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Anti-associative dendriform algebras
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Abstract. The general operadic approach to splitting algebraic operations was developed in [1]. By
splitting the product in a given algebraic variety C, notion of C-dendriform algebras was systemati-
cally studied in [2]. This article aims to study “anti-associative dendriform algebras”, which offer an
approach to addressing anti-associativity. These algebras are defined by two operations whose sum
is anti-associative. Furthermore, the notion of O-operators on anti-associative algebras is presented
as a tool to interpret anti-associative dendriform algebras. Moreover, anti-associative algebras with
nondegenerate Connes cocycles admit compatible anti-associative dendriform algebra structures.
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1. MOTIVATION

Lie algebras were introduced by Sophus Lie in the 1870s to formalize the study of infinitesimal
transformations. Since then, they have become fundamental tools in a wide range of areas, including
representation theory, differential geometry, algebraic geometry, number theory, quantum mechanics,
and gauge theory.

A vector space A with a bilinear operation x is called a Lie admissible algebra if (4, [—, —]) is a Lie
algebra, where [—, —] is the commutator. In particular, an associative algebra (A,-) which is a vector
space A with a bilinear operation - satisfiying - (y- z) = (z - y) - z is a Lie admissible algebra. Hence,
there exist a functor from the category As of associative algebras to the category Lie of Lie algebras,
ie.

As — Lie.

Furthermore, pre-Lie algebras, also known by various names such as left-symmetric algebras, quasi-
associative algebras, or Vinberg algebras, are also Lie-admissible algebras. These algebras were first
introduced by A. Cayley in 1896 as a type of rooted tree algebra. Hence, one can define a functor
from the category Pre-Lie of all pre-Lie algebras to the category Lie of all Lie algebras. Thus, one
has the following diagram
Pre-Lie
I (L1)
As — Lie

Question. Is it possible to extend the diagram (1.1)) to obtain a commutative diagram?
To give an affirmative answer one should put the category Dend of all dendriform algebras on the
left-top side (see |3} |4} |5]) i.e.

Dend ————— Pre-Lie

As ——— Lie

The notion of dendriform algebras was introduced by Loday [6] in 1995 with the motivation from
algebraic K-theory and has been studied quite extensively with connections to several areas in math-
ematics and physics, including operads, homology, Hopf algebras, Lie and Leibniz algebras, combina-
torics, arithmetic and quantum field theory and so on (see |7] and the references therein).
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Recall that a dendriform algebra (A, <, >) is a vector space A with two binary operations denoted
by < and > satisfying (for any z,y,z € A)

(x<y)<z=zx<W-2), @=y)<z=z>=(y<2), x=HY=2)=(x y) >z

where -y =z < y+ x > y. Note that (A,-) is an associative algebra as a direct consequence and
the notion of dendriform algebras can be introduced as an approach of “splitting the associativity”.

The central idea of the paper |2] was to generalize dendriform algebras by requiring that the op-
erations < and > induce on A X A an algebra structure lying in a chosen category C. The authors
introduced the notion of C-dendriform algebras which can be applied to any variety C. This provides
a unified framework in which usual dendriform algebras of of J.L-Loday appear as a special case when
C is the category of associative algebras.

The goal of this paper is to study C-dendriform algebras in the case C is the category of anti-
associative algebras i.e. anti-associative dendriform algebras. This characterization parallels that of
dendriform algebras.

An anti-associative algebra (A,x*) is a nonassociative algebra whose multiplication satisfies the
identity

ax(bxc)+ (axb)xc=0, Va,bce A

On the one hand, if we consider the commutator, then the resulting algebra will not be a Lie algebra.
But considering the anti-commutator [a,b] = axb+bxa derives Jacobi-Jordan algebras (see [8]), which
seem to be similar to Lie algebras at first sight, but these algebras are quite different [9]. This class
of algebras appeared in the literature under different names from different viewpoints, for example
“Lie-Jordan algebras” [10], “mock-Lie algebras” [11]. Thus, one has the functor from the category
A As of anti-associative algebras to the category J-J of Jacobi-Jordan algebras i.e.

AAs — J-J

On the other hand, similar to the construction of pre-Lie algebras, pre-Jacobi-Jordan algebras are
constructed in [12] as a left-anti-symmetric algebra with respect to anti-associator. Hence, we have

Pre-J-J
| (1.2)
AAs — J-J
It is then natural to ask whether the diagram can be extended to a commutative diagram.
In this paper we give an affirmative answer to this question and the category AAs-Dend of all
anti-associative dendriform algebras play a left-top category in the commutative diagram i.e.

