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On some existence theorems for quasilinear elliptic equations

Amanova N.

Abstract. Boundary value problems are considered for quasilinear elliptic equations with a principal
quasilinear elliptic operator of the second order in the Sobolev space W 2

p (Ω). The main content of
the work is to establish the maximum admissible growth of the subordinate nonlinear operator with
respect to the corresponding lower-order derivatives. We consider a class of equations for which an a
priori estimate of solutions in the norm of the space ∥u∥Ll(Ω) (1 ≤ l <∞) implies an a priori estimate
of the solution in the norm of the spaceW 2

p (Ω). Based on the theorem on a priori estimates, a general
solvability theorem for boundary value problems for quasi-linear elliptic equations is obtained under
the condition of the existence of an intermediate a priori estimate ∥u∥Ll(Ω) for the solutions of the
corresponding family of boundary value problems.
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1. Introduction

Let R+ ≡ {t0 ∈ R | t0 ≥ 0}, x = (x1, . . . , xN) be a point in the space RN , Ω ⊂ RN be a bounded
domain with the boundary ∂Ω of class C2.

Throughout the paper, the functions are assumed to be real-valued. In the paper, we use the
following function spaces (see [1, p. 107], [2] and [3]): the spaces of summable functions Lp (Ω), p ≥ 1
with the norm

∥u∥p:Ω =

∫
Ω

|u (x)|p dx

1/p

;

the anisotropic Sobolev space W 2
p (Ω) with the norm

∥u∥W 2
p (Ω) = ∥u∥p:Ω +

N∑
i=1

∥∥∥∥∂2u

∂x2
i

∥∥∥∥
p:Ω

.

By Diu we denote a vector from the partial derivatives Dαu of the function u (x), α = (α1, . . . , αN),
|α| = i (i = 1, 2).

Consider the following boundary value problem{
Lu = f (x, u,Du) , x ∈ Ω,
u|∂Ω = φ (x) , x ∈ ∂Ω.

(1.1)

We consider this problem in the class of real functions from the Sobolev space W 2
p (Ω) for p > 1, so

that the boundary function φ (x) belongs to the space W 2−1/p
p (∂Ω) (see [2, p. 389]).

The paper provides a theorem on a priori estimates of the solutions ∥u∥W 2
p (Ω) in the norm of the

Sobolev space W 2
p (Ω), expressed by the norm ∥u∥l:Ω ≤M (1 ≤ l <∞), with some M > 0.

For the boundary value problem (1.1). We assume that the following conditions were fulfilled.
A.1) Let the function f (x, ξ0, ξ1) be defined on Ω × R × RN with values in R and satisfy the

Caratheodory condition, i.e. let it be measurable with respect to x for all (ξ0, ξ1) ∈ R × RN and
continuous with respect to (ξ0, ξ1) for almost all x ∈ Ω.

A.2) Let N > 2 and

|f (x, t, ξ0, ξ1)| ≤ b (x) +
1∑
i=0

bi (x) · |ξi|µi



On some existence theorems for quasilinear elliptic equations 25

almost for all x ∈ Ω and for all ξ0 ∈ R, ξ1 ∈ RN , with non-negative functions b (x) and bi (x) (i = 0, 1),
such that the function b (x) ∈ Lp (Ω) , p > N , and bi (x) ∈ Lqi (Ω) , p < qi ≤ ∞, i = 0, 1.

A.3) Let

µi =
1

i+N/l
·
(
2 +

N

l
− N

qi

)
(i = 0, 1) .

A.4) Let Lu be a quasilinear elliptic operator of second order of the form

Lu =
∑
|α|=2

aα (x, u,Du)D
αu,

where the coefficients aα (|α| = 2) of the operator L are real and continuous functions on Ω×R×RN .
Let Lvu linear with respect to u (x) operator equal to

Lvu =
∑
|α|=2

aα (x, v,Dv)D
αu,

for any function v (x) ∈ C1
(
Ω
)
be a linear elliptic operator, with such real coefficients that the linear

(with respect to u (x)) boundary value problem{
Lvu = g (x) , x ∈ Ω,
u|∂Ω = φ (x) , x ∈ ∂Ω

(1.2)

is coercive in the space W 2
p (Ω), i.e. a priori estimate

∥u∥W 2
p (Ω) ≤ C

(
∥g∥p;Ω + ∥φ∥

W
2−1/p
p (∂Ω)

