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Abstract. Catalan- Mihailescu Theorem states that the only case of difference between two consec-
utive powers equals 1 is 32 — 23 . This article provides some elementary analyses of integer powers,
and proves in that light, Catalan- Mihailescu Theorem.
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1. INTRODUCTION

Catalan’s conjecture(or Mihailescu’s theorem) [1, [2] is a theorem in number theory that was con-
jectured by the Belgian mathematician Eugene Charles Catalan (1814-1894).The integers 2% and 32
are two powers of natural numbers whose values (8 and 9, respectively) are consecutive. The theorem
states that this is the only case of two consecutive powers. That is to say, that the only solution in
the natural numbers of the equation:

" -yt =1

formn>1;z,y>0isx=3,m=2,y=2,n=23.

Catalan mentioned this conjecture as a problem in the section Théoremes et problemes on p. 520
of the first volume of the journal Nouvelles Annales de Mathématiques in 1842. [3] The conjecture
was received by the editor of the Journal fiir die Reine und Angewandte Mathematik as a letter
from Catalan, and published in the journal in 1844. [4] Catalan, at that time a teacher at I’_Ecole
Polytechnique de Paris, had won his reputation with a solution of a combinatorial problem. The term
Catalan number, still in use, refers to that problem. As to the equation, Catalan wrote that he could
not prove it completely so far. He never published any serious partial result about it either [1]. The
only results of Catalan on this equation are simple observations in his Mélanges Mathématiques,XV,
published much later in 1885.[5] Catalan’s conjecture was proven by Preda Mihailescu in April 2002.
The proof was published in the Journal fiir die reine und angewandte Mathematik, 2004. It makes
extensive use of the theory of cyclotomic fields and Galois modules[6]. This article provides some
elementary analyses of integer powers, and proves in that light, Catalan- Mihailescu Theorem.

2. INTEGER POWERS AND CATALAN- MIHAILESCU THEOREM
Lemma 2.1. When x,y, m,n are positive integers, x™ — y™ = 1 then we have m,n co-primes.
Proof: Suppose, m,n are not co-primes. Let m = ru,n = rn when u, n are positive integers. Then
By =y = () = () = (@) (@) (7)) £
Contradicts our equation. So, m,n are co-primes. O
Lemma 2.2. When x,y, m,n are positive integers, x™ — y™ = 1 then we have x,y co-primes.

Proof: Suppose, x,y are not co-primes. Let © = ra,y = r3 when «, 8 are positive integers, o # 3 .
Then, if n > m we have,

if m > n we have,
if m = n we have,
" —y" = (ra)" = (rf)" = (ra)" — (rB)" =r"(a™ = ") # 1

All contradict our equation. So, x,y are co-primes. (]
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Lemma 2.3. When z,y, m,n are positive integers, ™ — y™ = 1 then x,y are not both odd.

Proof: Suppose, z,y are both odd. Then when k is an integer,
:L,'"L _ y"L — 2k: # 1
Contradicts our equation. So, z,y are not both odd. O

Lemma 2.4. Vu > 1,w € N, 3z € N, such that, u* = (u+ 1)z + 1 where z = u(z;u + 1) — 1 when
0=120 <z <z, and z; is immediate previous value of z . The formula defines parity of z which is
odd when u even, even when w odd iterating over zo = 0.

Proof: We see,

2271 =3x1+1=4 I =4x2+1=9 41 =5x3+1=16
222 =3x5+1=16 | 3%?=4x20+1=81 [5*'=6x4+1=25
2283 =3x214+1=064 3% =4x182+1=729 6" =Tx5+1=236

Here we see the pattern, u?** = (u+ 1)z + 1.
By induction method, the next expression,

u2(w+1) — u2w+2 — u2 x u2w — UQ((U + 1)2 4 1)
=u+)z*+ v’ =@w+Dzu* +u* —1+1=(u+1)(zu*+u—1)+1.
Letting w+1 = w; and zu® +u—1 = u(zu+1) — 1 = 2;, the pattern of expression remains the same,
u?t = (u+ 1)z +1

So by induction we prove, Vu,w € N, 3z € N, such that, u** = (u+1)z+1, and also get the formula,
z=wu(ziu+1)—1 when 0 = 2y < z; < z, and z; is immediate previous value of z . The formula defines
parity of z which is odd when u even, even when u odd iterating over zq = 0. O

Lemma 2.5. Vu > 1,w € N, 3z € N, such that, u**™ = (u+ 1)z — 1 where z = u(z;u — 1) + 1 when
1 =29 <2z <z (20 =0 gives negative value) , and z; is immediate previous value of z . The formula
defines parity of z which is odd when u even, odd when u odd iterating over zq = 1.

