
An evasion game for an infinite system in the Hilbert space l2 83

Uzbek Mathematical Journal
2026, Volume 70, Issue 2, pp. 83–89
DOI: 10.29229/uzmj.2026-2-10

An evasion game for an infinite system of ternary differential
equations in the Hilbert space l2

Ibragimov G., Muxammadjonov A., Qushaqov X.

Abstract. In this paper, an evasion game for an infinite system of ternary differential equations is
studied. The game is considered in the Hilbert space l2. The control parameters of pursuer and
evader are subject to geometric constraints. The purpose is to construct strategies for the evader to
avoid being captured in the game. Equations for guaranteed evasion time for the evader are derived,
describing how long the evader can avoid capture. Furthermore, this research paper contributes to
understanding the concept of a guaranteed evasion game.
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1. Introduction

In the mid of 20th century, the theory of differential games, a fascinating intersection of control
theory and game theory, were formally established by R.Isaacs [1], who first used the concept of
”Differential Games” in his work. This work inspired numerous researchers including Pontryagin L.S.
[2, 3], Krasovskii N.N. [4] and others who obtained the fundamental results on differential games.

In the last decades, on the other hand, the researchers such as Azamov, Blagodatskikh, Chikrii,
Ibragimov, Mamadaliev, Petrov, Samatov have been obtaining interesting and important results (see
[5]-[6], [7]-[8], [9]-[10], [11]-[12]). Azamov and Ruziboev [5] explored time-optimal control problems
associated with PDEs, while Blagodatskikh and Petrov’s investigations of group pursuit strategies and
impulsive controls provided critical insights into strategies for dynamic systems ([13, 14] and [9]-[10]).
However, Chikrii’s work [15, 16] provided critical insights into linear differential games with integral
constraints.

A great advancement in differential games involved reducing differential game problems modelled
as PDE to infinite systems of differential equations, methods like Fourier analysis. We can see using
such transformation in studies by Ibragimov et al. [17], [18]-[19], who addressed infinite-dimensional
pursuit-evasion games in the Hilbert space l2.

The works of Satimov and Tukhtasinov [20],[21] focused on pursuit and evasion games in systems
described by parabolic type equations. In these games, the conditions that guarantees pursuit and
evasion were obtained. Other studies, such as Mamadaliev et al. [7]-[8], explored differential pursuit
games with integral constraints and impulse controls. In the paper by Ibragimov [22], an evasion
differential game of many pursuers and one evader was considered. The evader has an advantage over
pursuers in control resource. A sufficient condition of an evasion was found and an evasion strategy
was constructed. Moreover, in the paper by Kuchkarov et al. [23], a simple motion differential game
of many pursuers and one evader was studied on manifolds with Euclidean metric. All players have
equal dynamic capabilities. The condition that ensures a pursuit can be completed in the game was
obtained, if the condition is not satisfied, an evasion is possible.

The works [24, 20, 21] are devoted to a differential game described by a PDE of the form

∂f

∂t
= Af + u− v, Af = −

n∑
i,j=1

∂

∂xi

(
aij(x)

∂f

∂xi

)
.

In these works, the given equation was reduced the equation to infinite system of differential equations

ḟk + λkfk = uk − vk, k = 1, 2, ..., (1.1)
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where vk and uk are control parameters of evader and pursuer, respectively, fk, uk, vk ∈ R, and
coefficients λk, k = 1, 2, ..., satisfy the condition 0 < λ1 ≤ λ2 ≤ ...→ ∞.

In the papers [25], [26], the following evasion differential game for an infinite system of binary
differential equations

ẋi = −λixi + yi + ui1 − vi1, xi(0) = xi0,
ẏi = −λiyi + ui2 − vi2, yi(0) = yi0, i = 1, 2, ...,

(1.2)

was studied in the Hilbert space l2.
The present paper aims to contribute to an evolving field by investigating an evasion game for an

infinite system of ternary differential equations within the Hilbert space l2. In this game, the control
parameters of the players are subject to geometric constraints. We develop a strategy for the evader
that guarantees an evasion during the game. Additionally, we provide an equation to determine the
guaranteed evasion time.

1.1. Statement of problem. It is important to highlight that the Hilbert space under consideration
is l2, which is a vector space:

l2 =

{
α = (α1, α2, ..., αn, ...) |

∞∑
n=1

α2
n <∞

}
,

whose elements are sequences of real numbers.
Moreover, the inner product and norm are defined as follows:

(α, β) =
∞∑
n=1

αnβn, ||α|| =
√
(α, α).

