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Lyapunov stability of an upwind difference scheme for a quasilinear
hyperbolic system

Aloev R., Nematova D., Abdullah I., Mohd M.

Abstract. The paper considers a mixed problem for a quasilinear system of hyperbolic equations in
Riemann invariants with dissipative nonlinear boundary conditions. To numerically solve the mixed
problem, an initial-boundary difference problem based on an upwind difference scheme is proposed. A
discrete Lyapunov function is constructed for the numerical solution of the initial-boundary difference
problem for nonlinear problems. A theorem on the exponential stability of the stationary state of a
quasilinear system is proven.
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MSC (2020): 53C12, 57R25, 57R35

1. INTRODUCTION

One of the promising directions in the theory of stability of nonlinear difference schemes seems
to us to be a generalization of the direct Lyapunov method (see, for example, [1], which allows us
to reduce the study of the stability of systems of nonlinear hyperbolic equations to the construction
of a positive definite function that monotonically decreases on the solution of this system (function
Lyapunov). The method of |2] Lyapunov functions has found its application in the theory of stability
of ordinary difference equations [3, 4]. There are generalizations of the direct Lyapunov method to
partial differential equations [5} 6} 7, 8, 9] although this method is not so popular here. Note, however,
that the method of energy inequalities, widely used in the theory of linear partial differential equations,
is, in essence, a special case of the direct [2] Lyapunov method (in this case, the Lyapunov function is
constructed in the form of some quadratic form from the solution of the problem). All this allows us
to hope to generalize the method of Lyapunov functions to nonlinear difference schemes.

Note that works |10} |11, (12} |13, |14, |15] 16, 17| are devoted to the construction of the Lyapunov
function for linear difference schemes.

2. METHOD

Extensive literature is devoted to the issues of studying the stability of difference schemes. The
most complete results were obtained for linear schemes with constant (in time) operators; linear
circuits with variable operators, and especially nonlinear circuits, have been studied much less well.
Two methods for identifying the stability of linear difference schemes are widely used: the spectral
method and the method of energy inequalities, the latter being, in essence, a difference analogue of the
Lyapunov method of functions. This paper sets out stability criteria for nonlinear difference schemes.
The proposed criterion is a sufficient condition for the stability of the circuit in terms of Lyapunov
vector functions.

Well-known methods of Lyapunov stability analysis are based on the qualitative theory of ordinary
differential equations. Research on this basis is necessary for the theory and practice of automatic
regulation, control and monitoring, and super-operational control. As a rule, sustainability analysis
is carried out either a priori, before creating a control system, or a posteriori, based on the results of
operation. However, stability monitoring is important for the current state of the system.

The need to study the stability of motion or some state arises at all stages of the design or study of
physical systems. For the first time, a rigorous mathematical definition of stability and exact methods
for solving the issue of stability for a fairly wide class of systems were given by A.M. Lyapunov in his
famous [2].

This work was the logical conclusion of the entire previous stage in the development of the theory
of stability. With its advent, stability theory reached the level of an independent discipline, taking
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its rightful place among other mathematical disciplines. A.M. Lyapunov proposed two methods for
analyzing the stability of solutions to ordinary differential equations. The first method consists in
constructing the solutions of the differential equations of perturbed motions themselves in the form
of certain series. Based on subsequent qualitative research of these solutions, conclusions are drawn
about sustainability or instability. The second method is to find some auxiliary function, the properties
of which determine the stability or instability of the solution. Currently, these functions are called
Lyapunov functions, and the method is called the Lyapunov function method, the second Lyapunov
method, or the direct Lyapunov method.

Lyapunov’s work was the starting point for research of this kind. His ideas develop and deepen in
many directions. New theorems have been established that expand these methods, many questions
of the existence of Lyapunov functions and their effective construction have been solved, questions of
stability of unsteady and periodic motions, stability of the first approximation, in critical cases, with
constantly acting disturbances, and many others have been studied.

A development of the theory of stability in relation to automatic control and regulation systems is
the theory of motion stabilization, which explores such system control modes in which some program
motion (unperturbed motion) of the system will be stable in one sense or another. In many cases,
along with the requirement of stability of undisturbed motion, additional requirements are imposed
both on the nature of transient processes and on control actions. Often these requirements can be
expressed in the form of a minimum of some integral functional. Stabilization problems with these
additional requirements are called optimal stabilization problems, or analytical design of regulators.

3. RESULTS AND DISCUSSIONS

Statement of a quasilinear mixed problem. According to the work [18] in the region

w2 {(t,z) : 0 <t <T,0 <z <L} we consider a mixed problem for the following quasilinear hyper-
bolic system

&+<P(£ n)fz , %+<p(§ ) z+7f—0 pt+tp(£,n)pm+pf+7fr:0,
0 th O<x<L

with boundary conditions

at z=0:
{ £(t,0) =a(n(t,0), ¢(t0)v(t0)=—a (n(t
@ (t,0)p(t,0) +7(t,0) f(¢,0) =

at x = L :

{ n(tvL):b(é‘(tvL))a (
Y (t,L)O(t, L)+ (t,L)p(t,

and with initial data
f(o,l’) :50 (l’), 7(0>$) :‘S(/J (l‘), p(oax) :&)/ (.CC),
TPl B o A e O<o<b 33

Here { =¢(t,2), n=n(t,2), v=7t2)=&, 0=060t2)=n, p=pt,2) =", 0=0(t, ) =6,
are unknown functions to be determined, and ¢ = ¢ (§,1), ¥ = ¥ (&, n) are given functions that
have continuous derivatives up to the second order inclusive. We will assume that a,b € C* (R).

Do %) oY oY
f:’Yafg‘f‘(Safn, p:’}/afgﬁ-(safn.
Here
gp(t, 0):90(§(t’ 0) an(tv O))’ ¢(ta 0):7!}(5(1;? O) 777(t7 0))7
gO(t,L):(p(é(t, L) 777(t7 L))7 w(tv L):w(g(tv L) 777(t7 L))7
f(t,O):f(f(t,O), n(t70)7 7(t70)7 5(t70))7 p(t, O)ZP(f(tvo)v 77(@0)7 ’Y(t?O)? 5(t70))7
f(tvL):f(f(t’L)v n(tvL)’ ’y(t’L)v 6(t7L))v p(t, L):p(f(t,L), 77( ’L)’ ’y(tvL)v 6(tvL))
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The functions e (t) and h (t) are defined as

a’(n(t,0)) ¢ (,0) V(€ L)) w(t L)
¢ (t,0) ’ ¥ (t, L)

Exponential stability of the numerical solution of a nonlinear initial-boundary difference problem. In
this section we establish the exponential stability of the numerical solution of the initial-boundary
difference problem for the mixed problem , , .

To obtain the initial-boundary difference problem, we will use an upwind difference scheme for the
numerical calculation of system .

To do this, we cover the spatial region [0, 1] using a uniform grid Qa, = {xj =j-Azx, j=0, J} ,
Ax step by .
To numerically solve the mixed problem , , , we propose the following upwind explicit
difference scheme

e(t) :=

h(t):=

g1 = (1 - [Cw]f_l) o) &, k=0K -1, j=1,J,
it = (1= (Ol ) ml + (Gl s k=0,K =1, j=0,7—1,

Jj+1

k k 0K —1. i=1.J
3= (L= O o+ O o = At k=DK1, j =T,

j—1
(3.4)
ot = (1 . [C¢]§+1) 68 4 [Cy)t,, 05 + A 849, k=0,K 1, j=0,J - 1,
k .
P;Hl = (1 - [CCP]?—l) p? + [Cw]§—1 p§71 — At - [P?fgk ""7? (%)]] »J=1J,
Ot = (1—[Cult,,) 0F + [Cy)F, 05, + At - [08pF 168 ()], j=0,7—1
j $ljr1) Y $li1 Vi iPi T 95 5z, J ’ )
with boundary conditions
{ & =a(m), et =—a (F)vEss, wbel+ S5 =— (¢ (£)" 65 —e* [v56h + o5pt] 55
3.5
s =b(gh),  hoh = b (&5) ek, el + okl = — (W (£)" 45 + hF [l + Ahph]
and with initial data
& =8 (z;), nj=no(x;), 7 =& (x;), 07 =ny(x;), 56
3.6

sz H(-Tj)v 9?:776/(551‘)» j€{071727'”7‘]}‘

Let us introduce the following vectors into consideration

5: (677710)7 ﬁ: (777 6a 0)7 gzﬁ = (5*77*71)*)7 ﬁ* = (77*’5*76*>7 51 = (5075675//)a 52 = (770777(/)777//)

and the following matrices:

— — —

A . — — ) — « A . % % o fx
Uk :dzag (77](;75%777]167 """ 75‘];71777;]77175?61)7 U :dzag 7_7’*75 s My 7€ » N 75 )

A

U= diag (52 (o) 751 (1) 752 (1), 751 (xs_1) 752 (xs_1) a51 (xJ)) .

Definition 3.1. The equilibrium state U* of the initial-boundary difference problem (3.4)), (3.5]),
(3.6) is stable in the [? -norm if there exist positive real constants n;, no such that for any initial



8 Aloev R., Nematova D., Abdullah 1., Mohd M.

condition @ the solution to U*, k € {1,2,---} the initial-boundary difference problem ([3.4)), (3.5]),
(3.6) satisfies the inequality

[U* = U"|p < moe ™" @ —U"|a, ke {1,2,---], (3.7)
where
6J
A ke ke ke T « A o P o T ok fk T
U (n07§157717 """ 75‘]71777(]7155,]') ) U :<77,§77Ia """ 55)7775) )
® 2 (6, (20),61 (51), 8 (1) -+ 161 (254) 62 (1), 61 ()
and
EREA = ERE A
Ut - 2 e ([ - 1 s - 7)) + 0 ([ - €] [8 -] +

s {([@-8) [g-]") + (m -7 17 - 71")
2 -0l 2 A ([ ) = 7] [ o) - 7)) + e ([ ) - €] [ ) €] )4

J=1 . 5 AT - T T

saa S {([6 @) -] [aw)-€]) + ([ - 7] G -7] )}

j=1
ke {0,1,---}.

Definition 3.2. (Discrete Lyapunov function). It is said that the function L* : R/ — R{ is a

discrete Lyapunov function for the initial-boundary difference problem , , , if

(1) there are positive constants h; and hs that for all k € {0,1,---}:

hy |[U* = U*|[, < LF (U*) < by |U* = U7, (3.8)
(2) there is a positive constant n such that for all k € {0,1,---}:
k k+1 *Lk Uk
Lr (Ut (") < —nL" (U"). (3.9)

At
To simplify the notation, in what follows we define a sequence of discrete values £* as
Lr=1L"(U", ke{0,1,---}

where U* a given solution of the initial-boundary difference problem , , .
It should be noted that the presence of a discrete Lyapunov functlon ensures the stability of the
equilibrium state of U* the initial-boundary difference problem (3.4] P in the [? -norm.
First, let us separately consider the difference equations for 5’“ and system 1.'

{ = (1O ) g Hiod g, k=0FT =T o
P = (1 . [C¢L+1) O e, k=0K T, j=0.7 1. .
where

[CW];?:@?%’ [C ] _1/15 ¥ = max ([Cw]fj[cw];?)‘

p = 90(0’0) >0, '(/] :¢(07O) >0
As a discrete Lyapunov function for (3.10)), we consider discrete function

A J g Il
,h=rch+ck L= TAmZ (5;?)2 exp <—m:cj_1> , Lh = —_sz (77;-“)2 exp (n}xﬁl) :
¢ = P v = G
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The difference time derivative of the discrete Lyapunov function on solutions of difference equations

(3-4) is
Ek+1 ,Ck £k+1 Ek £k+1 . [,k
1 + 2 2
At At At
Let us calculate the difference ratios the right side of (3.11)) separately.

Lemma 3.3. For grid functions §jk satisfying difference equations (3.10), the following inequality
holds:

(3.11)

Lo Y\ [( ’“)2 *ex (—mm)”‘]—mA zlj (5’“) ¥ ex (—Ex- )+
At =T |\ FEP T 0T L Pl =51 (31

with

o O 00(&m) e 9 (§0m) g
T T A e on

k+1 k

Proof. Substituting the value of the expression for 5;““ from into expression % we get

% = %A:r ZJ: [W} exp (——mj 1) = i: [(§k+1) (ka)Q] exp <—%$j—1> =

j=1

- £ [0 e e - @] on (-2,
- (3.13)

2

Using Jensen’s inequality to evaluate the expression {(1 — [Cw]ﬁ_l) gj’? + [C@]";_l 5;?_1} from above we
have |

L,k A 9 L m

T CTP Z |: ) } [C@}j—l exp <_¢33j1) . (3.14)

7j=1
Using the difference formula

(uj — uj—1) vjiqwj—1 = (Ujvw; — Uj 101 Wj—1) — Uy (VW; — V1 Wj—1) =

(3.15)
= (wvjw; — w10 wj) =y [(v; = vjm1) Wy + v (w; — wj)]
and assuming u; = ({ ) [C'g,]f , W; = exp (—%xj) from ([3.14]) we obtain the inequality
k1

1T7£k = cA Zi: [( ) [Cw]jq exp (_%xj—l) - (’Sf)Q [Cw]? exp <_%xj)} +
2 3 (& [l — 10 e (—20,) + (O [exo (—2,) —exp (<20,01)] .

Therefore, taking into account equality
[exp (—%xj) — exp (—%xj,l)} = exp (—%xj,l) (exp (—%Al’) — 1) =

= exp (—%xj_l) [—%Aw +0 ((Am)z)} :
with accuracy O (Ax) from inequality (3.14) we obtain

k+1 k
‘Cl _‘Cl

s < -2 @) 08 e (-2)] || - matae S (@) Ol e (<2a )+
+ Ci]il (gf)Z [[Cw];c - [Csa]?—l} €xp (_ ‘Tj) - % [(gk) ('0] exp ( % ])} ‘Z B
—m% Z (5’6) ¥ exp (_%xj_l) é (ff)Qf]’? exp (—%xj)

Lemma 3.3 is proven. O

63

‘G\\}
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Lemma 3.4. For grid functions 7];-C satisfying difference equations (3.10), the following inequality
holds:

k+1_ pk J J—1
St <) e (3a,)]| - mEAe S () Ve (Ba50) - (3.16)
J_1 3.16
_ % ; ( ) " exp (%%)
with
pk: j+1 ¢k 81/}( ]777J+1)7k alb( Jﬂ?])é
/ Az o€ I on a

k+1 k

Proof. Substituting the value of the expression for nkH from (3.10]) into expression % we get

% = Az Jf {W] exp< $]+1) =& Jf [(,,7;«+1) (n%) } exp( :nJH) =

- C% j:; {{ (1 - [Cw]JJrl) [Cw]J+1 77]-1-1}2 - (77]‘)2:| exp ( $J+1)

(3.17)
Using Jensen’s inequality (for convex mappings y — y? the inequality [¢;y; + q2y2]2 <q (y1)2—|—q2 (y2)2

2
holds, ¢, g2 > 0 and ¢; + g2 = 1), to evaluate the expression {( [C’,p]ﬁl) [Cw]ﬁl 17]+1} from
above we have

£12c+1_Lk B
At — Cy

5 {1 10) 097 + i 082" = )7 e (0,01 = (3.18)
£ [00)" = @] 1Oy exo (20,00) |

Using the difference formula

B
Cy

(Ujp1 = Uj) Viprwipr = (Uj10j11 W41 — UV w;) — Uy (Vi1 Wi1 — VW) =
(3.19)
= (uj105m w41 — wv5w;) — s (V41 — ) Wi + V1 (Wi — w;)]

and taking into u; = (nf)g, v = [Cw];?, w; = exp( a;JH) account equality (3.19) from inequality
(3.18)) we obtain

% < c% jz_:_; [(77]+1)2 [Cw]ﬁl exp (%w]+1> — (Uf) [Cw]] exp (%x])} -
- & 0 [0~ O] e (22,) & T 07 (O e (B00s) —e (32,)]

we obtain with accuracy O (Ax)

z:’;+A1t Ly < c% [( ) [Cw} exp ( J)] ‘Z _ c% jz_: (ﬁf)2 [[Cw]erl — [Cw]ﬂ exp (%xj) _
- f?wlszx jg:o (T)f)2 [C'zp]?ﬂ exp (:Z]:CJ:A) :% [(nf)%f exp (%azj)} ‘J
m2; A:C'Z (77;?‘)21/;;?“ exp (%l'frl) - %2 (77?)2 [WF — k] exp (%mj) —
- J .
=3 [(ﬁf) Y exp (%%)} ’0 —mAzr Eo () W) exp (%%H) -
~Eae's () |y, - 2 e (32,

Lemma 3.4 is proven. O
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From Lemmas 3.3-3.4 taking into account equality (3.11]), we obtain the following inequality

Lr+l _ pk

A S TF+YE+ T8 (3.20)

Here
(&) e ()|, + 2 [ e ()]
J ) J-1
T [A S (€ bep (2, 1)+ BAwS (), e (22, )] ,
7=0
T, = %Am Z (g;?)Qf]’? exp (—%xj_l) — %Ax g:l (77;?)219? exp (%@)
7=0

Let us assume that the functions of boundary conditions (3.5) a,b: R — R, satisfy the inequalities:

Jmax a (ng)| < +oo, max o’ (i15)] < +oe,

max_|b (&%) < +oo, Jmax !b’ (&) < +o0

0<k<K

(3.21)

and denote
:‘io:a/(O), HL:b/(O).

Then we have the following lemma
Lemma 3.5. If |kokr| < 1, if coefficients m, A, B satisfy inequalities A2 — B < 0 and
B exp (%L) k2 — Aexp (—%L) < 0, then there are positive real constants Ky, dy, l; such that if

|§’-€| + |77f| <d, Vje{0,1,---,J}, then along the solution of system (3.4)) with boundary conditions
(13.5) the following inequality holds

LEH 4 2
Eo S st { e (@) 1+ + AT 00 e+ 18D
Proof. For expression T% the following equalities are true
i = AN g () Lexp (L) + RO o (2L) - ) _
_ Aaz(ng)w’a‘ B A(sfﬁ?ﬁ%? exp (—%L) L) (EJ)wJ exp (%L) _ B(n’gz);w!?

This expression can be represented as
Th =Tk + AT}
where, through Y% for small £% and 7% denoted the terms of the second order of smallness with
Sof = 957 ¢f = QZJ’ a (Ug) = ’{077(];7 b (g,];) = K/L&?'

Then it is obvious that for T}, we have

th = |Boxp (1) wt - Aexp (~2L)] (€)" + (At - B) ()’

which, as was shown earlier in 6], is a non-negative expression Y%, < 0. Moreover, the remainder AT,
is denoted by terms of third order of smallness with respect to &% and n} (i.e, ATY = O <(§ "?, (n§)3>

for small [€%| and |nf|. Now let’s look at the expression for T%. Let us introduce the following notation:

o (&) =e+@ (&), w (&) =d+9 (&)
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Then for the expression T we have
Yh = —mLF + ATE
with
A 4 2 m B — 2 ~ m
AYE = —m szxZ (ff) @? exp <—:Uj_1> + — Az Z (njk) fﬂ exp <_xj+1> .
I P (s Y

According to the definitions of 4,5;? and 9%, ,, it is easy to verify that the expression for AT, will take

J+10
place of the members third order of smallness relative to é’f and nf :

J
ATE~ O (Am > |€)”
j=1

T/ 3 J 3 T
. (m}) ‘ for small ijgl‘(ﬁj) ’and ijgo‘(nj) ’

For ¢ and n¥ satisfying inequalities |€¥| + |n*| <dy Vj € {0,1,---,J}
Select a parameter I; so I; > m and TV + T5 < -1, £F for all k.
One can choose a sufficiently large positive real number K; such that

J J-1
i< Ar3 (€ [0+ 0]+ arX 6 [ + 81 .
j=1 7=0
This completes the proof of Lemma 3.5. O

Now consider the difference equations for 'yf and (55? from the system ([3.7))

k k P 7 . —
P = (1= [CUl5 )+ Gy iy = Al S, k=0K—1, j=T,J,

(3.22)
gt = (1 - [Cd,]ﬁl) 68 4 [Cylt,, 05, + AL 889, k=0,K 1, j=0,J - 1,
with appropriate boundary conditions
wove = —a' (115) Yoy, Y505 = b (€5) ¥hrb- (3.23)
Here
wo = (& M), Yo=v(& . m), Ps=w(& ), h=v(E.nb).
Next, consider the system of difference equations for pf , 9;“
S = (1= [CL ) P+ [Cols, phy — At [phfE+ (—f) =17
p] 1p3 jlpgl Pyja J »y ]{;_OK—]_
o = (1~ [%LH) OF + [Cull,, 0%y + At - [0k + 85 (2)] ] -1,
(3.24)
with appropriate boundary conditions
bk + b IE = —(e/ (1))"0h — e [wb05 + obnt]
(3.25)

hO% + Skph = — (W (£)) 7 4+ BE [k ply + AEph] .

Here

fE= (&, nk, A&, ob), ph=p (&, 0k, A&, oF),

f5 =1 b, b, 65, o =p(&, 0, 5, o).
The functions e* and h* are defined as e* := a’ (nk) Y& /ok, h* = (&%) % Jobh.
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Linearization of systems of difference equations (3.24) and (3.25) (around the origin) have the

following form:
K =A=Co) +Cf s k=0.K -1, j=1.7,

= (1—Cy)0F +Cuok,,, k=0,K 1, j=0,7 -1

respectively - B
Pl = (1= C)ph +Cppt_y, k=0,K—1, j=1,J,

9f+1:(1—0w)6;€+cw9;€+1, k:O,K—]., JZO,J—l

It is easy to see that the resulting systems coincide with the linear system with other notations for
the dependent variables. That is why this circumstance suggests that we should take as the Lyapunov
function

L =cF + LF + g*,
where L* and £F have the format £F:
J 2 m - i, 2 m
LF =LF Lk, LF = @AAQ:Z (vjk) exp <_95le> , LF=yBAzx Z (5;“) exp <¢ajj+1>

Jj=1 j=0
and
4 2 m — s, 2 m
gh=gh 4 eb oh = @3AA932 (pf) exp (—@@1) , Ch=q? BALEZ (0;“) exp (ile) .
Jj=1 7=0

Now let’s study the difference derivatives with respect to time of functions L* and £* along solutions
of the closed-loop system ([3.22))-(3.23)-(3.24))-(3.25).

Lemma 3.6. If |korr| < 1, if positive real constants m, A, B satisfy inequalities Ak3 — B < 0 and
Bexp (%L) k2 — Aexp (—%L) < 0, then there exist positive real constants Ko, da,la such that if
&8+ nf| <dy Vje{0,1,---,J} then

Lkl Lk . L2 ek oy Tk L sk
;. Skl K Az (vf) [+ a5 [] + Az Y (85) ||+ [85]]
j=1

j=0
along solutions of systems (3.22)),(3.24]) with boundary conditions (3.23)),(3.25)).
Proof. The proof of Lemma 3.6 is similar to the proof of Lemma 3.5. Therefore, we omit it. O

Lemma 3.7. If |kokr| < 1, if positive real constants m,A, B satisfy inequalities Aki — B < 0 and
Bexp (%L) k2 — Aexp (—%L) < 0, then there are positive real constants Kz, ds,l3 such that if |§f| +
| <dy Vje€{0,1,---,J} then

k+1 k J J=1

i <ot Ar ) (14160 + 400 5 00 1+ 161 |+
J= J=

J

o o O ot + il + & 2 0" 181+ 5D}

j=1 Jj=

along solutions of systems (3.22)), (3.24) with boundary conditions (3.23)), (3.25)).

Proof. The proof of Lemma 3.7 is similar to the proof of Lemma 3.5. Therefore, we omit it. (]
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Lemma 3.8. If |kokr| < 1, if positive real constants m,A,B satisfy inequalities Akj — B < 0 and
Bexp (%L) k2 — Aexp (—%L) < 0, then there are positive real constants ly such dy that if L* < dy,

then
(L4 L) /AL < 4Lt

along closed loop solutions system (3.22), (3.23)), (3.24)),(3.25).

Proof. In the process of proof, we use discrete versions of some inequalities (a continuous analogue of
which can be found in [9]), valid for [>-functions o,¢ : [0, L] — R and some positive real constant =:

J J
Ax Z o lg] < Max |s;| Az Z o3, (3.26)
j=0 7=0
J J
2
szga? 51 < gnax o] szg 5] (3.27)
J= J=

According to ([3], p.109) we have

2 2 2 2 0j —0j-1
lolle: <2 (Lllosll* +03) . llolle <2 (Ll osll® +03) s 00 = 2=,

1
J /2
! 2
lolle = max, [0y, [l o5l = (02,04 "> = (Ame) )
hence

max |o;| < C
0<y<J

(s5) "+ (a2} ) a9

Discrete Cauchy-Schwarz inequality:

J J 1/2
sz |loj] < ﬁ(AxZa?) . (3.29)
=0

=0

From Lemmas 3.5, 3.6 and 3.7 we conclude that L* = £F +L* 4 £* it satisfies the following inequality:

it < nnvie a7 [+ 194+ a0 S 08" Tt + 19 |+
s Ar G0 It + D+ A 0 ot + i | +

410 8 A S5 ()" [1f+[85]) + Ao S (0° (4] + 138+

+Ka § A 35 (04)° ot +104]] + A S (8)° [of] + 5]
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with I, = min{l;,ls,l3}. Next we use the following inequalities. Regardless, £,n,7,d, p, 6 there are
real positive constants =, =, such that

e €" [0t + 181 + 80 5 00" 1ot + 1] <
< (Pl + 10410 { e % (e 1 5 0} <

xfjl )7+ Ag;_j];l (4«)2 + . . 2 (3.30)
<5 T F o ) { v 3 (&) +Ax > () }s
e X (@) +|Ar % (@)

< B (L) () () (e) ] ek + ).

We obtain this chain of inequalities as a result of applying inequalities (3.26)) and (3.28]). Likewise,
regardless of £,7,7,6,p,0 3 Z] > 0 and 3 =) > 0 such that

{ é( 5’ H%|+|5k|]+m;z(5;)2[|»y;f|+|5§|]}§
é( 924 ArY (5)?

J j=0

1
2

< (IW*lle + 119%c) | Az

1
2

J )2
szl (7]-)
]:

J )2
Az 21 (Pj)
J:

<z 1
= 1 Il o 3 J-1 2 2 7=0
AT (8] +|ac'S (@)
J= J=

Inequalities (3.26)) and (3.28]) were also applied here. Likewise, regardless of &,1,v,6,p,0 3 =1 > 0
and 3 =5 > 0 such that

o s ()" [+ 0]+ A @97 [0 181} <

7 J—1 )
< (I*lle + le*]lc) (A 3 (k)" tary 5)°] <
; 3 3
Az ; (ny’“)Q + | Az Z:l (p’;)2 + J i (3.32)
ez LA L T et e an B 7] <
J=1 NE J=1 Nk j=1 i=0
+| Az ((5;“) + [Az Y (9;“)
j=0 i=0
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To obtain this inequality, we applied inequalities (3.26]) and (3.28). Regardless &,1,7,6,p,0 3E] >0
and 3 Z)’ > 0 such that

{m@im&nm+wm+af§wﬁ%wwww@s
Dac g ittt + oo S it o | <

= (H (’yk)2 J=1
Ao () + A S ()'+ ; SR
<= :} ) { lAZL‘ j; (P§)2 Ax ];) (ef)2‘| } <

+Az Z (5’“) + Az (9’“

j=0 Jj=

+ H(5k)2

C

N

+

k‘

IN

=, ()77 + (27 4 (1) + (e8)""] [t + ]

Here we also applied inequalities (3.26)), (3.27) and (3.28). So from inequality (3.30)-(3.31))-(3.32)-
(3.33)), we obtain the inequality

LF+l _ Lk 3
S < LUK (L) 2
VZQ, 0< lo < l4 E'do that
KLY < (I~ 1) LF VLF < dy.

Taking into account this inequality we have

Lk:+1 _ Lk
At
Note that if dy we take small enough, then from (3.34]) we conclude that

]Eﬂ + ‘nﬂ < min (dy,ds,d3) V5 € {0,1,---,J}. Finally, this fact gives us the right to use Lemmas
3.1, 3.2, 3.3 in the process of proving Lemma 3.4. O

< —[,L* VLY < dy. (3.34)

Theorem 3.9. (Discrete stability for the case U* > 0). Let us assume that the Courant Friedrichs
Lewy (CFL) type condition

C =max (C,,Cy) <1, where C, = @ﬁ—i, Cy = @Zi—;’

1s satisfied for . For each U* satisfying the matriz inequality U* > 0, each ko, kp satisfying the
inequality 0 < |korr| < 1, each U > 0 and for any initial vector function ® satisfying the matriz
inequality U® > 0, and

|® —U"|. <U (3.35)
the solution U* of the initial-boundary value problem , (13.5), (3.6) satisfies the matriz inequalities
Uk >0, ke {0,1,---}, and the stationary state U*of the initial-boundary difference problem ,

(3.5), (3.6) is stable in the I* -norm.

Let’s go to U* = 0. Then inequality (3.35)) in Theorem 3.9 is now expressed as
@l <U. (3.36)
Note that inequality (3.7)) can be rewritten as

U, < voe™" || @],., ke{1,2,--},
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Proof. Further, in the process of proving Theorem 3.9, we consider only the case of the matrix in-
equality
U > 0. (3.37)

Since the initial data are U° > 0, then according to the discrete system ({3.4)), , (3.6) and the CFL
condition in equation (3.4), (3.5), (3.6) , we have U* >0, k€ {0,1,---}.

Consider the following candidate for the discrete Lyapunov function for any U* € R6*”/
J 2 2 2 m
L (U*) = Az j; [%(gf) + @A (VF)” + GPA(ph) } exp (—Eajj,1>—|—

J—1 _ B
+A0 S (20" + 0B + 3B exp (001).

=0

Discrete weight norm L (Uk) is equivalent to the discrete W -norm , for all k& > 0.
min {exp (—2 L) min (4, A, ¢*A) +min (2, ¢B,9°B) } [[U*]2, <L (U") <

max {exp (%L) max (%, PA, @3A) + max (% UB, 153]3)} 0%

where
[0 = a3 (€ + () + (0)°] + Ay ()" + (09" + (0%)°].

As a second step, we evaluate a finite difference approximation of the time derivative of L (U*) time.

For this purpose, we use inequality ((3.34))
L (U*) — L (U*)
At

Inequality (3.34) means the existence of a discrete Lyapunov function L (Uk), which provides an
exponential decrease L (U*).
This completes the proof of Theorem 3.9. O

< —eL (U,

4. CONCLUSION

So, in this work we studied the problem of exponential stability of the numerical solution of an
upwind difference scheme for a quasilinear hyperbolic system with dissipative boundary conditions.
An upwind difference scheme is constructed for the numerical solution of the initial boundary value
problem. The definition of exponential stability of a numerical solution with respect to the equilibrium
state of an initial-boundary difference problem is given. For the first time, a discrete Lyapunov function
for a numerical solution was constructed and a theorem on the exponential stability of the equilibrium
state of an initial-boundary difference problem for a quasilinear hyperbolic system was proved.
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Abstract. In the article, high-accuracy difference schemes for the Cauchy problem for a system of
fourth-order equations are obtained. Based on the method of energy inequalities, the stability of
the scheme is proved, a priori estimates of the solution to difference schemes are obtained, and their
convergence and accuracy are proved. The results obtained for the system are applied to solve the first
initial-boundary value problem for the equation of ion-acoustic waves in a ”magnetized” plasma for
the generalized potential of the electric field. The schemes constructed for this problem have second-
order accuracy in spatial variables and fourth-order accuracy in time variables. In energy norms,
convergence and accuracy estimates are obtained in classes of smooth solutions.

Keywords: Cauchy problem, fourth-order system of equations, ion-acoustic wave equation, difference

schemes, approximation error, stability, convergence, accuracy
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1. INTRODUCTION

In the spatial approximation of partial differential equations using finite difference or finite element
methods, we derive systems of ordinary differential equations with large dimensions. Currently, these
semi—discrete methods are frequently employed to numerically solve initial-boundary value problems
for differential equations, particularly for non—classical Sobolev—type equations. In reference [1], this
approach was applied to a system of nonstationary second—order equations, using piecewise cubic
interpolation—the finite element method—for approximation. Similar research was conducted in refer-
ences [2]—[3] for non-stationary first-and second-order equations, resulting in the development of two—
or three-parameter vector difference schemes with fourth-order accuracy. References [4]-]5] examined
the application of these schemes for numerically solving various high—order Sobolev—type equations.
For instance, high—accuracy difference schemes were constructed and analyzed for equations modeling
internal waves in a weakly stratified fluid [4] and for equations describing gravitational-gyroscopic
waves in a stratified fluid [6]. Additionally, the three-parameter schemes developed in reference |2]
were utilized in references [7]—[8] to address various non—classical Sobolev—type equations, where high—
accuracy schemes were constructed and investigated within the context of smooth and non—smooth
solutions.

The proposed research focuses on the development and examination of two-parameter difference
schemes for non-stationary fourth-order equations. These studies were initially conducted in [9]. This
work aims to generalize those findings for the numerical solution of the first initial-boundary value
problem related to the equation of ion—sound waves in a ”"magnetized” plasma, incorporating the
generalized potential of the electric field. The research presents theorems concerning the convergence
and accuracy of the schemes.

2. STATEMENT OF THE PROBLEM

We consider the Cauchy problem for a system of fourth—order operator differential equations:

d*u d?u
i P = < .
Dof+Bos+Au=f 0<t<T, (2.1)
'U,(O) = Up,0, U(O) = Uog,1, U(O) = Up,2, ’LL(O) = Ug,3, (22)

where D # D(t), B # B(t), A # A(t) are operators from H —+ H, u=u(t) e H, f=f(t)e His
the Hilbert space with an inner product (u,?) and norm |ju|| = y/(u,u). In what follows, we assume
that all necessary derivatives of the sought—for solution u(t) exist.
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3. SECOND—ORDER ACCURACY SCHEME

Consider problem , . On the interval 0 < ¢ < oo, we introduce uniform grid w, = {¢, =
nt, n =0,1,...}, w, = &, N{0} with step 7. We will consider abstract functions y = y(t,)
and ¢ = p(t,) of discrete argument t, € w, with values from H is grid space. We denote the
space consisting of elements of space H with the inner product (u,?)a = (Au,?) and energy norm

full | = \/(u,u)A by H,. Now we approximate problem ({2.1]), (2.2) with the following difference

scheme

Dyys + By, + Ay =, t, €w,,n=2,3,..., (3.1)

Y =wuoo, Y =To1, Y =Tz Y =Togs, (3.2)
where yzz, = (y"™ — 4" + 6y — Ay Y)Y gy = (T - 2t T/ Y =
y(tn), y"*= =y, £7), Y= =y(t, +27),

ﬂO,l = Ug,1 + 0.57 [E - (T2/12)D71B] Uo,2,
U2 = Ug2 + TUg 3, (3.3)

T3 = uos + (37/2)D " [f(0) — Bugz — Aug ],

E is the unit operator.

Let us denote the errors by z = y — u, where u is the solution to problem ({2.1)), and y is the solution
to scheme (3.1). Then, substituting y = z + u into scheme (3.1)), we obtain the problem for the error

where ¢ = O(7?) is the approximation error of scheme (3.1)). The initial conditions (3.2]), considering
(3.3), also have second-order approximation error, i.e., O(7?).
To study scheme (3.1)), we perform the following transformation:

Dy"*? — (4D — 7°B)y" ™ + (6D — 27°B + 7*A)y" — (4D — 7°B)y" ' + Dy" 2 = 7.
Let y = y™*2, then from this equality we obtain:
B4yn+4 + Bgy"+3 4 Bgyn+2 _|_Blyn+1 +Boyn — 7_4()0' (35)

Here, By = By = D, B, = B3 = —4D + 72B, B, = 6D — 272B + 7*A. Further, following [10], we write
scheme (3.5)) in the following canonical form:

Nyz + szy;g + ngyfti + 7 Ryai + Ry = 7o, (3.6)
where N = T(2B4 + B3 - Bl — 2B0), = 2B0 + 05(31 + Bg) + 234, S = 05(B1 - Bg),

Here we use the following notations yr = (y" —y" 1) /7, yee = (y"* — 2y"*2 +y")/(472),
o = T 2 2y ) (2,
Taking into account (3.7)), after elementary calculations, from (3.6]), we obtain a difference scheme

in the canonical form:
D — (72/4)B]y5t{t + Bygg + Ay = o.

According to Theorem 2 from [[10], p. 276], an a priori estimate based on the initial data (¢ = 0),
holds

[Ynr1lla < llynllz (3.8)

if the following conditions are met:
ReN >0, (3.9)

R >0, (3.10)
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R—4AN—R >0, (3.11)
R + 16X > 0. (3.12)

Here

lynllz = (1/26) [ly" +y™" +y2 g™+ ™ 4y =y =y e+

+ [y =y y”Hi_m_R + " =yt ey y"Hiﬂwl '

Let us check the fulfillment of conditions (3.9 1- Condltlons 1- ) and (3.10)) are fulfilled, since
=0and R = T4A (A A* > 0). Cond1t1on (3.11]) will be fulfilled if 4D —|—7'4A § 272B, and, ﬁnally,
the last condition will be fulﬁlled if 16D + 7'4A > 472B. These two conditions will be fulﬁlled if

D > (r*/4)A, (3.13)

which is the stability condition of scheme , .

Thus, the following theorem holds.
Theorem 3.1. When conditions D = D >0,B"=B>0,A"=A >0 and (3.13)) are fulfilled, an
apriori estimate for the initial data is Vahd for the solutlon of scheme (| . (13.2).

To prove the stability of the right- hand side of scheme (| . , We represent it as an equivalent
two-layer scheme in space H* [10]:

Cy: + Qy = ¢, (3.14)

where y; = {yg, Yz o (7'2/2)yt,t; , (7/2)y2; + (T3/8)y{t,§t}7 ¢ ={p, 0,0, 0},

R 0 0 0
o R-m-R 0 0
Q=1 0 R_oR—-R 0 |
0 0 0 R + 168

N+ 0.57R (R — AN — R) 0 0.5(R + 16R)

oo [T -R) 05r(R 4R -R) 05r(R 48 —R) 0

= 0 —0.57(R—4R—R) 0.57(R — 48 — R) 0
—0.5(R + 16R) 0 0 0.5(R + 16R)

By Theorem 4 from ([10], p. 284), for the solution to difference scheme (3.14)), the following a priori
estimate holds:

lgnralls < lyolls + leolls-s + lealla-s + Y llonills-r, (3.15)
k=1

if the following conditions are met:

ReN >0, (3.16)

R > 0, (3.17)
R—AR —R >0, (3.18)
R+ 16X > 0. (3.19)

In inequality (B15), flallz— = I las lonells—s = [¢tls = (A7k, @b). Consequently, the
following assertion holds.
Theorem 3.2. Let D =D>0,B"=B >0, A" =A > 0. Then, if - is satisfied, then for the
solution of scheme -, estimate (3.15[) holds.

Let us check the fulﬁllment of conditions (3.16))-(3.19). Conditions and are fulfilled,
since N=0 and A = A" > 0. Conditions (3.18) and (3.19)) will also be fulfilled if condition is
fulfilled.
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To prove the convergence of difference scheme (3.1))-(3.3]), we obtain a problem for the error z = y—u,
i.e., substituting y = z 4+ u into (3.1]), we obtain:

[D — (7%/4)B2ses: + Bzee + Az =7

with the corresponding initial conditions. Therefore, based on Theorems 3.1 and 3.2, considering ,
we have the following result.

Theorem 3.3. When conditions D* =D > 0, B* =B > 0, A* = A > 0 and are met, the
following accuracy estimate for the solution of scheme (3.1)-(3.3) is valid:

ly(ta) — ulta)llz < O(7?), tn € @r. (3.20)
4. FOURTH-ORDER ACCURACY SCHEME
From , we obtain ¥ = ¢ — Dugs7; — Bugs — Au for the error. Then, using the Taylor expansion
formula and equation , we obtain:
Dug,s, = D(t,) + (1/6)7°Du'®(t,,) + O(r*), Bug, = Bii(t,) + (1/12)7°B i (t,) + O(4).
Consequently, ¢ = ¢ — f™ — (72/6)f* + (72/12)B i + (72/6)Aii + O(7*). Then, if we choose
D=D+(72/12)B, B=B+ (72/6)A, &=+ (72/6)f, (4.1)
then we obtain the following difference scheme:
Dyiiie + By + Ay =, t, €w,, n=2,3, ..., (4.2)

which has the order of approximation ) = O(7*). We choose the initial conditions for (4.2)) in the

form (3.2]):

Y’ = 0,0, y' = U, 1, Y= U, 2, Y’ = Ug,3, (4.3)
where
to1 = ugs + 0.57[E — (72/12)D'Blug s + (72/6)ug s + (7°/24)D 7 [£(0) — Aug o],
Up2 = Ug,2 + TUp 3 + (7'2/2)D71[f(0) — Bug s — Aug o]+
+(7° /D [£(0) — Bitg » — Adig o], (4.4)
tigs = uos + (37/2)D ' [£(0) — Bugs — Aug o] 4+ (572/4)D[£(0) — Biig2 — Adig o]+
+(372/4)D_1[f(0) — Biigs — Adi ).

