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Abstract. This paper is devoted to local and 2-local %—derivations of null-filiform, filiform, and nat-
urally graded quasi-filiform associative algebras. We obtain explicit descriptions of the corresponding
%—derivations and local %—derivations and show that non-derivation local maps occur throughout these
classes. For 2-local maps, however, a sharp dichotomy appears: every 2-local %—derivation of a null-
filiform associative algebra is a %—derivation, whereas every filiform and naturally graded quasi-filiform
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1. INTRODUCTION

The concept of §-derivations was introduced by V. Filippov for Lie algebras in |1, 2]. This class of
linear mappings contains several important special cases, including ordinary derivations when § = 1,
antiderivations when 6 = —1, and mappings related to the centroid. In [2], it was shown that prime
Lie algebras usually do not possess nonzero d-derivations for § # 1,—1,0, % In the exceptional case
6 = %, Filippov described all %—derivations of prime Lie algebras satisfying suitable restrictions. In
particular, if A is a central simple Lie algebra over a field of characteristic p # 2,3 and admits a non-
degenerate symmetric invariant bilinear form, then every %—derivation of A is a scalar multiplication.
Further results on §-derivations of prime alternative and non-Lie Mal’'tsev algebras were obtained in
[3].

Local derivations form another important generalization of derivations. They were introduced by
R. V. Kadison and independently by D. R. Larson and A. R. Sourour in the study of operator algebras
[4, 5]. Since then, local derivations have been investigated for many classes of associative, Lie, Leibniz,
and related algebras; see, for instance, [6} |7} 8} (9} (10, [11]. One of the central problems in this direction
is to determine whether every local derivation on a given algebra is an ordinary derivation. For
example, in [§] it was proved that each local derivation on a finite-dimensional semisimple Lie algebra
over an algebraically closed field of characteristic zero is a derivation. On the other hand, solvable
and nilpotent algebras may admit local derivations which are not derivations. Such phenomena were
studied for solvable Lie algebras in [10, 11], for conformal Galilei and Schrodinger type Lie algebras
in 7,12, 13}, and for several classes of Leibniz algebras in |9} 6].

The finite-dimensional theory has also been complemented by a number of results for infinite-
dimensional Lie algebras. In particular, local derivations on locally simple Lie algebras, generalized
Witt algebras, Witt algebras, and Witt algebras over fields of prime characteristic were considered
in |14} |15, 16]. In these settings, it was shown that, for the classes under consideration, every local
derivation is a derivation.

A further nonlinear version of this idea was introduced by P. Semrl in [17] in the form of 2-
local automorphisms and 2-local derivations. This notion has attracted considerable attention in the
theory of Lie algebras and related structures [18, |14, 19} 20, 21]. For instance, [18] proves that every
2-local derivation on a finite-dimensional semisimple Lie algebra is a derivation, while every finite-
dimensional nilpotent Lie algebra of dimension greater than two admits a 2-local derivation which is
not a derivation. Similar rigidity results have been obtained for several finite- and infinite-dimensional
Lie algebras, including semisimple Lie algebras, Witt algebras, Virasoro algebras, Schrodinger-Virasoro
algebras, Jacobson-Witt algebras, and planar Galilean conformal algebras.

Derivations, local derivations, and 2-local derivations on filiform associative algebras were studied
in [22]. In that work, local and 2-local derivations of filiform associative algebras were introduced
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and described. The study of local and 2-local §-derivations was developed in [23], where local and
2-local %—derivations of finite-dimensional solvable Lie algebras with filiform, Heisenberg, and abelian
nilradicals were investigated. Moreover, local %—derivations of oscillator Lie algebras, conformal perfect
Lie algebras, and Schrédinger algebras were described. Related results for naturally graded quasi-
filiform Leibniz algebras of type I were obtained by B. Yusupov, N. Vaisova, and T. Madrakhimov in
[24], where it was shown that such algebras may admit local %—derivations which are not %—derivations.
Local and 2-local i-derivations of solvable Leibniz algebras were further studied in [25]. More recently,
explicit descriptions of %—derivations and local %-derivations on naturally graded filiform Lie and
Leibniz algebras were obtained in [26]. Naturally graded non-Lie p-filiform Leibniz algebras were
considered in [27], where it was shown that, in general, they admit local and 2-local %—derivations
which are not ordinary 3-derivations.