AAs-Dend --—---—------ > Pre-J-J

(1.3)

v

AAs J-J

The classification of any class of algebras is a fundamental but highly challenging problem. It is
often one of the first issues encountered when attempting to understand the structure of a particular
class of algebras. Specifically, the classification of algebras of dimension n (up to isomorphism) within
a variety defined by a given family of polynomial identities is a classic question in the theory of non-
associative algebras. Numerous studies have addressed the classification of low-dimensional algebras
across various varieties of both associative and non-associative algebras |13} |14, |15, (16} |17} 18, [19} |20].

The paper is organized as follows. In Section 2, we recall the notion of anti-associative dendri-
form algebras as an approach of splitting the anti-associativity and prove that the diagram is
commutative. The notions of O-operators and anti-Rota—Baxter operators on anti-associative alge-
bras are introduced to interpret anti-associative dendriform algebras in Section 3. In Section 4, the
relationships between anti-associative dendriform algebras and Connes cocycles on anti-associative al-
gebras are given. In the last Section 5, we introduce various notions of nilpotency for anti-associative
dendriform algebras and demonstrate that these definitions are equivalent. Moreover, we give the
classification of 2-dimensional anti-associative dendriform algebras over the field of complex numbers.
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2. ANTI-ASSOCIATIVE DENDRIFORM ALGEBRAS

In this section, we prove that the diagram (1.3 is commutative. Moreover, using a bimodule
structure on a vector space, we define an anti-associative algebra structure on the direct sum of the
vector space with itself by using the operations of an anti-associative dendriform algebra.

Definition 2.1 ([9]). An algebra (A, <) over a field F is called a Jacobi-Jordan algebra if it satisfies
the following two identities

zoy—yox =0,
ro(yoz)+yo(zox)+zo(zoy) =0,
for all z,y,z € A.

In other words, Jacobi—-Jordan algebras are commutative algebras which satisfy the Jacobi identity.
In the case of Lie algebras, the product is not commutative but anticommutative.

Recall that (A, o) is called a Jacobi-Jordan-admissible algebra [12, 8], where A is a vector space
with a bilinear operation o : A ® A — A, if the bilinear operation [—,—] : A® A — A defined by

[,y =xoy+yox, Vr,yc A,

makes (A, [—, —]) a Jacobi-Jordan algebra. In this case, (A, [—, —]) is called the sub-adjacent Jacobi-
Jordan algebra of (A, o) and denoted by (J(A),[—, —]). Obviously, an anti-associative algebra is a
Jacobi-Jordan-admissible algebra.

Another example of Jacobi-Jordan-admissible algebras is pre-Jacobi-Jordan algebras.

Definition 2.2. [12] A pre-Jacobi-Jordan algebra is a vector space A together with a bilinear multipli-
cation - : A® A — A, such that for any z,y, z € A, the anti-associator AAs(z,y, z) := (z-y)-z+x-(y-2)
is skew-symmetric in z,y, i.e. AAs(x,y,z) = —AAs(y,x,z) or equivalently

(z-y)z+a-(y-2)=—(y-z)-2—y-(z-2).
We now give a definition analogous to that of an associative admissible algebra [21].
Definition 2.3. Let A be a vector space with two bilinear operations

—ARA—> A < AR A-— A

Define a bilinear operation * as
rxy=x>=y+x <y, Vryé€cA (2.1)
The triple (A, >, <) is called an anti-associative admissible algebra if (A,x) is an anti-associative
algebra. In this case, (A, *) is called the associated anti-associative algebra of (A, >, <).
Remark 2.4. The triple (4, =, <) is an anti-associative admissible algebra if and only if the following
equation holds:
(x=y)=z+(@=<y)=z+(@=-y) <z+(x<y) <z

2.2
=—z>-yr-z)—x>=y<z2)—z<(y=2—-—z<WYy<z2), VryzecA (2.2)

Definition 2.5. Let A be a vector space with two bilinear operations > and <. The triple (4, >, <)
is called a anti-associative dendriform algebra if the following equations hold:

(x*xy)»=2z=—x > (y = 2),
x<(yxz)=—(r<y) <z
x=(y=<z)=—(r>y) <z Vr,y,z€A, (2.5)

where the bilinear operation # is defined by Eq. (2.1)).
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Example 2.6. Let (A, <,>) be a one-dimensional anti-associative dendriform algebra with basis
element e. Assume that e = e = ae and e < e = fe, where a, 3 € F. Then, by equations (2.3 —
([2.5), we obtain a(2« + 8) = 0 and 8(28 + a) = 0. Hence a = 3 = 0, and every one- dimensional
anti-associative dendriform algebra is trivial.