The approximation error of the initial conditions coincides with the approximation error of scheme

ED). ie. = O(r*).
To study the stability of the initial data of scheme (4.2)), we write it in the canonical form:

[D — (7%/4)Blyzi7: + By;; + Ay = (4.5)

Then, for scheme (|4.5)), the a priori estimate (3.8) holds if conditions (3.9)-(3.12)) with operators
(3.7) are satisfied, where:

By=B,=D, B,=B;=-4D+7’B, B,=6D—-2r’B+A. (4.6)

Checking the fulfillment of conditions (3.9)-(3.12) and considering (4.6), we arrive at the stability
condition of difference scheme (4.2)): B
D > (7% /4)A. (4.7)

Consequently, the following theorem holds.
Theorem 4.1. When conditions D* =D >0, B"=B >0, A" = A > 0 and (4.7) are satisfied, for
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the solution of scheme (4.2)-(4.4), an a priori estimate based on the initial data (3.8]) with operators
(4.1, (4.6) holds.

Similarly to the second-order accuracy scheme, the following assertion is proved.
Theorem 4.2. When conditions D* =D >0, B"=B >0, A" = A > 0 and (4.7) are satisfied, for

the solution of scheme (4.2))-(4.4]) with operators (4.1)), (4.6)), estimate (3.15)) holds.
To prove the convergence of scheme (4.2))-(4.4), we obtain a problem for the error:

sztft +Bzft +AZ = 1;7 tn € (D‘ra n = 2a3a"'a (48)

with the corresponding initial conditions. Here, 1) = O(7*). Therefore, based on Theorems 4.1 and
4.2, taking into account (4.8]), we obtain the following result.
Theorem 4.3. Under conditions D* =D > 0, B* =B > 0, A* = A > 0 and (4.7)), the accuracy

estimate (3.20)) is valid for solving scheme (4.2))-(4.4)).

5. SCHEME WITH WEIGHTS
Based on difference schemes (4.2))-(4.4) with operators (4.6)), we consider the following family of
difference schemes with weights

Dyftft + Bytgihoz) + Ay(og,m;) = (/_)7 t, € W;. (51)

A Y A \%
Here, (7172 = 1y + (1 — 01 — 09)y + 02, Y7 = 03y + (1 — 05 — 04)y +04Y , where 01, 03, 03, 04
are some constants, the weights of the scheme, the presence of which allows us to select various explicit

and implicit schemes and regulate their accuracy.
Let us study the stability and convergence of scheme (j5.1) with initial conditions (4.3, (4.4). To
do this, we will reduce (5.1)) to canonical form. We will perform the following transformation with

scheme (5.1)):
D + 7%0,B)y" ™ — [4D — 73 (1 — 01 — 03)B + 2720, B — 7t Aly" T+
+[6D + 7205B — 27%(1 — 0y — 09)B + 720, B+ 7*(1 — 03 — 04)AJy"— (5.2)
—[4D + 27%0,B — 72(1 — 0y — 02)B — T*oyAly" ™t + (D + m20.B)y" 2 = .

Let in (5.2) y = y"*2. Then (5.2)) has the following form:
Byy"™ + Bay" " + Boy™* + Biy"! + Boy" = '@,

where _ _ _ _ _
By=D+71%01B, Bsy=—-[4D —7*(1 — 0, — 02)B + 27%0,B — 7'034],

By = 6D + 7%0,B — 27%(1 — 0y — 02)B + 7?0 B + 7 (1 — 03 — 04) A, (5.3)
By, = —[4D + 27%0,B — 7*(1 — 01 — 03)B — 7*0,A], By = D + 7%0,B.
Now we write scheme (5.3)) in the following canonical form:
My; +7°Ryeo +7°Py, o +7'Quun + Ny = 7'¢, (5.4)
where
M = T(2B4 + B3 - Bl - 2B0), R = QBO + 05(B1 + B3) + 2B4,
From here, taking into account ({5.3)), we obtain
M =7%(03 —04)A, R=7>[1—-2(0; +02)]B+0.57"(04 + 03)A,
P=—(0y —0))7°B+0.57%(04 — 03)A,
Q=D—(72/4)[1 — 2(0y +01)]B— (7*/8)(04 + 03)A, N =7*A.



24 Aripov M., Utebaev D., Kdirbaev S.

Let 0y = 05 =0, 03 = 04 = 0, then M = P = 0. Consequently, after elementary calculations from
(5.4), we obtain the difference scheme in the canonical form:

Quait + Rygg +Ay =, (5.5)
where
Q=D — (7?/4)(1 — 40)B — (7*/8)0A, R =1%*(1—40)B + 7*0A.

Then, an a priori estimate based on the initial data (3.8) (¢ = 0 ) holds, if the following conditions
are satisfied:
ReM >0, N>0, R—4Q—-N>0, N+16Q >0, (5.6)

where [|[Y™||% is defined in section 3.

Let us check the fulfillment of conditions . The first condition Re M > 0 is fulfilled, since
M = 0. The second condition is N > 0, since the operator is A > 0. Condition R — 4Q — N > 0 will
be fulfilled if

4D + 7(1 — 20)A < 27%(1 — 40)B (5.7)
and finally the last condition N 4 16¢) > 0 will be fulfilled if

16D + 7%(1 — 20)A > 47%(1 — 40)B. (5.8)
Conditions and will be fulfilled if

0<1/2, o<1/4, D> (r"/8)A, (5.9)

which are the stability conditions for scheme (5.1)), (4.3]), (4.4)).

Thus, the following theorem is proved.
Theorem 5.1. When conditions D* =D > 0, B"=B >0, A" = A > 0 and (5.9) are fulfilled, an a
priori estimate based on the initial data holds for the solution of scheme (j5.1]), , .

To prove the stability of the right-hand side of scheme , , ., we will represent it as an
equivalent two-layer scheme in space H*:

Qlyt +9:ny = \Ija

where y = {ye, Ty0, (72/2)y,,5, (7/2)ss + (7/8)yrere ), ¥ = {1, 0, 0, 0}.
Therefore, the following assertion holds.
Theorem 5.2. Let D" =D > 0, B* =B > 0, A" = A > 0 and the following operator inequalities
hold:
ReM >0, N>0, R—4Q—N >0, N+16Q > 0. (5.10)

Then, for the solution of difference scheme (5.1)), (4.3)), (4.4), the following a priori estimate is true:

lynsalls < lwolls + 1Bolls— + 1@nllz-r + D 7l @nell 5-1-
k=1
From ([5.10]), the first two conditions are satisfied, since M = 0 and A" = A > 0, and the rest will
be satisfied if inequalities ([5.9)) hold.
To prove the convergence of difference scheme (5.5)), (4.3)), (4.4), we obtain a problem for the error

QZ{t{t‘FRZ;; +AZ:@, tn GLDT, n:2,3,...

with the corresponding initial conditions. Here, 1) = O(7*). Therefore, based on Theorems 5.1 and
5.2, we obtain the following assertion.

Theorem 5.3. When conditions D* =D >0, B"=B >0, A* = A > 0 and are satisfied, for
the solution of scheme , , , the following accuracy estimate is true:

ly(t,) —ulty)llx < O(TY), t, €@,
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6. DIFFERENCE SCHEMES FOR PARTIAL DIFFERENTIAL EQUATIONS

In domain
Qr = {(ar,t) s x = (21,70,23) € Q=[0< 2, <1, a=1,2,3], t € [O,T]}

consider equation [11]

o 1 0? w, 0%u
o <A3u Z > + 5 {(w%i + w2) 2 u +w§iw%ia—x§ = f(z,t) (6.1)
with initial
ok
Frul,t) =wuok k=03, z€Q (6.2)
ot
and boundary conditions of the first kind
u@,t)y = p(t), te 0.7, (6.3

where u = u(a: t) is the generalized potential of the electric field, A3 is the three-dimensional Laplace
operator, w;, = eBy/(Mc) is the ion gyro-frequency, w?, = 4we?ng/M is the Langmuir frequency for

ions, rp = [T, /(4mnge?)] /2 s the Debye radius, M is the ion mass, T, is the electron temperature, ng
is the unperturbed particle density, e is the absolute value of the electron charge.
To discretize problem (/6.1])-(6.3) in space, we rewrite it in the following form

o 9%
ar T g

" _
—u(z,0) =ugy, k=0,3, z €,

otk
(xvt”r = :u(t)v te [OvT]’

LO + L2u f(fE,t), (:Cat) € QT7

where )

1 W,
Lo=A;— —FE, L =w?A;—LE L,=w’—
0 3 7'123 1 0 3 7"]23 2 1 aﬂfg
Here, w§ = w?, + wh;, i =w2wg,, T isthe boundary of domain Q, E is the unit operator.
Let us construct subspace H; C H, that approximates the Hilbert space H with the corresponding
scalar product and norm. Let us introduce into 2 a grid uniform in each direction &y, = @y, X Wp, X Wy, ,
where w,, = {:ca =ioha, ta=0,N,, ho=1,/N, }, a =1,2,3. Here, @, = wy, + Yn, Y - are the

(6.4)

boundary nodes of the grid. Let us define subspace Hy, = W, (wj,) with norm

11 12 13

||UH§ = \lzlizshlhzh?, [ 2)° 4 (92,)° + (19@3)2} < M.

Here M does not depend on hy, ha, hs, ¥ = ¥(i1hy,iz2hs,i3hs),

= [(iyhy, isha, ishs) — 9((iy — 1)hy, ishs, ishs)] /ha,
Vg, = [U(i1hy,i2ha, ishs) — 9(i1hy, (i — 1)hy,ishs)] /ha,
= [0(i1h1, i2ha, ishs) — O(i1h, i2he, (i3 — 1)hs3)] /hs,

where W3 (wy,) is the Sobolev space [12].

Now, approximating operators Ly, L;, and L, by difference relations, we obtain the following
problem:
d*uy, d?u dkuy,
dit + B a2 + Auh(t) = fh, W(O) = Uo,k,h, k= O, 3, (65)

D
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where u;, approximates u(z,t), D, B, and A are linear constant operators from H;, — H,, D" =D > 0,
B"=B>0,A"=A>0VYt>0, u, =uu(t) € Hy, fr = fr(t) € Hy. Here operators are:

w2,
];lE, A= W%Ag,
D

1
D

3
where A = > Ay, Apun = upz,2,, m = 1,2,3, u, are the values of function u(x,t) at the fixed

a=1
node x = (i1hy,i2hs, izhs),

Up gz, = (Wp((i1 + 1)ha,d2he, ishs) — 2up (i1 hy, i2ha, ishs) + wp((in — 1)h1,i2h27i3h3))/h§,
Uh zyzy = (Un(T1h1, (12 + 1)ho, ishs) — 2up(i1hy, i2he, ishs) + up (i1 hy, (G2 — 1)hs,izhs))/ ha,
= (un(irha, ishs, (is + 1)hs) — 2up((irha, ishe, ishs)) + un(ishy, iohs, (is — 1)hs))/ b3

uhvigmg

Operators D, B, and A approximate operators Lg, Li, and L, from with the second order,
respectively, i.e., O(|h|?), |h| = /h2+ h2 + hZ.

For approximation of , we apply difference scheme with parameters o, = 05 = 0, 03 =
o, = 0, i.e., we have a two-parameter difference scheme

Dyftft + Byg) + Ay(9) = @7 t, € W;. (66)

The initial conditions remain the same, i.e., . Based on Theorem 5.3 and the results of discretiza-
tion in space, we obtain the following result.

Theorem 6.1. When conditions D* =D >0, B* =B >0, A*=A >0and 6§ < 1/2, 0 < 1/4,
D > (7*/8)A are satisfied, for the solution of scheme (6.6), (4.3)), ([4.4), the following accuracy estimate
holds:

ly(@i, tn) — (s, o)l 5 < O(h> + 1), y, u € Hy, x; €@y, t, € @

If we choose h, = h, a = 1,3, then condition D > (7%/8)A will be satisfied for 7 < 2h/,/w;.

7. NUMERICAL IMPLEMENTATION

If o = 6 = 0, then from (/6.6) we can derive explicit scheme (4.2)), (4.3]), which is realized directly,
and for other ¢ and 6, we obtain implicit schemes, which can be implemented using the sweep method.

8. CONCLUSIONS

In this article, we have constructed and analyzed fourth-order accurate schemes for a fourth-order
non-stationary equation. We established stability conditions and derived a priori estimates. Based
on these estimates, we proved theorems regarding the convergence and accuracy of the solutions for
the difference schemes. The difference schemes developed for the abstract Cauchy problem were then
applied to solve the initial-boundary value problem for the Sobolev sixth-order partial differential
equation. We also proved theorems concerning the convergence and accuracy of the constructed
difference schemes. These findings pave the way for the development and analysis of difference schemes
for other non-classical high-order equations with various boundary conditions.
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1. INTRODUCTION

The notable Muirhead’s inequality [1]
VX €RY : g (X) > pg (x) & o= B (1.1)

occupies an explicit position in both inequalities and symmetric polynomials theories.
In (1.1)), the following denotations are used:
R? ={x= (21, 22, ..., x,) |2 >0, k=1, 2, ..., n} is the positive ortant;
o (X) =4 3 Loty Tolay - - - To(n 1S an elementary (i.e., one-term) symmetric polynomial;
oESy

S, is the symmetric group;
a = (ag, ag, ..., a,) is an ordered set of integers satisfying the conditions

>y > >, 20,00+ -+, =m, (1.2)

where m is a fixed positive integer called a degree of the elementary symmetric polynomial pq (X) .
(Bold letters are used for vector quantities.)
The special order > in the set of collections satisfying is determined by the following way:
o = (3 means
ap > B, a1 tay > i+ B, ..y,

o tagt+ oty > B+ Bt B

Several proofs of Muirhead’s inequality are known ([2], Sec. 2.18 and 2.74; [3], Sec. 11.3; three
proofs were given in [4]).

The subject was generalized to arbitrary positive quotients by R. Rado [3, 5] (for other general-
izations, see [6} |7, 8, 9, 10]). Below, only the classical version of Muirhead’s inequality with positive
integer quotients will be considered. We are interested in the following question: when does the
inequality

VX € RY ¢ o (%) + 11y (X) > 200 (%) (1.3)

hold?

If (1.3) is true, then it will be called the trinomial Muirhead inequality. Note if & = -y, then (1.3))
turns into the classical (binomial) Muirhead’s inequality. Therefore, we will assume a <  further.
Besides, cases a = 3 and v = 3 are trivial, therefore, it will be supposed o« > 3 > ~.

Some trinomial generalization of Muirhead’s inequality was given by I. Schur ([2], Sec. 2.81) for
n=3:

Ha+26,0,0) (T3 Yy 2) + Hia, 5,5) (T, Yy 2) 2 2U(atp,5,0) (T, Y, 2) - (1.4)

The simplest case of this looks

x4 y3 + 23+ 3xyz > $2y + y2x + 222+ 22+ yzz + ZQy.
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The present paper is devoted to the discussion of . It turned out that, unlike the classical
binomial Muirhead’s inequality , the trinomial case meets some surprises. In Section 2, a sufficient
condition for is given. In Section 3, a sufficient and necessary condition is derived for the case
n = 2. Properties of two arithmetic functions connected with this condition are considered in Section
4. In Section 5, some inequalities of Muirhead-Schur type are given. Section 5 consists of final notes.
Besides, two open problems are formulated.

2. A SUFFICIENT CONDITION FOR THE GENERAL CASE

Theorem 2.1. If o+~ = 208, then pq (X) + fiy (X) > 205 (x).

Proof. Let ¢+~ = 28. Weset @« =203 —~v,ie. ap =28 — W, k=1,2,...,n.
Then, on one hand

fa (X) + iy (x) = &5 g (fﬁih)x?fz) e mi&) + 3T - - ‘TZ'(n)> >

a1t71 Azt E——,
> 2% g \/xﬂzl)wlxoé)”z . xn(n)v =2ug (x).

On the other hand, a + v > 23 means

oy +v1 > 20,
o+ 71+ + 2 > 208 + 20,

ey

o+t ety t o+ Va1 2> 281 28+ 4206,
ar+ytart+yt.oo o+ =200+ 204+ 25,

These relations imply

o > 2B —m =y,
o+ >281 =7+ 20—V =01 + o, ...,

i.e. a = a. Therefore, due to (|1.1))
fo (X) + py (X) = pra (%) + py (X) = 20 (%) -

0

At first, we thought that, analogously to Muirhead’s theorem, the condition o (%) + f1y (%) >
2up (x) might be not only sufficient but also necessary for (1.2)). But (1.4]) refutes this supposition.
Here is another sample with two variables:

2%+ y° + 22%y° > 2 (2%y + y°x) (2.1)

where n = 2, a = (6,0), v = (3,3), 8 = (5, 1), and the condition a +~ = 28 do not hold.
Nevertheless
28+ 48+ 20%° — 2 (Py + ) = (x —y)? (2t — 2%? + ) > 0.

In this regard, it may be of interest
Problem 1. Find a necessary and sufficient condition in terms of o, B and ~y for (1.1) to hold.
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3. A NECESSARY AND SUFFICIENT CONDITION IN THE CASE OF TWO VARIABLES.

It is natural to begin investigating trinomial inequalities with the simplest case n = 2. Further, we
will use the notations: x; = z, x5 = y. A symmetric polynomial in this case contains only a couple of
summands:

rk ykz + ykl ke
2

If all quotients in the trinomial Muirhead’s inequality are positive, then it can be divided term
by term to the greatest quotient of the product xy. Then, after at least one of the vector-quotients
a, 3, v will have a lower component equal to 0. If 85 = 0, but ay; > 0 and =, > 0, the trinomial
Muirhead’s inequality cannot hold, since §; would be greater than both «; and =;. Therefore, we
can assume o = (m, 0). Thus, we will deal with the pairs (3, m — ) and (y, m — ) instead of the
vector-quotients 3 and ~ respectively.

Now, the trinomial Muirhead’s inequality takes the form

,k1+k2:m.

2™+ y" Ty 4y ™Y > 2 (:Uﬁym_ﬁ + yﬁxm_ﬂ) (3.1)

in the considering case. Among all possible relations between the quotients m, 3, «, only the case
m > 3 >+ is nontrivial. Moreover, one may suppose v > m — . In this regard, we will assume

m>6>72%. (3.2)

This condition immediately excludes the case v = 1, so that v > 2, 8 > 3, and m > 4. Below,
unless otherwise stated, condition (3.2]) is assumed to be satisfied. In addition, x > y can also be
supposed due to the symmetry. Then (3.1]) will be equivalent to the inequality

(2 =1) (2™ P =1) > 2™ P (2”7 = 1) (2P —1). (3.3)
Reduction by (z — 1)? brings the last to the form
Gy (2) Gp (2) 2 2" Gpy (2) G () (3.4)

for circle division polynomials G; (z) = 14+ z 4+ 2* +--- + 27t ([11].)
Setting = 1, we come to the conclusion that the condition

Bm—=p)=2(B—7)(B+y—m) (3.5)

is necessary in order (3.1)) to be held.
It turns out that the quantity A = g (m — ) — (8 —~) (8 + v — m) plays a key role for trinomial
Muirhead’s inequality in the discussing case.

Theorem 3.1. A > 0 is necessary and sufficient for (3.1)).
Proof. Let A > 0. It is required to establish the inequality
v (x) CYWoam 142" +2m — 2% — 22 >0

for x > 1. We are going to show, by means of derivatives, that ¢ (z) is increasing. It is more convenient

to use the operator x% instead of usual derivation.
We have

zo (z) = ma™ + 27 + (m — 7)™ 7 — 282" —2(m — B) 2™ P = 2™ Y (2)

where ¢ (z) = maP + vz~ + (m — ) 277 — 2B22~™ — 2 (m — B).
Further,

o (@) = mBa? 4 (84 — m) 2H 4 (m =) (B = 7)) = 26 (26 — m) ¥ = 2P ()
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where x (z) = mfx" +~y (B +v—m)z> " 4+ (m —7) (B —v) —28(26 — m) 2Pt~
Similarly

zx' (z) = mByz” + (B +v—m) (2y —m)2® ™™ — 28 (28 —m) (B + 7 —m) 277" = 27" (2),
where £ (z) = mByz™ "+ (B +7 —m) (27 —m) — 28(28 —m) (B +~v —m) 2”7, and finally,
2€' () = B [my (m — ) 2™ ™" = 2(28 —m) (28 —m) (B —~) 2" 7]
Since z > 1 and m —~ > 8 —~ > 0, the inequality &' () > 0 is equivalent to
my(m—7) =228 -m)(B+~y—m)(f—v)=0.

One may verify by direct calculation that the expression on the left side of the last inequality equals
(28 —m) A+~ (m — ) (m — ), that is non-negative. Thus £ () > 0. Further, it turns out

§M)=mpy+y(B+y—m)(2y—m)=28028-m)(B+y—m)=(26+2y-m)A=>0.

(In order to verify, it is enough to open all brackets). Thus, £(x) > 0 implies x'(x) > 0. Moreover,
the formula x (1) = 2A can be checked as well. Therefore x(x) > 0, that in turn implies 9'(x) > 0.
However, ¥(1) = 0, so ¥(z) > 0. Now, taking into account the fact that the signs of ¢/(z) and ¥ (z)
coincide, as well the value ¢(1) = 0, we obtain p(x) > 0, which concludes the proof. O

Now we determine the values of m, f and ~ for which the condition A > 0 holds. It is easy to see
that the last is equivalent to the relation

i ==

Besides, obviously, 25 — v > [%-‘ (Here and below [s] denotes the selling function and [s] does

the floor function).
Similarly, from A > 0, we can derive the formula for the biggest value of 5 for given m and . But
now we get a function containing quadratic irrationality:

B* (m, 7)< {m +vm? —2my + ’YQJ

B 2

Thus, the condition A > 0 is equivalent to 5 < 5* (m, v) as well.

Table 1 illustrates values of the function m, (8, v) for 8 = 3 + 33. If v > 3, then inequality
becomes trivial, and the condition A > 0 is also evident. Cells corresponding to such pairs (v, 3) are
left white in the table. Moreover, A < 0 for pairs (v, ) associated with gray cells.

Nontrivial pairs (v, ), for those is valid, are represented by colored cells. In particular,
blue cells reflect Theorem Other values for which inequality holds are highlighted in red.
Inequality for values ~, 8, m, corresponding to the light-red cells follows from the inequality
associated with the dark-red cell located to the left in the same row. Thus, each dark-red cell expresses
a significant three-term Muirhead’s inequality.

4. ONE MORE INEQUALITY OF I. SCHUR’S TYPE.

Consider the case n = 3. We have mentioned that the inequality (1.4) is usually associated with
the name of I. Schur [2]. (It should be noted that (1.4) differs from more essential Schur’s inequality
on the estimation of the polynomial norm called Schur’s Lemma as well [12].) Here is a four-term

generalization of (|1.4]).
Theorem 4.1.

et B47.0,0) (Ty Yy 2) + fi(a, p.y) (T3 Yy 2) > figasp.0) (T Yy 2) + faty, 5.0) (T, Ys 2) (4.1)
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Proof. One can assume x > y > z without loss of generality. This condition implies
z® (27 —y7) (a7 = 27) 2 y* (a” —¢°) (y7 — 27)
v (o = ) @0 —y) 297 (7 — ) (07— )

2 (2P —aP) (27 —y) + 22 (2P —yP) (27 —27) >0

(4.1) implies another trinomial Muirhead’s inequality. O
Corollary.
H(a+28+27,0,0) (Ty U5 2) + M 28,27) (T3 Yy 2) 2 Watpn, pv,0) (L5 Y, 2) - (4.2)

One may note that inequalities (4.1) and (4.2) are not mutually comparable.

5. FINAL NOTES

1#. Theorems 2.1 and 4.2 remain valid for any non-negative quotients.
2#. It is easy to show that if inequality (1.1) holds then both sides are equal if and only if
a=0B=q0rx=Ty=...=x,.

3#. Each trinomial inequality ((1.1)) of n variables generates an inequality of n + 1 variables of the
same type by means of the transformation of elementary symmetric polynomials

He (1717 T2,y - vy xn) — (e, 0) (1‘17 T2, - -y Tp, 37n+1) =
n
- %H P (T1, Toy ooy Ty) + ;l,ua (@1, Tay ooy Tn) lapman i

For example, the inequality z5+y%+223y® > 2 (z°y + zy®) with characteristics A = 1 generates
a sequence of trinomial Muirhead inequalities

28 4+ y8 + 26 + 2397 + 2828 + yP2% > 2Py + yPr + 202 + 2P + iz + 2Oy,

4
1 6 1 3,..3 1 5
k=1 1<i<j<a il i

4#. It a+v = 28 and B+ & = 2v then pa(X) + 1y (x) > 2ps(x), us(x) + ps. Adding these
inequalities one gets four-term Muirhead’s inequality fiq(x) + ps(x) > pg(x) + p(x) differ

from (4.1]).

Thus, we can conclude that the theory of symmetric homogeneous inequalities, initiated by Muir-
head more than a century ago, is fraught with many more mysteries. We hope that the present work
will serve as a stimulus for further research on the fundamental problem of three-term Muirhead’s
inequalities: to determine the necessary and sufficient conditions that «, 8,y must satisfy in order for

inequality ((1.3) to hold.
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1. INTRODUCTION

In the study of nonlocal problems, a close relationship has been observed between problems with
nonlocal boundary conditions and inverse problems |1]. By now, inverse problems for classical equa-
tions of mathematical physics have been studied extensively [2, 3, 4l |5]. Linear inverse problems
(involving the determination of solutions and right-hand sides of equations) for equations of mixed
type, both of the first and the second kind, have been considered in [6} |7, [8, |9} 10].

In contrast, coefficient inverse problems (involving the determination of solutions, coefficients, and
right-hand sides of equations) for equations of mixed type have not been studied in detail. In this
work, we aim to partially fill this gap.

In particular, we investigate the unique solvability of a coefficient inverse problem for the three-
dimensional Tricomi equation in a parallelepiped. Our approach is based on reducing the coefficient
inverse problem to a family of direct problems for loaded Tricomi differential equations with nonlocal
boundary conditions of periodic type in a bounded rectangular domain |5, |11].

Recall that a loaded equation is a partial differential equation whose coefficients or right-hand side
involve certain functionals of the solution itself |8} |9].

2. COEFFICIENT INVERSE PROBLEM
In the domain
G=Qx(0,0)={(z,t,y)] —1<z<1,0<t<T, 0<y</{}
we consider the three-dimensional Tricomi equation:

Lu = zuy — g, — Uy + oz, t)u, = c(z, t)u + (2, t,y), (2.1)
here ¢ (z,t,y) = g(z,t,y) + h(x,t) - f(x,t,y) , where g(x,t,y) and f(z,t,y) are given functions, while
h(z,t) and c(z,t) are unknown. For simplicity, we omit function arguments from now on.

Problem statement. Find functions {u(x,t,y), h(z,t), c(x,t)}, satisfying equation (2.1) almost

everywhere in domain G, such that u(z,t,y) satisfies the following boundary conditions:
1) non-local boundary conditions of periodic type:

vDYuli—o = Diuli=r, (2.2)

Drul,——y = DYul,—y, p=0,1 (2.3)
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uly—o = ufy— =0, (2.4)

where « is some constant number, such that |y| > 1;
2) additional conditions

u(z,t,l1) = ¢1(x,t), (2.5)
u(z,t,0y) = pa(x,t), (2.6)
0<l <ty <l<+o0
and together with the functions h(x,t), c¢(x,t) belong to the class

U ={(u, h, )| ue WE*(@), h e W2(Q), c€ WAQ)}.

Here W;*(G) is an anisotropic Sobolev space with norm

oo

2 2 3 2
[U]LS = |Hu|||W2L3(G) = Z (1 + )‘i) ||uk||W21(Q)7 1=0,1,2,..
k=1

where wuy(z,t) denote the coefficients of the Fourier expansion of the functions wu(z,¢,y) in the system
{Yi(y)} = {\/%sin )\ky}, A = ”7’“, k=1,2,3,...; Wi(Q) is the Sobolev space with the norm

l

2 2 o N2
fulfigiey = lullf = 3 [ (0w’ dat,
|a|:OQ

where [l = 0,1, 2, ..., D*— generalized derivative with respect to the variables z and ¢. Further through
C'(Q) let us denote the spaces of continuously differentiable functions up to order [ inclusive with

norm
l

. «
lullci gy = (eQ D%l
jal=0

For further study of the inverse problem, we need the following auxiliary theorems and notations in a
simplified form.
Theorem A.1. (S.L. Sobolev). There is a continuous embedding W2(Q) C C(Q), i.e.

2 2
||u||c(Q) < e ||u||W22‘(Q) )

where ¢, is a positive constant [12, 13].
Theorem A.2. For any function u(z,t) € W3 (Q) holds the following inequality holds

Hu||L4(Q) <c3 Hu||W§(Q) )

where c¢3 is a positive constant |12, [13].
Let us introduce the following notations:

Ble.t) =gt ), St = fatt), Vi=12 H=det(2 1),

P2
Yo = My [9]?,37 Y1 =M [f];gv Y2 = Ma;
my = 603397 er T (4(1+ 42) + 07 (e + ) )
my = 1926, 13 (3 + p?)
where = ZIn|y[ >0, |y| > 1, § = min {%", 01, a,u,,u(%)Q}, 01 will be defined in the theorem,

2 2 2 2
§ = max <||f1Hc;?:1(Q) ) ||f2Hc;?:1(Q) ) ||901||02;i(Q) ) H‘Pﬂcﬁ:i(@)) )

= —n
1 mzzl (1+22)°

and ¢y, ¢z are as defined above.
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Definition 2.1. A generalized solution of problem (2.1)-(2.6)) will be a functions {u, h, c} from class
U satisfying equation ([2.1)) almost everywhere in domain G, with conditions (12.2))-(2.6)).

Assume all coefficients of equation (2.1]) are sufficiently smooth in @, and the following conditions
are satisfied with respect to the coefficients, right-hand side, and given functions ¢;(x,t), i = 1,2:
Conditions 1:

nonlocal conditions: a(z,0) =a(z,T), al-1,t) = a(l,t);
v9(2,0,y) = 9(x,T,y), ~7f(x,0,y) = f(z,T,y);
smoothness: fi € CS;%(Q), gi € Cﬁ;ﬁ(@), fe W22’3(G), g e W22’3(G).

coefficient conditions: 2a(x,t) + px > do > 1.

Conditions 2:
Functions ¢; € W2(Q), i = 1,2 is the solution to the following problem:

Lip; = gi,
VDI @il—g = DY @il s
Dipil,—y = Diil,ysp = 0,1
where Lip; = ¢, — ap;,, + ap;,. Besides this let
|H| = |p1fo — w2 fr] =2 > 0.

Without loss of generality, we may take n = 1.
To prove the solvability of problem (2.1))—([2.6]), we first use the Fourier method. Namely, we search

the solution to problem ({2.1)-(2.6)) in the form

gk

u(w,t,y) = uk(xvt)yk(y)a (A)

k=1

where functions {Y;(y)} = {\/%sin )\ky}, A = ”77“, k =1,2,3,... are solutions of the Sturm-Liouville

spectral problem with Dirichlet conditions, uy(z,t) are Fourier coefficients of the function u(z,t,y).
It is known that the system of eigenfunctions {Y;(y)} is complete in the space Ly(0,¢) and forms an
orthonormal basis [2, (9} 10, 14, [15]. In order to determine unknown functions wuy(x,t), it is necessary to
perform some construction formalities. Let us consider the traces of equation aty=4¢;, i=1,2,

Lul,_; = 2piy — aiy, — uyy (7,1, 6) + oy, = cpi + hfi + g, =0, 1. (2.7)

Now, taking into account conditions ([2.5)), (2.6)) and condition H # 0, we define formally unknown
functions h(z,t) and ¢(x,t) from the system of equations (2.7)):

{ccpl +hf =,
cpy +hfa =Y,

where @ = > A2 u,,(z,t)sin A\, 0y, U= > A2 u,,(z,t)sin \,,ls, in the form

m=1 m=1

1 o 1 = . - .
h(z,t) = T :‘2 \If‘ =4 1 mZZI /\?num(x,t) sin A\ fy — @o mZ:l)\fnum(m,t) sin /\m&]
and
1|® 1 = . - .
c@t) = |y g =5 [ meZ:l A2 (2, ) Sin A by — £ m; AUy, (1) sin Am@} ,
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and to determine the functions wuy(z,t) in the domain () we obtain infinite systems of loaded nonlinear
differential Tricomi equations:

2
Ly, = Tupyy — QUpgy + Qg + Ajug

U - .
_ Hk l Z A2y, (2, ) sin N, by — fi Z A2 U (2, 1) Sln)\m&]

m=1 (28)
Z (z,t)sin A\, 0y — o Z A2 (2, 1) sin N by | + gr = F(uy)
m=1 m=1
with nonlocal boundary conditions of periodic type
/nyukL::O = Dfuk|t=T7 (29)
Duy|,_ , =DPu|,_,, p=0,1, (2.10)

where f;, and g, are the coefficients of the Fourier expansion of the functions f and g, k =1,2,....

3. MAIN RESULT

Let us introduce the following notation

=4dmimo <2m1 [9]3,3 + [f]g?») )

Theorem 3.1. Let Conditions 1 and 2 above be satisfied for the coefficients of equation (2.1)). Suppose

there exists ad; such that

540
—T8>51>1,

and assume

L
<5

Then problem (2.1)—(2.6) admits a unique solution in the class U.

Remark 3.2. The inequality ¢ < % can be achieved by choosing the domain sufficiently small and by
requiring that g; and their derivatives are sufficiently small.

Proof. Let us prove the theorem step by step. Let there exist a solution to problem ([2.1] j 2.4) from
the class U. First, let us show that the function u(zx,t,y) satisfies the boundary condltlons 1 .
for any 1 = 1,2, i.e.

u(x,t,&) :@l(x,t), L= 172

We prove that these conditions are satisfied using the converse assumptions. Let there exist functions

9, (x, t) satisfying conditions (2.5)), (2.6]):

u(z,t,4;) = Zuk(x,t) sin A\pl; = 94(x,t) # @i(x,t).

k=1

To make it easier to understand, let’s consider each case separately. First, let’s consider the case
when ¢ = 1. Then for the function z;(x,t) = 91 (z,t) — ¢1(z,t) in the domain @, taking into account
conditions , , multiplying the systems of equations by sin upf; and summing over k
from 1 to oo, we obtain the following loaded equations

37191 tt — 6“91 ez T+ a’l91 t+ Z )\iuk sin )\kgl

k=1

1 (oo}
lfQ Z A2y, (2, t) sin A by — f Z A2 Uy, (2, ) sin Ay, fo (3.1)

T H

m=1 m=1

+g1-

1 - . = .
+ﬁf1 [g@l Z A2 Uy (2, 1) Sin A\ ly — g Z A2y, (2, ) sin A, b

m=1 m=1
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Let us substitute expression z; + @1 = 91 = > u,,(x,t)sin A\, ¢; instead of ¥;. Then from (3.1)) it

m=1

follows

z(21 + 1)y, — alz + ¢1),, +alz + 1), Z A2 Uy, (2, 1) sin A, 0
(3.2)

=g +cz + — Z /\kuk sin A\ply (@1 fo — fira].
k 1

Based on formulas (2.8)—(3.1)) for the function z;(z,t) = ¥, (z,t) — ¢:1(x, t) in the domain @ we obtain
the following problem

Lozy = x21 ¢t — 21 oo + @21 ¢ = €21, (3.3)
’Yszllt:() = szl‘t:Ta b= 07 1> (34>
Zl$|x:_1 = Zlﬁ‘x:l =0. (35)

Now we prove the uniqueness of the solution to problem (3.3))—(3.5)) by the energy integral method
[10]. To do this, consider the identity

2(Loz1,e " (214 + 21)) = 2(cz1, e (214 + 21)); (3.6)

integrating by parts identity (| . taking into account the conditions of Theorem 3.1 and boundary
conditions . ) for |y| > 1, and applying Sobolev embedding theorems, we obtain the following
inequality
2 2 2
e lz1lly < 2llellggy 1zl

(3™ =2 leligy)) I} < 0. (3.7)

At the end we will show the correctness of the inequality ||CH20(Q) < r, where r = £6e*”. For now we

will just use it and obtain Hle? <0, i.e. z; =0, from which it follows 9, = ;. Thus, for y = ¢; the
solution of equation satisfies the condition u(z,t,¢1) = ¢i(x,t). Similarly, u(z,t, ) = pa(z,t)
is proved in the case when i = 2.

Now we will prove the solvability of problem — by the methods of  “e— regularization”,
a priori estimates and successive approximations |10} [16], namely, in domain @ we will consider the
following family of nonlinear equations of the third order with a small parameter:

L uk: e — _guk ettt + Louk?,if + )‘iuk,e
Uk,e 2 2 .
= A U (4t Amf A2 U (2, t Amb
7 lfl Z U (x, ) sin A\ by — f1 mz::l 2 Up (x, ) sin 2] (3.8)
Z S U (2, 1) sin A\ by — oo Z A2y (2, 1) SNl | + gk = Fug.,
m=1 m=1
with nonlocal boundary conditions of periodic type
DY uge|,_y = Diugel,_p, p=0,1,2, (3.9)
Diuy.|._  =Dlug.| _,, ¢=0,1, (3.10)

where € is a small positive number.
To prove the unique solvability of problem (3.8)—(3.10]), we need the following notations and lemmas.
Let us define the spaces of vector functions

Wi(Q) ={v = (v1,v9, ...,vp, ..)| e € WS(Q), k=1,2,3,...}, s=0,1,2

with the norm



On_a coefficient inverse problem with nonlocal boundary conditions ... 39

)= £ 1+ 2 vnllis o (B)

where W5 (Q)— Sobolev spaces. From the definition of the spaces W,(Q), s = 0,1,2 with a certain
norm (B) it follows that W5(Q) C W1(Q) C Wy(Q) and they are Banach spaces.

Now by W(Q) = {{v.}32:] A{vpitiz, € L2(Q), {v,}52, € Wo(Q)} we denote the class of vector
functions satisfying the corresponding boundary conditions —.

Definition 3.3. A generalized solution of problem (3.8)—(3.10) will be a vector of functions

{U,(f)}zz?’;z C W(Q) satisfying equation (3.8) almost everywhere in Q.

We prove the solvability of problem (3.8)—(3.10) by the method of successive approximations,
namely, we consider the following system of nonlinear loaded equations of the third order with a small
parameter

Lgu,(fi = 5uk P Lou k%fi

(6-1)

“’“ lf ZA; O gin A,y — flem gﬁ{ysmm@]

(3.11)
Z 220D sin A\ ly — s Z Nl sin A\ b | + g = Fuf'2)
with semi-nonlocal boundary conditions
nyuEfQ Dfufg . p=0.12, (3.12)
uEfigc = uifix =0 (3.13)
where ¢ > 0,0 =0,1,2,..., k=1,23.,u." =0.

Lemma 3.4. Let all the conditions of Theorem 3.1 be satisfied, then the following estimates are valid

for the solutions of the problem (3.11)) — (3.13):
e (u® O
1) 5 <ua tt>0 + <u5 >1 < 270,
2 2

1) 5 <u§0)ttt>0 + <u£9)>2 < 2%.

Proof. Consider the identity.
2 (Lo e ul),) =2 (F(ul) e ) ) (3.14)
: <0
Let us estimate it from below. Integrating by parts we get:
2 2
+/(2a(:1c,t) + px)up e “tdQ%—/auuifg)xe“tdQ—i—u(z) /ui(g e "dQ
Q Q Q

—uT ||, ,(0)
ge ‘ Upe ¢t 0

) 0 2(6 ) 2(6 200) \ —
[ o )+ 0, = i, + 3 e et 515)
oQ
/Qu,(fg tu,(fi gceze_“tdS’ <2 (Laugi, e_“tuffi t>0
oQ

where € = ((e,, e:)| e, = (€, ), e; = (€ t)) is the unit internal normal vector to the boundary 9@Q). Let
us estimate it from above. Using Cauchy’s inequalities with o to (3.15)) we have

2

1

2 (R ) el ,) < ollgells +oendt (ILfolE+ I s ( > (AL fuld?
(3.16)

+oeics <Hc,00H2C + Hmyé) I1fll? (Z (14A2) Huw 1)” ) +501/uk 0 e=rt Q).

- Q
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where c; is the coefficient from the Sobolev embedding theorem, i.e. HUHZ(Q) <cs ||u||f,V2}(Q) [12, [17].

Taking into account the boundary conditions ([3.12)), (3.13) and v* = e*?, we obtain that the boundary
integrals will vanish. After performing some simple operations we get

2
+ ge T Hu’(f‘ZH1 <o Hng?) +20¢,65F kaHf (Z (1+22) H (o— 1)H )

=1
i(;(l+)\2 H (0-1) 1))

5, which follows § — 50" = % Now

—uT
ge Hukstt

(3.17)

+200163F Huk R

where 0 = min (50/2,,ua, M(%)Q) Here we took o equal to o =

multiplying (3.17)) by (1 + )\i)B and summing the equations by k& from 1 up to co we obtain the first
recurrent formula

€ 2 2 IR

3 <u£92t>0 + < (9)> < Yoo + 711 < @ 1)>1 + V22 <U§0 1)>1 ) (3.18)

here
Yoo = 3060715_1€HT[9]§)3, Y11 = 8050715_1€MT010§3 [f]i3, Y22 = 8050715_1€MT01C:233.

For convenience, in inequality (3.18|) we introduce the notation through Jl(e) = <u§9)>i and IQ(G) =

<u£et)t> Then from ([3.18) we obtain the following recurrent formula

210+ 0 <0+ IO+ 92 O, (3.19)

Remark 3.5. Note that for linear inverse problems in the recurrent formula (3.19) the coefficient 7,
will always be zero. However, for nonlinear inverse problems -5 is not zero. This complicates the
limited nature of the iterative process.

