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Abstract. In this work, we study a class of nonlinear elliptic equations of the form Au = −∆pu +

div (V u) = R(x, u) in a bounded domain Ω ⊂ Rn, where −∆pu = −div
(
|∇u|p−2 ∇u

)
denotes the p-

Laplacian operator, V (x) is a given vector field, and R(x) represents a source term. We establish the
existence and uniqueness of weak solutions under suitable assumptions on V and R.To establish the
existence of weak solutions to the nonlinear elliptic problem we employ a fixed point approach based
on the compactness of the associated operator.The existence result is obtained by proving that the
composition A−1NR is a compact and continuous mapping that admits at least one fixed point, where
NR is the Nemyskii operator corresponding to a Carathéodory function R . This ensures the existence
of a weak solution u ∈ W 1,p

0 (Ω). For the uniqueness of solutions, we rely on the strict monotonicity
of the p-Laplacian operator and appropriate growth and Lipschitz conditions on R(x, u). Under these
assumptions, one can show that if u1 and u2 are two weak solutions, then their difference satisfies an
energy inequality leading to u1 = u2 almost everywhere in Ω.

Keywords: p−Laplacian, Fixed point, Variational formulation, Carathéodory function, Nemytskii
operator.
MSC (2020): 35J62, 35J92, 47J35

1. Introduction

Partial differential equations (PDEs) play a fundamental role in modeling a wide range of physi-
cal, biological, and engineering phenomena. They provide an essential mathematical framework for
describing diffusion, transport, and nonlinear interactions that arise in various natural and applied
processes. Among them, nonlinear elliptic equations [1, 2], particularly those involving the p-Laplacian
operator, have attracted considerable attention due to their rich mathematical structure and broad
spectrum of applications in physics, mechanics, and materials science Albo [3, 4, 5, 6, 7, 8, 9, 10].

It is more investigated problem with divV u = 0 [11, 4, 5, 6, 7], and the references therein. In this
regard we mention the work of [4] et al in which they considered the problem:

−div(a(x) |∇u|p−2 ∇u) = f(x, u,∇u), u = 0 on ∂Ω.

on a bounded domain Ω ⊂ Rn with n ≥ 2 and p ∈ (1, n).In this paper, we investigate the well-posedness
of the nonlinear elliptic boundary value problem{

Au = −∆pu+ div (V u) = R in Ω, p ≥ 2,
u = 0, on ∂Ω,

(1.1)

where ∆p denotes the p-Laplacian operator, V :Ω −→ Rn is a bounded vector field, V ∈ L∞ (Ω)
n
,

and R:Ω × R −→ R is a Carathéodory function satisfying suitable growth and continuity conditions.
Such equations naturally arise in models of nonlinear diffusion and convection processes in heteroge-
neous media.
The existence of weak solutions is established via a priori estimates and fixed-point techniques ap-
plied to the compact operator T = A−1NR : W 1,p

0 (Ω) −→ W 1,p
0 (Ω), where Au = −∆pu + div (V u),

and NR denotes the Nemytskii operator associated with the Carathéodory function R, defined by
NR(x, u) = R(x, u).[12] et al. The compactness and continuity of NR play a crucial role in applying
fixed-point theorems to ensure the existence of at least one weak solution. Uniqueness is derived using
monotone operator theory by introducing a Carathéodory mapping b : Ω× R× Rn −→ Rn such that

−div b(x, u,∇u) = −∆pu+ div (V u) .
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Problems of this type appear in the modeling of non-Newtonian fluids, nonlinear elasticity, porous
media flow, and other nonlinear diffusion–convection phenomena. The present study contributes to the
theoretical understanding of such equations and provides new results on the existence and uniqueness of
weak solutions.This formulation allows the use of monotone operator theory and variational techniques
to prove that the associated operator is strictly monotone under appropriate hypotheses on R and
V , there by guaranteeing both existence and uniqueness of the solution to problem (1.1). From an
applied perspective, nonlinear elliptic equations involving the p-Laplacian arise in numerous contexts
such as non-Newtonian fluid dynamics, nonlinear elasticity, porous medium flow, electro-rheological
and thermo-rheological materials, and population dynamics. The convection term divV u introduces
significant analytical challenges, as it models transport or drift phenomena in heterogeneous media.
Consequently, the study of such equations not only deepens the theoretical understanding of nonlinear
PDEs with nonstandard growth but also contributes to the rigorous modeling of complex processes
observed in real-world systems.
The paper is organized as follows. In the second section, we define the problem that serves as the
focus of our work and we recall some mathematical tools. The Third section will be consecrated to
the study of the problem that consists in establishing existence and unicity results.

