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On some existence theorems for quasilinear elliptic equations

Amanova N.

Abstract. Boundary value problems are considered for quasilinear elliptic equations with a principal
quasilinear elliptic operator of the second order in the Sobolev space Wp2 (©). The main content of
the work is to establish the maximum admissible growth of the subordinate nonlinear operator with
respect to the corresponding lower-order derivatives. We consider a class of equations for which an a
priori estimate of solutions in the norm of the space ||u|/z,(o) (1 <1 < co) implies an a priori estimate
of the solution in the norm of the space I/Vp2 (€2). Based on the theorem on a priori estimates, a general
solvability theorem for boundary value problems for quasi-linear elliptic equations is obtained under
the condition of the existence of an intermediate a priori estimate ||u||r, o) for the solutions of the
corresponding family of boundary value problems.
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1. INTRODUCTION

Let Ry = {to € R|ty >0}, = (x1,...,2y) be a point in the space R, @ C R™ be a bounded
domain with the boundary 99 of class C2.

Throughout the paper, the functions are assumed to be real-valued. In the paper, we use the
following function spaces (see [1, p. 107], [2] and [3]): the spaces of summable functions L, (2), p > 1

with the norm
1/p

fullo = | [lut@)Pdz |
Q
the anisotropic Sobolev space W} (Q2) with the norm

0%u

2
0x;

N
HUHWS(Q) = ||u||p:Q + Z .
i=1 p:€2

By D'u we denote a vector from the partial derivatives D®u of the function u (z), @ = (a4, ..., ax),
la] =1 (1 =1,2).
Consider the following boundary value problem

Lu= f(x,u,Du), xz€Q, (1.1)
u’@Q = QO(IE), x € 0. ’

We consider this problem in the class of real functions from the Sobolev space VVp2 (Q) for p > 1, so
that the boundary function ¢ (x) belongs to the space W2~1/7 (9Q) (see [2, p. 389)]).

The paper provides a theorem on a priori estimates of the solutions HuHWPz(Q) in the norm of the
Sobolev space W7 (£2), expressed by the norm [Jull;.o < M (1 <1 < o0), with some M > 0.

For the boundary value problem . We assume that the following conditions were fulfilled.

A.1) Let the function f(z,&,&) be defined on © x R x RN with values in R and satisfy the
Caratheodory condition, i.e. let it be measurable with respect to x for all (&,&) € R x RY and

continuous with respect to (&, &;) for almost all = € €.
A.2) Let N > 2 and

1

I (@, 8,60, 60 S b(x) + Y bi(2)- |

=0

Hi




On some_existence theorems for quasilinear elliptic equations 25

almost for all x € Q and for all §, € R, &, € RV, with non-negative functions b (x) and b; (z) (i = 0,1),
such that the function b (z) € L, (), p> N, and b; (z) € L,, (), p < ¢ < o0, i =0,1.

A.3) Let
1 N N
= 2+ —2) G=0,1).
Fi= TN <+l qz-) g )

A.4) Let Lu be a quasilinear elliptic operator of second order of the form

Lu = Z aq (z,u, Du) D%u,

Ja|=2

where the coefficients a,, (|| = 2) of the operator L are real and continuous functions on Q x R x RY.
Let L,u linear with respect to u (x) operator equal to

Lyu= Z a, (z,v, Dv) D%,

la|=2

for any function v (z) € C* (ﬁ) be a linear elliptic operator, with such real coefficients that the linear
(with respect to u (z)) boundary value problem

Lvu:g(x), er’
{ ulog = ¢ (x), x€0Q (1.2)

is coercive in the space W7 (€2), i.e. a priori estimate

lullwaoy < € (gl + 1@ lyz-1re o0 + lullse)

with positive constant C, independent of g € L, (), ¢ (z) € W27'/?(8Q) and on the solution u €
I/Vp2 (Q) of linear problem , is fulfilled. This time, the constant C' can depend on the modulus of
continuity of the coefficients a,, (Jo| = 2) and modules of continuity of functions v, Dv (see [4]).

