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Geometry of orbits of Hamiltonian vector fields
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Abstract. Hamilton systems play a fundamental role in mechanics and mathematics, which usually
generated by Hamiltonian vector fields. The geometry and topology of vector field orbits is not only
an important branch of modern geometry, but also has important applications in many fields of
science and engineering. This article studies the geometric characteristics of the leaves of the foliation
generated by the orbits of Hamiltonian vector fields.
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1. INTRODUCTION

Let M be a smooth Riemannian manifold of dimension n with the Riemannian metric g, V is the
Levi-Civita connection, < -,- > is inner product defined by the Riemannian metric g.

We denote by V(M) the set of all smooth vector fields defined on M, through [X, Y] Lie bracket of
vector fields X,Y € V(M). The set V(M) is a Lie algebra with Lie bracket.

Let’s consider some set D C V(M ), which contains finite or infinite number of smooth vector fields.
For a point x € M through ¢ — X*(x) we will denote the integral curve of a vector field X passing
through a point x at ¢ = 0. Map t — X'(x) is defined in some domain I(z) C R, which generally
depends on field X and point x.

Definition 1.1. The orbit L(z) of a system D of vector fields through a point x is the set of points
y in M such that there exist ¢, 1o, ..., t; € R and vector fields X, X, ..., X} € D such that

y = X (X (X0 (@),
where k is an arbitrary positive integer.

There exist many papers devoted to topology and geometry of orbits |1],[2],]3],[4].

In this paper we study the geometry of orbits of Hamiltonian vector fields.

Let us recall a notion of Hamiltonian vector field. In order to define notion of Hamiltonian vector
field we need to define Poisson bracket of functions.

Definition 1.2. A Poisson bracket on a smooth manifold M is an operation that assigns a smooth
real-valued function {F, H} on M to each pair F, H of smooth, real-valued functions, with the basic
properties:
(a) Bilineality:
{AF + uP, H} = \{F, H} + p{P, H},

{F,AH +pP} = MF H} + p{F, P}, A, p € R;

(b) Skew-Symmetry:
{F.H} = —{H,F};

(c)Jacobi Identity:
{{F’H}7P}+{{PaF}7H}+{{H’P}’F} =0;

(c)Leibniz” Rule:
(F,H-P}={F,H}-P+H-{F P

(Here - denotes the ordinary multiplication of real-valued functions.)
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A manifold M with a Poisson bracket is called a Poisson manifold, the bracket defining a Poisson
structure on M The notion of a Poisson manifold is slightly more general than that of a simplistic
manifold, or manifold with Hamiltonian structure; in particular, the underlying manifold M need not
be even-dimensional. This is borne out by the standard examples from classical mechanics.

Let M be the Euclidean space R™, with coordinates

(p7Q7 Z) = (pla "'7pn7 qla ceey qn7 Zl, ceey zl)7

where m = 2n + [.
If F(p,q,z) and H(p,q, z) are smooth functions, we define their Poisson bracket to be the function:

" (OFOH OF 0H
te = ; <3qi op' o’ 8qi> '

This bracket is clearly bilinear and skew-symmetric; the verifications of the Jacobi identity and the
Leibniz rule are simple exercises. We note the particular bracket identities:

', =0,{¢. ¢} =0, {p'.¢} =6,

{p', 2"} = {¢', 2"} = {z!, 2"} = 0.

in which ¢ and j run from 1 to n, when ¢ and k run from 1 to [. Here 5; is the Kronecker symbol,
which is 1 if ¢ = j and 0 otherwise.

Definition 1.3. Let M be a Poisson manifold and H : M — R a smooth function. The Hamiltonian
vector field associated with H is the unique smooth vector field sgradH on M satisfying

sgradH(F)={F,H} = —{H,F}

for every smooth function F : M — R.

The equations governing the flow of sgradH are referred to as Hamilton’s equations for the Hamil-
tonian function H.

In the case of the canonical Poisson bracket on R™ (m = 2n + [), the Hamiltonian vector field to
any H(p,q, z), as clearly, corresponds

"“. (OH 0O OH 0
H = —
sgrod ; (817" o¢"  Oq' 3191')

The corresponding flow is obtained by integrating the system of ordinary differential equations

dp' ~ OH dq O0H

- : L i=1,..
dt dq'’ dt  Op'’ T e
dz!
—=0,1=1,..,L
dt 07 ) )

There is a fundamental connection between the Poisson bracket of two functions and the Lie bracket of
their associated Hamiltonian vector fields, which forms the basis of much of the theory of Hamiltonian
systems. It is well known following theorem [5):

Theorem 1.4. Let M be a Poisson manifold and {F,H} : M — R are smooth functions with
corresponding Hamiltonian vector fields sgradl, sgradH. The Hamiltonian vector field associated with
the Poisson bracket of F' and H is, up to sign, the Lie bracket of the two Hamiltonian vector fields:

sgrad{F,H} = [sgradH, sgardF.



