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Abstract. In this paper, an evasion game for an infinite system of ternary differential equations is
studied. The game is considered in the Hilbert space l3. The control parameters of pursuer and
evader are subject to geometric constraints. The purpose is to construct strategies for the evader to
avoid being captured in the game. Equations for guaranteed evasion time for the evader are derived,
describing how long the evader can avoid capture. Furthermore, this research paper contributes to
understanding the concept of a guaranteed evasion game.
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1. INTRODUCTION

In the mid of 20th century, the theory of differential games, a fascinating intersection of control
theory and game theory, were formally established by R.Isaacs [1], who first used the concept of
"Differential Games” in his work. This work inspired numerous researchers including Pontryagin L.S.
12, 3], Krasovskii N.N. [4] and others who obtained the fundamental results on differential games.

In the last decades, on the other hand, the researchers such as Azamov, Blagodatskikh, Chikrii,
Ibragimov, Mamadaliev, Petrov, Samatov have been obtaining interesting and important results (see
Bl-16], [71-[8], [9]-[10], [11]-[12]). Azamov and Ruziboev [5] explored time-optimal control problems
associated with PDEs, while Blagodatskikh and Petrov’s investigations of group pursuit strategies and
impulsive controls provided critical insights into strategies for dynamic systems (|13} |14] and [9]-[10]).
However, Chikrii’s work [15, |16] provided critical insights into linear differential games with integral
constraints.

A great advancement in differential games involved reducing differential game problems modelled
as PDE to infinite systems of differential equations, methods like Fourier analysis. We can see using
such transformation in studies by Ibragimov et al. |17], [1§]-[19], who addressed infinite-dimensional
pursuit-evasion games in the Hilbert space [5.

The works of Satimov and Tukhtasinov [20],]21] focused on pursuit and evasion games in systems
described by parabolic type equations. In these games, the conditions that guarantees pursuit and
evasion were obtained. Other studies, such as Mamadaliev et al. [7]-[8], explored differential pursuit
games with integral constraints and impulse controls. In the paper by Ibragimov [22], an evasion
differential game of many pursuers and one evader was considered. The evader has an advantage over
pursuers in control resource. A sufficient condition of an evasion was found and an evasion strategy
was constructed. Moreover, in the paper by Kuchkarov et al. [23], a simple motion differential game
of many pursuers and one evader was studied on manifolds with Euclidean metric. All players have
equal dynamic capabilities. The condition that ensures a pursuit can be completed in the game was
obtained, if the condition is not satisfied, an evasion is possible.

The works [24} 20, [21] are devoted to a differential game described by a PDE of the form

o/ 0 of
EZAf+u_U7 Af =— Z &U(aw(m)aT)

i,j=1 v

In these works, the given equation was reduced the equation to infinite system of differential equations

fk+)\kfk:u;€ka, k= 1,2,..., (11)
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where v, and w; are control parameters of evader and pursuer, respectively, fi,ur, vy € R, and
coefficients Ay, k = 1,2, ..., satisfy the condition 0 < A\; < Xy < ... — o0.
In the papers [25], [26], the following evasion differential game for an infinite system of binary

differential equations
Ty = =Ny + Y + us — vin, 931(0) = T40, (1 2)
Ui = —Nili + Uiz — Vi, ¥i(0) = yio, i=1,2,.., '

was studied in the Hilbert space [,.

The present paper aims to contribute to an evolving field by investigating an evasion game for an
infinite system of ternary differential equations within the Hilbert space l5. In this game, the control
parameters of the players are subject to geometric constraints. We develop a strategy for the evader
that guarantees an evasion during the game. Additionally, we provide an equation to determine the
guaranteed evasion time.

1.1. Statement of problem. It is important to highlight that the Hilbert space under consideration
is l5, which is a vector space:

o0
Iy = {a = (a1, g, ey Qy,y .l) | Zai < oo} ,
n=1

whose elements are sequences of real numbers.
Moreover, the inner product and norm are defined as follows:

(a75) - Zanﬂna HOCH = (a,a).

We examine a controlled object given by the following infinite system of differential equations

By = —Nxi + Y + uin — v, 2i(0) = Tig,

Ui = = NiYi + zi + iz — Vo, ¥:(0) = Yo, (1.3)
2:“1' = —)\lZl -+ Uiz — Vi3, ZI(O) = Zi0 7= ]., 2,3, ceey
in the Hilbert space Iy, where ); are given positive numbers, xq = (210, %20, %30,-..) €
la, Yo = (Y10,Y20,Y30,---) € loy 20 = (210,220, 230,-..) € lo are initial positions, u =

(Ull, Uy2, U13, U271, U22, U23, - - ) and v = (’1)11, V12, V13, V21, V22, V23, - . ) are the control parameters of pur-
suer and evader, respectively. We suppose that 0 < ¢ < T, where T is a given sufficiently large number,
and that ¢o = (@10, P20, ©30, ---) = (10, Y10, 2105 205 Y205 2205 T30, Y305 2305 - - - ) 7 0.