+ ∥u∥p;Ω
)
,

with positive constant C, independent of g ∈ Lp (Ω), φ (x) ∈ W 2−1/p
p (∂Ω) and on the solution u ∈

W 2
p (Ω) of linear problem (1.2), is fulfilled. This time, the constant C can depend on the modulus of

continuity of the coefficients aα (|α| = 2) and modules of continuity of functions v,Dv (see [4]).
For elliptic operators, this problem was considered in [5]-[6], [7]-[8]. In [5, 6, 7, 2], it is assumed

that a nonlinear function f (x, u,Du) is continuous in all its arguments. In this case, the well-known
S. N. Bernstein growth condition a non-linear function is sufficient for the a priori estimate in ∥u∥∞:Ω,
to follow from the a priori estimate in ∥Du∥∞:Ω and, hence the estimate in ∥u∥W 2

p (Ω). In [9, 8],
a boundary value problem for elliptic equations, respectively, was considered, where the non-linear
function f belongs to the space Lp (Ω). In the present paper, for the non-linear function f (x, u,Du),
we adopt a different S. N. Bernstein separation [6] and the first an a priori estimate of ∥u∥l:Ω ≤ M ,
1 ≤ l < ∞ and investigate the problem (1.1) using the interpolation method [9, 8]. In this context,
we also refer to the work [10, 11, 12, 13].

To study problem (1.1), we will make essential use of the embedding theorem for spaces W 2
p (Ω)

and the multiplicative inequality that follows from it. Let us formulate the embedding theorem [1,
p.278] in the form we need.

Embedding theorems: Assume that Si ≥ p (i = 0, 1) and

κ1 = 1− 1

2

[
N

(
1

p
− 1

Si

)
+ i

]
> 0, i = 0, 1.

Then the space W 2
p (Ω) ⊂ LSi

(Ω) (i = 0, 1) is compactly embedded, and

∥Diu∥Si:Ω ≤ C · ∥u∥W 2
p (Ω) (i = 0, 1) .

If Si > l (i = 0, 1), then there exists δ0 > 0 such that for any 0 < δ ≤ δ0 and for function u ∈W 2
p (Ω)

∥Diu∥Si:Ω ≤ C · δ−κ0 · ∥u∥l;Ω + C · δκ1 · ∥u∥W 2
p (Ω), (i = 0, 1) , (1.3)

where

κ0 =
1

2

[
N

(
1

p
− 1

Si

)
+ i

]
, i = 0, 1.
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Here, the positive constant C does not depend on the function u (x) and δ.
Assume (see [1, p. 392])

δ = min

{(
∥u∥l:Ω · ∥u∥−1

W 2
p (Ω)

) 1
κ0+κ1

; δ0

}
.

Then of simple transformations we have

∥Diu∥Si:Ω ≤ C0 · ∥u∥1/µi

W 2
p (Ω) · ∥u∥

1−1/µi

l:Ω + C0 · ∥u∥l:Ω, i = 0, 1. (1.4)

Where Si =
µipqi
qi−p ,

κ0

κ0+κ1
= 1

µi
, i = 0, 1 and positive constants C0 independent of function u (x).

Note that under the condition on Si > l (i = 0, 1) the space W 2
p (Ω) ⊂ LSi

(Ω) ⊂ Ll (Ω) (i = 0, 1), i.e.
∥u∥l:Ω ≤ const · ∥u∥W 2

p (Ω).
These results can be formulated as follows.

Lemma 1.1. Let the conditions on Si ≥ p, Si > l, i = 0, 1 and κ1 > 0 be fulfilled. Then for an
arbitrary function u (x) ∈W 2

p (Ω) the inequality (1.4) holds.

Assume now the F (u) (x) ≡ f (x, u (x) , Du (x)). Let u (x) ∈ W 2
p (Ω), the conditions A.1)–A.3),

µi >
l(qi−p)
qip

(i = 0, 1) and κ1 > 0 be fulfilled. From condition A.2) it follows that

∥F (u) ∥p:Ω ≤ ∥b∥p:Ω +
1∑
i=0

∥bi∥qi:Ω · ∥Diu∥µi

Si:Ω
,

where Si =
µipqi
qi−p (i = 0, 1). We will consider the case Si > l. From this we also obtain that µi >

l(qi−p)
qip

(i = 0, 1). Then, based on the equalities A.3) and interpolation inequalities (1.4). , we obtain

