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On representations of a given number as the sum of two primes and
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Abstract. This paper considers the problem of representing a given natural number as combination
of two prime numbers and the square of a third prime number taken from an arithmetic progression.
It was the first to establish the solvability of the equation under consideration in prime numbers from
the arithmetic progression, and prove a lower estimate for the number of solutions to this equation.
The results obtained are important in the study of additive problems with prime numbers. The proof
of the obtained results uses the Hardy-Littlewood circular method and the Vinogradov method of
trigonometric sums.
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1. INTRODUCTION

Let us consider the following equation:
a1p1 + aops + azp; = b, (1.1)

where ay, as, a3, b are integers and py, p», p3 are prime numbers.

If in (1.1)) we take a; = as = a3 = 1, then we arrive at a classical problem posed in 1938 by Hua
Loo-Keng [1]. I. Allakov and N. Muzropova [2] proved that equation has solutions in prime
numbers under certain conditions and obtained a lower bound for the number of such representations.
M. C. Liu and Tao Zhan [3], proved in the linear case, that is, for Goldbach’s ternary theorem with
prime variables from an arithmetic progression, that if N is a sufficiently large number, then there

3
exists a constant number ¢ > 0 such that for all positive integers N < D° and for Y I; = b(mod D)
=1

Diophantine equation

b=pi +p2+ps,
p; =1; (modD),i=1,2,3,

has a solution, where (I;, D) = 1.

In the works of I. Allakov and O. Sh. Imamov [4]-]5], a lower bound was obtained for the number of
representations of a natural number as the sum of the squares of five prime numbers from an arithmetic
progression. In [6], we improved the estimate of the exceptional set in the problem of representing a
natural number as a sum of squares of four prime numbers, while in [7], the problem of representing
a natural number as a sum of squares of four prime numbers from an arithmetic progression was
considered.

In this work, we examine the solvability conditions of equation in prime numbers p; from an
arithmetic progression, p; = [;(modD), i = 1,2,3, D < N°.

We assume, in the general case, that a; 20 ,7=1,2,3 and

ged(ag, ag,az) = 1. (1.2)

Furthermore, following the approach in Xua‘s work on the Tarry problem (see [§], p. 162), we consider
the solvability condition of equation (1.1)) in the sense of congruences. That is, we define the quantity
N(q) as follows:

N(q) :=card{ (ni,ns,n3)|1 <n; <gq, (nj,q) =1, ayng +ans + agng = b(modq)} (1.3)
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and require that the following condition holds:
"forallg>1, N(q) > 1. (1.4)
Let us assume that the integers aq, as, as, b satisfy conditions , and define B as
B :=max {2, |a;|,|as],|as|}. (1.5)

In the present paper, by combining the methods of [2],[3] the following result has been proved:

Theorem 1.1. Ifay,as, a3, b satisfy conditions and . Then there exists an effective constant
A > 0 such that the following assertions hold:

(a) If all of a,, as, a3 are positive and b > B*, then equation has a solution in prime numbers
P1, P2, p3 taken from an arithmetic progression, p; = l;(mod D), i =1,2,3, D < N°.

(b) If not all of a1, as, a3 have the same sign, then equation has a solution in primes py, Pa, P3
from an arithmetic progression p; = l;(modD), i = 1,2,3, D < N°, satisfying for pi,ps,ps not
exceeding 3 |b| + BA.

Corollary 1.2. If N is sufficiently large, then the number of solutions of equation (1.1) in
prime numbers NB™' < pi,ps,p2 < N, p; = ljmodD), i = 1,2,3, D < N° is at least
¢, N3/? (BQ83/42OD1n3N)_1, where ¢1 is a positive constant and Q = N219.

2. INTEGRAL REPRESENTATION OF THE PROBLEM AND MINOR ARCS

From now on, we denote a prime number by p (with or without indices). The constants ¢, ¢y, . .. are
effective positive absolute constants. The constant § is a sufficiently small effective positive number
and its value may depend on the values of the constants c;.

Let
Q: =N T.=Qv, L:=NB™', L,:=VL, N, :=VN. (2.1)

We choose N so that it satisfies
B< Q. (2.2)

2mi ¥

For any integer y and any positive integer ¢, we define e (y) = €™ and ¢, (y) = e*™¢ = e (y/q).