The aim of the present paper is to investigate %—derivations, local %—derivations, and 2-local %—
derivations on null-filiform, filiform, and naturally graded quasi-filiform associative algebras. We
obtain explicit descriptions of %—derivations and local %—derivations for these algebras. It is shown
that, in general, these algebras admit local %—derivations which are not %—derivations. We also prove
that every 2-local %—derivation of a null-filiform associative algebra is a %—derivation, whereas filiform
and naturally graded quasi-filiform associative algebras admit 2-local %—derivations which are not
;-derivations.

Thus the null-filiform case is rigid with respect to 2-local %-derivations, while the filiform and quasi-
filiform cases exhibit genuinely nonlinear 2-local phenomena. This distinction is one of the principal
structural conclusions of the paper.

The paper is organized as follows. In Section 2, we describe the %—derivations of null-filiform, filiform,
and naturally graded quasi-filiform associative algebras. Section 3 is devoted to local and 2-local %—
derivations. In Subsection 3.1, we give descriptions of local %—derivations and show the existence of
local %—derivations which are not %—derivations. In Subsection 3.2, we prove the corresponding results
for 2-local -derivations.

1.1. Preliminaries. For an algebra A from an arbitrary variety, we consider the series

Al — A, Al — ZAkAi—H_k, i>1.
k=1

We say that an algebra A is nilpotent if A® = 0 for some 7 € N. The smallest integer satisfying
A" =0 is called the nilpotency index, or nilindex, of A.

Definition 1.1. An n-dimensional algebra A is called null-filiform if dim A* = (n+1)—i, 1 <4 < n+1.

It is easy to see that an algebra has a maximum nilpotency index if and only if it is null-filiform.
For a nilpotent algebra, the condition of null-filiformity is equivalent to the condition that the algebra
is one-generated.

All null-filiform associative algebras were described in 28| [29]:

Theorem 1.1. An arbitrary n-dimensional null-filiform associative algebra is isomorphic to the alge-
bra:

[,L(T)LZ €i€; = €iyj, 2§Z+]STL,
where {e1,€a,...,e,} is a basis of the algebra pf.

The following classes of nilpotent algebras are filiform and quasi-filiform algebras whose nilindex
equals n and n — 1, respectively.

Definition 1.2. An n-dimensional algebra is called filiform if dim(A%) =n —1i, 2 <i < n.

Definition 1.3. An n-dimensional associative algebra A is called a quasi-filiform algebra if A"~2 # 0
and A"~ = 0.
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Definition 1.4. Given a nilpotent associative algebra A, put A; = A’/A™ 1 < i< k-1, and
define
gr(A)=A, DA, - DA,

The product induced by the multiplication of A satisfies A;A; C A, ;, and therefore gr(A) is a graded
algebra. If gr(A) = A, then A is called a naturally graded algebra.

All filiform and naturally graded quasi-filiform associative algebras were classified in [30].

Theorem 1.2 (|30]). Every n-dimensional (n > 3) complez filiform associative algebra is isomorphic
to one of the following pairwise non-isomorphic algebras with basis {ey,ea,...,e,}:

i (ug B C) r ey = ey,

n . P— —
/’[’1,2 . eiej - €i+j7 €nCn = €p—1,
n . — —
Ky 3 D68 = €iyj, €165 = €np_1,
uh D68 = €i4j, €1€, = €n_1, €Epen = €,_1

where 2 < i+ 7 <n—1.

Theorem 1.3 ([30]). Let A be an n-dimensional (n > 6) complex naturally graded quasi-filiform
non-split associative algebra. Then it is isomorphic to one of the following pairwise non-isomorphic
algebras:

MSL’I T €€ = €444, €p_1€1 = €y

NS,Q(Q) €€ = €irj, €1€n1 = €Ep, €n—1€1 = Q€
Mg"?) P €€ = €itj, €np—_1€p—1 = €y

s 4 €€ = €ipj, €1€n1 = €Ep, €n—1€n—1 = €n

where « € C and 2 <i+j <n—2.