We examine a controlled object given by the following infinite system of differential equations

ẋi = −λixi + yi + ui1 − vi1, xi(0) = xi0,
ẏi = −λiyi + zi + ui2 − vi2, yi(0) = yi0,
żi = −λizi + ui3 − vi3, zi(0) = zi0 i = 1, 2, 3, ...,

(1.3)

in the Hilbert space l2, where λi are given positive numbers, x0 = (x10, x20, x30, . . .) ∈
l2, y0 = (y10, y20, y30, . . .) ∈ l2, z0 = (z10, z20, z30, . . .) ∈ l2 are initial positions, u =
(u11, u12, u13, u21, u22, u23, . . .) and v = (v11, v12, v13, v21, v22, v23, . . .) are the control parameters of pur-
suer and evader, respectively. We suppose that 0 ≤ t ≤ T , where T is a given sufficiently large number,
and that φ0 = (φ10, φ20, φ30, ...) = (x10, y10, z10, x20, y20, z20, x30, y30, z30, . . . ) ̸= 0.

Assume that ρ and σ, ρ > σ, are given positive numbers.
Definition 1.1. A function u(t) = (u1(t), u2(t), u3(t), . . . ), t ∈ [0, T ], with measurable coordinates

ui(t) = (ui1(t), ui2(t), ui3(t)), i = 1, 2, ..., subject to the condition

∞∑
i=1

(u2
i1(t) + u2

i2(t) + u2
i3(t)) ≤ ρ2, 0 ≤ t ≤ T, (1.4)

is referred to as the admissible control of the pursuer.
Definition 1.2. A function v(t) = (v1(t), v2(t), v3(t), . . . ), t ∈ [0, T ], with measurable coordinates

vi(t) = (vi1(t), vi2(t), vi3(t)), i = 1, 2, ..., subject to the condition

∞∑
i=1

(v2i1(t) + v2i2(t) + v2i3(t)) ≤ σ2, 0 ≤ t ≤ T, (1.5)

is referred to as the admissible control of the evader.
We define S(σ) as the set of all admissible controls.
Let

Ai =

−λi 1 0
0 −λi 1
0 0 −λi

 , i = 1, 2, ...,
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then, we have

eAit = e−λit

1 t 1
2
t2

0 1 t
0 0 1

 , i = 1, 2, .... (1.6)

Let C(0, T ; l2) be the space of continuous functions φ(·) such that φ(t) ∈ l2 for each 0 ≤ t ≤ T . We
present the following proposition which is proved in [6].

Proposition 1.1. If w(·) ∈ S(σ), and λi ≥ 0, i = 1, 2, ..., then there exists a unique solution
φ(t) = (φ1(t), φ2(t), ...) of the infinite system of differential equations (1.3) in the space C(0, T ; l2).

Of course, for i = 1, 2, ..., we have (see [6])

φi(t) = eAitφi0 +

t∫
0

eAi(t−s)(ui(s)− vi(s))ds, i = 1, 2, ....

By denoting φi(t) = eAitψi(t), it is not difficult to see that φ(t) = 0 implies ψ(t) = 0, where

ψ(t) = (ψ1(t), ψ2(t), ...), ψi(t) = φi0 +

∫ t

0

e−Ais(ui(s)− vi(s))ds, i = 1, 2, ... (1.7)

Let φi(t) = (xi(t), yi(t), zi(t)), φi0 = (xi0, yi0, zi0), vi = (vi1, vi2, vi3).
Definition 1.3. We call the function

(t, φ, ξ, η, u) → V (t, φ, ξ, η, u), V : R+ × l2 × [0, ρ]× [0, σ]× l2 → l2,

the strategy of the evader, if, for any admissible control of pursuer u = u(t), t ∈ [0, T ], the system
with v = V (t, φ(t), ρ(t), σ(t), u(t)), has a unique solution

φ(t) = (φ1(t), φ2(t), . . .) = (x1(t), y1(t), z1(t), x2(t), y2(t), z2(t), . . .), i = 1, 2, ....

after substitution of the players’ controls into it.
Definition 1.4. We say that the strategy V of evader guarantees evasion on the interval [0, τ(V ))

from the initial state φ0 ∈ l2 if φ(t) ̸= 0, t ∈ [0, τ(V )), for any pursuer’s admissible control u(t),
t ∈ [0, T ]. We call the number τ(V ) a guaranteed evasion time.

The evader is interested in maximizing the guaranteed evasion time θ by choosing its strategy V
but the pursuer tries to minimize θ by using its control u = u(t), 0 ≤ t ≤ T .

Problem 1. Construct an admissible control of the evader and find an equation for a guaranteed
evasion time θ in game (1.3).