We define the sums

Si (y) == Z An)e(ny) , 1=1,2; S3(y)= Z A(n3)e (ngy) , (2.3)

L<n;<N L<ni<N
n;=l;( mod D) n3=lz( mod D)

where A (n) is the Mangoldt function.
Let
r=TY*N"1 (2.4)

We divide the interval [7;1 + 7| into main and additional subintervals in the usual way (see. [2]).
We define
I(N,b,D)=1I(N) := > A (ny) A (n2) A (ng). (2.5)
L<n1,n2,n§§N
a1n1+a2n2+a3n§:b

n;=l;( mod D)
Using ([2.3) and (2.5)), we can express I(N) as
147
I(N)= / e (—bx) S (a1x) Sy (agx) Ss (azz) dx. (2.6)

T

Noting that M U M’ = [r, 1+ 7], we rewrite (2.6) as the sum of two integrals:

1) = | [+ [ ]et-m ] s aw)de =1, (V) + L) . (2.7)
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In , the integral over the major arcs is denoted by I;(N), while the integral over the minor
arcs is denoted by I>(N). From (2.7), it follows that I (N) > I, (N) — |I, (N)|. If we can show that
I(N) > 0, then we can conclude that equation has a solution in prime numbers in arithmetic
progression.

First, we analyze the integral I, (IV), for which we prove the following lemma.

1+e

Lemma 2.1. For any x € M’, the following estimate holds: Ss (asz) < d“/?D~'N Qi Bi, where
d=(D,q).

Proof. According to corollary 1.2.1in [9], if (h,q) =1, 1 <h <gq, |a—hqg™'| <g?and D> < N, then
the estimate S (o) < D™'N'*(d*¢~' + DN~/ + qDN*2d*1)1/4 holds. According to Dirichlet’s
theorem on Diophantine approximations, there exists integers h and ¢ satisfying

1<qg<7t (hq) =1, {aia? — hq71| <T1q . (2.8)
We devide both sides of the inequality in (2.8) by ’x — h(|ai] q)fl’ < 7(Ja;|¢)”". From this, we get

o= K(g) 7 < 7(a) " (2.9)

Here, ¢’ is defined as the positive divisor of a;q, and ged (A, ¢') = 1. It is not difficult to see that
¢ > Q. In fact, if ¢ < @, then from (2.9) and z € |1, 1+ 7] it follows that 1 < A’ < ¢’ < @Q, that is,
x € M, which contradicts the condition x € M’. Therefore,

Qla;| ' <g<77" (2.10)

According to (2.10)) we obtain, S3(azz) < DN = dY/2BY4Q-1/4, 0O
Lemma 2.2. Ife < 0,056, then |I,(N)| < D='N3/2d'/2BY4Q~Y>In N holds.
Proof. Using Lemma 2.1 and (2.7)), we obtain:

147
|IL,(N)| < D'Nz+eq" /2 Bl/4Q—1/4 / {]Sl(a1w)|2 + !Sg(agx)|2} dz. (2.11)

T

147
Here, [ [S;(a;z)’de= Y A*n)<InN- Y A(n)<NInN [10]. Thus, from (2.11) and the
T L<n;<N n<N
lemma conditions, we obtain: |I,(N)| < D~IN3/2qY/2B/4Q=/>In N. O
3. SIMPLIFICATION OF THE INTEGRAL OVER MAJOR ARCS

Let x(mod q) and xo(mod ¢q) denote, respectively, an arbitrary character and the principal Dirich-
let character modulo ¢. It is known (see §2, Chapter III of the work [9]) that there exists a constant ¢,
such that the L function L(s, x) may have at most one real zero /3 for a given real character ¥ (mod7)
with modulus 7 < T, in the region o > 1 —¢,(InT) ™", [t| < T. If such a zero exists, it is unique and is
called the exceptional zero of the function L(s, x), where s = o + it. Moreover, this exceptional zero
f satisfies the inequality

1 1 =
cs (fﬂn%) <1-f<cy/InT. (3.1)

q ’
The summation > or Y, denotes the sum taken over h satisfying the condition (h,q) = 1,
h=1 (h,q)=1
1 < h < gq. For the character y(mod Dq/d), we define the following functions:

Si(x,y) = Z A(ni) x (ni)e(niy), Sz(x,y) = Z A (ns) x (n3) e (nﬁy) )