Definition 1.5. Let A be an algebra over a field F, and let D : A — A be a linear map. The map D
is called a d-derivation if

D(zy) = d(D(z)y + zD(y))
for all z,y € A.

Note that a 1-derivation is an ordinary derivation, and a (—1)-derivation is called an antiderivation.
The set of all §-derivations of an algebra A is denoted by Ders(A).

Definition 1.6. A linear operator A : A — A is called a local d-derivation if, for any x € A, there
exists a d-derivation D, : A — A depending on z such that A(z) = D,(z). The set of all local
d-derivations on A is denoted by LocDer;s(A).

Definition 1.7. A map V : A — A (not necessarily linear) is called a 2-local d-derivation if, for any
z,y € A, there exists a §-derivation D, , € Ders(A) such that

V(z) = D, (z), V(y) = Dy y(y).

It should be noted that every 2-local §-derivation is homogeneous. Indeed, for any = € A and any
scalar A\, we have

V(Az) = D, yo(Ax) = AD, 2o (2) = AV (2).

In this work, we focus on local and 2-local %—derivations. The main examples of %—derivations are
scalar multiplications, that is, maps of the form D(x) = Az for all z € A. Such %—derivations are
called trivial 1-derivations.

2. %—DERIVATIONS ON NULL-FILIFORM, FILIFORM AND QUASI-FILIFORM ASSOCIATIVE ALGEBRAS

Now we study %-derivations on n-dimensional null-filiform, n-dimensional (n > 3) complex filiform

and n-dimensional (n > 6) complex naturally graded quasi-filiform non-split associative algebras.
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Proposition 2.1. %—dem’vations of n-dimensional complex null-filiform associative algebras are given
as follows:

n
D(e;) = p Qp_ipier, 1 <1<n,
=3

Proof: Write
D(ey) = Zarer.
r=1

Since ey = ejeq, the %—derivation identity gives

D(es) = 5 (D(er)er + exDler))

1 n—1 n—1 n
= 5 (Z Qr€riq + Zarer—i-l) = Zak—lek‘
r=1 r=1 k=2
Assume inductively that
n
D(ei) = Z Qp—i4+1€k
k=i

for some 1 < i < n. Using e;,1 = e;e;, we obtain

D(e;iy1) = %(D(ei)el +e;D(er))

1 n—1 n—i n
=5 E Qk—it1€k+1 T E Qr€ipyr | = E Qf—i€k-
k=i r=1 k=it1

This proves the displayed formula for all 7.
Conversely, let D have the displayed form. If i 4+ j < n, then

%(D(ei)ej +e;D(e;)) = Z Q—i—jper = D(eiy;) = D(eie;).

k=i+j

If i + j > n, both sides vanish. By bilinearity, the identity holds for all elements of y{, and hence D
is a £-derivation. O

Proposition 2.2. %—dem’vatz’ons of the n-dimensional (n > 3) complez filiform associative algebras

are given as follows:

D(el) = Z a,;€;,

?

—

n . n—
Fis D(e;) = > ap_iy1€y, 2<i<n-—1,
k=i

D(en) = 5n—1en—1 + Bnen-
D(€1) = Z Q,;€;,
=1
n . n—1
Hiz D(e;) = > ou—ipa1es, 2<i<n-1,
k=i
D(en) = 0p€p_2 + /anlenfl + Q1€p.

D(el) = Z Q; €4,
i=1

n—2
" D(es) = > o€y + (an72 + %Oén) €n—1;
Hig - Tlff%
D(e;) = > ap_iy1€y, 3<i1<n—1,
k=i
D(en) = Bn—len—l + aqe,.