2. Main result

In this section we present an admissible control for the evader and determine a guaranteed evasion
time θ in game (1.3).

Theorem 2.1. For any initial state φ0 = (φ10, φ20, · · · ) ̸= 0, the number

θ = sup
i
θi,

is a guaranteed evasion time in game (1.2), where

θi =
1

λi
ln

−(ρ− σ) +
√
(ρ− σ)2 + 2λi|φi0|(ρ+ σ)

ρ+ σ

if λi ≥ 1, and

θi =
1

2
ln

(
2|φi0|
ρ+ σ

+ 1

)
if 0 < λi < 1.
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Proof. To prove theorem, we construct a strategy for the evader that ensures φ(t) ̸= 0 on [0, θ′] where
θ′ is an arbitrary time satisfying the condition 0 < θ′ < θ, while the pursuer can use an arbitrary
control u = u(t).

Indeed, we can find j ∈ {1, 2, · · · } such that θ′ < θj by definition of θ. Thus, our main goal is to
show that in the game (1.3), an evasion is possible on [0, θj). Observe φj0 ̸= 0 since otherwise θj = 0
contradicting positivity of θj.

We present the control for the evader as follows:

vj(t) = −σ 1

1 + t+ 1
2
t2

1 t 1
2
t2

0 1 t
0 0 1

 ej, (2.1)

vi(t) = 0, i = 1, 2, · · · , i ̸= j, t ∈ [0, θj).

where ej =
φj0

|φj0| .

Lemma 2.1. Control (2.1) serves is the admissible control for the evader.
Proof. To prove the lemma, we use (1.5)

|vj(t)| =

∣∣∣∣∣∣−σ 1

1 + t+ 1
2
t2

1 t 1
2
t2

0 1 t
0 0 1

ej1ej2
ej3

∣∣∣∣∣∣ = σ

1 + t+ 1
2
t2

∣∣∣∣∣∣
ej1 + tej2 +

1
2
t2ej3

ej2 + tej3
ej3

∣∣∣∣∣∣
≤ σ

1 + t+ 1
2
t2

∣∣∣∣∣∣
ej1ej2
ej3

+

tej2tej3
0

+

 1
2
t2ej3
0
0

∣∣∣∣∣∣ ≤ σ

1 + t+ 1
2
t2

(
1 + t+

1

2
t2
)
= σ.

Consequently, control (2.1) is admissible. 2

For any admissible control u(t) of the pursuer, where time t ∈ [0, θj), we have

ψj(t) = φj0 +

∫ t

0

e−Ajsuj(s)ds−
∫ t

0

e−Ajsvj(s)ds

= φj0 +

∫ t

0

e−Ajsuj(s)ds+ σej

∫ t

0

1

1 + s+ 1
2
t2
e−λjsds. (2.2)

From the following inequality

|(e−Ajsuj(s), ej)| ≤ |e−Ajsuj(s)||ej| = |(e−Ajsuj(s)| = eλjs

∣∣∣∣∣∣
1 −s 1

2
s2

0 1 −s
0 0 1

uj1uj2
uj3

∣∣∣∣∣∣ ≤ ρeλjs

(
1 + s+

1

2
s2
)

we have

|(e−Ajsuj(s), ej)| ≤ ρeλjs

(
1 + s+

1

2
s2
)
. (2.3)

Now, we multiple both sides of equation (2.2) by ej and by using (2.3), we obtain

ψj(t)ej = |φj0|+
∫ t

0

(
e−Ajsuj(s), ej

)
ds+ σ

∫ t

0

1

1 + s+ 1
2
s2
eλjsds

≥ |φj0| − ρ

∫ t

0

(
1 + s+

1

2
s2
)
eλjsds+ σ

∫ t

0

1

1 + s+ 1
2
s2
eλjsds

= |φj0| − (ρ+ σ)

∫ t

0

(
1 + s+

1

2
s2
)
eλjsds+

+ σ

∫ t

0

[(
1 + s+

1

2
s2
)
eλjs +

1

1 + s+ 1
2
s2
eλjs

]
ds.
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Hence, by the arithmetic mean-geometric mean inequality we obtain

ψj(t)ej >|φj0| − (ρ+ σ)

∫ t

0

(1 + s+
1

2
s2)eλjsds+ 2σ

∫ t

0

eλjsds

=|φj0| − (ρ+ σ)

∫ t

0

(s+
1

2
s2)eλjsds− (ρ+ σ)

∫ t

0

eλjsds+ 2σ

∫ t

0

eλjsds

=|φj0| − (ρ+ σ)

∫ t

0

(s+
1

2
s2)eλjsds− (ρ− σ)

∫ t

0

eλjsds.

