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Abstract. In this paper, we introduce and investigate a natural extension of the notion of hypo-EP
elements previously defined in the framework of C*-algebras to the broader context of rings with
involution. We provide several equivalent characterizations, factorization properties, and study the
behavior of these elements under addition and multiplication. Examples and counterexamples are also
given to illustrate the scope of the theory.
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1. INTRODUCTION

Let R be an associative ring with unity 1. An involution a — a* in R is an anti-isomorphism of
degree 2, that is, (a*)* = a, (a +b)* = a* +b*, (ab)* = b*a*, for all a, b € R.
The Moore-Penrose inverse a' of a € R is defined as the unique solution of the following four
equations:
aa'a = a, a'aa' = a', (aa")* = ad', (a'a)* = d'a.

There is at most one a' such that the above conditions hold (see [1]). The set of all Moore-Penrose
invertible elements of R will be denoted by RT.
Let a € R. It can be shown that the set of elements z € R satisfying the conditions

axa=a, xar=wx, and ax =zxa

is either empty or contains exactly one element. If the set contains a single element, this element is
called the group inverse of a and is denoted by a*. The set of all group invertible elements will be
denoted by R*.

An element b € R is *-cancellable if for all z € R,

b'bx =0 = br =0 and xbb*=0 = xb=0. (1.1)

Applying the involution to , we observe that b is *-cancellable if and only if b* is *-cancellable.
In C*-algebras all elements are *-cancellable. It is demonstrated in [2] that a € R' if and only if a is
*_cancellable and a*a is group invertible.

We will also use the following notations: aR = {ax : * € R}, Ra = {za: x € R}, °a = {zv € R :
za = 0} and a®° = {r € R : ar = 0}. The usual notation for the commutator of a and b is used:
[a,b] = ab — ba.

An element a € R is said to be an EP element if a € R N R# and a' = a* [2]. The set of all EP
elements will be denoted by (EP). Mosi¢ et al. [3, Theorem 2.1] gave several equivalent conditions for
an element in R to be an EP element. Patricio and Puystjens in |4, Proposition 2] proved that for a
Moore-Penrose invertible element a € R, a € (EP) if and only if aR = a*R. As for a Moore-Penrose
invertible element a € R, a € (EP) if and only if [a,a'] = 0, thus we deduce that [a,a’] = 0 if and
only if aR = a*R. In [5, Theorem 3.1], Raki¢ et al. investigated some other equivalent conditions. We
observe that a is EP if and only if a* is EP.

The concept of hypo-EP operators was originally introduced in the setting of bounded linear op-
erators on Hilbert spaces (see |6 |7, 8, 9]), and was later extended to elements in C*-algebras by S.
Veeramani in [10] as follows: An element a in a C*-algebra A is said to be a hypo-EP element if
a is regular (i.e., there exists x € A such that ara = a) and aA C a*A. It is therefore natural to
explore a further generalization of this notion within the broader and purely algebraic framework of
rings with involution. Such a generalization not only enables the transfer of several known results
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into ring theory, but also opens up new directions for the study of generalized inverses in algebraic
structures. Motivated by this perspective, the present work introduces and investigates the class of
hypo-EP elements in rings with involution, provides several equivalent characterizations, and examines
their behavior under algebraic operations such as sums and products. This study represents a first
step toward a more complete theory of hypo-EP elements in rings.

2. Hyro-EP ELEMENTS

The class of hypo-EP operators in Hilbert spaces and hypo-EP elements in C*-algebras in the
presence of an involution is naturally extended to rings with involution. Furthermore, we can define
hypo-EP elements in a ring with involution using the definition of hypo-EP in C*-algebras as follows:

Definition 2.1. An element a of a ring R with involution * is said to be hypo-EP if a € R and
aR C a*R.

It is clear that if @ and a* are hypo-EP, then a is EP, and the same holds if @ and a' are hypo-EP.
Moreover, it is easily seen that every left invertible element is hypo-EP. In the setting of complex
matrices, If A is hypo-EP, then A is EP, because R(A) C R(A*) and rank(A) = rank(A*) imply
R(A) = R(A*). Thus, in the matrix case, hypo-EP coincides with EP. The following example shows
that in a general ring with involution, a hypo-EP element need not be EP.

