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Abstract. The aim of this work is to study frame theory in quaternionic Hilbert spaces. We provide a
characterization of frames in these spaces through the associated operators. Additionally, we examine
frames of the form {Lui}i∈I , where L is a right H-linear bounded operator and {ui}i∈I is a frame.
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1. Introduction and preliminaries

Frames in quaternionic Hilbert spaces provide a robust framework for analyzing and reconstructing
signals within a higher-dimensional space. As an extension of the classical frame theory, these struc-
tures facilitate efficient data representation and processing. The unique properties of quaternionic
spaces offer new avenues for exploration, particularly in applications such as signal processing and
communications. This work aims to investigate the theoretical foundations of frames in quaternionic
Hilbert spaces and their practical implications. The quaternionic field is an extension of the real
and complex number systems, consisting of numbers known as quaternions. Quaternions are used to
represent three-dimensional rotations and orientations, making them invaluable in computer graphics
and robotics. Unlike real and complex numbers, quaternion multiplication is non-commutative, which
adds complexity to their algebraic structure. Quaternions also provide a more efficient way to perform
calculations in three-dimensional space, enhancing applications in physics and engineering.

Definition 1.1 (The field of quaternions). The non-commutative field of quaternions H is a four-
dimensional real algebra with unity. In H, 0 denotes the null element and 1 denotes the identity with
respect to multiplication. It also includes three so-called imaginary units, denoted by i, j, k. i.e.,

H = {a0 + a1i+ a2j + a3k : a0, a1, a2, a3 ∈ R},

where i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i and ki = −ik = j. For each quaternion
q = a0 + a1i + a2j + a3k, we define the conjugate of q denoted by q = a0 − a1i − a2j − a2k ∈ H and
the module of q denoted by |q| as

|q| = (qq)
1
2 = (qq)

1
2 =

√
a20 + a21 + a22 + a23.

For every q ∈ H, q−1 =
q

|q|2
.

Because H is non-commutative, one has to specify whether scalar multiplication is taken on the left
or on the right when dealing with quaternionic vector spaces. Throughout this work, we adopt the
convention of right scalar multiplication. With slight modifications, the corresponding results remain
valid for the left scalar multiplication setting as well.

Definition 1.2 (Right quaternionic vector space). A right quaternionic vector space V is a linear
vector space under right scalar multiplication over the field of quaternions H, i.e., the right scalar
multiplication

V ×H → V
(v, q) 7→ v.q,

satisfies the following for all u, v ∈ V and q, p ∈ H:

(1) (v + u).q = v.q + u.q,

(2) v.(p+ q) = v.p+ v.q,
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(3) v.(pq) = (v.p).q.

Instead of v.q, we often use the notation vq.

Definition 1.3 (Right quaterninoic pre-Hilbert space). A right quaternionic pre-Hilbert space H, is
a right quaternionic vector space equipped with the binary mapping
⟨·, ·⟩ : H × H → H (called the Hermitian quaternionic inner product) which satisfies the following
properties:

(a) ⟨v1, v2⟩ = ⟨v2, v1⟩ for all v1, v2 ∈ H,

(b) ⟨v, v⟩ > 0 if v ̸= 0,

(c) ⟨v, v1 + v2⟩ = ⟨v, v1⟩+ ⟨v, v2⟩ for all v, v1, v2 ∈ H,

(d) ⟨v, uq⟩ = ⟨v, u⟩q for all v, u ∈ H and q ∈ H.

In view of Definition 3 , a right pre-Hilbert space H also has the property:

(i) ⟨vq, u⟩ = q⟨v, u⟩ for all v, u ∈ H and q ∈ H.

Let H be a right quaternionic pre-Hilbert space with the Hermitian inner product ⟨·, ·⟩. Define the
quaternionic norm ∥ · ∥ : H → R+ on H by

∥u∥ =
√
⟨u, u⟩, u ∈ H,

which satisfies the following properties:

(1) ∥uq∥ = ∥u∥|q|, for all u ∈ H and q ∈ H,

(2) ∥u+ v∥ ≤ ∥u∥+ ∥v∥, for all u, v ∈ H.

(3) ∥u∥ = 0 ⇐⇒ u = 0, for all u ∈ H.

Definition 1.4 (Right quaternionic Hilbert space). A right quaternionic pre-Hilbert space is called a
right quaternionic Hilbert space if it is complete with respect to the quaternionic norm.

Example 1.5. Let I be a countable set . Define

ℓ2(I,H) :=

{
{qi}i∈I ⊂ H :

∑
i∈I

|qi|2 <∞
}
.

ℓ2(H) under right multiplication by quaternionic scalars together with the quaternionic inner product

defined as: ⟨p, q⟩ :=
∑
i∈I

piqi for p = {pi}i∈I and q = {qi}i∈I ∈ ℓ2(H), is a right quaternionic Hilbert

space.

Theorem 1.6 (The Cauchy-Schwarz inequality). [1] If H is a right quaternionic Hilbert space, then
for all u, v ∈ H,

|⟨u, v⟩| ≤ ∥u∥∥v∥.

Definition 1.7 (orthogonality). Let H be a right quaternionic Hilbert space and A be a subset of H.
Then, define the set:

• A⊥ = {v ∈ H : ⟨v, u⟩ = 0 ∀ u ∈ A};
• ⟨A⟩ as the right quaternionic vector subspace of H consisting of all finite right H-linear com-
binations of elements of A.

Proposition 1.8. [1] Let H be a right quaternionic Hilbert space and A be a subset of H. Then,

(1) A⊥ = ⟨A⟩⊥ = ⟨A⟩
⊥
= ⟨A⟩⊥.