Theorem 2.7. Let (A, >, <) be an anti-associative dendriform algebra. Then the followings hold.
(i). Define a bilinear operation * by Eq. (2.1). Then (A, x*) is an anti-associative algebra, called the
associated anti-associative algebra of (A, >, <). Furthermore, (A, =, <) is called a compatible
anti-associative dendriform algebra structure on (A, *).
(ii). The bilinear operation o: A®@ A — A given by

roy=x=y+y<z, Vr,ycA,

defines a pre-Jacobi-Jordan algebra, called the associated pre-Jacobi-Jordan algebra of (A, -, <).
(iii). Both (A,x*) and (A, o) have the same sub-adjacent Jacobi-Jordan algebra (g(A), [—, —]) defined

by
[Tyl =z>-y+r<y+y=-zx+y<z, Vr,ycA

Moreover, the commutative diagram (2) holds.

Proof. (i) is straightforward.
(ii) Let z,y,z € A. Then we have
(roy)oz=(x=y+y<z)=z+z<(x>=y+y=<ux
=z-y)-z+y<z)=2z+z<(z=y) +2z=<(y<z),
o(yoz)=x > (y=z2+z2=<y)+y=-z+z<y) <z
=r>-(y=z)+x> =<y +@y=-2)<zx+(z<y <z

By swapping x and y, we have
(yox)oz=(y>=z)=z+(x<y)=z+2z<(y=2)+z=<(zr<y),
yo(zoz)=y>(z>-2)+y>(z<z)+(@@>2) <y+(z=<z)<y.

Using Egs. (2.3)—(2.5)), we obtain

zo(yoz)+yo(zoz)=x>(y=2)+z=(z<y)+y=2)<x+(z<y) <z
+y>-(x>=2)+y>= <)+ (@x>2)<y+(z<2z)<y
=r>-y-2)+z<y) <zt+y>=(x=2)+(z<2)<y
—(zr-y+rx=<y)-z—2=<y-x+y=<z
—(y=z4+y<a)=z—2<(@x>y+zx=<y)
—(yow)oz—(zoy)oz
Moreover, we have

roytyor=x>y+y<cr+r<yty-cr=cxy+yx*xz, Vr,ycA

Thus (A, o) is a Jacobi-Jordan-admissible algebra and hence a pre-Jacobi-Jordan algebra.
(iii). It is straightforward. Note that it also appears in the proof of (ii). O

Let (A,*) be an anti-associative algebra. Recall that a bimodule of (A,x) is a triple (V,[,r)
consisting of a vector space V' and linear maps [,r : A — Endp(V) such that

l(zxy)o = =l(x)((y)v), r(z*xy)v=—r(y)(r@)v), W(z)(rly)v)=—r@)l(z)v), Yr,ycAveV.

In particular, (A, L., R,) is a bimodule of (A, %), where L., R, : A — Endp(A) are two linear maps
defined by L.(x)(y) = R.(y)(z) = x x y for all z,y € A respectively.
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Suppose that (A, %) is an anti-associative algebra. Let V' be a vector space and [,7 : A — Endg(V)
be linear maps. Then (V,[,7) is a bimodule of (A, x) if and only if there is an anti-associative algebra
structure on the direct sum A @V of vector spaces with the following bilinear operation, still denoted
by *:

(x,u) * (y,v) = (x*xy,l(x)v+7r(y)u), Vr,ye AuveV.

We denote this anti-associative algebra by A x;, V.

Theorem 2.8. Let A be a vector space with two bilinear operations = and <. Define a bilinear
operation x by Eq. . Then (A, >, <) is an anti-associative dendriform algebra if and only if
(A, %) is an anti-associative algebra and (A, L., R.) is a bimodule of (A,x*), where two linear maps
L.,R.:A— Endr(A) are defined by

L (x)(y) =2 >y, Ri(z)y)=y=<wz VrycA
Proof. From Egs. (2.2), (2.3), (2.4) and (2.5)) it follows that (A, =, <) is an anti-associative dendriform

algebra if and only if (A, >, <) is an anti-associative admissible algebra, that is, (A,x*) is an anti-
associative algebra, and for all x,y, z € A, the following equations hold:

x=y=2)=—(z-y) =z (z<y)<z=—2x<(y-2), (=y)<z=—x>(y<2).
Let z,y,z € A. Then we have
Lo(zxy)(z) = =L (2)(L-(y)2) <= x> (y>2)=—(rxy) >z
Ro(xxy)(z) = —R<(y)(R<(z)2) <= (z<2x2)<y=—-2=<(zxy),
L, (z)(R<(y)z) = —R<(y))(Lw-(z)2) = x> (2<y)=—(z>2)<y.
Hence (A, L., R.) is a bimodule. O

Let V' be a vector space and V* be a dual space of V. For ¢ € V* and u € V, we write (¢, u) := ¢(u).
The following conclusion is obvious.