234 Yusupov B.

D(e1) = 3 e,
2
n—2
D(es) = Y ap_1€x + (@2 + 2av,) €no1,

MY gt k=2
n—1 .
D(e;) = 32 ow-it1er 3<i<n—1,
k=i
D(en) = —O0p€p_2 + Bn—len—l + Q1€

Proof: Let us prove the proposition for the algebra uf ;, and for the algebras uf 5, puf 5, py, the proofs

are similar. Since the algebra uf, has two generators {e;, e, }, any 3-derivation D on {1, is completely
determined by D(e;) and D(e,).
Let

D(e Za e;, and D(e,) Zﬁje]

=1

Applying the 1-derivation identity, we have

1 1 (&
D(ey) = D(ejey) = 3 (D(ey)er + ey 5 (Za e;er + Za elez>
i=1
1 n—1 n—1 n—1
=3 (Z aiiei+ Y ai_161> =) e
=2 =2 =2

1 n—1
D(€3) = D(€2€1) = 9 (D(€2)€1 + €2D 61 (Z o;_1e,e1 + Za 6261>

1 n—1 n—1
=3 E Q;_2€; + E Q;_2€; | = E Q_2€;.
i=3 i=3 i=3

Generally, one can prove by induction
(ez) = Zak—i+lek7 2<i<n-—1
Suppose the above is true for some i. Now we can determine for ¢ + 1.

D(eir1) = D(ejer) =

(D(ei)er +e;D(ey)) (Z Qp_ir1€r€1 + Z 0 €4 ek>
n—1 n—1
(Z ap_ier + Y o 1ek> = Y e

k=i+1 k=i+1 k=i+1

N |

Using the zero product eje,, = 0, we obtain

n—1
(D(e1)e, +e1D (Zaeen+2ﬁ]ele]> = ;;Bj_lej.

Therefore we have 5, =0, 1 < j <n — 2. We complete the proof of Proposition. O

0= D(ese,) =

N

Proposition 2.3. The %—dem’vations of the n-dimensional (n > 6) complex naturally graded quasi-
filiform non-split associative algebras are given as follows:
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D(el) = Z €,
=1

n—2
D(ez) = Y- ap_rep + “5ten,
k=2
[T n—2
> Dez)_ Eak i+1€k, 3§ZS7’L—2,

(
k=i
D(en 1) = ﬂn 2€p—2 +/8n 1€n—1 +Bnen7
D(en) = %(al + anl)en'
D(ey) =Y e,
i=1
n—2
D(es) = > ag_r€ + a6y,
who(ae=1): w3
o D(ei) = Y ap—itrex, 3<i<n—2,
k=i
D(e ) = ﬁn 3€p—3 + /Bn 2€6p—2 + 5n 1€n—1 + ﬁn €En,
D(en) = 1Bn 3€n—2 + 3 (al +ﬁn71)en
D(el) = Z ;€4
=1
n—2
D(€2) = > ap_1€y,
o= —1): s
. D(ei) = >° ap—iti€x, 3<i<n—2,
k=1
D(en—l) = Bn—Qen—2 + /Bn—len—l + 5n6n7
D(en) - %(0[1 + Bn—l)en
D(el) = Z €,
=1
n—2
D(es) = 3 ajp_rer + 3(1+ @)y,
k=2
uho(a#—1,1): n—2
fal ) D(e;) = > ap—iviex, 3<i<n-—2
k=i
D(en 1) = Bn 2€n—2 +ﬁn 1€n—1 +ﬁnen7
D<en) - %(al + Bn—l)en-
n—2
D(ey) = 3 ae; + anen,
=1
n—2
uggj D(ez)zzak i+1€k, QSZSTL_z?
D(enfl) - ﬁn 2€p—2 + /Bn 1€n—1 + Bnena
D(en> /Bn 1€n-
—2
D(ey) = Z Qi€ + ape,,
ne2
My 4 D(e;) = kZ::l Ok —i 1€k, 2<i<n—-2,
D(en—l) = Bn—2en—2 + 1651 + ﬁneny
D(e,) = aie,.