(2) (A⊥)⊥ = ⟨A⟩.
(3) A⊕A⊥ = H.
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Theorem 1.9. [1] Let H be a quaternionic Hilbert space and let N be a subset of H such that, for
z, z′ ∈ N , we have ⟨z, z′⟩ = 0 if z ̸= z′ and ⟨z, z⟩ = 1. Then, the following conditions are equivalent:

(a) For every u, v ∈ H, the series
∑

z∈N⟨u, z⟩⟨z, v⟩ converges absolutely and ⟨u, v⟩ =∑
z∈N⟨u, z⟩⟨z, v⟩;

(b) For every u ∈ H, ∥u∥2 =
∑
z∈N

|⟨z, u⟩|2;

(c) N⊥ = {0};
(d) ⟨N⟩ is dense in H.

Definition 1.10. A subset N of H that satisfies one of the statements in Theorem 2 is called Hilbert
basis or orthonormal basis for H.

Theorem 1.11. [1] Every quaternionic Hilbert space has a Hilbert basis.

Definition 1.12 (Frames). [2] Let {ui}i∈I be a sequence in a right quaternionic Hilbert space H.
{ui}i∈I is said to be Frame for H if there exist 0 < A ≤ B <∞ such that for all u ∈ H, the following
inequality holds:

A∥u∥2 ≤
∑
i∈I

|⟨ui, u⟩|2 ≤ B∥u∥2.

(1) If only the upper inequality holds, {ui}i∈I is called a Bessel sequence for H.

(2) If A = B = 1, {ui}i∈I is called a Parseval frame for H.

Remark 1.13. Since the terms in the summation in the definition of a frame are non-negative, note
that the order of the vectors in a frame is not relevant. That is, if we change the order of the vectors
in a frame, the sequence still remains a frame. In other words, if {ui}i∈I is a frame and σ : I → I is a
permutation, then {uσ(i)}i∈I is also a frame.

Example 1.14. Every Hilbert basis for a separable right quaternionic Hilbert space H is a Parseval
frame for H.

Example 1.15. Let u1 := (i, 0), u2 := (0, j) and u3 := (i, k) be three vectors in H2. Then {u1, u2, u3}
is a frame for H2. Indeed, for u = (v, w) ∈ H2, we have by the Cauchy-Shwarz inequality 1.6,

3∑
i=1

∣∣⟨ui, u⟩H2

∣∣2 ≤ 3∑
i=1

∥ui∥2H2 ∥u∥2H2 = 4∥u∥2H2 .

Thus, {u1, u2, u3} is a Bessel sequence in H2 with Bessel bound 4.
On the other hand, we have

3∑
i=1

∣∣⟨ui, u⟩H2

∣∣2 = |−iv|2 + |−jw|2 + |−iv − kw|2 ≥ |v|2 + |w|2 = ∥u∥2H2 .

Hence, {u1, u2, u3} is a frame for H2 with frame bounds 1 and 4.

We can generalize Example 1.15 and state the following result in finite-dimensional right quater-
nionic Hilbert spaces.

Example 1.16. Let H be a finite-dimensional right quaternionic Hilbert space and let {ui}i∈I ⊂ H,
where I is a finite set. Then {ui}i∈I is a frame for H if and only if it spans H. Indeed, Proposition
3.1 shows that every finite frame spans H. Conversely, for all u ∈ H, we have by Cauchy-Shwarz
inequality 1.6, ∑

i∈I

|⟨u, ui⟩|2 ≤
(∑
i∈I

∥ui∥2
)
∥u∥2.

By setting B :=
∑
i∈I

∥ui∥2, it follows that {ui}i∈I is a Bessel sequence for H.
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Consider the map
ϕ : S −→ R

u 7→
∑
i∈I

|⟨u, ui⟩|2,

where S denotes the unit sphere of H. It is clear that ϕ is continuous on the compact set S. Hence,
there exists a vector v ∈ S such that∑

i∈I

|⟨v, ui⟩|2 ≤
∑
i∈I

|⟨u, ui⟩|2, for all u ∈ S.

Therefore, for any nonzero u ∈ H, since
u

∥u∥
∈ S, we obtain

(∑
i∈I

|⟨v, ui⟩|2
)
∥u∥2 ≤

∑
i∈I

|⟨u, ui⟩|2.

The case u = 0 is trivial. By setting

A :=
∑
i∈I

|⟨v, ui⟩|2,

we see that A > 0 since {ui}i∈I is a spanning family for H. This completes the proof.

This paper is organized as follows. In Section 2, we present some important results from operator
theory in the quaternionic setting, which will be used in our study. In Section 3, we explore the recon-
struction formula, a fundamental result in frame theory, and define the frame coefficients associated
with an arbitrary vector, highlighting their particular features. We also make explicit the optimal
bounds of a frame in terms of the associated operators. In Section 4, we characterize sequences of
vectors as frames via their associated operators, and investigate the action of bounded operators on
frames, providing a characterization of those that transform one frame into another. We further ex-
amine when two frames are related by a bounded operator. At the end of this section, we discuss the
correspondence between frames and bounded self-adjoint, positive, and invertible operators. Finally,
the correspondence between frames and bounded operators into ℓ2(I,H) is also addressed.

2. Auxiliary results from operator theory in quaternionic setting

In this section, we will present some interesting results on operator theory in quaternionic Hilbert
spaces, which will be utilized in our study. The properties of the associated operators of a frame will
also be provided. Note that throughout this section, and in all others, we use a single notation for
norms and a single notation for inner products, whenever no confusion arises.

Definition 2.1 (Right H-linear operator). [1] Let H and K be two right quaternionic Hilbert spaces.
Let L : H → K be a map.

(1) L is said to be right H-linear operator if L(uq + vp) = L(u)q + L(v)p for all u, v ∈ H and
p, q ∈ H.

(2) If L is a right H-linear operator. L is continuous if and only if L is bounded; i.e., there exists
M > 0 such that for all u ∈ H,

∥Lu∥ ≤M∥u∥.

We denote B(H,K) the set of all right H-linear bounded operators from H to K, and if H = K,
we denote B(H) instead of B(H,H).