For elliptic operators, this problem was considered in [5[-[6], |7]-|8]. In [5} |6} |7, 2], it is assumed
that a nonlinear function f (z,u, Du) is continuous in all its arguments. In this case, the well-known
S. N. Bernstein growth condition a non-linear function is sufficient for the a priori estimate in ||u||o.q,
to follow from the a priori estimate in |[Dull.o and, hence the estimate in [ullwz(). In [9} 8],
a boundary value problem for elliptic equations, respectively, was considered, where the non-linear
function f belongs to the space L, (€2). In the present paper, for the non-linear function f (z,u, Du),
we adopt a different S. N. Bernstein separation [6] and the first an a priori estimate of ||ul/;.q < M,
1 <l < o0 and investigate the problem using the interpolation method [9, 8]. In this context,
we also refer to the work [10, [11} |12} 13].

To study problem (L.I), we will make essential use of the embedding theorem for spaces W7 (2)
and the multiplicative inequality that follows from it. Let us formulate the embedding theorem |1}
p.278] in the form we need.

Embedding theorems: Assume that S; > p (i =0,1) and

%1:1—% [N(j)—;i)ﬂ'] >0, i=0,1.
Then the space W7 () C Lg, () (i = 0,1) is compactly embedded, and
ID'ulls.0 < C - lullwz)  (i=0,1).
If S; > 1 (i = 0, 1), then there exists §, > 0 such that for any 0 < ¢ < &, and for function u € W (2)

1D |

si0 S C 077 Hullia + C- 07 - ullwz), (i=0,1), (1.3)

1 1 1 ) .
%0—2[N<p—&>+l], Z—O,l.

where
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Here, the positive constant C' does not depend on the function « (z) and 6.
Assume (see [1, p. 392])

1
=i { (Julleo ol ™ 80}

Then of simple transformations we have

i 1/ 1-1/p; .
[Dulls.m < Co - llull gy - Nullie™ + Co - Jullis i =0,1. (1.4)
Where S; = %, o = i, i = 0,1 and positive constants Cj independent of function wu (z).

Note that under the condition on S; > (i = 0,1) the space W} (Q) C Lg, (2) C L (R2) (1 = 0,1), i.e.
ulli.o < const - [[ullwz(q).

These results can be formulated as follows.
Lemma 1.1. Let the conditions on S; > p, S; > 1, i = 0,1 and »; > 0 be fulfilled. Then for an
arbitrary function u (z) € Wg (Q) the inequality (1.4) holds.

Assume now the F (u) (z) = f(z,u(x),Du(z)). Let u(x) € W7 (1), the conditions A.1)-A.3),
i > 192l (5= 0,1) and 54 > 0 be fulfilled. From condition A.2) it follows that

qip

1
1E ()l < [0l + D lbillge - 1D

=0

Hi
S

where S; = ‘q‘?fi‘ij (1 =0,1). We will consider the case S; > [. From this we also obtain that u; >

M(i = 0,1). Then, based on the equalities A.3) and interpolation inequalities ([1.4)). , we obtain

qip

1
1/ 1-1/p Hi
1F (@) llpe < I8l + D [Billac - [Co - lullifig, - lullin'™ + Co - llullia] <

=0

1
< IBllpse + D Wbille - 270 o - flullfiy™ - llullwze)+

1=0
1
+ 3 il - 227 Gl =
1=0
= &, (Jullia) - lullwzc) + @2 (Jullia) - (1.5)

Where )
& (Jullio) = 3 [billgue - 227 OB - lullis ™,

i=0

1
®; ([[ullic) = (10l + D 1o

=0

aen - 270 OO - lulli,

ie. ®;,®, : R, — R, are increasing functions determined by the known data. This proves the
boundedness of the operator F'(u) .

On the other hand, p > N. Then, by virtue of the Sobolev embedding theorem [14], it follows that
the embedding operator W () — Lg, (Q) is completely continuous. By virtue of (L.5)), the operator
Ls, () — L,(Q) (:=0,1) is bounded and, by the general property of the superposition operator,
is continuous. Thus, the operator W7 (Q) — L, () is completely continuous as a composition of
completely continuous and continuous operators .

Thus, the following lemma is proved.