Example 2.1. Let R denote the ring of all bi-finite real matrices (i.e., matrices that are both row-
finite and column-finite) with the transpose acting as involution. Let e, ; be the matrix in R that has
1 in the (4, j)-position and 0 elsewhere. Define a = Y ;= €;+1; and b = a*. Then, we have:

ab = iem, ba =1
i=2

Thus, a' = b, and it is straightforward to verify that b? is not left-invertible and that a is not EP
(since ab # ba).

This example also demonstrates that the equality aR = a*R in the equivalence (a € (EP)) < (a €
R, aR = a*R) cannot be substituted by the inclusions aR C a*R or a*R C aR.

Since every self-adjoint element in R' is hypo-EP, we then have the following result:
Proposition 2.1. Let a € R be a self-adjoint element and let b € R such that b*ab € RT; then b*ab is
hypo-EP.
Before characterizing hypo-EP elements, we recall some fundamental properties of the Moore-
Penrose inverse in rings, which will be used throughout the paper.
Lemma 2.1. Let a € R'. We have
(1) a'R=a'aR = a*R = a*aR;
(2) aa'R = a*"a*R = a*'R = aR;
(3) (aa*)? = (a*)° = (a’)%;
(4) (1 —a'a)R=a° and (1 —aa")R = (a*)°.
Proof: (1) Tt is clear because a* = a'aa* = a*aa’ and a' = afaal.
(2) We have aa'R = (aa')*R = a*Ta*R. From (1), we obtain aa'R = a*'a*R = a*'R = aR.
(3) Since a*aa’ = a*, it follows that if afz = 0, then a*z = 0. Hence, we obtain (a')° C (a*)°. Now,
let z € (a*)°, so that a*z = 0. Multiplying on the left by afa*f, we get
a'la*’a*r = a'(aa’)*r = a'z = 0.

Thus, (a*)° = (a')°.

Next, we show that (aa*)° = (a*)°. It is clear that (a*)° C (aa*)°. Now, let z € (aa*)°, so that
a*x = ataa*r = 0. Thus, (aa*)° C (a*)°.

Therefore, we conclude that (aa*)° = (a*)° = (a')°.

(4) As a((1 — a'a)y) = 0, we have (1 — a'a)y € a°. Conversely, if ax = 0, then (1 — a'a)x = x which
implies z € (1 — a'a)R. In the same manner, we show that (1 —aa’)R = (a*)°. O
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The following theorem provides several equivalent conditions for an element to be hypo-EP. These
characterizations will serve as the foundation for the rest of our study.

Theorem 2.1. Let a € R'. The following conditions are equivalent:
(i) a is hypo-EP;
(i) aR C d'R;
(iii) [a,a’a] = 0;
(iv) [a*,ata] = 0;
(v) a® C (ah)° = (a)°;
(vi) [a',a’a] = 0;
(vii) aa’ = a(a®)?a
(viii) (a'a)° C (aaT)
(ix) [a'a, (a+a")] =0;
(x) aa’ = a'a?al.

Proof: (i) <= (ii) It is clear by a*R = a'R.
(ii) = (iii) Suppose aR C a'R; then a = a'b for some b € R. We get

a—a'a® =a'b—a'taa’d = 0.

Hence a = a'a®.
(iii) = (iv) Suppose a = a'a?®. By the definition of the Moore-Penrose invertibility of a, we have

a* = ((a'a)a)* = a*(a’a)* = a*a'a.
iv) = (v) Assume a* = a*a'a. If y € a°, then a*y = a*a’ay = 0. Hence y € (a*)° = (a')°. Thus
)o

(v) = (vi) Suppose that a° C (a*)°. By Lemma [2.1] (4), we have (1 —afa)R C (1 — aa")R. Thus
(1 —a'a) = (1 — aa®)b for some b € R. Multiplying on the left by af, we get

S
[e]
N
—~
S]
i

a' = (a")?a.

(vi) => (ii) Assume that a! = (a')?a. We have (a!)* = afa(a!)* and by Lemma [2.12), (a!)*R = aR,
so we get aR C a'R.

(vi) <= (vii) Obvious.

(vil) = (viii) Suppose aa’ = a(a')?a. Let z € (a'a); then a’ax = 0. Multiplying on the left by aal,
we get aa’a’az = 0. Thus by hypothesis = € (aa')°.

(viii) = (v) Suppose (a'a)® C (aa’)°. Let y € a°; then a'ay = 0. By hypothesis aa’y = 0.
Multiplying on the left by af, we get a’y = 0. Hence y € (a')°.