Now we will prove the boundedness of the iterative process. Let us introduce notations For the
initial approximation we take u,(;;) = 0. Then from problem (3.11))—(3.13|) for the zero approximation
we have

5
512(0) + 17 < Y00 < 2700.

From here, from the recurrent formula (3.19)), taking into account the condition of Theorem 3.1, we
obtain the following estimate

(51(1) + J(l) < Yoo + 2700711 + 415722 < 200-

Continuing this process, by induction from ([3.19)), taking into account the inequality v1; + 2700722 <
q < % following from the condition of Theorem 3.1, we obtain the first a priori estimate for V6,
0=23,..,

€ _ _

512(0) + J1(9) < Yoo + ’Yl1J1(9 D ’722J12(0 V< Yoo + 2711700 + 4722750 < 2700 (3.20)
Thus, the validity of the first a priori estimate of Lemma 3.4 is proven.
Now we will prove the second a priori estimate.

Let us consider the identities

‘— (L uy), Pu G)e*“t) ‘ ‘— ( (u) ="y, Pu) *"t) : (3.21)
0
where Pu,(“ = u,(fi i — uk ot uk ww — u,(f)i ;- Let us estimate it in the same way as in the case of
the first estimate from below and from above. Let us estimate identity (3.21]) from below
—uT 2 0) 20)|
e uk sttt 0 + 50uk ettt T (L,U,Uk ext + auk ex;c + 50“’ t —I—CL,U/LLk e 3: +u f uk e | € dQ
@ (3.22)

_/(HaTHCJrHatHC) 20) ¢ "”dQ<‘ (L W), Pul)e _m> ’
0
Q
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Now let us estimate identity (3.21)) from above

=2 (i), Puille™) | <30 (1+15%) lgull} + (llowlle + lloullc.) / up e dQ
Q

s 2
D INIRDYAE Ml
2 |

2

e 2
e, 3§ (34 122) I3 Y (L 22) [uls2?] + 200035 (34 42) Jull?

m=1 m=1
+2407! /ui(ft)e“tdQ + 507! /uk f)e*“tdQ + 507! /uk i)me*’“dQ
Q Q Q
(3.23)
Combining ((3.22)) and ( -, we get
2
ce T [ “+ / (69 — 240 )2, 4+ api2?, + (a — 50~ )u2?
Q
2
+00 =50 i, ot + () i) e
2 2 2 2(0)
<30 1+ ) el + (el + laul2) [wi%aQ (5.24)

Q

oy (o) Il (3 008 o)
1

2 e 2
(Eeonrtert)

Choosing o equal to o = 486, ", it follows that §, — 240~ = %0, 8o — bot > %0, a—>5"1> 6 > 1.
Then from inequality (3.24)) we obtain

(0-1)
uk,s

+20¢,63F (3 + 1)

2 0,
0 =+ / ;ui(g tt + aluuk ,€ Tt + 61Ui(g TT + 5Ouk et +aluuk E)”I' + 'U'(

Q

ge

—uT
Huks ttt

2
f) ui(g} e Mdxdt

_ 2 2 2 0
< 18467 (14 22) gl + (el + el 2) [ w2,
Q

> 2
+1920; ' e1c33 (3 + 1) [ fill; (Z L+ 22" fussz? 2)
m=1

— 0— 2 > 2
ot 0-4) o (32 oo o).
(3.25)
Using the notation § = mm{ ,01, a, u(%) } we obtain
2
el |+ 0 [ul?)) < 18085 (Lt 07) aul + (el ) [ i@
Q

> 2

+19265 " 1635 (3 + 12%) || fell3 (Z (14 22)" w2 ) (3.26)
m=1

+1926; L er 2§ (3 + 1) Huk H2 (i(“ﬂfn)s”?ﬁﬁe”“z)-
1
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From (3.20)) we have < £2> < 2700. Now multiplying (3.26)) by (1 + )\2) and summing the equations
by k from 1 to co, we get

2 (uf) + (u®) <70+ (u0DY 3 (w0, (3.27)

where
0= 600,16 e (4(1+ 1) + 57T (a2 + llow]2) ) [of s

v = 1926, cicaF (3 +u ) [f]23’
Yo = 19205 e1c5F (3 + p7) -

2
As in the first estimate, we introduce the notation Iée) = < éet)tt> ) JQ(G) = <“§9)>§’ then from (3.27)) we
obtain the second recurrent formula

5 I 4 I <y 4y JETY 4y g2070), (3.28)

Let us take {ué}l)} = 0 as the initial approximation. Then for the zero approximation we have:
5—73(,0) + I8 <0 < 2%. (3.29)
Hence, taking into account the inequality 71 + 27072 < ¢ < 3, from (3.29) for the first approximation

we have

9
513(,1) + 59 <0 + 29170 + 49298 < 2% (3.30)

Continuing this process, taking into account the conditions of Theorem 3.1, by iteration, we obtain
the following second a priori estimate for V6 > 2:

9 — —
sB7 4 B <oty 4 e <+ 20+ daeng < 20

Thus, the validity of the second estimate of Lemma 3.4 is proven.

Now let us introduce a new function from U according to the formula 1920) = u,(f; u,(:jgl), k=1,2
0 =0,1,.... Then the following lemma holds for it.

Lemma 3.6. Let the conditions of Theorem 3.1 be satisfied. Then the following estimates are valid
for the functions

HI) % <19£‘9)tt>§2+ <19£9)>i2< 270(]9,
VI) % <Q9<(€9)ttt>0 + <19£0)>2 < 2’70(]9
where q < %

Proof. First, we prove the third III) estimate. From (3.11)—(3.13|) for functions {1929,1} € U(Q) we
obtain the following problem:

L 79;9,2 = _gﬁgfittt + Loﬁ(e) + )‘2791(902

= H ](Cea Y, Z)\fnuffwl)sm)\ El——ufel flz/\m 7251 sin A, 05

(3.31)

H E€9€2f ZAm mg Sln)\ gl—i_iuks )f Z)\fn gzsz)SHlA 62

1 > )
+Efk o1 Y A0 sin ALy — @22)\ 90V sin \,, 0

m=1
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with nonlocal boundary conditions of periodic type

g=0,1,2, (3.32)

Dqlg(@)
YLt Vg e —o

0
= D] _

)

proll  =Dr9ll . p=0,1, (3.33)

where k =1,2,...,0 =0, 1,.... We change the right hand side of equation (|3.31]) adding and subtracting

terms 7u§€06 Dhy S A2l 1)sm>\ w1 and —uke 25 Z A2V sin A, 0 as follows:
R

m T m,e

L) — Lu"" = L9 = Ful ") - Feu;‘f;”
E (‘9 1)f Z A 5251) sin A\, ¢ — —u(e 2 £y Z )\fnufgsl)sm)\ 4
% ,(C f Z )\i1 ,(fl 51) sin A\, 05 + —u,(fs 2)f Z )\il 5,26” sin A, 4o
% I(f f2 Z A2 5352) sin Al + — H ,(CGE 2)f Z )\fnugf;el) sin A4y (3:34)
;Iuk R 2 f Z A;u;’; D sin A by — —u,(fa ) f Z A2 ,(figl) sin \,, 42
+E f lgol D> XU sin Auly — 0o Z A2 90— gin Am&] .
m=1 m=1
Let us consider identity
-2 (L e 0lf,) | = |2 (Ftuls ) = B, e95.) |- (3.35)

Let us show that the identity (3.35]) is bounded below. Integrating by parts we obtain:

—uT (0)
ge Hﬂk,e tt

i 2 9 De i d
T Qalzt) + pw)dyedQ

Q
/a/m92(0) e MdQ —l—,u /ﬂk E) “HdQ
Q
+ / (251952 tﬁz(f,z wt xﬂifg)t - Mﬁifg)t + )‘2792(2 ¢ T ﬁk € x)eiutetds
oQ
b [ ol 90 enertas < |2 (10?0 ) |
0
oQ

Considering the boundary conditions (3.32)), (3.33) and v? = e#T, we get that the boundary integrals
are equal to zero:

2
e |02+ [ (2atat) + p)i 0+ apsi 0, + () 0 g
Q

(3.36)
< ’_2 (Laﬁl(ce)a eimﬁg?ﬁ)o‘ '
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Let us show the upper bound of expression (3.36]). Let us write the right part in expanded form:

=2(Fu() = Rl e 0. |
2/<H (. fQZ/\m 7251 sin A\, 01 — H éeal)f Z)\m n‘zal)sm)\ ly
Q

1
u’” QfQZ)\fn O D sin Al + — g Z)\fn ng)sm)\ ly

H kE H ka

) (3.37)
*UI(CGEQJ[ E/\m ulf Y sin A El—ﬁu,” 2 f, Z)\fnuﬁzal)sm/\ 4

1

H uy” flefn 0D 8in A, ly — uks flem 07D sin A, b

+— fk |“101 Z AZ9E D sin A, ly — 2 Z 2290 Y sin A, D —ﬂtﬂt?EdQ'.

m=1

Applying the Cauchy inequality with o to (3.37) and using the results of Lemma 3.4 we obtain
(Z (14 A2)"||uld 2 )
1
1
2
(o) 539

’—2 (Fk(u,(fE Yy — Fk(u,(ff)),e_“tﬂw ) ‘ <doc 033H19(0 2

+doc caF Hukeg Y

+oe 2§ ||l <2(1+)\2 ) o H ) +501/192(9te H4Q.

=1

Taking into account the conditions of Theorem 3.1, the boundary conditions and we note that the
boundary integrals that appear during the calculations vanish. From below, identity (3.35)) is estimated
similarly to the first estimate of Lemma 3.4. Now, combining the upper and lower bounds for identity

(3.36]), we obtain

5 Hz?,mtt +Hz9,(fi jg L;Sd clcggHﬁ(e 1) (7;1(14”\2) ‘ 5251) 1)
e [ ) o | ot 3 0o
m=1 =1

(3. 39)
Here we took o equal to o = (15—2, from which follows §y — 5o~! = %‘). Multiplying inequalities (3

by (1 + )\i)3 and summing by k from 1 to oo, we obtain the first recurrent formula
2

% <19£9t)t>z + <79£9)>j < ?5‘16“Tclc§& (270 + [f]g?)) <19§9_1)> . (3.40)

0 1

Let us denote the coefficient before (9~ >1 by ¢, = —5 e c3F (270 + [f]g?)) . It is clear that
¢1 < q. Then (3.40 - ) has the form

) (0, ) o),

Let us consider the zero approximation 1920,1 = uio,z ui_kl) = uio,)c Since <u(0)>2 < 27y by Lemma

3.4, then % <19£1t)t> + <19(1)> < 270q holds for it. Let us now consider the second approximation. The
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following inequality is valid for it %<19£12t> + (¥ > < 294, < 27gq. Continuing this process, we

obtain for an arbitrary following relation

2 2
s <79§9 tt> + <19§0)>1 < 270(1f < 2’70(19-

The inequality ¢ < % comes from the condition (3.21). Thus, the third III) estimate is proven. Now
we will prove the fourth /V) estimate. Let us consider the identity

-2 (L0 e Pof?)) | = | -2 (F({T") = Fu(u2?), e Pol)) |, (3.41)

where P??Efi = 19532 o 19297; ot 19,(2 o — 195;275' Let us show the lower boundedness of expression (3.40)).
Let us estimate it in a similar way as in the case of the third estimate from below. Then we have

o
@ (3.42)
H%HchllatH ﬁkﬁ’t Q< | =2 (Lo e PO |

0

2
—uT
ge Hﬁk ettt |

60070 + apd} D), + adil), + 500i Y, +apdi?, + pipl | e rtaQ

k,exx k,e x

Now we will show the upper bound (3.41]). Let us write the right part in expanded form

—2(Fus") = ), e Poll)) |

2/([—[ /(fgl)f Z)\fn O~V sin A, 51——u§f£1)f Z)\fn O sin Al
Q

1
H 2, ZA; D sin\,, €1+—u,(f€2)f Z)\m D 5in A, 0l
m=1
1
E ’(f 2)f Z/\?n igsl)sul)\ El H 1(€0€ Q)fQZ)\2 (eel)Sin)‘mgl (343)

1
H“kg i Z)\?'n O Dsin A, 52——u,(€952)f Z)\fn 0D sin A, Ly

+—= fk l%Z)\fn ffigl sin A\, 0y — @22)\m 7261 sin A 61]>

0) 0)
X (ﬁl(c,a ttt ,U,’l9k € tt + ﬁk e xx ﬁl(c,a t) dQ‘ .

Let us show the upper bound of expression (3.43)). Indeed, applying the Cauchy inequalities with o
and using the previous results we obtain
(e 2)
9 m m,e 9
m=1

2
oy (34 4) |14l Z (1+22)" o2y

-2 (Buu’-) - P> 2),6*”13192?2)0) < doercds (34 422) [0

(1+M22)

7”

+4oci165F (3 + 1) ‘ u,(fs 2 2

Hﬂ(a—n

+300" / 03 tte‘“tdQ +60" / Iie "dQ + 6o~ / 977 e dQ.

(3.44)
60 do

Let us choose o equal to o0 = o then 6y — 30071 = S, a— 60~! > §,. Taking into account

the conditions of Theorem 3.1, the boundary conditions and 7? = e#T, we note that the boundary
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integrals that appear during the calculations vanish. From below, identity (3.41) is estimated similarly
to the second estimate of Lemma 3.4. Now combining the upper ([3.44) and lower (3.42]) estimates for

identity (3.41]) we obtain

€190
5 Hﬁk,s ttt

ol

< (ol + ] 2) / F20 e dQ

240 2
0@ o (S 0w )

(3.45)
2;06 Terc3F (3 + 12 |[uis 2(2(1+)\2 ([ >
0 m=1
240

B0y o) s (35 ) o ).

m=

Multiplying the inequalities (3.48]) by (1 + )\i)g and summing by k from 1 to co we obtain the second
recurrent formula

5 (9%, + <ﬁ§9)>z < 205107 e, (34 0 4 ol + Nl ) (230 + F12) (00’

0 2
240

(3.46)
2
< 507 (A0 ) + s+ laale) (200 + 11T55) (9077,

Here we used inequality (3.40). By the condition of Theorem 3.1, the factor in front of <19§9_1)>§ is

equal to g, i.e.
240

0= 5071l (344 + oulle + lloulle) (220 + [7135) -

2
Then (3.46) has the form £ <19£02tt> + <19(9)>§ <q <19£9_1)>§ . Again as in the third estimate, consider

2
the zero approximation 19?2 = uio,)c — ui kl) uio,i For him % <19£1t)tt>0 + (9 ; < 27pq holds, since

2
<uio,1> < 27y by Lemma 3.4. Let us now consider the second approximation. For him the following
2

e 2 2
(oL (00 < .
Continuing this process, we obtain for an arbitrary 6 > 2 the following relation
2
5 <"9£0 ttt>0 + <19(9)> < 2’}’0(] < Rq
Thus, estimate V) is proven. Lemma 3.6 is proven. ]

Theorem 3.7. Let all the conditions of Theorem 3.1 be satisfied. Then problem ([2.8)—(2.10) has a
unique solution in W(Q).

inequality is true

Proof. To prove the theorem, we show that the sequence {u\ N e W(Q) is fundamental. We assume
that {u® }, {u"Y} € W(Q). Now we consider the new functions {79560) } = {u,(f) — u,(f_l) } For

these functions the a priori estimate V') in Lemma 3.6 is appropriate, i.e.
2
19(9)] < 270d°. 3.47
[ g =7 (3.47)

Now we prove that the sequence of functions {u(®} € W(Q) is fundamental. To do this, using the
estimate (3.47)) and the triangle inequality, we obtain the following inequality

4 [uorr-1 _ -]’

O+p) _ <e+p—1>] ? [ }
w(Q) c ‘ w(Q)

E

2
(6+p) _ (9)} [
u u
[5 lw) —
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) < 270¢"

1—q

It is clear that for sufficiently large 6 since g < %, this quantity is arbitrarily small. From this it follows

that the sequence { u{”) } is fundamental. Hence, the problem (3.8)-(3.10) has a solution in the space
Q), ie. { 9% — {u.}. It follows that the functions {u.} € W(Q) are solutions to the problem

Now we show that {uy .} has a limit in an appropriate space and the limit functional sequence {u }

is a solution to the problem (2.8))—(2.10]).
We notice that F (uy.) in (3.8]) consist of nonlinear terms. First we estimate this term. Using

Theorem A.2 and Cauchy inequality, we have

/(Z)\ U e U e, SN £1> dadt =

Q m=1

+ [ul) — <29 (@ ) = 29" A g P

(e))}
° lww@

2
=1
/ (Z rxm%m@juk,q sin)\m£1> dzxdt

Q m=1""T

< / i )\12 i )\mﬁum E]uk EJd:L‘dt Z 2 Z Am / Ejuijajdxdt
Q

m m=1 m m=1
U?n,ej dxdt /“i,a]dl‘dt <ac Z A’ ”umﬁj H?/VL}(Q) Huk’fj H?/V;(Q)

m=1 Z Q m=1
oo
DY

(1 + )\7n 3 Hum,sj ||12/V21(Q) Z (1 + >\k2)3 ||uk,aj ||?’V§(Q) S 6103(2'70)2-
k=1

Here we have the boundedness of the integrand in L,(Q), which allows us extract weak convergent
subsequence in Ly(Q). So, from estimation of Lemma 3.4 we can pass to the limit in subsequence
{um }, such that

Uge, — U weakly in W

Up,e, — U weakly in W,
considering above results and from (|3.48))

F (Ulm,-) — F (uy,) weakly in  Lo.

From Lemma 3.4 we have that VE Uk ettt 18 bounded, so we have

VEiVEiUk.e e — 0in Ly(Q). Since, convergence in Ly(Q) is stronger than weak convergence, it follows
VEi (\/?jukﬁjttt,ﬁ) — 0. Passing to the weak limit in as €; — 0, we obtain Luy = F(uy). This
means that the function u; with fixed k& will be the unique solution of the problem — from
W2(Q) [12, 18]. This proves Theorem 3.7. O

Now we prove Theorem 3.1.

Since all the conditions of Theorem 3.1 are satisfied, then, using the Parseval Steklov equalities [20]
to solve the problem (2.8] -, we obtain a solution to problem . 2.6)) from the specified class
U.

Estimation for c(x, t):

c = max |c(x,t)| = max
lelloqg) = max fe(a, )] = ms

1 o0 o0
T lfg Z )\mzum sin Al — fi Z )\mzum sin )\mfg‘|
m=1 m=1

<2F Z A max [u,,| < 2§cicy Z (14 X02)? |t < 4ereaFro
m=1 m=1

We can choose data such that number 4c;cyFvo will be lower than r.
Theorem 3.1 is proved.
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Remark 3.8. For definiteness and ease of exposition, the analysis is carried out in the three-
dimensional framework. Nonetheless, it should be noted that the extension to an arbitrary number of
spatial dimensions does not entail essential difficulties, since the underlying arguments and techniques
remain valid in the general multidimensional setting.
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Hilfer derivative
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Abstract. In this paper, the Cauchy problem for a differential equation with a fractional Hilfer
derivative DfPu(t) + Au(t) = f(t), 0 < t < T is studied, where the order of the fractional derivative
is 1 < a < 2. The existence and uniqueness of the solution of the Cauchy problem is proved.

Keywords: Cauchy problem; Hilfer derivatives; Subdiffusion equation; Direct and inverse problems

MSC (2020): 35R11, 34A12

1. INTRODUCTION

Fractional calculus plays an important role for the mathematical modeling in many natural and
engineering sciences. Fractional calculus is the generalization of ordinary calculus concerned with
operations of integration (and differentiation) of non-integer order. Fractional differential equations
including Caputo, Riemann-Liouville, Hilfer, and other fractional derivatives have been used in differ-
ent areas of technological disciplines and concentrated on by numerous mathematicians, see the books
1141213, 4.

During the last few decades, theoretical foundations and applications of the Hilfer derivative have
been explored in a variety of works [5, 6, 7], showing its relevance in anomalous transport, continuum
mechanics, and statistical physics (see, for example, [8, 9]). Operational methods for solving such
equations have been developed in [10, [11] and the behavior of solutions under different boundary
and initial conditions has been analyzed in the works [12, |13]. The Cauchy problem for an ordinary
differential equation with Hilfer derivative is studied for parameters n — 1 < a < n, and in the case
0 < a < 1, in the works [11] and [6]. The non-local problems for equations with these derivatives were
studied in the papers [14, |15} |16, |13].

It should be noted that Hilfer gave a generalization of derivatives of both Riemann-Liouville and
Caputo in [2] when he studied fractional-time evolution in physical phenomena. He named it a
generalized fractional derivative. This derivative interpolates between the Riemann-Liouville and
Caputo derivative in some sense.

The integral of the Riemann-Liouville order « of the function y(¢) in the interval [0, +00) is defined
by the following formula (see, e.g. [17], p. 181):

1oy (t) = F(la) [ =0 uepe

The generalized fractional derivative(GFD) of order o and type (3 is defined as following (see, for
example, |11]):
a
dtn

Note that Hilfer’s two-parametric fractional derivative is relatively new, and it interpolates between
the Caputo and Riemann-Liouville derivatives: at the value of the parameter 3 = 1 we obtain the
Caputo derivative, for 8 = 0 - the Riemann-Liouville derivative.

Therefore, in this article we study both the direct and the inverse problem of finding the right side
of the equation, that is, the source function.

Inverse problems have also been studied by many mathematicians. Here we cite some articles. In
the papers |18, |[19] the case Au = u,, the unique solvability of the direct and inverse problems for the
subdiffusion equation with a fractional Hilfer order derivative is studied. In the paper [20] in the case
of Au = Uzues, an equation of mixed type with the participation of the fractional Hilfer derivative is

Do Py(t) = [Pn=o) Z_[(=B)n—e)y () ¢ > 0.
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considered. We also note the papers [21], 22|, where u,, and u,, + u,, are taken as A on an interval
and a rectangle with non-self-adjoint boundary conditions.

Let H be a separable Hilbert space and A : H — H be a self-adjointed, positive, unbounded
arbitrary operator defined in H with the domain of definition D(A). Suppose that A has a complete
in system of orthonormal eigenfunctions {v;} and a countable set of positive eigenvalues {A;}. It is
convenient to assume that the eigenvalues do not decrease as their number increases, i.e. 0 < A\ <
Ay < oo = H00.

Let € be an arbitrary real number. We introduce the power of operator A, that acting in H according
to the rule

Ah = Ay,
k=1

where hy, is the the Fourier coefficients of a function h € H : hy, = (h,v;). Obviously, the domain of
this operator has the form

D(A) ={h € H:Y A\ |l |°< oo}

k=1
For elements of D(A®) we introduce the norm
IR 2= 0N [he [P=] AR 2,
k=1

and together with this norm D(A®) turns into a Hilbert space.
Let 1 << 2and 0 < <1 are a fixed number and let C((a,b); H) stands for a set of continuous
functions u(t) of t € (a,b) with values in H. Consider the following problem:

DYPu(t) + Au(t) = f(t), 0<t<T,
i (1-8)(2—a) —
i, 1 ult) =, (1.1)
im 2 J71-8)(2-a) =
i #1090 () = ,
where ¢, ¢ € H and f(t) € C([0,T]; H) are given functions.
Problem (|1.1)) also called the direct problem.
Definition 1.1. A function t0-ACy(t) e C([0,T); H) with the properties Df?u(t), Au(t) €
C((0,T]; H) and satisfying conditions (|1.1)) is called the solution of problem (I.1)).
In this work, we study both the direct problem (|1.1]) and the inverse problem determining the right
side of the equation. These tasks are discussed separately in the following two sections respectively.

Let us consider the inverse problem, for this we need an additional condition. We use the following
condition as an additional condition for problem ([1.1]):

u(t) =1, 0<7<T. (1.2)

In this case ¢, ¢ € H, ¥ € D(A) are given elements and it should be noted that, when studying
the inverse problem, we assume that the unknown element f € H does not depend on t.

Definition 1.2. A pair of {u(t), f} functions t1=AC=*)y(t) € C([0,T]; H) and f € H with the
properties Dy u(t), Au(t) € C((0,T]; H) and satisfying the conditions and is called the
solution of inverse problem .

2. PRELIMINARIES AND DIRECT PROBLEM

In order to find a solution to the direct problem, we introduce some concepts. For « and an arbitrary
complex number 3, we denote the Mittag-Leffler function with two parameters by E, s(t):

oo tk-

E.5t) = Zm

k=0
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Lemma 2.1. If 0 < «a <2, then for any t > 0 one has:

.

E, . (—t) |< ,
| Bus=0) | 75

where C' is constant does not depend on p and t (see, e.g. [1],p.1536).
Lemma 2.2. Let 0 < a <2, >0, for all positive t, one has (see, e.g. (1] p.120):

t
| 0 s (X dn = B (3. (2.1)

0

Lemma 2.3. For sufficiently large t one has the asymptotic estimation (see, e.g.[1] p.134):

By (=) = 1(1 + 0(1)) P> 1. (2.2)

Lemma 2.4. The following relation holds:
|ta71Ea7M(_>\to¢)| S C)\sfltsozfl’ t> 07

where \ is a positive number and 0 < & < 1.
This lemma is proven in [23].

Lemma 2.5. Let 0 < € < 1 be any fized number, and f(t) € C([0,T]; D(A®)). Then the following

estimate holds: )

< C. max [|f][2. (2.3)

t€[0,T)

t
)\k/ T B (=T fr(t — 7)dT
0

D

1

ke
Proof. By using Lemma [2.4] for any fixed number 0 < ¢ < 1, we take

n 2 n
> <cy|
k=1

k=1
Using the generalized Minkowski inequality, we have

<o (/Otfal(imfk(t - T>|2)%d7>2

k=1

t t 2
/TalEa,u(—AkTa)fk(t—T)dT /Twuafk(t—ﬂm] .
0

0

2

CZ U AL St = 7)) dT]

< EQ 2: 2.
< OT* max 1|2 = C. max |11

Taking the limit as n — oo, we obtain the estimate (2.3)).
Lemma [2.5] has been proved. O

Theorem 2.6. Let ¢, ¢ € H and f(t) € C([0,T); D(A%)) for some ¢ € (0,1). Then the problem
(1.1) has a unique solution and this solution has the following form:

o0

u(t) =y LOkt(lﬂ)(a2>Eaﬁ+(1—ﬂ)(a—1)(—)\kta) + ot PCTVE, s a (< AtY) (24)
k=1

t
+/ T By o(=NeT®) fi(t — 7)dT | vk,
0

where @, ¢ and fi(t) are the Fourier coefficients of the function ¢, ¢ and f(t) respectively.



52 Fayziev Yu., Sadullaeva Sh.

Proof. Existence. Assume that a solution to problem (|1.1)) exists. Then, due to the completeness of
the system {wv}, the solution can be written in the form:

u(t) = i Ty (t)vg, (2.5)

where T}, (t) are the Fourier coefficients of the function u(t). Then we put equation (2.5 to problem
(1.1), and obtain the following problem:

DT () + M T (t) = fi(t),

im 70-9)@-a)T) (1) =

Jim T Ti(t) = ¢, (2.6)
: d - —a —

Jim FIOTAETOTL (L) = ¢y, k> 1.

The solution of problem (2.6 has the form (see, for example [11]):

Ty(t) = Z et 0 ey (—AEY) F St T TPCTOE s 0y (= ARtY)
k=1

+ / P B (=A™ fa (= T)dr (2.7)
0

Thus, according to equalities (2.5) and (2.7]), we find the formal solution of problem ([1.1)) as the form
).

To prove the uniqueness of the solution, we use the standart technique, that is, the solution of
problem with the homogeneous condition is identically zero. Taking into account ¢ =0, ¢ =0
and f(t) = 0, then the Fourier coefficients of that functions ¢y, ¢x, and fi(t) would be zero (i.e.
or =0, ¢, =0, and fi(t) = 0), respectively. Then it follows T}.(¢) = 0, for all £ > 1. In that case,
u(t) = 0 derives from equality and the completeness of the system {vy}.

We now verify that the formal solution satisfies the conditions of Definition 1.1. We denote the

partial sum of series (2.4)) by S, (¢).
First of all, we need to show that (== g () € C([0,T]; H). After simplifying the expression,
we got following:

n

RO [SokEa,B—r(l—ﬁ)(a—l)(_Akta) + Okt Eoa+p2—a) (—At®)
k=1

t
+¢(1-A)(2=a) / T B o (= AT) fr(t — T)dT} V.
0

Due to Parseval equality, we can write following:

n

|t g (1) ||2= Z

k=1

kLo gr(1-p)(a-1)(—Akt?)

t 2
+¢ktEa,oz+ﬁ(2—a)(_)‘k’ta) + t(liﬂ)@ia) / TailEoz,a(_AkTa)fk (t - T)dT
0

Then we obtain this:

2 n 2

+CY

k=1

| s, @) P< Oy

k=1

‘PkEa,BHl—ﬂ)(a—l) (_)‘kta) ¢ktEa,a+B(2—a) (_)\kta)

2

n
+O 3 0-A =)

k=1

t
/ T By o (=T fr(t — 7)dT
0
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=P, +P}+ P,

Using inequality in Lemma 2.1, estimate each term:

2 n
ok Eapr-pa—n(—Mt*)| <C> | er )
k=1

k=1
n 2 n

P} = C'Z Ot Eoars-a)(—t®)| < CT? Z [ &
k=1 k=1

Using the generalized Minkowski inequality estimate the last term:

n 2

P? = Opa-Aema)

k=1

t

// T By o (=M fo(t — 7)dT

0

n 2

< CO2(1-8)(2=a) Z

k=1

t n % 2
scﬁ“ﬁ)(“)( / Tal[z [t —7) 12} dT>
0 k=1

< CPUmREmIT max || f P< CT* max || £

0<t<T 0<t<T

/t T (t — T)dT
0

Hence, we get the following estimation:

I t(lfﬂ)(%a)gn(t) [ CZ | on |? +CT22 | ¢ | +CTH Orgta;% £ 12

k=1 k=1

if ,¢ € H and f(t) € C([0,T); H), then t1=AC=)y(t) € C([0,T); H).
Now we apply the operator A on the partial sum S, (), then we have:

n

ASn(t) = Z <S0kt(1_ﬁ)(a_2)Ea,,B+(l5)(a1)(_>\kta) + ¢kta_1+ﬁ(2_a)Ea,a+B(27o¢)(_)\kta)

k=1
t
+/ Ta_lEa,a<—Ak7'a)fk<t — T)dT) /\kvk.
0

Due to the Parseval equality we may write

I AS.(t) 7= X |t TP DB, gy gyamn (= At®) + gt PO, s oy (—At®)
k=1

2

t
—}—/ T By o (2T fu(t — 7)dT| .
0

Then, we have

n 2
I AS, (1) 1IP< CY A |ent PP E, 50 gya1y (= Aut®)

k=1

2
¢kta71+5(27Q)Ea,u+B(2—a) (—Akta)

+CiA§

k=1

2

t
/ P B (=M ) f(t — T)dr| = ASL 4+ AS? + AS?,
0

+C zn: A7
k=1

where )

A4S =C3 N

k=1

e O R A )

I
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2

AS? = sz Pt TPETIE sy (= Akt?)

2

n t
AS? =C Z A7 / T By a(= 2T fi(t — T)dT
k=1 0

Using inequality in Lemma, we estimate the first two sums AS! and AS2:

2

n n 1
AS, = CZ)‘I% Pt E s 1opa-n (= Mt)| < CzAth(l_ﬁ)(%2) | o | 5ot
k=1 k=1
- 2t2(1 Ala2) 2 28(2 4 - 2
<O N | P05 |
k=1
n 2 n 2
1
AS2 —C )\2 ta71+ﬁ(2fa)Ea (=t <C )\2 2 tz(a71+3(2,a))
n ; k| Pk ,a+p(2 a)( K| < ; w | Pr ‘ 15 N W

n
<O A g P 0

k=1
Let us estimate the sum AS2. According to Lemma [2.5] we have:

J
ASE =N
n=1

2

t
| 7 BN e = m)dr| < €. max 111
; t€[0,T)

Therefore,

I AS,(#) ||< Ct2Pmo= 42\@ > +Ct2reme- QZW > +C. Jnax I1£12.

k=1 k=1

Hence, if p, ¢ € H and f € C’([O T] D(A7)) we obtain u(t) € C((0,T); H
Further, from the equation one has DYPu(t) = f(t) — Aul(t). Slnce f € C(]0,T); D(A9)),
Au(t) € C((0,T]; H), it follows that DPu(t) e C((0,T); H).
|

Remark. If the function f does not depend on ¢, using the equality in Lemma 2.2, u(t) can be
written as following:

=2 {%tl DCDE, gra-g)a—n)(=Mt®) + ¢t TPEVE, (s (=Aet®)  (2.8)
k=1

+ fit® Ea a1 (—Aet®) | vk

In that case, according to Definition 1.1, it is sufficient to be f € H, to show that Au(t) €
C((0,T]; H). Now we reveal it.

After applying the operator A on the partial sum of equality in and in consequence of the
Parseval equality we may write:

I AS, (2) [|*= Z A

et OB, ooy (FAR) + gpt T HPCTIE, sy (= Akt®)

2
+fktaEa,o¢+1 (_)\kta)
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Therefore,
2

I AS, (1) 1IP< CY A ort PP B, g gy ey (—Aut®)

k=1
n 2 n 2
+C Z A7 (;Skto‘_HB@_a)Ea,aHa(zfa)(—)\kta) +C Z M| fit®Eg a1 (—Mt*)| = AS! + AS? + AS2.
k=1 k=1
The first 2 terms of above were evaluated, so we estimate the last term:
n 2 n 1 2
AS = CON Nt Ey it (=0t < COSTN PR ——
" ; | fr a1 (=AtY)] < ; A W
n N 1 n
<OY N P <O P
k=1 k=1

Hence,
| AS, () [P< CEPE=IAN " o P 4O PC DN " 6 P +CY | fie [P
k=1 k=1 k=1

It is clear that, if ¢, ¢, f € H then we obtain Au(t) € C((0,T]; H).

3. INVERSE PROBLEM

In this section, we study the inverse problem of finding the right-hand side of the equation. Let the
functions u(t) and f are unknown in the next problem.

DYPu(t) + Au(t) = f, 0<t<T,
lim 70-AE=)y(t) = ¢, (3.1)

t—0

lim 4 7=ACE=qy(t) = ¢; ¢, ¢ € H.

t—0
Note that f function does not depend on the variable ¢.
Theorem 3.1. Let 1 < a<2,0<3<1and p,¢ € H, Y € D(A). Then the inverse problem (1.1,
(11.2)) has a unique solution {u(t), f} and this solution has the form as (2.8)), where

fr = Vi _ oI E g (M)
TEy a1 (=A%) TEy ar1(— A7)

¢k7—a71+6(2ia)Ea,a+ﬂ(27Q) (_)\lﬂ'a)
TEy a1 (=A%)

and

k=1

Proof. We indicated above, that f is unknown and it does not depend on t. We solve the direct
problem by assuming that the unknown function f is a known element. Then the solution to the
direct problem has the form .

Now, using additional condition we have:

oo

u(r) =Y |:<10k7—(1_5)(a_2)E0¢,ﬁ+(1ﬁ)(al)(_)‘kTa) + g PN B sy (—AT®)
k=1

+fk7—aEa,o¢+1)(_)\k'7_a) UV = w
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from the completeness of the system {v;}, we get

it OB sy (AT + kT TV s ay (M)

+fk7_aEa,a+1) (_)\kTa) — wl«

Hence,
Y, B s py ey (AT?)
TEy ar1(— A7) TEy ar1(— A7)

_ ¢kTa_1+ﬁ(2_a)Ea,a+B(2—a) (_)‘kTa)
7By ag1 (=A%)

fr =

Let us introduce the following notation:

Uy,
7By a1 (— A7)’

fi=

op TP E, 500 gy a1y (= AeT®)

fi= TEq a41(— A7) ’
go T B0 (C T
k T EOW“( AT®)

Then, the equality holds:
F=2 (i + fi+ o
k=1

Let us reveal the convergence of series (3.2)). If F), the partial sums of series (3.2), then by virtue of
the Parseval equality we may write

n 2

I FolP=

k=1

§2Z|f,§ E +22|f,§ 2 +22]f,§ P= 2M} + 2M? + 2M°.

k=1 k=1 k=1

fe+ i+ i

After using Lemma in order to estimate M’, i = (1,2, 3), then we have:

n 2 n 2
LT B, a1 (= ATe) F=ra (A7) 71 + O((A\m) 1))

n 2 2 n
<C), Ml oS
(1 +o<<wa)—1>>

2

3

T PO E s op) - (AT)

M? <
" TEy a1 (=A%)

k=

n ’ O |2 TQ(lfﬁ)(a72) ’ Ea,,@—i—(l—ﬁ)(a—l)(_)\k‘Ta) ’2
‘ TaEa,a+l(_)‘k7—a) 2

[u

k=1
2

N |Q0k |2 o 72(1=B)(a—2) 2(B(2—0)—2)

‘ Pk ‘2
<
CZ T20(Ne7) 7 2(1 + O((A\p7e)~ CZ (14 O((A\p1>)~1))?
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< CTZ(B(Q—(X)—2) Z | Ok |2 )

k=1
n _ —a oY% 2
M3 < _¢k7—a 1+5(2 )Ea,(x+ﬂ(2—a)(_)\k’7_ )
"= TEy ar1(— A7)
<C | ¢k ‘2 TQB(Z_Q)_Q ‘ Ea,a+6(2—a)(_)\k7'a) |2
I | Baot1(=Ae7) |2
2
n | o |? 17& F2B(2—a)—2
< C 1+ Z | ¢k |2 —2
B ()\k’Ta)72(1 + O(()\]ﬂ'a 1 + O )\kﬂ'a) 1))2

k=1 k=

B(2—a)—

‘ ¢k ’2 2B8(2—a) 2
CZ )\kTO‘)_l)> =T Z ol

These estimates derive from the convergence of series (3.2) under the condition ¢,¢ € H and
1 € D(A). From here the existence of the element f determined by series follows.

Uniqueness. Suppose that this problem has two solutions {u;(t), f1} and {uy(t), fo}. It is enough
to prove that u(t) = uy(t) — us(t) and f = fi; — fo = 0. Using the linearity of the problem conditions,
to determine the function u(t) and f we get the following problem:

DPPu(t) + Au(t) = f, 0<t < T,

: (1-8)(2—a) _

llmo I u(t) =0, (3'3)
: d 71(1-8)(2—a)

thm+0 =1 u(t) =0,

and

u(r) = 0. (3.4)

Let u(t) be the solution to this problem. Let us introduce the notation. Then from equation (3.3) and
the self-adjointness of operator A, we will have

D Pug(t) = (D u(t), v) = —(Au(t), ve) + (f, vr) = —(u(t), Avg) + (f,v) =

= —(u(t), \kvi) + fir. = =Ai(u(t), o) + fi = —Aeur(t) + fi.
Thus, taking into account equality (3.4)), we have the following problem:

D Py (t) 4+ Aug(t) = fr, 0<t < T,

lim (=A@, (t) = 0, (3.5)
Jim 709Gy, () = 0.

Then the solution to this problem has the form (see [24]; |12] p.174; [25] p.17):
() = fit*Eaat1(—At®).
Using equality in (3.4]), we have
(1) = fiTEgar1(—A7%) = 0.

Hence, due to the properties of the Mittag-Leffler function 7*E, o11(—Ax7%) # 0, it follows from here
fr =0 for all kK > 1. In consequence, from the completeness of the system of eigenfunctions {v;}, we
finally obtain f = 0 and u(t)= 0, as required. Theorem 3.1 is completely proven. O
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Cauchy problem for fractional high order equation with singular
coeflicient
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Abstract. In this paper, we aim to study the Cauchy problem posed for a fractional order equation.
General solution of the time-fractional equation is found by the Fourier method. The solution to the
given problem is shown to be unique using the generalized Hankel transform. The solution consists
of the Bessel function and the Mittag-Leffler function. Unknown coefficients are found by Hankel
transformation. It is shown that the constructed solution satisfies the initial condition and equation.

Keywords: Cauchy problem, Riemann—Liouville fractional operator, Hankel transform, Mittag-LefHer
function, Bessel function
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1. INTRODUCTION

Third-order partial differential equations are considered when solving problems in the theory of
nonlinear acoustics and in the hydrodynamic theory of space plasma and fluid filtration in porous
media [1]. In total, all third-order equations occupy a special place due to their specific nature,
equations with multiple characteristics. In [2], [3], taking into account the properties of viscosity and
thermal conductivity of the gas, a third-order equation with multiple characteristics was obtained
from the Navier-Stokes system, containing the second derivative with respect to time

v
Uggg T Uyy — ;uy = UyUgzy, V = const.

This equation at ¥ = 1 describes an axisymmetric flow, and at v = 0 describes a plane-parallel flow
[4].