Proof: We give the details for pj ,; the remaining cases are obtained by the same computation with
their additional defining products. Write

D(el) = Z Qr€r,y en 1 Z’Yr@
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Since e; = e1e; and e,,_1e; = e, we obtain

D(e;) = 1(D(€1)€1 + 61D(61))

2
n—2 1

= E Q1€ + §an716n7
k=2

and induction based on e; = e;_je; gives
n—2
D(e;) = Zak_i+1ek, 3<i<n-2.
k=i
The zero product eje,_; = 0 yields

0= D(eren 1) = =(D(er)en 1+ e1Dlen 1)),

N

and hence vy = -+ = ,,_3 = 0. Therefore
D(en—l) - /Bn—Qen—Q + Bn—len—l + /Bnen-

Finally,

D(e,) = D(e,—1€1) = %(D(enfl)el + enle(el)) = é(al + Br-1)én.

This is the first form in the statement.
For %‘72(04), applying the identity to eje,_; = e, and e,,_ie; = e, shows that

(a—1)y; =0, 1<j<n-3.

If @ = 1, the zero products involving e, _je; for ¢ > 2 leave only the possible extra coefficient ~,,_3; if
a # 1, all these coefficients vanish. This gives the three juf ,(«) rows displayed above. The defining
products e, = e, and, respectively, e;e,_1 = e, = e;,_, give the stated forms for uf ; and pf ,.
Conversely, substitution into every nonzero defining product and into the zero products involving the
generators verifies the i-derivation identity. Bilinearity then completes the verification for arbitrary

2
elements. O

3. LOCAL AND 2-LOCAL %—DERIVATIONS ON NULL-FILIFORM, FILIFORM AND QUASI-FILIFORM
ASSOCIATIVE ALGEBRAS

In this section, we consider local and 2-local $-derivations of null-filiform (n > 2), filiform (n > 3),
and quasi-filiform (n > 5) algebras. All these algebras admit a local i-derivation which is not a
%—derivation. At the same time we show that every 2-local %-derivation of a null-filiform algebra is a
1-derivation. An example of a 2-local 3-derivation which is not a 1-derivation is given for filiform and

quasi-filiform algebras.

3.1. Local %-derivations on null-filiform, filiform and quasi-filiform associative algebras.
Now we study local $-derivations on n-dimensional null-filiform, n-dimensional (n > 3) complex fili-
form and n-dimensional (n > 6) complex naturally graded quasi-filiform non-split associative algebras.

Theorem 3.1. Let A be a linear map from a null-filiform associative algebra into itself. Then A is
a local %—derivation if and only if

A(eb) = ZC]',ZC]‘, 1 < 7 <n.

j=i
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Proof: Let € be the matrix of a local -derivation A on pf :

C1,1 C1,2 cet Cln—1 Cin

C21 C2.2 te Con—1 Con

¢ = C31 C32 ce C3n—1 C3.n
Cn—11 Cp—12 *** Cpn—1n-1 Cn—1n

Cn,1 Cn,2 e Cnn—1 Cn,n

n
By the definition for every z = > x;e; € pg there exists a %—derivation D, on pg such that
=1

A(z) = D,(z).

By Proposition the %—derivation D, has the following matrix form:

af 0 o -~ 0 0
% of o --- 0 O
of % af - 0 O
Qg Oy g oy - 00
Ay Oy Qg a0
Qp  Quy On_p o Qy Of

For the matrix € of A by choosing subsequently = = ey,...,x = e, and using A(z) = D,(z), i.e.
¢z = D,(T), where T is the vector corresponding to z, we obtain

C171 0 s 0 0
C21 Co2 "t 0 0
C3,1 C32 " 0 0
¢ = .. .
Cph—21 Cp—22 -°°° 0 0
Cn-1,1 Cp—12 " Cp_1n-1 0
Cn,1 Cn,2 e Cnn—1 Cn,n

Conversely, suppose that the matrix of A has the above form and let us show that A is a local %—
derivation. For each x we must find a $-derivation D, such that A(z) = D,(x). We have € = €,(T),

n

where T is the coordinate vector of x = 3 x;e;. This implies the following system of equalities

i=1
N xr
C1,171 = 1Ty,
C21%1 + C2,2T2 = Q5% + T,
Cn—1,1T1 + Cpo12T2 ++ + Cpin—1Tp—1 = Qp_ 1T + O _oTo+ -+ afTp 1,
Cn,1T1 + Cn,2T2 + -+ CnnTn = ale + ai—le +eeet aﬁlb‘xn.

