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Abstract. This article investigates two-dimensional integrals involving singularities and multiplicative
compositions. The main focus is on deriving lower and upper bounds under various assumptions on
the primary function, including monotonicity, convexity, and sub-multiplicativity. The results are
presented with complete proofs and are intended to motivate further developments in the study of
integral inequalities.
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1. INTRODUCTION

Two-dimensional integrals involving singularities frequently arise in the fields of analysis, probability
and partial differential equations. The most famous examples are Hilbert-Hardy-type integrals, which
are of the following form:

/ - / " k() F@)g(y)dady, (L1)

where k : [0,4+00)? — [0,400) is a kernel function, and f,g : [0,+00) — [0,+00) are the primary
functions of interest. A key aim of this framework is to derive inequalities that bound the integral
in Equation from above by a constant times the product of two (possibly weighted) integral
norms of f and g. Comprehensive overviews of this topic can be found in [1, 2, 3| |4]. Both classical
and modern approaches, including techniques for sharp estimates and extensions to various functional
settings, are discussed in [5} 6}, 7, |8, |9} |10} 11}, [12, |13} |14} [15].

In this article, we focus on integrals of the following specific form:

/OB /Oa ! f(zy)dzdy, (1.2)

xp+yq

where «, 5 > 0 are fixed, p,q > 0, and f : [0,a] — [0, +00) is the primary function of interest. The
integrand in Equation exhibits a mixed singularity structure, governed by the interaction between
the terms «? and y?, combined with a nonlinear dependence on the product xy through the function f.
This article aims to establish effective lower and upper bounds for the integral in Equation under
various assumptions on f, such as monotonicity, convexity, and sub-multiplicativity. Thus, we analyze
how the interplay between the singular kernel k(x,y) = 1/(2” 4+ y?) and the composite function f(zy)
influences the behavior of the integral. These results have applications in potential theory, weighted
integral inequalities, and probabilistic models involving joint multiplicative structures. All findings are
presented with complete proofs and are intended to stimulate further research in the field of integral
inequalities.

The rest of the article is organized as follows: Section [2] presents the lower bounds under the
monotonicity assumption on f. Section [3]is devoted to the upper bounds under various assumptions
on f. Section {4] provides a conclusion.

2. LOWER BOUNDS

A lower bound for the integral in Equation (1.2)) under the monotonicity assumption on f is given
below.
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Proposition 2.1. Let p,q,a, 8 > 0 and f : [0,af] — [0,+00) be a monotonic function with f(0) <
+oo and f(aB) < +oo. Then we have

e 1 aB
/0 / g Eydedy > == min(f(aB), £(0)).

Proof: For any = € [0,a] and y € [0, 8], we have z? 4+ y? < o + 7 and, since f is monotonic, i.e.,
non-decreasing or non-increasing,

f(zy) = min(f(apB), £(0)).

These inequalities imply that

b B ra
/O /0 xpiyqf(xy)dxdyz /0 /O api 55 min(f(a). £(0)drdy

— g min(r(as). 500 ( [ ) ( / ) dy)

_ap .
= ot min(f(af), f(0)).

This completes the proof of the proposition. O

It is worth noting that if the double integral diverges to +o0, the inequality holds trivially.
The proposition below establishes a more refined lower bound. Note that it is assumed that p,q > 1.

Proposition 2.2. Let p,qg > 1, o, > 0 and f : [0,af] — [0,+00) be a monotonic function with
f(0) < 400 and f(af) < +oo. Then we have

[ [ o stensy = min(sas), soymex (5o (14 2), g (14:97)).

Proof: For any x € [0,a] and y € [0, ], since p > 1, we have z¥ + y? < o 'z + 37 and, since f is
monotonic,

f(zy) = min(f(aB), £(0)).

These inequalities imply that

B ra 1 B ra 1 .

