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Abstract. This work introduces an efficient methodology for approximating solutions to first-order
non-linear differential equations. The approach is based on formulating a differential equation with
piecewise constant arguments associated with the parameters of the classical Runge-Kutta (RK) dis-
crete equations depended on a positive integer parameter n. It is demonstrated that the constructed
equation has a unique piecewise-smooth solution and for sufficiently large values of n, this solution
approximating solution to the original problem. Numerical results are provided through examples,
demonstrating the efficiency and high accuracy of the proposed method.
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1. INTRODUCTION

The finite element approach has been widely applied to nonlinear equations |1]. Both mesh-based
and meshless methods have advanced the solving of linear and nonlinear ODEs, PDEs, and fractional
differential equations [2], [3], [4].

A finite-time stability for hybrid dynamical systems with deviating argument is explored using a
hybrid control scheme in [5]. The reliability of the Non-Fixed Step-Size Algorithm offering efficient
integration over varying intervals for stiff differential systems is confirmed through validation of its
properties [6], [7], [8]. Finding exact periodic solutions of first-order non-homogeneous differential
equations with piecewise constant arguments, providing conditions and explicit solutions are given in
9], [10).

Recent published papers has demonstrated numerical methods for solving initial value problems
using various approaches, including Euler’s method, the Taylor series method, the Adomian decompo-
sition method, and the Runge-Kutta method [11]. In addition, conventional Taylor and fourth-order
Runge-Kutta (RK4) methods have been compared in [12].

In [13], the approximation of initial value problems was addressed through the introduction of an
innovative and enhanced method inspired by Taylor’s approach, which outperforms the Runge-Kutta
(RK) method in terms of accuracy.

In this paper, we propose an effective method for constructing an approximate solution to a class
of nonlinear ordinary differential equations of the form

y(t) =fty@®),  yla) =y,  telab], (1.1)

where f(-,-) is a real-valued function continuous in ¢ € [a,b] and Lipschitz continuous in y € R
(with Lipschitz constant independent from t), and y, is a given real constant. The approach involves
constructing the initial value problem as a differential equation with piecewise constant arguments by
using parameters of the seventh-order RK discrete equation, parametrized by a positive integer n. It
is established that the resulting equation admits a unique piecewise-smooth solution, which serves as
an approximation to the original problem when n becomes sufficiently large.

To demonstrate the practical effectiveness of the proposed method, several numerical experiments
are conducted. The results are compared with the results of [11], [12] and [13] showing that the
suggested approach yields high accuracy and exhibits rapid convergence.
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2. DIFFERENTIAL EQUATIONS WITH PIECEWISE CONSTANT ARGUMENTS

a

Let n be a positive integer, and define the partition points as t;, = kh + a, where h = b% and
k=0,1,2,....n

This study focuses on the constructing of differential equation with piecewise constant arguments
using the coefficients of a seventh-order Runge-Kutta method comprising thirteen stages for solving
initial value problems [14]. The main idea is based on the following sketch: the numbers K (t;) in
are constructed so that the function F,(t), defined in converges uniformly to f(¢,y(t)) on
[a,b] as n — oo, where y(t) is a regular solution of ([1.1))

The numerical approximation of the solution to (|1.1)) using the classical seventh-order Runge-Kutta
method is expressed as [15], [14]:

Y~ 1
h

where h denotes the step size, and K (t;) represents the Runge-Kutta increment function evaluated at
t,, where

= K(ty), (2.1)

31 16 16807
K(tx) = ﬁ]ﬁ(tk) 75k6(tk) + 79200k7(tk)
16807 243 243 31
79200 —on 2.2
* 70200 (k) 17ggRe(8) + qrggkiz(te) + mpphus(te), (2:2)