The first results on a third-order equation with multiple characteristics were obtained in the works
of H. Block [5] and E. DelVecehio [6]. In [7] and [8], fundamental solutions of third-order equations
with multiple characteristics were constructed, containing second derivatives with respect to time,
expressed through degenerate hypergeometric functions, their properties were studied, and estimates
for |t| — oo were found. In works [9] and |10], boundary value problems for third-order equations with
multiple characteristics are considered using the constructed Green function. In recent years, interest
in degenerate and singular equations has grown significantly, including equations containing the Bessel
differential operator. These equations are often encountered in applications, for example, in problems
with axial symmetry in continuum mechanics. Interest in problems related to the Bessel operator is
also known from fundamental physics. This is due to its numerous applications in gas dynamics, shell
theory, magnetohydrodynamics, and other fields of science and technology [11]. A special place in the
theory of degenerate and singular equations is occupied by equations containing the Bessel differential

operator
b d (LAY _ @ vd
v dx de )  dx?  zdx

According to the terminology by the Voronezh mathematician Ivan Aleksandrovich Kipriyanov,
equations of three main classes containing the Bessel operator are called B-elliptic, B-hyperbolic, and
B-parabolic, respectively. The monograph [12] studies boundary value problems for B-elliptic equa-
tions, in addition to this, the account of multi-dimension integral Fourier-Bessel-Hankel transformation
theory is given in the monograph. The final chapters contain new results on general weight boundary
value problems for singular B-elliptic and B-parabolic equations where parameter may be complex.
There it is shown how spectral characteristics of B-elliptic operators including kernels of fractional
powers are produced. The theory of boundary value problems for the equations with peculiarity has
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been reflected there, while the study of B-hyperbolic equations is presented in the monograph by R.
Carroll and R. Showalter [13] and of B-parabolic ones, in the monograph by M.I. Matiichuk [14]. A
wide range of questions for equations with Bessel operators was studied by I.A. Kipriyanov [15], [12]
and his students L.A. Ivanov [16], V.V. Katrakhov [17], [18], [19], [20], V.I. Kononenko [21], L.N.
Lyakhov [22], A.B. Muravnik [23], I.P. Polovinkin [24], S.M. Sitnik [25], [26], E.L. Shishkina [27], |2§]
and others. Mixed problems with integral conditions for hyperbolic equations with the Bessel operator
were studied by N. V. Zaitseva [11].

Until now, many mathematicians have conducted many scientific researches on third-order partial
differential equations. In contrast to them, in this article, we solve the Cauchy problem for the high
order fractional differential equation of the composed type using the Hankel transformation method.

2. DEFINITION OF THE HANKEL TRANSFORM

Hermann Hankel is remembered for his numerous contributions to mathematical analysis including
the Hankel transformation, which occurs in the study of functions, which depend only on the distance
from the origin. The Hankel transform involving Bessel functions as the kernel arises naturally in
axisymmetric problems formulated in cylindrical polar coordinates.

By authors Lokenath Debnath and Dambaru Bhatta in [29] engaged with the definition and basic
operational properties of the Hankel transform. A large number of axisymmetric problems in cylindri-
cal polar coordinates are solved with the aid of the Hankel transform. The use of the joint Laplace and
Hankel transforms is illustrated by several examples of applications to partial differential equations
129]-130].

Hankel transformation and other transformations are used to solve problems in mechanics, elasticity
theory, thermal conductivity, electrodynamics and other branches of theoretical physics. More detailed
information about the Hankel transform can be found in [31]-]32].

The Hankel transform is an integral transform and was first developed by the German mathemati-
cian Hermann Hankel (1839-1873). It is also known as the Fourier-Bessel transform. Just as the
Fourier transform for an infinite interval is related to the Fourier series over a finite interval, so the
Hankel transform over an infinite interval is related to the Fourier—Bessel series over a finite interval.
The Hankel transform expresses any given function f (§) as the weighted sum of an infinite number of
Bessel functions of the first kind J, (n§). The Bessel functions in the sum are all of the same order v,
but differ in a scaling factor n along the £ axis. The necessary coefficient F), of each Bessel function
in the sum, as a function of the scaling factor n constitutes the transformed function.

Definition 2.1. Let f (r) be a function defined for » > 0. The v*" order Hankel transform of f (r)
is defined as

E) = [ (v ). .)

where J, (x) is well known Bessel function of the first kind and defined as

n+v+1)n!

Theorem 2.2. If the function f (x) piecewise continuous in any finite interval (has bounded variation)
belonging to the interval (0, co) and integral converges

/ 1 (©) Ve,

then the Hankel transform exists and the inversion of the Hankel transform is given by the following
formula

£0) = [0 ) 2, (o) i 23
0
Formulas (2.1]) and (2.3)) can be written in the following form

o= L () ede / T F(0) 0 (€0) Cdc = / T rQ el / T €0 T, (re) Ede. (2.4)
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From relation , it follows
Fo = [ a©e mode (25)

where

a€) = [ £ (66) pdp. (26)
0
formulas (2.1)), and ([2.4) are given in monographs [29]-[33].

From the properties of the Dirac delta function [34]-]35], it follows

/Oooé(w—a)fb(x)dx:@(a), (2.7)

5(x—a) = x/o 11, (wt) J, (at) dt, |u] < % (2.8)

As can be seen from the above properties, we can conclude that the function f (r) is compatible
with Dirac delta function.

3. CAUCHY PROBLEM FOR HIGH ORDER FRACTIONAL DIFFERENTIAL EQUATION

A real valued C*°-smooth function on an open subset of R™ is called a Schwartz function, if it and all
of its partial derivatives rapidly decay when approaching any boundary point of the subset, including
oo if the subset is unbounded. The space of all Schwartz functions on a given subset U C R is a Fréchet
space denoted by S(U), and is called the Schwartz space of U. Schwartz spaces were first introduced
on R™ by Laurent Schwartz [36] and throughout the years were defined and studied in various contexts
on various objects. First introduced in the first half of the 20" century, Schwartz spaces still play an
important role in many fields of mathematics, such as harmonic analysis, representation theory and
number theory.

Let N be the set of non-negative integers, and for any n € N, let N™ be the n-fold Cartesian product.

Definition 3.1. The Schwartz space or space of rapidly decreasing functions on R" is the function
space
S(Rn,C) = {f S COO(RH7 C)]Vp,q €N, Hf”p,q < OO}?

where C*°(R", C) is the function space of smooth functions from R™ into C, and
11l = sup [27(Df)(z)]

Here, sup denotes the supremum, and we used multi-index notation a? = z{'z5>...2P» and D? =
orroF...0%. To put common language to this definition, one could consider a rapidly decreasing
function as essentially a function f(x) such that f(z), f'(z), f”(x),... all exist everywhere on R and
go to zero as  — +oo faster than any reciprocal power of z. In particular, S(R", C) is a subspace of
the function space C*(R", C) of smooth functions from R™ into C.

3.1. Statement of problem. Let us look for a solution in the space S(2) of the time-fractional order
equation given in the domain Q = {(z,t) : >0, 0 < t <t}

REDSw (2,t) = Ugy (7,1) + gux (x,t), 0<v<l1, 2<a<3, (3.1)

satisfying initial conditions
DG ()|, = ¢ (2), 0<z < oo, (3.2)
D6 u ()], = ¢ (z), 0<a<oo, (3.3)

DG (,t)|,_, =7 (z), 0<a< oo, (3.4)

t=0
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where ¢ (z),¢ (z) 7 (z) € C*(0,00) and
/ |4 (x)| x2dx < ¢ = const, / | (z)| 22dx < ¢ = const, / |7 (z)| 22dx < ¢ = const
0

in addition to this

P (0)=¢(0)=7(0)=0, lim(x)=0, lim¢(z)=0, lim7(z)=0, (3.5)
and for any fixed ¢ we have
T11_>H010 u(z,t) =0, (3.6)
liil’(l) u(z,t) =0, (3.7)
where £ Dg, is the Riemann-Liouville fractional derivative operator of order o defined by
[0 d " n—ox
REDGf (t) = (dt> {""Ig7of (®)}, Re(a) >0, n=[Re(a)]+1, (3.8)
and
RLJa ¢ / (€)d¢, t>0, Re(a) >0, (3.9)

represents Riemann-Liouville fractional integral |32].
Using the generalized Hankel transform, we can show that the solution to the given problem is
unique.

Definition 3.2. The generalized Hankel transform [37] of the function f (r) is introduced as follows

1

Boa 10N = [ 0y, (o1e?) dr = abu<n>,(y>2), (3.10)

where a,b € R, b#0, n € R,.

The generalized Hankel transformation (3.10]) is related to the Hankel transformation (2.1)) by the
equality

Fupw () = gonH[f (/) 2H D) (), (3.11)

K
Relation ((3.11)) also allows us to obtain the inversion formula

f(r)= b2r2b_“_1/ Fop.(n) n¥=a=1g, (nbrb) dn, (3.12)
0

for the transformation ([3.10)) of the function f(7) from the class S(2) with weight 72%/2) which has
bounded variation in the near of the point r.

3.2. Uniqueness of solution. Suppose that there are two solution u, (x,t) and us (z,t) to the Cauchy

problem (3.1))-(3.4]), denote
u(x,t) = U (.’L‘,t) — U2 (Iat) :

Then, the function u (z,t) clearly satisfy equation (3.1]), the conditions in (3.6))-(3.7) and the homo-
geneous conditions

REpDa—ty, (a:,t)|t:0 =0, "Dg %u (:z:,t)|t:0 =0, "Dy (a:,t)|t:0 =0, 0<z< 0. (3.13)

Let us the generalized Hankel transform of the function u(x,t) introduce the following

U(t,u):,ﬁz”/ w(z, t)z 5
0

1w (pa) dz, (p € R\{0}). (3.14)
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Note that the homogeneous conditions in (3.13]) lead to

RLDSLt_lU (tv M) |t:0 = RLDgt_ZU (t7 ,U,) |t:0 = RLDgt_?)u (ta M)‘ 0 (315)

t=0 —
and Riemann-Liouville fractional derivative of the expression (3.14]) gives

« 1ty > —v 0 v 1iv
DGU ) = [ ) s () e,

0

which on integrating by parts and using the conditions in - and Bessel equation reduces to
REDSU (¢, p) + p?U (t, 1) = 0, (3.16)

In |38], the solution of equation is represented
U (t,p) = a1 () t* " Eo o (—p%t%) + az () 1> Eq a1 (—pt%) + as (1) " ° Eq a—s (—p°t*)  (3.17)

where a; (A), i = 1,2,3 are unknown coefficients and E, g (z) Mittag-Leffler function with two pa-
rameters

Eaﬂ(z):nz_om, (a, B € C, Re(a) >0, Re(f) >0).

By (3.17) we determine the unknown function a; (x), i = 1,2,3. We obtain Riemann—Liouville
fractional derivative of order az — 1 of the function (3.17)

BEDSTIU (8, 1) = ay (1) Ean (—p°t%) — plag (n) t° " Eg o (—p°t%) — plag (1) t° > Eg a1 (—p°t*)

Using the condition (3.15)), we get #“Dg,"'U (¢, 11)|,_, = a1 (1) = 0 The Riemann-Liouville fractional
derivative of order o — 2 (2 < aw < 3) with respect to the variable from the function (3.17) has the
following form

RLDOat_QU (ta M) = (:u) tEa,2 (_#Qta) + az (M) Ea,l (_ﬂ'2ta) - M2a3 (N) ta_lEa,a (_ﬂQta) .

Using the condition (3.15)), we get #*Dg; U (t, 1)|,_, = a2 (1) = 0. The Riemann-Liouville fractional
derivative of order & — 3 (2 < a < 3) with respect to the variable from the function (3.17) has the
following form

MEDGSU (8 1) = ay (1) £ B (—p%t*) + az (1) tEo (—p*7) + a3 (1) Bax (—p*7) .
Using the condition (3.15)), we get #*Dg,"*U (t, 11)|,_, = as (1) = 0 imply that U(t, u) = 0. Therefore,

due to the inversion of the generalized Hankel transform (3.12), we get u(z,t) = 0, u(x,t) € S(Q).
This ends the proof of uniqueness of solution to the Cauchy problem (3.1)-(3.4)).

3.3. Existence of Solution.

Theorem 3.3. If2 < a < 3, 0 < v <1, then the Cauchy problem (3.1)-(3.4) has the following

solution defined in Schwartz space
u(z,t) —W”t“‘l/ /p”“’Jl; (p) Jrze (p) pp
00

X [10(p) Bao (—1°t%) + 9 (p)t Eayar (—1°t) + 7 () t > Eaaa (—p*t*)] dpdp (3.18)
and this solution satisfied conditions —.
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Proof. We look for the solution of equation (3.1]) using the Fourier method

u(z,t) =X (z)T(t). (3.19)
Substituting (3.19) in equation ({3.1f), we have two equations
Xow + 2 X, + 42X =0, (3.20)
x
RLDAT (1) + 12T (1) = 0, ju € R\ {0} (3.21)

By substituting the product X = 22" 6 (xw) into (3.20)), we get the following Bessel equation

(@) 00 (wp1) + by (wp1) + ((wu)2 - _4 2 ) 0 (zp) = 0.

We know that, when “5* is not integer the functions Juoa (pz) and Jiov (px) are linear independent

solutions of above Bessel equation [39]. From conditions (3.5)), we use only the function Jizw (px).
Then the solution of equation (3.20|) has the following form

X=c(paz= Jiv (px), (3.22)

where J, (2)-Bessel function of the first kind |34] defined as (2.2)).
Using the solutions (3.22)) and (3.17), we can write the general solution of the equation (3.1) as
follows

u(z,t) =z 1/01 2to‘)Jl v (px) dp

oo

4 T4 [ o) By (—4) T ()

0

4 T4 [ ) B (=) T ()
or o
w(z,t) =27t / Jizv (px) X
0
X [C1 (1) Bayo (=) + Co (u) t ' B gor (—p°t*) + C3 (1) t By 0o (—pt™)] dp. (3.23)

By (3.23) we determine the unknown function C;(u), ¢ = 1,2,3. We obtain Riemann-Liouville
fractional derivative of order aw — 1 of the function (3.23])

RLDgt—l

—pt%) Jize (p) dp

—ux2t“1/02 ,ut“),]lu(,ux)du

0
—pta e / Cs (1) Eaa1 (—pt*) Jizv (px) dp
0

Considering the initial condition (3.2), we determine the unknown function C; (u).
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DG )] g =2 [ € (1) Tage () dis = (2),
0

oo

v—1 Cl
¥ (z) x> =/ /EM)MJIJ (px) dp
0

= / Y (p) p*7 Jize (ppr) pdp. (3.24)
0

We obtain Riemann—Liouville fractional derivative of order ov — 2 of the function ((3.23))

DG (w,6) = 25 [ 1 () Bua (~4717) T (n)
0

—p*t%) Jiv (pz) dp

i 1/03 — ) Jiw (px) dp

Considering the initial condition (3.3), we determine the unknown function Cs (p).

DG ()] g =2 [ Ca () T () dit = (@),

[ C
o)z =/ Q;N)uﬁ; (n) dp,

Cs () = p / 0 (p) T Jiv (pp) pdp, (3.25)

We obtain Riemann—Liouville fractional derivative of order o — 3 of the function ((3.23))

REDo3y ( En /C'1 —p*t®) Jie (px) dp
o t/C’2 —p*t*) Jazy () dp
/Cg —pt*) Jiv (px) dp.

Considering the initial condition (3.4), we determine the unknown function Cs (p).
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/ ”qu (nz) dp,
)

Cs (1) = H/T(P) p’T Jize (pp) pdp. (3.26)

Substituting (3.24)), (3.25) and (3.26)) in (3.23), we get the solution (3.18|) of the Cauchy problem.

First, let us show that the constructed function (3.18]|) satisfies equation (3.1)). From the definition of
Riemann—Liouville fractional derivative operator of order « (3.8]), it is clear that

DG (x,t) = —:65"75“‘1/ /pngl—; (1) Jaze (px) ppa

X [1(p) Baya (—1°t%) + @ (p)t7 Baamr (=) + 7 (p) t 7 Bosaz (—p*t*)] dpdp (3.27)
We calculate the first derivative of the constructed function (3.18]) with respect to the variable z.

1—v
t— 2to¢1 2J1V
ug (z,t) = //p (pie) [2:5

X [V (p) B (—1°t%) + 0 (p) t ' B amr (—p°t*) + 7 (p) t > Eaas (—p*t*)] dpdp (3.28)

Then, we calculate second derivative of the function (3.18]) with respect to the variable x . We can make
a slight simplification by using the fact that the function Jl_T” (Az) are linear independent solution of

Jie (pz) + pd 1w (uw)} pi

Bessel equation
_ V)2

472

)\QJ//kTu ()\JJ) +x71)\J/1—Tu ()\a;) = <(1 — )\2> Jl—Tu ()\x)

Then, the second derivative of the function (3.18) with respect to the variable x is as follows

Uy (2, 1) —x;tM/ /pszl;f (i) prax
0 O

222
X W} (P) Eoa (_/fta) + ¢ (p) tilEma—l (_N2ta) +7(p) t72Ea,a—2 ( 2ta)] dpdju. (3.29)
Further we can substitute the obtained derivatives (3.27)), (3.28)) and in equation (3.1)).

(S =4 o o) T ) =27 o) T ()]

—xz”t“l/ /p"“’l; (pp) Jige (p) pp
0 0

X [ (p) Baa (=17%) + 0 (p) t7 Baamr (—pt%) + 7 (p) > Ega—z (—*t*) ] dpdp

v —v Vit ,
//p = Ji (pp) [( 52 uz) Jige (pp) Juge (ux) —=—=Jaze (pp) J' 15 (uw)} pit

X [ (p) Eaa (—1°t*) + 0 (p)t " Eaac1 (—1°t%) + 7 (p) t > Eaaa (—p%t*)] dpdp

1—v
//" J“p“[%

Jie (px) + pd 1 (um)} P
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< [6(6) Bua (—1) + 0 (0) 6 Eurcs (—4°17) + 7 (0)tEura (—41°)] dpd.
After some simplifications, we get

—//p (o) Jozv (p) pp®
0 0

X [0 () Baa (—p*t%) + @ (p)t~

1Ea,o¢71 (_Itha) +7 (P) t_QEa,a72 (_thCx)} dpd,u

= —/ /pV;Jl; (o) Jaze (pp) Jize () ppps®
0O O

X [I;Z) (P) Ea,oz (_:u ta) + ¥ (p) t_lEa,afl (_/'tha) +T (p) t_QEoz,a72 (_:u2ta)] dpd/’L

We can conclude that the solution (3.18)) satisfies equation (3.1]).
Let us show that the constructed function (3.18]) satisfies the initial conditions and .

3-2), (3.3 (3-4)-
The Riemann-Liouville fractional derivative of order @ — 1 (2 < av < 3) with respect to the variable
from the constructed function (3.18) has the following form.

DG t) =25 [ [ 5 T (o) T () pr
0 0

X [V (p) Bax (—p°t%) — 120 (p) 1% Eq o (—1°t%) — 027 (p) t* *Egpa1 ( 2t”‘)] dpdp
Using the condition ([3.2)) and the properties of the Dirac delta function we obtain

DG ()] g = T [ [ 600) 95 T (o) e () prdp
0o 0

o0

:xl?/PTw(p)é(fv—p)d/):fvl_;fﬂu"‘_lw(x) =v(@).

0

The Riemann-Liouville fractional derivative of order o — 2 (2 < av < 3) with respect to the variable
from the constructed function ([3.18)) has the following form

T Dg P (2, 1) ZIZV/ /ﬂ"%]l; (p11) J e () p
0 0

X [0 ()t Bap (—p7t%) + ¢ (p) Bay (—p°t%) — 127 (p) t* " B g ( 1°t%) ] dpdp.
Using the condition ([3.3) and the properties of the Dirac delta function ., we obtain

"D (1)

/ / 0 (p) p7 Jizw (ppu) Jiow (pa) pudpdys
0 0

p z—pldp=27 127 p(x)=p().
0

The Riemann-Liouville fractional derivative of order o — 3 (2 < o < 3) with respect to the variable
from the constructed function ([3.18)) has the following form

DG (2,) = 90_/ /pngl—; (pp) Jize (p) ppe
0 0
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X [¢ (p) P Eas (—p*t™) + @ (p) tEas (—p*t*) + 7 (p) Ean (—p?t*)] dpdp.
Using the condition (3.4) and the properties of the Dirac delta function (2.7)), (2.8)), we obtain

1—

DG (0] g =2 [ [ 70) T T () T () pradpe
0 0

Consequently, the solution (3.18) satisfies the initial conditions (3.2), (3.3) and (3.4). Now we show
that function (3.18)) satisfies condition (3.6)). For any fixed ¢, function 7' (¢) is bounded. Further, taking

into account the asymptotic representation of the Bessel functions [39] for z — oo, with |arg (z)| < 7

then X ~ ¢(A\)2~% and in addition to this, it can be shown that u(z,t) € S(2). And this means
that on the basis of we are convinced that the condition is satisfied. From this we can
conclude that the integral is convergent.This ends the proof of existence of solution to the
Cauchy problem —. Theorem 3.3 has been proved.

O
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1. INTRODUCTION

According to the fundamental principles of differential games developed by N.N. Krasovskii, L.S.
Pontryagin, A.I. Subbotin, and others, a differential game is considered as a control problem from the
perspective of either the pursuer or the evader [1, [2, 3, 4]. From this viewpoint, the game reduces
either to a pursuit problem (pursuit) or to an evasion problem (evasion) [5, |6l |7, 8, 9} (10} [11].

Multi-pursuer differential games are of increasing interest (see, for example, [12, |13} (9, |14} |15] |16,
14117, |18, 119]).

There are several types of dynamic games on graphs. The first and most studied type is the class
of games on abstract graphs. Using such games, well-known mathematicians such as M. Aigner, T.
Andreae, A. Bonato, R.J. Nowakowski, M. Fromme, A. Quilliot and others have conducted research
and obtained significant results [20, 21, |13, [22, |6, 23} 24, 9, [25]. A relatively narrower, but more
interesting class of dynamic games on geometric graphs involves the classical “pursuer-evader” game
with moving points moving along the edges of the graph. Dynamic games of this type have been
studied by A.A. Azamov, A.Sh. Kuchkarov, G. Ibragimov, T. Ibaydullaev, and A.G. Holboyev,
yielding interesting results [21} 14, |17} 18] |19, 26].

When considering a pursuit problem, we assume that the evader @ is initially located on an arbitrary
edge of the dodecahedron, and we control the pursuers with the aim of capturing the evader. Therefore,
we place the pursuers on the edges of the dodecahedron according to our objective and maneuver them
based on a strategy aligned with this goal. The strategy of the evader is assumed to be arbitrary. On
the other hand, when considering an evasion problem, we assume that initial positions of the pursuers
P, i = 1,2,...,m, are arbitrary, and we control the evader with the aim of avoiding encounters
with the pursuers. Therefore, we position the evader on the edges of the dodecahedron according to
our objective and maneuver it based on a strategy corresponding to this goal. The strategies of the
pursuers are assumed to be arbitrary.

1.1. Statement of problem. Let
AAlA2A3A11A12A21A22A31A32BB1BQB3B11B12321B22B31B'32

be a dodecahedron with edges of unit length. We consider that a group of pursuers P = {P,, P, ..., P,,,}
pursues a single evader @) (Fig.1) along these edges. These are typically called players. We assume
that the players always see each other. We use the symbols P, and ) to denote players and their
positions on the edges of the dodecahedron. Naturally, the points P; and ) are moving points that
depend on time: P; = P;(t), Q@ = Q(t). The states of the players at time ¢t = 0 are called initial states
or initial positions of the players. Clearly, these are given by P;(0), Q(0), i =1,2,...,m.
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A

By B2

Figure 1. 1-skeleton graph of a dodecahedron.

Definition 1.1. If there exists a strategy for the group of pursuers P = {P;, P, ..., P,,} such that,
under this strategy, there is a time T" > 0 for which, regardless of the evader’s strategy and initial
position on any edge of the dodecahedron, the equality P;(7") = Q(T") holds for some i = 1,2, ..., m,
then the pursuers are said to win the game (or equivalently, the game can be concluded in favor of
the pursuers in finite time, or simply, the game is completed).

Here, T' is called the guaranteed pursuit time.

Suppose that the players move simply along edges of the dodecahedron. Let the velocity vector
of the evader be denoted by v and its maximum magnitude be denoted by o. Likewise, let those of
the pursuers be denoted by u; and their respective maximum magnitudes by p;: |v| < o, |u;| < pi,
o>p1 2 p2> ... > pm>0.

2. MAIN RESULT
According to the above, the motions of the players are given by
P1<t) == uuPz(O) == ROvi - 1727 sy T

Q(t) =v,Q(0) = Qo.

Actually, P, Q,u;,v € R3, but since the game is considered on a graph, we can assume that
PiaQaui7U € RQ'

Theorem 2.1. [fo=1,p; = %,pg = % and ps3 > 0, then the group of pursuers P = {Py, Py, P3} wins
the game.

Proof. Let the game begin from an arbitrary initial position. Since we control the pursuers, within
some time moment ¢ = ¢;, we can move pursuer P; to vertex A, pursuer P, to vertex B and during
this time interval, the third pursuer P; continuously pursues the evader @ (see Fig. 2a).

At this time, the evader @) is located at some vertex or edge of the dodecahedron.

Lemma 2.2. Pursuer Py can guard the edges AA;, AAy, AAs, emanating from vertex A.
Proof. The pursuer P, and the evader ) can be in one of the following three states:
a)|lAQ| > 2.5, b)|AQ| =25, ¢)|AQ| < 2.5.

In each case, we will show how the pursuer P; moves and how it guards the edges AA;, AA,, AA;. a)
Let |AQ| > 2.5. The pursuer P; remains without moving at vertex A until the evader @ approaches
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within distance |P;@Q| = 2.5. If the evader @) reaches distance |P,Q)| = 2.5, then we continue with the

case b).
b) Let |[AQ| = 2.5. In this case, the evader @ is located at the midpoint of one of the following
edgesz A11B31,A11A21,A21Bs27A2zB12,A22A317A3lB11,A32321,A32A12,A12322 (Fig- Qb)- g

B.

Figure 2. a) a case when |AQ| > 2.5; b) a case when |AQ| = 2.5.

If the evader () moves toward a vertex B;;, then the pursuer P, remains stationary at vertex A (we
return to case a)).

If the evader  moves toward a vertex A,;;, then the pursuer P, moves along the edge AA;, main-
taining the relation 3Py A = 1 —2QA;; with the evader (). When the evader ) reaches the vertex A,;,
the pursuer P; reaches a point located at % of the edge AA; from vertex A (see Fig. 3a).

Next, if the evader () continues moving toward the vertex A;, then the pursuer P; also moves along
the edge AA; toward the vertex A;, maintaining the relation 3P A; = 2QA; with the evader Q. If
the evader @) reaches the vertex A;, then the pursuer P, simultaneously reaches the same vertex and
captures the evader (). If the evader () chooses to move along a different edge without proceeding
from A;; to A;, then the pursuer P; moves back toward vertex A. When the evader () reaches the
midpoint of an edge, the pursuer P; returns to vertex A, returning to the case b), where |P,Q| = 2.5.
Using the above strategy, the pursuer P; can guard edges AA;, AAy, AA3.

c) Suppose that |[AQ| < 2.5. In this case, the evader () moves along the path AA;A;;C, i.e., along
the broken line AA;A;;C. Here, the point C' is the midpoint of an edge which is formed from vertex
A;; and satisfying the condition |[AC| = 2.5 (Fig. 3b).

The pursuer P; moves toward the evader @) along the broken path AA;A;;C until the relation
|QC| = 1.5| AP, | is satisfied. As a result, the pursuer will either capture the evader @ or the condition
|QC| = 1.5|AP;| will be satisfied (see Fig. 4a). Once the relation |QC| = 1.5|AP;| holds, the pursuer
P, continues moving symmetrically with respect to the evader @), just as in case b). Using this strategy,
the pursuer P, maintains control over the edges AA;, AAy, AAs.

Thus, it has been shown that the pursuer P; can guard the edges AA;, AA,, AA3; emanating from
from vertex A. Lemma [2.2]is proved.

According to the lemmal[2.2] the pursuer P, can similarly guard the edges BB;, BB, BB; emanating
from vertex B.

The pursuer P; always pursues the evader (). Due to the pursuit by P, the evader @ will be forced
to move sequentially through the vertices of the dodecahedron. Assume that at time ¢ = t,, where
ty > ty, the evader @ is located at a vertex A;; or B;; of the dodecahedron. If the evader Q moves from
vertex A;; or B;; to vertex A; or B, respectively, then according to Lemma the pursuer P; or P,
will intercept and capture the evader accordingly. To avoid being captured by P, or P, the evader
() must move only through the vertices A;; and B;;. The path connecting these vertices consists of a
single cycle: Ay Agy B3y Bio Ay Agy Biy Boy Ass A2 Boy Bsy Ay (Fig. 4.b)
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a)

1"

By B

By B2

Figure 4. a) the condition |QC| = 1.5|AP;| will be satisfied; b) the cycle
A11A21B32312A22A31311321A32A12322B31A11'

The pursuer P; can pursue the evader @) either clockwise or counterclockwise along the cycle
A11 — A21 — B32 — Blg — A22 — A31 — B11 — Bgl — A32 — A12 — BQQ — B31 — All-

Suppose that the pursuer P3 pursues the evader () in the clockwise direction.

Let, at time ¢t = t3, where t3 > t,, the evader () moves to the vertex Bs; of the dodecahedron. At
this moment, the pursuer P; is located at a point % along the edge AA; from vertex A, while the
pursuer P, is located at a point % along the edge BBj; from vertex B, and the pursuer Ps is pursuing

the evader @ (see Fig. 5a).
Starting from time ¢ > t3, the pursuers will move as follows:
The pursuer P; continues to pursue the evader ) along the cycle

A11 — A21 — B32 — Blg — A22 — A31 — B11 — Bgl — A32 — A12 — 322 — B31 — All-

As a result, the evader () should move from the vertex Bz, to an adjacent vertex of the dodecahedron,
otherwise the pursuer will catch the evader.
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If the evader Q moves along the edge B3| By, toward the vertex Bs,, then it will be captured by
pursuer Pj.

If the evader ) moves toward the vertex Bj along the edge Bs; Bs, then according to the lemma, it
will be captured by the pursuer Ps.

If the evader Q moves along the edge Bs; A1, toward the vertex A;;, then the pursuer P; follows the
strategy described in Lemma while the pursuer P, moves along the edge B B3 toward the vertex
Bs;, maintaining the relation 3|P, B3| = 2|QA;;| with the evader Q). At time ¢ = ¢, where t, > t3, the
evader () reaches the vertex A;; of the dodecahedron, the pursuer P, is located at a point % along the
edge AA; from vertex A, and the pursuer P; is located at vertex Bs (see Fig. 5b).

The pursuer P; continues to pursue the evader ). The evader ) will again be forced to move to
another vertex of the dodecahedron.

* B B,

Figure 5. The process of trapping the evader.

If the evader () moves along the edge A;; B3; toward the vertex Bsy, then it will be captured by the
pursuer Pij.

If the evader Q moves toward the vertex A, along the edge A;; A, then according to the lemma
it will be captured by the pursuer P;.

If the evader @@ moves toward the vertex A,; along the edge A;; A1, then the pursuer P, moves
to a point % along the edge AA, from vertex A, while the pursuer P, moves along the edge B3Bss
to a point % along the edge Bs;Bs, from vertex Bs, maintaining the relation 3|P,Bss| = 1 4 2|Q Ay, |
with the evader (). Then, at time ¢ = t5, where t5 > t,, the evader () reaches the vertex A, of the
dodecahedron, the pursuer P; is located at a point 3 1 along the edge AA, from vertex A, and the
pursuer P, is located at a p01nt along the edge Bngg from vertex Bs (see Fig. 6).

At the next step, the evader Q will be captured by the pursuer Pj, if it moves from vertex A, to
the adjacent vertex A;;, the pursuer P, if it moves from vertex A,; to the adjacent vertex A,, the
pursuer P,, if it moves from vertex As; to the adjacent vertex Bs,.

Theorem is proved.

Theorem 2.3. If o =1, py = %, po = 3, ps = 3, and py > 0, then the group of pursuers P =
{Py, Py, P3, P,} wins the game.

Proof. To prove the theorem, it suffices to construct a strategy for the pursuers such that P;(T) =
Q(T),i =1,2,3,4, holds in finite time 7' > 0, starting from an arbitrary initial position.
Since we control the pursuers, within some time ¢t = t;, we can move the pursuer P; to a point

+ along the edge B;Byy,

1

3 along the edge AA;, measured from vertex A, the pursuer P to a point
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Ba By,

Figure 6. Critical moment in the pursuit with Q) trapped between P;, P, and P;, ensuring eventual
capture.

measured from vertex Bs;, the pursuer P; to a point % along the edge B3;B3,, measured from vertex
Bs,, while the fourth pursuer P; continuously pursues the evader @) during this time interval (see Fig.
7a).

From this moment on, the pursuers P;, P,, P; guard the edges AA;, ByBa1, B3B3y, respectively,
where they are positioned.

Lemma 2.4. The pursuer P, can guard the edge AA;.

Proof. Let at time t = t;, the pursuer P; be located at a point % along the edge AA;, measured from
vertex A (see Fig. 7a). As a result of the pursuit by Py, the evader @) is forced to move through the
vertices of the dodecahedron; otherwise, it will be captured by P;. We now show how the pursuer P;
moves depending on the motion of the evader @), such that P, maintains control over the edge AA;.

Figure 7. Guarding edges by Py, P», P; pursuers.

I. If the evader Q moves from vertex A, or As toward vertex A, then the pursuer P, also moves
toward the same vertex A, maintaining the relation 3|P;A| = |QA| with the evader Q). As a result, if
the evader @) reaches vertex A, it will be captured by the pursuer P;.

II. If the evader (Q moves from some vertex toward vertex A;; or A, then the pursuer P, moves

from the point % along the edge AA; (measured from vertex A) toward the point % along the same



78 Ibaydullaev T., Ibragimov G., Holboyev A., Muzammadjonov A.

edge AA,. If the evader @) reaches vertex A;; or Aj,, then the pursuer P, reaches the point % along
the edge AA;, measured from vertex A.

III. If the evader Q moves from some vertex toward vertex A, or As, then the pursuer P, moves
from the point % along the edge AA; (measured from vertex A) back toward the point % along the
same edge AA;. If the evader Q reaches vertex A, or Az, then the pursuer P, reaches the point &
along the edge AA;, measured from vertex A.

IV. If the evader ) moves from vertex A;; or A, toward vertex A;, then the pursuer P, also moves
toward the same vertex A;, staying on the same line as the evader ). As a result, the evader ) will
be captured by the pursuer P, at vertex A;.

V. In all other cases, the pursuer P; remains stationary.

Thus, it has been shown that if the evader ) reaches either vertex A or A; of the edge AA;, it will
be captured by the pursuer P, using the strategy described above.

Therefore, the pursuer P; can guard the edge AA;. The edges AA;, AAy, AAz, A1A1, A1As,
which share the vertices A and A, are highlighted with red lines (see Fig. 7b). O

Applying Lemma to the pursuers P, and Ps, it can be shown that they can also take control of
the edges By Bai, B3B3, and adjacent edges (highlighted with red lines, see Fig. 7b).

The pursuer P, always pursues the evader (). In order for evasion to occur, the evader ¢ must not
be captured by any of the pursuers within an infinite time interval. As a result of the pursuit by P,
and the application of Lemma to the pursuers P;, P», Ps, the evader @ is forced to move along the
green-colored edges of the dodecahedron (see Fig. 7b). The part of the dodecahedron formed by the
green edges consists of three cycles. Due to the pursuit by Py, the evader () may move either clockwise
or counterclockwise along these cycles.

Assume that at time ¢ = t,, where t, > t;, the evader () is located at vertex Ay, of the dodecahedron
and the pursuer P, is pursuing along the edge Ay A3 (see Fig. 8a).

a) 6)

Figure 8. Cycles that the evader () can move.

Starting from this moment, the evader () can move along one of two cycles, since other cycles are
guarded by the pursuers:

a) in the direction AQQ — A2 — A21 — A11 — ..
b) in the direction Agy — Bijg — By — By — .. ..

We will consider these two directions separately.

First, consider the case where the evader ) moves in the direction Asy — Ay — Aoy — Ajp — .. ..

Suppose that starting at time ¢ = t,, the evader ) begins to move toward vertex A, along the path
Ayy — Ay — Ay — Ay — ... and reaches A, at time t = t3, where 3 > t,. At this moment, the
pursuer P; is located at a point % along the edge AA;, measured from vertex A (see Fig. 8b).
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Next, suppose that starting at time ¢t = t3, the evader () moves toward vertex A,; along the edge
A, A, and reaches it at time t = t4, where t, > t3. At this moment, the pursuer P, is located at a
point % along the edge AA;, measured from vertex A and the pursuer P; is located at a point % along
the edge B3B3, measured from vertex Bs, (see Fig. 9a).

In the same way, the pursuer P, continues to pursue the evader (). If the evader ) moves from
vertex A, to vertex A;;, then the pursuer P, moves toward vertex A;. As a result, when the evader
QQ arrives at vertex A;; at time t = t5, where t5 > t4, the pursuer P, also arrives at vertex A; at the
same time (see Fig. 9b).

[
a) T 1
/\
ofs .
\B/
B3 = [ B2y

'821 QP;\ |
|

*P;
p 2
2 —
t 3 (e,
KN 2

Figure 9. The process of trapping the evader.

If the evader () moves from vertex A;; to vertex Bs;, then the pursuer P, moves along the edge
A A, and the pursuer P; moves along the edge Bs,Bs. If the evader () reaches vertex Bz, at time
t = tg, where tg > t5, then the pursuer P; will be located at a point % along the edge A; A5, measured
from vertex A; and the pursuer P; will be located at a point % along the edge B;Bs,, measured from
vertex Bso, at that moment (see Fig. 10a).

As a result of the pursuit by P, if the evader () continues its motion from vertex Bz, to vertex
By, then the pursuer P; continues moving along the edge A;A;». If the evader @ arrives at vertex
By, at time t = t;, where t; > tg, then the pursuer P; will be located at a point % along the edge
A A, measured from vertex A; and the pursuer P, will be located at a point % along the edge By, Bs,
measured from vertex Bs, at that moment (see Fig. 10b).

Thus, as a result of the pursuit by the pursuers P;, P, P; and P,, the evader Q will be captured at
time t = tg, where tg > t7.

If the evader () moves in the direction Ay — By, — By — B;; — ..., then the pursuers, by using

a strategy similar to the one used in the direction Agy — Ay — Asy — Ay — ..., will also capture
the evader.
Theorem [2.3]is proved. a

3. CONCLUSIONS

This paper investigates pursuit differential games on the 1-skeleton graph of a dodecahedron, focus-
ing on scenarios where multiple pursuers aim to capture a single evader with higher maximum speed.
The study provides rigorous strategies and conditions under which the pursuers can guarantee the
capture of the evader in finite time, despite the evader’s speed advantage. The result of the paper
shows that reducing the speed of the pursuers causes the number of pursuers to increase. Moreover,
the findings advance the understanding of differential games on polyhedral graphs and demonstrate
how slower pursuers can overcome a faster evader through strategic positioning and collaboration.
Future research could explore generalizations to other regular polyhedra, dynamic speed adjustments,
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R,
X

Figure 10. The evader’s remaining escape routes are eliminated by pursuers’ movements.

or stochastic evader behavior. This work bridges combinatorial game theory and geometric control,
offering practical insights for applications in robotics, surveillance, and network security.
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On representations of a given number as the sum of two primes and
the square of a third prime in an arithmetic progression
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Abstract. This paper considers the problem of representing a given natural number as combination
of two prime numbers and the square of a third prime number taken from an arithmetic progression.
It was the first to establish the solvability of the equation under consideration in prime numbers from
the arithmetic progression, and prove a lower estimate for the number of solutions to this equation.
The results obtained are important in the study of additive problems with prime numbers. The proof
of the obtained results uses the Hardy-Littlewood circular method and the Vinogradov method of
trigonometric sums.
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1. INTRODUCTION

Let us consider the following equation:
a1p1 + aops + azp; = b, (1.1)

where ay, as, a3, b are integers and py, p», p3 are prime numbers.

If in (1.1)) we take a; = as = a3 = 1, then we arrive at a classical problem posed in 1938 by Hua
Loo-Keng [1]. I. Allakov and N. Muzropova [2] proved that equation has solutions in prime
numbers under certain conditions and obtained a lower bound for the number of such representations.
M. C. Liu and Tao Zhan [3], proved in the linear case, that is, for Goldbach’s ternary theorem with
prime variables from an arithmetic progression, that if N is a sufficiently large number, then there

3
exists a constant number ¢ > 0 such that for all positive integers N < D° and for Y I; = b(mod D)
=1

Diophantine equation

b=pi +p2+ps,
p; =1; (modD),i=1,2,3,

has a solution, where (I;, D) = 1.

In the works of I. Allakov and O. Sh. Imamov [4]-]5], a lower bound was obtained for the number of
representations of a natural number as the sum of the squares of five prime numbers from an arithmetic
progression. In [6], we improved the estimate of the exceptional set in the problem of representing a
natural number as a sum of squares of four prime numbers, while in [7], the problem of representing
a natural number as a sum of squares of four prime numbers from an arithmetic progression was
considered.

In this work, we examine the solvability conditions of equation in prime numbers p; from an
arithmetic progression, p; = [;(modD), i = 1,2,3, D < N°.

We assume, in the general case, that a; 20 ,7=1,2,3 and

ged(ag, ag,az) = 1. (1.2)

Furthermore, following the approach in Xua‘s work on the Tarry problem (see [§], p. 162), we consider
the solvability condition of equation (1.1)) in the sense of congruences. That is, we define the quantity
N(q) as follows:

N(q) :=card{ (ni,ns,n3)|1 <n; <gq, (nj,q) =1, ayng +ans + agng = b(modq)} (1.3)
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and require that the following condition holds:
"forallg>1, N(q) > 1. (1.4)
Let us assume that the integers aq, as, as, b satisfy conditions , and define B as
B :=max {2, |a;|,|as],|as|}. (1.5)

In the present paper, by combining the methods of [2],[3] the following result has been proved:

Theorem 1.1. Ifay,as, a3, b satisfy conditions and . Then there exists an effective constant
A > 0 such that the following assertions hold:

(a) If all of a,, as, a3 are positive and b > B*, then equation has a solution in prime numbers
P1, P2, p3 taken from an arithmetic progression, p; = l;(mod D), i =1,2,3, D < N°.