The organization of this paper is as follows. In Section 2, the considered problem is stated. Sections
3 deals with the solvability of the stated problem. While section 4 gives the uniqueness of the solution
of the considered problem.
For the study of this problem, we first recall the following results.

In the sequel, Ω be an open bounded domain of Rn, n ⩾ 2 with Lipschitz continuous boundary and
p ≥ 1. We shall use the standard notations:

W 1,p (Ω) =

{
u ∈ Lp (Ω) ,

∂u

∂xi
∈ Lp (Ω) , i = 1, ...., n

}
.

equipped with the norm:

∥u∥pW 1,p(Ω) = ∥u∥pLp(Ω) +
i=n∑
i=1

∥∥∥∥ ∂u

∂xi

∥∥∥∥p
Lp(Ω)

,

where ∥.∥Lp(Ω) is the usual norm on Lp (Ω). It is well known that (W 1,p (Ω) ; ∥.∥W 1p,(Ω)) is separable,

reflexive and uniformly convex [13, 14].We need the space W 1,p
0 (Ω) the closure of the space C∞

0 (Ω) in
the space W 1,p (Ω)

W 1,p
0 (Ω) =

{
u ∈W 1,p (Ω) , u |∂Ω= 0

}
.

The dual space
(
W 1,p

0 (Ω)
)∗

will be denoted by W−1,q (Ω), where
1

p
+

1

q
= 1. For each u ∈ W 1,p (Ω),

we put

∇u =

(
∂u

∂x1

,
∂u

∂x2

, ...,
∂u

∂xn

)
, |∇u|2 =

i=n∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣2 .

Definition 1.1. [15] Let X be real Banach space; and let L : X −→ X∗ be an operator Then :

(i) L is called monotone if ⟨Lu− Lv, u− v⟩ ⩾ 0 for all u, v ∈ X.

(ii) L is called stictly monotone if: ⟨Lu− Lv, u− v⟩ > 0 for all u, v ∈ X with u ̸= v.

(iii) L is called coercive if lim
∥u∥−→∞

⟨Lu, u⟩
∥u∥

= +∞.

(iv) L is hemicontinuous, i.e., the map t 7−→ ⟨L (u+ tv) , w⟩ is continuous on [0, 1] for all u, v, w ∈
X.

Definition 1.2. The function R : Ω × R −→ R is a Carathéodory function if for each s ∈ R, the
function x 7−→ R (x, s) is measurable in Ω and for a.e. x ∈ Ω, the function s 7−→ R (x, s) is continuous
in R.

Theorem 1.3. [16](Leray−Schauder Principle). Suppose that
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(i) The operator T : X −→ X is compact, with X a Banach space;

(ii) There existe an r > 0 such that if x = tT (x) with 0 < t < 1 then ∥x∥ ⩽ r.

Then the equation x = T (x) is solvable.

2. Problem Statement

In the domain Ω we consider the problem find a solution u such that:{
Lu = −∆pu+ div (V u) = R, in Ω, p ≥ 2,
u = 0, on ∂Ω,

(2.1)

where −∆p is the p−Laplacian acting from W 1,p
0 (Ω) into W−1,p′ (Ω) ,

1

p
+

1

p′
= 1 defined by

⟨−∆pu, φ⟩ =
∫
Ω

|∇u|p−2 ∇u.∇φdx, ∀u, φ ∈W 1,p
0 (Ω) , (2.2)