L <n;<N L<n2<N
n;=l;( mod D) n3=lz( mod D)
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N N1 N Nl
L) = [ @) dn, Bw) = [ e(aly) dos, L) = [o e (o) do, L) = [ 27 e (o) da,
L L L L,y
N Ny
Lx.y)= ), '/x/"le(wiy) dr,, I(x.y)= Y '/:):3”‘16 (23y) das, (3.2)
[vI<T VST 7,

where i = 1,2 and the summation Y. ' denotes the sum over zeros p = 3 + iy of the function L(s, x)
vI<T

in the region 1/2 < 8 <1—c,(InT) ", |y| < T with 8 being the exceptional zero if it exists.

Lemma 3.1. For any real number y and characters x(mod Dq/d) with Dq/d < T, the following
equalities hold:

Si(x,y) = 6. Li(y) — 0, Li(y) — Li(x,y) + O (1 + |[y| N) NT'In°N), i=1,2

Ss(x,y) = 8, Ls(y) — 0, s(y) — L(x,y) + O (1 + |y| N1) M T 'In®N) (3-3)

where .
5 - {1, if X =xo(mod Dg/d) o _ {17 if X = Xxo(mod Dg/d),
X ’ X

0, otherwise 0, otherwise.

A proof of this lemma can be found in [9]. In the next step, to transform the exponential sum S, («)
containing the character y into the integral form above, we need the following new definitions.

d(q) is defined as follows: D = p{* -+ p2 Dy, ¢ = pi" -+ pPqo, (Do, o) = 1, d(q) = p7* -+ pl",
where 7, = min (o, §;), for i =1, ..., s. We define d; (¢) and ds (q) as follows:

s a;, if B; > a4
. iz{ ds (q) = d(q)/ds (q) - (3.4)

= i PPN
di(@): =P 0, otherwise,’
For convenience, we write d = d (q), di = d; (q) va dy = dy (q). From the above definitions, it follows
that (di, d») =1 and (D/d |,q/dy) = 1.
Lemma 3.2. Ify = a; (hg™' + \), then the equality

Si(y) = S (ai (hq_l + )\)) = Z E(Zz) Z Gi(h,1,q)Si(¢n,a;\) + O (IH2N) )

D q
()O(dl)@(dQ) ¢(mod D/dy) n( mod q/d2)

holds for 1 =1,2,3. Here,

_ _ ahz;\ _ .
G; (h7777§I) :G(Dalivhan’Q): Z 6( )n(zi)’ =12
(zi,9)=1,
z;=l;( mod D)
_ _ ashz3 _
GS (h7 7, q) = GS (Dv l3a h: 7, q) = Z € T "7(23) (35)
Z3, :1,
ZsE(lg( gn)od D)

and n, ¢- are characters modulo q/dy and D/d;, respectively.
Proof. By the definition of S; (y), we have:

S (y) = > Ande(ny)+0 | Y. Inpe@ty) | =

L<n;<N, pF<N
n;=l;( mod D), (n,q)=1 plg, k>2
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= E e (CL c > E A(nz)e(amlA) + O (11’12N) .
(zi,9)=1 q L<n;<N
zi=l;( mod d) n;=l;( mod D), n;=z;( mod q)

If z; = [;(modd), then the inner sum over the main range is empty, and therefore we can restrict the
sum over z; satisfying the condition z; = [;(modd). On the other hand, the condition z; = I;(modd)
is equivalent to the conditions n; = [;(mod D) and n; = z;(modg). These, in turn, are equivalent
to n; = l;(mod D/d;) and n; = ¢;(modq/dy ), respectively. In this case, due to the orthogonality
property of characters [9] and according to , the following equality holds for S; (y):

1 - a;hz;\ _
SO = S 2, 2 2 ()

mod D/d) n( mod q/ds) (zi,q)=1 4
z;=l;( mod d)

X Z ¢n(ng)A(ny)e(a;n\) + O(In*N).
niElI;(<r7;£0§<iND)
For S5 (y) we have the following:
Si(y) = ¢~ (D/dy)p~ (gq/ds) Z (13) Z Gs(h,1,q)S3(¢n,\) + O (anN).

