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Regularization of the boundary value problem for an inhomogeneous
high-order parabolic equation with one degeneracy line
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Abstract. In this paper, we study an ill-posed initial-boundary value problem for a high-order inho-
mogeneous parabolic equation with one degeneracy line. We obtain a priori estimate of the solution of
the problem, determine the correctness set, and prove the uniqueness and conditional stability of the
solution in this set. As a result, we construct a regularized approximate solution in the correctness
set according to the theory of A.N. Tikhonov. In this case, an approximate solution is constructed
depending on the evenness or oddness of the parameter n, which determines the order of the equation.
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1. INTRODUCTION

In this research work, the initial-boundary value problem for the high-order inhomogeneous para-
bolic equation that changes direction is studied.

Let Qr = {(z,y,t) : (z,y) € Q,0<t < T}, Q= {(x,y):|z] <, 0 <y < d}. We consider the dif-
ferential equation

ug (2,9, t) + k () upy (2, 9,t) + Bj”u (z,y,t) + cu(x,y,t) = f (z,y,t) (1.1)

a, x>0,
-6, =<0,
f(z,y,t) € Ly (Qr) is a sufficiently smooth, source function, n € N.

Problem statement. Find a function u (z,y,t) € Ly (Qr) in the region Qr N {x # 0} satisfying

equation (1.1)) and initial

in the region Qr N {x # 0}, where k(z) = a >0, 8> 0, care given real numbers and

ul_g =9 (x,y),(z,y) €Q, (1.2)
boundary
ul,_ = ul,,;=0,0<y<d0<t<T, (1.3)
OPu| o= 0%u| _,=0,j=0,1,...,(n=1), 1<z <L 0<t<T, (1.4)
gluing
u(=0,y,t) = u(+0,y,t), au, (=0,z,t) = —fu, (+0,y,t),0<y <d,0<t<T (1.5)

conditions, where ¢ (z,y) € Ly () is sufficiently smooth function.

The theory of parabolic equations with changing direction plays an important role in both mathe-
matics and applied sciences. Unlike the classical heat equation, these models describe processes where
diffusion and conductivity vary depending on spatial regions or material properties, and in some cases,
the direction of diffusion itself may change. Such equations arise naturally in the study of heat transfer
in layered or composite materials, in groundwater filtration through soils with variable permeability,
and in the modeling of phase transitions in physics. They are also applied in population dynamics,
environmental sciences, and even in financial mathematics, where degenerate or direction-changing
diffusion appears in certain pricing models. However, such equations lead to serious mathematical
difficulties: the classical existence, uniqueness, and stability results for the equations no longer hold,
and boundary value problems often become ill-posed in the Hadamard sense.

High-order parabolic equations are of particular interest because they describe more delicate physical
processes than second-order models. Examples include higher-order diffusion, vibration of viscoelastic
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plates, phase transition phenomena, and other systems where simple diffusion models are insufficient.
The inhomogeneous case is especially important, as external forces or source terms inevitably appear
in realistic applications. The presence of a degeneracy line in such equations substantially complicates
the analysis, since the standard maximum principles, energy estimates, and semigroup methods cannot
be applied directly.

The study of equations with changing direction began with the famous work of M. Gevrey]|l].
This theory was developed by L. Cattabriga[2], M.S. Baouendi and P. Grisvard|3], C.D. Pagani and
G. Talenti[4]. Parabolic equations whose direction changes with time have been extensively studied
by C.D. Pagani|5|, S.A. Tersenov[6], A.A. Kerefov|7], N.V. Kislov[8], S.G. Pyatkov|9], and other
researchers. I.LE. Egorov[10], D. Amanov[l1], S.V. Popov and V.G. Markov|12] worked with parabolic
equations of high-order with changing direction. Most of these works are devoted to the study of the
existence and uniqueness of solutions to various boundary value problems.

Analytical calculation of the solution of initial-boundary value problems for high-order equations
with changing direction create serious difficulties. Especially in cases where there is no classical solution
to such problems, finding solutions based on the regularization approach is of great importance.
Important scientific results in this regard were reflected in the scientific research of K.S. Fayazov,
I.O. Khajiev, Y.K. Khudaiberganov and E.B. Shobdarov [13, |14} |15, 16, |17], [18]. In their works,
they conducted research on higher-order parabolic equations with changing direction, focusing on the
derivation of a priori estimates, the proof of uniqueness and stability theorems, and the construction
of regularized solutions.