The function V : Ω −→ Rn is a vector field ∈ L∞ (Ω) such that

divV ≥ 0, (2.3)

and R ∈W−1,q′ (Ω) is a Carathéodory function and it satisfies the growth condition :

|R (x, s)| ⩽ a (x) |s|q−2
+ b (x) p.p x ∈ Ω and s ∈ R, (2.4)

where a ∈ L∞ (Ω) , b ∈ Lq
′
(Ω) ,

1

q
+

1

q′
= 1 and q ∈ ]1, p∗[ such that :

p∗ =

{ np

n− p
if p < n,

+∞ if p ⩾ n.
(2.5)

Proposition 2.1. If the function R is a Carathéodory function, then for each u ∈ M, where M be
the set of all measurable function u : Ω −→ R. The function NRu : Ω −→ R defined by

(NRu) (x) = R (x, u (x)) for x ∈ Ω (2.6)

is measurable in Ω. In view of this proposition, a Carathéodory function R : Ω× R −→ R defines an
operator NR : M −→M, which is called Nemytskii operator.

Definition 2.2. An element u ∈W 1,p
0 (Ω) is a solution of problem (2.1) if

−∆pu+ div (V u) = (NRu) , (2.7)

in the sens of W−1,p′ (Ω) , i.e∫
Ω

|∇u|p−2 ∇u.∇φdx−
∫
Ω

V u.∇φdx =

∫
Ω

R (x, u)φdx, ∀u, φ ∈W 1,p
0 (Ω) . (2.8)

3. Solvability of Problem (2.1)

In this section, the solvability of the problem (2.1) will be proved using the Leray-Schauder principle.

Theorem 3.1. If the operator L is monotone, coercive and hemicontinuous then L is surjective.

Proof: (1) The operator L :W 1,p
0 (Ω) −→W−1,p′ (Ω) defined by :

Lu = −∆pu+ div (V u) , (3.1)
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is bounded.
For φ ∈W 1,p

0 (Ω) we have

⟨Lu, φ⟩ =
∫
Ω

|∇u|p−2 ∇u∇φdx−
∫
Ω

uV∇φdx.

Using Hölder’s inequality we get

|⟨Lu, φ⟩| ≤
∫
Ω

|∇u|p−1
. |∇φ| dx+

∫
Ω

|u| |V | |∇φ| dx

≤

∫
Ω

|∇u|p dx


p− 1

p
.

∫
Ω

|∇φ|p dx


1

p
+ ∥V ∥L∞(Ω)

∫
Ω

|u|p dx


1

p
∫

Ω

|∇φ|p
′

dx


1

p′

,

where
1

p
+

1

p′
= 1, using the fact that p ≥ 2 and Pioncaré’s inequality, we obtain

|⟨Lu, φ⟩| ≤ c(∥u∥W 1,p
0 (Ω) , ∥V ∥L∞(Ω)) ∥φ∥W 1,p

0 (Ω) , (3.2)

Thus, the operator L is bounded.

(2) If p ∈ [2,+∞[ , then operator L is monotone.
From definition 1.1, the operator L is monotone if and only if ⟨Lu− Lφ, u− φ⟩ ⩾ 0, ∀u, φ ∈
W 1,p

0 (Ω) , integrating by parts we obtain

⟨Lu− Lφ, u− φ⟩ = ⟨−∆pu+ div (V u) + ∆pφ− div (V φ) , u− φ⟩ =∫
Ω

(
|∇u|p−2 ∇u− |∇φ|p−2 ∇φ

)
∇ (u− φ) dx+

1

2

∫
Ω

(divV ) . (u− φ)
2
dx, (3.3)

Using the fact that(
|a|p−2

a− |b|p−2
b
)
(a− b) ≥ 2−1

(
|a|p−2

+ |b|p−2
)
|a− b|2 ⩾ 22−p |a− b|p , ∀a, b ∈ Rn, (3.4)

then (3.3) becomes

⟨Lu− Lφ, u− φ⟩ ≥ 22−p
∫
Ω

|∇u−∇φ|p dx+
1

2

∫
Ω

(divV ) . (u− φ)
2
dx (3.5)

According to (2.3) we arrive at

⟨Lu− Lφ, u− φ⟩ ≥ 0,

So, the operator L is monotone.

