the domain G, the parameters p, q and vector v satisfy the condition of
Theorem 2.1.

Let l1j ∈ N , j = 1, 2, . . . , n, and also let

βi,j = λili − (ν, λ)− |λ|
p− ε

+
|λ|
q − ε

− λjl
1
j > 0, i, j = 1, 2, . . . , n.

Then Dν : W l
p),A (G) ↪→ W l1

q−ε,A (G), i.e., the inequality holds for f ∈W l
p),A (G)

∥DνA∥W l1

q−ε,A(G) ≤ C1hβ0 ∥A (ε, p, |G|, f (·))∥p);G+

+C2
n∑
i=1

hβi
∥∥Dli

i A (ε, p, |G|, f (·))
∥∥
p);G

, (2.13)

where h is an arbitrary number from (0, h0), C
1 and C2 are constants and do not depend on f .

Proof. Note that

∥f∥W l1

q−ε,A(G) = ∥A (ε, p, |G|, f (·))∥q−ε,G +
n∑
i=1

∥∥Dli
i A (ε, p, |G|, f (·))

∥∥
q−ε;G ,

where

∥A (ε, p, |G|, f (·))∥q−ε,G =

∫
G

|A (ε, p, |G|, f (x))|q−ε dx

 1
q−ε

.

To obtain inequality (2.13) on the identity (1.13), in the second term on the right side instead of ν
we will take ν + l1j , j = 1, 2, . . . , n, i.e.,

Dν+l1jA (ε, p, |G|, f (x)) = A
(ν)

hλ (ε, p, |G|, f (x))+

+
n∑
j=1

n∫
i=1

∫
Rn

v−1−|λ|+λili−(ν,λ)−λj l1jD
li+l

1
j

i A (ε, p, |G|, f (x+ y)) L̃
(ν)
i

( y
vλ

)
dvdy, (2.14)

where

A
(ν)

hλ (ε, p, |G|, f (x)) = h−|λ|−(ν,λ)

∫
Rn

A (ε, p, |G|, f (x+ y)) Ω(ν)
( y
vλ

)
dy. (2.15)

As in Theorem 2.1 here too∥∥∥Dν+l1jA (ε, p, |G|, f (·))
∥∥∥
q−ε,G

≤
∥∥∥A(ν)

hλ (ε, p, |G|, f (·))
∥∥∥
q−ε,G

+
n∑
i=1

∥Bi,j∥q−ε,G , (2.16)
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where

Bi,j (x) =

h∫
0

∫
Rn

v−1−|λ|+λili−(ν,λ)−λj l1jD
li+l

1
j

i A (ε, p, |G|, f (x+ y)) L̃
(ν)
i

( y
vλ

)
dvdy.

Similarly, using inequalities (2.5) and (2.12) here we also obtain the following inequalities∥∥∥A(ν)

hλ (ε, p, |G|, f (·))
∥∥∥
q−ε,G

≤ C1h
β0 ∥A (ε, p, |G|, f (·))∥p−ε,G , (2.17)

and

∥Bi,j∥q−ε,G ≤ C2h
βi,j
∥∥∥Dli+l

1
j

i A (ε, p, |G|, f (·))
∥∥∥
p−ε,G

. (2.18)

It is known that
∥DνA∥W l1

q−ε,A(G) =
∥∥∥A(ν)

hλ (ε, p, |G|, f)
∥∥∥
q−ε,G

+ =

= ∥A(ν)∥Lq−ε,A(G) +
n∑
i=1

∥∥∥Dν+l1jA
∥∥∥
Lq−ε,A(G)

. (2.19)

Then, taking into account inequalities (2.17)-(2.19) and (2.16), we obtain the required inequality
(2.13).

Theorem 2.2 is proved.
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