2. EIGENVALUE PROBLEM
Find such values of the parameter A\ that the problem

0*"® (x,y)

b @) o ) +

+ A (z,y) =0,(z,y) € QneN, (2.1)

O(—L,y) =2(l,y) =0,0 <y <d,
0*®(x,0)  0*®(x,d)
dy?i - Oy2
has a nontrivial solution. In the problem (2.1)—(2.2), the differential operator is given by

L= k(x)82+ 02"

=0,—l<2<l,i=0,1,...,n—1, (2.2)

This operator is self-adjoint under the boundary and gluing conditions with respect to the variables
x and y. Since the coefficients of the operator L, as well as the boundary and gluing conditions (2.2),
allow for separation with respect to the variables x and y, the solution can be sought in the form
®(z,y) = X(x)Y(y), by applying the method of separation of variables.

Let A = u+ 7. As a result, we obtain the eigenvalue problems

k(2) X"(2) + pX (x) = 0,
X(-)=X()=0,

2.3
X (-0) = X (+0), 2
BX' (=0) = —aX' (+0),
9*"Y (y) —
{ T W) =0 (2.4)
g2k T oy2k =0,k=0,..,n—1,

with respect to functions X (z), Y (y), respectively. The eigenvalue problem has positive eigenval-
ues p; and negative eigenvalues p; , which are solutions of the transcendental equations

[+ [+
ﬂtan 'uoil—\/atanh “é’l:o,
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Vatany| oy~ /Btanhy | =,
15} «

respectively, i € N. We emphasize that the numbers p; and —p; are non-decreasing sequences. The
eigenfunctions corresponding to the eigenvalues are expressed in the form

1 sin |/ %(Prm) 0<z<—I
\/C(M?r) cos il , ’
+ o Vo
X (x) = ‘.h< /i(l—)
. \/Eb < T
\/C(#j) ¢ cosh 1/ %l

>, 0< <l

- \/%Sinh : %(fﬂ), —l<z<0,
(.1‘) . \/C('ui ) cosh\/iui l

b

. —n;
(1)
L “o<a<l,

- \/C(”i_) cos¢7ﬂ;l

a

where C () = i (1 + tan®y/ %l +5 <tanh2\/“gl — 1)), C (1)

é (1 + tan? }il + g (‘cauah2 %l — 1>>

The eigenvalues of the problem (2.4) are determined by formula 7; = (—1)n+1(”j)2n, and the

corresponding eigenfunctions
5 .
Y, (y) = \/;sin (Z%/) jEN.

Therefore, the eigenvalues of the problem ([2.1)-(2.2]) are expressed by the formulas

N\ 21 .\ 21
3 n ] 3 — n )
N = w4 0 () A = e (D)

and the eigenfunctions are expressed by the formula ®; ; (z,y) = X; ()Y; (y), i,4 € N, (see [15], p.
123).

!
Let the dot product be (u,v) = [ uvdz and the norm be ||u|® = (u,u) in the space Ly [—1,1]. Then
=
the eigenfunctions have orthonormal properties

T T 17 Z:p/\JZQ7 /_ =3 ]-7 Z:p/\]:q7
o, P, ,drdy = . , b, P, ,drdy = , .
! ro {0, i#FpVi#q, s 0, i#pVj#aq,

/q)i,jip,q dx dy = 0.

Q

Under the conditions (2.2), the operator L is self-adjoint, and since the domain €2 is bounded, its eigen-
values are discrete. According to the properties of the above eigenfunctions and by the Hilbert—Schmidt

theorem, the system of eigenfunctions ®; ; (z,y) and @i,j (z,y) are complete and orthogonal in the
space Lo (€2) (see [18], p. 117).

Lemma 2.1. Suppose that a function u(z,y,t) satisfies equation

ug (2,9, 1) + k () Ugo (2,y,1) + 027w (2,9, 1) 4+ cu (2,y,t) = 0 (2.5)
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=d
0,1,..,(n—1), u(—0,y,t) = u(+0,y,t), fu, (—0,y,t) = —au, (+0,y,t), then the estimate

and conditions u(—l,y,t) = wu(l,y,t) = 0, 8§ju(x,y,t){y:0 = 8§ju(x,y,t)|y_ =0, j =
lu (2, )1 < V2(Ju (@, 5,001) " (lu (2,5, 7)) (2.6)
is valid, t € (0,T).