Fa(te) = £ (b, y(th),

Fa(te) = f(ts + Lhyy(t) + h(Lki (1)),

Rs(te) = f(tx + 3R y(te) + (k1) + Fka(t))),

Fa(te) = f(tx + Shoy(te) + b5k (B) + ks (b)),

k(i) = f(tx + h,y(t) + h(355k: (1) — f5ks(t) + $32ka(t0)),

Fo(be) = f(tx + $hyy(t) + bk (b) + Shalte) + 22ks (1)),

Fr(te) = f(tx + $hyy(t) + A= 582k (1) + 32950 ka () — ik (t) + S520ks(t4)),
ks(ti) = f(ti + Fhoy(te) + h(g5k () + 538ks () — ko (te) + g2agkn(te)),

431§9<tk> = flte + %h,y(tk) + h(;glzgkl(tk) - gégékﬁl(tk) 1550245195(%) B gg%kﬁ(tk) 145800k (tr) +
do7s ks (),

Fro(tr) = f(tx + 2h, y(tr) + h(— 555 R (t) — 1050e05 Ka(tk) — Gasser s (te) + 3aoras Ko (t) — Toos or (ti) +
%kg(tk) 3773k9(tk)))

kll(tk) - f(tk +h y(tk) + h(12733k1 (tk) - 250202352k4(tk) 48506245865k ( ) - 472152959k6(tk) + giggggk7(tk) -
tra0 Rs (L) + 1701k9(tk) Siki0(tr))),

4180 1408 2432

k12( k) = {(tk'i‘ %h y(tr) +h(— 22074016210 ki (te) + 248004é685 ka(tr) — Eg%gi ks (k) + gg?é ko (tr) — 1166400 k7(tk)
225 k’g( ) + Ek‘b(tk) 1317676341{710@"?)))

4701213(%) - J;(;i]; +h, y(tk) + h(181628003 Ky (tk) - ﬁégg ka(te) + 2435584;0245 ks(tr) — ?ggig ke(tr) + 1667336380090 kr(tr) +
ﬁks(tk) + 10912 ko (ti) — 992 klo(tk) 341 k12(tk)))

For each positive integer n, we construct a differential equation incorporating a piecewise constant
argument, which serves as an approximation to the nonlinear differential equation given in , and
is associated with the corresponding initial value problem.

y'(t) = F.(0),  y(to) = vo, 1€ (ab), (2.3)
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where
Fn(t) :K<tk_1> for ¢ c [tk—lytk>7 k= 1,...,n, (24)
t
. 1
ye = y(ty) = t_l)1£1_() - F,(s)ds = K(tk,l)ﬁ,

By the construction of K (t;_;), we have
K(tkfl) — f(tkfl, ykfl) —0 as n — oo. (25)

A solution to equation ([2.3)) is characterized in the following manner, as described in [16], [17].

Definition 2.1. A function y(¢) := y,(t) is said to be a solution of the initial value problem ({2.3) if
the following conditions are fulfilled:

(i) y(t) is continuous on the interval [a, b];

(ii) The derivative y/(t) exists and is continuous on [a, b], except possibly at the points t = t,
where k =0,1,...,n, at which the one-sided derivatives exist;

(iii) The function y(t) satisfies the differential equation in (2.3) for all ¢ € (a,b), possibly excluding
the points ¢t = t;, where £ =0,1,...,n.

Theorem 2.2. For every positive integer n, the initial value problem (2.3|) admits a unique solution
Y(t) == yn(t), as defined in (3.5).

Let y(t) be a solution of the initial value problem defined in (1.1]). Then there exists d > 0 such that
it satisfies the boundedness condition

ly(t)] < d.
Moreover, we assume that the function f(¢,y) has compact support D = [a,b] x [—2d, 2d], that is,

flt,y)=0 for (t,y)¢ D. (2.6)

We note that under the given assumptions, the function f(¢,y) is bounded. Consequently, the
corresponding solutions y,,(t) are uniformly bounded as well. That is, there exists a positive constant
C such that

lyn ()] < C. (2.7)

The next theorem establishes that the function y,(t) serves as an approximate solution to the initial

value problem (1.1)).

