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Abstract. This paper introduces a new class of contractive mappings of integral type involving the
concept of w-distance in complete metric spaces. We establish a fixed point theorem for these map-
pings, providing sufficient conditions for the existence and uniqueness of fixed points. We also provide
an example to illustrate the validity of our results and discuss applications of this fixed point theorem
in solving integral equations, demonstrating its practical relevance.
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1. INTRODUCTION

Fixed point theory is a cornerstone of nonlinear analysis, providing powerful tools for solving a wide
range of problems in mathematics, engineering, and other disciplines. Its central concept revolves
around finding solutions to equations of the form 7'(z) = z, where T is a mapping from a set to itself,
and z is a fixed point of T

The Banach contraction principle, established by S. Banach in 1922, is one of the fundamental
results in fixed point theory. It states that a contraction mapping on a complete metric space has a
unique fixed point. It is well known that every Banach contraction mapping is continuous; however,
Kannan [1] showed that a discontinuous function satisfying their contractive condition has a unique
fixed point. Among these generalizations, we must quote the fixed point results due to Prasad [2]
wherein the respective author proved an analogous version of fixed point theorem due to Kannan via
conditional contractive mappings and some other relational metrical notions. The Banach contraction
principle has been extensively generalized and extended in various directions. Ali et al. [3] generalized
classical Banach contraction principle in the setup of quasi-metric spaces. They introduced Suzuki-
type contractions of quasi-metric spaces and proved some fixed point results. In [4] a family of
hybrid contractions, termed Jaggi-type hybrid (X — 7)-contractive mapping is proposed in metric
space equipped with a graph and new conditions under which the mapping is a Picard operator are
studied and also in [5] the authors established the existence and uniqueness of a common coupled fixed
point result in the framework of complete symmetric S,-metric space.

On another point of note, recently in [6] the author prove relational analogue of the Banach contrac-
tion principle in the settings of Menger probabilistic metric spaces under a Hadzié-type t-norm. Also,
in [7] the authors proved an analogous version of fixed point theorem due to Suzuki using R-sequential
limit property and some other relation theoretic metrical variants. For other related results, we refer
to the references [8, 9, |10} 11} |12, 13].

One such direction involves generalizing the notion of contractive mappings. In particular, integral-
type contractions, initiated by Branciari [11], have gained considerable attention. These contractions
replace the usual metrical inequality with an integral inequality, offering a more general framework.
Branciari’s work sparked further research, leading to numerous fixed point theorems involving integral-
type contractions under various conditions (see [14} |15, (16, |17]).

Another important generalization involves weakening the metric itself. The concept of w-distance,
introduced by Kada, Suzuki, and Takahashi [18], replaces the metric with a function satisfying weaker
properties, such as lacking symmetry or the triangle inequality. This allows for the study of fixed
points in spaces where the standard metric assumptions are not satisfied. Recently, in [19] the author
established fixed point theorems for generalized nonlinear contractive mappings using the concept of
w-distance on metric spaces endowed with an arbitrary binary relation. We refer to some notable
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references discussing fixed point theorems for nonlinear contractive mappings involving w-distance
[20, |21}, 22].

The combination of integral-type contractions and w-distance provides a powerful framework for
studying fixed points in a more general setting. This paper aims to contribute to this area by in-
troducing a new class of contractive mappings of integral type involving w-distance and establishing
corresponding fixed point theorems. We also explore applications of these theorems in solving integral
equations.

2. PRELIMINARIES

In this section, we present some basic definitions and results that are necessary for our discussion.

Definition 2.1. Let (X, d) be a metric space. A function w : X x X — [0, 00) is called an w-distance
on X if the following conditions hold:

(i) w(z,z) <w(z,y) +w(y,2), for all z,y,z € X;

(i) w(-,y) : X — [0,00) is lower semicontinuous for all y € X; that is, if {x, } converges to x, then
w(z,y) <liminf, . w(z,,y);

(iii) For any e > 0, there exists 6 > 0 such that w(z,z) < § and w(z,y) < ¢ imply d(z,y) < ¢, for
all xz,y,z € X.

Example 2.1. The metric d itself is an w-distance.