¢(mod D/d:) n( mod g/dz)

Thus proving Lemma 3.2. O

Now, using the lemmas above, we simplify I;(N). For any y = (hg™' + \) € m (h,q) satisfying
|IA| < 7/q and ¢ < @, equation (3.3)) and Lemma 3.2 imply that S; (y) can be written as follows:

Si(y) = ¢ " (D/d)¢ " (q/d2) x

x { Gi(h, 0o, )1 (a:X) — 6,CC0 (1) Gi(hy o, q) 1 (a:)) — > (W) Gilhom, @) I(Cnyai)) p +
¢ (mod D/dy)
n (mod q/dz)

+0(p M g/ds) D |Gilh71,9)|(1 + |aAIN)NT 0’ N) + O(In*N),

n (mod g/d2)

where (¢, (modD/d ,) i (modq/d ,) = Xxo (modDgq/d ), {,i are primitive characters and

5 1, if ¥ (mod 7)existsand 7 | Dq/d,
71 0, otherwise.

From (L.5), (2.4) and (3.5), since |a;| < B, |\| < 7/q and |a;A\| N < BT'Y4q™!, we can trivially

estimate the following term as: > |Gi(h,7,q)] < ©(q/d2)p(q). Using this, we can evaluate the
n ( mod ¢q/d2)
term under the symbol O : ¢~!(q/d>) > |Gi(h,7,q)|(1+|a;A\|N)NT—In’ N < NBT~3/*In*N.
n (mod gq/dz)
Therefore, for y = h/q+ XA € m (h,q) we obtain the following:

S:() = o (DJdy ) ¢~ (a/d ) Hy (.. \) + O (NBT"1’N) (36)
By similarly reasoning, we estimate Ss (y) as follows:

S5 (y) = ¢ (D/dy )¢~ (a/da ) Hy (h,q,)) + O (NY2BT~'In’N ) . (3.7)
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The remaining term is estimated as: w(l ;o2 |Gs(hn,@l(1 + lasA|N1) N, T ' In’ N < %.
1 ( mod %)

H; (tha /\) =G, (h Mo, q ) ( ) d CCO (lz) (h, 77770,(])1:1()‘) -k (h7 q, )\)7
F;(h,q,\) == > C (1) Gi(hy 7, )T (Cn, ). (3.8)

¢ (mod D/di)n (mod q/d2)

2|
N“a

Here

To estimate H; (h,q,\) we use Lemma 3.3 from [11] and Lemma 3 from [2]. Then we have:
1 (D/d) o7 (q/d ) Hi (h,q,\) < @ (@) N, ¢~ (D/dy ) ™ (q/dy ) Hs (h,q,)) < 0 (q) NV/2.
So, from (B.6) and (3.1), we have: S, (y) = ¢+ (D/dy )~ (a/ds ) {H: + R},
Sz (y) = =" (D/di ) ™" (q/dz ) {H2 + R}, S5 (y) = =" (D/dy ) ¢~" (a/d2 ) {H3 + R1}.
Thus

q<ZQSD ( ) (ci) (hglj///:‘“’(b (Zﬂ”))liH (h,q, \)dA+

a<Q (h,q)=

+0 (Z Z —<p NEBSTilnGN).

We estimate the remainder term in the final expression as follows: < N2T-1/2Q*B3*In°N « N: QL.
As a result, we obtain the following expression for I; (N):

T/q 3
=Y o (D/dy ) (q/dy) > / e(=b(h/q+\) [[H:(h,q.\)dA+ O (N%Q—l).
7<Q (ha)=1_%,, i=1

T

Now we extend the integration interval [ o 3} to (—oo;00). Arguing as at the end of §3 of paper [2],

we obtain
0 3
I, (N) = ;Q > (d% )1@3 (di ) (h;)_leq (—bh)_[o e (—b\) 1:[1H (h,q,a;\)d\ + O (N3/2Q‘1) . (3.9)

4. SINGULAR SERIES AND SINGULAR INTEGRAL OF THE PROBLEM

Regarding the special series and the special integral, taking into account the specifics of our problem,
we formulate several lemmas, the proof of which is, in principle, similar to the proof of analogous results
given in the works [7], [12].

