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Limit theorem for one scheme of particle evolution according to the
critical Galton-Watson branching processes.
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Abstract. We consider the critical Galton-Watson branching process a special form and possibly with
the infinite variance the number of descendants of one particle. Local limit theorem for such process
proved.
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1. INTRODUCTION

Let {Z (n), n > 0} be a Galton-Watson branching process starting with a single particle (Z (0) = 1)
in which particles leave immediate descendants according to probability law having a generating
function

Fls)=> ps® 0<s<1,
k=0

where p, = P (Z (1) = k). The first work in which a conditional limit theorem for a subcritical Galton-
Watson branching process was proved under the condition of non-degeneration of the process belong to
A. M. Yaglom. Yaglom [1] proved for subcritical Galton-Watson branching processes that when n — oo
the conditional probabilities P (Z (n) = k|Z(n) > 0) converge for all integers £ > 0 and the limiting
quantities form is probability distribution. An analogue of Yaglom’s theorem for Markov branching
processes with continuous time was proved by B.A. Sevastyanov [2]. The first work in which local limit
theorems for Markov branching processes with continuous time were proved belongs to V.M. Zolotarev
[3]. In it was found asymptotic behavior of the probability P (Z (t) = k) as t — oo for fixed k. Under
the assumption of the existence of the fourth moment of the number of immediate descendants of
one particle, V.P. Chistyakov [4] found an asymptotic behavior P (Z (t) = k) as t, k — oo for Markov
branching processes with continuous time. S.V. Nagaev and R. Mukhamedkhanova [5] proved local
limit theorem for critical Galton-Watson branching processes under the assumption of the existence
of the fourth moment of the number of immediate descendants of one particle.

The local limit theorem for critical Galton-Watson branching processes was proved in the joint work

of H.Kesten, P.Ney, F.Spitzer [6] under the condition >  k*Ink - p, < co: if k and n tend to infinity

=2
so that their ratio remains bounded, then
4,,2 2
Tim (’43 exp{(j;i}P(Z(n) = kd) = 1, (1.1)

where 02 = f" (1), d = g.c.d. {k : pp > 0}.

Despite the assertion of the authors of [6] that for the validity of the local limit theorem for critical
Galton-Watson branching processes it is sufficient that the variance of the number of descendants
of one particle be finite, no proof of this assertion was known for more than forty years. The final
version of the proof of the local limit theorem for critical Galton-Watson branching processes under
the condition of finite variance of the number of immediate descendants belongs to S.V. Nagaev and
V. Vakhtel [7]: let 0% < co. Then for all k <n

lim 2 (1 n 2d>k+l P(Z(n) =kd) =1. (1.2)

o3n

We also note that the question of the validity of the local limit theorem for critical Bellman-Harris
processes was investigated by V.A. Vatutin [§], V.A. Topchiy [9] proved an analogue of (|1.1]) for critical
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Bellman-Harris processes with discrete time. We also note the works of K.B. Athreya, P. Ney [10], S.
Dubic and E. Seneta [11], H. Imai [12] in which the validity of the local limit theorem for supercritical
Galton-Watson branching processes was investigated.
Let the generating function f (s) satisfy the condition
f(s)=s+(1—s)""L(1-s),0<s<1, (1.3)
where a € (0, 1], L (x)- slowly varying function as x — 0.
Let fo(s) = s and we defined the iteration of the function f(s) from relation f,(s) =
f(fuo1(s)), n=1,2,... It is well known (see [13]) that when the condition ([1.3]) hold, then
1
1—f,(0)"L(1~—f,(0) ~— 1.4
(1= Fu ) LO o (0) ~ (14)

as n — oo and )

[anL (1 — f, (0))]"/*

Q(n):=P(Z(n)>0) =1~ f.(0) ~

as n — oo. Moreover, for anyone = > 0
F(z) = 1irn P(Q(n)Z(n)<z|Z(n)>0)=

(1.5)

1-— ””, as a =1,
— ) 1- 1/)fe(“/“)p(ua1)d, as 0 <a <1,
where p (u, , 1) is the density of one-sided stable law with Laplace transform
/ e p (u,a, 1) du=e ", X > 0.
0