Then, by using inequality s+ 1
2
s2 < es we have the following

ψj(t)ej > |φj0| − (ρ+ σ)

∫ t

0

e(1+λj)sds− (ρ− σ)

∫ t

0

eλjsds.

We now consider two cases according to the values of λj. The first case is when λj ≥ 1 and the second
one is 0 < λj < 1.

In the first case, by the condition λj ≥ 1 we have

ψj(t)ej >|φj0| − (ρ+ σ)

∫ t

0

e(1+λj)sds− (ρ− σ)

∫ t

0

eλjsds

≥|φj0| − (ρ+ σ)

∫ t

0

e2λjsds− (ρ− σ)

∫ t

0

eλjsds.

Since t ∈ [0, θj],

ψj(t)ej >|φj0| − (ρ+ σ)

∫ θj

0

e2λjsds− (ρ− σ)

∫ θj

0

eλjsds

=|φj0| − (ρ+ σ)
e2λjθj − 1

2λj
− (ρ− σ)

eλjθj − 1

λj

=− (ρ+ σ)
e2λjθj

2λj
+
ρ+ σ

2λj
+ |φj0| − (ρ− σ)

eλjθj

λj
+

(ρ− σ)

λj

=− (ρ+ σ)
e2λjθj

2λj
− (ρ− σ)

eλjθj

λj
+ |φj0|+

(3ρ− σ)

2λj

>− (ρ+ σ)
e2λjθj

2λj
− (ρ− σ)

eλjθj

λj
+ |φj0|.

By the value of θj, we have

ψj(t)ej > −(ρ+ σ)
e2λjθj

2λj
− (ρ− σ)

eλjθj

λj
+ |φj0| = 0. (2.4)

In the second case, where 0 < λj < 1, we obtain

ψj(t)ej >|φj0| − (ρ+ σ)

∫ t

0

e(1+λj)sds+ 2σ

∫ t

0

eλjsds

>|φj0| − (ρ+ σ)

∫ t

0

e(1+λj)sds > |φj0| − (ρ+ σ)

∫ t

0

e2sds

>|φj0| − (ρ+ σ)

∫ θj

0

e2sds = |φj0| − (ρ+ σ)
e2θj − 1

2
= 0.

Hence, in both cases, we obtained that ψj(t)ej > 0, 0 ≤ t < θj which implies ψj(t) ̸= 0. As the result,
φj(t) ̸= 0 by the equation (1.7), thus, φ(t) ̸= 0 for t ∈ [0, θj). In particular, φ(t) ̸= 0 on the interval
[0, θ′]. Proof of Theorem 2.1 is complete. 2



88 Ibragimov G., Muxammadjonov A., Qushaqov X.

3. Conclusions

In this research paper, we have focused on investigating the guaranteed evasion time within the
context of the game described by equation (1.3), while an evasion game for an infinite system of binary
differential equations in the Hilbert space l2 was studied in the papers [25], [26]. The central focus
was to construct a guaranteed evasion strategy for the evader. The control parameters of both players
are subject to geometric constraints. We derived explicit formulas to calculate the guaranteed evasion
time. Future research may focus on broadening these results to study more complex constraints,
multi-player scenarios, further advancing the applicability of these methods to real-world problems
and also finding optimal evasion strategy is an open problem.

References

[1] Isaacs R., Differential Games. John Wiley & Sons, New York, NY, (1965).

[2] Pontryagin L. S., Linear differential games. SIAM Journal on Control, (1974) Vol. 12, Iss. 2,

[3] Pontryagin L. S., Mischenko Y. F., The problem of evasion in linear differential games. Differencial’nye
Uravnenija, (1971) Vol. 7, Iss. 3, P. 436–445.

[4] Krasovskii N. N., Control of a Dynamical System. Nauka, Moscow, (1985).

[5] Azamov A. A., Ruziboev M. B., The time-optimal problem for evolutionary partial differential equations.
Journal of Applied Mathematics and Mechanics, (2013) Vol. 77, Iss. 2, P. 220–224.

[6] Ibragimov G. I., Qo’shaqov H. S., Turgunov I., Alias I. A., The solution of an infinite system of ternary
differential equations. Mathematical Modeling and Computing, (2022) Vol. 9, Iss. 4, P. 833–841.

[7] Mamadaliev N. A., The pursuit problem for linear games with integral constraints on players’ controls.
Russian Mathematics, (2020) Vol. 64, Iss. 3, P. 9–24.

[8] Mamadaliev N. A., Ibaydullayev T. T., Abduolimova G. M., On game problems of controlling pencil
trajectories under integral constraint on the controls of players. Russian Mathematics, (2023) Vol. 67,
P. 34–45.

