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Abstract. We present fixed point theorem for a new type of nonlinear contractive mappings in b-
metric spaces. Also, we present examples to illustrate the validity of the results obtained in the paper.
In addition, by using our results, we obtain the existence and uniqueness of solution to some ordinary

differential equations with initial value conditions.
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1. INTRODUCTION

Fixed point theory is one of the most well-known and established theories in mathematics and has
a variety of applications. In this theory, contraction is one of the main tools to prove the existence
and uniqueness of a fixed point. The formal form of the metric fixed point theory appeared by the
pioneer and art work of Banach results in 1922 : Let (X, d) be a complete metric space, T : X — X
be a contraction, there exists a unique fixed point xq € X of T. Its broad applicability has led to
numerous extensions and generalizations over the years. One such generalization is the concept of a
b-metric space, introduced by Bakhtin [1] and further studied by Czerwik |2, |3].

A b-metric space differs from a metric space in that the triangle inequality is relaxed. The relaxation
of the triangle inequality makes b-metric spaces suitable for modeling certain situations where the
conventional triangle inequality is not satisfied, such as those arising in computer science [4] and
biological modeling [5]. Since their inception, b-metric spaces have attracted significant attention, and
numerous fixed point theorems have been established in this setting (see [6} |7, (8 9, (1O |11]).

Recently, the focus has shifted towards exploring nonlinear contractions, which provide a more
flexible framework than linear contractions. These contractions involve functions or inequalities that
incorporate the distance between points in a more complex manner, often utilizing auxiliary functions
and parameters (see [12,13]).

This paper aims to contribute to the ongoing development of fixed point theory in b-metric spaces by
presenting a fixed point theorem for new type of nonlinear contractive mappings. We then demonstrate
the practical relevance of these results by applying them to prove the existence and uniqueness of
solutions to ordinary differential equations. This connection between abstract fixed point theorems
and concrete problems in differential equations highlights the power and versatility of fixed point
theory.

2. PRELIMINARIES

In this section, we present a few key terms and definitions that will be used in our discussion.
Definition 2.1 [1]. Let X be a nonempty set and s > 1 be a real number. A functiond : XxX — [0, 00)
is called a b-metric if for all x,y, z € X, the following conditions are satisfied:

(b1) d(x,y) = 0 if and only if x = y;

(02) o(z,y) = o(y, x);
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(3) o(z,2) < so(z,y) +0(y, 2)].
The pair (X,0) is called a b-metric space with parameter s.
Example 2.2 ([14]). Let (X,d) be a metric space and let the mapping ? : X x X — [0, 00) be defined
by

o(p,q) := (d(p,q))",for all p,q € X,

where r > 1 is a fixed real number. Then (X,9) is a b-metric space with s = 2771,
Remark 2.3. It should be noted that, the class of b-metric spaces is effectively larger than that of
metric spaces, since a b-metric is a metric when s = 1. Also in general a b-metric need not necessarily
be a metric. For example, if X = R is the set of real numbers and d(x,y) = |z — y| is the usual
Euclidean metric, then n(x,y) = (z — y)? is a b-metric on R with s = 2, but is not a metric on R.
Now, we present the concepts of convergence, Cauchy sequence and completeness in b-metric spaces.
Definition 2.4 ([15]). Let (X,0) be a b-metric space. Then a sequence {z,} in X is
1. converges to x € X if and only if lim,, ., 0(x,,z) = 0;
2. Cauchy sequence if lim,, 00 0(Tp, Tm) = 0.
Definition 2.5 ([15]). The b-metric space (X,9)
to a point in X.

is complete if every Cauchy sequence in X converges

Now, we recall an existing fixed point theorem in b-metric spaces that will be useful for comparison
and motivation for our new results.
Theorem 2.6 ([2].) Let (X,9) be a complete b-metric space and let ¥ : X — X be a mapping such
that for all z,y € X,
o(Tx, Ty) < ko(z,y),

where 0 < k < 1/s. Then ¥ has a unique fixed point in X.

3. MAIN RESULTS

In this section, we introduce our new type of nonlinear contraction mapping and establish fixed point
theorems for such mappings in complete b-metric spaces. At first, we prove a fixed point theorem for
generalized contraction mappings.