Proof: According to the properties of the eigenfunctions ®; ; (z,y), éi,j (z,y), (i, =1,2,...) of the

problem (2.1))-(2.2)), the function u (z,y, t) satisfying the conditions of Lemma that is, the solution
2.5

of equation ([2.5)), can be written in the form
u(z,y,t Zuu fcy+zu” i (2,y)
7,7=1 7,7=1
where the functions @ ; (¢), @;; (t), (i,7 = 1,2,...) are the solutions of problems
{a:; O}, — Ny — )iy (t) =0, {u.; ()}, — (:\m‘ - C) i (t) =0,
ai,j (0) @ ({B y) ’ljiyj (0) = Qbi,j (33, y) .

We know that for each function @, ; (t), @; ; (t), the inequalities

=%/ T - _ T/ T
(i, 0F < ({u,0F) " ({u; F)", {a,0F < ({6, 0F) " ({a, (D))
hold, respectively (see |19, p. 820). By Holder’s inequality, we have either
> {0+ Z {i,; () < 2(2 {w; 0 + D {a, (0)}2> X
1,7=1 7,7=1 1,7=1 1,7=1
X <Z {a; (D) + > i (T)}2>
i,j=1 1,5=1
or o,
lu (@, y, ) < V2(/|u (2, 9,0)1) " (Ju (2,5, T)I)7
O
Lemma 2.2. For the solution u (z,y,t) of the problem (1.1)-(1.5), the inequality
(2, 0)| < V2(llw (2,9, 0)[ + )" (lu (2,9, T +7)" +7 (2.7)

is valid, where y = \/Tell(T+1) <f||f z,y,t)|] dt) ,te(0,7).

Proof: By introducing substitution u (x,y,t) = w (z,y,t) e~ into equation ((1.1]), we can obtain equa-
tion

0w (,y,t)
8y2n

where p (z,y,t) = (ac y,t) e, the function w (z,y,t) satisfies conditions w (—0,y,t) = w (40,y,t),
Bw, (—0,y, ) = —aw, (+0,y, ) The solution of equation (2.3)) can be expressed in the form

we (2,y,t) + k() War (z,9,1) + =p(z,y,t),

w(%y,t) :ﬁ(x,y,t)+w(x,y,t).

Where, the functions ¥ (z,y,t) and w (z,y,t) satisfy boundary conditions

I (=ly,t) =9, y,t)=0,
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w(=lLy,t)=w(l,y,t) =0,

and the gluing conditions
9 (=0,y,t) =0 (+0,y,t), BV, (=0,y,t) = —ad, (+0,y,t),

w(=0,y,t) = w (4+0,y,t), Pw,(-0,y,t) = —aw, (+0,y,t).
Let ¥ (z,y,t) be the solution of the equation

0*9 (z,y,t
Ve (x,y,t) + k() Vpp (2,9, 1) + o (@ yt) =0
aan
and w (z,y,t) be the solution of the equation
0w (z,y,t
Wi (I’,y,t) +k(x)wwm (x’yvt) + a:l(JQny) :p(ﬂc,y,t) .

Suppose ¥ (z,y,t) and w (z,y, t) exist. Then, according to the results obtained, the solutions ¥ (x, y, t)

and w (z,y,t) are expressed as:

9 (w,y,t =Z7§ ) @iy (z,y) + Y Uiy (8) @iy (2,),
j=1 i,j=1

(l’ y>t) Zwlj(t)(ilj(x?y)—‘rZwlj(t)élj('x?y)
7,7=1 1,9=1

Here, each 9, ; (t), 19” (t), w; j, @;; are solutions to the following problems, respectively:
)\i,j >0 and )\i,j >0

{9:5 (0}, = Xisbis (1) =0, {d:5 (0} = Nisdis () =0,
_ T N T
ﬂi,j (0) = @i,j + Lofe M, Tfl] ( ) 191'73‘ (0) = @ivj -+ \({67)\1"].7 i,j (T) dT,
{@i; (1)}, = Xij@is () = Dij, {@i; ()}, — Nij@i () = Piy
T _ _ T N -
w;; (0) = _LofeiAi’iji,j (7)dr, @i (0) = _Ofei)\i’ﬂfi,j (7)dr,