Assume that p and o, p > o, are given positive numbers.

Definition 1.1. A function u(t) = (uy(t), ua(t), us(t),...), t € [0,T], with measurable coordinates
wi(t) = (win (t), win(t), wiz(t)), i = 1,2, ..., subject to the condition

Dok () +up(t) +uib(t) < pf 0<E<T, (1.4)
=1

is referred to as the admissible control of the pursuer.

Definition 1.2. A function v(t) = (v1(t),va(t),v5(t),...), t € [0,T], with measurable coordinates

v;(t) = (Vi (t), via(t), vi3(t)), t = 1,2, ..., subject to the condition
D W) + () + () <of, 0<t<T, (1.5)
i=1

is referred to as the admissible control of the evader.

We define S(o) as the set of all admissible controls.
Let
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then, we have

1t i
eAit=e ™10 1 t |, i=1,2,... (1.6)
0 0 1

Let C(0,T};15) be the space of continuous functions ¢(-) such that ¢(t) € I for each 0 <t < T. We
present the following proposition which is proved in [6].

Proposition 1.1. If w(:) € S(o), and \; > 0, i« = 1,2, ..., then there exists a unique solution
o(t) = (p1(t), pa2(t), ...) of the infinite system of differential equations in the space C(0,T';15).

Of course, for i = 1,2, ..., we have (see [6])

t

pi(t) = e‘wgoio + [ etitt=9) u;(s) —v;(s))ds, 1=1,2,....
0

By denoting ;(t) = e*'4);(t), it is not difficult to see that ¢(t) = 0 implies ¥ (¢) = 0, where

D) = (1 (), a(8), ), wi(t):%ﬁ/o A5 (uy(s) — vils))ds, i=1,2, .. (1.7)

Let ¢;(t) = (z:(t), yi(t), z:(t)), wio = (Tio, Yio, Zio)s Vi = (Vi1, Via, Vi3).
Definition 1.3. We call the function

(ta 8075,—7777”) — V(t7 90757777’“)3 V : ]RJr X l2 X [O,P] X [070] X l2 — l27

the strategy of the evader, if, for any admissible control of pursuer u = u(t), ¢ € [0,T], the system
with v = V (¢, 0(t), p(t),o(t), u(t)), has a unique solution

(P(t) = (901(t)7§02(t)7 .- ) = (xl(t)ﬂyl(t)vzl(t)7x2(t)ay2<t)722(t)7 .- ‘)7 1=12,..

after substitution of the players’ controls into it.

Definition 1.4. We say that the strategy V of evader guarantees evasion on the interval [0, 7(V))
from the initial state ¢ € Iy if p(t) # 0, t € [0,7(V)), for any pursuer’s admissible control wu(t),
t € [0,7]. We call the number 7(V') a guaranteed evasion time.

The evader is interested in maximizing the guaranteed evasion time € by choosing its strategy V'
but the pursuer tries to minimize by using its control u = u(t), 0 <t < T.

Problem 1. Construct an admissible control of the evader and find an equation for a guaranteed
evasion time 6 in game .

2. MAIN RESULT

In this section we present an admissible control for the evader and determine a guaranteed evasion
time 6 in game (|1.3)).

Theorem 2.1. For any initial state ¢y = (¢10, @20, -+ ) # 0, the number

0 = supb;,

is a guaranteed evasion time in game (|1.2)), where

0. — lln —(p—0)+/(p—0)? +2Nipil(p +0)
DY pt+o

1 2|p;
02_ — hl( ’SOLO‘ + 1)
2 p+o

if \; > 1, and

if0< A\ <1,
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Proof. To prove theorem, we construct a strategy for the evader that ensures ¢(t) # 0 on [0, 6] where
@’ is an arbitrary time satisfying the condition 0 < 6’ < 6, while the pursuer can use an arbitrary
control u = u(t).

Indeed, we can find j € {1,2,---} such that § < 6, by definition of . Thus, our main goal is to
show that in the game , an evasion is possible on [0, ;). Observe ¢;, # 0 since otherwise §; =0
contradicting positivity of 6;.