Lemma 1.2. Let u(x) € W7 () and the conditions A.1) - A.3), p; > %, (1=0,1), 34 > 0 be
fulfilled. Then the operator F (u) () is a bounded and continuous operator from W2 () to L, () .
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Theorem 1.3. Let conditions A.1) - A.3) be fulfilled and p > N. Then there exists a function
® : R% — R, increasing in each argument such for any possible solution u € W (Q) of problem (L.1)
the a priori estimate

ullwze) < @ (M7 H<P||W§—l/p(ag))
holds. Where, |luli,o < M, 1l € [1,4+00) and R% = Ry x Ry.

Proof: 1t is evident that

f (z,u, Du)
L = D — . 1 Mo D J251 .
w= £ o Do) = D (1 a4 D)
Hence, for the function u ()
Lu—C(z)u=fi(x)-|ul*+ fi(x)-|[Dul" + fo(x), zeQ,
u‘m =p(z), z€df. (1.6)

__ [f(z,u,Du)
1+ |ulro 4 | Dujm”’
fo(z) € Ly (), So = 228 when f1 (z) € Ly, (), S1 = 224 when fi (z) € Ly, (2); ¢ > p > N,
¢ >p>Nand p; = - (2+¥—g) (i =0,1).
Consider in the space Wg (©) with p > N the boundary value problem.
LV = C(x)V (z) = fi(z) (V" + [Dul") + A+ fo (z), z e
V)| =Xrp), zeon,

fo(z) = fi(z) = C(2)u(z),

(1.7)
with the problem A € [0,1] and the functions C (x), ¢ (x), fo () and f; (x) defined above. It should
be noted that a problem of the form (1.7]) has also been considered in [5, 10} 9]. O

Lemma 1.4. For any fived X € [0,1], the problem (L.7) has at most one solution u (x) from W7 (),
p> N.

Proof: Assume the contrary. Then for the difference W (z) =V (x) — Z (z) of two possible solutions
V (z) and Z (x),,we have

IW(@) = C (@)W (2) = /i ()| £ b @) DW @) + k(@) W @)] w0

W (z) ‘m =0, z¢cd.
Here,
1 1
hi () = /Hz (x,7)dr, h(x)= /H(a:,r) dr
0 0
N g1
H;(z,7) = lz (1 - DyW + D Z)* (t-DW + D, Z) (z).
k=1
for
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and
N

Hi(z,7)=0 for > (r-DW+DyZ)"(z)=0,
k=1
H(z,7)=0 for (r-W+2)*(z)=0.
Since C'(2) > 0, C(x) € L k() > 0, hiz) - fi(2) € Ly(@), fi(x) - hi(2) € Ly (©)
(t=1,...,N),and p > N, from the results of |15] it follows that W =0 in €.
Lemma 1.4 is proved. O

Now let vy () and v, (x) be solutions to problem ([1.7) corresponding to the values Ay and )\,
(A2 > A1) of the parameter A respectively. Then for the difference V (z) = v (z) — v1 (x), we have

LV —C(z) -V (2) = ()[i () iv+ﬁ(x)v}+
o= A1) folz), zeQ,
V], =Ge=r)-p@), zeon,

where

1 1
BZ (z) = /f[i (z,7)dT, I~1(1:) = /f[(xﬂ') dr
0 0
. N . 2 E .
H;(x,7) = lz (7‘ - D,V + Dkv1> ] . (7‘ -D;V + Divl) (x),
k=1
for
N } ) )
S (7 DV + Dywn) (@) #0, Hilw,7)=0
k=1
for

i\[: (7’ - DV + Dkvl)Q (z) = 0;

k=1

H(z,7) = o {(7“7 + v1)2] o : (TV + vl) (z).

s 2 - ~ 2
for (T-V—i-’l)l) (v) #0, H (z,7) =0 for (T'V—i_vl) (z)=0.
Assume
= ()\2—)\1) (1+ ||UH[;Q); A2 > Aq.

Lemma 1.5. Hf/(x)“m <K.

Proof: For the function (‘7 . K), we have

LV k) o (V- x) - A [Eh@ D (7 K) +hw (V%) +
+ (A2 — A1) fo(x) + ()K"’_fl()il(ZE)K, x €Q,
=X —A)-p(z)—K, z€d.