∥F (u) ∥p:Ω ≤ ∥b∥p:Ω +
1∑
i=0

∥bi∥qi:Ω ·
[
C0 · ∥u∥1/µi

W 2
p (Ω) · ∥u∥

1−1/µi

l:Ω + C0 · ∥u∥l:Ω
]µi

≤

≤ ∥b∥p:Ω +
1∑
i=0

∥bi∥qi:Ω · 2µi−1 · Cµi

0 · ∥u∥µi−1
l:Ω · ∥u∥W 2

p (Ω)+

+
1∑
i=0

∥bi∥qi:Ω · 2µi−1 · Cµi

0 · ∥u∥µi

l:Ω =

= Φ1 (∥u∥l:Ω) · ∥u∥W 2
p (Ω) +Φ2 (∥u∥l:Ω) . (1.5)

Where

Φ1 (∥u∥l:Ω) =
1∑
i=0

∥bi∥qi:Ω · 2µi−1 · Cµi

0 · ∥u∥µi−1
l:Ω ,

Φ2 (∥u∥l:Ω) = ∥b∥p:Ω +
1∑
i=0

∥bi∥qi:Ω · 2µi−1 · Cµi

0 · ∥u∥µi

l:Ω,

i.e. Φ1,Φ2 : R+ → R+ are increasing functions determined by the known data. This proves the
boundedness of the operator F (u) .

On the other hand, p > N . Then, by virtue of the Sobolev embedding theorem [14], it follows that
the embedding operator W 2

p (Ω) → LSi
(Ω) is completely continuous. By virtue of (1.5), the operator

LSi
(Ω) → Lp (Ω) (i = 0, 1) is bounded and, by the general property of the superposition operator,

is continuous. Thus, the operator W 2
p (Ω) → Lp (Ω) is completely continuous as a composition of

completely continuous and continuous operators .
Thus, the following lemma is proved.

Lemma 1.2. Let u (x) ∈ W 2
p (Ω) and the conditions A.1) - A.3), µi >

l(qi−p)
pqi

, (i = 0, 1), κ1 > 0 be

fulfilled. Then the operator F (u) (x) is a bounded and continuous operator from W 2
p (Ω) to Lp (Ω) .
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Theorem 1.3. Let conditions A.1) - A.3) be fulfilled and p > N . Then there exists a function
Φ : R2

+ → R+ increasing in each argument such for any possible solution u ∈W 2
p (Ω) of problem (1.1)

the a priori estimate

∥u∥W 2
p (Ω) ≤ Φ

(
M, ∥φ∥

W
2−1/p
p (∂Ω)

)
holds. Where, ∥u∥l;Ω ≤M , l ∈ [1,+∞) and R2

+ = R+ ×R+.

Proof: It is evident that

Lu = f (x, u,Du) =
f (x, u,Du)

1 + |u|µ0 + |Du|µ1
· (1 + |u|µ0 + |Du|µ1) .

Hence, for the function u (x){
Lu− C (x)u = f1 (x) · |u|µ0 + f1 (x) · |Du|µ1 + f0 (x) , x ∈ Ω,

u
∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω.
(1.6)

Where, C (x) = b (x) ≥ 0, C (x) ∈ Lp (Ω),

f1 (x) =
f (x, u,Du)

1 + |u|µ0 + |Du|µ1
, f0 (x) = f1 (x)− C (x)u (x) ,

f0 (x) ∈ Lp (Ω), S0 = µ0pq0
q0−p when f1 (x) ∈ Lq0 (Ω), S1 = µ1pq1

q1−p when f1 (x) ∈ Lq1 (Ω); q0 > p > N ,

q1 > p > N and µi =
1

i+N/l
·
(
2 + N

l
− N

qi

)
(i = 0, 1).

Consider in the space W 2
p (Ω) with p > N the boundary value problem.{

LV − C (x)V (x) = f1 (x) ( |V |µ0 + |Du|µ1) + λ · f0 (x) , x ∈ Ω,

V (x)
∣∣∣
∂Ω

= λ · φ (x) , x ∈ ∂Ω,
(1.7)

with the problem λ ∈ [0, 1] and the functions C (x) , φ (x), f0 (x) and f1 (x) defined above. It should
be noted that a problem of the form (1.7) has also been considered in [5, 10, 9]. □

Lemma 1.4. For any fixed λ ∈ [0, 1], the problem (1.7) has at most one solution u (x) from W 2
p (Ω),

p > N .