It is known [1] that the Laplace transform v (\) corresponding to the distribution F' (z) has the form
YA =1= A1+,

We note that in the case a = 0 of the well-known result of S.V. Nagaev and V. Vakhtel [7] that
the conditional distribution of the correspondingly transformed Z (n) under the condition of non-

degeneration (Z (n) > 0) by the moment n weakly converges to the exponential law.
Slack [13] proved that if (1.3 hold, then for any (fixed) i,7 > 1 there are limit

Tim L' (1= £, (0)) (an)" "/ P, (i, j) = i7 (), (1.6)
at that

iw )P (i,7)=7(j), 7 >1, Zﬂ' (1.7)

and as J — oo 1 )
() +72)+...+7(J) ~ J , 1.8
(1) +7(2) (/) ai+a’) T (1.8)
where P, (7,j) is probability transition of the chain {Z (n), n > 0} from state i to state j for n-step.
We note that relations are proved in [6] for the case a =1, 0% < 0.
However the asymptotic of the probablhty . (i,7) for n,j — oo in the case when ([1.3) and 0% = co
unknown.

Let condition A be satisfied: the probability generating function f (s) has the form
—a —1/a
fle)=1-[Cat (1= ", sefo,1), f(1)=1, (1.9)

where a € (0,1], C is positive constant number.
It is easy to see that

f(8)=s+(1-5)""L"(1-s)
as s — 1, here L* () - C asx — 0, f/ (1) =1 and f” (1) = 400 for a € (0,1).
The purpose of this paper is to establish the asymptotic of the transition probabilities P, (1, k)

of the critical Galton-Watson branching process {Z (n), n > O}under condition A in the case when
n,k — 00, k=o(n'/).
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2. FORMULATION OF THE RESULT.

Theorem 2.1. Let the probability generating function f (s) satisfy condition A. Then
1. for any fized integer k > 1

k—1

1/a 14+1/a _ 1 — a
CHe on] Pk = = g TT (14 5) (2.)
as m — 0o;
2. asn — 00, k — 00, k=0 (n"/?")
(Can)* "' D (a4 1)k P, (1,k) = 1, (2.2)

3. asn — oo, k — 00, k=o0(n)

fo) Lk 1
”k_(wm‘()(n)’ ™Y CT At a) ke (2:3)

3. AUXILIARY CONCEPTS AND RESULTS.
Let N ={1,2,...} and Ny = N U{0}. For each pair of integers k < J, we introduce the set

D(Jk):={iv+ia+ ...+t g1 =k, i1 +2i0+...+(J—k+1)ijp1=J}.

Bell polynomials of the second type are functions By (z1,...,2j-k+1) , k < J determined from the
relation

k
1 (&K s > s’
E ZZUJ*‘ :ZBJ,k (Jl‘l,.. Tj— k+1) Tl (31)
“\j=1 I J=k
and they can be calculated using the formula
J1 J—k+1

BJ,k‘ (xly-..7$.]_k+1) = Z Z '
1t

D(J,k)

Note that due to (3.1])

J! T i
BJ,l (3717-~-7$J) = Z ﬁn(ﬁ) =y,
Ceeet by s :

Dk
BJJc (’Wla ) 7$J—k+1) = ’YkBJ,k (331, e 33J—k+1) . (32)
It is known ([14], relations (1.7)) that
n!
B, (1520 . (n—k+ 1)) :C,’jjy, (3.3)
here |
n!
= —-"_.
"kl (n—k)!

We will use Bell polynomials of the second kind to find derivatives of a superposition function
F (G (x)) from differentiable functions F' (z) and G (z) using the Faa-De Bruno formula:

—F (G (2)) = F'(G (2)) G® ( +ZF<J ) By (G (@) ., G*) (2) (3.4)

dx*

where the second term is considered equal to zero if J = 1.
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4. PROOF OF THE THEOREM.
It is easy to see that
—1/a

fa(s)=1— [C’om +(1- s)_a}

We denote
F(z)= 1— g Ve, G(r)=Can+(1—-2)".