S\i’j < 0 and S\i’j <0

{ {@ij (1)}, = Ni @iy () = Dij, { {@i5 ()}, = Xij@ij () = Pijy
W; (0) =0, @;; (0

where p; ; ( ffpa:y, ® (z,y) dxdy, pi;(t ffpxy, ® (x,y)dzdy, (i,j=1,2,...).

solutions to these problems can be expressed as )‘w > 0 is

T
i (1) = — / s (7 dr,
t
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;\i)j <0is
t

a1y ()= [ &0y (),

0

S\i’j >0is
and S\i,j <0is

These results lead to inequality

2 _ -
oo (2, )" = D @2 () + D @l () =
ij=1 ij=1
=D oM+ Y @0+ Y@M+ Y @) <
Xz‘,j>0 5\1‘,]‘<0 5\-;,]‘>0 5\i,j<0
T 2 t 2
< /e’\JtTp” T)dr | + Z e g (T)dr |+
S\i,j<0 0
T 2 t 2
Y / g mdr |+ Y [ [t (e <
i,5>0 S‘i,.7'<0 0
T
<7 [lIp(e.p.0)Pdt 23
0

We also express the solution of equation (1.1)) in the form w (z,y,t) = h(x,y,t) + g (x,y,t), where

function A (x,y, t) is the solution of the equation h; (x,y,t)+k (x) hye (2, y,t)+ 8(;/# +ch(x,y,t) =

0, and function g (z,y,t) is the solution of the equation g¢; (z,y,t) + k (%) gz (x,y,t) + Prolryt) |

6y2"

cg (x,y,t) = f (z,y,t). Substituting u (x,y,t) = w (x,y,t) e~ and from inequality we get

1
2

T
I (@90l < VT [ @y, 0) Pt
0

By the result of Lemma inequality (2.6) holds for function h (x,y,t) and taking into account
equality h (x,y,t) = u(z,y,t) — g (x,y,t), we obtain inequality

(2, 5, 8)]| < V2(JJu (2,9, 0) | + )T (Ju (2,9, T +9) T+,

where v = /Telel(T+1) (fo z,y,t)| dt) : O

So, we introduce the correctness set as follows:

M = {u(2,y,1) : |[u(2,y,T)| < m, m < oo}
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3. UNIQUENESS AND CONDITIONAL STABILITY THEOREMS

Theorem 3.1. Let the solution of the problem (1.1)—(L.5)) exists in the set M, u(x,y,t) € M. Then
it 1S unique.

Proof: Let there are two solutions wu, (z,y,t) and wuy (z,y,t) of the problem (1.1) — (1.5). Let
U(z,y,t) =us (x,y,t) — us (z,y,t), then function U (z,y,t) satisfies equation

U (x,y,1)
8y2n
and U (z,y,0) = 0 and conditions (|1.3)-(1.5). From this, v = 0 is deduced, and according to the

inequality (2.7]), it is established that either ||U(z,y,t)| < 0 or U(x,y,t) = 0 holds, which leads to
uy (x,y,t) = us (z,y,t), thereby proving the uniqueness of the solution of the problem. O

U (z,y,t) + k (2) Ups (2, y,t) + +cU (z,y,t) =0

Let u(z,y,t) be the exact solution of the problem (1.1)-(1.5) corresponding to the precisely given
initial data, and let u® (z,y,t) be the approximate solution of the problem (1.1)-(1.5) corresponding
to the approximately given initial data.

Theorem 3.2. Let the solution of the problem (1.1)-(1.5)) exists and (u(x,y,t), u. (z,y,t)) € M.
Furthermore, let ||o(x,y) — o (x,9)|| < e, ||f(z,y,t) — fe(z,y,t)|| < e. Then the inequality

lu (2, y,8) = ue (2,9, 0)]| < V2e+7)" T (2m +72) " + 7.
holds, where . = Tel(T+t¢,
Proof: Let U (z,y,t) = u(x,y,t) — u. (v,y,t). The function U (x,y,t) satisfies equation

0*"U (z,y,t)