(7-

o0

Further,
(A2 = A1) fo(2) +C(x )K+f1( ) h(z) K

2
= e =) [fo@+(C@+hi( )1+Hu\|m}=
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= (o= M)+ [fi(@) = C@)u@) + (C @)+ fi (@) h (@) (1+ |lull,0)| =
= (e = M)+ [C (@) (Jullq — (@) + fi (@) +
+C (@) + fi (@) b (2) (1 + Julg)] 20, @€

(V-K) |, = Ce= e @) = (o= 2) (1 +llullg) <
< Qe = M) (p (@)~ lullg) <0,z € o9

Then from [15] it follows that V (z) < K in Q . Similarly, inequality V () > —K is proved in Q.
Lemma 1.5 is proved. O

Consider a parametric family of problems . It should be noted that, by Lemma 1.4, the solution
of problem and (in view of the adopted notation) with the solution of problem .

Let v; (z) and v, (z) be solutions to problem (L.7), corresponding to the values A; and Xy (A2 > A;)
of the parameter A. Then, by Lemma 1.5 we have

[v2 =01l < (A2 = A1) (1 + Jlullyg) - (1.8)
On the other hand, this function is a solution to the problem

LV = C(2)V = fi (x) [(Joo]" = 1 |"*) + (| Dva|™ — [Dvy ")) +
+ (A= A1) fo(x), =€,
f/\m == MN)p(z), xed.

Consequently,
~ || H0

HLV C (z vH <297 [ fill o HV +

So:Q2

207 il [PV +2 Wfillya - ol +

+2 [ fillya - D050 + (A2 = A1) [ foll g (1.9)

HVHWT?‘UP(@Q) < ()\2 o )\1) ’ HQDHWIf’l/”(BQ) : (1.10)
On the other hand, it follows from ([1.4) that

~ 11/ i ~ 1 1=1/pa
1

|27 =0 7] +Co- |7, i=01 1)

W2(Q) 1:Q

By virtue of the well-known linear theory of elliptic problems, the inequality

2 l/p(aﬂ))

Here, Cy = C5 (2, p, qo, ¢1, N) is a positive constant. Then, using inequalities (1.8)—(1.11)) we obtain

7

<G, (HLV (@)

ot 17

W2()

Mo

- o 3
HVHWS(Q) < Gy 20070 ||f1HqO;Q : HV

So:Q2
171 % "
+Co 27 | fill HDVHSI o
_|_CQ (HleqO:Q H’Ul’ Q + Hfluql Q K1, HD’Ul’ g’iQ) +

+C (o = A1) (I folly + Hso||wgw<am) <
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1 - (11/ko ~ ||1=1/ 1o ~ ro
<O, 2m0t. ||f1||q o [Co . HV . HVH + Cy - HVH } +
0 W2(Q) 1:Q 1:Q
~ 11/ ~(1-1/p1 ~ H
4002 il [Co [P0 L o 7]+
: W2(Q) 1:Q 1:Q

+02 (Hleqo:Q - 2k0 ”U1| I,SL'SQ + 28 ||f1”q1:ﬂ ’ ||D’U1| giﬂ) +
+C3 (%2 = M) (Ifollye + 19 lly2-17 oy ) <

<O 7] 1 2507 G O = M (L )™ 4

W2(Q)
1 fill g - 2772 CE - Qo = M) T (1 HuHm>“1’1] +
+Cs (ILfill g - 2 - sl + [ fill g - 27 < 1 Dwillshg) +
+Cy - 22072 | fill - OB - (o = M)™ - (14 )" +
+Cy - 22172 Hfl”q]:Q G5t (A = M) (T (Jullg)™ +

+C5 (% = M) (1ol + 1€ lhz-50m ) -

Let
Cs - (Illeq(,:g (2% O - (A = M)MT - (L [full0)™ T
_ " 1
Uil 2072 O O = )T (1 ) ) < 5
Then, if
0<X—A<h (1.12)
holds, we obtain the inequality
(V]| < @0 @[l + @5 [ DvsLg - (1.13)

w2

Here, the functions ®,®,,®; : R, — R, are increasing functions defined by the data of
the problem , the quantities A, Ay € [0,1] satisfy the condition , and the functions
v1 (z), 02 (z) € W2 () are solutions corresponding to the quantities A; and A, of the problem (L.7)).