Theorem 2.3. For any given € > 0, there exists a positive integer ng = n(g) such that for all integers
n > ng, the following inequality holds:

sup |y, (t) = f(t, yn(t))] <, (2.8)

te(a,b]
where y,, (t) denotes the solution of the initial value problem (2.3)).

3. PROOF OF THE MAIN RESULTS

Proof of Theorem Let n be a fixed positive integer. For ¢ € [to,t1), equation (2.3) takes the
form:

Integrating both sides of (3.1)) yields:

v = [Kw)ds+ylte), 1€l n) (3.2)
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Since the function y(t) is continuous on the interval [y, t1), the left-hand limit at ¢ = ¢; exists

y(t) = lim y(2). (3-3)

t—t1—0

Now, let y(t) denote the solution to equation (2.3) on the interval [t;_o,t;_1) with the initial

condition y(t;_o) = t_)ykm Oy(t)-
.
Let

y(te—r) = lim_ y(2). (3.4)

t—tr—1—0
Further, using the initial condition (3.4]), we integrate equation ([2.3) over the interval [tx_1,x):
y(t) = K(te-1)(t — te-1) +y(te-1), T € [te1,ti), (3.5)

for k=2,...,n.
By construction, the function y(t) defined by ({3.5|) is differentiable on each subinterval

((I,tl) U (tl, tg) J---u (tnfl, b),
and continuous on [a,b]. Hence, by construction, the function y(¢) is the unique solution to equa-
tion ([2.3)).

Proof of Theorem . Let y,, be the solution of equation ([2.3). Then, for t € [ts, tx11), the following
identity holds:

We estimate the right-hand side as follows:
(K (ti-1) = (& yn ()] < 1K (Erm1) = f (1 Y (o) + [ Cror, Yn (Beo1)) — f(E ya ()]
According to equation ({2.5)), there exists a constant C' > 0 such that

C

n

|K(tk_1) - f(tk—lyyn(tk—l))‘ S

for sufficiently large n.
By equation (3.5)), the solution v, (t) on [ty,t;+1) can be written as:

Yn(t) = K(tp—1)(t — thier) + y(te-1),

so that
F(tyn(t) = fF(6 K(teo1)(t — the1) + y(teo1)), t € [trtrsr)-

Since the function f is differentiable on the domain D, there exists a constant F' > 0 such that

F
for all t € [tx_1,tx) and sufficiently large n.
Combining the above estimates yields:
, C+F
[9.(8) = F(tyn ()] < —— (3.7)

for all t € [tp_1,tx), K =1,...,n, and sufficiently large n.
This completes the proof of the theorem.
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4. ALCORITHMIC SUMMARY

The following steps outline the computational procedure for approximating the solution of the initial
value problem:

Input: Prescribed initial condition.

Step 1: Compute the value of K (o) using equation (2.2));

Step 2: Determine the function y,(t) over the interval ¢ € [ty,t;) via equation (3.2));

Step 3: Evaluate the one-sided limit v, (tl) =, litm o Yn (t);
—t1—

Step 4: For each subinterval, calculate K (t;_;) using equation (2.2));
Step 5: Apply formula (3.5) to compute y,(t) on the interval ¢t € [t;_1,tx) for k = 2,...,n, and
evaluate the left-hand limit y,, (t,_1) = . }im Oyn(t);
—tp—1—

Step 6: Construct the approximate solution v, (t) using the piecewise-defined formula (3.5));
Step 7: Evaluate the maximum absolute error between the exact solution y(¢;_;) and the numerical
approximation ¥, (¢,_1) at the mesh points:

MaxErr = 1%?%% |y(tk,1) — yn(tk,1)|;

Output: If the computed maximum error is within the prescribed tolerance, the procedure termi-
nates successfully.

5. NUMERICAL RESULTS

To obtain an approximate solution of the initial value problem (|1.1)) based on Theorem [2.3] it is
essential to compute the function y,,, which is explicitly defined by formula (3.5)).
Example 1. Consider the initial value problem described in [13]:

y(t)=te?, 0<t<0.7, y(0)=1.
The parameters are N = 10, h = 0.07, and ¢; = 0.07¢. The exact solution corresponding to this
problem is given by
1
y(t)=—In(e™" — §t2).