Proof: We see,

27T T =3 x3-1=38 T =4 x7-1=27 [ 4P T=5x13-1=64
2T =3 x 11 -1=232 | 372 =4 x6l —1=243 |57 =6x211=125
22T =3 x 43 — 1 =128 37T =4 x 547 — 1 = 2187 | 67 F =7 x 31 — 1 =216

Here we see the pattern, vt = (v + 1)z — 1.
By induction method, the next expression,

QRFDHRT 20k 2 ekl 2 4 1), )
=(u+zu®—v?=(u+Dzv> -’ +1-1=(u+1)(zv* —u+1)—1.
Letting w+1 = w; and zu? —u+1 = u(zu — 1) + 1 = 2;, the pattern of expression remains the same,
w? T = (u+ 1)z, — 1

So by induction we prove, Vu,w € N, 3z € N, such that, u?**! = (u+1)z —1, and also get the formula
z=u(ziu—1)+1 when 1 = zy < 2; < z (20 = 0 gives negative value), and z; is immediate previous
value of z. The formula defines parity of z which is odd when u even, odd when u odd iterating over
zZ) — 1. ]
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Corollary 2.6. When u > 1,w,v € N, either w = v or w # v we have,
(1)
v =1 mod (u+1)
(ii)
w* ™ = -1 mod (u+1)
So,
u? =u*™ +2 mod (u+1)

u?” + v =0 mod (u+1)

Theorem 2.7 (Catalan- Mihailescu Theorem). When z,y, m,n are positive integers, for
"=y =1 (2.1)
Only non-trivial solution is (z,y,m,n) = (3,2,2,3)
Proof: (i)Relating lemma 2.4 to Catalan- Mihailescu equation we have,
' =(u+1z+1=07+1 (2.2)
or subtracting 1 from (2.2) we have,
v=(u+1)z=u*"—-1=@W"—-1)(u"+1)

We see, u+ 1|v9. It is not possible to make perfect power by w > 2, as we have then two shown factors
factorizing differently with ged either 1 or 2, we need perfect power factors such that for the ged = 1 we
have u” —1 = @Y and u" + 1 = b7, two more smaller Catalan- Mihailescu equations (leading to infinite
descent), moreover we then have three consecutive integers, a?, u®, b9 being perfect powers, two of the
same exponent (for a,b > 1, minimum gap v —a? = (b—a)(b9" ' +...a9" ) > b9 ' +... a9 > b+a),
which is absurd; only possibility with gcd = 1 is when a factor is non-contributory u* — 1 = 1, and
u =2, w =1 making u+ 1|v9, a trivial g = 1 and v9 = u+ 1 = 3, the equation (2.2) becomes a trivial,
22 = 3 + 1; for the gcd = 2 the product of the factors will be of the form of 2a? - 2b9 = 22a9b¢ then
g = 2 but powers of the same exponent, a9, b? are consecutive integers which is absurd unless g = 1
trivial, v = 4ab.

(ii)Relating lemma 2.5 to Catalan- Mihailescu equation we have,

Wt =(u+1)z—1=v"-1 (2.3)
or adding 1 to (2.3) we have,
vW=@u+1)z=v"""+1=(u+1)w*—-...1)=(w+D)@* (u-1)...+1)

The second factor, is always odd because it has odd number of terms, the last being 1, signs being
alternating, the 1st and last terms have positive signs, for © > 1 the second factor is not divisible
by wu, for u > 2 the second factor is not divisible by either v or u — 1, only divisible by u + 1 when
u=2u—1=1 w=1,and v* ' u—1)...+1 =wu(u—1)+1 =wu+1. It is not possible
to make perfect power by w > 1, odd exponent 2w + 1 > 3, as we have then two co-prime factors

(u+1) < (WP(u—1)+uu—1)+1)= (v* —u*+u* —u+1) < (u* —...1); only possibility is u = 2,
w=1 (u+1)(u+1)=(u+1)?> =0 v=2+1=3, g =2, from equation (2.3) we have, the only
non-trivial equation, 3% = 23 + 1. O

As before the proof by Mihailescu, then Catalan conjecture had been verified for very big numbers,
for which the number with the bigger base of the consecutives and smaller exponent would be smaller
because, by their natural logarithms, In (u + 1) = wln (v + 1) < wlnu+Inu = Inu*** so, (u+1)* <
u”*! then for big numbers, it could be, u*** —(u+1)* = 1 or,(u+1)* = u* -1 = (u—1)(u’+...+1)
which is not possible as sides have un-shared factors unless w = 1,u = 2. Moreover, when s >t > u > 2

"

we have, log, & = log, t* —log, s' = slog, t —tlog, s > 0 = log, 1. Only exception, 3log, 2 —2log, 3.
So, 27 > 1 or, t* > s'.
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3. CONCLUSION

Catalan’s Conjecture in number theory is one of those mathematical problems that are very easy to
formulate but extremely hard to solve[l]. This conjecture remained unproven since 1844 till 2002.[1}
6] In this article we provided some elementary analyses of integer powers, and in that light we proved
Catalan- Mihailescu Theorem.
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