= min(f(afB), £(0)) </05 dy) {/0 mdaﬁ}

= win(f (@), F0)8 | log(a o+ 7] o

—1
aP z=0

= min(f(« B o) a—p
— min(ad). £0) 1 log (145, ) (2.1)

Proceeding in a similar way, for any = € [0, ] and y € [0, §], since ¢ > 1, we have 2P 4y < aP+39"1y
and, since f is monotonic,

f(zy) = min(f(aB), £(0)).
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These inequalities imply that
B (e 1 B « 1 )

—win(f(a), /0) [ do) [ I Mdy]

1 y=p
= min(f(a8). F(0))a | 7 loxla” + 5 y)|
= min(f(« a o g
= minf(a8). £0) 50 oz (1+7). (2.2

It follows from Equations (2.1) and (2.2 that
B po 1 o 31 8 oP
> mi m ]
/0 /0 P yqf(:zy)dazdy > min(f(afB), f(0)) max < log (1 + aP> ,a log (1 + ))

pat
This ends the proof of the proposition. a

Using the logarithmic inequality log(1 4+ ) > z/(1 + z) with z > —1, we have

B ra 1
dxd
[

2 min(f(03) SO ma (s (145 ) s (1457 )

P

. « ok 1 15} aP 1
> min(f(af), f(0)) max (ﬁql X v X 1 T Tjar ol X 30 X M”/ﬁq)

(0% .
L min(S(@), 50,
so that Proposition implies Proposition for the case p,q > 1.

3. UPPER BOUNDS

3.1. Under the monotonicity assumption. An upper bound for the integral in Equation ([1.2))
under the monotonicity assumption on f is presented below. Note that it is assumed that p, ¢ € (0, 2).

Proposition 3.1. Let p,q € (0,2), a,8 >0 and f : [0,a8] — [0,+00) be a monotonic function with
f(0) < 400 and f(aB) < +o00. Then we have

[ [ s (o8, S0 ST
zy)dxdy < 2max(f(af), f(0) ————.
o Jo @P+y! (2-p)(2-9)
Proof: Using the basic inequality a® 4 b* > 2ab with a,b > 0, for any x € [0, a] and y € [0, 8], we have
zP + oyt > 21"’/23/‘1/2,

and, since f is monotonic,

f(zy) < max(f(af), £(0)).

These inequalities and standard power primitives together with p,q € (0,2) give

B pa 1 B ra 1

_ %max(f(aﬁ)a £(0)) ( /0 xl/df’“’> ( 05 yl/dy>
2

1
- 5mauc(f(ozﬂ)vf(()))ﬂo‘ww g

2 ﬁlfq/2
q

O[l_p/2,81_q/2

= 2max(f(aﬁ),f(0))m.



52 Chesneau C

This concludes the proof of the proposition. O

Proposition also holds if f is bounded from above, by replacing max(f(af), f(0)) with this
upper bound.
The proposition below gives a more refined upper bound under the non-decreasingness assumption

on f.
Proposition 3.2. Let p,q,a, 3> 0 and f : [0,a8] = [0,4+00) be a non-decreasing function. Then we

have
[ [ s stepdody < min <aq [ L [ L s )

provided that the integrals in the upper bound converge.

Proof: For any z € [0,a] and y € [0, 8], we have x? + y? > 2P and, since f is non-decreasing,

f(zy) < f(Bz).

These inequalities and the change of variables u = Sz give

/Oﬁ /O“ - i yqf(xy)d:cdy < /B /“ %f(ﬁﬂdajdy _ (/Oﬂ dy) [/Oa :;)f(ﬁ:p)dx]

=3 [ Lrmar=p [ L san (31)

Proceeding in a similar way, for any = € [0,a] and y € [0, 8], we have 2P 4+ y? > y? and, since [ is
non-decreasing,

f(zy) < f(ay).

These inequalities and the change of variables v = ay gives

[/ [ st [ [ o= ([ ) [ s

—o [ Lty = [ Loy (32
0 0
Combining Equations (3.1) and (3.2)) and uniformizing the notation, we get

]+ +yqf(xy)dwdy§min<aq | st@ie s [ = pa )

This completes the proof of the proposition. O

3.2. Under the convexity assumption. The proposition below presents an upper bound for the
integral in Equation (1.2)) under the convexity assumption on f, i.e., for any x € [0,«], y € [0, 5] and
A €[0,1], we have f(Az + (1 — N)y) < Af(z) + (1 = N f(y).

Proposition 3.3. Letp>1,q=p/(p—1), o, >0 and f : [0,af] — [0,400) be a convez function
with f(0) =0 and f(af) < +o00. Then we have

/Oﬁ /Oa o i yqf(xy)dxdy < max <]1)7 ;) f(aB).
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Proof: Using the convexity of f and f(0) = 0, for any = € [0,a] and y € [0, 8], we have

)=
flan) = 1 (oo + (1= 2) x0) < 2 tap) + (1- 24 ) 10) = 24 f(as).