Let us consider two cases separately:
Case 1: If z; # 0, then af = ¢4,

1 (< :
of =ci1+ T <Z(Cm‘ - afjﬂ)mj) , 25isnm

Jj=2

Case 2: If vy =2, = ... =2y =0and 2, #0, then af =¢;;, 2 <t <n

1 [ .
Q41 = Cip T — ( Z (cij — afjﬂ)xj) t+l<i<n.

Tt \;55
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Thus, the parameters af, 1 < ¢ < n, can be chosen so that the corresponding %—derivation D,
satisfies A(z) = D,(z). The proof is complete.
O

Theorem 3.2. Let A be a linear map on an n-dimensional (n > 3) complex filiform associative
algebra. Then A is a local %-derivation if and only if

e for the algebra py .,

n
Afer) = ) ¢jaey,
j=1

n—1
LocDer; : Ale;) = S cjae;, 2<i<n—1 (3.1)
Jj=i
A(en) = Cnfl,nenfl + Cn,nen-

e for the algebra py 5, the same support conditions hold and
Cii = Cn,n, 2 S { S n—2. (32)

e for the algebras uy 5, py 4

Aler) = Y- ¢jqey,

LocDery : 4 A(e;) = cjiej, 2<i<n-—1 (3.3)

<.
Il
s

A(en) = Cn72,n€n72 + Cnfl,nenfl + Cn,nen-
Ciyi = Cnyn, 2§l§n_3

Proof: Applying the local condition first to the basis vectors and using Proposition gives the
displayed support restrictions. Some additional relations are forced by sums of basis vectors. For
example, in uy,, apply the local condition to e; + e, with 2 < i < n — 3. In every %—derivation, the
coefficients of e; in D(e;) and of e, in D(e,) are both a;. Consequently,
Cii = Cnons 2<i<n-3.

The same argument applies to 4. For uf 5 there is no e, component in D(e,) that can absorb the
corresponding coefficient, so the relation extends to i = n — 2. This proves necessity.

We now give the sufficiency argument in the two cases singled out above. For uf ,, Proposition @
gives

n n—1 n—1
D(.’E) =1 Z oy + Z Z; Z Qp—i+1€k + xz, (anen72 + ﬁnflenfl + alen) .
r=1 =2 k=1
If 1 # 0, comparison with A(z) determines successively aq, aa, . . ., a,, and then 3, ;. Suppose z; = 0,

and let ¢ be the first index in {2,...,n — 1} for which z; # 0. If t <n — 3, set a; = ¢;; = ¢, and
solve successively for the remaining «’s; the free parameters a,, and (,_; resolve the e,_, and e,_;
equations when z,, # 0. If t € {n —2,n — 1}, first use the e, equation when z, # 0 and then the
two preceding equations. If all x4, ...,z,_; vanish, choose ay = ¢, &, = €2, and B,_1 = Cp_1p-
Thus a suitable D, exists in every case.

For uf ,, the corresponding expression is

n n—2
1
D(.%') =T Z (6748 + i) (Z Q1€ + <C¥n_2 + 2Oén> en_1>

r=1 k=2
n—1 n—1
D@ Y i1+ Tn(— ez + Baoreno + arey).

=3 k=i
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The same successive solution works: «,, solves the last equation when z; # 0 and the e,,_5 equation
when z; = 0 and z,, # 0; 3,,_; then solves the e,_; equation. The relations ¢;; = ¢, , are exactly
the compatibility conditions in the remaining cases. The arguments for uf, and uj; are identical,
with the latter using its stated extended diagonal relation. Hence every map in the displayed classes
is local. a

Theorem 3.3. A linear map A on an n-dimensional (n > 6) complezx naturally graded quasi-filiform
non-split associative algebra is a local %—derivation if and only if it has the corresponding form below:

e for the algebra iy ,,

>
—~
aQ
S
S~—
Il
NE
o

—
[
<.