(3) If L is a right H-linear bounded operator, we define the norm of L as:

∥L∥ = sup
∥u∥=1

∥Lu∥ = inf{M > 0 : ∥Lu∥ ≤M∥u∥, ∀u ∈ H}.

And we have for all L,M ∈ B(H), ∥L+M∥ ≤ ∥L∥+ ∥M∥ and ∥MN∥ ≤ ∥L∥∥M∥.
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Theorem 2.2 (Quaternionic representation Riesz’ theorem). [1] If H is a right quaternionic Hilbert
space, the map

v ∈ H 7→ ⟨v | ·⟩ ∈ H′

is well-posed and defines a conjugate-H-linear isomorphism.

Theorem 2.3 ( The uniform boundedness principle). [1] Let H be a right quaternionic Hilbert space
and F be any subset F of B(H), if

sup
L∈F

∥Lv∥ < +∞ for every v ∈ H,

then:
sup
L∈F

∥L∥ < +∞.

Theorem 2.4 ( The open map theorem). [1] Let H be a right quaternionic Hilbert space. If L ∈ B(H)
is surjective, then L is open. In particular, if L is bijective, then L−1 ∈ B(H).

Theorem 2.5 ( The closed graph theorem). [1] Let H be a right quaternionic Hilbert space and let
L : H → H be a right H-linear operator. If Graph(L) is closed, then L ∈ B(H).

Definition 2.6 (the adjoint operator). [1] Let H be a right quaternionic Hilbert space and L ∈ B(H).
The adjoint operator of L, denoted L∗, is the unique operator in B(H) satisfying for all u, v ∈ H:

⟨Lu | v⟩ = ⟨u | L∗v⟩.

Definition 2.7. [1] Let H be a right quaternionic Hilbert space and L ∈ B(H).

(1) L is called normal if LL∗ = L∗L.

(2) L is called self-adjoint if L = L∗.

(3) L is called isometric if ∥Lu∥ = ∥u∥ for all u ∈ H.

(4) L is called unitary if LL∗ = L∗L = I, where I is the identity opertaor of B(H). An operator
is a unitary if and only if it is an isometric surjective operator.

(5) L is called positive, and we write L ⩾ 0, if ⟨Lu | u⟩ ⩾ 0 for all u ∈ H.

For a linear operator L, we denote by R(L) its range and by ker(L) its kernel.

Proposition 2.8. [1] Let H be a right quaternionic Hilbert space and L ∈ B(H). Then:

(1) R(L)⊥ = ker(L∗).

(2) R(L∗) = ker(L)⊥.

Theorem 2.9 (Square root of an operator). [1] Let H be a right quaternionic Hilbert space and let

L ∈ B(H). If L ≥ 0, then there exists a unique operator in B(H), indicated by
√
L, such that

√
L ≥ 0

and √
L
√
L = L.

Furthermore, it turns out that
√
L commutes with every operator that commutes with L.

Theorem 2.10 ( The closed range Theorem). [1] Let H be a right quaternionic Hilbert space and let
L ∈ B(H). If R(L) is closed, then R(L∗) is also closed.

Proposition 2.11. Let H be a right quaternionic Hilbert space and let L ∈ B(H). If L is bounded
below, i.e. there exists M > 0 such that for all u ∈ H, M∥u∥ ≤ ∥Lu∥, and L∗ is injective, then L is
invertible.

Proof: Since L is bounded below, then it is injective. Assume that L∗ is injective, so ker(L∗) = {0},
hence R(L) = H. Let us show that R(L) is closed in H. For this, let y ∈ R(L), so there exists
a sequence {yn}n≥1 in R(L) such that lim

n→∞
yn = y. For each n ≥ 1, there exists xn ∈ H such that

yn = L(xn). We have:

m∥xn − xm∥ ≤ ∥L(xn)− L(xm)∥ = ∥yn − ym∥, ∀n,m ≥ 1.
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This implies that {xn}n≥1 is a Cauchy sequence in H, hence convergent, and let x be its limit. Since
L is bounded, we have y = lim

n→∞
yn = lim

n→∞
L(xn) = L(x). Thus, y ∈ R(L). Therefore, R(L) is closed,

so R(L) = H. Thus, L is surjective and therefore invertible. □

Proposition 2.12. Let H be a right quaternionic Hilbert space and let L ∈ B(H) be normal. Then,
the following statements are equivalent:

(1) L is invertible.

(2) L is bounded below.

Proof: It is clear that 1. implies 2. by taking M =
1

∥L−1∥
as the lower bound. Conversely, we use the

fact that ∥Lu∥ = ∥L∗u∥, ∀u ∈ H. Then, we apply Proposition 2.11. □

Proposition 2.13. Let H,K be two right quaternionic Hilbert spaces and let L ∈ B(K,H). Then, the
following statements are equivalent:

(1) L is injective with closed range.

(2) L is bounded below.

(3) L∗ is surjective.

Proof: Proposition 2.8 and Theorem 2.10 together prove the equivalence (1) ⇐⇒ (3). Assume that
L is injective with closed range, then the operator L : H → R(L) is invertible, and since R(L) is
closed, it follows, by the open map Theorem 2.4, that L−1 : R(L) → H is bounded. Now, assume for
contradiction that L is not bounded below. Then, for every n ≥ 1, there exists un ∈ K with ∥un∥ = 1

such that
1

n
≥ ∥L(un)∥, hence

Lun −−−−→
n→+∞

0,

which implies
un = L−1(L(un)) −−−−→

n→+∞
0.