Ut (l’,y,t)—i-k‘(w) Uacaf (.CC,y,t)+ aygn

+cU (Jf,y,t) - f (.%',t) - fs (.Z',t)
in the region Qr N {z # 0} and initial

u(xayao):90(337y)_306($7y)7_l§x§l70§y§da

boundary
U(-lLyt)=U(ly,t)=0,0<y<d,0<t<T,
oHU t o¥U t
Pyt U@yt g (n—1), 1<z<l,0<t<T,
8yQJ y=0 ayZJ y=d
and gluing

U(=0,y,t) =U (+0,y,t), BU, (=0,z,t) = —alU, (+0,y,t),0 <y < d,0 <t < T,

conditions. Hence, function U (z,y,t) satisfies inequality (2.7]),

U (2,9, D)l < V2(|U (2, 9,0)[| + )" 7 (U (2,9, T)|| +7)" + 7.
In this inequality,
U (2,9,0)[| = [l (z,y) — ¢ (z,y)]| <e,
U (z,y, D) < lJu(z,y, T)| + |lue (x,y,T)|| < 2m,
Yo = TeldTHe,

Then we get
lu(2,y,t) = ue (2,9, 8) | < V20 +7)" " T@m+7)T + 7.
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4. REGULARIZATION
Let us assume that the solution of the problem ([1.1)-(|L.5)) exists and it can be written in form

u(x,y,t Zu” Zu” z,y).

1,j=1 i,j=1

We will consider the regularized solution of the problem (|1.1))-(1.5)) in two cases.
Case 1. Let f (z,y,t) =0, ||p(z,y) — ¢:(z,y)|| < e and u (x,y,t) € M. Then

{ Ui (t) = @i,je(xi’rc)t»

i (t) = G

From this equality, the solution of the problem is found in form

(z,y,t) Z e Z B gel i (2,9).

3,j=1 i,j=1

According to the eigenvalues of \;; and \;;, we consider separately when there are odd and even
numbers of n:
n odd number. We obtain the approximate solution with respect to the initial data as

oo No

(z,y,t) ZZ%] =), (2,y) + 30 Gayel? i (2, 9),

i=1 j=1 i=1 j=1
and the approximate solution with respect to the initial approximate data as

Nl N2 o0 N2

iL' y: ZZ@& Je i,j (xay) +ZZ¢€¢,]’€(L’]‘ ‘ &) (.Z' y)

i=1 j=1 i=1 j=1

where Ny, N, are regularization parameters.
Using inequality
lu = ]| < flu— o™+ o™ = o[, (4.1)

we calculate the norm of the difference between the exact solution and the approximate solution with
respect to the initial approximate data.
We evaluate the second term [[u” — uX|| of the right-hand side of inequality (4.1]) as follows:

N N, o N )
H N” ZZ SD'L,] gpez,j AIJ C + ZZ (1027] 9052] 2()‘13170)1t <
=1 j=1 i=1 j=1
< (62(5\N1,N2*C)t+62(5\1,N2fc)t) 52. (42)

Now, we get

R YD W PLCR D Dl S

i=N1+1 j=Na+1 i=N;+1 j=1
Ny o) _ oo oo .
— 2(N; — ~ 2(N; i —
+ g E @; ;e (Reg=e)t | E g @7 e (Rig=e)t (4.3)
i=1 j=No+1 i=1 j=Na+1

for the first term. Under Condition |lu(z,y,T)|| < m, the maximum value of each of the series

S gflen = Zw” 20, 3h 5 g2 (et S s g ()t gy

i=N1+1j=Ny+1 i=N141j= i=1j=Na+1 i=1j=Na+1
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equalit is found using the Lagrange multiplier method. First, we evaluate for the series
quality g grang

OO

Z Z 90” 2(As=)t | We have

t=N1+1j=N2+1

lu(z,y,T Z%J +Z<p” M=) T < 2,

3,j=1 3,5=1

Based on the above information, we construct the Lagrangian function F'(g; ;,&) as follows.

@1,]55 Z Z SO'L] LJ - +§<Z@lj 1J Ct_m2>)

i=N1+1j=No+1 i,j=1

OF(%i,5,6) OF(%:,;,6)
13

where £ is a parameter. Next, T
¥

are calculated and equal to zero, and we find @; ; in

the form )
G = me~ (v n=e)T N1 G = Ny 1,
" 0, i AN, +1,7#Ny+ 1.