We have 1 /1 )
F® () = (- = ( + 1) ( +k— 1) gtk
o

GM (@) =a(a+1) .. (a+k—1)(1—2z)"*".

According (3.4]) we have

£ () = [F (G )Y = = [Con+ (1-5)]

1/a— 1k
i

—1
H (a+1)(1—2s) Temk
1=0

+i (—1)1’“1'[1 <i - z) (Can+(1-5)] T

=2 i=0
k—j )
X By, ; (a(l—s)al,a(a+1)(1—s T H a+1) akﬂl) .
From here, considering the relation (3.1) and , we obtain
I (0) = 1 [Can+ 1] "/*7" ﬁ (o +1) +
! « i=0
k ) 7j—1 1
—1)y* C 11°=’B 1) =
—I—;( ) g(a >[ an + ] ki | oo (o + aH (o +1)
1 k—1
-~ [C 1 —1/a-1 . A .
3 an+ 07 i)+ A
where
k j—1 1 k—j
Ak”:Z( 1)J+1H<a )[Can—l—l]a aJBk?J ( (a—{—l) 7H(O‘+l)>
j=2 =0 =1
From (3.1)) follows
k—j
By (1, (@+1), ... [J(a+ i)) < B, (11,2 (k—j+ 1))
=1

Further, relations (4.2)-(4.3) and (3.3)) lead us to the estimate

—1/a—2 U 1 . ; jflk! —j42
|Agn] < [Can+ 1] ZH —+i|C =TT <
’ =2 =0 \% 7!

(4.1)

(4.2)

(4.4)
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J-1
The series >~ %oﬂ [T (1+ &) is converges. Now from (4.1)) and (4.4) we conclude that
Ci=1

k—1

1 1 1a— Q
() _ = 1/a—1 @
P (LK) = 5/ (0) = - [Can + 1 i|:|1 (1+%) + 0 (4.5)
here ‘
|0k.m| < LAl < [Can+1]_1/a_2k§o la-f-lﬂl 1+i
bl = 1= = gt i)’

from which the validity of (2.1]) follows. Now we write (4.5 in the form
-1

P, (1,k) =1+ Ty, (4.6)

[1(+73)

k[Can +1]"/"!

here

k 1w i1
7ol < [Can+1] & [H (3] 2 ol Il (1+)

i=1

Further, according to the Weierstrass’s formula

here 7 is the Euler-Mascheroni’s constant. Hence considering the main property I'-function (ol (a) =
I'(a+ 1)) and Euler’s formula for the harmonic series we find for largek

ilj[l(l—i-?)—aeavl_‘ Hea/l 1+O )_aa’ﬂlr(a)eaz:?l%(l—i_o(l)):
= #ea("{-‘rlnk) o _ k* . _ L )
ac T (a) Ato) =Trgre@) =gy tre®. @0

From - asn—o00, k—oo, k=o (nﬁ) we conclude

2—«
(Can)/* ™I (a+ 1)k *P, (1,k) =14 O (l‘“ ) — 1,
n

which proves the validity of (2.2]). Now we will show the validity of (2.3). We put

P, (Lk) _ fi?(0)
CP,(1,1) ~ Ck![; (0)

qkn = ) k= 1>27

From (4.1)) we have
£2(0) = [Can+ 1] V7", (4.8)

From (4.5) and (4.8) we conclude that for any fixed & > 1 the sequence g, n > 1 converges to a
finite limit

k—1
Tim g, = 7 = é II(+ %) : (4.9)
i=1

Further, by virtue of (4.1)), (4.4) and (4.8)) we have

koj-1 1
|an+1—an’<K 22 < ) G-1)

Jj=2 i=1
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where K is positive constant depending on c.
Conseq uently,

o) k o j—1 1 1
|7k — Qren] ;(Qk, 1= k) cn ; }:[1 ( + 2a> G=1)

It follows that for all k = o (n) as n — oo

sup  |mk — Q| — 0.
k<n,k=o(n)

From the relation (4.7]) and (4.9) we concluded that

1
I'l+ o)kt

P

as k — oo. By (4.9) it is easy to see that the sequence {7,k € N} is monotonically decreasing.
The proof of the theorem is complete.
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