(b) If not all of a1, as, a3 have the same sign, then equation has a solution in primes py, Pa, P3
from an arithmetic progression p; = l;(modD), i = 1,2,3, D < N°, satisfying for pi,ps,ps not
exceeding 3 |b| + BA.

Corollary 1.2. If N is sufficiently large, then the number of solutions of equation (1.1) in
prime numbers NB™' < pi,ps,p2 < N, p; = ljmodD), i = 1,2,3, D < N° is at least
¢, N3/? (BQ83/42OD1n3N)_1, where ¢1 is a positive constant and Q = N219.

2. INTEGRAL REPRESENTATION OF THE PROBLEM AND MINOR ARCS

From now on, we denote a prime number by p (with or without indices). The constants ¢, ¢y, . .. are
effective positive absolute constants. The constant § is a sufficiently small effective positive number
and its value may depend on the values of the constants c;.

Let
Q: =N T.=Qv, L:=NB™', L,:=VL, N, :=VN. (2.1)

We choose N so that it satisfies
B< Q. (2.2)

2mi ¥

For any integer y and any positive integer ¢, we define e (y) = €™ and ¢, (y) = e*™¢ = e (y/q).

We define the sums

Si (y) == Z An)e(ny) , 1=1,2; S3(y)= Z A(n3)e (ngy) , (2.3)

L<n;<N L<ni<N
n;=l;( mod D) n3=lz( mod D)

where A (n) is the Mangoldt function.
Let
r=TY*N"1 (2.4)

We divide the interval [7;1 + 7| into main and additional subintervals in the usual way (see. [2]).
We define
I(N,b,D)=1I(N) := > A (ny) A (n2) A (ng). (2.5)
L<n1,n2,n§§N
a1n1+a2n2+a3n§:b

n;=l;( mod D)
Using ([2.3) and (2.5)), we can express I(N) as
147
I(N)= / e (—bx) S (a1x) Sy (agx) Ss (azz) dx. (2.6)

T

Noting that M U M’ = [r, 1+ 7], we rewrite (2.6) as the sum of two integrals:

1) = | [+ [ ]et-m ] s aw)de =1, (V) + L) . (2.7)
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In , the integral over the major arcs is denoted by I;(N), while the integral over the minor
arcs is denoted by I>(N). From (2.7), it follows that I (N) > I, (N) — |I, (N)|. If we can show that
I(N) > 0, then we can conclude that equation has a solution in prime numbers in arithmetic
progression.

First, we analyze the integral I, (IV), for which we prove the following lemma.

1+e

Lemma 2.1. For any x € M’, the following estimate holds: Ss (asz) < d“/?D~'N Qi Bi, where
d=(D,q).

Proof. According to corollary 1.2.1in [9], if (h,q) =1, 1 <h <gq, |a—hqg™'| <g?and D> < N, then
the estimate S (o) < D™'N'*(d*¢~' + DN~/ + qDN*2d*1)1/4 holds. According to Dirichlet’s
theorem on Diophantine approximations, there exists integers h and ¢ satisfying

1<qg<7t (hq) =1, {aia? — hq71| <T1q . (2.8)
We devide both sides of the inequality in (2.8) by ’x — h(|ai] q)fl’ < 7(Ja;|¢)”". From this, we get

o= K(g) 7 < 7(a) " (2.9)

Here, ¢’ is defined as the positive divisor of a;q, and ged (A, ¢') = 1. It is not difficult to see that
¢ > Q. In fact, if ¢ < @, then from (2.9) and z € |1, 1+ 7] it follows that 1 < A’ < ¢’ < @Q, that is,
x € M, which contradicts the condition x € M’. Therefore,

Qla;| ' <g<77" (2.10)

According to (2.10)) we obtain, S3(azz) < DN = dY/2BY4Q-1/4, 0O
Lemma 2.2. Ife < 0,056, then |I,(N)| < D='N3/2d'/2BY4Q~Y>In N holds.
Proof. Using Lemma 2.1 and (2.7)), we obtain:

147
|IL,(N)| < D'Nz+eq" /2 Bl/4Q—1/4 / {]Sl(a1w)|2 + !Sg(agx)|2} dz. (2.11)

T

147
Here, [ [S;(a;z)’de= Y A*n)<InN- Y A(n)<NInN [10]. Thus, from (2.11) and the
T L<n;<N n<N
lemma conditions, we obtain: |I,(N)| < D~IN3/2qY/2B/4Q=/>In N. O
3. SIMPLIFICATION OF THE INTEGRAL OVER MAJOR ARCS

Let x(mod q) and xo(mod ¢q) denote, respectively, an arbitrary character and the principal Dirich-
let character modulo ¢. It is known (see §2, Chapter III of the work [9]) that there exists a constant ¢,
such that the L function L(s, x) may have at most one real zero /3 for a given real character ¥ (mod7)
with modulus 7 < T, in the region o > 1 —¢,(InT) ™", [t| < T. If such a zero exists, it is unique and is
called the exceptional zero of the function L(s, x), where s = o + it. Moreover, this exceptional zero
f satisfies the inequality

1 1 =
cs (fﬂn%) <1-f<cy/InT. (3.1)

q ’
The summation > or Y, denotes the sum taken over h satisfying the condition (h,q) = 1,
h=1 (h,q)=1
1 < h < gq. For the character y(mod Dq/d), we define the following functions:

Si(x,y) = Z A(ni) x (ni)e(niy), Sz(x,y) = Z A (ns) x (n3) e (nﬁy) )

L <n;<N L<n2<N
n;=l;( mod D) n3=lz( mod D)
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N N1 N Nl
L) = [ @) dn, Bw) = [ e(aly) dos, L) = [o e (o) do, L) = [ 27 e (o) da,
L L L L,y
N Ny
Lx.y)= ), '/x/"le(wiy) dr,, I(x.y)= Y '/:):3”‘16 (23y) das, (3.2)
[vI<T VST 7,

where i = 1,2 and the summation Y. ' denotes the sum over zeros p = 3 + iy of the function L(s, x)
vI<T

in the region 1/2 < 8 <1—c,(InT) ", |y| < T with 8 being the exceptional zero if it exists.

Lemma 3.1. For any real number y and characters x(mod Dq/d) with Dq/d < T, the following
equalities hold:

Si(x,y) = 6. Li(y) — 0, Li(y) — Li(x,y) + O (1 + |[y| N) NT'In°N), i=1,2

Ss(x,y) = 8, Ls(y) — 0, s(y) — L(x,y) + O (1 + |y| N1) M T 'In®N) (3-3)

where .
5 - {1, if X =xo(mod Dg/d) o _ {17 if X = Xxo(mod Dg/d),
X ’ X

0, otherwise 0, otherwise.

A proof of this lemma can be found in [9]. In the next step, to transform the exponential sum S, («)
containing the character y into the integral form above, we need the following new definitions.

d(q) is defined as follows: D = p{* -+ p2 Dy, ¢ = pi" -+ pPqo, (Do, o) = 1, d(q) = p7* -+ pl",
where 7, = min (o, §;), for i =1, ..., s. We define d; (¢) and ds (q) as follows:

s a;, if B; > a4
. iz{ ds (q) = d(q)/ds (q) - (3.4)

= i PPN
di(@): =P 0, otherwise,’
For convenience, we write d = d (q), di = d; (q) va dy = dy (q). From the above definitions, it follows
that (di, d») =1 and (D/d |,q/dy) = 1.
Lemma 3.2. Ify = a; (hg™' + \), then the equality

Si(y) = S (ai (hq_l + )\)) = Z E(Zz) Z Gi(h,1,q)Si(¢n,a;\) + O (IH2N) )

D q
()O(dl)@(dQ) ¢(mod D/dy) n( mod q/d2)

holds for 1 =1,2,3. Here,

_ _ ahz;\ _ .
G; (h7777§I) :G(Dalivhan’Q): Z 6( )n(zi)’ =12
(zi,9)=1,
z;=l;( mod D)
_ _ ashz3 _
GS (h7 7, q) = GS (Dv l3a h: 7, q) = Z € T "7(23) (35)
Z3, :1,
ZsE(lg( gn)od D)

and n, ¢- are characters modulo q/dy and D/d;, respectively.
Proof. By the definition of S; (y), we have:

S (y) = > Ande(ny)+0 | Y. Inpe@ty) | =

L<n;<N, pF<N
n;=l;( mod D), (n,q)=1 plg, k>2
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= E e (CL c > E A(nz)e(amlA) + O (11’12N) .
(zi,9)=1 q L<n;<N
zi=l;( mod d) n;=l;( mod D), n;=z;( mod q)

If z; = [;(modd), then the inner sum over the main range is empty, and therefore we can restrict the
sum over z; satisfying the condition z; = [;(modd). On the other hand, the condition z; = I;(modd)
is equivalent to the conditions n; = [;(mod D) and n; = z;(modg). These, in turn, are equivalent
to n; = l;(mod D/d;) and n; = ¢;(modq/dy ), respectively. In this case, due to the orthogonality
property of characters [9] and according to , the following equality holds for S; (y):

1 - a;hz;\ _
SO = S 2, 2 2 ()

mod D/d) n( mod q/ds) (zi,q)=1 4
z;=l;( mod d)

X Z ¢n(ng)A(ny)e(a;n\) + O(In*N).
niElI;(<r7;£0§<iND)
For S5 (y) we have the following:
Si(y) = ¢~ (D/dy)p~ (gq/ds) Z (13) Z Gs(h,1,q)S3(¢n,\) + O (anN).

¢(mod D/d:) n( mod g/dz)

Thus proving Lemma 3.2. O

Now, using the lemmas above, we simplify I;(N). For any y = (hg™' + \) € m (h,q) satisfying
|IA| < 7/q and ¢ < @, equation (3.3)) and Lemma 3.2 imply that S; (y) can be written as follows:

Si(y) = ¢ " (D/d)¢ " (q/d2) x

x { Gi(h, 0o, )1 (a:X) — 6,CC0 (1) Gi(hy o, q) 1 (a:)) — > (W) Gilhom, @) I(Cnyai)) p +
¢ (mod D/dy)
n (mod q/dz)

+0(p M g/ds) D |Gilh71,9)|(1 + |aAIN)NT 0’ N) + O(In*N),

n (mod g/d2)

where (¢, (modD/d ,) i (modq/d ,) = Xxo (modDgq/d ), {,i are primitive characters and

5 1, if ¥ (mod 7)existsand 7 | Dq/d,
71 0, otherwise.

From (L.5), (2.4) and (3.5), since |a;| < B, |\| < 7/q and |a;A\| N < BT'Y4q™!, we can trivially

estimate the following term as: > |Gi(h,7,q)] < ©(q/d2)p(q). Using this, we can evaluate the
n ( mod ¢q/d2)
term under the symbol O : ¢~!(q/d>) > |Gi(h,7,q)|(1+|a;A\|N)NT—In’ N < NBT~3/*In*N.
n (mod gq/dz)
Therefore, for y = h/q+ XA € m (h,q) we obtain the following:

S:() = o (DJdy ) ¢~ (a/d ) Hy (.. \) + O (NBT"1’N) (36)
By similarly reasoning, we estimate Ss (y) as follows:

S5 (y) = ¢ (D/dy )¢~ (a/da ) Hy (h,q,)) + O (NY2BT~'In’N ) . (3.7)
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The remaining term is estimated as: w(l ;o2 |Gs(hn,@l(1 + lasA|N1) N, T ' In’ N < %.
1 ( mod %)

H; (tha /\) =G, (h Mo, q ) ( ) d CCO (lz) (h, 77770,(])1:1()‘) -k (h7 q, )\)7
F;(h,q,\) == > C (1) Gi(hy 7, )T (Cn, ). (3.8)

¢ (mod D/di)n (mod q/d2)

2|
N“a

Here

To estimate H; (h,q,\) we use Lemma 3.3 from [11] and Lemma 3 from [2]. Then we have:
1 (D/d) o7 (q/d ) Hi (h,q,\) < @ (@) N, ¢~ (D/dy ) ™ (q/dy ) Hs (h,q,)) < 0 (q) NV/2.
So, from (B.6) and (3.1), we have: S, (y) = ¢+ (D/dy )~ (a/ds ) {H: + R},
Sz (y) = =" (D/di ) ™" (q/dz ) {H2 + R}, S5 (y) = =" (D/dy ) ¢~" (a/d2 ) {H3 + R1}.
Thus

q<ZQSD ( ) (ci) (hglj///:‘“’(b (Zﬂ”))liH (h,q, \)dA+

a<Q (h,q)=

+0 (Z Z —<p NEBSTilnGN).

We estimate the remainder term in the final expression as follows: < N2T-1/2Q*B3*In°N « N: QL.
As a result, we obtain the following expression for I; (N):

T/q 3
=Y o (D/dy ) (q/dy) > / e(=b(h/q+\) [[H:(h,q.\)dA+ O (N%Q—l).
7<Q (ha)=1_%,, i=1

T

Now we extend the integration interval [ o 3} to (—oo;00). Arguing as at the end of §3 of paper [2],

we obtain
0 3
I, (N) = ;Q > (d% )1@3 (di ) (h;)_leq (—bh)_[o e (—b\) 1:[1H (h,q,a;\)d\ + O (N3/2Q‘1) . (3.9)

4. SINGULAR SERIES AND SINGULAR INTEGRAL OF THE PROBLEM

Regarding the special series and the special integral, taking into account the specifics of our problem,
we formulate several lemmas, the proof of which is, in principle, similar to the proof of analogous results
given in the works [7], [12].

Lemma 4.1. If x (modpﬂ/dg ) 18 an arbitrary character such that 8 > 0, dy = dy (pﬂ) is defined as
in (3.4) and « is defined from the relation p*|| D. Then the following holds:
(a) if x (modp?) is a primitive character and p|h , 8 > «, then G; (h, x,p°) =0, i=1,2,3.
(b) if no is a character modulo p'/dy (p') such that, p + h and t > 6 + max{0,«,3}, then
Gi(h,xn0,p") =0. Here 0 =1+ [2/p], i=1,2,3.
(c)if pth , then G, (h,x,p%) < (2,p) (h,p?)*p?/, i = 1,2, Gy (h, x,p%) < 2(2,p) (h.p?)"/*p?2.

In our subsequent analysis, we encounter the following sums:

3

Z(q) == Z(q;m,m2,m3) = Y eq (=bh) [[ Gi(aih, mi, q) (4.1)

(h,q)=1 i=1

and

Y () =Y (,m,m0,m) i= 3 eq (=bh) [ Gi (aih mi, ), (4.2)
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where 7); is a character modulo ¢/ds (q¢). The expression Y (q) can be written in the following form:

Y (q,m,m2,m3) = q Z M (21) 2 (22) 03 (23). (4.3)
(@)

The sum ) is taken over all triples z;, 2o, 23 such that (1.3) and (1.4). In expression (4.3)) if all the
(9)
characters n; are principal, then it can be seen that:

Y (q,70,10,Mm0) = qN (q) (4.4)

this equality holds. Moreover, we define
Alg):= 97" (q(D,q)Q/d) Z (a0, M0, 70) » (4.5)

where (D, q)® denotes the product of the common prime divisors of D and ¢. (D, q)®H D indicates
that it is the largest divisor of D such that if p®|| (D, q)®, then necessarily p®| D.

Lemma 4.2. The functions Z (q) and Y (q) are multiplicative in the following sense: that is, if ¢ =
t
¢ q and (g, q;) =1 fori # j then for each i =1,2,3, n; (mod q¢/d> (q) ) = [ ni; (mod g;/d> (g;))
j=1

t
is a walid decomposition. In this case, we have: Z(q,m,n2,m3) = [ Z(qj,mjsn25,13;) and
j=1

t
Y (¢,m1,m2,m3) = 11 Y (¢, n;,m2,13;), also hold. In particular, this implies that N (q) and A(q)
j=1
are also multiplicative functions with respect to q.

Lemma 4.3. For any positive integer q the following estimate holds:

3
o3 (%) Z(q) < dT(aq)q—l/%—i%’ where L = (lnln %)'

Lemma 4.4. Suppose that x; (modpﬁi) for i = 1,23 are primitive characters or that f =
max {f1, 2,3} and we choose a := «(p) so that the condition pa(p)| D is satisfied. For simplic-
ity, in the notation we write Z (p*) = Z (p*; X1X0, X2Xo0, X3X0), where Xo, is the principal character
modulo pt. Then the following statements hold:

(a) If B > «, then Z (p°) =Y (p°).
(b) If t > 0 + max {0, B, a}, then Z (p') =0. Where =1+ [2/p].

(c) If B > «, then ésps (p°) Z (p°) = @73 (pt)Y(pt) or B=0 and t > a, then
S0z + X et 0200 = ¢ 0)Y ()

In Lemma 4.4, let x1 = x2 = x3 = xo and 8 = 0 then the following result is obtained.

Corollary 4.5. Suppose N (q), A(q) and a = a(p) are defined respectively as in ([4.6)), and
similarly as in Lemma 4.4. Then the following statements hold:

(a) ifp>3,t>1+a, then A(p") =0, if t > 2+ max {2, a}, then A(2") =0.

(b) if p >3, t > a, then p'e™* (p') N (p') = p*p~* (p*) N (p°).

(c) if t >, where a’ =14 max {2, a}, then 2'p=3 (2') N (2!) = 2% o3 (pa/) N (p"‘/>.

Taking the above result into account, we introduce the following notation:

s(p) = 3 Ap') = o? (0 (pa<p>) pa<p>>N (0 (pa<p>) pa<p>> o (paoo)) PP (4.6)

0<t<O+max{0,a(p)}

Here 0(q) = 1,4,2 corresponds respectively to 2t ¢, 2|¢ and 4]q.
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Lemma 4.6. For s(p) the following assertions hold:
(a) if p#2, a=a(p) > 1, then s(p) = ¢~* (p*) p.

(b) ,
23 if a(2)=1,
" {903 (2®) 2@ if a(2) 22,

Therefore, we also have: s(2) = ¢ (2%) 2% (D).
(c)ifp#2 and pt D, then s(p) =14 A(p), and if 21 D, then s(2) =1+ A(2) + A(2%) + A (2%).

Lemma 4.7. The following statements hold:

(a) if pt D, then |A(p)| < 10p~2.

(b) The product []s(p) converges absolutely, and []s (p) > ¢ (D) Do (D).
p

p
00

() > o *(Dg/d)Z(g;m0.m0,m0) = [T (0) = “PLisimns ™ T s(@).
q=1, (¢,r)=1 pir #HD/(Dr)) ptr, ptD

(d) 3> ¢~ (Dq/d)Z (g;1m0,m0,m0) < y D 'In'" (y + 1).
q>y

Lemma 4.8. Suppose r;| Dq/d, fori=1,2,3 and x; (modr;) = ¢; (mod (T‘i, d—Dl)) i (mod (ri, i)) .

All characters are primitive and if r = [r1,72,73], then the following estimate holds:

3
(a) ¢~ (22) Z (g, mn0, n2m0, 3m0) T1 GiGo (li)‘ < V2L,
q<Q, r|Dq/d i=1
uppose « (p) is defined as in Lemma 4.4, and furthermore let r; = r;'r;”, r) = |ri’ s vy,
b) S s defined as in L 4.4, and furth let W@ 6) = [0 0 )
Xi (modr;) = e (modr§1)> e (modrl@), (7”51)77’1(2)) —1,i=1,23, j=12,if pf;HTlgl); then

B > a(p) and if pBH er), then B < a(p). If D = DDy, (Dy,D5) = 1, then pﬁH r and if p| Dy, then
B < al(p), if p°||r and p| Ds, then B> o (p). In this case, we have

D 3
E= Z 80_3 <dq> zZ (Q>n1770a 7727707773770) HCZCO (ll) =

q<Q, rldg/h i=1

A, 3 (modr o (D) Dy Y (o (r®) r®) . i/
_EM’ () (modra) =55y 33 (o () 7)) WHW (p)+O<Q 1 Q)'

Lemma 4.9. For arbitrary complex numbers, 0 < Rep; < 1,1 =1,2,3 the following equality holds:

0o N N1/2
/ e(—n)\)H (/:L‘Z—pi_le(ai:vi)\) d:ni) / 23" e (agzs)\) drsd\ =

=1 L Li/2

— 00

N3/2 _ _ _ _
~ 2(Jas]) / (N21) "7 (Nay) 7 (Navg) ™20 2 sy ds, (4.7)
3

D

where x3 := (BN~ — a1, — asy) a3’ and

1/2

D= {(:Ul,xg) t LN7' <zy,2 <1, (LN7Y) 7" <3< 1}. (4.8)

Furthermore
/ w3 2 drydey > 1. (4.9)
D
The proofs of Lemmas 4.1-4.9 are essentially analogous to the arguments presented in [7], [12], [13]
and [14]. Therefore, given the limited space of the article, we omit the evidence. These lemmas take
into account the specifics of the present problem and for convenience of reference, we have stated them
without proofs.
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5. ESTIMATION OF THE INTEGRAL [;(N) AND COMPLETION OF THE PROOF OF THE THEOREM 1
We now aim to obtain the required lower bound for I; (V). From equality it follows that the

product H H; (h,q, \) consists of a sum of 3> = 27 terms. We will divide these terms into the following

three categorles

(C1): the term 'H1 Gi(h, 7o, @) L(N).

(C2): the 19 terms each of which has at least one F; (h, g, \)as factor.
(C3): the 7 remaining terms.
For convenience, we write, for ¢ = 1,2, 3,

M, = Z 03 (Dq/d) Z e, (—bh) / e (=bX) {sum of thetermsin (C;) } dX. (5.1)
<Q (h,q)=1 —
In view of (3.9)), we have
I (N) = My, + My + My + O <N3/2Q*1) . (5.2)
For distinct integers my, mo, ... taken from the set {1, 2,3}, let:
p N3/ (p1—1) (p2—1) (ps—1)/2, —1/2
(mq,ma,...) = m (Nz,,) (Nz,,,) (Nz,,,) Ty Cdridz, (5.3)
Vg
and
A (my,ma, ) ==X My ) X (Mg ) -ovs (5.4)

where the region D is defined in (4.8]), x and 5’ are the exceptional character and exceptional zero
respectively. Let

N3/2 1
Py = ——— [ a3 ?daydx,. 5.5
b gy | 5 )
D
Clearly, from (4.9) we have
|P (my,msy,...)| < Py < N*?B7". (5.6)
Lemma 5.1. The following equality holds. M, = ‘;(3%)3? [Is(p) P+ O (N*?2B~'D2Q 'In"’Q).
ptd
Proof. Based on (j5.1))
Z ¢~ (Dg/d) eq (=0h)G1(h, Mo, ¢)G2(h, 7o, ) G3 (R, 7o, q) X
q<Q (h,q)=1
oo N N N
X / e(—b)\)/e(alazl)\) da:l/e(agazg)\) dmz/e (aga:g)\) dxsd.
“oo L L L

If in (5.3) we set p; = pa = p3 = 1, then the above integral is equals Fy. In view of (4.1), the above
double sum is > ¢ 3 (Dq/d )Z (q). By Lemma 4.7 (c), (d), this can be written as:
q<Q

o(D)D 7U(D)D s -1p-2110
) p]gs<p>+0<q>ZQ\A<q>|)— Sy [0 +0(@ D7)

From this expression and equality ([5.6]), the proof of Lemma 5.1 follows. Namely,

M1_<U(D)DH v) + (1513?)>P°:2%%? I150) Fo-+ 0 (V{BD*Q)n"°Q). 0
P
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Lemma 5.2. If the exceptional zero B exists and 71, dy are defined as in Lemma 4.8 (b), by taking
1 5
r') =7, then

(a) My =208 2o T s(p) 2 {—iA(z‘)P(iH > A(i5) P (i, )-
) i=1

ptD, pti (o(F1)71 1<i<j<3

~A(1,2,3)P(1,2,3)} + O (N3/2B7/2Q*1/21n4Q) .

(b) M < d*D-3N32B5; /*£-3,

Proof. Part (a) is proved by reasoning similar to that in the proof of part (a) of Lemma 13 in |2]. The

bound in (b) can be deduced directly from Lemma 4.3. O
Define 3 3
0 (1 - ﬂ) T, if §exists, 57
1, otherwise.

In view of Corollary 4.5, Lemma 4.6 and (4.6)), we have

H s(p)=a ()" (o (")) N (o (+")r"1), (5.8)
ptD, pif1
o(r'y)r’y Sy o (Dy) D, o (Dy) D,

_TVW UL N (o () ) = =222 N (6 (Dy) D) = L2 2 5.9
oy T S Gy Y PP = o, 9

where "1 =r, (r",7") =1, (r",D) =1, | D®, 'y, D|(r, D) have the same prime factors and the
exponent of each prime factor of D, is less than in »’;. Hence we can write M; in the form.

_U(Dl)Dl‘ o ()7 s 3/2p-1p-20~11p 10
M, = o3 (Dy) @3 (o (7)) H (p) Z Po+O<N B D7 Q1 Q)

ptD, ptiy (o(F1)71)
Comparing it with the form of Mj; in Lemma 5.2 (a), we have

JUN 3
M+ My =220 _20)b T s(p)( X P+ X - AG)P>EH)+
©3(D1)  ¢*(o(F1)71) 1D, ptis (o

F1)71) (o(F1)71) =1

+ > A(i,§)P(i,§) — A(1,2,3) P(1,2,3)}> +0 (N3/2B7/2Q*1/21D4Q) .

1<i<j<3

Applying formulas (5.3)), (5.4 and (5.5) to the right-hand side of the last equality, we obtain:

O'(Dl) Dl O'(fl)fl N3/2 -1/2
M, + Mz = — C— L H s(p) Z /x3 dxidry —

¢ (D1) (o (T)T) o i 2 (as)) J

2 3/2 2
Z Z /H NJUz D da 1dxy

i=1 \(o(F1)71) D =1

N3/2 (pg—1)
— Z )Z (’I’lg) / Nﬂjg dSUldl‘g
(o(F1)71) D

+ > X()x(n

(o(F1)71)

/\
2
U

(Pl ) 2_1)d$1dl‘2> +
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N3/ . (p3=1)
2(|a|)/(Nl'2)(p 1)(N:L'3) 2 dﬁL’lde’Q)“‘
3
D

/ (Nz,)" " (Nas) e

o (F1)71)

dl’Q)— Z X (n1)X (n2) X (n3) X
(

(p3—1

: )d:cld@) } +0 (N?’/QB?/QQ‘I/an“Q) . (5.10)

The expression inside the curly braces is not less than

2

> ¥ / w5 T (1= % () (V) ™) (1 — Y (ny) (Nay) ”) dzyds.

(e(F)™) i=1

It remains to estimate the integral. Since LN~! < zq,29,23 < 1 and (1 —x (ny) (N:Ui)(pi_l))

Y

> (p3—1) ~
1— LY <1 —x (n3) (Nz3) K > > 1— LP~! are present in the domain D we obtain the following:

2 . \3
I1 (1 —x (n;) (in)(pi71)> <1 — X (n3) (Nz3) > > (1 — Lﬁ‘l) . From equalities (2.1)) and (2.2,

i=1
it follows that: L = NB~* > NQ™% = N*=% > \/N. Thus, using formulas (2.1)) and (5.7), we obtain
the following: 1- 1) > 1—exp (—1/2 (1 — B) lnN) > min{1/2 1/4 (( — BN) InN )¢ > Q. Then

the main term in ((5.10)) is > Q3 “(QD(BD)I . wS?{(f(;)jlh) HM s (p)( Z) Py. Hence, by (5.8) and (5.9),
ptD, pfri o(71)71)

(p3—1)

we have.

Lemma 5.3. M + M; > Q%28 [ s (p) By + O (N*2B7/2Q~?In"Q) .

ptD

We need to estimate M, By the Deuring—Heilbronn phenomenon, we have.

Lemma 5.4. M, < Q%exp < c/\f) D)DPO [T s(p)+O (N*2Q"'V2B7?In"Q).
piD, ptr

Proof. Tt is proved by reasoning similar to that used in the proof of Lemma 15 in [15]. 0

Combining the results obtained above, we can derive the following estimate for I; (N). To this end,
let us consider two cases.

Case 1. If there is no 3 exceptional zero of the Dirichlet L-function, or if it exists and the modulus
of the corresponding exceptional character 7 > Q*/1°. From Lemma 5.1 and part (b) of Lemma 5.2,
as well as from Lemma 5.4 for sufficiently small § we obtain:

o(D)D (d 3/2 m—1,—1/20
I, (N)> —2_P, s(p)+0O N3/2B=tQ—v2~3
1( ) @3 (D) Op*gﬁr () D3

Then, according to Lemma 4.7 (a), we have: I, (N) > N3/2 (BQl/ZlD)fl. Here, D < Q2%

Case 2. If there exists a 8 exceptional zero of the Dirichlet L-function and the modulus of the
corresponding exceptional character # < @Q'/'°. Then, using Lemmas 5.3 and 5.4, and for sufficiently
small §, we obtain:

o(D)D

W) 20725 )

[Isw) P+0 (N3/237/2Q—1/21n4c2) .
ptD
Here, taking into account that Q >> (f1/21n277)_11nT > QY/®In"'Q, is as in (3.1), we consider

I, (N) > N32(BQ®/ 420D)71 and finally, by comparing the estimates in both cases with Lemma 2.3,
it follows that for sufficiently large N, I; (N) > |I> (V)| holds. Thus, our theorem is proved.
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5.1. Proof of Corollary 1.1. Now let us estimate the number of solutions of equation in prime
numbers:
R(b)=R(b,N,D) = > 1
L<p1,p2,p3<N
b=a1p1+azps+azps

Based on ([2.8]) we have: ,
I(N)=R(b)In®>N +O(NInN). (5.11)
Since I (N) > I, (N) — |, (N)], it follows from (5.11) that R(b) > (I, (N) —|I, (N)|) (InN)~* +
@) (N(ln N)72> . Hence we obtain an estimate R(b) > N3/2 (BQ83/420D1n3N)71.
I would like to take this opportunity to thank my supervisor Professor I. Allakov for his advice and

support during the preparation of the article.
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Abstract. Let two bounded simply connected domains D C C,, G C C,, and two locally regular
compact subsets E C D, F C G be given. If f(z,w) is a separately analytic function with finitely
many singular points in each section of D x {w’} and {z°} x G for any (2°,w’) € E x F on the set
X = (D x F)U (FE x G), then it extends holomorphically to the domain

X ={(z,w)eDxG: w(z,E,D)+w(wFG) < -1},
except on an analytic set S. Where w*(z, E, D) is the harmonic measure of the set E C D C C relative

to the domain D.

Keywords: Hartogs’s phenomena, separately analytic functions, harmonic measure, singular set
MSC (2020): 32A10, 32D10

1. INTRODUCTION

A function of several complex variables w = f(z1, 22, ..., 2n), 2 = (21, 22, ..., 2,) € D C C? is called
holomorphic in the domain D if it is real differentiable with respect to the set of all variables and
satisfies the following equalities

of of  of

0z, 0z == 0z, 0

for any z € D.

The following question naturally arises: if a function w = f(z1, 29, ..., 2,,) of several complex variables
is holomorphic in each variable when the other variables are fixed, then is it holomorphic with respect
to the set of all variables? Hartogs [1] gives a positive answer to this question: if a function w =
f(z1, 22, ..., 2,) is holomorphic in the domain D C C™ with respect to each of the variables z;, j = 1.n,
then it is holomorphic in D with respect to the set of all variables.

The proof of this theorem is based on the important, so-called Hartogs lemma “On the extension of
functions of several complex variables along a fixed direction”: let a function f(z,w) be holomorphic
in a polydisk U x V, = {z€C": |z] <1} x{weC: |w|<r}, r >0, and for each fized 2° € U,
the function f(2°,w) extends holomorphically to a larger disk Vg = {w € C: |w| < R}, R > r with
respect to w. Then the function f(z,w) extends holomorphically to a larger polydisk U x Vg with
respect to the set of all variables.

These results of Hartogs play a fundamental role in the theory of analytic continuation of functions
of several complex variables.

The following problem was posed by M.Hukuhara [2]: let two domains D C C?, G C C, and two
sets £ C D, F C G be given. Suppose that the function f(z,w) originally defined on the set E x F
has the following properties:

1) for each fixed w® € F, the function f(z,w") extends holomorphically to D,

2) for each fixed 2" € F, the function f(z",w) extends holomorphically to G.

Then we say that the function f(z,w) defines some separately analytic function on

X=(DxF)U(EXxG).

The task is to determine the domain X, (X D X) to which the function f(z,w) admits a holomor-
phic extension with respect to the set of all variables.
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In case n = m = 1, this problem was solved by J.Siciak [3], and in the general case by
V.P.Zakharyuta [4]: let D C C? and G C CI’ be strongly pseudoconver domains, and let E and
F be closed subsets of D and G respectively. If f(z,w) is a separately analytic function on the set

X=DxF)U(ExG),

then it extends holomorphically to the domain

~

X={(z,w)eDxG: w (z,E,D)+w"(w,F,G) < —1}.

Here, w*(z, E/, D) denotes the basic quantity of complex potential theory, known as the P-measure
of the set £ C D C C” relative to the domain D (see. [5], [6]): let U(E, D) be a class of functions
u(z) € psh(D), such that u|, < —1, u|, <0. We put

w(z,E,D) =sup{u(z): welU(E,D)},

then w*(z,E,D) = %iimw (&, E, D) is a maximal plurisubharmonic function, and it is called the P-

measure of the set F relative to the domain D. In the one-dimensional case, w*(z, E, D) is called a
harmonic measure.

An analogue of Hartogs’ theorem in the class of meromorphic functions was given by E.Sakai [7]: let
S C D x G be a relatively compact set such that intS = 0 and that it does not split the domain D x G.
Let A (respectively B) be the set of all points z € D (w € G) such that int{w € G: (z,w) € S} =10
(int{z € D: (z,w) € S} =0). Let the function f(z,w) be defined on (D x G)\S and be separately

N

meromorphic on X = (A x G)U (D x B). Then there exists a function f meromorphic in the domain
D x G, such that f’ = f.
X\S

The works of V.Rothstein [§8], M.V.Kazaryan [9, |10], S.M.Ivashkovich [11], J.Ruppenthal [12],
A.S.Sadullaev and E.M.Chirka [13], A.S.Sadullaev and S.A.Imomkulov [14], S.A.Imomkulov [6],
T.T.Tuichiev [15], M.Yarnicki and P.Pflug [16, 17], A.A.Gonchar [18], P.Pflug and V.A.Nguyen [19],
A.A. Atamuratov [20] are also directly related to the continuation of this topic.

The following theorem of A.A.Atamuratov [20] on the continuation of separately meromorphic func-
tions is distinctive in that there is no condition on the set of poles of the given separately meromorphic
function: let D C C™, G C C™ be strongly pseudoconvexr domains, and E C D, F C G be nonpluripolar
compact sets. Suppose that the function f(z,w) is continuous on the set E X F and has the following
properties:

1) for each w° € F, there exists a function ¢.0(z), meromorphic in D, such that for every € € E,

Pun(€) = f(&w");

2) for each 2° € E, there exists a function 1.0(w), meromorphic in G, such that for every n € F,

P.o(n) = f(2°n).

Then f(z,w) defines a separately meromorphic function on the set X = (D x F)U (E x G) and it
extends meromorphically to the domain

X={(z,w) e DxG: w(z,E,D)+w(w,F,G) < —1}.

In this paper, we continue our study of holomorphic extension with singularities on sections and
establish an important theorem concerning separately holomorphic functions.

2. MAIN RESULT
The main theorem of the present paper is the following:

Theorem 2.1. Let two bounded simply connected domains D C C,, G C C,, and two locally reqular
compact subsets E C D, F C G be given. Suppose that a function f(z,w), originally defined on the
set B x F, satisfies the following conditions of separate analyticity:
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1) for each fired w° € F, the function f(z,w"), defined on E, extends holomorphically to D, except
on a finite set of singular points S0 C D\E;

2) for each fized 2° € E, the function f(z°,w), defined on F, extends holomorphically to G, except
on a finite set of singular points S,o C G\ F.
Then the function f(z,w) extends holomorphically to the domain

X ={(z,w) e DxG: w(z,E,D)+w(w,F,G) < -1},

except on an analytic set of singularities S C X.

A set E C D C C, is called (globally) regular at a point 2° € E relative to the domain D if
w*(2°, E,D) = —1. It is called locally regular at the point 2° if for any circle U(2%r), » > 0, the
intersection U(z°,7) N E is regular at the point 2°.

A set F C D is called locally regular if it is locally regular at every point of z € F.

3. THE RADIUS OF THE MAXIMAL CIRCLE OF HOLOMORPHY OF THE FUNCTIONS, EXCEPT ON A
DISCRETE SET OF SINGULARITIES

In the work of A.S.Sadullaev [21], the following characteristic of holomorphic functions was in-
troduced: let f(z,w) be a holomorphic function in the polydisk U x V., = {z € C: |z| <1} X
{w e C: |w| <r}, and let R(z) denote the radius of the maximal circle on which the function f(z,w),
with respect to w, extends as a holomorphic function with discrete singularities.

The following holds:

Lemma 3.1. [21] A function —InR.(z) is subharmonic in U C C, where R.(z) = im R(({) is the

(—z
lower regularization. Moreover, the set {z € U : R.(z) < R(z)} is polar in U and the function f(z,w)
extends holomorphically to Q\S, where Q = {(z,w) : |w| < R.(2), z € U} and S is an analytic subset
of Q.

Remark 3.2. The analiticity of the exceptional set S in Lemma 3.1 is established using methods
developed by A.S.Sadullaev and E.M.Chirka for extending holomorphic functions with fine singularities
along a given direction, as detailed in |13].

Lemma 3.3. Let the function f(z,w) be holomorphic in the domain U x V,. For each fized point z°
from some nonpolar compact set E C U, the function f(2°,w), with respect to w, extends holomor-
phically to the larger circle Vg = {w € C: |w| < R}, R > r, except on finitely many singular points.
Then the function f(z,w) extends holomorphically to the domain

{(z,w) : |w‘ < wa*(z,E,U) . T,1+w*(z,E,U)? = U},
except on an analytic set of singularities.

Proof. In the proof, we use Lemma 3.1. Let the function f(z,w) satisfy all the conditions of Lemma
3.3; that is, the function f(z,w) is holomorphic in U x V, and for each z° € E C U, the function
f(2° w), with respect to w, extends holomorphically to Vz = {w : |w| < R}, except on a finite set of
points S.o.

Hence, by Lemma 3.1, it follows that the function f(z,w) extends holomorphically to the domain

{(z,w) : |w| < R.(2), z€ U},

except on some analytic set S, where R.(z)|, > R, R.(z)|, > r holds.
It follows that the subharmonic function
InR.(z) —Inr
) = - InR—Inr
belongs to the class U(F,U), ie., u|, < —1, u|, < 0 and by definition u(z) < w*(z, E,U). Hence,
R.(2) > R~ &ED) plteGEU) 5 e U e,

{(z,w): Jw| <R.(2), 2z€U} D {(z,w) L |w| < R EEU) peT@ED) - e U}.
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Thus, any function f(z,w) satisfying the conditions of Lemma 3.3 can be holomorphically continued
to the domain {(z,w) : |w| < R ®FU) . pl+e (=B "except on the analytic set S.
O

Corollary 3.4. Let U C C, be a bounded open set, G C C, a bounded simply connected domain,
E C U a nonpolar set and W C G an open set. If the function f(z,w) is holomorphic in U x W, and
for every fized 2° € E, the function f(z°,w), with respect to w, extends holomorphically to G, except
on finitly many singular points, then the function f(z,w) extends holomorphically to the domain

{(z,w): W (z,E,U)+w(w,W,G) < -1},
except on an analytic set S.

Lemma 3.5. [22] Let D C C", (n > 1) be a bounded domain, and let D be the holomorphic hull of
D. Then every holomorphic function defined in the domain D\ A, where A C D is an analytic set of
full dimension (n — 1), exdends holomorphically to the domain 15, except on an analytic set Ac 15,
satisfying AN D = A.

4. PROOF OF THEOREM 2.1

Let D C C,, G C C, be bounded simply connected domains and £ C D, F' C G are locally regular
compact sets. Let the function f(z,w) satisfy all the conditions of Theorem 2.1. We consider the
following open neighborhoods of the regular compact sets

1 1
U; = {ZGD: w'(z,E,D) <—1+j},Wj: {wEG: w'(w, F, Q) <—1+j}

and

F}:{wOEF UjﬂSwo:@},EJZ{ZOEE WJQSZOZW},jzl,Q,
Note that the open sets U; and W; consist of the union of a finite number of simply connected domains.
It is clear that E; C Ej,,, F; C Fjyy and E =2, E;, F = J;Z, Fj. Since E and F are nonpolar,
there exists a number j, € N such that the sets E; and F} are nonpolar for all j > jy. According to
the Sichak-Zakharyuta theorem, the function f(z,w) extends holomorphically to the open set

Qj = {(z,w) ceU; x Wj: w*(Z,E?,Uj) —|—w*(w,F]Q,Wj) < _1}'
Now, we consider the following open sets:
U](O‘) ={zeU;: w*(&E?,Uj) < —a}
Wj(a) ={weW;: w(wF ,W;)<-1+a}

for which « € (0,1) is a fixed number. It is clear that Uj(o‘) X Wj(a) c Q.