Example 2.2. Let X = R and d(z,y) = |z — y|. Define w(x,y) = max{y — x,0}. Then w is an
w-distance on X.

Definition 2.2. Let ¥ be the family of mappings ¢ : [0,00) — [0,00) which is Lebesgue integrable
on each compact subset of [0, 00) such that for each € > 0, [5 ¥ (t)dt > 0.

Definition 2.3. Let (X, d) be a metric space and 7' : X — X. T is called a Branciari contraction if
there exists k € (0,1) such that for all z,y € X,

d(Tz,Ty) d(z,y)
/ D(#)dt < k / W(t)dt,
0 0

where ¢ € U.

Lemma 2.1. Let X be a metric space with metric d and let w be an w-distance on X. Let {x,} and
{yn} be sequences in X, let {a,,} and {5,} be sequences in R* converging to 0, and let z,y,z € X.
Then the following hold:

(i) If w(zn,y) < a, and w(z,,z) < B, for any n € N, then y = z. In particular, if w(z,y) =0
and w(x,z) =0, then y = z;

(il) If w(xpn,yn) < o, and w(x,, 2,) < B, for any n € N, then {y,} converges to z;
(iii) If w(zp,zm) < ay, for any n,m € N with n > m, then {z,} is a Cauchy sequence;

(iv) If w(z,z,) < a, for anyn € N, then {z,} is a Cauchy sequence.

3. MAIN RESULTS

Now, we introduce our new class of contractive mappings and establish the corresponding fixed
point theorems.
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Definition 3.1. Let (X,d) be a metric space and w be an w-distance on X. Let T': X — X be a
mapping. We say that T is a generalized w-integral type contraction if there exists a function ¢ € W,
and there exists k € (0, 1) such that for all z,y € X,

w(Tz,Ty) M (z,y)
/ w(t)dt < k / D()dt,
0 0

where

w(z, Ty) +W(y,Tw)}
> .

Theorem 3.1. Let (X,d) be a complete metric space and w be an w-distance on X. Let T : X — X
be a generalized w-integral type contraction. Then T has a unique fized point in X.

M(z,y) = max {w(m, y),w(z, Tz),w(y, Ty),

Proof: Let o € X be arbitrary. Define a sequence {z,} in X by z,+1 = T(z,) for all n > 0. Consider
w(Tpy1,2,) = w(Tx,, Tx,_1). By the definition of T, we have

w(Txp—1,TTs) M(zp—1,Tn)
/ w(t)dt < k / W(t)dt,
0 0

where

n— 7T n n,T n—
M(mn,1’$n) = max {w(xnflaxn)?w(xnflaTlUnfl)vw(xnaTl‘n), W(x 1 x ) + CU(.'B z l)}

2
= max {W($n—17 fljn), ('u(wn—l7 xn), w(xn7 xn+1)’ W(vrnfla $n+12) + W($n7 xn) }
n—1lys<n 0
= max {cu(avn_l,acn),w(wmxmﬂ)7 W(Tp_1,Tns1) + }
2
< max w(Tp_1,Zn), W(Tn, Tni1), W(Tn_1,Tn) ‘;w(xn,xnﬂ) }
Let a, = w(zp, Z,11). Then,
an max{an,l,am“"%ﬂl"}
/ Vet < ’“/ (t)dt. (3.1)
0 0

If a, <a,_; for all n > N, then max{a,_1,a,} = a,_; and

/Oan D(t)dt < k:/oan_l b(t)dt.

Let I, = Oa" Y(t)dt. Then I, < kI,_;. This implies I,, — 0. Since ¥ > 0 and for P (t)dt is strictly
increasing, then a,, — 0.

On the other hand, if a, > a,_; for infinitely many n, let n be such that a, > a,_;. Then
max{a,_1,a,} = a, and

/O (t)dt < k:/o W(t)dt.

Hence

(1—k) /0 W(1)dt < 0.

Since 1 — k > 0 and foa"‘ Y(t)dt > 0, then Oa” Y (t)dt = 0. Since ¢ > 0, this means a, = 0. But we
assumed a,, > a,_; > 0. So this is a contradiction unless a,,_; = 0 and a,, = 0. Thus, we cannot have
an > a,_1 with a,, > 0.