Proof: Assume the contrary. Then for the difference W (x) = V (x) − Z (x) of two possible solutions
V (x) and Z (x),,we have

LW (x)− C (x)W (x) = f1 (x)

[
N∑
i=1

hi (x)DiW (x) + h (x)W (x)

]
, x ∈ Ω,

W (x)
∣∣∣
∂Ω

= 0, x ∈ ∂Ω.

Here,

hi (x) =

1∫
0

Hi (x, τ) dτ, h (x) =

1∫
0

H (x, τ) dτ.

Hi (x, τ) = µ1

[
N∑
k=1

(τ ·DkW +DkZ)
2

]µ1
2 −1

(τ ·DiW +DiZ) (x) .

for
N∑
k=1

(τ ·DkW +DkZ)
2
(x) ̸= 0;

H (x, τ) = µ0

[
(τW + Z)

2
]µ0

2 −1

(τW + Z) (x) for (τW + Z)
2 ̸= 0
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and

Hi (x, τ) = 0 for
N∑
k=1

(τ ·DkW +DkZ)
2
(x) = 0,

H (x, τ) = 0 for (τ · W + Z)
2
(x) = 0.

Since C (x) ≥ 0, C (x) ∈ Lp (Ω),h (x) ≥ 0, h (x) · f1 (x) ∈ Lp (Ω), f1 (x) · hi (x) ∈ Lq1 (Ω)
(i = 1, . . . , N), and p > N , from the results of [15] it follows that W ≡ 0 in Ω.

Lemma 1.4 is proved. □

Now let v1 (x) and v2 (x) be solutions to problem (1.7) corresponding to the values λ1 and λ2

(λ2 > λ1) of the parameter λ respectively. Then for the difference Ṽ (x) = v2 (x)− v1 (x), we have
LṼ − C (x) · Ṽ (x) = f1 (x)

[
N∑
i=1

h̃i (x)DiṼ + h̃ (x) Ṽ

]
+

+(λ2 − λ1) f0 (x) , x ∈ Ω,

Ṽ
∣∣∣
∂Ω

= (λ2 − λ1) · φ (x) , x ∈ ∂Ω,

where

h̃i (x) =

1∫
0

H̃i (x, τ) dτ, h̃ (x) =

1∫
0

H̃ (x, τ) dτ.

H̃i (x, τ) = µ1

[
N∑
k=1

(
τ ·DkṼ +Dkv1

)2]µ1
2 −1

·
(
τ ·DiṼ +Div1

)
(x) ,

for
N∑
k=1

(
τ ·DkṼ +Dkv1

)2
(x) ̸= 0, H̃i (x, τ) = 0

for
N∑
k=1

(
τ ·DkṼ +Dkv1

)2
(x) = 0;

H̃ (x, τ) = µ0

[(
τ Ṽ + v1

)2]µ0
2 −1

·
(
τ Ṽ + v1

)
(x) .

for
(
τ · Ṽ + v1

)2
(x) ̸= 0, H̃ (x, τ) = 0 for

(
τ · Ṽ + v1

)2
(x) = 0 .

Assume
K = (λ2 − λ1) (1 + ∥u∥l:Ω) , λ2 > λ1.

Lemma 1.5.
∥∥∥Ṽ (x)

∥∥∥
l:Ω

≤ K.

Proof: For the function
(
Ṽ −K

)
, we have


L
(
Ṽ −K

)
− C (x)

(
Ṽ −K

)
= f1 (x)

[
N∑
i=1

h̃i (x)Di

(
Ṽ −K

)
+ h̃ (x)

(
Ṽ −K

)]
+

+(λ2 − λ1) f0 (x) + C (x)K+ f1 (x) h̃ (x)K, x ∈ Ω,(
Ṽ −K

) ∣∣∣
∂Ω

= (λ2 − λ1) · φ (x)−K, x ∈ ∂Ω.