This is a contradiction since ∥un∥ = 1, ∀n ≥ 1. Conversely, assume that L is bounded below, thus,
there exists a strictly positive constant M such that for all x ∈ K, M∥x∥ ≤ ∥Lx∥. It is clear that L
is injective. Let {xn}n≥1 ⊂ K be such that

Lxn −−−−→
n→+∞

y ∈ H

and let’s show that y ∈ R(L). We have

α∥xn − xm∥ ≤ ∥L(xn − xm)∥ = ∥L(xn)− L(xm)∥,
thus {xn}n≥1 is a Cauchy sequence in K, which means it converges to some x ∈ K. Since L is bounded,
Lxn → L(x), and by the uniqueness of limits, we conclude that y = L(x) and therefore y ∈ R(L).
Hence, R(L) is closed. □

Let L ∈ B(K,H) be a right H-linear bounded operator with closed range. The restriction of L on
ker(L)⊥, denoted L| ker(L)⊥ , is injective. Indeed, if x ∈ ker(L)⊥, we have

L| ker(L)⊥(x) = 0 =⇒ x ∈ ker(L)⊥ ∩ ker(L) = {0} =⇒ x = 0.

On the other hand, we have L| ker(L)⊥(ker(L)
⊥) = L(K) = R(L). Therefore:

L| ker(L)⊥ : ker(L)⊥ → R(L)

is invertible. And since ker(L)⊥ and R(L) are closed, it follows, by the open map Theorem 2.4, that:

(L| ker(L)⊥)
−1 : R(L) → ker(L)⊥

is bounded.
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Definition 2.14 (Pseudo-inverse of an operator with closed range). Let H and K be two right quater-
nionic Hilbert spaces and L ∈ B(K,H) be with closed range. The pseudo-inverse of L, denoted by L†,
is the right H-linear bounded operator extending (L|ker(L)⊥)

−1 : R(L) → ker(L)⊥ to H by the property
ker(L†) = R(L⊥), i.e.,

L† = (L| ker(L)⊥)
−1PR(L),

where PR(L) is orthogonoal projection onto R(L).

Theorem 2.15. Let L ∈ B(K,H) be with closed range and let v ∈ R(L). The equation

Lx = v

admits a unique solution of minimal norm. This solution is exactly L†(v).

Proof: Let us first show that L†(v) is a solution. We have v ∈ R(L), thus L†(v) = (L| ker(L)⊥)
−1(v),

which gives us L(L†(v)) = v. Let g ∈ K be a solution to this equation. There exist g1 ∈ ker(L) and
g2 ∈ ker(L)⊥ such that g = g1 + g2. Let us show that g2 = L†(v): We have L(g) = L(g2), and since g
is a solution to the equation, we get L(g2) = v. Because g2 and L†(v) belong to ker(L)⊥ and L| ker(L)⊥

is invertible, it follows that g2 = L†(v). Thus, we have g = g1 + L†(v). Consequently,

∥g∥2 = ∥g1∥2 + ∥L†(v)∥2,

which implies that:
∥g∥ ≥ ∥L†(v)∥.

Furthermore, we have:

∥g∥ = ∥L†(v)∥ ⇐⇒ ∥g1∥ = 0 ⇐⇒ g1 = 0 ⇐⇒ g = L†(v).

□

Definition 2.16. [2] Let {ui}i∈I be a Bessel sequence for H.

(1) The pre-frame operator of {ui}i∈I is the right H-linear bounded operator denoted by T and
defined as follows:

T : ℓ2(I,H) → H
q := {qi}i∈I 7→

∑
i∈I

uiqi.

(2) The transform operator of {ui}i∈I , denoted by θ, is the adjoint of its pre-frame operator.
explicitly θ is defined as follows:

θ : H → ℓ2(I,H)
u 7→ {⟨ui, u⟩}i∈I .

(3) The frame operator of {ui}i∈I , denoted by S, is the composite of T and θ. explicitly, S is
defined as follows:

S : H → H
u 7→

∑
i∈I

ui⟨ui, u⟩.

Proposition 2.17. [2] Let {ui}i∈I be a frame for H. Then:

(1) θ is a right H-linear bounded injective operator with closed range.

(2) T is a right H-linear bounded surjective operator.

(3) S is a right H-linear bounded, positive, and invertible operator.

Remark 2.18. Let {ui}i∈I be a Bessel sequence for H. Then, for all u ∈ H, we have:∑
i∈I

|⟨ui, u⟩|2 = ⟨Su, u⟩ = ∥T ∗u∥2 = ∥θu∥2.

In all what follows, T , θ, and S are reserved to denote the operators defined in the above definition.
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3. Frame coefficients and optimal frame bounds

In all this section H is a separable right quaternionic Hilbert space, B(H) is the set of all right
H-linear bounded operators on H, and I is a countable set.

In what follows, we show that any vector in H can be expressed (in a generally non-unique way) in
terms of the elements of a given frame and that it admits a natural representation with an interesting
characteristic.

Proposition 3.1. Let {ui}i∈I be a frame of H. Then:

∀u ∈ H, u =
∑
i∈I

ui⟨ui, S−1u⟩ =
∑
i∈I

S−1ui⟨ui, u⟩.

→ The coefficients {⟨ui, S−1u}i∈I are called the frame coefficients for u.

→ The expression u =
∑
i∈I

ui⟨ui, S−1u⟩ is often called the natural representation of u.

Proof: For u ∈ H, we have: u = SS−1u =
∑
i∈I

ui⟨ui, S−1u⟩, and on the other hand, we have, u =

S−1Su = S−1

(∑
i∈I

ui⟨ui, u⟩
)

=
∑
i∈I

S−1ui⟨ui, u⟩. □

Remark 3.2. In general, the decomposition of a vector in a right quaternionic Hilbert space with
respect to a frame is not unique, as shown in the following example: Let (vi)i≥1 be a Hilbert basis of
H. Then the sequence (v1, v1, v2, v3, v4, . . .) is a frame of H. If we set u = 2v1, we can see that u can
also be expressed as u = v1 + v1, which means that (1, 1, 0, 0, . . .) and (2, 0, 0, . . .) are two different
representations of the same vector u in the frame (v1, v1, v2, v3, v4, . . .).

The following theorem shows the particularity of the frame coefficients.