Geometry of orbits of Hamiltonian vector fields 169

The Hamiltonian vector field associated with H (z) has the form

n n ; ) aH a
sgradH = Z (Z{x , ZM@xZ) .

i=1 \j=1

Let F(x) be a second smooth function. We obtain the basic formula

N~ ;, i OF0H
= o ]

i=1 j=1

for the Poisson bracket.

This basic brackets AY(z) = {x*,27} i,j = 1,...,m are called the structure functions of the Poisson
manifold M with respect to the given local coordinates.

A skew-symmetric m x m matrix A(z) = {AY(z)} called the structure matriz of M. If the Poisson
bracket is non-degenerate ( det(A”) # 0 everywhere on M ), then the Poisson manifold is called a
symplectic manifold. The symplectic structure in this case has the form w = A;;dz’ A da/ where A;;
are components of the matrix inverse to (A).

2. MAIN PART

I.Let us consider functions Hy, H, : R* — R on the Euclidean four dimensional space R* with
cartezian coordinates pq, pa, q1, g2 which are given by the formulas

1
H, = 5(19? +p5+4q; +43)

1
Hy=—(pi+ps— G + ).

2
The Hamiltonian vector fields corresponding to H, and H, have following forms:
0 0 0 0 0 0 0 0
dH, = —qh=— — Qo7 — —, dHy = 1 — — G2 — — —. 2.1
sgradily = —aig 5 =45 5 + p1 g + p2 ggz Itz = a1 T~ 5 + D1 g + p2 0 (2.1)

Theorem 2.1. The orbits of vector fields (2.1) generate singular foliation regular leaf of which is
three dimensional surface with zero Gauss curvature.

Proof. We need invariant function from conditions
sgradH,(F) = 0, sgradHy(F) =0 (2.2)

and we get the function F(p1,ps,q1,q2) = p3 + ¢3 is a invariant function. For the Puasson bracket of
functions H; va H, we have

{H17H2} =2p1qa-
From theorem 2.1 it follows that

0 0
[sgradH,, sgradH,| = sgrad{H,, Hy} = _2p187pl + 2(1187(11

If we denote by Hj the function {H;, H,} then we have
sgradHs = [sgradHo, sgradH,|.

And also we have sgradHs(F') = 0. It follows from [6],[5] vector fields sgradH,, sgradH,, sgradHz are
tangent vector fields for every orbit of the system D. Let denote by A(D) minimal Lie subalgebra of
the algebra V(R*) containing the set D, and define subspace

A, (D) ={X(x): X € A(D)},z = (p1,p2,q1,¢2) € R*}
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of tangent space at the point x = (p1, ps, 1, g2). It is known, that
dimA,(D) ={X(z): X € A(D)} > dimL(x)
where L(z) is a orbit containing z [7]. If p? 4+ ¢ > 0 and p3 + ¢3 > 0 then

dimA,(D) = dimL(x) = 3.

It follows from here in this case the orbit L(x) is three dimensional surface.

Let us consider connected component ® of the surface defined by equation p3 + ¢3 = c¢. Then if
x € ® the orbit L(z) is a open subset of the surface ®. Since the different orbits do not intersect and
the set ® is connected, we obtain that L(z) = ®.

Let us ® parameterize the by following equations

pL=1u
po = +/ccos s
@ =v
g2 = +/csins

or by vector equation
r =r(u,v,s) = {u, /ccoss, v, \/csin s}.

We find matrixs of first and second quatric forms:

1 0 0
A=10 1 0
0 0 c
and
0 0 0
B=10 0 0
0 0 —ec

In order to find principal curvatures we have following equation det|B — AA| = 0. We have following
values of principal curvatures

)\1:0,)\2:0,A3:—

Sl-

and Gauss curvature A\; - Ay - A3 = 0.

Following sets are singular leaves:

L, ={0,0,0,0}— zero dimensional orbit;

Ly ={(0,p2,0,q2) : p5+ ¢35 =c, c>0}— one dimensional orbit.

We also have following leaf: Lz = {(p1,0,q:,0) : p? + ¢? > 0}— two dimensional plane (py, ¢;) with-
out the point (0,0).

II.Now let us consider functions

Hy = piqi + p2qo

Hy; = p1g2 + p2qa
and hamiltonian vector fields
0 0 0 0 0 0 0 0
597”(“[[{1:—201(9 I p28 +Q18 +(J2a 5+ sgradHs = p20p plap ‘|‘C]2(9 ‘|'Q18 ;- (2.3)

Theorem 2.2. The orbits of vector fields (2.3) generate singular foliation regular leaf of which is two
dimensional surface zero Gauss curvature and zero Gauss torsion.
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Proof. From the equality {H;, Hy} = 0 we get
[sgradHs, sgradH,] = 0.
From the following conditions
sgradH,(Fy) = 0, sgradH,(Fy) = 0, sgradH,(Fy) =0, sgradHy(Fy) =0
we find following invariant functions
Fi(p1,p2: q1,92) = p1G2 + p2q1, Fo(p1, P2, 415 ¢2) = P1an + pago.
Let us consider connected component ® of the surface defined by equation

{p1QQ +p2qi =c¢1,¢1 #0
P1G1 + Paga = C2,c2 # 0

If x € ® then
dimA,(D) = dimL(x) = 2.