Lemma 4.1. If x (modpﬂ/dg ) 18 an arbitrary character such that 8 > 0, dy = dy (pﬂ) is defined as
in (3.4) and « is defined from the relation p*|| D. Then the following holds:
(a) if x (modp?) is a primitive character and p|h , 8 > «, then G; (h, x,p°) =0, i=1,2,3.
(b) if no is a character modulo p'/dy (p') such that, p + h and t > 6 + max{0,«,3}, then
Gi(h,xn0,p") =0. Here 0 =1+ [2/p], i=1,2,3.
(c)if pth , then G, (h,x,p%) < (2,p) (h,p?)*p?/, i = 1,2, Gy (h, x,p%) < 2(2,p) (h.p?)"/*p?2.

In our subsequent analysis, we encounter the following sums:

3

Z(q) == Z(q;m,m2,m3) = Y eq (=bh) [[ Gi(aih, mi, q) (4.1)

(h,q)=1 i=1

and

Y () =Y (,m,m0,m) i= 3 eq (=bh) [ Gi (aih mi, ), (4.2)
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where 7); is a character modulo ¢/ds (q¢). The expression Y (q) can be written in the following form:

Y (q,m,m2,m3) = q Z M (21) 2 (22) 03 (23). (4.3)
(@)

The sum ) is taken over all triples z;, 2o, 23 such that (1.3) and (1.4). In expression (4.3)) if all the
(9)
characters n; are principal, then it can be seen that:

Y (q,70,10,Mm0) = qN (q) (4.4)

this equality holds. Moreover, we define
Alg):= 97" (q(D,q)Q/d) Z (a0, M0, 70) » (4.5)

where (D, q)® denotes the product of the common prime divisors of D and ¢. (D, q)®H D indicates
that it is the largest divisor of D such that if p®|| (D, q)®, then necessarily p®| D.

Lemma 4.2. The functions Z (q) and Y (q) are multiplicative in the following sense: that is, if ¢ =
t
¢ q and (g, q;) =1 fori # j then for each i =1,2,3, n; (mod q¢/d> (q) ) = [ ni; (mod g;/d> (g;))
j=1

t
is a walid decomposition. In this case, we have: Z(q,m,n2,m3) = [ Z(qj,mjsn25,13;) and
j=1

t
Y (¢,m1,m2,m3) = 11 Y (¢, n;,m2,13;), also hold. In particular, this implies that N (q) and A(q)
j=1
are also multiplicative functions with respect to q.

Lemma 4.3. For any positive integer q the following estimate holds:

3
o3 (%) Z(q) < dT(aq)q—l/%—i%’ where L = (lnln %)'

Lemma 4.4. Suppose that x; (modpﬁi) for i = 1,23 are primitive characters or that f =
max {f1, 2,3} and we choose a := «(p) so that the condition pa(p)| D is satisfied. For simplic-
ity, in the notation we write Z (p*) = Z (p*; X1X0, X2Xo0, X3X0), where Xo, is the principal character
modulo pt. Then the following statements hold:

(a) If B > «, then Z (p°) =Y (p°).
(b) If t > 0 + max {0, B, a}, then Z (p') =0. Where =1+ [2/p].

(c) If B > «, then ésps (p°) Z (p°) = @73 (pt)Y(pt) or B=0 and t > a, then
S0z + X et 0200 = ¢ 0)Y ()

In Lemma 4.4, let x1 = x2 = x3 = xo and 8 = 0 then the following result is obtained.

Corollary 4.5. Suppose N (q), A(q) and a = a(p) are defined respectively as in ([4.6)), and
similarly as in Lemma 4.4. Then the following statements hold:

(a) ifp>3,t>1+a, then A(p") =0, if t > 2+ max {2, a}, then A(2") =0.

(b) if p >3, t > a, then p'e™* (p') N (p') = p*p~* (p*) N (p°).

(c) if t >, where a’ =14 max {2, a}, then 2'p=3 (2') N (2!) = 2% o3 (pa/) N (p"‘/>.

Taking the above result into account, we introduce the following notation:

s(p) = 3 Ap') = o? (0 (pa<p>) pa<p>>N (0 (pa<p>) pa<p>> o (paoo)) PP (4.6)

0<t<O+max{0,a(p)}

Here 0(q) = 1,4,2 corresponds respectively to 2t ¢, 2|¢ and 4]q.
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Lemma 4.6. For s(p) the following assertions hold:
(a) if p#2, a=a(p) > 1, then s(p) = ¢~* (p*) p.