Theorem 3.3. Let {ui}i∈I be a frame for H and let u ∈ H such that u =
∑
i∈I

uiqi where {qi}i∈I ∈

ℓ2(I,H). Then: ∑
i∈I

|qi|2 =
∑
i∈I

⟨ui, S−1u⟩|2 +
∑
i∈I

|⟨ui, S−1u⟩ − qi|2.

In particular, the frame coefficients {⟨ui, S−1u⟩}i∈I of u with respect to the frame {ui}i∈I represent the
representation with minimal ℓ2(I,H)-norm.”

Proof: We have
∑
i∈I

ui⟨ui, S−1u⟩ =
∑
i∈I

uiqi, then, by multiplying both terms by S−1u on the left (in

the sense of the inner product), we obtain:∑
i∈I

|⟨ui, S−1u⟩|2 =
∑
i∈I

⟨ui, S−1u⟩qi.

On the other hand, we have:∑
i∈I

|⟨ui, S−1u⟩ − qi|2 =
∑
i∈I

|⟨ui, S−1u⟩|2 − 2Re(
∑
i∈I

⟨ui, S−1u⟩qi) +
∑
i∈I

|qi|2.

□

Corollary 3.4. Let {ui}i∈I be a frame of H. Then for any u ∈ H, we have:

T †(u) =
(
⟨ui, S−1u⟩

)
i∈I .

That is:
T † = T ∗S−1.
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Proof: T is a surjective right H-linear bounded operator, then R(T ) = H. Let u ∈ H and consider
the following equation (E) : Tx = u. By Theorem 2.15, The equation (E) has a unique solution with
minimal norm which is exactely T †u. On the other hand, q = {qi}i∈I ∈ ℓ2(I,H) is a solution to (E),

if and only if,
∑
i∈I

uiqi = u, then the unique solution with minimal norm of (E) is, by Theorem 3.3,

{⟨ui, S−1u⟩}i∈I . Hence T †u = {⟨ui, S−1u⟩}i∈I = T ∗S−1u. □

We define the optimal lower frame bound of a frame as the supremum of all constants A satisfying
the left-hand inequality in Definition 1.12, and the optimal upper frame bound as the infimum of all
constants B satisfying the right-hand inequality in Definition 1.12. Note that both Aopt and Bopt are
themselves valid frame bounds.

Therefore, for a given frame, the set of all lower frame bounds is the interval ]0, Aopt], and the set
of all upper frame bounds is [Bopt,+∞[.

According to Definition 1.12, the optimal frame bounds are given in terms of the associated frame
operator S by:

Aopt := inf
∥u∥=1

⟨Su, u⟩, Bopt := sup
∥u∥=1

⟨Su, u⟩.

The following theorem expresses the optimal frame bounds of a frame using its associated operators.

Theorem 3.5. Let {ui}i∈I ⊂ H be a frame, T and S be, respectively, its pre-frame operator and its
frame operator. Let Aopt ≤ Bopt be the optimal frame bounds of {ui}i∈I . Then:

(1) Aopt =
1

∥S−1∥
=

1

∥T †∥2
.

(2) Bopt = ∥S∥ = ∥T∥2.

Proof: We have ⟨Su, u⟩ = ⟨S 1
2u, S

1
2u⟩ = ∥S 1

2u∥2, then Bopt = ∥S 1
2 ∥2 = ∥S∥ and Aopt =

1

∥S −1
2 ∥2

=

1

∥S−1∥
. On the other hand, we have ∥S∥ = ∥TT ∗∥ = ∥T∥2 and since T † = T ∗S−1, then ∥T †∥2 =

∥T †∗T †∥ = ∥S−1TT ∗S−1∥ = ∥S−1SS−1∥ = ∥S−1∥. □

Let {ui}i∈I be a frame for H with frame bounds A ≤ B. If R ∈ B(H) and u ∈ H, the frame
coefficients of Ru are {⟨ui, S−1Ru⟩}i∈I . An interesting question arises: Can we determine the frame
coefficients of Ru from those of u?

We consider the map defined as follows:

Λ : ℓ2(I,H) → ℓ2(I,H)

{qi}i∈I 7→
{∑
i∈I

⟨S−1un, Rui⟩qi

}
n∈I

.

Proposition 3.6. Λ is a well defined right H-linear bounded operator. i.e., Λ ∈ B(H).

Proof: Let {qi}i∈I ∈ ℓ2(I,H). It is clear that, for all n ∈ I,
∑
i∈I

⟨S−1un, Rui⟩qi ∈ H since

{⟨S−1un, Rui⟩}i∈I , {qi}i∈I ∈ ℓ2(I,H). Let J ⊂ I be a finite subset of I. Then:∑
n∈J

|
∑
i∈I

⟨S−1un, Rui⟩qi|2 =
∑
n∈J

|⟨S−1un, RT ({qi}i∈I⟩|2 =
∑
n∈J

|⟨un, S−1RT ({qi}i∈I)⟩|2

≤ B∥S−1RT ({qi}i∈I)∥2 ≤ B∥S−1∥2∥R∥2∥T∥2∥{qi}i∈I∥

=

(
B∥R∥
A

)2

∥{qi}i∈I∥2 .

Hence, Λ is well defined, clearly right H-linear and bounded operator, moreover ∥Λ∥ ≤ B∥R∥
A

. □

The answer to the above question is given in the following proposition.
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Proposition 3.7. For all u ∈ H, the frame coefficients of Ru are obtained from those of u via the
right H-linear bounded operator Λ.

Proof: For u ∈ H, we have:

Λ ({⟨ui, S−1u⟩}i∈I) =

(∑
i∈I

⟨S−1un, Rui⟩⟨ui, S−1u⟩
)
n∈I

=

(〈
S−1un, R(

∑
i∈I

ui⟨ui, S−1u⟩)
〉)

n∈I
= (⟨S−1un, Ru⟩)n∈I = (⟨un, S−1Ru⟩)n∈I .

