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Solvability of a nonlinear elliptic problem involving p—Laplacian
with Dirichlet condition

Benaissa S., Messelmi F., Merouani A.

Abstract. In this work, we study a class of nonlinear elliptic equations of the form Au = —A,u +
div (Vu) = R(x,u) in a bounded domain  C R", where —A,u = —div (|Vu\p72 Vu) denotes the p-

Laplacian operator, V(z) is a given vector field, and R(z) represents a source term. We establish the
existence and uniqueness of weak solutions under suitable assumptions on V and R.To establish the
existence of weak solutions to the nonlinear elliptic problem we employ a fixed point approach based
on the compactness of the associated operator.The existence result is obtained by proving that the
composition A~! Ny is a compact and continuous mapping that admits at least one fixed point, where
Nrp, is the Nemyskii operator corresponding to a Carathéodory function R . This ensures the existence
of a weak solution u € I/VO1 P (). For the uniqueness of solutions, we rely on the strict monotonicity
of the p-Laplacian operator and appropriate growth and Lipschitz conditions on R(z,u). Under these
assumptions, one can show that if u; and u, are two weak solutions, then their difference satisfies an
energy inequality leading to u; = u, almost everywhere in 2.

Keywords: p—Laplacian, Fixed point, Variational formulation, Carathéodory function, Nemytskii
operator.
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1. INTRODUCTION

Partial differential equations (PDEs) play a fundamental role in modeling a wide range of physi-
cal, biological, and engineering phenomena. They provide an essential mathematical framework for
describing diffusion, transport, and nonlinear interactions that arise in various natural and applied
processes. Among them, nonlinear elliptic equations [1}, [2], particularly those involving the p-Laplacian
operator, have attracted considerable attention due to their rich mathematical structure and broad
spectrum of applications in physics, mechanics, and materials science Albo [3} 4, 5 6, 7, |8, 9, |10].

It is more investigated problem with divVu = 0 |11, |4, 5, 6, 7], and the references therein. In this
regard we mention the work of [4] et al in which they considered the problem:

—div(a(z) |[Vul" > Vu) = f(x,u,Vu), u=0on .

on a bounded domain 2 C R™ with n > 2 and p € (1, n).In this paper, we investigate the well-posedness
of the nonlinear elliptic boundary value problem

Au=—-Au+div(Vu) =R inQ, p>2 (1.1)
u =0, on 0§, ’

where A, denotes the p-Laplacian operator, V :2 — R™ is a bounded vector field, V € L> (Q)",
and R:Q2 x R — R is a Carathéodory function satisfying suitable growth and continuity conditions.
Such equations naturally arise in models of nonlinear diffusion and convection processes in heteroge-
neous media.

The existence of weak solutions is established via a priori estimates and fixed-point techniques ap-
plied to the compact operator T = A~'Np : Wy ? (Q) — W, ?(Q), where Au = —Ayu + div (Vu),
and Ny denotes the Nemytskii operator associated with the Carathéodory function R, defined by
Ng(z,u) = R(x,u).[12] et al. The compactness and continuity of Ny play a crucial role in applying
fixed-point theorems to ensure the existence of at least one weak solution. Uniqueness is derived using
monotone operator theory by introducing a Carathéodory mapping b : 2 x R x R* — R" such that

—divb(x,u, Vu) = —Ayu + div (Vu) .
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Problems of this type appear in the modeling of non-Newtonian fluids, nonlinear elasticity, porous
media flow, and other nonlinear diffusion—convection phenomena. The present study contributes to the
theoretical understanding of such equations and provides new results on the existence and uniqueness of
weak solutions.This formulation allows the use of monotone operator theory and variational techniques
to prove that the associated operator is strictly monotone under appropriate hypotheses on R and
V', there by guaranteeing both existence and uniqueness of the solution to problem . From an
applied perspective, nonlinear elliptic equations involving the p-Laplacian arise in numerous contexts
such as non-Newtonian fluid dynamics, nonlinear elasticity, porous medium flow, electro-rheological
and thermo-rheological materials, and population dynamics. The convection term divVu introduces
significant analytical challenges, as it models transport or drift phenomena in heterogeneous media.
Consequently, the study of such equations not only deepens the theoretical understanding of nonlinear
PDEs with nonstandard growth but also contributes to the rigorous modeling of complex processes
observed in real-world systems.