Further,
(λ2 − λ1) f0 (x) + C (x)K+ f1 (x) h̃ (x)K =

= (λ2 − λ1) ·
[
f0 (x) +

(
C (x) + f1 (x) h̃ (x)

)
(1 + ∥u∥l:Ω)

]
=
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= (λ2 − λ1) ·
[
f1 (x)− C (x)u (x) +

(
C (x) + f1 (x) h̃ (x)

)
(1 + ∥u∥l:Ω)

]
=

= (λ2 − λ1) · [C (x) (∥u∥l:Ω − u (x)) + f1 (x)+

+C (x) + f1 (x) h̃ (x) (1 + ∥u∥l:Ω)
]
≥ 0, x ∈ Ω;(

Ṽ −K
) ∣∣∣

∂Ω
= (λ2 − λ1)φ (x)− (λ2 − λ1) (1 + ∥u∥l:Ω) ≤

≤ (λ2 − λ1) (φ (x)− ∥u∥l:Ω) ≤ 0, x ∈ ∂Ω.

Then from [15] it follows that Ṽ (x) ≤ K in Ω . Similarly, inequality Ṽ (x) ≥ −K is proved in Ω.
Lemma 1.5 is proved. □

Consider a parametric family of problems (1.7). It should be noted that, by Lemma 1.4, the solution
of problem (1.6) and (in view of the adopted notation) with the solution of problem (1.1).

Let v1 (x) and v2 (x) be solutions to problem (1.7), corresponding to the values λ1 and λ2 (λ2 > λ1)
of the parameter λ. Then, by Lemma 1.5 we have

∥v2 − v1∥l:Ω ≤ (λ2 − λ1) (1 + ∥u∥l:Ω) . (1.8)

On the other hand, this function is a solution to the problem
LṼ − C (x) Ṽ = f1 (x) [(|v2|µ0 − |v1|µ0) + (|Dv2|µ1 − |Dv1|µ1)] +
+ (λ2 − λ1) f0 (x) , x ∈ Ω,

Ṽ
∣∣∣
∂Ω

= (λ2 − λ1)φ (x) , x ∈ ∂Ω.

Consequently, ∥∥∥LṼ − C (x) Ṽ
∥∥∥
p:Ω

≤ 2µ0−1 · ∥f1∥q0:Ω ·
∥∥∥Ṽ ∥∥∥µ0

S0:Ω
+

+2µ1−1 · ∥f1∥q1:Ω ·
∥∥∥DṼ ∥∥∥µ1

S1:Ω
+ 2µ0 · ∥f1∥q0:Ω · ∥v1∥µ0

S0:Ω
+

+2µ1 · ∥f1∥q1:Ω · ∥Dv1∥µ1

S1:Ω
+ (λ2 − λ1) ∥f0∥p:Ω , (1.9)

∥∥∥Ṽ ∥∥∥
W

2−1/p
p (∂Ω)

≤ (λ2 − λ1) · ∥φ∥W 2−1/p
p (∂Ω)

. (1.10)

On the other hand, it follows from (1.4) that∥∥∥DiṼ
∥∥∥
Si:Ω

≤ C0 ·
∥∥∥Ṽ ∥∥∥1/µi

W 2
p (Ω)

·
∥∥∥Ṽ ∥∥∥1−1/µi

l:Ω
+ C0 ·

∥∥∥Ṽ ∥∥∥
l:Ω
, i = 0, 1. (1.11)

By virtue of the well-known linear theory of elliptic problems, the inequality∥∥∥Ṽ ∥∥∥
W 2

p (Ω)
≤ C2

(∥∥∥LṼ − C (x) Ṽ
∥∥∥
p:Ω

+
∥∥∥Ṽ ∥∥∥

W
2−1/p
p (∂Ω)

)
.

Here, C2 = C2 (Ω, p, q0, q1, N) is a positive constant. Then, using inequalities (1.8)–(1.11) we obtain∥∥∥Ṽ ∥∥∥
W 2

p (Ω)
≤ C2 · 2µ0−1 · ∥f1∥q0:Ω ·

∥∥∥Ṽ ∥∥∥µ0

S0:Ω
+

+C2 · 2µ1−1 · ∥f1∥q1:Ω ·
∥∥∥DṼ ∥∥∥µ1

S1:Ω
+

+C2

(
∥f1∥q0:Ω · 2µ0 · ∥v1∥µ0

S0:Ω
+ ∥f1∥q1:Ω · 2µ1 · ∥Dv1∥µ1

S1:Ω

)
+

+C2 (λ2 − λ1)
(
∥f0∥p:Ω + ∥φ∥

W
2−1/p
p (∂Ω)

)
≤
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≤ C2 · 2µ0−1 · ∥f1∥q0:Ω ·
[
C0 ·

∥∥∥Ṽ ∥∥∥1/µ0

W 2
p (Ω)