Therefore, it must be that a, < a,_; for all n sufficiently large. This implies that

lim w(z,, x,41) = 0.

n—r oo
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Now, we show that {z,} is a Cauchy sequence. Since {a;} is non-increasing and converges to 0, the
sum »_.° a; converges. Let S, = > ° a,;. Then S, — 0 as n — oo. For m > n, we have

W(LEn,fEm) S W(.’En7$n+1) + w(xn+17xn+2) + -+ W(CCm,l, xm)

=Qp+ Qpp1+ - F o1 < ZW(%‘,%‘H) = S

1=n

Since S,, — 0 as n — oo, then
lim w(x,,z,)=0. (3.2)

n,m—00
Let € > 0 and ¢ denote the number in the property (iii) of w-distance. It follows from (3.2]) that
there exists IV € N satisfying
w(@y,z,) <6 and w(xy,z,) <d, Vm,n>N,
which together with the property (iii) of w-distance yields that

d(xp, Tm) <€, VYm,n > N.

This shows that {z,} is a Cauchy sequence. Since (X, d) is a complete metric space, {x,} converges
to some x € X. That is,

lim z,, = x.
n— o0

Now, we prove that z is a fixed point of T. Observe that (3.2]) guarantees that for each € > 0, there
exists N. € N satisfying
w(T,, zm) <€, Ym,n > N,

which together with the property (iii) of w-distance and lim,, ., x,, = z yields that

0 <w(x,,z) <liminfw(z,,z,) <e Vn> N,

n—oo

which gives that
lim w(x,,z) =0. (3.3)

n—oo

Also, since w(+,y) is lower semi-continuous, we have

0 <w(z,z) <liminfw(z,,z) = 0.

n—oo

Hence, w(x,z) = 0. On the other hand,

w(z, Tz) <liminfw(z,, Tzr) = liminf w(Tx,_1, Tx) < liminf M (z,_;,z).

n—00 n—00 n—00
It is easy to see that M (z,_1,x) — w(z,Tz) as n — oo. Since k € (0,1), then
w(z, Tx) = 0.

Now, since w(x,Tz) = 0 and w(z,z) = 0, in view of Lemma [2.1| we deduce that Tx = = and z is a
fixed point of T
To prove uniqueness, suppose y is another fixed point of T', i.e., Ty = y and x # y. Then,

w(z,Ty) + w(y, T) }
2
= max {w(x,y),w(a:,:c),w(y,y), w(zx,y) —;w(y,x) }
w(z,y) + w(y, ) }
2

M(x,y) = max {w(:L‘, y),w(z, Tr),w(y, Ty),

= max {w(x,y),
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Now, we consider the following two cases:
Case 1. If w(y,x) < w < w(x,y), then M(x,y) = w(x,y). We have

w(z,y) w(Tz,Ty) M (x,y) w(z,y) w(z,y)
dt = d k dt =k d d
A (t)dt L B(t)dt < A (bt A wwt<A w(t)dt,

which is a contradiction.
Case 2. If w(z,y) < w < w(y,z), then M(y,x) = w(y,z). We have

w(z,y) w(y,z) w(Ty,Tx) M (y,z)
d dt = d k d
A wwt</ G(t)dt A B(t)dt < A b(t)dt

0
w(y,x) w(y,x)
=k d d
A wwt<A w(t)dt,

which is a contradiction. Hence, in two cases, w(x,y) = 0, which together with w(z, z) = 0 and Lemma
implies that y = z. This completes the proof.
U