Moreover, for any x € [0, ] and y € [0, 5], the Young product inequality gives

1 1 11
xy < —xP + —y? < max ( ) (P + y7).
p q P q

These inequalities imply that

//:UP—I—yq xyd:cdy</ / zP + yd ozﬁ (aB)dzdy
=2 (045)/ / e qudy

<— f(aB) / / max( )iiiijdmdy

- Ofﬁﬂaﬂ) wax (12 ([ as) (/ﬁ dy>

- s ()=o) o

This ends the proof of the proposition. O

Note that we have

p—1 .
<1 1) (1 p—l) — 0 =22
max ( —,— | =max | —,—— | = ¢ 1
P q p P -, if p € (0,2).
p

A more technical upper bound under the decreasingness assumption on f and convexity assumption
on log(f) is given below.

Proposition 3.4. Let p > 1, g = p/(p—1), a,8 > 0 and f : [0,max(af,a?,B9)] — [0,+00) be a
non-decreasing function such that log(f) is convex. Then we have

B a 1
dxd
/O/Oﬂwqf(fvy)xy

9 aP qu/Z B al’/2
< = / x2(/p=1) arctan { ] 127 (z)dx / x2(1/4=1) arctan [
pa\ Jo Vi 0 Vi

provided that the integrals in the upper bound converge.

} f2/a(x)dx

Proof: First of all, for any = € [0,a] and y € [0, 8], the Young product inequality gives
1 1
ry < -2 + —yi.
p q

Using this inequality, the facts that f is non-decreasing, that log(f) is convex with 1/p+1/¢ =1 and
that the exponential function is non-decreasing, we have

flzy) < f <1$p + 1yq> — elog f(@"/p+y?/q)
N p q

< e(1/P)log f(a")+(1/a) log F(y*) — eloslf /P () fH 9y )] = fUP(2P) f19(y).
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Using this inequality and the changes of variables u = 2P and v = y9, we obtain

B ra 1
dxd
|| st adady
< [ e
S A A x y*)dzxdy
B‘I aP
= / 1 [ul/p—lfl/p(w] [Ul/q—lfl/q(v)} duduv
0 0 U+ v

et
— ; /0 u—l—va(u)fi(U)dUdv’ (3.3)

where
fr(w) = u PP, fy(v) = oM V().

Let us now bound this last double integral term. By a suitable decomposition of the integrand and
the Cauchy-Schwarz integral inequality, we have

[ mmstonio= [ [ o (" 00 s (3" e VAV

(3.4)
where

ﬁq oP 1 U )
A/O /0 u—l—v\/:ff(u)dUdU

? /ﬁ/ S w)dud

= — fi(v)dudv.
0 0 U+ v u i

Let us now express A and B.

Applying the Fubini-Tonelli integral theorem and using a standard arctangent primitive, we have

a= [ v V o) ]
[ e

= 2/0 J{ (u) arctan [Bq\//;} du. (3.5)

For B, we proceed in a similar way. Applying the Fubini-Tonelli integral theorem and using a standard
arctangent primitive, we have

B = o \ffi l/ \f +v)du1dv

- sG] ]

=2 ff(v) arctan [Oi;/;] dv. (3.6)

and
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Combining Equations (3.3), (3.4), (3.5) and (3.6), and using the definitions of f; and f;, and uni-
formizing the notation, we get

Aﬁﬂfxpiyfﬂxwdmw
< 1\/2 /ap fE(w) \/2 //3“ f#(v) arctan [inf/z} dv
\// 22(1/p—1) arctan{ f2/P dx\//ﬁla?(l/q 1) arctan[f} f(x)dx

This concludes the proof of the proposition. O

Note that we have
2 _2p-1)
pq P
Using the arctangent inequality arctan(x) < 7/2 with x € R, we have

B 1 T aP B4
- 2(1/p—1) §2 2(1/¢-1) f2
/0 /0 o +yqf(xy)dxdypq \//0 z2(/p=1) f /p(:n)dq:\//o x2(/a=1) f2/a(z)dx

Using the arctangent inequality arctan(z) < x with = > 0, we also have

B &4 1 2 aP B4
xy)drdy < —aP/*p1/4 / 12/P=5/2 £2/0 (1 dx / 22/9-5/2 £2/4( 2\ da
|| s tandady < —ar'ts ¢0 pir(@)day| | Fla(a)

3.3. Under the sub-multiplicativity assumption. The proposition below presents an upper
bound for the integral in Equation (1.2) under the sub-multiplicativity assumption on f, i.e., for

any x € [0,a] and y € [0, 5], we have f(zy) < f(z)f(y).
Proposition 3.5. Let p,q,a, >0 and f : [0,af] — [0,400) be a sub-multiplicative function. Then

we have
B 1[/* 1 |
< -
/o /0 ey f(zy)dzdy < 5 {/0 xp/zf(x)da:] l/o T (:L‘)d:n] ,

provided that the integrals in the upper bound converge.