[9] Petrov N. N., Multiple capture of the given number of evaders in the nonstationary example of Pontryagin
L. S. 14th International Conference “Stability and Oscillations of Nonlinear Control Systems”, Moscow,
Russia, (2018), P. 1–3.

[10] Petrov N. N., To the time-dependent problem of group pursuit with phase constraints. Mathematical
Game Theory and its Applications, (2010) Vol. 2, Iss. 4, P. 74–83.

[11] Samatov B., Horilov M. A., Juraev B. I., Π-strategy for a differential game of pursuit with integral con-
straints of a generalized type. Vestnik Udmurtskogo Universiteta. Matematika. Mekhanika. Komp’yuternye
Nauki, (2023) Vol. 33, P. 293–311.

[12] Samatov B. T., Juraev B. I., Pursuit-evasion problems with a constraint for energy expenditure of velocity.
Uzbek Mathematical Journal, (2022) Vol. 66, Iss. 4, P. 146–155.

[13] Blagodatskikh A. I., Petrov N. N., Conflict Interaction Between Groups of Controlled Objects. Udmurt
State University Press, Izhevsk, (2009).

[14] Blagodatskikh A. I., Petrov N. N., Simultaneous multiple capture of rigidly coordinated evaders. Dynamic
Games and Applications, (2019) Vol. 9, P. 594–613.

[15] Chikrii A. A., Belousov A. A., On linear differential games with integral constraints. Proceedings of the
Steklov Institute of Mathematics, (2009) Vol. 269, Iss. Suppl. 1, P. S69–S80.

[16] Chikrii A. A., Machikhin I. I., Linear differential games with impulse control of players. Tr. Inst. Mat.
Mekh. Ural. Otd. Ross. Akad. Nauk, (2005) Vol. 11, Iss. 1, P. 212–224.

[17] Alimov S. A., Ibragimov G. I., Time optimal control problem with integral constraint for the heat transfer
process. Eurasian Mathematical Journal, (2024) Vol. 15, Iss. 1, P. 8–22.

[18] Ibragimov G. I., Optimal pursuit time for a differential game in the Hilbert space l2. ScienceAsia, (2013)
Vol. 39S, P. 25–30.

[19] Ibragimov G. I., Ferrara M., Alias I. A., Salimi M., Ismail N., Pursuit and evasion games for an infinite
system of differential equations. Bulletin of the Malaysian Mathematical Sciences Society, (2021) Vol. 45,
P. 69–81.



89

[20] Satimov N. Y., Tukhtasinov M., On some game problems for first-order controlled evolution equations.
Differential Equations, (2005) Vol. 41, Iss. 8, P. 1169–1177.

[21] Satimov N. Y., Tukhtasinov M., Game problems on a fixed interval in controlled first-order evolution
equations. Mathematical Notes, (2006) Vol. 80, Iss. 3-4, P. 578–589.

[22] Ibragimov G. I., Salleh Y., Simple motion evasion differential game of many pursuers and one evader with
integral constraints on control functions of players. Journal of Applied Mathematics, (2012), P. 748096.

[23] Kuchkarov A. S., Ibragimov G. I., Ferrara M., Simple motion pursuit and evasion differential games with
many pursuers on manifolds with Euclidean metric. Discrete Dynamics in Nature and Society, (2016)
Vol. 2016, P. 1386242.

[24] Ibragimov G. I., A problem of optimal pursuit in systems with distributed parameters. Journal of Applied
Mathematics and Mechanics, (2002) Vol. 66, Iss. 5, P. 719–724.

[25] Ibragimov G., Qushaqov X., Muxammadjonov A., Pansera B. A., Guaranteed pursuit and evasion times
in a differential game for an infinite system in Hilbert space l2. Mathematics, (2023) Vol. 11, P. 2662.

[26] Ibragimov G. I., Qo’shaqov X. S., Muxammadjonov A. A., Optimal pursuit differential game problem for
an infinite system of binary differential equations. Lobachevskii Journal of Mathematics, (2024) Vol. 45,
Iss. 3, P. 1131–1144.

Ibragimov G.,
V.I.Romanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences,
Tashkent, Uzbekistan
University of Public Safety of the Republic of Uzbekistan,
Tashkent, Uzbekistan
e-mail: ibragimov.math@gmail.com

Muxammadjonov A.,
V.I.Romanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences,
Tashkent, Uzbekistan
e-mail: akbarshohmuhammadjonov6764@gmail.com

Qushaqov X.Sh.,
Andijan State University, Andijan, Uzbekistan.
e-mail: xolmurodjonqoshaqov737@gmail.com