Lemma 2.9. Let V' be a vector space and V* be a dual space of V. Let (V,1,r) be a bimodule of an
anti-associative algebra A.

(i) Let I*,r*: A — gl(V*) be the linear maps given by
(" (x)u*,v) = (u*, l(z)v), (r'(z)u*,v) = (u",r(x)v), VeeAu e€V:veV
Then (V*,r*,1*) is a bimodule of A.
(ii) (V,1,0),(V,0,7),(V*,7r*,0) and (V*,0,1*) are bimodules of A.
Proof. (i) Let x € A,u* € V*,;v € V. Then
(" (z * y)u”, v) =(u, l(z x y)v) = —(u, [(z)((y)v)) = =" (2)u”, l(y)v) = =" () (" (x)u"), v),
(r(zx y)u”,v) =(u',r(z x y)o) = =W, r(y) (r(z)v)) = =" (Yu',r(z)o) = = (@) (" (Y)u’), v),
and
(T (@)r ()", v) =(* (@) (" (y)u"), v) = (" (Y)u’, l(z)v) = (u*,r(y)((x)v))
= — (W () (r(y)v)) = =" (@)u,r(y)v) = = (r"(y) (" (z)u"), v),

Hence, (V*,r*,1*) is a bimodule of A.
(ii) is obvious. O

Corollary 2.10. Let A be a vector space with two bilinear operations =, <: AQ A — A. Then on the
direct sum A := A ® A of vector spaces, the following bilinear operation

(x,a)* (y,b) =(x =y+z<y,x>=b+a=<y), Yr,y,a,b € A, (2.6)

makes an anti-associative algebra (fl,*) if and only if (A,>-,=<) is an anti-associative dendriform
algebra.
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Proof. The first proof: It is clear that (A, ) is an anti-associative algebra if and only if (A, >, <) is
an anti-associative admissible algebra, that is, (A,x*) is an associative algebra, and (A, L., R) is a
bimodule of the associated anti-associative algebra, which is equivalent to the fact that (A, >, <) is a
anti-associative dendriform algebra by Theorem
The second proof: By the definition of C-dendriform algebras in the case C is an anti-associative
algebra (see [2]). O
3. ANTI-ASSOCIATIVE DENDRIFORM ALGEBRAS AND (O-OPERATORS

M. Aguiar in 2000 [3] was the first who noticed a relation between Rota—Baxter algebras and
dendriform algebras. The concept of an O-operator, which generalizes the Rota—Baxter operator, was
introduced by C. Bai, L. Guo, and K. Ni in 2010 [4]. They established that any dendriform algebra
arises explicitly from an algebra admitting an O-operator. By the motivation of their work, V. Yu.
Gubarev and P. S. Kolesnikov proved that every dendriform dialgebra in Var can be embedded into a
Rota—Baxter algebra of weight zero in the same variety [22].

Similarly to the above works, the authors of [2] proved the following Proposition.

Proposition 3.1. Let R be a Rota—Baxter operator on an algebra (A, p) which belongs to C. For
a,be A, leta>b:= R(a)b and a < b:=aR(b). Then (A, >, <) is a C-dendriform algebra.

In this section, for the case where C is an anti-associative algebra, we prove that the result holds more
generally for O-operators , which we substitute for the Rota—Baxter operators in the construction.

Definition 3.2. Let (A, %) be an anti-associative algebra and (V,[,r) be a bimodule. A linear map
T:V — Ais called an O-operator of (A, x) associated to (V,,r) if the following equation holds:

T(u)*T(v) =TT (u)v+r(T(v)u), Vu,veV.

In particular, an O-operator T' of (A, *) associated to the bimodule (A, L., R,) is called an Rota—
Baxter operator, that is, T : A — A is a linear map satisfying

T(@)*T(y) =T(T(z)*y+z=T(y)), Va,yc A (3.1)

In this case, we call (A,T) a Rota—Baxter algebra .