The absolute error results by using a hybrid technique combining the piecewise constant argument
approach with the Runge-Kutta method are given in Table 1. The comparison with the numerical re-
sults obtained via the classical Runge-Kutta (RK) method, the Obreschkoff method, and our proposed
approach highlights the accuracy and efficiency of the proposed scheme.

TABLE 1. Comparison of absolute errors in the Runge-Kutta (RK) method of order
6 [13], the Obreschkoff method (OM) of order 8 [13] and present method applied in
Example 1 with step size h = 0.07.

t;  RK Error [13] OM Error [13] Present Method

0.0 0.0000000 0.0000000 0.0000000

0.07  7.9991 x 10~1° 1.9000 x 10713 8.2486 x 10716
0.14 1.8513 x 107 9.5000 x 1013 4.1093 x 1071°
0.21 85394 x 107* 2.9800 x 10~*2 1.1712 x 10714
0.28 2.0817 x 10°® 8.5900 x 10~*2 2.8994 x 10~
0.35 4.1761 x 1078 2.5740 x 1071 7.1300 x 107
0.42  7.7709 x 1078 8.6570 x 10~1* 1.8795 x 10713
0.49 1.3675x 1077 3.5061 x 1070 5.6835 x 10713
0.56  2.3260 x 1077 1.8740 x 107° 2.1447 x 10712
0.64 3.1537 x 1077 1.5364 x 1078 1.1346 x 1071
0.70  7.3768 x 1077 2.6095 x 1077 8.8373 x 107!
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Example 2. Consider the Abel-type nonlinear differential equation [11]

y'(t) =t + 3ty + 3ty + ty°,

subject to the initial condition y(0) = 0. The exact solution to this problem is expressed as

y(t) =

—1+

1

V1I—t2

TABLE 2. The table of absolute errors at the point ¢; obtained by Euler, Taylor,
Adomian, RK th4 [11] and Present methods for Example 2.

t Exact Abs. Err Abs. Err Abs. Err Abs. Err Abs. Err
Euler [11] Taylor [11] Adomian [11] RK 4th [11] Present method
0.1 5.0378e-03 1.0000e4+00 7.5063e-03 2.7352e-07 6.1705e-06 7.9062e-15
0.2 2.0621e-02  5.1505e-01  1.9136e-02 1.7543e-05 6.4452e-06 5.2515e-14
0.3 4.8285e-02 3.6614e-01  3.1291e-02 2.0138e-04 7.2163e-06 1.5983e-13
0.4 9.1089e-02  3.0348e-01  4.5789e-02 1.1539e-03 8.6288e-06 4.1544e-13
0.5 1.5470e-01 2.7892e-01  6.4632¢-02 4.5820e-03 1.0966e-05 1.2183e-12
0.6 2.5000e-01 2.7911e-01  9.1203e-02 1.4693e-02 1.4457e-05 6.574e-12
0.7 4.0028e-01 3.0334e-01  1.3228e-01 4.1529e-02 1.8686e-05 1.0107e-10
0.8 6.6667e-01  3.6210e-01  2.0385e-01 1.0966e-01 1.8517e-05 4.3633e-09
0.9 1.2942e4+00 4.9242e-01  3.5428e-01 2.8525e-01 1.0507e-03 9.3657e-07

Example 3. The Generalized Taylor method is employed to approximate the solution of the initial
value problem [12]:

y'(t) = e, y(0) =1,
where the parameters are specified as N = 10, h = 0.1, and ¢; = 0.17. The exact analytical solution
for this problem is given by

0<t<l,

y(t) =1In(e’ +e ' —1).

Moreover, the performance of the proposed approximation is compared against several classical nu-
merical methods to assess its accuracy and efficiency.