We present the control for the evader as follows:

1 1t 312
(t) = —o———= (01 ¢t |¢ 2.1
vi(t) = 0,i=1,2,---,i%#j, tel0,0;).

where e; = .
|<Pjo\

Lemma 2.1. Control ({2.1)) serves is the admissible control for the evader.
Proof. To prove the lemma, we use (|1.5))

1 1t 57 [en - e+ tej + 5t7ejs
vi(t)] = |[-o————— |0 1 ¢ e; = eir + te;
‘J()| 1—|—t—|—%t2 0 0 . ej-i l—l—t—l—%tQ J2€.3 73
J J
o €j1 t€j2 %t2€j3 o 1 )
< — | |e; te; 0 <—|14+t+=t") =o0.
SR TN | * g * 0 1+t+;t2<+ T3 ) 7
J
Consequently, control (2.1)) is admissible. O

For any admissible control u(t) of the pursuer, where time ¢ € [0,6;), we have

t t
Pi(t) = gﬁjo—i-/ e_Ajsuj(s)ds—/ e Y%v;(s)ds
0 0

t t
CAs 1 s
= SDjO‘i‘/O e 4 'LLj(S)dS"i‘O'@j/O me Aj dS. (22)
From the following inequality
1 —s % 2 Uj1 1
el < e euliel =l el = o1 Dl || < (1454 55
0 0 1 Uj3
we have
1
[(e™%u;(s), e;)| < pei* (1 + s+ 252> . (2.3)

Now, we multiple both sides of equation (2.2)) by e; and by using (2.3]), we obtain

t t
A 1 s
v;(te; = el —|—/0 (e A uj(s),ej) ds—l—a/o 714_8_’_%826)” ds

t t
1 2 /\jS 1 /\js
|<pj0\—p/0 <1—|—s—|—28>e ds+a/0 71—#34—%526 ds

' 1
= |S0j0‘ - (p+0_)/ <1 +8+ 52> e}\jsds+
0

2
t
/
0

Vv

1 1
14+ s+ 25" ) e+ —————eM*| ds.
2 1+ 5+ 552
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Hence, by the arithmetic mean-geometric mean inequality we obtain
t

K 1
P (t)e; >|ejol — (p+ a)/ (1+s+ gsz)ekjsds + 20/ etitds
0 0
t t

¢ 1
=|@jol — (p—l—a)/ (S+§82)6)‘j8d8— (p—i—a)/ e’\jsds+2a/ etitds
0 0 0

t 1 .
=lpjol — (p+0)/ (8+582)6)‘15ds— (p—o')/ erisds.
0 0

Then, by using inequality s + %S2 < e® we have the following

t t
Ui(t)es > el = (p+a) [ s~ (p—a) [ evas
0

0

We now consider two cases according to the values of ;. The first case is when A; > 1 and the second
oneis 0 < \; < 1.
In the first case, by the condition A; > 1 we have

t t
vi(t)e; >!¢jo|—(p+a)/ e<1+*-f>5ds_(p_g)/ s
0 0

t t
2ol = (p+0) [ s (p-o) [ Mo
0 0

Since t € [0, 0],

0 6,
Yi(t)e; >|pjol — (p+0) / e?ds — (p — o) / eti%ds
0 0

e2)\j9j _ 1 e)\j@j _ 1
=|jol — (P"‘U)T —(p— U)T
=—(p+o) 3 +W+|%0|—(P—U) VDY
J J J J
22505 et (3p— o)
=—(p+o0) 2N, _(p_U)Tj+|(ij‘+27)\j
>—(p+o) 2X, —(P—U)Tj+|%‘o|-
By the value of 0;, we have
Uilte; > —(p+0) S — (0= )5 +lwpl = 0. (2.4)
J J

In the second case, where 0 < A\; < 1, we obtain

t t
Yi(t)e; >lpjol — (p+ U)/ e t2)sds + 20/ ei%ds
0

0

t t
>lps0l — (p+0) / s > |0l — (p +0) / o2 s
0 0

e — 1
2 pu—

Hence, in both cases, we obtained that );(t)e; > 0,0 < ¢ < ; which implies 1;(t) # 0. As the result,
©;(t) # 0 by the equation (1.7)), thus, ¢(t) # 0 for t € [0,6;). In particular, ¢(t) # 0 on the interval
[0,6']. Proof of Theorem 2.1 is complete. O

0.

0;
Sl = (p+0) [ €ds = [l = (p+ o)
0
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3. CONCLUSIONS

In this research paper, we have focused on investigating the guaranteed evasion time within the
context of the game described by equation , while an evasion game for an infinite system of binary
differential equations in the Hilbert space I, was studied in the papers [25], [26]. The central focus
was to construct a guaranteed evasion strategy for the evader. The control parameters of both players
are subject to geometric constraints. We derived explicit formulas to calculate the guaranteed evasion

time.

Future research may focus on broadening these results to study more complex constraints,

multi-player scenarios, further advancing the applicability of these methods to real-world problems
and also finding optimal evasion strategy is an open problem.
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