Theorem 3.3. Let (A,*) be an anti-associative algebra and (V,1,r) be a bimodule. Suppose that
T:V — A is an O-operator of (A, x) associated to (V,1,r). Define two bilinear operations »=,< on V
respectively as

us=v=IUT(u)v, uvu<v=rTW)u, Yu,velV. (3.2)

Then (V, =, <) is an anti-associative dendriform algebra. In this case, T is a homomorphism of anti-
associative algebras from the associated anti-associative algebra (V,*) to (A, x). Furthermore, there is
an induced anti-associative dendriform algebra structure on T(V) ={T(u) | u € V} C A given by

T(u) =T)=T(u>v), T(u) <Tw) =T(u=<v), YuvelV, (3.3)
and T is a homomorphism of anti-associative dendriform algebras.
Proof. Let u,v,w € V. Then we have

—(uxv)=w=—(u=v+u=<0v)=w=—-U(TUT(w)v))w—UT(r(T()u))w=—I(T(u) * T(v))w
=T (w))(U(T(v))w) =u > (v = w).

Similarly, we have
(u<v)<w=-u<@W*xw), (ur=v)<w=-u>(v<w).

Thus by Definition (V, =, <) is an anti-associative dendriform algebra.
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Moreover,

Tuxv)=T(u=v+u=<v)=T(u>v)+T(u=<v)=TUT(uw)v)+T(rT(v))u)
=T(u)*T(v), Yu,veV,

shows that T is a homomorphism of anti-associative algebras from the associated anti-associative
algebra (V, %) to (A, *)
Furthermore, for any u,v,w € V, we can obtain

T(u) = (T(w) =T(w)=T(u> (v=w))=-T(ur»v)>T(w)—T(u=<v)>T(w)
T(u) = T(v)) = T(w) = (T(u) < T(v)) = T(w)
(w) = T(v) +T(u) < T(v) = T(w).

Similarly, one can derive

(T(u) < T()) <T(w) =-T(u) < (T() = T(w)+T() <T(w)),
(T(u) = T(v)) < T(w) = =T(u) = (T'(v) < T(w)),

which imply that T'(V') is an anti-associative dendriform algebra. This completes the proof. O

Below, we provide an example to illustrate the construction of an anti-associative dendriform algebra
using Proposition [3.1]

Example 3.4. Let (A, *) be a complex anti-associative algebra with a basis e;, e; whose non-zero
products are given by

€1 ey = €.

Suppose that R : A — A is a linear map whose corresponding matrix is given by <ZH 312> under
21 Qa2

the basis e, e5. Applying Eq. to the pair {e;,es} yields ag; = 0. For the pair {e;, e;}, we obtain
aq1(a11 — 2am3) = 0. The other pairs yield no further constraints. Thus R is a Rota—Baxter operator
on (A, ) if and only if aq; (g — 2a92) = 0. Then we have two cases:

Case 1. a;; = 0. Then the corresponding matrix of the Rota—Baxter operator is of the form

(8 312) Hence, one can obtain the trivial anti-associative dendriform algebra.
22

Case 2. ay; # 0. Then ay; = 245 and the corresponding matrix of the Rota—Baxter operator is of
2090 (12
the form

0« > Hence, we get an anti-associative dendriform algebra whose non-zero products
22
are given by

€1 > €1 = 20p9€y, €1 < e = 2a0es, Q1 € C.
By the basis change €| = e;, e = 2anses, it is isomorphic to Rhsy[1] given in Theorem
Next we consider invertible O-operators.

Theorem 3.5. Let (A, ) be an anti-associative algebra. Then there is a compatible anti-associative
dendriform algebra structure on (A, x) if and only if there exists an invertible O-operator of (A, *).

Proof. Suppose that (A, >, <) is a compatible anti-associative dendriform algebra structure on (A, *).
Then

rxy=z>y+az=<y=L(2)y+ Ri(y)z, Y,y € A.
Hence the identity map Id : A — A is an invertible O-operator of (A, ) associated to the bimodule
(A,L.,R.).
Conversely, suppose that 7': V' — A is an invertible O-operator of (A, %) associated to a bimodule
(V,1,r) of (A,x). Then by Proposition there exists a compatible anti-associative dendriform
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algebra structures on V and T'(V) = A defined by Eqgs. (3.2) and (3.3)) respectively. Let z,y € A.
Then there exist u,v € V such that x = T'(u),y = T'(v). Hence we have
xxy=T(u)*«T(v)=TUT(u)v+r(TW)u) =T(u>v+u<0v)
=T(u) =TW)+T(u) <Tv)=z>y+z=<y.