)

3 <.
[l
(%) -

>
N
|

g

Cj2€; + Cp 26y,

Jj=2
LocDer% : n—2
A(ei) - Cj,i€5> 3<is<n-—2,
J=i
A(enfl) = Cn72,n716n72 + Cnfl,nflenfl + Cn,nflenv

Ale,) = cunen.

o for the algebra py (o = 1),

n
Aley) = > Cja1€j,
Jj=1
n—2
A(62) == Z Cj,26j + Cn,2€n,
j=2
| =
LocDer; : Ale)) =3 ¢jaej, 3<i<n-—2,
j=t

A(6n71) = Cn73,n716n73 + Cn72,n716n72
+Cn—1,n—len—1 + Cn,n—le’m

A(en) = Cn72,n6n72 + cn,nen-

e for the algebra ps (o = —1),

b
o

I
M=

Cj,1€5,
j=1
n—2
Alez) = ) cjaey,
j=2
LocDer% : n—2 .
Ale;)) =Y c¢jiej, 3<i<n-—2,
j=i
A(en—l) = cn—?,n—len—Q + Cn—l,n—len—l + cn,n—le’rw

Ale,) = cunen.

e for the algebra py ,(a # —1,1),

A(el) = Z cj’lej,

i=1
n—2
Ales) = ) ¢ja€j + cnen,
Jj=2
LocDer: : n—2 ’
: Ale;)) = > cje, 3<i<n—2,
=i

A(enfl) = Cn72,n716n72 + Cnfl,nflenfl + Cn,nflenv

Ale,) = cunen.
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e for the algebra pj s,

n—2

A(el) = Z Cj1€; + Cn,1€n,
=1
o |

LocDer; : { Al&) = Z i€, 2<1<n—2,
2 j=i
A(enfl) = Cnf2.,nflen72 + Cnfl,nflenfl + Cn,nflena
A(en) = CpynCn-

e for the algebra py 4,

n—2
A(el) = Cp,n€1 + Z Cj1€; + Cn,1€n;
Jj=2
n—2
LocDer; : { Ale:) =cCyn€i+ Y, Cji€ej, 2<i<mn-—2,
2 j=i+1
A(e”—l) = Cp—2n-1€n—2 + Cnn€n-1 + Cnn—1€n,
Aen) = cpnen.

Proof: For every basis vector e;, choose a i-derivation D, such that A(e;) = D.,(e;). Proposition
then gives all the displayed support restrictions. In the case uj,, apply the local condition also to
e;+e, forl <i<n-—2andtoe,_;+e,. The diagonal coefficients of the two summands are governed
by the same parameter «; hence

Cl,1 =C2 = ' =Ch—2n-2=Cn-1n-1 = Cnn-

This proves necessity in every case.

Conversely, let A have one of the stated forms and fix x = ), z;e,. Substituting the corresponding
form from Propositioninto D,(x) = A(x) gives a triangular system. Starting with the first nonzero
coordinate among x4, . .., x,_o determines the chain parameters successively. The remaining equations
involve only the free coefficients in D, (e,_1) and D, (e,). For ujy, these are 8,3, Bn_1, Bn; for pj (1)
they are 5,_3, Bn_2, Bn_1, Bn; and in the other cases they are the three terminal coefficients displayed
in Proposition They solve the final two or three equations. If all chain coordinates vanish, those
same terminal coefficients solve the system directly. In ps 4, the common-diagonal relations above are
precisely the compatibility conditions. Thus a suitable D, exists for every z, proving sufficiency. 0O

The dimensions of the spaces of %—derivations and local %—derivations are summarized in Table

Corollary 3.1. In each of the considered classes of null-filiform, filiform and naturally graded quasi-
filiform non-split associative algebras, there exist local %—dem’vations which are not %—derivations when-
ever the space of local %—dem’vations is strictly larger than the space of %—derivations.

Remark 3.1. We also note that local %—derivations of an arbitrary low-dimensional algebra can be
similarly described using the fact that the %—derivations have a common matrix form. The technique
developed in this paper for constructing local %—derivations which are not %—derivations can be applied
to any low-dimensional algebra for which the %—derivations have a common matrix form.