(ix) = (vii) Assume (a'a)(a + a') = (a + a')(a'a); then a'a® + a' = a + (a')?a. Multiplying on the
left by a, we get a® + aa’ = a® + a(a')?a. Therefore,

aa’ = a(a')?a.
(iii) = (ix) By the equivalence of (iii) and (vi) we have
fa(a+a') =a'a® +a' = a+ (a")’a = (a + a")a'a
From the last two equations, we get the desired result.
(x) = (iii) Right-multiply the assumption aa’ = a'a?a’ by a to obtain a = a'a?.
(ili) = (x) Obvious. O

Using the characterizations above and the theorems in [11], we now relate the class of hypo-EP
elements to the well-known class of EP elements.
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Corollary 2.1. Let a € R'. Then the following are equivalent:
(i) a is EP;
(ii) a is hypo-EP and aR = o*R;
(iii) a is hypo-EP and a is group invertible;
(iv) a' is hypo-EP and Ra = Ra?
(v) Ra C Ra' and Ra = Ra?
(vi) Ra C Ra* and Ra = Ra?.

In the following proposition we give some conditions for a hypo-EP element to be EP. This result
is proved for operators in [12].

Proposition 2.2. Let a € R be a hypo-EP element. If a satisfies one of the following statements,
(i) [aa’,a+a'] =0;
(ii) [aa’,a+ a*] = 0;
(iii) [a,aa’] =0,

then a is an EP element.
Proof: (i) It suffices to show that a' is hypo-EP. We have
0=laa",a+a'] =a+a(a")? —a’a’ —a.

Multiplying on the right by a, we get
a'a = a(a")?a.

Thus, according to Theorem (X), a' is hypo-EP, which implies that a* is also hypo-EP. Therefore,
a is EP.
(ii) As before,

0=[aa’,a+a*] = a+aa'a” —a’a’ — a”.
Multiplying on the left by aa', we get a = a?a’ and by Theorem (Vi), a' is hypo-EP. We conclude
that a is EP.
(iii) Again we have 0 = [a,aa'] = a®a’ — a, and by Theorem [2.1vi) we derive that a is EP. O

Remark 2.1. Proposition can be seen as an analogue of the fact that for EP elements, the
Moore-Penrose inverse and the group inverse coincide. Here, additional commutation conditions force
a hypo-EP element to be EP.

For EP elements, the projection p = 1 — aa' satisfies pa = 0 and p + a is invertible (see [13]). The
following proposition extends this characterization to hypo-EP elements.

Proposition 2.3. Let a € R be a hypo-EP element. Then the projection p =1 — aa' satisfies pa = 0
and p + a is left-invertible.

Proof: Let a be a hypo-EP element and set p = 1 — aa’. Then p?> = p and pa = 0. We prove that
p + a is left-invertible.
Compute
(a(a")? +p)(p + a) = a(a")?p + a(a’)*a + p.
Since
a(a')?p = a(a")?*(1 — aa’) = a(a")? — a(a’)?aa’ = 0,
it follows that
(a(a")* +p)(p + a) = a(a’)*a +p.
By Theorem [2.1|vii), aa' = a(at)?a, and hence

(a(a")*+p)(p+a) =aa’ + (1 —aa’) = 1.

Therefore, a(a')? + p is a left inverse of p + a. 0O
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3. FACTORIZATIONS OF HYPO-EP ELEMENTS

Factorizations of hypo-EP elements provide useful structural insights and extend results already
established in the setting of C*-algebras (see |14} (15, [10]). They highlight connections with projection
techniques and offer algebraic characterizations that remain valid in rings with involution.

Theorem 3.1. Let a € R'. The following statements are equivalent:
(i) a is hypo-EP;

(ii) 3by € R such that a = a*by;

(iii) by € R such that a' = bya;

(iv) 3¢1 € R such that aa* = cya;

(v) Jbs,u € R such that (b3)° C ((b3)*)°, u® = {0} and a = ubsu*;

(vi) Fby,co,u,v,w € R such that (by)° C (¢2)°, u® =v° = {0} and a = ubyw = w*cyv*;

(vii) 3bs,c3,ur,v1, w1 € R such that (b5)° C (c3)°, (u1)® = (v1)° = {0}, and a*a = uibswy,
aa® = viC3wy;

(viii) Fbg, cy, Uz, vo,wy € R such that (bs)° C (c4)°, (u2)® = (v2)° = {0}, and a = usbsws, a' =
Vg CqWs.