(b) ,
23 if a(2)=1,
" {903 (2®) 2@ if a(2) 22,

Therefore, we also have: s(2) = ¢ (2%) 2% (D).
(c)ifp#2 and pt D, then s(p) =14 A(p), and if 21 D, then s(2) =1+ A(2) + A(2%) + A (2%).

Lemma 4.7. The following statements hold:

(a) if pt D, then |A(p)| < 10p~2.

(b) The product []s(p) converges absolutely, and []s (p) > ¢ (D) Do (D).
p

p
00

() > o *(Dg/d)Z(g;m0.m0,m0) = [T (0) = “PLisimns ™ T s(@).
q=1, (¢,r)=1 pir #HD/(Dr)) ptr, ptD

(d) 3> ¢~ (Dq/d)Z (g;1m0,m0,m0) < y D 'In'" (y + 1).
q>y

Lemma 4.8. Suppose r;| Dq/d, fori=1,2,3 and x; (modr;) = ¢; (mod (T‘i, d—Dl)) i (mod (ri, i)) .

All characters are primitive and if r = [r1,72,73], then the following estimate holds:

3
(a) ¢~ (22) Z (g, mn0, n2m0, 3m0) T1 GiGo (li)‘ < V2L,
q<Q, r|Dq/d i=1
uppose « (p) is defined as in Lemma 4.4, and furthermore let r; = r;'r;”, r) = |ri’ s vy,
b) S s defined as in L 4.4, and furth let W@ 6) = [0 0 )
Xi (modr;) = e (modr§1)> e (modrl@), (7”51)77’1(2)) —1,i=1,23, j=12,if pf;HTlgl); then

B > a(p) and if pBH er), then B < a(p). If D = DDy, (Dy,D5) = 1, then pﬁH r and if p| Dy, then
B < al(p), if p°||r and p| Ds, then B> o (p). In this case, we have

D 3
E= Z 80_3 <dq> zZ (Q>n1770a 7727707773770) HCZCO (ll) =

q<Q, rldg/h i=1

A, 3 (modr o (D) Dy Y (o (r®) r®) . i/
_EM’ () (modra) =55y 33 (o () 7)) WHW (p)+O<Q 1 Q)'

Lemma 4.9. For arbitrary complex numbers, 0 < Rep; < 1,1 =1,2,3 the following equality holds:

0o N N1/2
/ e(—n)\)H (/:L‘Z—pi_le(ai:vi)\) d:ni) / 23" e (agzs)\) drsd\ =

=1 L Li/2

— 00

N3/2 _ _ _ _
~ 2(Jas]) / (N21) "7 (Nay) 7 (Navg) ™20 2 sy ds, (4.7)
3

D

where x3 := (BN~ — a1, — asy) a3’ and

1/2

D= {(:Ul,xg) t LN7' <zy,2 <1, (LN7Y) 7" <3< 1}. (4.8)

Furthermore
/ w3 2 drydey > 1. (4.9)
D
The proofs of Lemmas 4.1-4.9 are essentially analogous to the arguments presented in [7], [12], [13]
and [14]. Therefore, given the limited space of the article, we omit the evidence. These lemmas take
into account the specifics of the present problem and for convenience of reference, we have stated them
without proofs.
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5. ESTIMATION OF THE INTEGRAL [;(N) AND COMPLETION OF THE PROOF OF THE THEOREM 1
We now aim to obtain the required lower bound for I; (V). From equality it follows that the

product H H; (h,q, \) consists of a sum of 3> = 27 terms. We will divide these terms into the following

three categorles

(C1): the term 'H1 Gi(h, 7o, @) L(N).