The paper is organized as follows. In the second section, we define the problem that serves as the
focus of our work and we recall some mathematical tools. The Third section will be consecrated to
the study of the problem that consists in establishing existence and unicity results.

The organization of this paper is as follows. In Section 2, the considered problem is stated. Sections
3 deals with the solvability of the stated problem. While section 4 gives the uniqueness of the solution
of the considered problem.

For the study of this problem, we first recall the following results.

In the sequel, €2 be an open bounded domain of R", n > 2 with Lipschitz continuous boundary and

p > 1. We shall use the standard notations:

WP (Q) = {u e, e, i, n}

equipped with the norm:

i=n

» » ou ||
||u||W1’P(Q) = ”uHLp(Q) + E : . J
i=1 tLr(Q)
where |[|.|| g, is the usual norm on L (). It is well known that (W7 (Q2); l[-Il15.(2)) 18 separable,

reflexive and uniformly convex [13, [14].We need the space W, * (Q) the closure of the space C° (Q) in
the space W7 ()
Wy (Q) = {ue W' (Q), ulpg=0}.

* 1 1
The dual space (W, " (2))" will be denoted by W4 (Q), where ~ + — = 1. For each u € W'» (),

p q
we put
ou Ou ou y | ou
Vu= <aajl’8x2”aajn> y ’Vu‘ 72 ‘8x1

i=1
Definition 1.1. [15] Let X be real Banach space; and let L : X — X* be an operator Then :
(i) L is called monotone if (Lu — Lv,u —v) > 0 for all u,v € X.
(ii) L is called stictly monotone if: (Lu — Lv,u —v) > 0 for all u,v € X with u # v.

L
(iii) L is called coercive if lim (L, u)
lull—soo  [|ul]

= +OO
(iv) L is hemicontinuous, i.e., the map ¢ — (L (u + tv) ,w) is continuous on [0, 1] for all u,v,w €
X.

Definition 1.2. The function R : 2 x R — R is a Carathéodory function if for each s € R, the
function x — R (x, s) is measurable in 2 and for a.e. z € , the function s — R (x, s) is continuous
in R.

Theorem 1.3. [16](Leray—Schauder Principle). Suppose that
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(i) The operator T : X — X is compact, with X a Banach space;
(ii) There existe an r > 0 such that if v = tT (x) with 0 <t < 1 then ||z| < r.
Then the equation x =T (z) is solvable.
2. PROBLEM STATEMENT

In the domain  we consider the problem find a solution u such that:

Lu =—-Apu+div(Vu) = R, inQ, p>2 (2.1)
u =0, on 0f), ’
. . . 1,p . —1.0 1 1
where —A,, is the p—Laplacian acting from Wy™" (©2) into W=7 (), — + — =1 defined by
p
(—Ayu, @) = / \Vul"? Vu.Vode, Yu,p e Wo* (Q), (2.2)
o)
The function V' : Q — R" is a vector field € L> (Q2) such that
divV >0, (2.3)
and R € W19 (Q) is a Carathéodory function and it satisfies the growth condition :
IR(z,s)| <a(x)|s|” > +b(z) ppreQ and s€eR, (2.4)

i

n
. P if p<n,
p:

/ 1 1
where a € L™ (Q),be L7 (), — + — =1 and ¢q € |1, p*[ such that :
q

n—p (2.5)
400 if p>n.