·
∥∥∥Ṽ ∥∥∥1−1/µ0

l:Ω
+ C0 ·

∥∥∥Ṽ ∥∥∥
l:Ω

]µ0

+

+C2 · 2µ1−1 · ∥f1∥q1:Ω ·
[
C0 ·

∥∥∥Ṽ ∥∥∥1/µ1

W 2
p (Ω)

·
∥∥∥Ṽ ∥∥∥1−1/µ1

l:Ω
+ C0 ·

∥∥∥Ṽ ∥∥∥
l:Ω

]µ1

+

+C2

(
∥f1∥q0:Ω · 2µ0 · ∥v1∥µ0

S0:Ω
+ 2µ1 · ∥f1∥q1:Ω · ∥Dv1∥µ1

S1:Ω

)
+

+C2 (λ2 − λ1)
(
∥f0∥p:Ω + ∥φ∥

W
2−1/p
p (∂Ω)

)
≤

≤ C2 ·
∥∥∥Ṽ ∥∥∥

W 2
p (Ω)

·
[
∥f1∥q0:Ω · 22µ0−2 · Cµ0

0 · (λ2 − λ1)
µ0−1 · (1 + ∥u∥l:Ω)

µ0−1
+

+ ∥f1∥q1:Ω · 22µ1−2 · Cµ1

0 · (λ2 − λ1)
µ1−1 · (1 + ∥u∥l:Ω)

µ1−1
]
+

+C2

(
∥f1∥q0:Ω · 2µ0 · ∥v1∥µ0

S0:Ω
+ ∥f1∥q1:Ω · 2µ1 · ∥Dv1∥µ1

S1:Ω

)
+

+C2 · 22µ0−2 · ∥f1∥q0:Ω · Cµ0

0 · (λ2 − λ1)
µ0 · (1 + ∥u∥l:Ω)

µ0 +

+C2 · 22µ1−2 · ∥f1∥q1:Ω · Cµ1

0 · (λ2 − λ1)
µ1 · (1 + ∥u∥l:Ω)

µ1 +

+C2 (λ2 − λ1)
(
∥f0∥p:Ω + ∥φ∥

W
2−1/p
p (∂Ω)

)
.

Let

C2 ·
(
∥f1∥q0:Ω · 22µ0−2 · Cµ0

0 · (λ2 − λ1)
µ0−1 · (1 + ∥u∥l:Ω)

µ0−1
+

+ ∥f1∥q1:Ω · 22µ1−2 · Cµ1

0 · (λ2 − λ1)
µ1−1 · (1 + ∥u∥l:Ω)

µ1−1
)
≤ 1

2
.

Then, if
0 < λ2 − λ1 ≤ h (1.12)

holds, we obtain the inequality∥∥∥Ṽ ∥∥∥
W 2

p (Ω)
≤ Φ1 +Φ2 · ∥v1∥µ0

S0:Ω
+Φ3 · ∥Dv1∥µ1

S1:Ω
. (1.13)

Here, the functions Φ1,Φ2,Φ3 : R+ → R+ are increasing functions defined by the data of
the problem (1.1), the quantities λ1, λ2 ∈ [0, 1] satisfy the condition (1.12), and the functions
v1 (x) , v2 (x) ∈W 2

p (Ω) are solutions corresponding to the quantities λ1 and λ2 of the problem (1.7).

Denote λ(k−1) = λ1, λ
(k) = λ2, v

(k−1) = v1, and v
(k) = v2. From the inequality (1.13), we obtain∥∥∥v(k)∥∥∥

W 2
p (Ω)

≤ Φ1 +Φ2 ·
∥∥∥v(k−1)

∥∥∥µ0

S0:Ω
+Φ3 ·

∥∥∥Dv(k−1)
∥∥∥µ1

S1:Ω
+
∥∥∥v(k−1)

∥∥∥
W 2

p (Ω)
,

for 0 < λ(k) − λ(k−1) ≤ h, λ(k−1), λ(k) ∈ [0, 1],. Hence, by virtue of the independence of h of the
indicated values λ(k−1), λ(k) and the embedding inequality (see [14]) with p > N∥∥∥v(k−1)

∥∥∥
S0:Ω

≤ const ·
∥∥∥v(k−1)

∥∥∥
W 2

p (Ω)
,

∥∥∥Dv(k−1)
∥∥∥
S1:Ω

≤ const ·
∥∥∥v(k−1)

∥∥∥
W 2

p (Ω)
,

after a finite number of iterations, we obtain the assertion of Theorem 1.3/ In this case, the first
iteration (k = 1) corresponds to λ(0) = 0 and v(0) = 0 .