Theorem 3.2. Let (X,0) be a complete b-metric space and let ¥ : X — X be a mapping such that
for all x,y € X,
o(Tx, Ty) < ad(x,y) + bo(x, Tx) +0(y, Ty)],

where a,b > 0 and s(a 4+ 2b) < 1. Then ¥ has a unique fixed point in X.
Proof. Let zy € X be an arbitrary point. Define a sequence {z,} in X by z,,; = Tz, for all n > 0.
Then, we have

D(‘Zmn,‘fxnﬂ)
ad(xy,, Tpi1) + 0[0(Tn, Txy) + 0(Xpg1, Tpt1)]

D(anrla xn+2)

IN

aa(xm xn—&-l) + b[a(xm xn—&-l) =+ O(xn+1a xn+2)]'

Rearranging, we get
a+b
0 n sy n S PR
(Tnt1) Tnta) 1—b
where k = a+b/1 — b. Since s(a + 2b) < 1, we have s(a + b) < 1 — b, which implies k < 1/s. Now, by

induction, we have

D(:L‘na ':L'nJrl) = kb(fpna :L‘n+1)7

D(l’nJrl, xn+2) S k‘n+10(l’0, .’El).
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For m > n, we have

Nxp, ) < s(xn, Tpy1) +0(Tpa1, T)]
< 50(Tny Tpa1) + 820(Xpg1, Trga) + oo + 8" ( X1, Tin)
< sk™(wo, 1) + SPE"T0(z0, 1) + o+ 8T 00, 71)
= sk"[1 + sk + (sk)? + ... + (sk)™ "oz, 21)
< ﬂb(mo, xy).
1—sk

Since k < 1/s, we have sk < 1. Therefore, lim,, ;, o0 9(Zpn, %) = 0, which implies that {z,} is a
Cauchy sequence in X. Since (X,0) is complete, there exists z* € X such that lim,, ., z, = z*. Now,
we will show that z* is a fixed point of ¥.

UZr*, xp1) = o(Tx*, Tx,) < ad(x”,xz,) + bo(z", Tx*) + 0(xp, Ty )]
= ad(x",x,) + bz, Tx") + 0(zp, Tpy1)]-
Taking the limit as n — oo, we get o(Ta*,z*) < bo(x*, Tx*). Therefore, (1 — b)o(Tz*, z*) < 0. Since
b<1/2s <1, we have 1 — b > 0 and therefore, d(Tx*, z*) = 0, which implies Tz* = z*. Thus, z* is a

fixed point of ¥.
To prove uniqueness, suppose y* is another fixed point of ¥ such that y* # z*. Then,

oz, y") = o(Tx",Ty") < ad(x*,y") + bp(x", Tx¥) + 0(y*, Ty")] = ad(z¥, y").

Therefore, (1 —a)o(z*,y*) <0. Since a < 1/s < 1, we have 1 — a > 0. Therefore, d(z*,y*) = 0, which
implies * = y*. Hence, the fixed point is unique. This completes the proof. O

Definition 3.2. Let (X,0) be a b-metric space and T : X — X be a mapping. We say that T is a
-nonlinear contraction if there exists a function ¢ : [0,00) — [0, 00) satisfying ¢(t) < ¢ for all ¢ > 0
and p(0) = 0, and a constant k € (0,1) such that

(T, Ty) < ko(M(z,y)),Vr,y € X, (3.1)

where

M(z,y) = max {D(w,y),o(x,ix),a(y,fy), D(x,iy);:sb(y,fx) }
Theorem 3.3. Let (X, d) be a complete b-metric space and let ¥ : X — X be a p-nonlinear contraction
mapping such that max{k, ﬁ} < % Then ¥ has a unique fixed point in X.

Proof. Let zy be an arbitrary point in X. We define a sequence {z,} in X by z,,; = Tz, for all
n > 0. If for some N, xy = zyy1, then xy = Tz, which means zy is a fixed point. In this case,
the theorem holds. Assume that x,, # x,.1 for all n > 0, so ?(x,,Z,r1) > 0 for all n. Consider
(zp, Tpy1) = 0(%Txy—1, Tx,) for n > 1. Applying the contraction condition (1), we have

D(xna anrl) S k‘go(fm(xn,h .’L'n), )

where

0(Tp—1,TTy) + (T, Ty
m(xnfl’In) = max {a(xnhxn)ua(xnhTCCn1)70(1‘7”‘1%1)7 (:L‘ ! r ) + ('1: €z 1) } )

2s

Substituting z,, = Tx,,_1 and x,,1 = Tx,:

D(xnfla $n+1) + D(QZ,,“ xn) }

m(wn—la xn) = max {D('rn—b xn)7 a(mn—h xn)v a(xna $7z+1)7 2
S
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Since ?(z,, x,) = 0, this simplifies to:

D<mn—17 xn+1) }

M(x,_1,,) = max {D(xnl,a:n),b(xn,a:n+1), 55

Now, we analyze the possible cases for M(x,,_1,z,):

Case A. Suppose M(z,,_1,z,) = 0(x,, Z,11). Then
Ty Tny1) < kT, Tny1))-
Since k € (0,1) and ¢(t) < t for t > 0, we have ko(t) < kt < t. Thus,
(@, Tny1) < kp(@(20, Tnt1)) < (T, Togr),

which is a contradiction unless ?(z,,, €,,+1) = 0. If 0(x,,, z,41) = 0, then x,, = z,,, 1, which implies x,, is
a fixed point, contradicting our assumption that z,, # z,1. Therefore, this case implies d(z,,, T, 11) =
0, meaning we found a fixed point.

Case B. Suppose M(x,,_1,x,) = 0(x,_1,2,). Then

a(xnu xn+1) S k@(b(xn—lu xn))

Since p(t) < t for t > 0, we have
Xy, Tpr1) < kO(Tp_1,Tp).

Case C. Suppose M(x,,_1,2,) = w Then

D n—1» n
(@, Tnsr) < k(p((x;x“))'
s
Since ¢(t) < t for t > 0, we have

a(*/En—luxn 1)
D<37m$n+1) < kT+

Using the b-triangle inequality, d(x,_1,Zn41) < S[0(2n_1,2,) + 0(2p, T, p1)] We have

k k
D(xnvxn+l) < ?Ss[o(xnfla xn) + O(mna xn+1)] - 5[0(-%71717 xn) + D(xnvxn+1)]'

Let d,, = o(zp, Zpy1). Then d, < g(dn_l +d,,). Hence,

k
dn < ﬂdn_l.

Since k € (0,1), we have 2 —k > 1, s0 ;% < k < 1.

Let A = max{k, ﬁ} Since k € (0,1), we have fkk < k, and thus A = k. Therefore, in all cases

where 9(z,,, z,11) > 0, we have:

N xp, Tpr1) < ke(M(zy_1,2,)) < EM(z)_1,2,).
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This implies d(z,, Tp11) < k0(p_1,Tp) if M(zp_1,2,) = 0(Xp_1,24), OF WXy, Tpi1) < ﬁa(mn_l,ajn)

_ ¥(Tn—1,Tnt1)

if M(2—1, 2,) = =252, Therefore, we have d(z,,, y41) < Y0(2n_1, 2,) for some v € (0,1). Thus,
D('Ina mn+1) S )\nb(l‘oa 'Il)

where A\ = max{k, ﬁ} < 1. This implies lim,, o 3(x,,, Z,41) = 0.

Now, we show that {z,} is a Cauchy sequence. For any m > n, using the b-triangle inequality
repeatedly, we get

a(xna xm) S Sa(f[fn, xn-&-l) + 820(7571—}-17 wn-&-?) + -+ Sm_na(xm—h xm)

m—1
= > & (ay, 0)
j=n
m—1 m—1
< Z sITMHIN (20, 1) = (0, 1) Z sITmHIN
Jj=n Jj=n
m—1 ‘ A m—n—1 A
= (xo,21) - Z §TN = 0(zg, 1) - SA” Z (sA)’.
j=n =0

Since, smax(k, f’“k) < 1, then the series converges, and since A — 0 as n — oo, it follows that

o(zp, ) — 0 as n,m — oo. Thus, {x,} is a Cauchy sequence. By the completeness of X, there exists
x € X such that lim,,_,., x, = . We now show that x is a fixed point of . We have

0(Tx, z) < s[o(Tx,Tx,) + 0(Txy, x)] = s[O(Tx, Tx,,) + 0(x0g1, )],

and
(T, Twy,) < kp(M(x, ),

where

d(z, Ta,) + 0(z,, T) L

M(x,x,) = max {D(ac,mn),b(:c,T:r),D(mexn), 5
s

As n — oo, M(x, x,,) — max{0,0(z,Tx),0, %2} = o(x, Tx). Therefore,
(T, x) < slke(d(z,Tx)) + 0] = sk p(d(z, Tx)).
If o(x,Tx) > 0, then,
0Tz, x) < ske(d(z,%Tx)) < skd(z,Tx) < 0z, Tx).

which is a contradiction. This implies ?(z, Tz) = 0, so Tx = z, and z is a fixed point of ¥.