Proof: Using the basic inequality a? + b* > 2ab with a,b > 0, for any = € [0, a] and y € [0, 8], we have
zP + y? > pr/qu/Q‘

Using this inequality and the fact that f is sub-multiplicative, and uniformizing the notation, we

obtain
/ / Y f(zy)dzdy < / / mp/2y4/2 () f(y)dxdy
1 1 1 1 fa
T2 [/0 xP/2 f(:v)dx} [/O ya/2 f(y)dy] =3 [/0 mp/gf(fﬂ)dgﬁ} l/o :E(]/Qf(ﬂﬁ)dx] :
This completes the proof of the proposition. a

A more technical upper bound under the sub-multiplicativity assumption on f is developed below.
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Proposition 3.6. Let p,q > 1, a, 8 > 0 and f : [0,a8] — [0,4+00) be a sub-multiplicative function.
Then we have

oo 1 2 S i parz 2 ’ - ar/? 2
/0 /0 xp+yqf(xy)dxdy < NN /0 x'~P arctan [ﬂm] f(z)dx /o x'~7arctan [w‘lﬂ} f?(x)dex,

provided that the integrals in the upper bound converge.

Proof: Using the sub-multiplicativity of f and the changes of variables u = 2P and v = y?, we obtain

l/ﬁjwmpi Tﬂxwdww
[ s
]

- 1Tq i /O m [ul/;ﬂ—lf(ul/p>] [Ul/q—lf(vl/q)} dudv

et
~ A L) e () dudy, (3.7)

where

f*(u) _ ul/P—lf(ul/p)’ f**(v) — Ul/q_lf(vl/q),

Let us now bound this last double integral term, proceeding similarly to the proof of Proposition
By a suitable decomposition of the integrand and the Cauchy-Schwarz integral inequality, we have

/ﬁq/ u+vf* fex(v)dudv

L )k 0 o

| /\
—~~
&
0
~

where

| U L
C—/O /0 u+v\/;f*(u)dUdU

B‘I
D = / / \/7 v)dudv.
u—+v
Let us now express C' and D.

Applying the Fubini-Tonelli integral theorem and using a standard arctangent primitive, we have

C= /Oap Vuf?(u) [/OB" \/E(J—i-v)dv} du
[ oo ]

) /0 " 12(u) arctan [Bq\//; } du. (3.9)

and
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For D, we proceed in a similar way. Applying the Fubini-Tonelli integral theorem and using a standard
arctangent primitive, we have

D= /Bq VP2 (v) Va \/ﬂ(;wdu] dv
/ Ny { arctan {\/ZHM_O dv

=2 2 (v) [O‘W] d (3.10)
= (V) arctan V. .
0 Vo

Combining Equations (3.7), (3.8)), (3.9) and (3.10)), and using the definitions of f, and f,, and the

changes of variables u = 2P and v = x9, we get

[ [ tenas
< L2 [ e[ 22 a2 [ e oyt [ 2]
= 2 [ wean [ 2] i
¢ [ 0 v [
- N [ ot [ 22
[ a2 e

This ends the proof of the proposition. |

=]

;| s

Note that we have
2 2yp—1

VPV p

Using the arctangent inequality arctan(x) < 7/2 with x € R, we have

/oﬂ /0CY P _T_ yqf(xy)dacdy
- \/];T\/(j \//oa xl_pﬁ(w)d:v\//oﬁ z1=af2(z)dx

Using the arctangent inequality arctan(z) < x with > 0, we also have

B pra 1
|| st wndeay

2 p/4 pa/4 : 1-3p/2 £2 \/ ’ 1—-3q/2 £2
S\/ﬁ\/aaﬁ\//ox?’f(x)dx/oxl*f(x)dx

4. CONCLUSION

This article provides a detailed analysis of a class of two-dimensional integrals involving mixed
singularities and multiplicative compositions. By establishing precise lower and upper bounds on
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the integrand function under various assumptions, new insights into the behavior of such integrals

are

revealed. The methods and results presented here could be applied to related areas of analysis,

probability, and mathematical physics. Further generalizations, including multidimensional extensions
and alternative singular integrands, could be explored in future research.
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