Proof: (i) = (ii) Since aR C a*R, we have a € a*R. Thus we get the desired result.
(ii) = (iii) Assume there exists b; € R such that a = a*b;, which implies a* = (b;)*a. Consequently,
we obtain

a' = a'(aa")* = da'(a')*a* = boa,

where by = a'(a®)*(by)*.
(iii) = (i) Assume a' = bya. Let y € a°. Then

aly =0.

This implies y € (af)°. Since (a')° = (a*)°, it follows that a® C (a*)°. Therefore, by Theorem [2.1]v),
a is hypo-EP.
(i) = (iv) Let a = a*b;. Thus a* = (b})a. Now we have

aa® = a(b])a = ¢a,

where ¢; = abj.
(iv) = (i) Suppose aa* = cja for some ¢; € R. Let x € a°; then

aa*xz = 0.

Hence = € (aa*)°. By Lemma [2.13) and Theorem [2.1[v), a is hypo-EP.

(i) = (v) By Theorem [2.1|(v), it is enough to choose b3 = a and u = 1.

(v) = (vi) Assume a = ubzu* with b3, u € R such that (b3)° C ((b3)*)° and u° = 0. Let w = u* and
by = b3, so a = ubyu. We observe that

a=(w) (b)) .

Now set w = u*, v = u, and ¢y = (by)*. Then a = w*c;v*. Since (by)° C ((by)*)° and u® = 0, it follows
that (bs)° C (¢2)° and v° = 0.
(vi) => (i) By Theorem [2.1|(v), it is sufficient to prove a® C (a*)°. Let € a°, meaning ubswz = 0.
Since u® = 0, we have bywx = 0, so wx € (by)°. Since (bs)° C (c2)°, we deduce cowz = 0, which
further leads to veavz = 0. Consequently a*zx = 0, so x € (a*)°.
(vil) = (i) Assume a*a = u1bsw; and aa* = vczw, for some bs, c3,u;,v; € R such that (b5)° C (c3)°
and (u1)° = (v1)° = 0. We show a° C (a*)°. Let y € a°; then a*ay = 0. Substituting the given
factorization,

u1bswy = 0.
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Thus wy € (bs)°, and since (b5)° C (c3)°, we get czwyy = 0. Then w1y € (¢3)°, and v czwy = 0 implies
y € (aa*)°. By Lemma [2.1(3) and Theorem [2.1|(v), the desired result holds.

(i) = (vii) By Lemma [2.1{3) and Theorem [2.1v), choose w = 1, v; = 1, uy = 1, bs = a*a and
c3 = aa®.

(viii) = (i) Assume a = usbsw, and a' = vycqw, for some b, 4, Us, Ug, wy € R such that (b)° C (c4)°
and (u2)® = (v2)° = 0. Let & € a°. Then uybgwox = 0, so wox € (bg)° and since (bg)° C (¢4)°, we have
cqwow = 0. Hence a'z = vocywoz = 0, so x € (a*)°. By Theorem [2.1{(v), the required result holds.

(i) = (viil) Choose uz = 1, v = 1, wy = 1, bg = a, and ¢; = a'. By Theorem (v), the desired
result follows. O

4. SUM OF HYPO-EP ELEMENTS

In general, the sum of two hypo-EP elements is not necessarily hypo-EP. The following example
shows that a + b is not necessarily hypo-EP even though a and b are hypo-EP.

Example 4.1. Let R be the ring of all complex 2 x 2 matrices. Consider

o=(01) »=(0 )

a and b are invertible, hence they are hypo-EP. However, a + b =

(a4 b)*> =0 and a + b # 0, which fails condition (iii) of Theorem

It is important to understand whether the class of hypo-EP elements is closed under addition. The
following result provides a sufficient condition for the sum to be hypo-EP.

Proposition 4.1. Let a,b be hypo-EP elements such that a +b € RY. If (a +b)° C a°, then a + b is
hypo-EP.

Proof: By Theorem [2.1fv), it is enough to show (a + b)° C ((a + b)*)°. Let = € (a + b)°; then
(a 4+ b)x = 0. By hypothesis, ax = 0, thus bx = 0. Since both a and b are hypo-EP, by Theorem [2.1] -
we have a*z = 0 and b*z = 0, so (a + b)*z = 0. Therefore, a + b is hypo-EP.

8 (1)> is not hypo-EP because

We now examine the converse of the previous result under additional assumptions. This helps to
better understand the additive structure of hypo-EP elements. Suppose a and b are hypo-EP; then
by (ii) of Theorem a* = cia and b* = cyb, where ¢1,c € R.