(3) The operator L is coercive. From (3.5), we have

⟨Lu, u⟩ = ⟨−∆pu+ div (V u) , u⟩ ≥ 22−p
∫
Ω

|∇u|p dx+

∫
Ω

u.V.∇udx. (3.6)

According to Hölder’s inequality, the second term in the right hand sid of (3.6) can be con-
trolled by

∫
Ω

uV.∇udx ≤ |Ω|
p− 2

p ∥V ∥∞

∫
Ω

|u|p dx


1

p
∫

Ω

|∇u|p dx


1

p
,
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then from (3.6), we get

⟨Lu, u⟩ ≥ 22−p
∫
Ω

|∇u|p dx− c(Ω, ∥V ∥∞)

∫
Ω

|∇u|p dx


2

p
.

consequently we have

lim
∥u∥1,p−→+∞

⟨Lu, u⟩
∥u∥1,p

−→ +∞.

According to definition (1.1), we conclude that L is coercive.

(4) The operator L is hemicontinuous.

The operator L is hemicontinuous of W 1,p
0 (Ω) in W−1,p

′

(Ω) if the mapping

t 7−→ ⟨L (u+ tnφ) , w⟩ is continuous in R. Either u, φ,w ∈ W 1,p
0 (Ω) , (tn)n∈N a real sequence

that converges to l, we will show that ⟨L (u+ tnφ) , w⟩ −→ ⟨L (u+ lφ) , w⟩ .
L is hemicontinuous :

⟨L (u+ tnφ) , w⟩ =
∫
Ω

|∇ (u+ tnφ)|p−2 ∇ (u+ tnφ) .∇w dx−
∫
Ω

(u+ tnφ)V.∇w dx,

we have :

|⟨L (u+ tnφ) , w⟩| ≤
∫
Ω

|∇ (u+ tnφ)|p−1 |∇w| dx+

∫
Ω

|u| |V | |∇w|+ |tn|
∫
Ω

|φ| |V | |∇w| dx.

Using the fact that

(a+ b)
p ≤ 2p−1 (ap + bp) , for all a ≥ 0, b ≥ 0 and p ≥ 1.

we have

|⟨L (u+ tnφ) , w⟩| ≤ 2p−1

∫
Ω

(
|∇u|p−1

+ |tn|p−1 |∇φ|p−1
)
|∇w| dx+

∫
Ω

|u| |V | |∇w|+|tn|
∫
Ω

|φ| |V | |∇w| dx.

(3.7)
Since tn −→

n−→∞
l, then there exist M > 0 such that |tn| ≤ M, using Hölder’s inequality, the

right hand side of (3.7) becomes

|⟨L (u+ tnφ) , w⟩| ≤ 2p−12

1

p− 1 ∫
Ω

(|∇u|p + |M |p |∇φ|p)
(∫

Ω

|∇w|p dx
)1

p

+ ∥V ∥∞
(∫

Ω

|u|p dx
)1

p
(∫

Ω

|∇w|p
′

dx

) 1

p′ +M ∥V ∥∞
(∫

Ω

|φ|p dx
)1

p
(∫

Ω

|∇w|p
′

dx

) 1

p′ .

According to Lebesgue’s dominated convergence theorem, the operator L is hemicontinuous.
Then the problem Lu = g(x) has a unique solution for g ∈W−1,p′ (Ω) i.e the operator L defines
one−to−one correspondence between W 1,p

0 (Ω) and W−1,p′ (Ω) , with inverse L−1 monotone,
bounded and continuous. Since q ∈ (1, q∗) , then the imbedding W 1,p

0 (Ω) ↪→ Lq is compact.