So (A, >, <) is a compatible anti-associative dendriform algebra structure on (A, *). O

Proposition 3.6. Let (A, ) be an anti-associative algebra and (V,1,r) be a bimodule. Suppose that
T:V — A is a linear map. Then T is an O-operator of (A, x) associated to (V,l,r) if and only if
the linear map

T:Awx,, V—Ax,,V, (z,u)— (T(u),0),

is a Rota—Baxter operator on the anti-associative algebra A x;, V.

Proof. Let x,y € A,u,v € V. Then we have

TA((?«} w)*T((y,v)) = (T(w),
T((JJ,U))A* (y,v) = (T(w),
(z,u) *T((y,v)) = (x,u)*(T(v),0)=(xxT(v),r(T(v))u).

Hence T is a Rota-Baxter operator on the anti-associative algebra A x;, V if and only if

(T + T(),0) = ()0 +r(TW)a).0),

that is, T" is an O-operator of (A, ) associated to (V,I,7). O

Corollary 3.7. Let (A, >, <) be a anti-associative dendriform algebra and (A, x) be the associated
anti-associative algebra. Set A = A@ A as the direct sum of vector spaces. Define a bilinear operation

x on A by Eq. (2.6) and a linear map d:A— A by

~

Id((z,y)) = (y,0), Va,y € A

Then 1d is a Rota—Baater operator on the anti-associative algebra (A, x), that is, (A,1d) is a Rota-
Bazxter algebra.

Proof. By Corollary (A, %) is an associative algebra, which is exactly A x,_ . A. Since Id :
A — A is an O-operator of (A, %) associated to the bimodule (A, L. , R-), by Proposition Id is a
Rota—Baxter operator on the anti-associative algebra (A, ). O

4. ANTI-ASSOCIATIVE DENDRIFORM ALGEBRAS AND CONNES COCYCLES

In this section, we show that anti-associative dendriform algebras can be obtained from nondegen-
erate Connes cocycles of anti-associative algebras.
A Connes cocycle on an associative algebra (A,-) is an antisymmetric bilinear form B satisfying

B(xz-y,z)+B(y-z,x)+B(z-z,y) =0, Vz,y,z€ A.

It corresponds to the original definition of cyclic cohomology by Connes (|4]). Note that there is a
close relation between dendriform algebras and Connes cocycles (]|23]). Next we consider a Connes
cocycle on anti-associative algebras.

Definition 4.1. Let (A, %) be an anti-associative algebra. A bilinear form B on A is called a Connes
cocycle if
B(axb,c)+ B(b*c,a)+ B(cxa,b) =0, Va,b,cec A.
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Theorem 4.2. Let (A, x) be an anti-associative algebra and B be a nondegenerate Connes cocycle

n (A, x). Then there exists a compatible anti-associative dendriform algebra structure (A, >, <) on
(A, %) defined by

B(x =y,z)=B(y,zxz), Bz <y,z)=B(x,y*z), Vr,y,z € A. (4.1)
Proof. Define a linear map T : A — A* by
(T'(z),y) = B(z,y), Va,y €A,

where, A* is a dual vector space of A. By Lemma (A*, R*, L*) is a bimodule of A. Then T is
invertible and 7! is an O-operator of the anti-associative algebra (A, ) associated to the bimodule
(A*, R*, L*). By Theorem there is a compatible anti-associative dendriform algebra structure >, <
on (A, x) given by

z-y=TYR@)T(y), ==<y=T "L (yT(x)), VYr,yeA,
which gives exactly Eq. (4.1)). O

Next, we turn to the double construction of Connes cocycles. Let (A,#*4) be an anti-associative
algebra and suppose that there is a anti-associative algebra structure *4- on its dual space A*. We
construct an anti-associative algebra structure on the direct sum A @& A* of the underlying vector
spaces of A and A* such that both A and A* are subalgebras and the symmetric bilinear form on
A @ A* given by equation

Bz +a",y+b") = (z,b") + (a",y), Vr,y € A,a"b" € A"

is a Connes cocycle on A @ A*. Such a construction is called a double construction of Connes
cocycle associated to (A,*4) and (A*, *4-) and we denote it by (T'(A) = A A*, B).

Proposition 4.3. Let (T(A) = A< A*,B) be a double construction of Connes cocycle. Then there
exists a compatible anti-associative dendriform algebra structure =, < on T(A) defined by equation
(4.1). Moreover, A and A* are anti-associative dendriform subalgebras with this product.