(C2): the 19 terms each of which has at least one F; (h, g, \)as factor.
(C3): the 7 remaining terms.
For convenience, we write, for ¢ = 1,2, 3,

M, = Z 03 (Dq/d) Z e, (—bh) / e (=bX) {sum of thetermsin (C;) } dX. (5.1)
<Q (h,q)=1 —
In view of (3.9)), we have
I (N) = My, + My + My + O <N3/2Q*1) . (5.2)
For distinct integers my, mo, ... taken from the set {1, 2,3}, let:
p N3/ (p1—1) (p2—1) (ps—1)/2, —1/2
(mq,ma,...) = m (Nz,,) (Nz,,,) (Nz,,,) Ty Cdridz, (5.3)
Vg
and
A (my,ma, ) ==X My ) X (Mg ) -ovs (5.4)

where the region D is defined in (4.8]), x and 5’ are the exceptional character and exceptional zero
respectively. Let

N3/2 1
Py = ——— [ a3 ?daydx,. 5.5
b gy | 5 )
D
Clearly, from (4.9) we have
|P (my,msy,...)| < Py < N*?B7". (5.6)
Lemma 5.1. The following equality holds. M, = ‘;(3%)3? [Is(p) P+ O (N*?2B~'D2Q 'In"’Q).
ptd
Proof. Based on (j5.1))
Z ¢~ (Dg/d) eq (=0h)G1(h, Mo, ¢)G2(h, 7o, ) G3 (R, 7o, q) X
q<Q (h,q)=1
oo N N N
X / e(—b)\)/e(alazl)\) da:l/e(agazg)\) dmz/e (aga:g)\) dxsd.
“oo L L L

If in (5.3) we set p; = pa = p3 = 1, then the above integral is equals Fy. In view of (4.1), the above
double sum is > ¢ 3 (Dq/d )Z (q). By Lemma 4.7 (c), (d), this can be written as:
q<Q

o(D)D 7U(D)D s -1p-2110
) p]gs<p>+0<q>ZQ\A<q>|)— Sy [0 +0(@ D7)

From this expression and equality ([5.6]), the proof of Lemma 5.1 follows. Namely,

M1_<U(D)DH v) + (1513?)>P°:2%%? I150) Fo-+ 0 (V{BD*Q)n"°Q). 0
P
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Lemma 5.2. If the exceptional zero B exists and 71, dy are defined as in Lemma 4.8 (b), by taking
1 5
r') =7, then

(a) My =208 2o T s(p) 2 {—iA(z‘)P(iH > A(i5) P (i, )-
) i=1

ptD, pti (o(F1)71 1<i<j<3

~A(1,2,3)P(1,2,3)} + O (N3/2B7/2Q*1/21n4Q) .

(b) M < d*D-3N32B5; /*£-3,

Proof. Part (a) is proved by reasoning similar to that in the proof of part (a) of Lemma 13 in |2]. The

bound in (b) can be deduced directly from Lemma 4.3. O
Define 3 3
0 (1 - ﬂ) T, if §exists, 57
1, otherwise.

In view of Corollary 4.5, Lemma 4.6 and (4.6)), we have

H s(p)=a ()" (o (")) N (o (+")r"1), (5.8)
ptD, pif1
o(r'y)r’y Sy o (Dy) D, o (Dy) D,

_TVW UL N (o () ) = =222 N (6 (Dy) D) = L2 2 5.9
oy T S Gy Y PP = o, 9

where "1 =r, (r",7") =1, (r",D) =1, | D®, 'y, D|(r, D) have the same prime factors and the
exponent of each prime factor of D, is less than in »’;. Hence we can write M; in the form.

_U(Dl)Dl‘ o ()7 s 3/2p-1p-20~11p 10
M, = o3 (Dy) @3 (o (7)) H (p) Z Po+O<N B D7 Q1 Q)

ptD, ptiy (o(F1)71)
Comparing it with the form of Mj; in Lemma 5.2 (a), we have

JUN 3
M+ My =220 _20)b T s(p)( X P+ X - AG)P>EH)+
©3(D1)  ¢*(o(F1)71) 1D, ptis (o

F1)71) (o(F1)71) =1

+ > A(i,§)P(i,§) — A(1,2,3) P(1,2,3)}> +0 (N3/2B7/2Q*1/21D4Q) .