Proposition 2.1. If the function R is a Carathéodory function, then for each w € M, where M be
the set of all measurable function u : Q@ — R. The function Nru : Q@ — R defined by

(Nru) (z) = R(z,u(x)) forxz el (2.6)

is measurable in . In view of this proposition, a Carathéodory function R :  x R — R defines an
operator N : M — M, which is called Nemytskii operator.

Definition 2.2. An element u € W, *(Q) is a solution of problem (2.1)) if
—Ayu+ div (Vu) = (Ngu), (2.7)

in the sens of W=7 (Q), i.e

/\Vu]p_2 Vu.Vpdr — /Vu.Vgodac = /R(m,u) odr, Yu,p € WP (Q). (2.8)
Q Q Q

3. SOLVABILITY OF PROBLEM ([2.1])
In this section, the solvability of the problem ([2.1)) will be proved using the Leray-Schauder principle.

Theorem 3.1. If the operator L is monotone, coercive and hemicontinuous then L is surjective.
Proof: (1) The operator L : Wy'* (Q) — W~1#" (Q) defined by :

Lu=—-A,u+div(Vu), (3.1)
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is bounded.
For ¢ € Wy* (Q) we have

(Lu, @) :/\Vu]p2 VuVdz —/uVVgoda:.
0 0

Using Holder’s inequality we get
(Lug)l < [ IVaP ™ Vel do+ [ Jul V][9] do
Q Q

p—1 1 1 1

( / |Vur”dw) ( / |W|”da:) ’ Wl ( / u|”da:> 5 ( [rwar dz> "

1 1
where — + — =1, using the fact that p > 2 and Pioncaré’s inequality, we obtain
p p

[(Lu, o) < cllullwrr ) VI @) lellwre @) (3.2)
Thus, the operator L is bounded.
(2) If p € [2,+00[, then operator L is monotone.

From definition the operator L is monotone if and only if (Lu — Ly, u — ¢) > 0, Yu,¢ €
W, ” (Q), integrating by parts we obtain

(Lu — Lo, u — @) = (=Apu+div (Vu) + App — div (V) ,u — @) =
_ _ 1
/ (]Vu|p 2V — |Vl 2 ch) V (u—p)dz + 3 / (divV) . (u— @)’ da, (3.3)

Q Q
Using the fact that

(laP o= oP ) (a=b) = 27" (a7 + ") Ja = b* > 22 FJa— b, Va,beR",  (3.4)

then (3.3]) becomes
1
(Lu — Lo, u — @) > 2277 / |Vu — Vo|" dz + 3 / (divV) . (u— @)’ da (3.5)
o) Q
According to (2.3)) we arrive at
(Lu — Lp,u— @) >0,
So, the operator L is monotone.
(3) The operator L is coercive. From (3.5)), we have
(Lu,u) = (—Apu + div (Vu) ,u) > 22_1’/ |Vul” de + /u.V.Vudac. (3.6)
Q
According to Holder’s inequality, the second term in the right hand sid of (3.6) can be con-
trolled by
1 1

p—2 » »
/uV.Vuda:§9| PV (/de) (/|Vupdx> ,

Q Q Q



Solvability of a Nonlinear Elliptic Problem Involving p-Laplacian with Dirichlet Condition 37

then from (3.6, we get

2
(Lu,u) > 2* ”/\Vu|p dz —c(, | V]..) (/ ]Vu|pda;)

consequently we have
(Lu, u)

lully ,—>+oo [lull;

— +00.