To prove uniqueness, suppose x and y are two fixed points of T, i.e., Tx = x and Ty = y. Then using
(1),
oz, y) =d(Tx, Ty) < kp(M(z,y)),

where

o(x,%y) +0o(y, Tx) }

M(z,y) = max{D(x,y),b(x,iaz),b(y,iy), 55

= max{0(z,y),0,0,0(x,y)/s} = o(z,y).

Thus, ?(z,y) < kp(d(z,y)) < kd(z,y). Since k < 1, this implies d(x,y) = 0, and therefore = = y.
Hence, the fixed point is unique. This completes the proof. O
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Example 3.4. Let X = [0,1] and ?(x,y) = |x — y|>. Then (X,0) is a complete b-metric space with
s = 2. Define T : X — X by Tz = x/4. Let p(t) =t/2 and k = 1/2. Then for z,y € X,

1
2Tr,Ty) = [T Tyl = |o/d—y/A = ol — o
1
< el - yI*) = ko(d(z,y)).

Since ¢(t) < tforallt >0 and k =1/2 < 1, T is a p-nonlinear contraction. By Theorem 3.3, T has a
unique fixed point in X, which is x = 0.

Remark 3.5. Theorem 3.2 generalizes the Banach contraction principle in b-metric spaces by
considering a more general nonlinear contraction condition. The choice of the function ¢ allows for
greater flexibility in the contraction requirement. Furthermore, it reduces to the standard Banach
contraction principle when ¢(t) =t and s = 1.

4. APPLICATION TO DIFFERENTIAL EQUATIONS
In this section, we demonstrate the application of the fixed point theorems established in Section

3 to prove the existence and uniqueness of solutions to certain types of nonlinear differential equations.

Consider the following nonlinear differential equation:

{ o' (t) = §(t,=(t), te€T=la,b], (4.1)

z(a) = xo,

where f : 3 x R — R is a continuous function. We assume that § satisfies the following Lipschitz
condition:

for allt € 3 and x,y € R, where £, is a continuous function on J. We define an operator ¥ : €(J,R) —
¢(3,R) by
t
(€)(®) = a0+ [ f(r.a()ir )

where C(J,R), the space of continuous functions from J to R, equipped with the b-metric d(x,y) =
SUDyefa s [2(t) — y(1)]?, with s = 2. Tt is clear that x € €([a,b],R) is a solution of the Eq. (2) if and
only if z is a fixed point of T.

Theorem 4.1. Suppose that the Lipschitz constant £; satisfies

max (/t )ZTdT)2 < 1/4.

Then the Eq. (2) has a unique solution in €(J,R).
Proof. We show that the operator ¥ defined by (3) is a p-nonlinear contraction on C(J,R). For any
z,y € C(J,R), we have

()0 - @O = | /t[f(T,w(T))—f(T,y(T))]dT\S /t\f(ﬂw(f))—f(ﬂy(f))dT
< /S) |z (T )\dT<max\m \/ L.dr
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Therefore,

2

(52)(t) — (S (0 < ( / t 2.dr) (max x(r) —y(r)])* = ( / t £.dr) max |o(r) - y(7)*

TETJ

Taking the maximum over ¢ € [a, b], we get

mae |(Ta)() — (£0)(O)F < max [ .ar) max[a(r) — y(r)P,

ted
which implies

t 2
(%Tx,Ty) < max (/a STDT> o(z,y).

Let k = 4max;cs (fat STdT)2 and choose ¢(t) =t/4. Then k < 1, p(t) <t for all t > 0 and ¢(0) = 0.
Then we have ?(Tx, Ty) < ke(d(z,y)). Hence, T is a ¢-nonlinear contraction with M(z,y) = 2(z,y).
Therefore, by Theorem 3.2, ¥ has a unique fixed point in €(J,R), which is the unique solution to the
Eq. (2). This completes the proof. O

Example 4.2. Consider the differential equation 2'(t) = tz(t), (0) = 1, for ¢ € [0, 1]. Here, f(t,z) =
tx. Then [f(t,x) — f(t,y)| = |tz — ty| = t|x — y|. So £, = t. Then fot L.dr = fot rdr = t*/2. Thus,
maxte[o71](f()t £,d71)? = maxe)o1)(t?/2)* = 1/4. By Theorem 4.1, the differential equation has a unique
solution in €([0, 1], R).
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