It follows from here in this case the orbit L(x) is two dimensional surface. Since the surface ® is also
two-dimensional, the orbit L(z) is an open subset of the surface ®. Since the different orbits do not
intersect and the set ® is connected, we obtain that L(z) = ®.

We parameterize this surface by following equations

pP1r=1u
P2 =0
CoU — C1U
NG =55 (2.4)
V4 — U
C1UV — CU
Qo= ——
v2 — u?

or in vector form
CoU — C1U C1U — CUu

r=r(u,v) = {u, v, }.

'U2—u2 ’ ,UQ_UZ

Using this equations we find coefficients of first quadric form

(2 + c2)(u* + 6uv? 4+ v*) — 8cycouv(u? + v?)

=1
gu + (v2 — u2)4
a4 6utv® +0t) — 2(cf + B)uv(u® + 0v?)
912 = g21 = (0% — u2)
14 (3 4 ) (u* + 6u*v? + v*) — 8¢y couv(u? + v?)
G22 = (02 —w2)t )

we use denotation cicy = ¢, ¢? 4+ ¢3 = ¢ and also we find normal vectors

— —(c1 +¢) —(c1 +¢)
! V2(e1 F )2+ 2(u+v)* \/2(c1 + ¢2)2 + 2(u + v)*

(u+v)? (u+v)?
V2(cr )2+ 2(u+v)4 \/2(c1 + ¢2)2 + 2(u + v)*

€1 —C C2— C
Ny = 5 )
? V2(e1 — )2 +2(v —u)* /2(e; — ¢2)2 + 2(v — u)?




172 Narmanov A., Parmonov H.

(v —w)? —(v—u) }
V2(er — )2+ 2(v —w)* \/2(c; — ¢3) + 2(v — u)?

Now we find two second quadric forms

IIl = bijduiduj, IIQ = cijduiduj,

where
V2(cr + ¢3)
bll - le - b22 -
(u+v)y/(c1 + )+ (u+v)?
and
_ _ _ ﬂ(@ - 01)
C11 = —Ci2 = Co2 =

(- u)p/(e -l + )

Let us recall some notions on the geometry of two dimensional submanifolds of four dimensional
Euclidean space [8],[9],[10], [11],[12].

Through a point xy € F™ in some tangent direction 7 we draw a curve v lying on F". Let s be the
length of the arc on . Consider the curvature vector k of the curve v: k = rs,. The normal curvature
vector ky of a surface F, in the direction 7 at a point z, is called the projection of the curvature
vector k of a curve  onto the normal space N, .

Let

ut = wi(s),
1 =1,...,n,— be the equation of v. Then

dido
ds ds “ds?

The projection of the vector k£ onto the normal space N, has the form

Tss = Tyiyd

p p

ky = Z(kna)na = Z(rssna)n,,.

o=1 o=1

Using the expression for r,,, we can write

b = 2 (rutwrme) o 7

o=1

& du® du? P oII°
U ungzz Ng
=1

It follows from here normal curvature vector does not depend from curve ~, it depends only from
directionr.

The indicatriz of the normal curvature of a submanifold at a point z, is the set of points IV, of
the endpoints of the normal curvature vectors ky(7), taken for each tangent direction 7 and plotted
from the point xg.

The indicatrix of the normal curvature is an ellips. Let us denote by a,b the half axis of the
indicatriz of the normal curvature. We define the Gaussian torsion yg of a two-dimensional surface
in four-dimensional space as

oa = 2ab.

The Gaussian torsion of two dimensional surface F' in R* is a function that assigns a value to each
point of the surface, calculated by the following formula

_ <n17un2v> - <n2u,nlv>
V1192 — G2

In our case, the normal vectors n;,ny are non- constant vectors.

Let F? C R* be a 2-dimensional smooth surface embedded in 4-dimensional Euclidean space. At
each point p € F, the tangent space T,F' is 2-dimensional, and the normal space N,F' is also 2-
dimensional.
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Let {ny,n2} be an orthonormal basis of the normal space N,F. For each normal vector n;, we can
define: the second fundamental form h™.
Then the Gaussian curvature K (p) of the surface F' at the point p is given by:

K(p) = det(h™) + det(h"?)

where: hA™ is the matrix of the second fundamental form in the direction of n,. It follows Gaussian
curvature of two dimensional surface F' is given by the formula

K o b11bay — b%g C11C22 — C%g
(p) - 2 5
911922 — 9i2 911922 — 912

Calculations with formulas gives that
K(p) =0,0c =0.

Remark: Unlike the case in R?, where the Gaussian curvature is an intrinsic invariant depending
only on the metric of the surface, in R* the Gaussian curvature also depends on the extrinsic geometry
that is, on how the surface is embedded into the ambient space.
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