3.2. 2-local %-derivations on null-filiform, filiform and quasi-filiform associative algebras.
Now we study 2-local $-derivations on n-dimensional null-filiform, n-dimensional (n > 3) complex
filiform and n-dimensional (n > 6) complex naturally graded quasi-filiform non-split associative alge-
bras.

Theorem 3.4. Any 2-local %-dem’vation on the null-filiform associative algebra pj is a %-derivation.

Proof: Consider a 2-local i-derivation V on pg such that V(e;) = 0.
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TABLE 1. Dimensions of the spaces of %—derivations and local %—derivations.

Algebra Dimension of the space | Dimension of the space
of %—derivations of local %—derivations

He n g

e n+2 n2_2n+6

Ko n+1 712_3271—~_16

M;L’B n+1 n2732n+12

Wi n+1 e

i i3 W

[y g, =1 n+4 n—3n+20

Py oy = —1 n+3 7"2732”“4

Wy a# —1,1n+3 - =3n+16

Mo s n+2 n2732n+12

/1721’,4 n4+1 n2—52n+14

For the element x = t1e; +taea + - - + 1€, € pg, thereis a %-derivation D., . such that

V(el) = D617$(61)7 V(SU) = Dehr(x)'
Then we have

0= V<61) = De1,ac(el) = Zaiei'
i=1

Hence ay = ay = --- = «a,, = 0 and therefore D,, , = 0. Since z is arbitrary, V(z) = 0 for all
x € ui, that is, V. = 0.

Now let V be an arbitrary 2-local %—derivation of the algebra pu. Then there is a %—derivation D
such that V(e;) = D(e;). The map V — D is also a 2-local 3-derivation and (V — D)(e;) = 0, which
implies V = D. Hence V is a %—derivation. d

Theorem 3.5. The n-dimensional (n > 3) complex filiform associative algebras and the n-dimensional
(n > 6) complex naturally graded quasi-filiform non-split associative algebras admit 2-local %-
derivations which are not %—derivatz’ons.

Proof: We first prove the theorem for the algebra uy,. Let us define a homogeneous non-additive
function f on C? by

B jf, if 2z, # 0,
f(z“z”)_{o, if 2, = 0.

where (21, 2,) € C*. Consider the map V : uf'; — pf, defined by the rule
V(z) = f(x1,z,)e,, where z= Zq:iei € 1y
i=1

Since f is not additive, V is not a %—derivation.
Let us show that V is a 2-local %—derivation. For the elements

n n
T = E Ti€iy, Y= E Yi€i,
i=1 i=1
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we look for a -derivation D in the form:
D(ey) = agpe,, D(e;))=0,2<i<n-—1, D(e,) = Bnen.

Assume that V(z) = D(z) and V(y) = D(y). Then we obtain the following system of equations for
a, and B, :
{ajlan + xnﬁn = f(xlaxn)a (34)

Y10y, + ynﬁn = f(yl, yn)

Case 1. Let 1y, — x,y1 = 0. Since f is homogeneous, the right-hand side of the system is
compatible, and therefore the system has a solution.

Case 2. Let 71y, — z,y1 # 0. Then the coefficient matrix of the system is nonsingular, and hence
the system has a unique solution.

For the remaining algebras, the same construction works with the two coordinates and the common
output vector shown below:

Algebra | coordinates | output vector
n n n
Hi2s H130 M4 (x17$n) €n—1
n n n n
Ha 1, Mz,Q(a)a Ha 3y Moy (@1, Tp—1) €n

Indeed, Proposition contains, for each filiform algebra in the first row, all maps
D(z) = (axy + bx,)e, 1,

and Proposition contains, for each quasi-filiform algebra in the second row, all maps
D(z) = (axy + bx,_1)e,.

Replacing (z1,,) in the definition of f by the indicated coordinate pair therefore gives a 2-local

%—derivation in every case. Since f is not additive, none of these maps is a %—derivation. The proof is

complete. 0
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