Proof. The first half follows from Theorem[.2] Let z,y € A. Set x > y = a+b*, where a € A, b* € A*.
Since A is an anti-associative subalgebra of T'(A) and

B(A,A) = B(A*,A") =0, (4.2)
we have B(b*, A*) = 0 and

B(b*, A) = B(w%y—aA)! B(z >y, A )! (y,A*m)!

Therefore b* = 0 due to the nondependence of B. Hence = > y = a € A. Similarly, z < y € A. Thus
A is an anti-associative dendriform subalgebra of T(A) with the product >, <. By symmetry of A
and A*, A* is also an anti-associative dendriform subalgebra. O

Definition 4.4. Let (T'(A;) = A; 1 A7, By) and (T'(As2) = Ay 1 A3, Bs) be two double constructions
of Connes cocycles. They are isomorphic if there exists an isomorphism of anti-associative algebras
¢ : T(A;) — T(A,) satisfying the following conditions:

¢(A1) = A27 (ZJ(AT) = A;? Bl(xvy) = ¢*82(x7y) = BQ((b(x)?qs(y))? V.’L‘,y € A (43)

Proposition 4.5. Two double constructions of Connes cocycles (T(A;) = Ay > A, By) and
(T(A2) = Ay 1 A%, Bs) are isomorphic if and only if there exists an anti-associative dendriform
algebra isomorphism ¢ : T(A;) — T(As) satisfying Eq. (4.3), where the anti-associative dendriform
algebra structures on T(A;) and T(As) are given by Eq. (4.1) respectively.

Proof. 1t is straightforward. O
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5. ISOMORPHISM CLASSES OF TWO DIMENSIONAL ANTI-ASSOCIATIVE DENDRIFORM ALGEBRAS

In this section, we classify two-dimensional anti-associative dendriform algebras. Moreover, we
introduce the annihilator of anti-associative dendriform algebras and demonstrate its role in the con-
struction of new algebras from old ones.

Proposition 5.1. Let (A, =, <) be an anti-associative dendriform algebra. If one of the binary oper-
ations >, < in A vanishes, then with respect to the second one, the algebra A is anti-associative.

Proof. 1t is straightforward. O

Definition 5.2. An anti-associative dendriform algebra (A, >, <) is 2-nilpotent if (x *;, y) *
x %y, (y*i, 2) = 0 for all *;,, %, %;,,%;, € {=,=<}and z,y,2 € A.

in & =

Proposition 5.3. Let (A, =, <) be an anti-associative dendriform algebra satisfying x = y+x <y =0
for all z,y € A. Then (A, =, <) is a 2-nilpotent algebra.

Proof. Let x,y,z € A. Then, we obtain

B
o)

r=(y=2) = —(x>=y+ax <y =2z=0,

©
IR

(r<y)<z —z<(y=z+y=<z2 =0,

Using these results we can get

r<y=z2)=x<(y=z2)+x>(y>z2) =0,
(x<y)-z=(x<y)=2z+@<y)<z=0.

Furthermore, we have

(x=y)=z=(x>y)=z+(@<y)=z=(>y+z<y)=z2=0,
r<y=<z)=z<(y<z)+x<y=-z2z)=x<y<z+y=z2) =0,
(x=y)<z=(x=y)<z+(@x>y) =2=0,

) & (

- (y<=z x>-y)<z=0.

O

Now, we classify anti-associative dendriform algebra structures on 2-dimensional complex vector
space.

Theorem 5.4. Any non-trivial two-dimensional anti-associative dendriform algebra can be included
in one of the following classes of algebras:

Rhl . e < e =e

Rhy[A]: e1 =€ =€z, g <€ = Aea, A€C.

Proof. Let A be a two dimensional anti-associative dendriform algebra. Set

€; = €j =161 1 Qyjz€a,
e; < ej =Bij1e1 + Bijeea, 1<4,5 <2

Now we define e; xe; = e; > e; +e; < e;. Then by Theorem the algebra (A4, *) is anti-associative.
As given in Examples in [8], there are only two non-isomorphic anti-associative algebras i.e. abelian
algebra A; and the algebra A, with non-zero multiplication e; * e; = e,.

Let the algebra (A, x*) be the algebra A,. Assume that (A, >, <) is a compatible anti-associative
dendriform algebra structure on (A4, -). Set o = uj1, Bij = ujo, 1 < 1,5 <2

Then we have

e1 < €1 = ey —ae; — fBriey, €1 < ey = —aae; — Praey,
ey < €1 = —1e1 — Ba1€3, €3 < €y = —Qip2e1 — [Bz€s.
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Case g # 0. By considering Egs. (2.3) and (2.4) for the triple {es, es,e2} we obtain ap; =

— B9, (13 = — 399, respectively.