Example 3.1. Let X = [0, 1] with the usual metric d(x,y) = |z — y|. Define w(z,y) = max{y — z,0}.
Then w is an w-distance on X. Define T': X — X by T'(z) = z/4 for all x € X. Let ¢(t) = 1 for all
t € [0,00). Then v is a Lebesgue integrable function. We need to show that

w(Tz,Ty) M (z,y)
/ w(t)dt < k/ w(t)dt
0 0
for some k € (0,1). We have
1 1
w(Tz,Ty) = max{Ty — Tz,0} = max{y/4 —x/4,0} = 1 max{y — z,0} = Zw(m,y),

and

w(x,Ty) +w(y, Tx) }

M(z,y) = max {w(az, y),w(z, Tz),w(y, Ty), 5

max{¥ — z,0} + max{§ — y,O}}

= max { max{y — z,0}, max{—%x, 0}, max{—éy, 0}, 5

4
If y > z, then M(z,y) = y — x. Hence,

w(Tz,Ty) 1 1 1 M(z,y)
[ e = ey = My = [ e
o 4 4 4/,

Thus, T satisfies the generalized w-integral type contraction with k£ = 1/4. Therefore, by Theorem (3.1
T has a unique fixed point in X.

4. APPLICATION TO INTEGRAL EQUATIONS

In this section, we apply our fixed point theorem to prove the existence and uniqueness of solutions
to a class of nonlinear integral equations.

Integral equations represent a fundamental class of mathematical problems that have found wide-
spread use in fields ranging from physics and engineering to economics and biology. They offer an
alternative formulation to differential equations for many physical phenomena and often provide a
more natural and efficient way to model certain problems.

Consider the following integral equation:

x(t) = /OT K(t,s,z(s))ds, forte[0,7],
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where K : [0,7] x [0,7] x R — R is a continuous function.
Let X = C([0,7],R) be the space of continuous real-valued functions on [0, 7], equipped with the
metric
d(z,y) = max |z(t) —y(t)].

te(0,7]

Then (X, d) is a complete metric space. Define an operator T': X — X by

_ /OTK(t,s,:z(s))ds.

It is easy to see that a solution to this integral equation is a fixed point of the operator T'.
Assume that there exists ¢ € (0,1) such that for all ¢,s € [0, 7] and u,v € R,

K (t,s,u) — K(t,5,0)| < Sju—ul.
T

We will show that T is a generalized w-integral type contraction with w(x,y) = d(x,y) and ¥(t) = it.

2
Then,

d(Tw, Ty) = max |T(x)(t) — T(y)(t)] = max

< max/ |K(t,s,2(s)) — K(t,s,y(s))|ds

te[0,7]

/ K(t,s,xz(s)) — K(t,s,y(s))ds

<max/ —|z(s) — y(s)|ds = — / d(z,y)ds = cd(z,y).

te[0,7]

Therefore,
d(Ta:,Ty) d(z, y)
/ *t dt < \[/ ft dt.
0
1

Since d(z,y) = w(x,y), this shows that T' is a generalized w-integral type contraction with 1(t) = 5t
and k= +/c € (0,1).

By Theorem T has a unique fixed point in X, which implies that the integral equation has
a unique solution in C([0, 7], R).

CONCLUSION

In this paper, we have introduced a new class of contractive mappings of integral type involving w-
distance and established several fixed point theorems for these mappings. This work opens up avenues
for further research, including:

e Fxploring different types of w-distance and their impact on fixed point results;

e Investigating applications in other areas of mathematics and engineering, such as differential
equations, optimization, and image processing;
e Developing numerical methods for approximating the fixed points of these mappings.
By combining the power of integral-type contractions and w-distance, we can continue to expand the
scope of fixed point theory and its applications.

REFERENCES
[1] Kannan R., Some results on fixed points. Bull. Calcutta Math. Soc. (1968) Vol. 60, P. 71-76.

[2] Prasad G., Fixed points of Kannan contractive mappings in relational metric spaces. Anal. (2021) Vol. 29,
Iss. 3, P. 669-684.

[3] Ali B., Ali H., Nazir T., Ali Z., Existence of Fixed Points of Suzuki-Type Contractions of Quasi-Metric
Spaces. Mathematics, (2023) Vol. 11, P. 4445.

[4] Jiddaha J. A., Shagarib M. S., Noorwali M., Aloqaily A., Mlaiki N., Hybrid fixed point theorems of graphic
contractions with applications. Heliyon, (2024) Vol. 10, e31269.



43

Prajapati P. K. B., Fixed point theorem of integral type mapping in Sp-metric space. Math. Anal. Con-
temp. Appl. (2023) Vol. 5, Iss. 4, P. 41-53.