Consequently we have the diagram W 1,p
0 (Ω)

Id
↪→ Lq (Ω)

NR
↪→ Lq

′
(Ω)

I∗d
↪→W−1,p′

0 (Ω) .
□

Theorem 3.2. If the Carathéodory function R : Ω×R −→ R satisfies the condition (2.4) with q < p,
then the operator L−1NR has a fixed point in W 1,p

0 (Ω) via Leray-Schauder principe.
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Proof: Using the theorem of Leray-Schauder 1.3, we will show tha the set

Z =
{
u ∈W 1,p

0 (Ω) / ∃λ ∈ [0, 1] , such that u = λL−1NRu = λTu
}
,

is bounded in W 1,p
0 (Ω) . From (2.7), it is obvious to show that for arbitrary u ∈W 1,p

0 (Ω), it is obvious
that :

∥Tu∥p
W 1,p

0 (Ω)
= ⟨−∆pu+ div (V u) , Tu⟩ = ⟨NRu, Tu⟩ =

∫
Ω

R (x, u)Tu dx, (3.8)

Using (2.4), the right hand side of the previous equality be controlled by∫
Ω

R (x, u)Tu dx ≤
∫
Ω

∣∣∣a (x) |u|q−2
+ b (x)

∣∣∣ |Tu| dx.
Furthermore, for u ∈ Z i.e. u = λTu with some λ ∈ [0, 1] , by using Hölder’s inequality we get∫

Ω

R (x, u)Tu dx ≤
∫
Ω

|a (x)| |λTu|q−2 |Tu| dx+

∫
Ω

|b (x)| |Tu| dx

≤ λq−1 ∥a (x)∥L∞(Ω) ∥Tu∥
q−1

Lq−1(Ω) +

∫
Ω

|b (x)|q
′

dx


1

q′
∫

Ω

|Tu|p dx


1

p
. (3.9)

Combining (3.8) with (3.9) we have :

∥Tu∥p1,p ⩽ K1 ∥Tu∥q−1

Lq(Ω) +K2 ∥Tu∥Lq(Ω) , (3.10)

where
K1 = λq−2 ∥a (x)∥L∞(Ω) ,

and
K2 = ∥b (x)∥Lq′ (Ω) .

Thus, from (3.10) we obtain

∥Tu∥p1,p −K1 ∥Tu∥q−1

1,p −K2 ∥Tu∥1,p ≤ 0.

Then, there is a constant d ⩾ 0 such that

∥Tu∥1,p ⩽ d.

Since
∥u∥1,p = ∥λTu∥1,p = λ ∥Tu∥1,p ⩽ λd ⩽ d.

Then, the bounddeness of Z would de proved, so the problem −∆pu+div (V u) = R (x, u) has a fixed
point u ∈W 1,p

0 (Ω) . □

4. A uniqueness result

In this section we address the problem of the uniqueness of the solution of the problem (2.1):

Theorem 4.1. For R ∈W−1,p′ (Ω) , the problem (2.1) has a unique solution u ∈W 1,p
0 (Ω) .

Proof: Let b (x, u,∇u) = |∇u|p−2 ∇u− V u. It is obvious to show that

(H1) The function b : Ω× R× Rn −→ Rn be a Carathéodory function, i.e. :
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a) For each (s, ξ) , the function x 7−→ b (x, s, ξ) is measurable.

b) For a.e. x, the function (s, ξ) 7−→ b (x, s, ξ) is continuous.

(H2) ( Monotonie)

⟨b (x, s, ξ)− b (x, s, η) , ξ − η⟩ =
(
|∇ξ|p−2 ∇ξ − |∇η|p−2 ∇η

)
(∇ξ −∇η) ⩾ Cp |ξ − η|p .

(H3) For almost all x ∈ Ω and for each (x, s, ξ) ∈ Ω× R× Rn with ξ ̸= η

⟨b (x, s, ξ)− b (x, s, η) , ξ − η⟩ > 0.

(H4) According (3.4), there exists β > 0 such that

⟨b (x, s, ξ)− b (x, s, η) , ξ − η⟩ ⩾ β |ξ − η|2
(
|ξ|p−2

+ |η|p−2
)
.