Comparing the coefficients of the basis e; on the considering Egs. and for the triple
{e1,e1,€1} we obtain By = 0.

Again, considering Eq. for the triple {ej,e1,e2} we get agy = 0 which is a contradiction.
Hence, there is no such a case.

Case ay; = 0. By considering Eq. for the triples {es, €2,€1}, {€2,€2,e2} and Eq. for the
triple {ey, s, €5} we obtain ag; = 0, S22 = 0, a5 = 0, respectively.

Again by considering Eq. for the triples {e;,e5,e1}, {e1,e1,ex} and Eq. for the triple
{ea,€1,€1} we obtain ay; = 0,512 = 0,021 = 0, respectively. Then we have the anti-associative
dendriform algebra with non-zero products given by

€1 >~ €1 = yes
ep <e;=(1—7)ey

Then, if v = 0 we obtain
Rh(A);: e < e = eq,

if v # 0 by the basis change €| = e, 5, = ye, we obtain
Rh(A)Q[)\] N €1 > €] =€z, €1 €1 = )\82, A E (C7 A # —1.

Let the algebra (A, %) be abelian algebra A;. Then by Proposition the anti-associative dendri-
form algebra (A, >, <) associated to the abelian anti-associative algebra is 2-nilpotent. Thus we have
(x =y)»=z=uax> (y > z) =0 which implies that (A, >) is an anti-associative 2-nilpotent algebra.
Since all 2-dimensional anti-associative algebras are 2-nilpotent, we get Rhy[—1].

It is possible to consider the multiplication < as above. However, it is not difficult to show that the
constructed algebras are isomorphic. This finishes the proof. O

Definition 5.5. The following sets are called the annihilator of anti-associative and anti-associative
dendriform algebras, respectively:

Annga(A)={z €A |xzxy=yxx =0, Yy € A},

Amngap(A)={zcA|lz-y=ax<y=y=-z=y<z=0, Vyec A}.

An ideal I of an anti-associative dendriform algebra A is a subalgebra of the algebra A that satisfies
the conditions:

-y, z<y, y=x, y<axecl, forany x€ A yel.

It is obvious that the annihilator of an arbitrary anti-associative dendriform algebra is an ideal.
Now we prove the following Proposition which is a useful tool to construct higher dimensional
anti-associative dendriform algebras.

Proposition 5.6. Let (A, x) be an anti-associative algebra and let (A, >, <) be a compatible anti-
associative dendriform algebra structure on (A,x). If the annihilator (Annaas(A),*) of (A, x) is the
annihilator (Annaasp(A), =, <) of (A, =, <), then the quotient (A/Annsasp(A), >, <) is a compatible
anti-associative dendriform algebra structure on (A/Annpags(A), ).

Proof. The Proposition can be described as follows

(A, - _<) THRY=x=Yy+r<y (147 *)

i:erAnnAAdD(A)l J{i’:erAnnAAS(A)

(A/Annpap(A), -, <) (A/Annpas(A), *)
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To show that (Annaasp(A), >, <) is a compatible anti-associative dendriform algebra structure on
(A/Annpag(A), %), it is sufficient to show Z+y = T * y. The structure is given by Zxy =& = y+Z < .
Indeed,

T*xy = T>=Y+r <y
= (x4 Annaasp(A)) = (v + Annaasp(A)) + (x + Annpagp(A)) < (y + Annpasp(A))
= (x>=y+z<y)+ Annps(A) =X*y.

In the following example, we show an application of Proposition [5.6

Example 5.7. Let (A,*) be an anti-associative algebra with non-zero multiplications: e; x ey =
—eg x e; = e3. Then (e3) is the annihilator of the algebra A. Assume ({(e3), <,>) is the annihilator
of a three-dimensional anti-associative dendriform algebra (A, <,>) and (A/(es), <, =) is the algebra
Rhsy[—1]. Then, according to Proposition we can write

€1~ €1 =eg+ €3, €1 > ey = (0iz€3, €y > €1 = (3€3, €9 > €9 = (yu€3
e1 <ep=—ey—aqes, e <ex=(l—ag)es, e <e;=—(14+az)es, ey <ey=—ayes.

Using Eqs (2.3))-(2.5)) for the triples {ey, e1, e} and {es, €1, €1} we obtain ap = oy = 0,3 = —1. Now
we consider the basis change e, = es + ae3. Then we obtain the algebra

e = e = €9, €y = €] = —es, e <e; = —€9g, e < ey = e3.
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