Prasad G., Relational contraction principle for mappings on Menger PM spaces with applications. Fixed
Point Theory, (2025) Vol. 26, Iss. 1, P. 261-274.

Prasad G., Dimri R. C., Bartwal A., Fixed points of Suzuki contractive mappings in relational metric
spaces. Rendiconti del Circolo Matematico di Palermo Series II. (2020) Vol. 69, Iss. 3, P. 1347-1358.

Alsulami H. H., Karapmar E., Piri H., Rahrovi S., Zarghami R., Rational contractive mappings of integral
type on b-metric spaces. J. Math. Anal. (2017) Vol. 8, Iss. 6, P. 90-112.

Asadi M., Salimi P., Some fixed point and common fixed point theorems on G-metric spaces. Nonl. Func.
Anal. Appls, (2016) Vol. 21, P. 523-530.

Aydi H.; A common fixed point of integral type contraction in generalized metric spaces. J. Adv. Math.
Stu, (2012) Vol. 5, P. 111-117.

Branciari A., A fixed point theorem for mappings satisfying a general contractive condition of integral
type. Int. J. Math. Math. Sci, (2002) Vol. 29, P. 531-536.

Yan H., Shao-yuan X., Chao M., Generalized Kannan-type contraction and fixed point theorems. Appl.
Math. J. Chinese Univ, (2023) Vol. 38, Iss. 2, P. 235-247.

Zhang F., Zhang X., Hao Y., Common fixed point theorems for contractive mappings of integral type in
G-metric spaces and applications. J. Funct. Spaces, (2021) Vol. 2021, 6619964.

Arora S., Common fixed point theorems of integral type in G-metric space via control function. Int. J.
Nonlinear Anal. Appl. (2023) Vol. 14, Iss. 8, P. 343-350.

Dinesh K., Abdalrhim E., Jazmati M. S., Mohamed M. A., Rizk D., Fixed point theorems of multivalued
mappings of Integral type contraction in cone metric space and its applications. Results. Nonl. Anal.
(2025) Vol. 8, Iss. 1, P. 124-130.

Kerim H., Shatanawi W., Tallatha A., Common fixed point theorems via integral type contraction in
modular metric space. U.P.B. Sci. Bull., Series A, (2021) Vol. 83, Iss. 3, P. 125-136.

Liu Z., Li X., Kang S. M., Cho S. Y., Fixed point theorems for mappings satisfying contractive conditions
of integral type and applications. Fixed Point Theory Appl. (2011) Vol. 64, P. 18.

Kada O., Suzuki T., Takahashi W., Nonconvex minimization theorems and fixed point theorems in com-
plete metric spaces. Math. Japon. (1996) Vol. 44, P. 381-391.

Prasad G., Fixed point theorems via w-distance in relational metric spaces with an application. Filomat,
(2020) Vol. 34, Iss. 6, P. 1889-1898.

Atallaoui S., Hasanb F., Shatanawi W., Mustafa Z., Tallatha A., On some fixed point results using Cg
simulation functions via w-distance with applications. Heliyon, (2024) Vol. 10, ¢29345.

Liu Z., Houa F., Kang S. M., Ume J. S., On fixed point theorems for contractive mappings of integral
type with w-distance. Filomat, (2017) Vol. 31, Iss. 6, P. 1515-1528.

Shatanawi W., Pitea A., Fixed and coupled fixed point theorems of omega-distance for nonlinear contrac-
tion. Fixed Point Theory and Applications, (2013) Vol. 2013, P. 275.

Chaabawi M.J.,

Department of Mathematics, Faculty of Basic Sciences,
Babol Noshirvani University of Technology, Iran

e-mail: mathemjassm@gmail.com

Rasouli S.H.",

Department of Mathematics, Faculty of Basic Sciences,
Babol Noshirvani University of Technology, Babol, Iran
e-mail: s.h.rasouli@nit.ac.ir “Corresponding author

Babakhani A.,

Department of Mathematics, Faculty of Basic Sciences,
Babol Noshirvani University of Technology, Babol, Iran
e-mail: babakhani@nit.ac.ir