It follows that the function f(z,w) is holomorphic in UJ@) X Wj(a). For each fixed 2° € EY, the
function f(2° w), with respect to w, is holomorphic in G\S,o. Hence, the restriction of the function
f(z,w) to the set Y;-(“) = (U;a) X Wj(a)) U (EY x G) satisfies all the conditions of Corollary 3.4 and
admits a holomorphic continuation to the open set

Vi = {(z,w) cU™ xG: w(z,E%U™) +w (w, W*,G) < —1},
except on an analytic set M;a) :MJ@ N ({z°} NG) = S.o, for almost all 2 € E; with respect to the
harmonic measure.

Similarly, the restriction of the function f(z,w) to the set ZJ(-O‘) = (D x F)u (U;a) X Wj(a)> satisfies
all the conditions of Corollary 3.4 and admits holomorphic continuation to the open set

7 = ((z,w) € DX W™ w(z,U", D) +w"(w, F), W) < _1) ’

J
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except on an analytic set L;a) :L;a) N (D N{w’}) = Syo, for almost all w® € F; with respect to the
harmonic measure. R R
On the other hand, Yj(a) C X; and Zj(-a) C X, where

X;={(zw) eDxG: w(zEY,D)+w (w F,G) < ~1}.

It follows that the holomorphic hulls Yj(a) and Z J(»a) also belong to X;. Moreover (D X F))U(EIxG) C
VU Z® ¢ X; holds.

Consequently, by Lemma 3.5, the function f(z,w) extends holomorphically to the domain Xj,
except on some analytic set S; satisfying }A/j(a) ns; = M;a), Z](a) ns; = Lg-a).

Finally, tending to j — 400, and using the continuity of the harmonic measure, we obtain

lim X,

j—+oo J

=X,

where A
X ={(z,w)eDxG: w(z,E,D)+w(w,F,G) < —1}.

Once again, by applying Lemma 3.5, we obtain that the function f(z,w) extends holomorphically
to the domain X , except on an analytic set S satisfying Xj NS = 8;. This completes the proof of
Theorem 2.1.
The following example shows that this theorem does not exclude the case SN (E x F) # ().
Example. Let us consider the set X = (U x F)U (E x V), where U = {z € C: |2]| <1},
V={weC: |w[<1}, E=]0, ] and F = [0, 1]. We put

» 2
2, 2w #0
0, =z-w=0.

f(sz) =

Then the function f(z,w) satisfies all the conditions of Theorem 2.1. The extension of the function
has the set of singularities S = {(z,w) : 2z 4+ w = 0}, and the intersection SN (F x F) = {(0,0)} is
nonempty.
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Spectral properties of the one-dimensional Schrodinger Hamiltonian
with non-local ¢'(x + y) potentials
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Abstract. We consider a model of one-dimensional Schrédinger Hamiltonian perturbed by two iden-
tical non-local interactions of the form ¢'(z + y), symmetrically located at the points +y from the
origin. The Schrédinger operator under consideration is constructed as a self-adjoint extension of the
symmetric Laplacian. The essential spectrum is described, and the condition for the existence of the
eigenvalue of the Schrodinger operator is investigated. The main results are based on the analysis of
the spectral analysis of self-adjoint extension of the operator h.
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1. INTRODUCTION

The problem of point interactions among two or three identical quantum particles interacting via
point potentials (also referred to as contact or singular potentials) has been studied extensively in
the literature. Early foundational work was carried out by Berezin and Faddeev [1], as well as R.A.
Minlos and L.D. Faddeev |2} [3], who proposed a rigorous mathematical framework for describing point
interactions between two and three particles, respectively.

In [2, 3], the Hamiltonian of such systems was analyzed using the theory of self-adjoint extensions
of symmetric operators. It was represented as a self-adjoint extension of the symmetric Laplace
operator, defined on the domain of functions of three variables xq, x>, 23 € R that vanish whenever
two coordinates coincide, i.e., x; =z for j # k, 5,k =1,2,3.

This extension is known as the Skornyakov—Ter-Martirosyan extension. In [4], building upon the
results of [1, 2], the Hamiltonian for a three-particle system (two identical fermions and a third particle
of different type, all with equal masses) interacting via point potentials was investigated. It was shown
that the Skornyakov—Ter-Martirosyan extensions are self-adjoint and semi-bounded.

In the work, we consider a one-dimensional quantum particle interacting with external fields through
non-local Dirac delta prime potentials of the form ¢'(x +y), located symmetrically at +y, with y > 0.
Formally, the corresponding Schrodinger operator is given by

h:=h,—0(z+y)—&x—y), (1.1)

where hy := —A is the Laplace operator, and &' (z) denotes the derivative of the Dirac delta function.
However, due to the singular nature of the delta function’s derivative, the expression in does not
define a proper operator on the Hilbert space L*(R).

To give a rigorous meaning to , we construct the operator as a self-adjoint extension of the
symmetric Laplace operator with a suitably restricted domain. This construction ensures that the
resulting operator is mathematically well-defined and suitable for physical analysis. The theory of
self-adjoint extensions provides the necessary tools for this rigorous formulation.

In the work [5], a non-local Schrédinger operator of the form is investigated by introducing
a regularized version of the singular interaction and applying a renormalization procedure to the
coupling constant \. This approach leads to a self-adjoint extension of the operator, which is shown
to possess two negative eigenvalues. The dependence of these eigenvalues on the coupling constant
and the separation distance y is analyzed. Furthermore, the resonance behavior of the corresponding
operator is also investigated.

One-dimensional models with point perturbations are particularly advantageous, as they allow the
exploration of various qualitative features of quantum systems. For related studies involving both
local and non-local delta potentials in one-body problems, see [6, |7, 8, |9, 10, |11} [12].
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In the momentum representation, after reduction of variables, we construct the Krein-Visik-Birman
extension h of the associated Hamiltonian. It is proven that the essential spectrum of this extension
coincides with the non-negative real axis. We also study the conditions under which the operator
admits eigenvalues. The main results of this work are based on the spectral analysis of the operator
h. In particular, we describe the essential spectrum (see Theorem and explicitly establish the
existence of eigenvalues of the operator h (see Theorem .

1.1. Preliminaries. Now, in order to give meaning to a Schrodinger operator with particle inter-
actions involving non-local delta functions, as defined in , we define it on the set of functions
in the L?*(R) space that satisfy the condition ¢'(+y) = 0. Thus, the singular contributions arising
from the action of the Laplace operator are canceled out by the delta functions in ([1.1}). It should be

emphasized that any operator defined in this way is an extension of the symmetric operator hy, which
is defined on the following manifold:

D(bo) = {6 € L*(R) : A € LX(R), ¢/(ty) = 0, y > 0}, (1.2)

where the singular contributions related to the delta functions in (|1.1)) disappear.
After applying the Fourier transform, the operator h, transforms into the operator

(hof)(p) = p*f(p)
defined on the set D(hy) C L*(R) consisting of functions f(p) that satisfy:

[@+ ) dp < .
[ ot so)ydp=o. (13

According to 13|, the defeciency subspace R, of the operator hy, is defined by
M. = (Ran(hy — 21))" = {p € L*(R) : (hg — 2I)f L ¢, f € D(hy)}. (1.4)

Moreover, from (1.3]) and (1.4]), for any 2z € Il = C\ [0, c0), the deficiency subspace R, C L?(R) of
h, consists of functions of the form
élpeiyp + ézpefiyp

o(p) = e

It follows from that for any z € Ilj, the deficiency subspace R, is two-dimensional. Therefore,
h, is a symmetric operator with deficiency indices (2,2). Using the general extension theory [14], we
conclude that the operator hy admits two-parameter family of self-adjoint extensions.

Since the operator hy is non-negative, we use the theory of extensions of semibounded operators, as
developed in [2,|3]. Furthermore, the deficiency indices of hy remain constant for all z € II5. Therefore,
it suffices to analyze the case z = —1. The deficiency subspace $_; of hg consists of functions of the
form

, 1,60 €C. (1.5)

. Cipe' P + ypeTtTr >
_ = , (61,69) € C-.
¢-1(p) 2+ 1 (€1,¢2)
Following the approach in [2, 3] and 4], the adjoint operator h, is characterized by the following
lemma.

Lemma 1.1. The domain D(hy) of the adjoint operator hy consists of functions of the form
d\pe’? + dype™ P épelV? + Gype VP

p*+1 (p? +1)?
where f € D(hy), ¢y, éa, dy,dy € C. The operator h, acts on functions of the form (1.6) via the rule

g9(p) = f(p) + (1.6)

hyg(p) = p*g(p) — dipe’™” — dype™ "7,
with the constants dy,dy taken from the decomposition (11.6).
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We now construct the extension of the operator hy. Define the set D(h), D(hy) C D(h) C D(h,),
as follows:

Gpe’? + ape” WP Eipe’P + Eype” VP
p*+1 (p? +1)?

D(h) = {g e DY) : 9(p) = F(p) + fe D<h0>}. (L.7)

The restriction of the operator h, to the domain D(h) is denoted by h, and it acts as

(hg)(p) = p*9(p) — erpe™” — &pe” P, (1.8)

where the constants ¢; and é; come from the decomposition (1.7)) of the function g.
By construction, h is an extension of the operator hy.

Theorem 1.2. The extension h is a self-adjoint operator.

Proof. It is straightforward to check that for any g1, g, € D(h), the following relation

(hghg?) = (917 hg2)7

holds, showing that h is symmetric operator. To prove self-adjointness, it suffices to show that the
deficiency indices of h are (0,0).
Let ¢, € R_1(hy). Then

bipei? 1+ hope—ivp o
_ owpe pj;fe . bbecC.

ou(p)

For any g € D(h), the equality
(h+1I)g, &) =0

holds. Considering (1.7, we obtain

é1peivp + égpefiyp)(l;lpeiyp 4 (Szpe—iyp) J
P

(4 D)g,20) = ((m + 1)) + [ East

From the relation

/Rs(p2 +1)f(p)@o(p) dp = 0,

and choosing ¢; = by, ¢, = by, we get

/ |61p€iyp + I;Qpe_iyp|2
R

dp =0,
(p? +1)? P

which implies
bipe™? + bype P = 0.
Hence b, = by = 0, so &p(p) = 0, and the deficiency indices of h are (0,0).
2. SPECTRAL PROPERTIES OF THE OPERATOR h

The main results of the paper are stated in the following theorems.

Theorem 2.1. The essential spectrum of the operator h coincides with the nonnegative real semiaxis
[0, 00).

Proof. For each z > 0 consider the sequence of cut-off layers:

1 1
gn(z):{peR:\/E+<]p\<\/§+}, n=123,...
n+1 n
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Each layer G,(z) is divided into two symmetric parts:
Gi(2) ={p€Gu(2) :p>0}, G, (2)={p€Gu(z):p<0}.

By construction, these parts are equal in measure:

1
p(GF (2)) = (G, (2)) = Z(Gu(2))
A simple calculation shows that

V, = 1(Gu(2)) = n(nil)

Define a sequence of test functions f:), n € N, as follows:
ST
&)
R0= posim g
0,if p e R\ G, (2).

It is casy to verify that f.” € L2(R), |f. | =1, and f. L f. for n # m. Moreover, f. € D(hy),

ie.,
/peﬂy”fff) (p)dp =0, ¥VneN.
R
Furthermore,
= ]|2 . 1
| =202 = [162 =250 0)Pdp = o [ 16~ 2pcostum) P dp <
R ngn(z)
VEta
<l / |(p® — 2)p|*dp = 2 / (p? — 2)"pPdp <
-V, Va
gn(z) \/E“F%H
2 1\’ 1\° 1 1 1 1\’ 1\’
= (2 - ) I —— - =
<Vn<\/2+n> (\/2+n> n? n(n+1) n2<\/g+n> (\/2+n>
Thus,

. )
Tim [|(b — 21)
This implies that for every z > 0, we have z € o.4(h), so [0;00) C 0.ss(h). To prove the reverse
inclusion o.4s(h) C [0;00), we construct the resolvent of h.

Let ¢ € L?(R). Then, (h — zI)g = v. Moreover,

=0.

(p* — 2)g(p) — é1pe™” — Eape™"" = Y(p)

or

U(p) | Cupe™? + Cppe” VP
9(p) = 5+ 5 :
p?—z p?—z
Comparing this with the know extension of functions in the extended domain (e.g.(1.7)), (2.1) we
derive an equation for the unknown coefficients ¢; and é,.
Multiplying both sides by pe®™™®? and integrating over R gives:

a(z)er 4 b(2)ey = 2 / 5e™(s) ds,

(2.1)

™ 22—z
R
| (2.2)
. . 2 [ se” W h(s)
b S T 2
(2)er + a(z)es - / =, 95

R
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where

a(z) = 2v/—ze VE — (14 2y)e ¥, b(z) = 2v/—2z — 1. (2.3)

Here the following elementary integrals are used

2 ,1yp 2 ,iyp
/(]];26—‘—1 _]];e_ Z) dp: —7['€_y+7'('\, _Ze_y\/jzv z < 07

2 ,iyp
pe ™ _
[ Gt = 5 -ve
R

Using these equations, we solve for ¢; and ¢, and obtain the following representation of the resolvent
R.(h):

(R.9) (p) = P —z + m(p* — 2) a(z) s2 — 2 0(2) s2 — 2

¥(p) 4 <17008(yp)L/‘SCOS(yS)w(S)dS__ pshl(yp)‘/’Sshl(y8)¢(8)d5) _

Here

(yi7) =2V 7H(e YT 1) = (L ) -
0 (y;2) =2v/—2(e”®V7F — 1) — (1 4+ 2y)e” % + 1.

(2) :

0(z) :
The condition p* — 2 # 0 for z < 0 ensures that the resolvent of the operator h exists and is bounded
within the domain C\ ([0,00) U {z € (—00,0) : 4(z) = 0or v(z) = 0}).

In light of Lemma which states that 4(z) and 0(z) possess at most one simple zero, we conclude
that o4(h) = {z € (—00,0) : u(z) = 0or 0(z) = 0} and o.4:(h) = [0, 00). O

>

The number z,z < 0 is an eigenvalue of the operator h if and only if the number z is the zeros of
the function 4(z) or v(z).

Lemma 2.2. For any y € (0,00), the functions u(z) and 0(z) have only simple zeros in (—o0,0).

Proof. First, we show the monotonicity of the functions 4(z) and 0(z). Evaluating the derivatives, we

obtain:
11— (1—2yy/—z)e V= 1+ e 20WV=%(1 — 2yy/—2)
B V=2 ’ V—z '

o' (2) v'(z) =
Note that for all y # 0
e > 14 2. (2.4)

According to ([2.4]), the function @(z) is strictly increasing and the function 0(z) is strictly decreasing.
Next, to examine the zeros of the functions 4(z) and 0(z), we establish the following limits:

Thus, for any y > 0, the inequality 4(—0) < 0 < 4(—o0) holds. Additionally, since @ is strictly
increasing, for each y there exists a value z,(y) such that u(z,(y)) = 0. Similarly, for each y, we can
show that 0(z) (—o0,0) has a unique simple zero z,(y) in the interval.

Moreover, the following graph illustrates the behavior of the functions u(z) and 0(z) for a fixed

value of y.
O



Spectral properties of the one-dimensional Schrodinger Hamiltonian ... 105

FIGURE 1. Graphs of the functions u(z) and 0(z).

Theorem 2.3. For any y € (0,00), the operator h has exactly two negative eigenvalues, z, and z,,
corresponding to the eigenfunctions (up to a constant factor) of the form

pcos(yp) psin(yp)
g(yip) = —F——— and ga(y;p) = —5— =
P — 2y pT =2

where z, and z, are zeros of the functions u(z) and 0(z), respectively.

Proof. The proof of the existence of the eigenvalues of h follows from Lemma [2.2
Now we prove that the eigenfunctions of the operator h have the form

_ psin(yp)

_ peos(yp) _
a(p) p* — 2(y)

R and ga(p)

From equation (h — zI)g(p) = 0 we receive

épeiv? + éypeivr

g(p) =

Comparing (|1.7) and (2.5) we take the equality
eipe’P 4 Cope™ VP E1pe™P 4 Cope” VP &1pe’P + Cope” VP
p?+1 (p*+1)2 - p? — 2 )

pP—z

f(p) +

Multiplying by the factors pe*¥?, we have

LpPePVP 4 Gp?  GpPePP 4 Gop®  EpPePP + Gop?

f(p)pe™ +

p*+1 P +12 p?—z ’
f( ) e*iyp N élp2 _|_é2p26—21'yp é1p2 _|_é2p2e—2¢yp _ 61])2 4 é2p26_21yp
pp p2+1 (p2+1)2 p2—Z .

Integrating the last equalities over R we obtain a system of equations for determining ¢; and és,

where a(z) and b(z) are defined as in equation (2.3). Hence

(a?(z) - Bz(z)) =0, i=1,2.
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If a(z) = b(2) (resp. a(z) = —b(z)), then as ¢; we can take any number, in particular, ¢; = 1.
Thus, if the number z satisfies the equation @(z) = a(z) + b(z) = 0 (resp. 9(z) = a(z) — b(z) = 0),
then z is an eigenvalue of the operator h and of the functions

91(17) = ZM (resp. g2(p) — psm(yp))

p*—z pP—z
corresponding eigenfunctions of the operator h. O
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Essential and discrete spectrum of the Schrodinger operator of a
system of two particles on a lattice

Khalkhuzhaev A., Makhmudov Kh., Miyassarov A.

Abstract. We consider the Hamiltonian of a system of two fermions on a two-dimensional lattice Z>
with a certain type potential. It is proved that the subspace of odd functions L§(T?) is represented as
a direct sum of the subspaces L5°(T?) and L5¢(T?), which are invariant under the operator H(k), k =
(k1,ky) € T?, associated with this Hamiltonian. For any k; € (—m,7], it is proved that the operator
Heo(ky,m) = H(ky,m) Lso(T2) has an infinite number of eigenvalues and for any k; € (—m,m), the

operator H%¢(ky,m) = H(ky,7) Loe (T2

spectrum. An asymptotic formula is obtained for the number of eigenvalues of the operator H¢(ky, )
as k; — .

) has a finite number eigenvalues lying to the left of the essential

Keywords: Schrodinger operator, lattice, fermion, quasi-momentum, invariant subspaces, essential
spectrum, eigenvalue

1. INTRODUCTION AND FORMULATION OF MAIN RESULTS

The discrete spectrum of the two-particle continuous Schrodinger operator hy= —A+AV has been
studied with various assumptions imposed on the potential V. Conditions ensuring the finiteness of the
negative spectrum and the absence of positive eigenvalues of hy are presented in [1]. When V<0, the
number of negative eigenvalues N () is a non-decreasing function of A € (0,00), and each eigenvalue
2, () is monotonically decreasing on (0,00). As the coupling constant A\ decreases, the bound-state
energies of hy approach the edge of the continuous spectrum [1], and for certain finite values of A,
they may lie exactly on the boundary. These considerations naturally lead to two questions. Does a
threshold state correspond to a bound or virtual state, meaning, is its wave function square-integrable?
And as A decreases further, where do the bound states “disappear to”? The first of these questions
has been studied in [2], [3], and [4].

The Hamiltonian of a two-particle system on a lattice is expanded in the momentum representation
into the following direct von Neumann integral [5]:

He / SH(K) dk,
keT?

where T? is a two-dimensional torus.

It turns out that the spectrum of the fiber operator is H (k) quite sensitive to variations in the
quasi-momentum k € T¢. The two-particle Schrodinger operator H (k), k € T?, corresponding to the
Hamiltonian of a two-particle system on the three-dimensional lattice Z*, was considered in [6]. It was
shown that the function N (k) = N(ky, ko, k3), representing the number of eigenvalues lying below the
essential spectrum of H (k), is non-decreasing with respect to each component k; € [0,7], for i= 1,2, 3.

In the work [7], the spectral properties of the two-particle Schrédinger operator H (k), acting in the
v-dimensional lattice space Z”, were studied. It was shown that the operator has only a finite number
of negative eigenvalues under rather general assumptions on the interaction potential .

In [8], was considered the Hamiltonian of a two-particle bosonic system on the two-dimensional
lattice Z? under a specific type of interaction potential. The associated Schrodinger operator H (k),
with total quasi-momentum k € T?, was shown to possess an infinite number of eigenvalues when
k = w = (m,m). It has been established that the eigenvalue zy(7) = 4 — v(0) is non-degenerate,
z1(m) = 4 — (1) has multiplicity two, zz(w) = 4 — ©(2) appears with multiplicity four, while for
all n > 3, the eigenvalues z,(7) = 4 — 9(n) each have multiplicity five. It was also shown that each
multiple eigenvalue of the operator H (7) becomes a simple eigenvalue under perturbation. In addition,
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asymptotic expressions for the eigenvalues of H(m — 23, m) have been obtained with an accuracy up
to terms of order (3%

Let Z? be the two-dimensional lattice, and let (Z?)? denote the Cartesian product of Z?. We denote
by ¢>((Z*)?) the Hilbert space of square-summable functions defined on (Z?)?, and by ¢5°((Z*)?) C
05((Z*)?) denote the subspace consisting of antisymmetric functions.

The free Hamiltonian H, for a pair of fermions with mass equal to one on the two-dimensional
lattice Z? acts as a bounded, self-adjoint operator in the space £5°((Z?)?), and is explicitly defined by

. 1 1
Hy=—=A, — = A,.
0 2 1 2 2

Here Ay = A® I and Ay = I ® A, where I is the identity operator, the lattice Laplacian A is a
difference operator describing the transfer of a particle from one site to a nearest-neighbor site:

(AD)x) =D [dlx +e) + dx—e) = 25(x)|, x€Z ez,

where the vectors e; = (1,0) and e, = (0,1) form the standard basis in Z2.
The total Hamiltonian H of the two-fermion system acts in the ¢5%((Z*)?) and is defined as the
difference between the free Hamiltonian H, and the interaction operator V, as described in [9):

H=H,-V.
The interaction potential Visa multiplication operator acting pointwise as

(Vi) (x,y) = 0(x —y)b(x,y), o € 65°((Z%)?),

where v is a potential depending on the relative position of the two particles.
Let us assume that the function v(n) is defined as:

107 i |y <1
o(n) = 0(ny,ny) = ' - 1.1
(8) = (1, ma) {O, oo (1)
where |n| = |nq| + |nal.

Let T? be a two-dimensional torus and L, (T?xT?) be the Hilbert space of square-integrable functions
defined on T? x T?, L§*(T? x T?) C Ly(T? x T?) be the subspace of antisymmetric functions with respect
to a permutation of variables. Let F': f5(Z* x Z?) — Lo(T? x T?) be the standard Fourier transform.
Let us denote by F': 05%(Z* x Z*) — L5*(T? x T?) the restriction F' in £3°(Z* x Z?). The Hamiltonian
H = Hy—V = FHF™! in the momentum representation commutes with the unitary operators
Us, seZ?:

(Uaf) (1, ko) = e 00 f(ky k), f € L5((T%)?).

This implies 1] that there are decompositions of the space L$*(T? x T?) and the operators U, and
H into direct integrals:
L3*((T2)?) = / DLy(R)dk, U,= [ oU(k)dk, H= [ ®Hk)dk,
T2 T2 T2

where
Fk:{(kth) S (T2)2 : k1+k2:k}7 k:(kl,kQ) €T2.

The fiber operator H (k), associated with H, acts in the space Ly(Fy) and is unitarily equivalent to
the two-particle discrete Schrodinger operator H (k) := Hy(k) — V' that acts in the Hilbert space

L3(T?) := {f € Ly(T?) : f(—q) = —f(q)}-
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The unperturbed operator Hy(k) is an operator of multiplication by the function

k k k k
cx(q) = ¢ <2+q> +e <2 —q> :4—200551008% —QCOSEQCOSQQ, (1.2)

2
Z 1—cosq), k= (ki,ky) €T
=1

The integral operator V is defined by the kernel ﬁv(q —s), which admits the representation

v(a—s)= 5o ) dmpea,
nez?
where the potential function ¢ is defined by the equality (1.1).
Note that due to the specific form of ©(n), the kernel of the integral operator V' can be expressed

in a separable form as v(q) = v1(q1)v2(g2), where the component functions are given by

1 o0
vi(q) = \ﬁ{lﬁLECONh} v2(q2) = E{l + 2; 10" ™ cosmgs }. (1.3)

Let L$¢(T?) =L4(T) @ L5(T) and L§°(T?) = L§(T) ® Ly(T), where L5(T) and L§(T) denote the
spaces of odd and even functions, respectively (see [10]). Then the space L3(T?) can be express as a
direct sum L§(T?) = Lg¢(T?) @ L5°(T?).

Observe that the subspace L5°(T?) and L5¢(T?) are invariant with respect to the operator H (k) (see
Lemma [3.1)). By H’(k) and H°(k) we denote the restrictions of the operator H (k) in the subspaces
L5°(T?) and L5°(T?), respectively.

Theorem 1.1. For any k, € (—m, 7| the operator H®(ky, ) has an infinite number of eigenvalues
lying to the left of the essential spectrum.

Let N (k1) be the number of the eigenvalues of the operator H¢(ky, ) lying to the left of the
essential spectrum. Then the following statement holds for the number N (k;) as k; — 7

Theorem 1.2. For any k, € (—m, ), the operator H°¢(ky, ) has a finite number of eigenvalues lying
to the left of the essential spectrum. The number of eigenvalues N (ky) increases as ki — 7 and the
following asymptotic formula holds
N (k)
j =1. (1.4)

ki |1g cos 3
2. ESSENTIAL SPECTRUM OF THE OPERATOR H (k)

As is known, the spectrum of the operator Hy(k) consists of the range of values of the function ey:
o(Ho(k)) = [m(k), M(k)],

where

(1) =min ew(a) ==4(0) = 2(3),  M(K) =maxen(a) =ew(m) = § ~ 2:(3)

n € N} where -1 is the eigenvalue of

The spectrum of the operator V' consists of the set {0, 10", o
the operator V. Condition (1.1} implies that the operator V is Hilbert-Schmidt. By Weyl’s theorem,
since V' is compact, the essential spectrum of H (k) coincides with the spectrum of the operator Hy(k),
(see [1]), i.e
UesS(H(k)) = [m(k)7 M(k)]

We define w(k) as the width of the essential spectrum of H (k). Accordingly, we obtain:

w(k)= M (K)—m(k)= § — 45(5): 4cos%—|—4 cos% (2.1)
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and
iy w(k) =w(w) =0, {(réa%w(k) =w(0) =8,
where 7= (7, 7), 0= (0,0).
It follows from (£2.1) that if k; € [0, 7], j= 1,2, increases, then the width of the essential spectrum
w(k) decreases.
Let us determine the width of the essential spectrum H (k) in the direction e;,j = 1,2, as:

w;(k) = max er(p)— min ex(p) = 4cosﬁ, j=12.
p; E[—m,7] p; E[—m,7] 2
Then we have
w(k)=w, (k)+wq (k).

If k = 7, then the essential spectrum is concentrates at the point {4}, i.e. w(m) = 0. The spectrum
of the operator H(m) = 41—V consists of eigenvalues of the form 4—#, n € N. The narrowing
of the essential spectrum results in an increased number of eigenvalues for the Schrodinger operator
H(k).

From the self-adjointness of the operator H (k) =H,(k)—V and the positivity of V it follows that

o (H(k))N(M (k),00) =0

e, ousse(H(K))C(—00,m(Kk)).

3. INVARIANT SUBSPACES UNDER THE OPERATOR H (k)

We state the lemma on the invariant subspaces with respect to the operator H (k).

Lemma 3.1. The subspaces L5°(T?) and LS¢(T?) invariant under the operator H (k).

Proof. Let us prove the invariance of the subspace L5°(T?) with respect to H (k). From it is clear
that the function €, belongs to L5¢(T?), where L5?(T?) = L5(T) ® L5(T). From here we conclude that
if f € L5°(T?), then ey f € L§°(T?). This relation proves the invariance of the subspace L5°(T?) under
the operator Hy(k). According to condition , the kernel v(py, p2) of the operator V' belongs to
the subspace L5¢(T?). It follows that g = V f € L3°(T?) for any f € L5°(T?), i.e.:

1
(Vf)(p17p2) :% /’[[‘2 U(P1—51,P2—52)f(51, 52)d31d82 € LEO(TQ)'

From the above relations, we obtain the invariance of the subspace L§°(T?) under the operator
H(k)=H,(k)-V.
According to (1.1]) and (|1.3), the operator V=V

reo(r2) has following explicit form:
WV F)(p) 1/{1. . +2i1[. . n
p) =— —sinp,sing — [sinnp,sinng
212 Jp2 1107 0T 1 0m ? 2

+2cospysin(n—1)pscosqsin(n—1)gs]} f(@)da, f € L5(T%),

The invariance of the subspace L3¢(T?) with respect to the operator H (k) is also proved in this way,
there operator V°=V|pe(12) acts to f € L3*(T?) as:

e 1 1 . . =1 . .
(Ve f)(p) = 97 N {1—0 sin p; sin ¢, + 2; Ton [sin p; cos(n — 1)ps sin ¢y cos(n — 1)q2]}f(q) dq.
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neN
T), respectively. Let L°(n) and L¢(n) be

¢)}n € N and ¢9i(q) = Voo {v5(a)

1 1
Note that the systems {¢2(q) :#sinnq}neN and Y5(q) = iz {ve(q) = TCOS ng } are
s s

an orthonormal basises in the subspaces L$(T) and LS

5(
one-dimensional subspaces spanned by the vectors {19 ( =
1

N3

cos ngq }neN. Then we have the following equalities

=Y "@L°(n), Ly(T)=Y @L(n)

From here we obtain .
L(T)®L(T Z {L5(T)®L(n)}=> @B,

Ly(T)@L5(T Z@{L° JOLE(n)}=) | B,
where B:°:=L5(T)®L°(n) and B2:=L3(T)@Lo(n).
Lemma 3.2. For each n € N, the subspace BE° is invariant under the operator H(ky, ).

Proof. We choose an arbitrary element of B¢ in the form (fv2)(p1,p2) = f(p1)¥S(p2), where f €
L5(T), then the action of H(ky,m) = Ho(ky,m) — V' on the space B is as follows:

(Hollke, ) £47) s )= | 2 (00) £ 00 0502) € 85 (3.1)
here £, (p) = 4 — 2 cosZ cosp,
(Ve fb) (pr; p2) 22%2 /TZ {1losinpzsinq2+

o0

1
+Z 10" [sinnpysinng,+2 cospsin(n—1)pacosgisin(n— 1)Q2]}(f¢2)(€17 g2)dq1dga=

1 1 2
= [277 /Tr (W+Wcosplcosq1)f(q1)dq1] ¥ (p2) € BLE. (3.2)

In obtaining (3.2) we used the orthogonality of the system {2} _. According to and (| .
we obtain the relation

o 10” 10+t
T

(H 0, £2) 1o)==, 00005 [ {5+ 160 cosplcosql}ﬂql)dql]wz@g)e%fﬁ

which proves the lemma. O

From expressions (3.1) and (3.2)) it can be seen that the restriction HS°(ki,7) of the operator
H¢°(ky, ) in the subspace B:°:=L5(T)®L°(n) is of the form:

H o (ky, m)=[Ho (k1) -V, ]®1,, (3.3)

where I, is the identity operator in L°(n), and H¢ (k1) :=Ho(k1)—V,¢ acts in the space L5(T) as follows:

(H; (k) £)0) =20, 01 ) = 5 [ {35+ Tgmreospeosa} (@) da (3.4)

Lemma 3.3. For each n € Z,, the subspace B2 is invariant under the operator H°¢(ky, ).
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Proof. We choose an arbitrary element of 82¢ in the form (f %) (p1,p2) == f(p1) ¢%(p2), where f €
L3(T), then the action of H°¢(ky,m) = Ho(k1,m) — V' on B is as

(o, m)f05) (1, p2) = [en, (1) f (1) | 5 (2) € B, (3.5)

(Vo) (pr,p2) = (2717)2 / {4 Z 101m sin p; cos(m — 1)p, sin g, cos(m — 1)¢]2}(f¢2)(Q1»Q2) dg1dgy =
T2

: ! i i € oe
= [ [ G smpsmasta)da]vio) € B (3
T

(3.6) is obtained based on the orthogonality of the system {¢¢} O

n€Zy”

From (3.5) and (3.6, it can be seen that the restriction of the operator H°¢(k;, ) in the subspace
Bo¢ := L3(T) @ L¢(n) has the form

HE (ky, ) = [Ho(ky) — V] @ I, (3.7)

where I, is the identity operator in L¢(n). Then the action of H?(k;) := Ho(k1) — V,? on L§(T):

() 1)) = 2 0)f0) — [ 1oy sinpsinaf(a)da (33

T

Thus, according to (3.3) and (3.7]), we have the following representation for the operators H®(ky, )
and H¢(ky,m

He(ky,m Z@Heo (ky,m), H*(ky,7 Z@H“e (ky, (3.9)

4. ON THE SPECTRUM OF THE OPERATOR H¢ (k)

This section is devoted to the analysis of the discrete spectrum of the operator H*°(ky, ). According

to (3.3)) and (3.4)) it is sufficient to study the eigenvalues of operator H¢(k;), n € N defined by (3.9).
It should be noted that the width w(k;) :=w(ky, 7) of the essential spectrum of the operator H¢ (k1)
is independent of n and is given by

w(ki)=wy (k)= 4COS%.

It is known that the study of the discrete spectrum of the operator H¢ (k) lying to the left of the
essential spectrum reduces to the study of the eigenvalues of the self-adjoint, compact and positive
operator T¢(ky,z) =ré (ki,2)Viri (ki,2), z € (—oo,m(k1)), where ro(ki,z) is the resolvent of the
unperturbed operator Hy(k1) (see [7]). The operator T¢(ky,z) acts on the space L5(T) according to
the following formula:

(T¢ (ki1 2)g) (p) =

z € (—oo,m(ky)).

1/ [107"42 - 10~ *cospcosq|g(q)dq
21 Jr Ve (p)—2v/er () —2 7

By definition of the operator T¢(k;, z), it has rank two for each n € N.

Lemma 4.1. The number z € (—oo, m(ky)), is an eigenvalue of the operator HE (k1) if and only if 1
is the eigenvalue of the operator T¢(ky, z).

The proof proceeds analogously to that of Theorem 1 in [5].
Let m[u, B] denote the number of eigenvalues of the self-adjoint operator B that lie above u, where
i > supoess(B) and B acts in a Hilbert space §.
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Lemma 4.2. If z < m(ky), then the number of eigenvalues of HE (k1) below z is equal to the number
of eigenvalues of T¢(ky, z) that are greater than 1:

m L, T7(ky, 2)] = m[=2, —H (k)]

The proof proceeds analogously to that of Lemma 2 in [5].

Theorem 4.3. For each n € N there exists at least one eigenvalue of the operator HE(ky) lying to the
left of the essential spectrum.

Proof. By Lemma we show that for some zy < m(k;) the operator T (k;, z) has at least one
eigenvalue greater than 1.

Let go(q) =m0 Vf:l(z)_z € L5(T) and ||go||= 1, where Cpy(2) is the normalizing multiplier. Observe

that the result below is valid for all z<m/(ky) :

c(,(z):<217T /T (C%I(szq)_z)lz\/(él—z)z—élcoszl{; (4.1)

lim Coy(z)=0. (4.2)

z—m(k1)

and

Consequently, we arrive at the following expression for the inner product (7 (k1, 2)go, go) :

1 -
(T, 2)90.90) =5 [ [ Tolp. ik, 2)on(a)dagap)dp=
™ Jr JT

2 2

_1o 90(q)dq 107" | [ cosqgo(q)dyq
2 | Jr \Ver, (q)—= @ T /€ (q)—2

Both terms of this sum are nonnegative, so according to (4.1)) we have

. 10-"Cy(2) dp dg___ 107"
(T (k1 2)90, 90) = (2r)? Agkl(p)_zAgkl(q)—Z_CO(Z).

From here and from (4.2]) there exists z=zo(n) <m(k;) such that for any z € (zo(n),m(k‘% the

relation é?)g;)> 1 holds. Then, according to the Birman-Schwinger principle (see Lemma 4.2)), it

follows that m[—m(ky), —H¢(k1)]>1. O

Proof of Theorem [1.1. The proof of this theorem follows immediately from Theorem and
B9).
5. ON THE SPECTRUM OF THE OPERATOR H? (k)

In this section we give some statements about the spectrum of the operator H2(k;),n € Z, defined
by the formula (3.8)), and then give results for the operator H°¢(k;, ) using the representations (3.7

and .

Theorem 5.1. Let n € Zy and ky € (—m, 7). a) If 55 > cos %, then the operator H (k1) has a
stmple eigenvalue lying below the essential spectrum;
b) if lon% < cos %, then the operator HS (ki) has no eigenvalues lying outside of essential spectrum.

Proof. a) Suppose that the equation

(H; (k1)) (p) = 2f(p) (5.1)
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has a nonzero solution f € L$(T). We express this equation in the form
() = 2) £0) = = [ Jorr sinpsinaf(a)d
- =— [ ——sinpsin :
en(p) = 2) f(p) = — | {garr sinpsingf(q)dg
T

Denoting

a= i/sian(q)dq (5.2)

T

we arrive at the following expression for the eigenfunction:

107" lasinp

flp) =

5.3
4—z—2005%cosp. (5:3)

From here, by setting (5.3)) to (5.2)) and after some simplifications, we obtain the following Fredholm
determinant A(kq, z) for the operator H?(k;):

A(k‘l,Z) =1-

1071 in” gd
/4 sin® qdq (5.4)

s —z—2cos%cosq
T

This function is a continuous and monotonically decreasing function of z on the interval
(—o0,m(ky)). Hence we have the following relationship:

lim A(k,2) =1, lim Ak, z) = A(k,m(k1)) <0

Z—>—00 z—m(ky)
and X ) )
107"~ sin® qdq 107"~
A(k‘l,m(k‘l)) =1- T =1- T
27 cos J 1 —cosq cos -

Since 107"~' > cos %, then the function A(k,z) has zero on the interval (—oo,m(k;)), i.e. the
operator H?(k;) has unique simple eigenvalue lying to the left of essential spectrum;
b) if 107! < cos &, then the determinant A(k;,z) does not have zeros in the interval (—oo, m(ky)).
If 107"~ = cos £, then the solution of the equation (HZ(k:1)f)(p) = m(k:)f(p) is f(p) = 18& ¢
—cosp
L3(T). It follows that the number z = m(k;) is not an eigenvalue for the operator H?(k;).
]

Lemma 5.2. Suppose that the condition a) of the theorem[5.1] holds. Then the operator HS(k,) has
a unique simple eigenvalue lying in a some neighborhood of the eigenvalue z,(m) = 4 — 10,@% of the
operator H(m) to the left of the essential spectrum:

1
10n+1
The proof of this and the following lemma is omitted due to its triviality.

ky

zn(ky) =4 — — 10" cos®

Lemma 5.3. Let ki € (—n,m). If for some number n € N the inequality 5 < cos % < 15 holds,
then the operator H°¢(ky,m) has exactly n eigenvalues to the left of the essential spectrum, i.e.

N(k) =n (5.5)

Proof of theorem Suppose that equality (5.5)) holds, i.e. implies the relation
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From here we have

k k
lg107"% < Ig cos 51 <1g107" ' or n < —1 —Igcos 51 <n+1.

Considering (5.5)), we deduce

1 lg cos k2 2
1+ < - <14
N (k1) N (ky) N (k1)
Thus, from here we obtain
Nk
ki | 1g cos &2
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1. INTRODUCTION

In 1990s, Loday introduced the notion of Leibniz algebra, that is a generalization of Lie algebra,
where the skew-symmetricity of the bracket is dropped and the Jacobi identity is replaced by the
Leibniz identity (the identity has been called Leibniz identity by Loday due to its similarity to Leibniz
rule, this is the reason for the class to be called by the name of Leibniz). In right (left) Leibniz algebras,
the defining identity requires that each right (left) multiplication operator behaves as a derivation,
ie.,

[z,9], 2] = [l 2}yl + [, [y, 2] or [, [y, 2]] = [[=, 0], 2] + [y, [, 2]],

respectively. He also introduced several new classes of algebras, including Leibniz algebras, diassocia-
tive algebras, dendriform algebras, Zinbiel algebras |1, |2] and showed that the link between them, in
particular, Lie and associative algebras can be extended to analogous link between Leibniz algebras
and so-called associative dialgebras which are a generalization of associative algebras possessing two
composition laws.

By the definition [3], dialgebras are vector spaces with two bilinear products. A diassociative algebra
is a vector space with two bilinear associative operations -, -, satisfying certain conditions [1] required
for a dialgebra A to be associative are chosen in such a way that the new operation

ab=arFb—-—b-Hda or ab=a-d4b—-blFa

turns A into a left (right) Leibniz algebra. Moreover, associative algebras are a particular case of
diassociative algebras when two operations coincide. Some examples and applications of dialgebras
are given in [4, 5, (6} [1].

The problem of classifying algebras of a particular type lies at the core of algebraic research. It
provides the foundation for a deeper understanding of the structural behavior of the algebras involved.
The study of structural properties of Leibniz algebras has been initiated by Ayupov and Omirov |7,
8]. Casas gave the list of isomorphism classes of three-dimensional complex Leibniz algebras [9] (two-
dimensional case was given by Loday himself). There are classification results of low-dimensional
dialgebras |10, (11} |12, 13| |14, |15].