□

4. Frames and operators in quaternionic Hilbert spaces

In all this section H is a right quaternionic Hilbert space, B(H) is the set of all right H-linear
bounded operators on H and I is a countable set. In what follows, we characterize frames in a
right quaternionic Hilbert space by the associated operators. The frames of the form {Lui}i∈I , where
L ∈ B(H) and {ui}i∈I is a frame for H, are studied.

We first give a characterization of frames by the pre-frame operator.

Theorem 4.1. Let {ui}i∈I ⊂ H and T be its pre-frame operator. Then, the following statements are
equivalent:

(1) {ui}i∈I is a frame for H.

(2) T is well defined, bounded and surjective.

Proof: We have already seen that 1. implies 2. Conversely, since T is surjective, then, by Proposition
2.13, T ∗ (which is well defined and bounded since T is bounded) is bounded below. The fact that∑
i∈I

|⟨ui, u⟩|2 = ∥T ∗u∥2 completes the proof. □

In the following result, we characterize frames using the frame operator S under very weak conditions
on the operator.

Theorem 4.2. Let {ui}i∈I ⊂ H and S be its frame operator. Then, the following statements are
equivalent:

(1) {ui}i∈I is a frame for H.

(2) S is well defined and surjective.

Proof: It is well known that 1. implies 2.. Assume that:

S : H → H
u 7→

∑
i∈I

ui⟨ui, u⟩,

is well defined and surjective. Let {wn}n∈N ⊂ H such that

wn −−−−→
n→+∞

w ∈ H and Swn −−−−→
n→+∞

w′ ∈ H.

Since S is surjective, then there exists v ∈ H such that w′ = Sv. Then:

Swn −−−−→
n→+∞

Sv and wn −−−−→
n→+∞

w =⇒ ⟨S(wn − v), wn − v⟩ −−−−→
n→+∞

0 (Cauchy-Schwarz inequality)

=⇒
∑
i∈I

|⟨ui, wn − v⟩|2 −−−−→
n→+∞

0 (by definition of S)

=⇒ ⟨ui, wn − v⟩ −−−−→
n→+∞

0 (∀i ∈ I)

=⇒ ⟨ui, wn⟩ −−−−→
n→+∞

⟨ui, v⟩
=⇒ ⟨ui, w⟩ = ⟨ui, v⟩ (∀i ∈ I)

=⇒
∑
i∈I

ui⟨ui, w⟩ =
∑
i∈I

ui⟨ui, v⟩

=⇒ S(w) = S(v) = w′.



Frames and operators on quaternionic Hilbert spaces 131

Then, the graph of S is closed, hence, by the closed graph Theorem 2.5, S is bounded. Since S is
positive and surjective, then it is invertible. Thus, S

1
2 is positive and invertible. Hence the existence

of 0 < A ≤ B such that for all u ∈ H, A∥u∥2 ≤ ∥S 1
2u∥2 ≤ B∥u∥2. The fact that ∥S 1

2u∥2 = ⟨Su, u⟩ =∑
i∈I

|⟨ui, u⟩|2 completes the proof. □

Let L be a right H-linear bounded operator and {ui}i∈I be a frame for H. In what follows, we study
the sequence {Lui}i∈I .

In general, the image of a frame under a bounded operator (even if it is injective) is not a frame, as
illustrated by the following example: Consider {vi}i⩾1, a Hilbert basis of H, and the following injective
bounded linear operator:

L : H → H

x 7→
+∞∑
i=1

vi+1⟨vi, x⟩.

We have {L(vi)}i⩾1 = {vi}i⩾2, which is not even complete.
The following proposition expresses the frame operator of {Lui}i∈I in terms of those associated

with {ui}i∈I .
Proposition 4.3. Let L ∈ B(H) and {ui}i∈I be a Bessel sequence for H. Then, {Lui}i∈I is a Bessel
sequence for H and the associated operators are as follows:

(1) TL = L∗T .

(2) θL = θL.

(3) SL = L∗SL.

Here, TL, θL and SL are the pre-frame operator, the transform operator and the frame operator asso-
ciated with {Lui}i∈I , respectively. T , θ and S are the associated operators with {ui}i∈I .

Proof: Let B be a Bessel bound associated with {ui}i∈I . For all u ∈ H, we have∑
i∈I

|⟨Lui, u⟩|2 =
∑
i∈I

|⟨ui, L∗u⟩|2 ≤ B∥L∗u∥2 ≤ B∥L∥2∥u∥2.

Hence, {Lui}i∈I is a Bessel sequence for H. Let {qi}i∈I ∈ ℓ2(I,H), we have

TL({qi}i∈I) =
∑
i∈I

Luiqi = L

(∑
i∈I

uiqi

)
= LT ({qi}i∈I).

Then,
TL = LT.

The rest follows immediately from (1). □

The next theorem presents a necessary and sufficient condition on L ∈ B(H) for it to transform one
frame into another.

Theorem 4.4. Let L ∈ B(H) and {ui}i∈I be a frame for H. Then, {Lui}i∈I is a frame for H if and
only if L is surjective.

Proof: Let A ≤ B be frame bounds associated with {ui}i∈I .
Assume that {Lui}i∈I is a frame for H, and let v ∈ H. Then,

v =
∑
i∈I

Lui
〈
(LSL∗)−1ui, u

〉
= L

(∑
i∈I

ui
〈
(LSL∗)−1ui, u

〉)
.

Set
u :=

∑
i∈I

ui
〈
(LSL∗)−1ui, u

〉
∈ H,
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then v = Lu, which shows that L is surjective.
Conversely, by Proposition 2.13, L is surjective if and only if L∗ is bounded below. Therefore, there

exists a constant M > 0 such that for all u ∈ H,

M∥u∥ ≤ ∥L∗u∥.

Let u ∈ H. Then: ∑
i∈I

|⟨Lui, u⟩|2 =
∑
i∈I

|⟨ui, L∗u⟩|2 .

It follows that:
A∥L∗u∥2 ≤

∑
i∈I

|⟨Lui, u⟩|2 ≤ B∥L∗u∥2.