By calculating the other series in the same way and putting the result in we obtain

Hu - uNH2 < (ez(Z\Nlﬂ,Nﬁlfc)(th) _‘_BQ(Z\Nﬁl,lfc)(th)_i_

e s "
By putting the obtained values (4.2]) and (4.4) into inequality (4.1)), we get

R O

+€2(;\1‘N2+1_C)(t_T) + €2<5\1,N2+1—C)(t—T)) 1/2m+

1/2

+(e2(’_\N1=N2_C)t + GQ(S\I’NZ_C)t) €. (4.5)
n even number. The approximate solution with respect to the initial data is
(z,y,1 Zi%y )G z‘u‘(ﬁiﬂ*‘ii Aeame &) i (@),
i=1 j=1 i=1 j=1
the approximate solution with respect to the initial approximate data is
(z,y,t Zi%w@ Ct_i,j($>y)+§:§: ez,je Aiome ‘i) i (@, y),
i=1 j=1 i=1 j=1

where N; is regularization parameter. From the second term in inequality (4.1), we get the estimate

H NH ZZ 9551; 2 2(>\ c)t+

i=1 j=1
+§:§: oy — o )22 uame)t < (ez(le,l_c)t+€2(x1,1_c)t) 2 (4.6)
i=1 j=1
We find the estimate J
O D DI D e e R (47

i=N;+1 j=1
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for the first term as above, using the Lagrange multiplier method. Substituting the estimates (|4.6))
and (4.7) into inequality (4.1]), we obtain the result. The estimate is

HU _ ui\rH < me(;‘N”l'l_c)(t_T) + (62(;\1\/1,1—0)75 + 62(5\1.1—0)t) 1/25, (4.8)

Case 2. Let ¢ (z,y) =0, ||f(z,y,t) — fo(z,y,t)|| < e and u(z,y,t) € M. In this case, we perform
the substitution u (x,y,t) = w (z,y,t) e and find the solution of the problem w (z,y,t) in the form

SU y’ Z w27] Z wl,j y)

,j=1 3,j=1

and from the equation

where p (z,y,t) = f(2,9,t)e. In this case, we also consider separately the values of ), ; and ;\l]
when n is an odd and even number.
n odd number. The approximate solution with respect to the initial data is

Ny
J: y7 ZZ/pz,] i’j(tiT)dT(ii,j (xay)+

7,1]1

oo Na ¢ ~ ~
+ Z Z /pz 7 i’j(t_T)dT(I)i,j ('1‘7 y)v

i=1 j=17

and the approximate solution with respect to the initial approximate data is

Ny
(z,y,1) ZZ/pfw i drd, ; (2, y)+

11]10

t

oo Ny
" Z Z /p“” )y (1, y).

Using inequality (4.1)), we calculate the norm of the difference between the exact solution and the
approximate solution with respect to the initial approximations.
We evaluate the expression |[w”™ — w|| on the right-hand side of inequality (4.1]) as follows:

2
N1 N2

¥ = =303 / B (7) — Beaa (1) M0 ar | 4

=1 j5=1
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2

oo Ny 5 (=) 1 625\N1’N2t 625\1’N2t )
i Dei,j HITTd <z < s 4.9
+ZZ / p .7 —-Pp 5] (T))e T — 2 )\1’1 + € ( )
where 0; = min {

i=1 j=1 01
)
j=1,...,N: J

Now, under condition ||w (x,y,T)|| < me‘" and using the Lagrange multiplier method, we obtain
the estimate

¢ 2

== 3 30 | e ar|

i=N1+1j=Na+1 0

2 2
N1 oo t oo N2 t
-1—2 Z /p” () eriar | + Z Z /p” (r)eri="dr | +
i=1 j=Na+1 0 i=N1+1 j=1 0
t 2

oo oo

32 | [pu@eatan) <

i=1 j=N2+1 \}

S ) T
Z Z 2 /]57, j Ai j(t—T)dT +92 /pi,j (7_) e)\qz,j(t—T)dT +
0

i=N1+1 j=Nay+1

Ny 50 T T
+>. > |2 / pj (1) X9 dr | 42 / Doy ()5 dr ||+
i=1 j=Na+1 0 t

+
[\
~—
O\H
hsH

&S,
S
2
U
\]
+
[\
—
i
S
2
QU
\]
IN

i=1 j=Na+1 +
e’} s} T 2 Ny e’} T 2
23 3 | [amenenn) o3 S [ @er)
i=N1+1 j=Na+1 0 i=1 j=Na+1 0
[e%) No T 2 o oo T 2
w23 S| [pu@etrar) v25 Y | [ag @i +
i=N;+1 j=1 0 i=1 j=N>+1 0