By the motivation of the relation of dialgebras and conformal algebras, in 2008, Kolesnikov [16]
gave the technique of how to define the notion of Var-dialgebra for a given variety of algebra Var. In
this paper, first, we give the concept of “O-dialgebra” for introducing dialgebras. Then, we deal with
the classification problem of 3-dimensional complex Leibniz dialgebras, particularly, we focus on the
case where the annihilator

£ = ideal([z,z] | x € L)

is one-dimensional, that is, dim (£*) = 1.
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1.1. Preliminaries.
Definition 1.1. A vector space D with two multiplication operators - and I is called a “0O-dialgebra”
if
(zdy)Fz=(@Fy bz z24(ykFz)=x4(y-2),
for all z,y,z € D.
Definition 1.2. A 0-dialgebra (D, ,F) is called a diassociative algebra if

(zFykFz=zk(ykz2), (dy)dz=24d(y2), (zFy) dz=aF (y2),

for all z,y,z € D.

Definition 1.3. A 0-dialgebra (D, ,F) is called a Leibniz dialgebra if
(zhy)Hdz=at(yd2)+(z42)Fy,
(zdy)kFz=zkF(yk2)+(xzk2)dy,
(xdy)dz=azd(yd2)+(xd2)dy,

for all z,y,z € D.

Let us consider an example of Lie dialgebras. Suppose Y = {(xy, z2, 23 — 22 (21, 23) , x122 + T221)}
then the corresponding dialgebra identities include

T, 29 + 20 F 21,

A Lie dialgebra D considered as an ordinary algebra with respect to [a,b] = a F b, a,b € D, is
just a left Leibniz algebra. Conversely, every left Leibniz algebra L is a Lie dialgebra with respect to
atb=la,b],a-b= —[b,a]. Therefore, a Lie dialgebra is just the same as a Leibniz algebra.

Theorem 1.4. [9] Any 3-dimensional complex non-Lie Leibniz algebra L is isomorphic to one of the
following pairwise non-isomorphic algebras:

Algebra Table of multiplication Automorphisms
o(er) = (a3,a + azgazs + a3;)eq,
,Cl(OZ),
ac C [62, 62] = ey, [63, 62] = €1, [63, 63] = e. 80(62) = a921€1 + A922€9 + ag3€3,
p(es) = asie; + agoes + agzes.
90(61) = a§3€1,
ﬁg [63, 63] = €71. 80(62) = az1€1 t+ agz€2,
p(es) = azier + aszes + agzes.
o(e1) = (a3, + a3s)es,
£3 [62, 62] = €1, [63, 63] = €. 80(62) = A21€1 — A33€2 + a32€3,
p(es) = asie; + agoes + aszes.
80(61) = 1€,
Ly [61, 63] = €1. 80(62) = Q22€3,
@(63) = A32€2 + €3
£s(), [e1, e3] = ey, [ea, e3] = ea, [e3,6€2] = —€ 80221; i 31121’
aEC\{O} 1, €3] = (€1, |€2,€3] = €2, |€3,€3] = 2- | Plé2 22€2,
p(es) = aszes + e3
p(er) = e,
Ly [62763] = €9, [63762] = —é€2, [63763] = €1. 80(62) = G22€9,
p(es) = azieq + agoes + €.
_ _ _ pler) = a§2€17
e, e3] = 2eq, |ea, 0] = €4, |€a, 3] = €9,
£ {el e:j = —elz [[62 62]] = ell.[ wesl = p(e2) = —anaser + axes,
3 LS EAE p(es) = %(a%Q — a2, — 1)e; + azeq + e3.
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©1 (61) = Q12€2,
901(62) = a21€1,
p1(e3) = —es, where o = —1
4,02561; = Q11€1,
p2(€2) = A2z,
Ls(a), [e1, es] = aey, [es, €3] = es. pa(e3) = aszes, where o = —1
a € C\{0} _

p3(e1) = arrer + arzes,
p3(e2) = asieq + axes,
w3(e3) = es, where a = 1,
904(62) = G22€3,
wa(ez) = es, where a # +1.
p(er) = arer + arzes,

Lo [e1, €3] = e1 + e, [ea, €3] = e€a. (es) = ari€,
p(es) = es.
o(e1) = a3ser + azrazzes,

Lo le1, e3] = e, [e3, €3] = e1. p(e2) = agzeq,
p(e3) = agie; + aszes + aszes.
pler) = e + (az — 1ey,

L1 le1, e3] = eq, [ea, €3] = €2, [e3, €3] = €1. | p(ea) = ages,
@(63) = (CLQQ — a39 — 1)61 + QA39€9 + €3.

2. MAIN RESULT

In this section, we give lists of three-dimensional nontrivial complex Leibniz dialgebras. The idea
is as follows. We choose the first part A; = (DL, ) of the Leibniz dialgebra from Theorem 1.4
restricting our consideration to the case where the annihilator of the corresponding Leibniz algebra £
is one-dimensional i.e. they are algebras L,...L;. Combining an algebra from this list (taking into
account the Leibniz dialgebra axioms) with the second part Ay = (DL, ), we obtain constraints for
the structural constants. Then we distinguish non-isomorphic algebras. The following theorem is one
of the main results of this paper.

Theorem 2.1. Any three-dimensional complex Leibniz dialgebra constructed from the algebra L, is
isomorphic to one of the following pairwise non-isomorphic algebras:
ey 1ey = ey, €3 1es =eq, €3 1eg =¢;
DLy (0, m,m,q) - { ey ey = mel’, es ez = n’el, esb e = 2]61,
where m € C\{0},a,n,q € C;
DLy (aym,q) : ex des =ceq, e3 1ea =e1, e3 1eg =e1, ea b e3 =ne;, ez ey = qey,
ac C\{O}>nv q € C;

Proof. Consider the algebra A; = (DL, ) with multiplication table:
ey dey =aer,es 1ey =eq,e3 de; =ey.
The second part A, = (DL,F) is defined by the following multiplication table:
e1l e = aje; + e +7ies, el e = ager + Bies +yae3, es e = arer + Bres + res,
e1 b ey = ager + Boes +1ae3, €2k ey = aser + Brea +5e3, €3 ey = ager + Bges +zes,  (2.1)
er - es = ase; + fBzes +y3e3, ex b e3 = age; + PBses +Yse3, €3 e = age; + Boes + Yoes.

Imposing the Leibniz dialgebra axioms, we obtain
€9 F €9 = (5€1, €2 F €3 = (g€1, €3 F €9 = (Xg€1, €3 F €3 = (g€q.

Let us consider the general change of the generators of basis:

p(e1) = (a3, + ageass + a3;) e, (e2) = agier + anes + agzes, (ez) = azier + asses + azzes,
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2 2 _ 2 2 _
with 4 @22¢ + ag2a93 + a3z = a (a3, + az2ass + a33) , A2az20 + Ag3asy + agzasz =0,
o 2

A220320¢ + (22033 + (23033 = Q350 + U32033 + A3, (22033 —23 A3z 7 0.

We write the new basis elements {¢(e;1), p(e2), ¢(e3)} via the basis elements {e;, ez, e3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters
{as, ag, a5, ap} and {as, g, as, ot

2 2

7 ! __ ajyas+tassazz(astas)taszzag
80(62) - 90(62) - a5$0(€1)’ = s = aZ,a+aszazz+ai, - ’

— - a22(132015+a22l133a6+(l23a320¢8+a23a330¢9
90(62) :: 80(63) B a?w(el)j - a? B as2a32Q +aa3?zata3j233zado% +as3azza 7

i — _ G2203505+0a23a32006+a22a3308 23339

olea) b pler) = afpler), = o e

0 r a320t +a32a33 agtasg +a33049
ples) F ples) = ahpler), = af = Shestamuslasion)

Then we have the following cases.

1. Let (a5, 9) # (0,0). Without loss of generality, we assume that «s # 0. Next, choosing

—(as+as)Ey/ (as+as)’—dasag

20(5

Q3o = ass, we can put ay = 0. Thus we obtained the following algebra:
€2 H €9 = (5€1, €9 H €3 = (g€, €3 H €y — (Qg€q.
Again by using a change of basis we obtain the following relations:

2
__ a3yas5+azzazs(astas)

o’ ol = (122a32045+(122a33046+a23ﬂ32048
5 a§2a+zir32a33+a§3+ ’ 26 a3,ataszazstad,
/! __ @22037Q5+0a330376+a2203308

g = a2, 0+as2053 a3, » G305 + aszass (a6 + as) = 0,

2 2 _ 2 2 _
with A5 + A22Q93 + A53 = (¢ (a32a + Q32033 + CL33) , Q92a39¢¢ + Ao3032 + QA93Q33 — 0,
! 2

(220320 + A22G33 + G2333 = A5, + A32a33 + A33, Go2033 — Q2332 7 0.

(1) If azs # 0 and « # 0. Then we have azy; = — ass(astas) #0, ag = am(as—as—as) .. #0,

as a(astas)

as(as — ag — ag) + o (ag + 018)2 #0, a3 = %jﬂlg) # 0, and
ar =y — g — Qg, Qg = —Qg, O = —0.
In this case we derive DL} (o, m,n, q) , where o, m # 0,n + q # 0.

(2) If azs # 0 and o = 0. Then we have azy, = M#O Qoy = ‘133(0‘5;75“6_&8)7&0,
ass # 0, azg = 0, and

0/5 = a5 — g — a87 (Xé — (XS(XG;?G_(IS? 0/8 — Olsas—afrla—oés.
In this case we derive DL? (0,m,n,q), where m # 0,n + q # 0.
(3) If azgy = 0. Then we have ay3 = 0, ag # 0, azz # 0, azy = aszz, and
oy =y, Qg = g, Qg = Qig,
we derive DL (o, m,n, q) , where m # 0.
In this case we obtain DL, (o, m,n,q), where m € C\{0}, a,n,q € C;

2. Let a5 = ag = 0 and o + ag # 0. Then we get a3 = asy = 0. Thus we obtain DL] (o, 0,7, q),
where n 4+ g # 0.

3. Let a5 = a9 = 0 and ag + ag = 0. Then we get
a; =0, ag = ag, ag = —ag, ag = 0.
Thus we obtain DL («,0,n, —n).
In this case we obtain DL, (a,n, q) , where a € C\{0},n,q € C;
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Theorem 2.2. Any three-dimensional complex Leibniz dialgebra constructed from the algebra Ly is
isomorphic to one of the following pairwise non-isomorphic algebras:
DE; (m,n): e3 des=ej,ealb ey =ey,e2 - €3 =mey, ez - ex = ney, where m,n € C;

DL2(q): esdes=eq,es b es = qe, where q € C;

D,Cg : e3des=ej,e3 ey =eq;

Dﬁg (n): es des=-eq,eabe3=eq1,e3 ex =ney, wheren € C;

DLy : ez e =ep,e3l e3 = ey
Proof. Consider the algebra A, = (DL, 4) with multiplication table:

es 1es =e;.

The second part Ay = (DL, ) is defined by unknowns o, 5;,v; where 1 <i <9 as in . Imposing
the Leibniz dialgebra axioms, we obtain
ex ey = aser, ex ez = ager, ez ey = ager, ez e3 = ager + Poey,
with the following constraints
asfBy =0, agBy =0, agfy = 0.
Let us consider the general change of the generators of basis:
pler) = agzer, plea) = aner + anes, p(es) = agier + azges + agses.

We write the new basis elements {p(e1), p(e2), ¢(e3)} via the basis elements {e1, €2, e3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters

{O/saaéﬂalsaag)aﬁé} and {a5705670587049769} :

ple2) b plez) = agp(er), = a5 = as,
plez) - ples) = agplen), = o = smsrputu,
ples) - pler) = oiplen), = af = eusaes e,
102 a21033 9 2 2
p(es) b ples) = agpler) + Byples), = { Zf’“:”?’a; S By = aZyas + asags (o + as) + aZyag,
9 T Gnn 9"

Then we have the following cases.

1. Let B9 = 0. Then we have g5 = 0 and

2
7 / __ Q2203205+0220330Q6
af = Z2ag, (i = 92203205002203306
o as. as.
33 33
2 2
o). — 02203205+azaszas o) azp,a5taszass(astag)tazsag
= 222825 522223858 = 2 .
8 a3s 9 a33

. —(x « Qg « 2_ a5
(1) If a5 # 0. Next, choosing ass = ag\/as and asy = (a6 +as)Ey/ (aotas)” 4 % ass, we can

2045
put o = 1 and o) = 0. Thus we obtained DL} (m, n),where m,n € C.

(2) If a5 = 0. Then we obtain the following relations:

! /I a22
oy =0, Qg = S2ag,

/I _ a2 1 _ azz(astasg)tazzag
g = 2ag, g = SE 8

as3 ass

(2.1) If ag = 0 and ag = 0. Thus we obtain DL} (¢q) , where ¢ € C.
(2.2) If ag = 0 and ag # 0. Then choosing azs = azas, we get DES.
2.3

(

2. Let B9 # 0. Then we get a5 = ag = ag = 0 and of = af; = afy = 0. Next, choosing ass = a3, 09,
we can put 8y = 1. In this case we obtain the algebra DLS.

) If ag # 0. Then choosing ass = agsars, we get DL, (n), where n € C.
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O

Theorem 2.3. Any three-dimensional complex Leibniz dialgebra constructed from the algebra L3 is
isomorphic to one of the following pairwise non-isomorphic algebras:

DLs(m,n,q): ez des =eq, e3 1es =e1, ea b e3 =mey, ez ex =ney, ez e; = qey,

where m,n, q € C;

Proof. Consider the algebra A4; = (DL, ) with multiplication table:
€9 = €y = €1,€3 = €3 — €.

The second part Ay, = (DL, F) is defined by unknowns «;, 3;,y; where 1 <1i <9 as in (2.1). Imposing
the Leibniz dialgebra axioms, we obtain

(] F €y = (5€1, €2 F €3 = (g€, €3 - €y = (g€, €3 = €3 = (Qg€q.

Let us consider the general change of the generators of basis:

p(er) = (a3, + a3z) €1, p(ea) = asier — aszes + azes, p(ez) = asier + azes + asses,

with 929A33 — A23032 ?é 0.

We write the new basis elements {¢(e1), ¢(e2), ¢(e3)} via the basis elements {e;, ez, €3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters
{af, af, af, ag} and {as, ag, as, ag} -

ple2) - plex) = azpler), = ap = “§3a5*“32‘;%zfsgas)+a§2a9,
oles) Foles) = ahpler), = af = (omonlanaun—dyastayas
’ ag,tas; ’

—as - + 2
(,0(63) [ ()0(62) = O/S(p(el), = O/B — ((:9 [ )%2@%:1(%22% azSas?
ples) Foles) = agpler), = ay= aszas+aszze§2<+ajg:as>+a33a9.

Then we have the following cases.

1. Let (a5 — ag)? + (g + ag)? = 0. Then we have g = a5 — i(ag + ag) and

1 __ (aszz—iazz)as—aszz(as+as) ! __ aszzagtiazsas
A = - = -
5 a3z —iazz ) 6 azp—iazz
/ __ azzagtiazsas r_ ((l32+“1333a5+a33((¥6+a8)
af = 4s22etiassas ap = : .
8 azz—iazz az2+iazs
(1) Let as + ag = 0 and g — ag = 0. Then we have a5 = —iag and
al = 3}¢132+ia33a Oé% — asatiass a/S — asatiass Oéé — 3asz—iagy
5 iagz —ass ’ azz—iagz °’ azz—iagz O’ azz+iazs

Furthermore, by choosing ass = 3iasze, we obtain the following relations:
al =0, af=—tas, af=—-lag, o) =—dica
5 — Y 6 — 246, 8 — 246, 9 — 6-

In this case we obtain DL} (m), where m € C.

(2) Let a5 + ag = 0 and g — ag # 0. Then we have a5 = —% (a6 + ag) and

! _ _3azztiass / _ agaagtiazzae
Qs = 2(iaz2—as3) (a6 + QS)’ Qg = azz—iazz

azaq6tiazzasg / _ _3aszz—iagy
azz—iazz ) Qg = 2(az2+iazs) (a6 + 0[8) !

ay =
Then, by choosing az3 = 3iaszs, we obtain the following relations:
ol =0, ag=1(-3as+as), ag=31(-3as+ag), ay=—2i(as+ as).

In this case we obatin DL (m,n), where m,n € C and m — n # 0.
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(3) Let a5 + ag # 0 and ag — ag # 0. Then we have 2a; — i (ag + ag) # 0. Therefore, by

choosing as, = —magﬁ, we obtain the following relations:

/

al =0, oy =—ias—ag, of=—ias—ag, oy=2a5—1(w+ ag).

ot~

In this case we obatin DLS (m,n, q), where m,n,q € C, n+q # 0 and 2m —i (n + q) # 0.

In this case we obatin DL3 (m,n,q), where m,n,q € C, n+q # 0, 2m —i (n + q) # 0.
2. Let (a5 — a)? + (ag + ag)? # 0 and 1) let (as, ) # (0,0). Without loss of generality, we

(astas)Ety/ (as+as)® —dasog
20(9

assume that ag # 0. Next, choosing az, =
Thus we obtained the following relations:

ass, we can put ag = 0.

2 2
3203309 —A3306+a35 08

2 — A
A3509 — (32033 (046 -+ 048) = 0, Qg =

2 2 )
N R azztags R
/ __ G3203309—a3308+a3,Q6 ; __ azzazz(aetasg)tazzag
Qg = @ a2 ) Qg = aZ.ta2 .
321053 320353

(1) If agy # 0. Then we have agy, = (2012 apd

Qg
/ ! A
Qg = g, Qg = (g, g = Q9.
. . 4
In this case we obtain DL; (m,n,q), where ¢ # 0.

(2) If azs = 0. Then we have the following relations:
g = —Qg, Qg = —Qg, g = Q.
In this case we obtain DE; (=m, —n,q), where g # 0.

2) Let a5 = ag = 0. Then we get azs = 0, and
al =0, ag = —ag, oy = —ag, oy =0.
In this case we obtain DL; (—m, —n,0).

In general, we obatin DL (m,n,q), where m,n,q € C.
O

Theorem 2.4. Any three-dimensional complex Leibniz dialgebra constructed from the algebra L4 is
isomorphic to one of the following pairwise non-isomorphic algebras:

Dﬁi: er 1es3 =eq, ez e3 =eq;

D,Ci: er 1es=e1, esb e = —eq;

DEZ: er 1es =e1, esbe; = —eq, es bk e3 =eq;

Dﬁi: e1des=¢e, e Fe3=ey;

Dﬁiz ep 1es=ey, egbFes=ceq, esb ez =ey;

Proof. Consider the algebra A4, = (DL, ) with multiplication table:
€1 = €3 — €.

The second part A, = (DL, F) is defined by unknowns «, 5;,7; where 1 <i <9 as in . Imposing
the Leibniz dialgebra axioms, we obtain
e1 - es =aze;, est e = areq, ez es = Boeq,
with the following constraints
azar =0, az (a3 —1) =0, a7 (a; +1) =0.

Let us consider the general change of the generators of basis:

@(61) = apiéq, 90(62) = Q22€2, 90(63) = asz€ + €3.
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We write the new basis elements {¢(e1), ¢(e2), ¢(e3)} via the basis elements {e;, €2, €3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters

{aé,&;,ﬁé} and {063,(17,69} :

pler) Feles) = asp(er), = a3 =as,
ples) - pler) = azp(er), = ar =ag,
p(es) - ples) = Byp(er), = 59 oo

Hence, we see that if 9 = 0, then 3§ = 0. If B9 # 0, then by choosing as; = (9, we obtain 3 = 1.
Therefore, without loss of generality, 5 can be reduced to either 0 or 1. Thus we obtain the algebras
DL, DL, DL, DL, and DL,

g~w S~

O

Theorem 2.5. Any three-dimensional complex Leibniz dialgebra constructed from the algebra Ls is
zsomorphzc to one of the following pairwise non-isomorphic algebras:

1

DL;: e deg=aey, ex 1eg=eq, €3 13 = —ea, €2 €3 =¢€2, €3 €2 = —ey, where a € C\{0};
5

DL;: egdes=e€1, ea ez =ey, €3 1ea=—ea, eal-e3 =61+ €2, 3 €2 =—€1 —€y;

Do er 1es =aeq, eg 1es=ey, 63 1€y = —€y, sl e3=1¢€9, e3le; = —aeq, e3F ey = —ey,
5" where a € C\{0};

DL e; ez =aey, ex dez=ey, €3 dey=—e€y, e e3=aey, eabe3=¢€y, e3b ey = —ey,
5

where o € C\{0};
Proof. Consider the algebra A; = (DL, ) with multiplication table:
ep 1es = ey, e; de3 =ey, e3 1ey = —ey, where a € C\{0}.

The second part Ay, = (DL, F) is defined by unknowns «;, 3;,7; where 1 <1i <9 as in (2.1). Imposing
the Leibniz dialgebra axioms, we obtain

e e3s=ase;, eale3 =age; + ey, 3 e; =aqge;, es ey = —age; — es.
with the following constraints
az(az —a) =0, azag =0, ag(a—1) =0, azar =0, azas =0, agar =0, ay (ar +a) = 0.

Let us consider the general change of the generators of basis:

p(er) = arier, p(es) = ases, p(es) = asres + es.

We write the new basis elements {¢(e1), p(e2), ¢(e3)} via the basis elements {e;, ez, e3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters
{a, ag, a4} and {az, ag, a7} :

p(er) Fples) = azp(er) = ay = as,
ple2) Fples) = agpler) +ples) = ag = 2a,
p(es) Fpler) = 0/790( 1) = a; = ay,
ples) - p(e2) = —agp(er) — ple2) = ag = 2as.

Hence, we see that if ag = 0, then o = 0. If ag # 0, then by choosing a;; = as06, We obtain
ag = 1. Therefore, if o, = 1, then o = 1. Thus, without loss of generality, a can be reduced to either
0 or 1. Then we obtain the algebras Dﬁé, DE?, Dﬁg and Dﬁg.

O

Theorem 2.6. Any three-dimensional complex Leibniz dialgebra constructed from the algebra Lg is
isomorphic to the following algebra:
D,Cé: ey des=ey, €3 dey=—€y, €3 de3=¢€1, eabe3 =€y, €3t ey = —ey, e3 b e3 = qey,
where q € C;
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Proof. Consider the algebra A; = (DL, ) with multiplication table:
62463:62, 63462:—62, 63463261.

The second part A, = (DL, F) is defined by unknowns «;, 5;,7; where 1 <4 <9 as in (2.1). Imposing
the Leibniz dialgebra axioms, we obtain

€9 = €3 = €9, €3 F €9 = —€9, €3 H €3 = (g€q.
Let us consider the general change of the generators of basis:
p(er) = e1, p(ea) = ages, p(esz) = azier + azes + €.

We write the new basis elements {p(e1), p(e2), ¢(e3)} via the basis elements {ey, €5, e3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters
oy and ag :

ples) Fples) = agpler) = ag = ao.

Hence, in this case we have DL;.
O

Theorem 2.7. Any three-dimensional complex Leibniz dialgebra constructed from the algebra Ly is
isomorphic to one of the following pairwise non-isomorphic algebras:

DLl ep 1es =2e;, ex 1ea =e1, ex dez3 =€y, €3 1€y = —ey, €3 1ez3 =ey,

[ €1|_€3:2€1,€2|_62:€1,€2|_€3:€2,€3|_62:—€2;

2 €1 deg=2e, e d1ex =€y, €2 €3 =€y, €3 12 = —€3, €3 13 =€y,

DLy Fey = Fes = Fep = Fey = Fes = —ei;
s ey = —e1, ea-es=e9, €3 €1 = —2¢1, e3 ey = —ey, €3 e3 = —ey;

Proof. Consider the algebra A4, = (DL, ) with multiplication table:
61_{63:261, 62_162261, 82463262, 63462:—62, 83463261.

The second part A, = (DL, F) is defined by unknowns «;, 5;,7; where 1 <1i < 9 as in (2.1). Imposing
the Leibniz dialgebra axioms, we obtain

e1bes=aze;, eab ey =(ag—1)e;, ex ez = ey,
€3 F € = (043 — 2)61, €3 = €9 = —€9, €3 = €3 = (g€q.

with the following constraints
ag(Q3—2):07 (a3—2)(a9—|—1)20
Let us consider the general change of the generators of basis:
p(e1) = a3ye1, @lea) = —amasser + anes, w(es) = 5 (a3, — a3, — 1) e + ases + es.

We write the new basis elements {p(e1), p(e2), ¢(e3)} via the basis elements {e, €2, e3}. By checking
all the multiplications of the algebra in the new basis we obtain the relations between the parameters

{af, g} and {az, a9} :

pler) Foles) = azpler) = oy = as.
plex) Foler) = (g —1)p(er) = a3 =as.
ples) Foler) = (a5 = 2)p(er) = a3 =as.

2 2
az, a3 —a5,+1+ag

ples) b oles) = agpler) = ay=

Then we have the following cases.

Case 1. Let a3 # 0. Hence, by setting azy = 1/ %, we obtain ay = 0. In this case we have
DL,

Case 2. If a3 =0, then a9 = —1. In this case we obtain DE?.
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Distribution of prime divisors of non-homogeneous Beatty sequences
Low C.W., Sapar S.H., Deraman F., Johari M.A.M., Yunos F.

Abstract. Non-homogeneous Beatty sequence is a sequence of positive integer that taking the floor
value of irrational numbers. This paper using the prime counting function, 7(x) to estimate the car-
dinality of total distinct prime divisors of a non-homogeneous Beatty sequence. When the parameters
in the non-homogeneous Beatty sequence are sufficiently large, a better estimation can be obtained.
From this study, we found that for a fixed irrational § > 1 and a real A > 0, the the cardinality of
total distinct prime divisors is less than or equals to the prime counting function of the last term.
That is |A] < 7(| N0 + \|) where A is the set of total distinct prime divisors of a non-homogeneous
Beatty sequence (|nf+A]) up to N*" term. Also, when parameters are sufficiently large, the following

estimation is sharper, |A| < (\/«92 + )\) (log N).

Keywords: Beatty sequence, prime divisor, prime counting function
MSC (2020): 11B83, 11N05

1. INTRODUCTION

Numerous studies have been done on Beatty sequence. There are two types of Beatty sequences,
namely homogeneous and non-homogeneous. The Beatty sequence that this paper considered is non-
homogeneous case and it is defined as follows:

(I +Al) ey = 110+ AL [20+ AL, [30 + AL, ..., [INO + A (1.1)

where 8 > 1 is an irrational number and A > 0 is a real number.

In [1], the researchers used Maynard’s methods to show the existence of gaps bounded by primes
in a homogeneous Beatty sequence. They found that #{x < n < 2z : there exist m distinct primes of
the form |[0r|,r € [n,n+ Ay} > Togmy® Where # is the number of elements in the set. [2] studied
the non-homogeneous Beatty sequence. They used Diophantine properties of 8 to established a better

estimate bound for its character sums. Below are some important theorems:

Theorem 1.1. Let 0 be a fixed irrational number. For all real numbers X, integers a,g,m with
gcd(ag,m) = 1, and positive integers N < t, where t is the multiplicative order of g modulo m. The
character sums of Beatty sequence (|nf + \]), - modulo m, S,,(0,\, x; N) is given by:

S (0, A, x; N) < miN% + NDy\(N)

where Dy x(N) is the discrepancy of the Beatty sequence (|nf + A|), < -

Theorem 1.2. Let 0 be a fized irrational number. For any fixed 6 > 0, there exists a constant n > 0
such that for all real numbers A, integers a,g and a prime p with gcd(ag,p) = 1, and positive integers
p’ < N <t, where t is the multiplicative order of g modulo p, the following bound holds:

Sp(07 )\7X7 N) << prn + ND@)\(N)’

Then, [3] continue to estimate the sum of the cardinality of distinct prime divisors after the
discovery of [2]. They found that the cardinality of distinct prime divisors w(n) for a non-zero
integer n, is approximate to Nloglog N. [4] studied the Beatty sequence in invariant games. They
introduced an infinite binary sequence, called Sturmian word, in order to distinguish any two pairs
of complementary Beatty sequences in non-homogeneous case. [5]| studied the number on primes
within the intersection of any non-homogeneous Beatty sequences and extended a few theorems under
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various compatibility conditions. [6] solved the trigonometric functions by using the complementary
Beatty sequences. They use § = /3 for tangent function and § = v/6 for sine function while solving
the trigonometric inequalities. [7] worked on the disjoint complementary Beatty sequence which
covering the rational non-homogeneous Beatty sequence.

[8] studied the new approach found in [2]. They obtained an estimation of the bound associated
with composite moduli by using the method in [2] stated below.

Theorem 1.3. Let 0 be a fized irrational number, A be any real number and m is any composite
number with primitive elements. For positive prime P < m, the set of prime P and #P is the number
of elements in set P, the non-trivial multiplicative characters x (mod m), the following bound holds:

Sm(0, X, X; P) < ¢(m)T4P= + #PDy \(P).

[9] investigated the cardinality of character sums with Beatty sequences associated with composite
modulo. The Beatty sequence considered is |a(n + k) + 8. Character sums can be used to find the
number of solutions of equations over a given finite field. This sums can be obtained by one character
or more. Here, we provided the propositions stated in the book [10] on the character sums associated
with prime modulo. Suppose that p is a odd prime and F; is a multiplicative group. Then,

Proposition 1.4. Let g be a primitive element of F,, with order p—1. For each fized integer j where
0 <j < ¢(m)— 1, the multiplicative character of F,, denoted by x;(g*) is given by
x;(g") = e 7 where k = 0,1,....,p—1.

Proposition 1.5. For additive character x, and x, where a,b € F,. Then,

> Xa(@)xe(0) =

ceF,

p+1 ifa=0b
0 if a # 0.

For multiplicative character, if a,b € F,. Then,

_Jp ifa=b
;Xc(a)Xc(b)_{O zfa;éb

where the sum is extended over all multiplicative character x of F,,.

In this paper, we are going to improve the result of [3] and introduce a better estimation when the
parameters in Beatty sequence are sufficiently large. In our discussion, we let # = vk > 1 where k is
a square-free integer and A > 0 is a real number. Next, we expand the expressions in order to obtain
the patterns. We will explain more in the next section.

2. NOTATION
For any real number z, |x| denotes the greatest integer less or equals to x and {x} denotes the

fractional part of z, that is z — |z].

In this paper, A denotes as the set of total distinct prime divisors of a non-homogeneous Beatty
sequence (|nf + A]) up to N* term. Our objective is to obtain the approximation for cardinality of
A, |A| where the result will be shown in the next section. Before we proceed, we provide an example
so that the readers have a better understanding.

Example 2.1. Let § = v/10, A =5 and N = 100. Then, (I.1)) will be as follow

(V10 + 5J>n<100 = [1V10+ 5], [2V10 + 5/, [3V10 + 5], ..., |100V/10 + 5
C =8,11,14,...,321.
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From above, we will find the prime divisors of each terms. Let A denotes as the set of prime divisors
of whole sequence 8,11, 14, ...,321. Then the elements of set A is as follow:

A=1{2,357,11,13,17,23,29, 31,37, 43,47, 53,59, 61,67, 71, 73, 83, 89, 97, 103, 107,
109,113,127,131,137, 151, 157, 163, 191, 197, 223, 229, 239, 251, 257, 283, 311}.

Thus, the cardinality or the number of elements in set A, |A| = 41.
Next, the following is the definition of prime counting function and an example to illustrate it.

Definition 2.2. Prime counting function m(z) is the number of primes less than or equal to the
positive integer x.

Example 2.3. Let = 10, then we list out the prime less than or equal to 10, which is {2,3,5,7}.
Thus 7(10) = 4.

For a larger number z, we can use online prime counting function calculator to evaluate it.

3. RESULT AND DISCUSSION
The following is the main result of our research.

Theorem 3.1. Let 6 > 1 be a fixed irrational and X\ > 0 be a real number. The cardinality of distinct
prime divisors, |A| is given by
|A| < 7(|NO+ A|) (3.1)

where 7(x) is the prime counting function for integer x and N is a natural number.
Proof. The Beatty sequence, By , with m,, = |[nf + \| for n =1,2,3,..., N is as follows:
By x =mq,ma, M3, ..., My_a, My_1, My.
Since 6 > 1, By, is an increasing sequence, that is
my < me <mg < ..<my.

For each term of m,,, it can be written as a product of prime factors, if m,, is a composite. Then,
arrange all primes by ordering number,

P < P2 <p3s<...<pr<my,.

Now, for the last term my, it can be either a prime or a composite. We consider two cases as follows:

Case 1: If my is a prime.
Let my = pmax- For any term, m,, with 1 <n < N — 1, we have

P <p2 <...<p; <My <Pjy1 <... <P <MN = Pmax-
Obviously, pmax is the largest prime that By ) consists. Thus,

A= {plap27p3> "'>pmax}-

Note that A may not consists of all the primes that less than p,... Let B be a set consists of all
distinct primes that less than or equals to puax,

B =1{2,3,5, ..., Pmax }-

We have A C B. Then,
Al < |B].

Since |B| = T(Pmax), therefore
|A| < m(my) =7([NO+ ).
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We proved for Case 1.

Case 2: If my is a composite.
Let my = pfllpf;pf;pfk" For any term, m, with 1 <n < N — 1, we have

aik

ai, Qi, Q.
P1 <P < ...<p; <My <Pjp1 < ... <pp <My :pillpigzpigs“'pik

and
Piy < Piy < oo < P, <My
Then,
A=CUD
where

C = {p1,p2,3, s 0} and D = {pi,, Piy,s Piss s iy }-

The largest prime in A is max{p, p;, }, but my is the largest integer in By . Thus,

max{py,p;, } < My
m(max{py, p;. }) < w(my)
|CUD| <7w(|[NO+ A|).

Therefore,
|A] < 7([NEO+ N)).

We proved for Case 2. As a result, we showed that (3.1)) is true,
|A] < 7(|NE+ A)).
O

The problem of Theorem is when 6, A and N become bigger, the right hand side of (3.1)) is much
more bigger than the left hand side. Thus, if §, A and N are sufficiently large, the below theorem has
a better estimation.

Theorem 3.2. For sufficiently large fized irrational 8, real A and N with
0> W(LNi—i_)\J), A> 7T(LN92+>\J) and N > 10V7UNO+HAD
Then,
Al < (VB +2X) (log ).

Proof. Firstly, we set

N
9 > ”(LZJ”\J)’ (3.2)
N
A > W (3.3)
and
N > 10V (N0+AD, (3.4)
By using (3.1) in Theorem then (3.2]) to (3.4) will become
0> M > @7 (3'5)
2 2
\> (N0 + A|) > | Al (3.6)

= 2 2
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and

N > 10V (N0 > 1ovIAlL (3.7)
From (3.5)), we have

|A| < 20% (3.8)
From (3.6), we have
| Al < 2. (3.9)
Then, we sum of (3.8)) and (3.9)
|A] <62+ A (3.10)
On the other hand, from (3.7) we have
|A| < (log N)?. (3.11)

Now, we do the product of (3.10)) and (3.11])
(IA])? < (62 + N)(log N)?
2
= ((VeZ+ ) (log V)"

Since |A| is a positive integer, we can remove square from both sides. Thus,

4] < (VB +2X) (log N).

4. CONCLUSION AND RECOMMENDATION
We found |A| by estimating the prime counting function which stated in Theorem (3.1} For a fixed
irrational # > 1 and a real A > 0. Then,
Al < 7(INO+ A))

where 7(x) is the prime counting function for integer z. On the other hand, when parameters are suf-
ficiently large, the following estimation (Theorem [3.2)) is sharper. For sufficiently large fixed irrational
0, real A and N with

0> ”(LM; Ay ”(LN‘;+ M) and N > 10V
Then,
1A < (\/92 + )\) (log N).

In the future, the estimation of |A| can be sharpened more. Next, the application of prime divisors in
Beatty sequence can be an interesting topic to be studied.
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continuous mappings
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Abstract. This paper investigates the influence of the symmetric product functor SP™ and the ex-
ponential functor exp on certain types of continuous mappings, focusing specifically on almost-open
and pseudo-open mappings. The primary objective is to analyze how functors SP™ and exp interact
with these mappings and alter their topological properties. Through the study, several key lemmas
have been proven, providing insights into the behavior of the SP™-induced mappings. Notably, it is
demonstrated that for open sets Uy, Us,...,U, C X, the set [U,U,,...,U,] retains its openness in
SP"X. These findings contribute to a deeper understanding of the topological implications of apply-
ing the SP™ functor on continuous mappings, offering new perspectives on its effect on almost-open
and pseudo-open transformations.

Keywords: exponential functor, functor of permutation degree, almost-open map, pseudo-open map,
sequence-covering map

MSC (2020): 18B05, 18A05, 18F60, 54A05

1. INTRODUCTION

The study of continuous mappings and their interactions with topological structures is a funda-
mental aspect of topology. Continuous mappings encode essential relationships between spaces, and
understanding how their properties change under various transformations is a central problem. Func-
tors such as the symmetric product functor SP™ and the exponential functor exp, play a significant
role in this context. These functors construct new spaces from given ones and induce corresponding
mappings, providing a framework to analyze the preservation or alteration of topological properties.

In classical topology, concepts like openness, continuity, and compactness serve as cornerstones for
understanding the behavior of mappings and spaces. Among these, almost-open and pseudo-open
mappings are essential generalizations of open mappings that retain specific weaker properties. For
instance, Michael’s work on pseudo-open mappings |1] provides a foundational basis for analyzing
mappings that are not strictly open but still preserve significant topological information.

The symmetric product functor SP", introduced and studied in depth by Dold [2], constructs the
space of unordered n-tuples of points from a topological space X, equipped with a natural topology
derived from X. On the other hand, the exponential functor exp,,, closely associated with the Vi-
etoris topology [3), |4], represents the space of non-empty closed subsets of X with at most n points.
These constructions preserve certain topological structures of X while introducing new geometric and
combinatorial features.

The purpose of this paper is to investigate how the functors SP™ and exp,, influence almost-open
and pseudo-open mappings [5]. Key results presented here extend previous work by Arhangel’skii
[6], Fedorchuk and Filippov [7], and Nagata [8] on general mappings, as well as Lin’s studies on
point-countable covers [9]. For example, we show that:

e For the symmetric product functor SP™, the mapping SP"f: SP"X — SP"Y is almost-
open (Theorem [3.4) and pseudo-open (Theorem whenever f: X — Y is almost-open or
pseudo-open, respectively.

e For the exponential functor exp,: Comp — Comp, the mapping retains these properties
(Theorems [3.6| and [3.7)).

By establishing these results, we contribute to a broader understanding of functorial transformations
in topology and their implications for continuous mappings. This research builds upon earlier works
in the field [10, |11}, 12, |13} |14} [15, |16} [17] and opens avenues for further exploration of functorial
interactions in generalized topological settings.
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2. PRELIMINARIES

Let X be a topological Tj-space. The set of all non-empty closed subsets of a topological space X
is denoted by exp X. The family of all sets of the form

o, ...,.U,) = {F: FeexpX, FC Lj U, FOU; #0, i=1, 2, ,n}
i=1

where Uy, ..., U, are open subsets of X, generates a base of the topology on the set exp X. This topology

is called the Vietoris topology. The set exp X with the Vietoris topology is called exponential space

or the hyperspace of a space X [18]. Note that the space exp X is compact for any compact space X.
Define the following subspaces of exp X:

exp, X = {F €exp X : |F| <n},

and
exp, X = U{exan n=1,2,...}.

Let f: X — Y be a continuous mapping between topological spaces. For a nonempty closed subset

C C X, define
(exp f)(C) = f(O). (1)

Then exp f : exp X — expY is well-defined and continuous.
Equality (1) defines a functor exp,,: Comp — Comp, which assigns to each topological space X the
hyperspace exp X, and to each continuous map f : X — Y the continuous map exp f : exp X — exp Y.
Let X be a compact Hausdorff space. Consider the mapping

Tt X" — exp,, X

that assigns to each point z = (x1,xs,...,x,) € X" the set of its coordinates {x;, zs,...,z,}.

Then 7, is a continuous mapping of the compact space X” onto the compact space exp,, X. Thus,
the hypersymmetric n power of the compact space X is the quotient space of its n power with respect
to the partition generated by the following equivalence relation: points z,y € X" are equivalent if
they have the same set of coordinates.

On the n'* power X" of the compact X, the permutation group S™ acts as the group of coordinate
permutations. The set of orbits of this action with the quotient topology is denoted by SP"X.
Consider the quotient mapping

7 X" — SP'X

that associates to each point z = (z1, s, ...,z,) € X" the orbit of this point. Thus, the points of the
space SP™X are finite subsets (equivalence classes) of the product X".

In this setting, two points (z1, s, ..., %,) and (y1,ys, . . . , Y, ) are considered equivalent if there exists
a permutation o € S™ such that y; =z, for all i =1,2,...,n [13].

The space SP"X is called the n symmetric power of the space X. Equivalence relations by which
the spaces SP"X and exp,, X are obtained from X" are called symmetric and hypersymmetric equiv-
alence relations, respectively. Any two points that are symmetrically equivalent in X™ will also be
hypersymmetrically equivalent. However, in general, the converse does not hold. For example, for dis-
tinct elements z,y € X such that = # y, the points (z,z,y) and (z,y,y) € X? are hypersymmetrically
equivalent but not symmetrically equivalent [7].

Let f: X — Y be a continuous mapping between compact Hausdorf spaces X and Y. For the
equivalence class [(z1,Za,...,2,)] € SP"X, put

(SP"f)([(z1, 22, z0)]) = [(f(21), f(@2), -, f(@0))]-
This defines a mapping
SP"f.: SP"X — SP"Y.