Theorem 4.1. Let a,b be hypo-EP elements such that a+b € R and ¢, — ¢, is invertible, where ¢y, ¢,
are as defined above. Then a + b is hypo-EP if and only if (a +b)° C a

Proof: Suppose a + b is hypo-EP. Then we have
ca+ecb=a"4+b"=(a+b)" =d(a+b)

for some d € R. This implies
(c1 — d)a = (d — ¢3)b.

Set e =¢; —d and f = d — ¢y; then ea = fb and (e + f)a = f(a+b), so
a=(e+ ) flatb)
Hence (a +b)° C a®. O

Remark 4.1. The converse of Proposition is not true in general if the condition that ¢; — ¢y is
invertible is omitted. The following example illustrates this point. Let R be the ring of all complex

2 x 2 matrices. Consider
(1 0 b— 10
“=\o —-1)> "= \o 1)

Then a, b and a + b are hypo-EP (in fact, they are self-adjoint). However, (a + b)° Z a° because

2 0
00
which is not invertible. This explains why the converse fails when the invertibility condition is dropped.

a+b= has a larger nullspace. Notice that in this example ¢; = ¢; = I, hence ¢; — ¢; = 0,
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5. PrRoDuUCT OF HYPO-EP ELEMENTS

This section deals with the product of two hypo-EP elements. We derive some equivalent conditions
for the product of two hypo-EP elements to be hypo-EP. We first give an example to show that the
product of two hypo-EP elements in a ring is not necessarily hypo-EP.

Example 5.1. Let R = M,(C) (complex 2 x 2 matrices) with the transpose as involution. Suppose

!

Then a is invertible (hence hypo-EP) and b is self-adjoint idempotent up to scalar (hence hypo-EP).

Their product
by (11
“@=\2 2

is not hypo-EP because one can verify that (ab)'(ab)? # (ab).

It is natural to ask whether the product of two hypo-EP elements is again hypo-EP. The next
theorem provides sufficient conditions for this to hold.

Theorem 5.1. Let a,b € R such that ab € R'. If a,b are hypo-EP, bR C aR and °b C °a, then ab is
hypo-EP.

Proof: We begin by proving aR C b*R. Since b is hypo-EP, it satisfies
b—0b'b* =0.
Rearranging, (1 — b'h)b =0, so 1 — b'b € °b. By assumption, 1 — b'b € °a, leading to
a = b'ba.

Applying Lemma [2.1{(1), which states b'bR = b* R, we conclude a € b*R, thus aR C b*R.
Now, using Lemma [2.1(1) again,
abR CaRCbVb"R=0BR

CbaRCba*R
= (ab)"R.
This establishes that ab is hypo-EP. |
The following example demonstrates that the converse of Theorem is not necessarily true.

Example 5.2. Let R = M,(C) and consider

0= 10 b— 0 0
~\0 0)° —\0 1/°
Then a, b, and ab = 0 are all hypo-EP (they are self-adjoint projections). However, aR ¢ bR and
°a Z °b.

The following result connects the class of EP elements to hypo-EP elements via multiplication,
giving a characterization in terms of range inclusion.

Theorem 5.2. Let a,b € R be EP elements and ab € RY. Then ab is hypo-EP if and only if
ab*R C b*aR.

Proof: By our assumption, we have
abR = a(bR) = ab"R and b'aR =b"(aR) =b"a"R.

Thus abR C (ab)*R if and only if ab*R C b*aR. Therefore, ab is hypo-EP if and only if ab*R C
b*aR. O
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Corollary 5.1. Let a,b be hypo-EP elements in R such that ab € R'. If ab*R C b*aR, then ab is
hypo-EP.
We conclude this section with an alternative condition under which the product of two elements is

hypo-EP, further illustrating the flexibility of the definition.
Theorem 5.3. Let a,b € R such that ab € R. If a is hypo-EP and (ab)° C a°, then ab is hypo-EP.

Proof: We have (ab)° C a° C (a*)° C (b*a*)° = [(ab)*]°. Thus by Theorem [2.1|(v), it follows that ab is
hypo-EP. O

Remark 5.1. The condition (ab)° C a° is not necessary for ab to be hypo-EP. For

(10 o (11
@=%o 1) =\ 1)

we have (ab)°® Z a°. But a, b and ab are all hypo-EP elements (over C).
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