Using the inequality M∥u∥ ≤ ∥L∗u∥ and the bound ∥L∗u∥ ≤ ∥L∥∥u∥, we obtain:

AM2∥u∥2 ≤
∑
i∈I

|⟨Lui, u⟩|2 ≤ B∥L∥2∥u∥2.

Hence, {Lui}i∈I is a frame for H with frame bounds AM2 and B∥L∥2. □

Corollary 4.5. Let {ui}i∈I be a frame for H with frame bounds A ≤ B and let S be its frame operator.
Then:

(1) {S−1ui}i∈I is a frame for H with frame bounds
1

B
and

1

A
. {S−1ui}i∈I is called the canonical

dual frame for {ui}i∈I .
(2) {S −1

2 ui}i∈I is a Parseval frame for H.

Proof: (1) By Proposition 4.3, Theorem 3.5, and Theorem 4.4, we easily deduce that the sequence
{S−1ui}i∈I is a frame with optimal frame bounds given by

A′
opt =

1

Bopt

and B′
opt =

1

Aopt

,

where Aopt and Bopt are the optimal frame bounds of the sequence {ui}i∈I .
We now extend this result to arbitrary frame bounds. Indeed, let A ≤ B be any frame bounds

associated with {ui}i∈I . Then we have A ≤ Aopt and B ≥ Bopt, which implies

1

A
≥ 1

Aopt

= B′
opt,

1

B
≤ 1

Bopt

= A′
opt.

Therefore,
1

A
and

1

B
are valid frame bounds for the sequence {S−1ui}i∈I .

(2) Again, by Proposition 4.3, Theorem 3.5, and Theorem 4.4, we deduce that the sequence
{S− 1

2ui}i∈I is a frame for H with optimal frame bounds equal to 1. Hence, it is a Parseval frame
for H. □

The following result shows that unitary right H-linear bounded operators transform frames to other
frames with the same frame bounds.

Proposition 4.6. Let {ui}i∈I be a frame for H, S be its frame operator and let U ∈ B(H) be a unitary
right H-linear bounded operator. Then {Uui}i∈I is a frame for H with the same frame bounds.

Proof: By Theorem 4.4, {Uui}i∈I is a frame for H. It sufficies to show that {ui}i∈I and {Uui}i∈I have
the same optimal frame bounds. i.e. in view of Theorem 3.5 and Proposition 4.3, we will show that
∥USU∗∥ = ∥S∥ and ∥(USU∗)−1∥ = ∥S−1∥. We have:

∥USU∗∥ = sup
∥u∥=1

∥USU∗(u)∥ = sup
∥u∥=1

∥SU∗(u)∥ = ∥SU∗∥ = ∥US∥

= sup
∥u∥=1

∥US(u)∥ = sup
∥u∥=1

∥S(u)∥ = ∥S∥.
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And:

∥(USU∗)−1∥ = ∥US−1U∗∥ = sup
∥u∥=1

∥US−1U∗(u)∥ = sup
∥u∥=1

∥S−1U∗(u)∥

= ∥S−1U∗∥ = ∥US−1∥ = sup
∥u∥=1

∥US−1(u)∥ = sup
∥u∥=1

∥S−1(u)∥ = ∥S−1∥.

□

In the following result, we study {Pui}i∈I where {ui}i∈I is a frame for H and P is an orthogonal
projection of H.

Proposition 4.7. Let {ui}i∈I be a frame of H with frame bounds A and B, and let P be an orthogonal
projection of H. Then {Pui}i∈I is a frame of P (H) with bounds A and B.

Proof: Let u ∈ P (H), then Pu = u and ⟨Pui, u⟩ = ⟨ui, Pu⟩ = ⟨ui, u⟩. □

Corollary 4.8. An orthogonal projection transforms a Parseval frame into a Parseval frame.

The following theorem provides conditions under which one frame is the image of another under a
right H-linear bounded operator.

Theorem 4.9. Let {ui}i∈I and {vi}i∈I be two frames of H with pre-frame operators T1 and T2,
respectively.

Define an operator L0 on span{ui}i∈I by

L0

(∑
i∈I

uiqi

)
=
∑
i∈I

viqi

for any sequence {qi}i∈I ⊂ H that is zero except possibly for a finite number of elements.
Then, the following statements are equivalent:

(1) L0 is well defined as a right H-linear bounded opeartor on span{ui}i∈I .
(2) ker(T1) ⊂ ker(T2).

Proof: Denote by {ei}i∈I the standard Hilbert basis of ℓ2(I,H).

(1) =⇒ (2). Assume that L0 is a right H-linear bounded operator on span{ui}i∈I , then it can
be uniquely extended to a right H-linear bounded operator on H, denoted also by L0, since
span{ui}i∈I is dense in H. Let q := {qi}i∈I ⊂ ℓ2(I,H), we have:

T1(q) = 0 =⇒
∑
i∈I

ui⟨ei, q⟩ = 0

=⇒ L0

(∑
i∈I

ui⟨ei, q⟩
)

= 0

=⇒
∑
i∈I

L0ui⟨ei, q⟩ = 0

=⇒
∑
i∈I

vi⟨ei, q⟩ = 0

=⇒ T2(q) = 0.

Hence, Ker(T1) ⊂ Ker(T2).

Conversely, assume that ker(T1) ⊂ ker(T2). Let’s show, first, that L0 is well defined. Let
p := {pi}i∈I , q := {qi}i∈I ⊂ H be zero except possibly for a finite number of elements. We
have: ∑

i∈I

uipi =
∑
i∈I

uiqi =⇒ T1(p) = T1(q)

=⇒ T1(p− q) = 0
=⇒ T2(p− q) = 0
=⇒ T2(p) = T2(q)

=⇒
∑
i∈I

vipi =
∑
i∈I

viqi



134 Khachiaa N.

Hence, L0 is well defined from span{ui}i∈I to span{vi}i∈I . It is clear that L0 is right H-linear.
Let’s show now that L0 is bounded.