According to definition (|1.1)), we conclude that L is coercive.
(4) The operator L is hemicontinuous.
The operator L is hemicontinuous of W, (Q) in W= (Q) if the mapping

t — (L (u+ t,g),w) is continuous in R. Either u, p,w € W, 7" (), (tn),en @ real sequence
that converges to [, we will show that (L (u + t,p),w) — (L (u+1lp),w).
L is hemicontinuous :

(L (u+typ),w /|V (u+ top) P2V (1 + o) . Vw dm/(qutngo)VVw dx,

Q

we have :

(Lluttup) )l < [ 19 s tap) ™ (Vul dot [ ul VI Vol +[ta] [ 1ol[V][Vedz.
Q Q

Q

Using the fact that
(a+0b)" <27'(a? + V"), foralla >0, b>0and p > 1.

we have

L+ tag) )| <270 [ (1907 187 [Vl ™) [Vl dot [ 1l [VI[Vwlita] [ lol V] Vol dz.
Q
(3.7)
Since t, — [, then there exist M > 0 such that |t,| < M, using Holder’s inequality, the

n—>o0

right hand side of (3.7)) becomes
1 1

(L (uttup) s w) < 207128 =1 [ ([Vul” + [M]"[Ve) (g Vol d“””’>p

1 1 1 1

VL (f |u|”das)p (f IVl dm) YoMV (IW dx)p (flel”' das) y
Q Q Q Q

According to Lebesgue’s dominated convergence theorem, the operator L is hemicontinuous.
Then the problem Lu = g(z) has a unique solution for g € W= () i.e the operator L defines
one—to—one correspondence between W, ? (Q) and W—'# (Q), with inverse L~ monotone,
bounded and continuous. Since ¢ € (1,¢*), then the imbedding W P(Q) — L7 is compact.
Consequently we have the diagram W, ” (Q) &4 La (Q) ALy (Q) A Wi (Q).

O

Theorem 3.2. If the Carathéodory function R : Q2 x R — R satisfies the condition with ¢ < p,
then the operator L~'Ng has a fized point in W, (Q) via Leray-Schauder principe.
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Proof: Using the theorem of Leray-Schauder we will show tha the set
Z={ueWy?(Q) /3INe[0,1], such that u = AL Ngu = A\Tu},

is bounded in W, ” (Q) . From ({2.7), it is obvious to show that for arbitrary u € W, ” (), it is obvious
that :

P _
||TU’HWOLP(Q) -

(—A,u+div(Vu),Tu) = (Ngu, Tu) = /R (x,u) Tu dz, (3.8)
Q
Using (2.4)), the right hand side of the previous equality be controlled by

/R(:I:,u) Tu dr < / ‘a(m) |’ + b(ac)‘ |Tu| da.

Furthermore, for u € Z ie. u = ATu with some A € [0,1], by using Hélder’s inequality we get

/R(x,u) Tu dz < /|a(x)] IATul*2 | Tul d:n~|—/|b(:n)| \Tu| dz
Q Q Q

1

1 1
_ 4 q, p
< A01 HG(ZU)HLOC(Q) HTuH%qu(Q) + (/ b ()] dx) (/ |Tul” d:c) . (3.9)
Q Q

Combining (3.8) with (3.9) we have :
-1
HTUHII),[) <K HTquLq(Q) + K> HTUHLq(Q) ) (3.10)

where
Ky =\"a (@)l Lo 0

and
Ky = [0(2)]| 1o o -

Thus, from (3.10) we obtain
-1
[Tully, — Ki|[Tull{, — Ko |Tull,,, <O0.
Then, there is a constant d > 0 such that
[Tl , < d.

Since
lull,, = IANTull,, = A[Tull, , < Ad < d.

Then, the bounddeness of Z would de proved, so the problem —A,u+ div (Vu) = R (z,u) has a fixed
point u € Wy* (Q). O

4. A UNIQUENESS RESULT
In this section we address the problem of the uniqueness of the solution of the problem (2.1J):
Theorem 4.1. For R € W~ (Q), the problem has a unique solution u € W,” (Q) .