Theorem 1.3 is proved.



On some existence theorems for quasilinear elliptic equations 31

2. Solvability theory

Let us consider boundary value problem (1.1) with real Sobolev space W 2
p (Ω) with p > N provided

that there exists a priori estimate ∥u∥l,Ω ≤M independent of λ ∈ [0, 1], for solving parametric family
of problem {

Lu = λ · f (x, u,Du) , x ∈ Ω,

u
∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω
(2.1)

for l ∈ [1,∞) and M > 0.
For the operator L and boundary function φ (x) we suppose that the following condition is fulfilled.
A.5) Let L be a quasilinear elliptic operator with real continuous coefficients, Suppose that the

operator

Lu =
∑
|α|=2

aα (x, u,Du)D
αu

is a second-order φ (x) ∈W 2−1/p
p (∂Ω) and linear boundary value problem (1.2) for any g (x) ∈ Lp (Ω)

is uniquely solvable in space W 2
p (Ω) so that estimation

∥u∥W 2
p (Ω) ≤ C

(
∥g∥p:Ω + ∥φ∥

W
2−1/p
p (∂Ω)

)
with positive constant C, independent of g ∈ Lp (Ω) and of the solution u (x) ∈W 2

p (Ω) is fulfilled.

Theorem 2.1. Let conditions A.1)-A.3), A.5) be fulfilled, and for parametric family of problems (2.1)
for λ ∈ [0, 1] there exist a priori estimate ∥u∥l:Ω , independent of λ with l ∈ [1,+∞) and M > 0 .
Then there exists a solution of problem (1.1) in the space W 2

p (Ω) with p > N .

Proof. Let us consider a parametric family of problem (2.1) for λ ∈ [0, 1]. For this family of
problems, the conditions of Theorem 1.3 are fulfilled, by virtue of which there exsists such a constant
C1, independent of λ, that for any possible solution W 2

p (Ω) of problem (2.1) the inequality

∥u∥W 2
p (Ω) ≤ C1, ∀λ ∈ [0, 1] (2.2)

is fulfilled.
From condition A.5) it follows that linear boundary value problem (1.2) is uniquely solvable and

the following representation is valid for iss solutions ũ (x)

ũ (x) = V (x) + Φ (x) , (2.3)

where V (x) ,Φ(x) ∈W 2
p (Ω) are such that{

LvV = g (x) , x ∈ Ω,

V
∣∣∣
∂Ω

= 0, x ∈ ∂Ω,
(2.4)

and {
LvΦ = 0, x ∈ Ω,

Φ
∣∣∣
∂Ω

= φ (x) , x ∈ ∂Ω.

Linear problem (2.4) is uniquely solvably for any function g (x) ∈ Lp (Ω), so that V = Ag, where
A is a linear continuous operator from Lp (Ω) to W

2
p (Ω).. Then, the boundary value problem (2.1) is

equivalent to the following operator equation

W = λ · T (W) , λ ∈ [0, 1] (2.5)

consider in the space

X =
{
W (x) ∈W 2

p (Ω)
∣∣∣ W∣∣∣

∂Ω
= 0

}
.
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Here,
T (W) = Af̃ (V +Φ) , f̃ (u) (x) = f (x, u (x) , Du (x))

The operator f̃ was determined in the space W 2
p (Ω) with the values in Lp (Ω) and is a completely

continuous operator from W 2
p (Ω) to Lp (Ω). This fact follows from the Sobolev -Kondrashev embed-

ding theorem [14] based on the conditions of Theorem 2.1. Therefore, the operator T is a completely
continuous operator acting in the space X. For possible solutions W (x) from the space X, by virtue
of estimation (2.2) and representation (2.3) the following inequality is fulfilled

∥W∥X ≤ C2, ∀ λ ∈ [0, 1]

where, C2 is a positive constant independent neither of W (x), nor of λ. Then, by virtue of the Leray-
Schauder theorem [3, p.135] equations (2.5) for λ = 1 and consequently boundary value problem (1.1)
have the solution u0 (x) ∈W 2

p (Ω) .
The proof of Theorem 2.1 is complete.
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