TABLE 3. Comparison of absolute errors for the Modified Euler (MEM), Trapezoid
(TM), Midpoint (MM), Taylor and RK methods of order 4, alongside the Generalized
Taylor method (GTM) [12] and Present method for Example 3, with a step size of

h =0.1.

t; MEM [12] TM [12] MM [12] Taylor [12] RKM [12] GTM [12] Present method
0.0 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
0.1 28x107° 2.8x107° 8.7x10°¢ 9.0 x 10~° 44 x107° 5.2x 10710 2.9 x 10712
0.2 56x107% 5.6x107° 1.8x10°° 1.6 x 108 9.2x107° 9.5x 1071 3.1x 10712
0.3 83x107° 83x107° 29x107° 22x1078 1.3 x 1078 1.3 x 107° 2.9 x 10712
04 1.1x107* 1.1x107* 4.1x107° 2.6x10°8 2.0 x 1078 1.4 x 107° 2.5 x 10712
0.5 14x107* 14x107%* 5.3x10°° 2.7 x 1078 2.5 x 1078 1.5 x 107° 2.2 x 10712
06 16x107* 1.6x107* 6.7x10°° 2.6 x 10~8 3.1x 1078 1.4 x 10~° 1.9 x 1012
0.7 19x107* 1.9x107* 8.0x107° 2.3 x 108 3.8x 108 1.2 x107° 1.6 x 10~12
0.8 21x107%* 21x107% 94x10°° 1.8 x 10~8 4.4x1078% 88x 1071 1.4 x 10~12
09 23x107* 23x107* 1.1x10°* 1.2 x 1078 50x 1078 4.7 x 10710 1.2 x 10712
1.0 25x107* 25x107* 12x107* 4.2 x107° 56 x 1078 1.9 x 101! 1.1 x 1012

It is evident that the present method yields substantially higher accuracy in comparison to the
other numerical schemes under consideration. The comparative analysis of the approximate solutions
obtained via the present method and alternative approaches, along with their corresponding absolute
errors, is presented in Table 3.

Example 4. Let
Y () =ev"® 4 cos(t) — O,

0<t<1, y(0)=0.
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The exact solution of this IVP is

y(t) = sin(t).

The results for N = 10, h = 0.1, and ¢, = 0.1k using the proposed method are presented in Table 4.

TABLE 4. The absolute errors in the Runge-Kutta (RK) method of order 7 in Example

4 with step size h = 0.1.

t; Exact Approximate Absolute error
0.0 0.00000000000000 0.00000000000000 0.0000000
0.1 0.0998334166468281 0.0998334166468285  3.5143 x 1071¢
0.2 0.1986693307950612 0.1986693307950617  5.1645 x 10~1¢
0.3 0.2955202066613396 0.2955202066613394  1.8762 x 107'¢
0.4 0.3894183423086505 0.3894183423086475  3.0056 x 10~'°
0.5 0.4794255386042030 0.4794255386041950  7.9623 x 10~1°
0.6 0.5646424733950354 0.5646424733950275  7.8677 x 10~1°
0.7 0.6442176872376911 0.6442176872377125  2.1443 x 10~*
0.8 0.7173560908995228 0.7173560908996445  1.2174 x 10713
0.9 0.7833269096274834 0.7833269096278118  3.2845 x 1013
1.0 0.8414709848078965 0.8414709848086330  7.3648 x 1013

6. CONCLUSION

A novel numerical scheme is introduced for approximating solutions of differential equations. The
proposed methodology is based on constructing an associated differential equation incorporating a
piecewise constant argument, using the parameters seventh-order RK method, which corresponds to
the original problem. A solution to such ordinary differential equations with piecewise constant argu-
ments is defined as a piecewise smooth function, depended on a positive integer n. It is demonstrated
that, for sufficiently large values of n, the solution of the constructed equation closely approximates
the solution of the original initial value problem.

In Examples 1-4, using the proposed method, the maximum absolute errors between the exact and
the approximate solutions at the points t;, are demonstrated, with the results of the recently published
papers, in Tables 1-4, respectively. The comparisons show the accuracy and efficiency of the proposed
technique.
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