Let T = T1 or T2, it is clear that T| ker(T )⊥ : ker(T )⊥ → H is invertible since T : ℓ2(H) → H is
surjective. Then, by the open mapping theorem 2.4, (T| ker(T )⊥)

−1 is also bounded, and then
for all q ∈ ker(T )⊥, we have:

α∥q∥ ≤ ∥T| ker(T )⊥(q)∥ ≤ β∥q∥,

where α =
1

∥(T| ker(T )⊥)−1∥
and β = ∥T| ker(T )⊥∥.

Let now q = {qi}i∈I ⊂ H be zero except possibly for a finite number of elements and denote
q1 := Pker(T1)⊥q and q2 := Pker(T2)⊥q, where PF is the orthogonal projection onto F ⊂ ℓ2(H)
closed. We have:∥∥∥∥∥L0

(∑
i∈I

uiqi

)∥∥∥∥∥ =

∥∥∥∥∥∑
i∈I

viqi

∥∥∥∥∥ = ∥T2| ker(T2)⊥(q2)∥ ≤ β2∥q2∥

≤ β2∥q1∥ since ker(T1) ⊂ ker(T2)

≤ β2

α1

∥T1| ker(T1)⊥(q1)∥ =
β2

α1

∥T1(q)∥ =
β2

α1

∥∥∥∥∥∑
i∈I

uiqi

∥∥∥∥∥
Then L0 : span{ui}i∈I → span{vi}i∈I is bounded.

□

Definition 4.10. Let {ui}i∈I and {vi}i∈I be two sequences of vectors in H. We say that {ui}i∈I
and {vi}i∈I are equivalent, and we write {ui}i∈I ≈ {vi}i∈I , if there exists a right H-linear bounded
invertible operator L : H → H such that for all i ∈ I, L(ui) = vi.

Remark 4.11. In view of the open map theorem 2.4, we have that:

{ui}i∈I ≈ {vi}i∈I ⇐⇒ {vi}i∈I ≈ {ui}i∈I .

Example 4.12. Each frame for H is equivalent to a Parseval frame for H. Indeed, we have already
seen, in Corollary 4.5, that if {ui}i∈I is a frame for H with the frame operator S, then {S −1

2 ui}i∈I is
a Parseval frame for H.

The following theorem provides sufficient and necessary conditions under which two frames are
equivalent.

Theorem 4.13. Let (ui)i∈I and (vi)i∈I be two frames of H with pre-frame operators T1 and T2,
respectively. Then the following statements are equivalent.

(1) {ui}i∈I ≈ {vi}i∈I .
(2) ker(T1) = ker(T2).

Proof: Assume that {ui}i∈I ≈ {vi}i∈I , then there exists a right H-linear, bounded and invertible
operator L such that Lui = vi for all i ∈ I. Then, by Theorem 4.9, ker(T1) ⊂ ker(T2). By the open
map theorem 2.4, L−1 is also a right H-linear bounded operator and since vi = L−1ui, then by Theorem
4.9, ker(T2) ⊂ ker(T1). Hence ker(T1) = ker(T2). Conversely, assume that ker(T1) = ker(T2),
then by Theorem 4.9, L1 : ui → vi and L2 : vi → ui are two right H-linear bounded operators.
Moreover, L1L2 = L2L1 = I, where I is the identity operator of B(H). Hence {ui}i∈I and {vi}i∈I are
equivalent. □

We have seen that each frame for H defines a positive and invertible right H-linear bounded operator
which is its associated frame operator. The next theorem investigates the reciproque, i.e., Given a
positive invertible operator S0 ∈ B(H), is there a frame for H for which the frame operator is S0.
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Theorem 4.14. Let S0 ∈ B(H) a positive and invertible operator on H. Then, there exists a frame
for H for which the frame operator is S0.

Proof: Let {vi}i∈I be a Hilbert basis for H and define for all i ∈ I, ui := S
1
2
0 vi. By Theorem 4.4,

{ui}i∈I is a frame for H and, by Proposition 4.3, its frame opeartor is S
1
2
0 IdS

1
2
0 = S0, where Id is the

identity operator of B(H). □

The next theorem shows that the correspondence between Bessel sequences and H-linear bounded
operators is bijective.

Theorem 4.15. Let B denote the set of all Bessel sequences in H indexed by a countable set I. Then
the map:

Θ : B → B(H, ℓ2(H))
{ui}i∈I 7→ θu,

where θu is the transform operator of {ui}i∈I , is bijective. Moreover,

Θ−1 : B(H, ℓ2(H)) → B
L 7→ {L∗(vi)}i∈I ,

where {vi}i∈I is the standard Hilbert basis for ℓ2(H).

Proof: Let u = {ui}i∈I , w = {wi}i∈I be two Bessel sequences for H. We have:

θu = θw =⇒ ∀x ∈ H, ∀i ∈ I, ⟨ui, x⟩ = ⟨wi, x⟩
=⇒ ∀i ∈ I, ui = wi
=⇒ u = w.

Then, Θ is injective. Let L ∈ B(H, ℓ2(H)), and set f = {L∗vi}i∈I . We have for all u ∈ H, θfu =
{⟨L∗vi, u⟩}i∈I = {⟨vi, Lu⟩}i∈I = Lu since {vi}i∈I is the standard Hilbert basis for ℓ2(H). Hence, Θ is
surjective, thus is bijective. Moreover:

Θ−1 : B(H, ℓ2(H)) → B
L 7→ {L∗(vi)}i∈I ,

where {vi}i∈I is the standard Hilbert basis for ℓ2(H). □

Remark 4.16. The set B(H, ℓ2(H)) is a R-vector space and the well known norm of right H-linear
bounded operators is a R-norm on B(H, ℓ2(H)). We set for for all u := {ui}i∈I ∈ B, ∥u∥ := ∥θu∥, then
Θ is a R-linear, bounded invertible operator. Moreover, Θ is isometric.
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