(H5) There exists C > 0 and f ∈ Lp
′
(Ω) such that :

|b (x, s, ξ)− b (x, t, ξ)| ⩽ C |s− t|
(
f (x) + |ξ|p−1

+ |s|p−1
+ |t|p−1

)
.

Let u1, u2 be two solutions of problem (2.1) then we have∫
Ω

(b (x, , u1,∇u1)− b (x, u1,∇u2))∇φdx =

∫
Ω

(b (x, , u2,∇u2)− b (x, u1,∇u2))∇φdx,

Tε : R −→ R is the truncation function Tε (r) = max (min (ε, r) ,−ε), for φ = Tεu and v = u1 − u2.
Since

∇Tε (v) = ∇φ = 1Aε
∇v,

where
Aε = {x ∈ Ω, 0 < |u1 − u2| ⩽ ε} ,

Then, applying (H4) and (H5) we get:

β
∫
Ω

|∇ (u1 − u2)|2
(
|∇u1|p−2

+ |∇u2|p−2
)
dx

≤ C
∫
Ω

|u1 − u2|
(
f (x) + |∇u2|p−1

+ |u1|p−1
+ |u2|p−1

)
|∇ (u1 − u2)| dx

≤ Cε
∫
Aε

F |∇Tε (u1 − u2)| dx,

where
F =

(
f (x) + |∇u2|p−1

+ |u1|p−1
+ |u2|p−1

)
∈ Lp

′
(Ω) .

Since ∫
Aε

|∇ (u1 − u2)|p dx =

∫
Ω

|1Aε
∇ (u1 − u2)|p dx,

and ∫
Ω

|∇Tε (u1 − u2)|p dx = ∥Tε (u1 − u2)∥pW 1,p
0 (Ω)

.

Using the fact that ∣∣∣|z|p−2
z − |y|p−2

y
∣∣∣ ≤ |z − y| |z − y|p−2

,
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and (3.4), we obtain

β

∫
Aε

|∇ (u1 − u2)|p dx ⩽ β

∫
Aε

|∇ (u1 − u2)|2
(
|∇u1|p−2

+ |∇u2|p−2
)
dx,

Consequently from the previous inequality we have

β ∥Tε (u1 − u2)∥pW 1,p
0 (Ω)

⩽ Cε ∥F∥Lp′ (Ω) ∥Tε (u1 − u2)∥W 1,p
0 (Ω) .

The Poincaré (for p = 1) and Cauchy-Schwarz inequalities allow us to obtain

1

ε

∫
Aε

|Tε (u1 − u2)| dx ≤ C

ε

∫
Aε

|∇Tε (u1 − u2)| dx

≤ C

ε
∥Tε (u1 − u2)∥W 1,p

0 (Ω) |Aε|
1

p′ ≤ C |Aε|
1

p′

.

Gold ∩ε>0Aε = ∅ and (Aε)ε>0 is decreasing when ε −→ 0. Therefore |Aε| −→ 0 when ε −→ 0.We
choose r > 0 anything and ε < r, then

|{x : |u1 − u2| ≥ r}| ≤ |{x : |u1 − u2| ≥ ε}|

≤ |{x : |Tε (u1 − u2)| ≥ ε}|

≤ 1

ε

∫
Ω

|Tε (u1 − u2)| dx −→ 0, when ε −→ 0.

So, for everything r > 0 ,|u1 − u2| < r almost everywhere. Therefore we conclude that u1 = u2 almost
everywhere. □

Proposition 4.2. If R (x, s) ⩾ 0 a.e. x ∈ Ω and for all s ∈ R. If u ∈W 1,p
0 (Ω) is solution of problem

(2.1) then u ⩾ 0.

Proof: Let u ∈W 1,p
0 (Ω) be a solution of problem (2.1) and let us denoted Ω− = {x ∈ Ω : u (x) < 0} ,

Ω+ = Ω⧹Ω− and u− = max {−u, 0} , then, it is known that u− ∈W 1,p
0 (Ω) and

∇u− =

{
∇u in Ω−,
0 in Ω+.