Proof: Let b(z,u, Vu) = |Vul’ > Vu — V. It is obvious to show that

(H1) The function b: Q x R x R® — R" be a Carathéodory function, i.e. :
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a) For each (s,¢), the function z — b (z, s, ) is measurable.
b) For a.e. z, the function (s,§) — b(z,s,£) is continuous.
(H2) ( Monotonie)
(b, 5,€) = blw,s,m),& =) = (V€[> VE— [Vl > V) (V€= V) > Gy le
(H3) For almost all z € 2 and for each (x,s,£) € Q2 x R x R” with £ # 7
(b (@, 5,€) = b(w,5,1) ,€ = 1) > 0.
(H4) According (3.4)), there exists 8 > 0 such that
(b, 5,6) = bw,5.m) € =) > Bl —nl* (e + o).
(H5) There exists C >0 and f € L” (Q) such that :
0(25,8) = b 6.8 < Cls 1] (£ @)+l + 1P+ o).

Let uq, us be two solutions of problem then we have

/ (b(x,,u1,Vuy) — b(z,us, Vus)) Veodr = / (b(x,,us, Vug) — b (z,us, Vus)) Vdz,

Q Q

T. : R — R is the truncation function 7} (r) = max (min (e,7), —¢), for ¢ = T.u and v = u; — us.
Since

VT. (v) =V =14 Vo,
where
A.={z € Q, 0<|u; —ug| <€},

Then, applying (H4) and (H5) we get:
BIIV (= w) (IVur | + [Vuo] ) da
o)

< C Jfur = (f (@) + [Vl a7+ ™) |V (w1 = )|
Q

< Ce [ F|VT. (u; — us)| dx,
A

where
F=(f @)+ Vel 4+ ™+ w7 ) € 2 (9).
Since
/\V(ul )P dz = / LAV (ur — o) d,
A, Q
and

19T, (= ) do = I (= )y
Q

Using the fact that
_9 92 —2
[ i A EE I EE i
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and (3.4), we obtain

5/ ’V (u1 - u2)|p dxr < ﬁ/ ’V (Ul _ u2)‘2 (‘VU1‘Z)_2 + ‘vu2‘p_2) da
A AL

Consequently from the previous inequality we have
BT (ur = u2) Iy 100y < C I F N 1 ) 1T (w1 = 2) lyy10 g -

The Poincaré (for p = 1) and Cauchy-Schwarz inequalities allow us to obtain

1 C
/TE (i —uw)lde < & [|VT. (ur — us)|de
9 €AE

AE

1 1
C o "
2Tz (ur = wa)llypn ) [l P < CLALP

IN

Gold N.59A. = 0 and (A.).., is decreasing when ¢ — 0. Therefore |[A.[ — 0 when ¢ — 0.We
choose r > 0 anything and € < r, then

Hz: Jun —wus| 27} < [{z: Jug —us| > e}

< Hao: T (ug —up)| > e}

1
< = [T (uy — ug)| dz — 0, when e — 0.
€q

So, for everything r > 0 ,|u; — us| < r almost everywhere. Therefore we conclude that u; = uy almost
everywhere. 0O

Proposition 4.2. If R(z,5) >0 a.e. x € Q and for all s € R. If u € Wy* (Q) is solution of problem

thenu>0

Proof: Let u. € Wy (Q) be a solution of problem ({2.1)) and let us denoted Q= = {z € Q: u(z) <0},
Ot = O\Q~ and u_ = max {—u, 0}, then, it is known that u_ € W, ” (Q) and

| Vu in Q_,
V- = { 0 in Q..

Integrating by parts over {2 we have
(—Ayu+div(Vu),u_) = [|Vul"*Vu.Vu_de_ [Vu.Vu_dz
O Q
= — [|Vu|’dz + [ Vu.Vudz
) )
2

= — [ |Vu|’dz — fdz'v(V)u—d:v:— | R(z,u)udx >0
0. 0. 2 o

2
/|Vu\pdx—|—/div (V) %dw = /R(x,u) udr <0
o o o
/]Vu|pda:+/dw —da: = 0.

then u = 0 everywhere. Wich allows as to achieve the proof. O

Then, we have

So
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