+2(T 1) J[EACLED S
S 2m2 (625\N1+1,N2+1(t7T)+2CT + 625\1,N2+l(t7T)+20T+

+625\N1+171(t—T)+2cT + ezil,N2+1(t—T)+ch> +2(T —t) 1 —. (4.10)
(N1 + Na)
Substituting the obtained estimates (4.9) and (4.10]) into inequality (4.1)), we get the estimate

1/2

N - 62(5‘1\’1-1\’2_0)75 GQ(S\l’Nz_C)t
||u —u, H < 25\1’1 + %, e+
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+v2m (2Ot D)D) g 2w o)0-T)

1
(N1 4 N)'

n even number. We obtain the approximate solution with respect to the initial data as

- - 1/2
_|_62()\N1+1,1*)(t*T) + 62(>‘17N2+17)(t7T)) —+ 2 (T — t) (411)

o0

=33 / Piy (T) AT (@, y)+

i=1 j= 10

oo (oo} t
+ Z Z /ﬁi,j (1) e/\i’j(t_T)dT(I)i,j (z,9),

i=1 j=17

and the approximate solution with respect to the initial approximate data as

(z,9,1) Zz/paw X drd, ; (2, y)+

lel

ZZ /psw ) drd, ; (2, y).

:Jlo

From the second sum in inequality n, we obtain an estimate of the form

oV~ =3 / By (1)~ Py (1) 67| ¢

=1 j5=1

+Z Z / Dij (T) = Deiy (T)) e i (=7 dr <

i=1 j=1

625‘N1’1t 62:\1’1t

< + — £, (4.12)
2(7'2 2 All

s

where 09 = mln {|)\Z 1‘}
1=
We also ﬁnd ||w w"|| using the Lagrange multiplier method as above, and obtain the estimate

2

o= 3% /pw )y | <

i=N1+1 j=1

< m2eP M (t=T)+2eT (4.13)

We substitute the estimates (4.12)) and (4.13)) with inequality (4.1)) and obtain the result

W)t 2w
Ny,1—cC)t 1,1—c)t -
|u—ul| < c 50, + 62 e + me(Arvsia—e)t=T) (4.14)

At

By minimizing the above results, which are the two cases we choose as f (z,y,t) = 0and ¢ (z,y) =0,
and the right-hand side of the evaluations for the even and odd numbers n in them, the available
regularization parameter IV is found.
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For the first case, we show that when ||¢ (z,y) — ¢. (z,y)|| <€, it is possible to choose the regular-
ization parameter N such that ||u — u?|| < Ce, where C is a constant. From estimate (4.5)), as € — 0
, there exists such an N that the following expression tends to zero:

D(t’ 6) — (62(5‘N1+1,N2+17C)(t7T) +e2(5\N1+1’176)(t7T) +62(X1,N2+1fc)(t7T) +62(5\1’N2+176)(t7T))1/2m+

+(ez(;\vaN2_C)t + 62(5\1'1\’2_0)7&) 1/26.
Then one can show that
llir(l) D(t,e) = 0. (4.15)
Assume that ¢ is a sufficiently small positive number. From the relation
lim J(¢t,m,N) =0,
N —oo
it follows that there exists N (J) such that for all N > N (§),
)
J (t, m, N) S 5,
where

J(t7m,N) — (GQ(S\N1+1,N2+1_C)("4_T) + 62(;\N1+1’1_0)(t_T) +62(X1"N2+1_C)(t_T) + 62(5\1,N2+1—c)(t_T))1/2m.

- . 1/2
Now define Z (6) = inf : {(62(’\1\’1’”2_C)t + eZ(Al*NTC)t) } If

N>N(§

N

€<

DN =

Z

(7]

) )
then the function D (¢,¢) satisfies the inequality D (t,e) < §. This proves relation (4.15). Using

the same approach, and relying on estimates (4.8]), (4.11), and (4.14), one can similarly choose the
parameter N depending on &.
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