Denote A#=D = X, AW = Xy, v* =D = v, and v® = v,. From the inequality (L.13)), we obtain

Mo K1

00
W2(Q)

D, HDN—U

=

+ )
So0:82 S1:0 W2 ()

for 0 < A® — \E=D < p AXE=D XK ¢ [0,1],. Hence, by virtue of the independence of h of the
indicated values A*=V A(*) and the embedding inequality (see [14]) with p > N

Hv(kq)

< const - Hv(kfl)

So:Q2 w2(Q)’

HDU(kfl)

< const - Hv(kfl)

$1:0 wz2(Q)’

after a finite number of iterations, we obtain the assertion of Theorem 1.3/ In this case, the first
iteration (k = 1) corresponds to A(® = 0 and v(® =0 .
Theorem 1.3 is proved.
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2. SOLVABILITY THEORY

Let us consider boundary value problem (1.1)) with real Sobolev space W (Q) with p > N provided
that there exists a priori estimate ||ul/;, o < M independent of A € [0, 1], for solving parametric family
of problem

{ Lu=\-f(z,u,Du), x€Q,
(2.1)

u‘ =p(x), ze€d
o0

for [ € [1,00) and M > 0.
For the operator L and boundary function ¢ () we suppose that the following condition is fulfilled.
A5) Let L be a quasilinear elliptic operator with real continuous coefficients, Suppose that the
operator

Lu= Z a, (x,u, Du) D%

|| =2

is a second-order ¢ (z) € W2~/? (99) and linear boundary value problem (L.2) for any g (z) € L, ()
is uniquely solvable in space W (€2) so that estimation

lullwzior < € (gl + lellyz-17r0)

with positive constant C, independent of g € L, (€2) and of the solution u (z) € W7 (Q) is fulfilled.

Theorem 2.1. Let conditions A.1)-A.3), A.5) be fulfilled, and for parametric family of problems (12.1))
for X € [0,1] there exist a priori estimate ||ull;.q , independent of A with I € [1,400) and M > 0 .
Then there exists a solution of problem (L.1)) in the space W7 () with p > N.

Proof. Let us consider a parametric family of problem (2.1) for A € [0,1]. For this family of
problems, the conditions of Theorem 1.3 are fulfilled, by virtue of which there exsists such a constant
C1, independent of A, that for any possible solution sz (Q) of problem ({2.1)) the inequality

”quvg(Q) <Cy, VAel0,1] (2.2)

is fulfilled.
From condition A.5) it follows that linear boundary value problem (|1.2)) is uniquely solvable and
the following representation is valid for iss solutions u (x)

a(x)=V(x)+®(z), (2.3)
where V' (z),® (z) € W7 (Q2) are such that

{ LV =g(x), z€Q,

v]m -0, z€dQ,

(2.4)

and
{ L,®=0 x2€Q,

o Q:go(a:), x € 0N

7]

Linear problem ({2.4) is uniquely solvably for any function g (z) € L, (€2), so that V = Ag, where
A is a linear continuous operator from L, (€2) to W} (2).. Then, the boundary value problem (2.1]) is
equivalent to the following operator equation

W=X-TOW), rel01] (2.5)

consider in the space
X ={W) ew @) | w\m =0}
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Here,

TW)=Af(V+@), [(u)(@)=f(r,u(z),Du(x))

The operator f was determined in the space W2 () with the values in L, () and is a completely
continuous operator from W2 () to L, (€2). This fact follows from the Sobolev -Kondrashev embed-
ding theorem [14] based on the conditions of Theorem 2.1. Therefore, the operator T' is a completely

continuous operator acting in the space X. For possible solutions W (x) from the space X, by virtue
of estimation (2.2)) and representation (2.3) the following inequality is fulfilled

IW|x <Cy, VAel0,1]

where, C is a positive constant independent neither of W (x), nor of A. Then, by virtue of the Leray-
Schauder theorem [3|, p.135] equations for A = 1 and consequently boundary value problem
have the solution ug (z) € W7 (Q) .

The proof of Theorem 2.1 is complete.
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