Integrating by parts over Ω we have

⟨−∆pu+ div (V u) , u−⟩ =
∫
Ω

|∇u|p−2 ∇u.∇u−dx−
∫
Ω

V u.∇u−dx

= −
∫
Ω

|∇u|p dx+
∫
Ω

V u.∇udx

= −
∫

Ω−

|∇u|p dx−
∫

Ω−

div (V )
u2

2
dx = −

∫
Ω−

R (x, u)udx ⩾ 0

Then, we have ∫
Ω−

|∇u|p dx+

∫
Ω−

div (V )
u2

2
dx =

∫
Ω−

R (x, u)udx ⩽ 0.

So ∫
Ω−

|∇u|p dx+

∫
Ω−

div (V ) .
u2

2
dx = 0.

then u = 0 everywhere. Wich allows as to achieve the proof. □



41

References

[1] Cavalheiro A. C., Existence of solutions for the Dirichlet problem of some degenerate semilinear elliptic
equations. Applied Mathematics Letters, (2010) Vol. 23, P. 317–321.

[2] Droniou J., Imbert C., Solutions de viscosite et solutions variationnelles pour EDP non lineaires. Universite
de Montpellier,

[3] Boccardo L., Gallouet T., Murat F., Mindlin D., Unicite de la solution de certaines equations elliptiques
non lineaires. C. R. Acad. Sci. Paris, (1992) Vol. 315, P. 1159–1164.

[4] Motreanu D., Tornatore E., Quasilinear Dirichlet problems with degenerated p-Laplacian and convection
term. Mathematics, (2021) Vol. 9, P. 139.

[5] Faraci F., Motreanu D., Puglisi D., Positive solutions of quasi-linear elliptic equations with dependence
on the gradient. Calculus of Variations and Partial Differential Equations, (2015) Vol. 54, P. 525–538.

[6] Faria L. F. O., Miyagaki O. H., Motreanu D., Tanaka M., Existence results for nonlinear elliptic equations
with Leray–Lions operator and dependence on the gradient. Nonlinear Analysis, (2014) Vol. 96, P. 154–
166.

[7] De Figueiredo D., Girardi M., Matzeu M., Semilinear elliptic equations with dependence on the gradient
via mountain-pass techniques. Differential Integral Equations, (2004) Vol. 17, P. 119–126.

[8] Franchi B., Serapioni R., Pointwise estimates for a class of strongly degenerate elliptic operators: A
geometrical approach. Ann. Scuola Norm. Sup. Pisa, (1987) Vol. 14, P. 527–568.

[9] Marino G., Moser iteration applied to elliptic equations with critical growth on the boundary. Nonlinear
Analysis, (2019),

[10] Marino G., Existence and estimates for elliptic equations involving convolution. Computational and Math-
ematical Methods, (2020),

[11] Averna D., Motreanu D., Tornatore E., Existence and asymptotic properties for quasilinear elliptic equa-
tions with gradient dependence. Applied Mathematics Letters, (2016) Vol. 61, P. 102–107.

[12] Dinca G., Jebelean P., Une methode de point fixe pour le p-Laplacien. C. R. Acad. Sci. Paris, (1997)
Vol. 324, P. 165–168.

[13] Adams R. A., Sobolev Spaces. Academic Press, (1975).

[14] Zhikov V. V., Weighted Sobolev spaces. Sb. Math. (1998) Vol. 189, Iss. 8, P. 1139–1170.

[15] Zeidler E., Nonlinear Functional Analysis and its Applications. Vol. II/A. Springer-Verlag, New York,
(1990).

[16] Zeidler E., Nonlinear Functional Analysis and its Applications. Vol. I: Fixed Point Theorems. Springer-
Verlag, New York, (1984).

S. Benaissa,
Department of Mathematics, Mohamed Bachir El Ibrahimi
University, BBA, Algeria,
e-mail: soria.benaissa@univ-msila.dz

F. Messelmi,
Department of Mathematics, University of Djelfa, Algeria
e-mail: foudimath@yahoo.fr

A. Merouani,
Department of Mathematics, Ferhat Abbas University,
Sétif, Algeria
e-mail: badri merouani@yahoo.fr