1<i<j<3

Applying formulas (5.3)), (5.4 and (5.5) to the right-hand side of the last equality, we obtain:

O'(Dl) Dl O'(fl)fl N3/2 -1/2
M, + Mz = — C— L H s(p) Z /x3 dxidry —

¢ (D1) (o (T)T) o i 2 (as)) J

2 3/2 2
Z Z /H NJUz D da 1dxy

i=1 \(o(F1)71) D =1

N3/2 (pg—1)
— Z )Z (’I’lg) / Nﬂjg dSUldl‘g
(o(F1)71) D

+ > X()x(n

(o(F1)71)

/\
2
U

(Pl ) 2_1)d$1dl‘2> +
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N3/ . (p3=1)
2(|a|)/(Nl'2)(p 1)(N:L'3) 2 dﬁL’lde’Q)“‘
3
D

/ (Nz,)" " (Nas) e

o (F1)71)

dl’Q)— Z X (n1)X (n2) X (n3) X
(

(p3—1

: )d:cld@) } +0 (N?’/QB?/QQ‘I/an“Q) . (5.10)

The expression inside the curly braces is not less than

2

> ¥ / w5 T (1= % () (V) ™) (1 — Y (ny) (Nay) ”) dzyds.

(e(F)™) i=1

It remains to estimate the integral. Since LN~! < zq,29,23 < 1 and (1 —x (ny) (N:Ui)(pi_l))

Y

> (p3—1) ~
1— LY <1 —x (n3) (Nz3) K > > 1— LP~! are present in the domain D we obtain the following:

2 . \3
I1 (1 —x (n;) (in)(pi71)> <1 — X (n3) (Nz3) > > (1 — Lﬁ‘l) . From equalities (2.1)) and (2.2,

i=1
it follows that: L = NB~* > NQ™% = N*=% > \/N. Thus, using formulas (2.1)) and (5.7), we obtain
the following: 1- 1) > 1—exp (—1/2 (1 — B) lnN) > min{1/2 1/4 (( — BN) InN )¢ > Q. Then

the main term in ((5.10)) is > Q3 “(QD(BD)I . wS?{(f(;)jlh) HM s (p)( Z) Py. Hence, by (5.8) and (5.9),
ptD, pfri o(71)71)

(p3—1)

we have.

Lemma 5.3. M + M; > Q%28 [ s (p) By + O (N*2B7/2Q~?In"Q) .

ptD

We need to estimate M, By the Deuring—Heilbronn phenomenon, we have.

Lemma 5.4. M, < Q%exp < c/\f) D)DPO [T s(p)+O (N*2Q"'V2B7?In"Q).
piD, ptr

Proof. Tt is proved by reasoning similar to that used in the proof of Lemma 15 in [15]. 0

Combining the results obtained above, we can derive the following estimate for I; (N). To this end,
let us consider two cases.

Case 1. If there is no 3 exceptional zero of the Dirichlet L-function, or if it exists and the modulus
of the corresponding exceptional character 7 > Q*/1°. From Lemma 5.1 and part (b) of Lemma 5.2,
as well as from Lemma 5.4 for sufficiently small § we obtain:

o(D)D (d 3/2 m—1,—1/20
I, (N)> —2_P, s(p)+0O N3/2B=tQ—v2~3
1( ) @3 (D) Op*gﬁr () D3

Then, according to Lemma 4.7 (a), we have: I, (N) > N3/2 (BQl/ZlD)fl. Here, D < Q2%

Case 2. If there exists a 8 exceptional zero of the Dirichlet L-function and the modulus of the
corresponding exceptional character # < @Q'/'°. Then, using Lemmas 5.3 and 5.4, and for sufficiently
small §, we obtain:

o(D)D

W) 20725 )

[Isw) P+0 (N3/237/2Q—1/21n4c2) .
ptD
Here, taking into account that Q >> (f1/21n277)_11nT > QY/®In"'Q, is as in (3.1), we consider

I, (N) > N32(BQ®/ 420D)71 and finally, by comparing the estimates in both cases with Lemma 2.3,
it follows that for sufficiently large N, I; (N) > |I> (V)| holds. Thus, our theorem is proved.
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5.1. Proof of Corollary 1.1. Now let us estimate the number of solutions of equation in prime
numbers:
R(b)=R(b,N,D) = > 1
L<p1,p2,p3<N
b=a1p1+azps+azps

Based on ([2.8]) we have: ,
I(N)=R(b)In®>N +O(NInN). (5.11)
Since I (N) > I, (N) — |, (N)], it follows from (5.11) that R(b) > (I, (N) —|I, (N)|) (InN)~* +
@) (N(ln N)72> . Hence we obtain an estimate R(b) > N3/2 (BQ83/420D1n3N)71.
I would like to take this opportunity to thank my supervisor Professor I. Allakov for his advice and

support during the preparation of the article.
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