It is easy to verify that the operation SP™ constructed in this way is a covariant functor in the
category Comp of compact spaces and their continuous mappings [7].
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Definition 2.1. A mapping f: X — Y is called almost-open if, for each y € Y, there exists an
element z € f~!(y) such that for every open neighborhood U of z, the image f(U) is a neighborhood
of y (ie. y € Int(f(U))) [19, 9.

Example 2.2. The notions of almost-open and open maps differ essentially. Let X be the disjoint
union of the unit circle S* and the interval (0,1); for brevity write X = S* U (0, 1) with the disjoint-
union topology. Fix a point r € S' and define a map

FiX oS i) x, x €St
X = =
’ ! r, x€(0,1).

The map f is continuous and almost-open. Indeed, let y € S*. Choose the point x =y € X (here z
is regarded as an element of the domain X, while y is the corresponding element of the range S*). For
every open neighborhood U C X of z, we have U C S*, so f(U) = U, which is an open neighborhood
of y in S'. Thus the condition of almost-openness is satisfied.

However, f is not an open map: the set (0,1) C X is open, while f((0,1)) = {r}, which is not open
in S1. Moreover, there exist open neighborhoods in X whose images are neighborhoods in S* but not
open. For instance, take y, € S* with yy # r, and let 2y = 3y, € X. Let V C S! be an open arc
containing yo but not r, and define U = V' U (0,1) C X. Then U is an open neighborhood of x4 in X,
while

fU)=vu{r}.
This set is a neighborhood of y, in S* (since it contains the open arc V'), but it is not open because of

the isolated point . Hence an almost-open map may send an open neighborhood of a preimage point
to a neighborhood of the image point without that image being open.

Definition 2.3. A mapping f is called pseudo-open if for each y € Y and each open neighborhood U
of f~'(y) in X , f(U) is a neighborhood of y in Y [6} |19].

Definition 2.4. A mapping f is called a 1-sequence-covering mapping if for each y € Y there exists
x € f~1(y), such that whenever {y,} is a sequence converging to y in Y, there exists a sequence {z,,}
converging to x in X with each z,, € f~*(y,) (6} [19].

Definition 2.5. A mapping f is called a sequence-covering mapping if whenever {y,} is a convergent
sequence in Y, there exists a convergent sequence {z,} in X with each z, € f~*(y,) [6} [19).

Definition 2.6. A covariant functor F': Comp — Comp acting in the category of compact Hausdorff
spaces and their continuous mappings, is called normal [1§], if it
1) preserves the weight;
2) preserves singletons and empty set;
monomorphic (preserves embeddings);
epimorphic (preserves surjections);
preserves intersections of closed subsets;
preserves inverse images;
is continuous with respect to inverse limits.

3
4
5
6

7

Note that the functors exp and SP™ are normal.

~— —

3. MAIN RESULTS
For subsets My, Ms, ..., M, of a space X define:

[<M17M27. 7Mn)] = {[(I’l,mQ,. . .,.Tn)] e SP"X :do € S",a:a(,;) € M“Z = 1, 777/} C SP"X.
Lemma 3.1. For open sets Uy, Us,..., U, C X the set [(Uy,U,,...,U,)] is also open in SP"X.

Proof. By the construction of the set SP"X, for the quotient map 7 : X" — SP"X we have the
equality
(m3) (U, Usy o UDD) = | Ugry X Uyay x -+ X Uy

geS™
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Therefore, the set (%)~ ([(Uy,Us,...,U,)]) is open in X™ as the union of n! number of open sets in
the form Uyy x Uyy X - - X Uy(ny. Consequently, the set [(Uy,Us,...,U,)| is open in SP"X. Lemma
[3:1]is proved. O

Lemma 3.2. For every sequence of subsets Ay, Ay, ... A, C X we have

Proof. Get an arbitrary element [(x1,22,...,2,)] € [(IntA;, IntAs,...IntA,)]. Then there exists
g € S"such that x; € IntA,;) for every i = 1,...,n. This means that there are open sets Uy, Us, ..., U,
such that z; € U; C IntAyy for every i = 1,...,n. Therefore, we obtain [(x1,Z2,...,2,)] €
[(U1,Us,...,U,)]. Note that by Lemma the set [(Uy,Us,...,U,)] is an open neighborhood of
the point [(z1,%2,...,2,)] in the space SP"X. Now for an arbitrary element [(y1,¥2,...,Yn)] €
[(Uy,Us,...,U,)| there exists ¢’ € S,, with y; € Uy, for every i = 1,...,n. Since U; C IntAy),
we have y; € Ay = Awgyw)- Consequently, [(yi,Y2,...,yn)] € [(A1,As,...,A,)]. By the ar-
bitrariness of the choice of the element [(yi,ys,.-.,¥y,)], we obtain the relation [(U,Us,...,U,)] C
[(A1, As,..., A,)]. This implies [(IntA;, IntAs,...IntA,)] C Int[(A;, As,...A,)]. Lemma is
proved.

U

Proposition 3.3. The collection of all sets in the form [(Uy,Us,...,U,)|, where Uy, Us,...,U, are
open subsets in X, generates a base in SP"X.

Proof. Tt is clear that SP"X = [X]. For two elements [(Uy,Us,,...,U,)|,[(V1,Va,...,V,)] € SP"X
with

[(Ula U27 sey Un)] N [(‘/17‘/27 L) Vn)] 7é ®7
consider any element
[(xlaw% s 7xn>] S [(Ula U27 sy Un)] N [(‘/17 V’Qa R ‘/;L)]

Then there exist g;, g, € S™ such that x; € Uy, ;) NV, foreach i =1,...,n. Put W; = UiﬂV(gflgz)(i)
(Note that for each i =1,...,n we have U; N V-1 .y # 0, since 2; € Uy, ;) N Vi, ). Let us take an

arbitrary element [(y1,%2,...,¥s)] € [(W1, Wa, ..., W,)]. Then there exists g € S™ such that y; € Wy,
for each ¢ = 1,...,n. Taking into account that y; € Uy N ‘/(gl—lgz)(i) we obtain

(1,92 -+ yn)] € (U1, Usy o, UR) OV [(VE, Ve Vi)
As a result, we have
(Wi, Wa,...,W,)] C [(Uy,Us, ..., U] N [(Vi, Va, ..., Vi)
Proposition [3.3] is proved O
Theorem 3.4. Let f: X — Y be an almost-open mapping. Then the induced map
SP"f: SP"X — SP"Y
is also almost-open for every n € N.
Proof. Get an arbitrary element [(y1,¥y2,...,¥,)] € SP™Y. Since f: X — Y is an almost-open map-

ping, for each y; there is z; such that f(U) is an neighborhood of y; for every open neighborhood U
of z; (i.e. y; € Int(f(U))). In this case, we have

[(xlvx% s 7xn)] € (Spnf)_l([(yla Yo, ayn)]) (3'1)
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By Proposition [3.3] without loss of generality, we can choose an arbitrary neighborhood of the point
(1, 29,...,2,)] € SP"X in the form [(U,Us,...,U,)|, where Uy, Us,, ..., U, are open neighborhoods
of points x1, xs, ..., x,, respectively. Clearly, we have

[(ylny, s 7yn)] € (SPnf)([(Ul, U27 AR Un)])
Further, using Lemma [3.2] we obtain the following relations:
[(Int f(Ul)a Int f(UZ)a cee 7Int f(Un))] - Int [(f(U1)7 f(UQ)v AR f(Un))] C

C(f(U), f(U2), ..., f(U))] = (SP"(/)([(U1, Uz, ..., Un)]).
On the other hand, for each i = 1,2,...,n we have y; € Int(f(U;)). Consequently,

[((Y1s Y25+ Yn)] € [(Int(f(UL)), Int(f(Uz)), ..., Int(f(Un))))-

Therefore, we obtain [(yi, Y2, ..., yn)] € Int(SP"f([(U1,Us,...,U,)])). The last relation means that
the mapping SP"f: SP"X — SP"Y is almost-open. Theorem [3.4] is proved. O

Theorem 3.5. Let f: X — Y be a pseudo-open mapping. Then the induced map
SP"f: SP"X — SP"Y
1s also pseudo-open for every n € N.
Proof. Let [(y1,--.,yn)] € SP™Y be arbitrary and put
A= (SP"H) 7 ([, wn)]) © SPIX.

By Proposition we can choose open sets

Uy,....U, CX
such that each U; is an open neighborhood of the fiber f~*(y;) in X, and

[(Uy,...,U,)]

is a neighborhood of some point of A in SP"X. Since f is pseudo-open, for each i = 1,...,n we have

yi € Int(f(Us)).

Now consider the image of [(Uy,...,U,)] under SP"f. As in the proof of Theorem
(SPN)([U, -, Un)]) = [(f(Uh), - -+, F(U))]-

By Lemma [3.2]
(It F(T), .., Tt F(U))] € Tntl(F(TR), . F(U))].

Since y; € Int(f(U;)) for each i, it follows that
(Y1, -5 9n)] € [(Int f(TU1),...,Int f(U,))].

Therefore,
[(y1, - ya)] € Int ((SP" )([(Un, ..., Un))))-

Thus every neighborhood in SP"X of a point of (SP"f)~*([(y1,-..,¥yn)]) is mapped by SP"f to a
neighborhood of [(yi,...,y,)]. Hence SP"f is pseudo-open. O

Theorem 3.6. Let f: X — Y be an almost-open and surjective mapping. Then the induced map
exp,, f: exp, X —exp, Y

1$ also almost-open for every n € N.
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Proof. Assume that f: X — Y is almost-open and surjective. Let F' = {y1,92,...,yn} € exp, Y be
arbitrary.

Since exp,, is a normal functor in the category of compact spaces, the induced map exp,, f is also
surjective. We will show that exp,, f is almost-open.

By the definition of almost-openness, for each y; € F, there exists a point x; € f~!(y;) such that
for every open neighborhood U; of z;, the image f(U;) is a neighborhood of y;. Let us define the finite
set

C ={x,29,...,2,} € exp, X.

Clearly, (exp,, f)(C) = f(C) = {f(21),.... f(za)} = F, s0 C € (exp, )" (F).
Now let (Uy,Us,...,U,) be a basic open neighborhood of C' in exp, X, where each U; is an open
neighborhood of x; in X.
We want to show that
F € Int (exp, f) (U1, Us, ..., U,)))

First, observe that by the properties of the functor exp,,,
(exp, f) (U1, Uz, ..., Un)) = (f(U1), f(U2), ..., f(Un))-

According to Lemma 2.3 in |16], we have:

(Int(f(U1)), Int(f(U2)), ..., Int(f(Un))) C (f(U1), f(U2), ..., f(Un)),

and this inclusion holds within exp,, Y, where the left-hand side is an open set.

Therefore,
(Int(f(U1)), -~ -, Int(f(U,))) € Int ((f(U1), ..., f(Un)))-
Since y; € Int(f(U;)) for each i = 1,...,n, we conclude that

F={y,...,yn} € (Int(f(Uy)),...,Int(f(U,))) C Int ((exp,, f)((Ui,...,Uy,))).

Hence, exp,, f is almost-open. O
Theorem 3.7. Let f: X — Y be a pseudo-open and surjective mapping. Then the induced mapping
exp, f: exp, X = exp, Y

is pseudo-open for every n € N.

Proof. Let f: X — Y be pseudo-open and surjective. Take an arbitrary element F' = {y1,y2,...,yn} €
exp, Y.

Since exp,, is a normal functor in the category of compact spaces, the induced map exp,, f is
surjective as well. We will show that exp,, f is pseudo-open.

By the definition of pseudo-openness, for each y; € F, there exists a point 27 € f~'(y;), indexed by
j € A, such that for every open neighborhood U; of #7, the image f(U;) is a neighborhood of y;. Here
the index j € A is used to distinguish different possible choices of preimages of y;, since in general the
fiber f~!(y;) may contain more than one element.

Fix such a collection of points {z,z},...,27} C X and define

CV ={zf,2},...,2)} € exp, X.

Clearly, exp,, f(C7) = f(C7) = {f(z]),..., f(z))} = F, so C7 € (exp,, f)"(F).
Let (Uy,Us,... ,4Un> be a basic open neighborhood of C7 in exp, X, where each U; is an open
neighborhood of 7. We want to prove that

F € Int ((exp,, f)((U1,Us, ..., U,))) .

Using the properties of the exp,, functor, we have

(exp,, f)((U1, Uz, ..., Up)) = (f(Uh), f(Uz), ..., f(Un))- (3.2)
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By Lemma 2.3 in [16], the following inclusion holds:
<Int(f(U1)>7 Int(f(U2))7 T 7Int(f(Un))> - <f(U1)7 f(U2)7 tet f(Un)>7

and this set is open in exp, Y. Moreover, since y; € Int(f(U;)) for each i = 1,...,n, it follows that

F={yy,....,yn} € (Int(f(Uy)),...,Int(f(U,)))-
Therefore, by , we conclude that

Felnt ((f(Uh), f(U2), ..., f(Un))) = Int ((exp,, f)((Us, ..., Un)))

Hence, exp,, f is pseudo-open. O

Theorem 3.8. Let f: X — Y be an almost-open surjective mapping between compact spaces X and
Y. Then the induced mapping exp f: exp X — expY 1is also almost-open.

Proof. Take an arbitrary point E € expY. Since f is surjective, the preimage F' = f~'(E) € exp X
we have F € (exp f)~'(E).
Consider an arbitrary open neighborhood O = (Uy,...,U,) of F in exp X, where each U; is an open
subset of X. Then:
FNU;#0 foreachi=1,2,...,n,

and

el
=1

This implies:
ENnf(U;)#0 foreachi, and E C U f(U).

Thus, i
E € <f(U1)7 R f(Un)>

We now show that £ € (Int f(U;),...,Int f(U,)) C (f(U1),...,f(U,)). Let us define F;, = F N U,.

Then:
UFr=Fn (UUZ) =F.
Set E; = f(F;). Then:
= r((1r) =5

Now take an arbitrary y € E. Then y € E; for some i, so there exists x,, € F; C U; with f(z,) = v.
Since f is almost-open we clearly have y € Int f(U;).
Thus:

Ec U Int £(U,). (3.3)
i=1
Moreover, for each j =1,2,...,n, there exists z € F; = F'NU; such that f(z) € Int f(U;). Hence:
EnInt f(U;) # 0. (3.4)
From (3.3), and Lemma 2.3.1 in [16], we conclude that
E € (Int f(Uy),...,Int f(U,)) C Int(f(U1),..., f(Uy,)).
Therefore, E € Int(f(U,),..., f(U,)), and so exp f is almost-open. O
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Theorem 3.9. Let f: X — Y be a pseudo-open and surjective mapping between compact spaces.
Then the induced mapping exp f: exp X — expY is also pseudo-open.

Proof. Take an arbitrary E € expY. Clearly, F = f~'(E) € exp X. For any F, consider an arbitrary
neighborhood O(Uy, ...,U,,). We have F N U; # () for each i = 1,2,....,n and F C |J U,. This implies
i=1

En f(U;) # 0 for each i , andECUf( ;). Hence, E € O(f(Uy), ..., f(U,)).
=1
Now we need to show pseudo-openness. For any y € FE, since f is pseudo-open, there exists

x, € f~(y) such that y € Int(f(U;)) because z, € F'NU,. Therefore,

EC UIHt(f(Ui)).
i=1
Moreover, for each j = 1,2,...,n, we have E N Int(f(U;)) # 0. Consequently, E lies inside a

pseudo-open neighborhood.
Thus, exp f : exp X — expY is pseudo-open. |

Theorem 3.10. Let f: X =Y be an 1-sequence-covering mapping . Then the induced map exp,, f :
exp, X — exp, Y is also 1-sequence-covering.

Proof. Let F' € exp,Y and let (F)) be a sequence in exp, Y converging to F. We aim to find a
sequence (C%) in exp,, X converging to some C' € exp,, X such that

(exp,, f)(Ck) = F forall k, and (exp, f)(C)=F.

Write
Fk_{y )y2 a---vygk)} F:{yl,y%"'?yn}‘
Since convergence in exp,, Y implies that for each ¢ = 1,...,n, the sequences (yi(k)) converge to y; in Y

(possibly after reindexing or relabeling elements if necessary), we can apply the 1-sequence-covering
property of f individually to each sequence (yz( ))

Thus, for each i, there exists a sequence (x; (i )) in X and a point z; € f~!(y;) such that:
s Sz inX, and f@M)=y* forall k.

Now define
Cp= {2 2P}, O ={a1,20,. .. 2.}

Then Cy — C in exp, X because each coordinate sequence converges, (exp,, f)(Ci) = Fj, for all k,
and (exp,, f)(C) = F.
Therefore, exp,, f is 1-sequence-covering. O

Theorem 3.11. Let f: X — Y be a sequence-covering mapping . Then the induced map
exp, f: exp, X — exp, Y is also sequence-covering.

Proof. Let (F},) be a sequence in exp,, Y converging to F', where

F _{y 7y2 7"'7y7(1k)} F:{yl)y27"')yn}'
By the definition of convergence in exp,, Y, for each ¢ = 1,...,n, the sequences (ygk)) converge to y;

inY.
Since f is sequence-covering, for each i there exists a sequence (z; (k )) in X and a point x; € X such

that:

e

K2

sz, X, f@E)=y® forallk, and f(z;)=uy.
Define
Cp={z®, 2P, a®}, C = {21, 20,... 20}

Then C), — C in exp, X since each (¥ — (expn f)(Cy) = F}, for all k, and (exp,, f)(C) = F.
Thus, exp,, f is a sequence-covering mapping. a
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Abstract. A one-dimensional inverse problem for a quasilinear hyperbolic system with an unknown
excitation source is considered. The Cauchy problem for a nonlinear Hopf-type system is studied. A
Fourier transform is used to reduce the inverse problem to a direct problem, and an existence and
uniqueness theorem for the solution is proved. The approach used can form the basis for constructing
an efficient numerical algorithm for the inverse problem.
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lem, Darcy coefficient
MSC (2020): 35F25, 76T06

1. INTRODUCTION

The theory of two-phase filtration finds important application in solving problems of petroleum engi-
neering, soil science, biomechanics and others practical areas. Recently, increasing attention has been
paid to modeling multiphase flows in connection with the disposal of radioactive waste. Simulation
and numerical analysis of two-phase filtration in elastically deformable porous media are an important
element in the development of cost-effective and safe treatment devices, allowing for a reduction in
the number of laboratory and field experiments, identification of the main mechanisms, optimization
of existing strategies, and assessment of potential risks. In recent years, interest in multiphase filtra-
tion processes in fractured porous reservoirs with low permeability has increased significantly. One
important reason for this is that fractured hydrocarbon deposits contain more than 20 percent of the
world’s oil reserves [1].

In this paper, we study the inverse problem for a system of Hopf-type equations with an unknown
source under the condition of overdetermination of solutions given on a fixed line. The original
problem is reduced to the study of the Cauchy problem for a system of ordinary nonlinear integro-
differential equations containing a convolution for which a unique solvability has been proven. The
unique solvability of the inverse problem is proved, and a representation of its solution is obtained by
solving the above-mentioned Cauchy problem [2]. Similar problems for linear and semilinear equations
are considered in [3, 4, |5]. Inverse problems with final overdetermination are studied for parabolic
equations and equations of viscous incompressible fluids in [6} |7, |8]. For the study of direct problems
for Burgers-type equations and systems, see, for example, [9, 10, [L1]. The issues of correctness of the
linear inverse problem for a three-dimensional, second-order, mixed-type equation of the second kind
in an unbounded parallelepiped are considered in [12].

In recent decades, a significant number of publications have been devoted to the study of inverse
problems for partial differential equations due to their applied significance, but for the proposed
quasilinear equations, this aspect remains poorly understood.

In [13] an inverse problem is considered, which consists of determining a solution-dependent coeffi-
cient of a quasilinear system of equations based on additional information about one of the components
of the solution of the system, defined at a fixed point in space and being a function of time. The unique-
ness of the solution to the inverse problem has been proven. In [14] a theorem on the existence of
an inverse problem of determining an unknown coefficient of a quasilinear hyperbolic equation that
depends on its solution is proved. Similar problems for a system of Hopf-type equations in the class
of analytic functions are considered in [15, |16} 17 |18].

In this paper, we investigate a new inverse source problem for a Hopf-type system, assuming that
its solutions are once continuously differentiable with respect to spatial variables and that a Fourier
transform exists. The original problem reduces to studying the Cauchy problem for a system of
ordinary nonlinear integro-differential equations containing a convolution for which a unique solvability
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has been proven. An example of a class of such functions is the space of rapidly decreasing functions
[19].
2. HOPF TYPE SYSTEM OF EQUATIONS

The Cauchy problem in a strip IIjom = {(t,z) : 0 < t < T,z € R} for a system of Hopf-type
equations is considered (20, 21} 22]

ou ou

0 4000 = b~ v) + J()galt), (2:2)
ul,_y =u’(x), vl_,=1"). (2:3)

where the function f(x) is given, ¢ = % is a dimensionless positive constant, b is a positive constant.

The unknown functions g, = gx(t) (k =1,2), t € [0,T], and solutions u, v of the system of equations
, must be determined. The system , differs from the system of two-velocity
hydrodynamics in the dissipative case due to the coefficient of friction, the absence of pressure and the
condition of incompressibility. For this reason, problems arise associated with the Hopf-type system,
which gives the simplest quasi-linear system of equations [23].
Let us define the direct and inverse problems for a Hopf-type system.

Definition 2.1. The problem of determining functions u, v from system (2.1), (2.2) for given param-
eters €, b and functions f(z), u®(z) , v°(x), g = gi(t) (k = 1,2) will be called the direct problem for
a Hopf-type system.

3. INVERSE SOURCE PROBLEM FOR A HOPF-TYPE SYSTEM

Let us assume we have additional override conditions

ul,_o=@(t), vl,_,=v(t), tel0,T], (3.1)
and the functions ¢(t), ¥(t) satisfy the matching conditions
p(0) = u"(0), (0) =2"(0). (3-2)

Definition 3.1. The problem of determining functions u, v, g, = gx(t) (k = 1,2) from system (2.1),
(2.2) for given parameters ¢, b and functions f(z), u°(x) , v°(x), p(t), ¥(t) will be called the inverse
problem for a Hopf-type system.

The functions u’(z), v°(z), f(z) and @(t), ¥(t) are assumed to be real. Next, we study the real
solution to the classical inverse problem.

Suppose that there exist the Fourier transforms U(t,y), V (¢,y) (with respect to z) of the solution

U(t,%), v(t,x) for ""

)V ) = 5 [ Gt ofta)e=rds = Fuo)(t.y), (33)
(ultsa).o(t,0) = [ (Ul). Vi) de = FOV)(00)
Applying the Fourier transform in variables x to , we have
ou(t, 1 ou? -
S0 0r (5) () = WU ) ~ Vi) + Fwn(0), (3.4

avgi’y) -5k (%) (t,y) = eb(U(ty) = V(t,9)) + F(y)ga (D), (3.5)
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where F(y) = F(f)(y). Let in [2.1) and (2.2) z = 0. Using (2.3) and (3.3)), taking into account the

properties of the Fourier transform, we obtain

@i (t) +ip(t) /_OO yU(t,y)dy = —b(p(t) — (1)) + f(0)g.(t), (3.6)
D)+ i0(0) [ gVt gy = be(t) = 00) + F0)ga(0), (3.7)
what does it mean ) .
00 =5 {20 +iew) [ wienasf, 35)
() = 57 { B0+ 00 [ it} 39)

In formulas and
B(t) = u(t) + b(p(t) — (1)),  D(t) = ¢u(t) —eb(io(t) — (1)).

Further, without loss of generality, we can assume that f(0) = 1.
Since we are looking for a real solution w(t,z), v(t,x), g1(t), g2(t), it is worth considering the real

parts of the functions g;(t), g2(t) in (3.8)) and (3.9) (see remark 3.1 [24])

o0

re {0 +iet) [ a0tany. Re{d0+ i) [

— 00 — 00

yV(t,y)dy} :

Suppose that the functions U%(y) = F(u®)(y), V°(y) = F(v°)(y) are continuously differentiable on

(—00,00), F(y) and F,(y) continuous on (—o0, 00), the functions ¢(t), 9(t) are continuously differen-
tiable in [0,7] and

0

(1+ 1) @)+ (1+ 1) [F )| ‘UO )‘ 5
?

( o
where A\ = const > 0, dy(k), d2(k) are positive constants and k > 0 is an integer.
Since

F<y>\ < di(K).y € (—o0,00),  (3.10)

(1 W) e+ (14 ) [+ [+ P < dy e Coooa), )

F(u®)(t,y) = /_OO U(t,2)U(t,y — 2)dz
we represent
F <%Z;> (t,y) = iyF(u*)(t,y) ziy/ Ut, 2)U(t,y — 2)dz

and substitute the real parts g;(t), g»(t) from (3.8)), (3.9) into (3.4), (3.5) to obtain the integro-
differential equation

Pty [~ U0y = U0 -Vt + Re {pl0) +iplt) [ g0ty | F),
(3.12)
Wiy [ VeV g2z = U) Vit +Re {50 + i) [~ wV )iy} o),
(3.13)

with parameter and initial Cauchy data

U0,y) =U°y), V(0,y9)=Vy). (3.14)
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Note that system (3.12)) and (3.13]) are not the result of applying the Fourier transform to system
(2.1) and , since instead of , in , we take only their real parts.

We will prove the existence and uniqueness of solution f using the method of cutting
functions [24]. The essence of the method of cutting functions is as follows. We introduce a sequence
of cutting functions in the class such that

1, <N-2
ss={ 5 SN (3.15

or we approximate ([3.12)—(3.14) by the problem

UN(t,y) + iy /_OO S (DU (4 2)Sw (y — 2)UN (£, y — 2)dz =

o

= U () = V() + Re {0l +i0t0) [ uSn@UN oy} P (310

— 00

V) iy [ SV (Sl — DV by - 2)ds =

= <bU ()~ V() + Re {30 + i) [ uSs@VI i} F), (347)

UY(0,y) = Sn(y)U°(y), VN(0,y) = Sn(y)V°(y), N >3. (3.18)

By virtue of (3.15]), we can replace the integrals in (3.16), (3.17) with integrals over a segment [—N, N]
and obtain

UN (1 y) + iy /_ S (AU (1,2)Swly = UV (ty = 2)dz =

=—baﬂWty%—VNUJD%+R€{¢@)+iw@[/NySN@ﬂﬂWtyMy}F@D» (3.19)

V(L y) + iy / SV () (y = )V by - 2)ds =

— eb(U™ ()~ V(L)) + Re {w) viv®) [ sV, y)dy} Fy). (320

Solving the Cauchy problem for system (3.18))-(3.20)) we obtain a system of nonlinear integral Volterra
equations of the second kind

e+ efb(lJrs)t 1— efb(1+s)t

UY(t,y) = e Sn(y)U°(y) + e Sn(y)V°(y)+

+W /Ot |:<€+6b(1+5)‘r) {Re{cﬁ(T)—i-ﬁP(T) /zySN(y)UN(T,y)dy}F(y)_

— iy /_]JVV Sn(2)UN(7,2)Sn(y — 2)UN (1, y — z)dz] +

SNV y)dy} Fly)-

I (1 _ eb(1+5)7') {Re {&(7) + (1) /

— 1y /_]Z/ Sy () VN (7, 2)Sn(y — )V (1,9 — z)dz” dr+

+1Ef;t;Q<AtF(l_emeh){Re{¢@)+i@ﬁ)/

N

Ny&wathﬁ@}F@%-



Inverse source problem for a Hopf-type system 145

— iy /J]VV Sn(2)UN(1,2)Sn(y — 2)UN (1,9 — z)dz] +

N

+ (1 + geb““)f) {Re {q/i(r) + i (7) / N ySn (V= (T, y)dy} F(y)—

— 1y /_]J\; Sn(2)VN(1,2)Sn(y — 2)VV (1,9 — z)dz” dr, (3.21)

€ (1 _ e—b(1+s)t)
1+e¢

1 +€e—b(1+€)t
1+e¢

VN(t,y) = Sn(y)U°(y) + SV (y)+

+E (_1 i_:(;;)t) /O t [(5 - eb<1+6>f) [Re {@(T) +i(7) /_ ]jv ySn(y)UN (7, y)dy} F(y)-

— 1y /ij Sn(2)UN(7,2)Sn(y — 2)UN (1, y — z)dz] +

N

+ (1= [Re {3 +ivtr) [ usuV? (s} £

— 1y /_ij Sn(2)VN(1,2)Sn(y — 2)VV(r,y — z)dzH dr+

+1+(f+6‘)) [ (=eror) [red oo+ et |

N

N ySn(y)UN (7, y)dy} F(y)—

iy /]IVV S (2)UN (7, 2) S (y — 2)UN (7,3 — z)dz] +

N

SNV y)dy} Fy)-

+ (1 + seb(lJ’E)T) {Re {%Z(T) +iyp(7) /

— 1y /]:] Sn(2)VN(1,2)Sn(y — 2) V(1,9 — z)dz” dr. (3.22)

Using the method of contraction mappings, it can be shown that for fixed N > 3, there exist classical

solutions UM (t,y), VN(t,y) € O3 (Hj,.y) of problem (3.18)—(3.20) in Iy ;). Here the constant ty
is positive and, generally speaking, depends on .

Following [5], taking into account Lemma 3.1 [24], a priori estimates of solutions UY (¢, y), V¥ (¢,y)
are established:

A A
|y‘3+ ‘UN(ta y)‘ < ¢y, ‘y|3+ ’VN(tvy)‘ < ¢y, (tvy) € H[O,t*]' (323)

Here and below, the constants c¢;, ¢, do not depend on N, while ¢, depends on the constants d;(4),
d2(4), l¢llcrorys 1¥llorpo. ) and does not depend on N, for all N > 3. From equations (3.19), (3.20)

we obtain
‘UtN(ta y)‘ S C3, “/;N(tvy)’ S Cyq, (tvy) € H[O,t*]' (324)

Differentiating both parts of system (3.22)), (3.23)) with respect to y, we can show that the estimates
are valid
‘Ugjv(ta y)‘ S Cs, ‘V;;N(t’y)’ S Cq, (tay) € H[O,t*]‘ (325)

Using (3.23)—(3.25) and Arzela’s compactness theorem in C, we can choose subsequences {U™*},
{VNe} such that
UNe U, VNSV, N, — oo, (3.26)

uniformly on each compact K in I ;.
The uniqueness of the solution is proved in the usual way. Thus, we arrive at the following theorem.
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Theorem 3.1. Let conditions (3.10), (3.11) f(0) = 1, be satisfied and @, € C*[0,T]. Then there

ezists a unique solution U(t,y), V(t,y) to system (3.12))~(3.14)) in the strip Il ;). The value 0 < t, <
T depends only on the constants di(4), d2(4) and |[¢llcip.1ps 19l 0rp0.19-
Let us prove that the solution u(t, z), v(t,x), g1(t), g2(t) to the original problem ({2.1))-(3.1)) is
(ult.o)olt.) = [ (Ult),ViE)e i, (3.27)
() = Re {60) i) [~ Uty 3.29
gult) = Re {0+ 10(t) [ vty (3.29)

It is easy to see that ¢;(t) and gg( ) are real functions. We will show that u(t,x), v(t,x) are also

real functions and satisfy - (2.3), (3-1) (where g;(t) and go(¢) are defined in and (3.29),

respectively). We apply the inverse Fourler transform to (3.12)—(3.14) by y and see that u(t x), (t x)
are a solution to the problem
ou ou
ov ov
e + Vo = eb(u —v) + f(x)g2(t), (t,x) € My, (3.31)
uly_y = u’(x), V]ip = (). (3.32)
. 9 9 9
u u u
a—tl ula—; — uga—; = —b(uy —v1) + f(x)gi(t), (t,x) €y, (3.33)
81}1 81)1 8’02
2 TV 2o, =eb(ur —v1) + f(2)g2(t), (t,2) € e, (3.34)
ou ou ou
a—; ula—; uza—; = —b(us —v2), (t,x) €Iy, (3.35)
v v ov
87; ’Ulai:; U287{171 = Eb(UQ — ’Ug), (t,Z‘) € H[07t*], (336)
ur,_g = u’(z), Vil = (), Usl,_g =0, v2f,_o=0. (3.37)

where u1,v; and ug, v9 are the real and imaginary parts of the function u, v (u = uy +iug, v = v1+ivs),
and ¢ (t), g=(t) are the functions in (3.28)), (3.29)). Since u,v; and ug, v, is a classical bounded solution
of (3.33)(3.37) (see (26)), we can consider system (3.35)), (3.36) as a linear system with respect to
ug, vy and apply the method of characteristics ( see for example [25, [10]) to obtain uy = 0, vy =

Consequently, © = u;, v = v; is a real solution of | 1 or ( Wthh is the same) - ., and
g1(t), g2(t) are given by the second equations of (§
1 D

Let us show that the redefinition conditions are satlsﬁed u(t,0) = @(t), v(t,0) = (t). Let

z=0in - then
w(t,0)+3u(t,0) [ Ut g)dy = —b(ult,0) = 0(0,0)) + (1) + bo(t) — w0 + o(0)i [ yUt ),
(t,0)+i0(60) [ gV (1) = 2bu(t,0) = 006, 0) + u(0) — eblole) — w0 + 60 [ V),
. D,(t) + K(t)®(t) = —b(P(t) — ¥(t)), 3.38)
(t) + A(t)W(t) = eb(D(t) — ¥(t)), (3.39)
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where

O(t) = u(t,0) — p(t), W(t) =v(t,0) —P(t),

K =i [ ytwdy, A0 =i [ Wity
Note that the functions K(¢), A(t) are real functions [24].
By virtue of (3.1) and (3.32)
(I)(t)‘tzo =0, \Ij(t)’t:O =0. (3.40)

The only solutions to the Cauchy problem ({3.38)-(3.40|) are ®(¢) = 0, ¥(¢) = 0 [25] and, therefore,
u(t,0) = ¢(t), v(t,0) = (t). Therefore, the functions u(t,z), v(t,x), g:1(t), g=(t) are a solution to

Thus, we have proved the following theorem.

Theorem 3.2. Let and be satisfied and @, € C*[0,T], f(0) = 1. Then problem (2.1))-
2.3), (.1 has a solutzon u(t, x) (t,x) € C'(Ip4+.1), 91(t), g2(t) € C'[0,¢.], which is determined by
formulas 7)-(3.29). The value of t., 0 < t, < T, depends only on the constants di(4), d2(4) and

||90H01[0,T]; ” ”cl[o,T]
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On embedding theorems in generalized grand Sobolev spaces

Najafov A., Mammadov R., Gasimov S.

Abstract. In this paper, we introduce generalized grand Sobolev spaces and using the integral rep-
resentation method, study some properties of functions from these spaces from the point of view of
embedding theory.

Keywords: generalized grand Sobolev spaces, integral representation, A-horn condition, embedding
theorems

1. INTRODUCTION

Note that the grand Lebesgue L, (G), (|G| < 00, 1 < p < 00) introduced in [1], and after spaces of
these types, more precisely, small Lebesgue space L, (G), grand-grand Lebesgue-Morrey Ly ) (G),
grand Sobolev-Morrey W), __, (G), grand-grand Sobolev-Morrey W}, _, , , (G), small small Sobolev-
Morrey W(lp,(ma (G), and generalized grand Sobolev-Morrey Wli),q, (G) spaces has been introduced and
studied by many mathematicians [2, 3 4, 5], |6l 6, 7, 8,9, |10, 11} |12, (13} 14, |15} 16} |17} (18} 19].

In this paper we introduce a generalized grand Sobolev spaces Wl), 4 (G), and using integral repre-

p
sentation method we proof Sobolev type integral inequalities for functions from this introduced spaces.

It should be noted that the norm introduced in this paper is more general than in previous papers.

Definition 1.1. A generalized grand Sobolev space we denote by WA 4 (G) a space of locally sum-
mable functions f on G having the D% f (I, > 0 are integers i = 1,2,...,n) with the finite norm

1w, o) = 142, IGLFO) o + D IIDF A (e p, |Gl f () e (1.1)
i=1

where
1A, p, |Gl f () ly.e = 1A, p, |Gl f () |z, =

1
p—e

~ (/\A<s,p,yG|,f(m))\“dm) < o0, (1.2)

O0<e<p—1

G C R™ is bounded domain, 1 < p < 00, A : (0,p—1) x (0,hy) x L (G) — R is a measurable
function on D = (0,p — 1) x (0, hg) x Ly (G). Also A (x,y, z) is the differentiable function with respect
to argument z, and 1_i>r51+A (e,p, |G|, f) =0, for all fe L, .(G), |G| < 0.

Note that, if
Ae.p, |G, f (2)) = (|G|) @),

then the space Ly 4 (G) coincides with the space L, (G) in [1].
Now we give the definition of domains G C R" satisfying the horn condition (see [20]).

Definition 1.2. Let | = (I;,...,l,) be a vector with positive components, 0 < h < o0, & >0, > 0
and a; #0 (i =1,...,n). The set

V({I)=V(l,h) = U {x: £>0, v < (?)l <(1+e) (izl,...,n)}

0<v<h
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is called the l-horn of radius h and angle €. We say that an open set G satisfies the [-horn condition
if there exist open sets G}, and [-horns V(1) = Vi (I, h) (k=1,...,N) such that

N
=J G LJ@+mzm
k=1

and

G = U G(5)

where G\ ={z: z € Gy, p(z,0G,\ 0G) > b}.

We now construct an integral representation for studying the properties of functions in Wzi (G)
defined in n-dimensional domain and satisfying the A-horn condition. In addition, we will assume
that f € L!°(G) has all those generalized derivatives with respect to z that will be included in the
consideration.

Let us consider the averaging of functions A, i.e. consider the function (see, |20])

Ap Ep 61t @) = o™ [ AeplGL 1 @+ 9)2 () v (13)

where v > 0, A = (A1, Ao, ..., A), A >0 (j=1,2,...,n), v* = (vM,...,0v*), Qe Cg (R"), and

/QM@m:/WZ m—/Q

and k = (k1,kay .o k), ki (1=1,2,...,n) are sufficiently large mnatural numbers,
a

© (x) = [[}—; © (x;) is the Heaviside function.
Let us find the derivatives of Q,x (x) with respect to parameters v and obtain

;@ Z/\v_l A Dk L ( ) (1.4)

where

| ahg, (4) _
Li (;p) :Dk—k,,e,, |:(k_1)| / K(zh,..7zi,1,$i,zi+1,...,Zn) (H@(IEJ —Zj)dz(l) ,
Rn—1

J

Al = ZAMMH@ —z) =[] e
J#i
Let the functlon Al(e,p, |G|, f) be defined in a domain G containing the support of function L; (x)

and has generalized derivatives on G D! f. Then the following equality is true

[ AEp.161 £ @) DL (@) do =
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— (-1 [ DL A (Gl (@) Dk L (w) do, 1, < (1.5
G

which follows from the definition (see [20]) of the generalized derivatives, if D" L; (z) is taken as
the function ¢ € Cg° (R").
By virtue of (1.4]), from ([1.3) we have

A @GS @) = [ACp 6L @+ ) o [P0 (X)) 4] =

R™

i=1

P il / A(e,p, |Gl f (z + ) D Li (5 ) dy. (1.6)

And using the Newton-Leibniz formula we obtain the following equality
/17]A (871)7 |G|7 f) = Ah)‘ (E7p7 ‘Gya f) +

n

1= ki (2
+/;Aw dvR/A(s,p,|G|,f(x+y))Dz Lo (%) dy. (17)
) :

From here we get

An* (57]7, |G‘7f) = Ah)‘ (Eapv ‘Glaf)—i_

h n
[y [ DEAp Gl f @+ ) L () dy, (18)
=1

Rn

where L; (z) = (=1)" \;\DF7 L, (2).

Equality can be considered as representation of the difference in the values of the average
functions with parameters n* and h* at point z through the integrals of the generalized derivatives of
the functions A along the coordinate directions.

Let v = (v,v0,...,1), v; > 0 (j=12,...,n) are integers, and [, < v
G=12,....n;5#14), L < ki+wv;(i=1,2,...,n) . Let us apply differentation to both sides of
and transfer the differentitation operation to the kernel, we have (z € G)

AR (2,9, 1G], £ (2) = A (6,1, |G, f () +

h n
. 1. —(v i T (v Yy
4 [ S ur oo [ DA (6L, f o+ ) 2 () dyav, (1.9
n =1 R™
where
AL Ep G F (@) = N0 [ A(ep |61 f (@4 ) 2 () d. (1.10)
R‘n

and (v, \) = Zn: vjA;. Note that the A-norm
1=1
s+ VNS =z+ | (@*+0'6) C@
0<d<h

is the support of this representations for x € U, where U = {x : x € G, z +V C G}.
Let us now show that if the inequalities

m; =Nl —(v,A) >0 (i=1,2,...,n) (1.11)
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are satisfied, then there is a generalized derivatives D" A (e, p, |G|, f) € L'° (G) and we will obtain an
integral representations for them. Let us first establish that

A — AN o, (1.12)

with 0 <n < h — 0 in L'¢(U). Let the compact F C U, then at some p > 0, F + pI C U. By virtue

of Minkowski‘s inequality we have

1A® (2,9, 1G], £ () — A% (,p,1GI, £ () 1o <

h

n
< / Z v—1—|>\\+>\ili—(l’7>‘) ||D§7"A||1,F+PI

0 i=1

~ . n ‘ . h’fm
L (o) o < o ULl 1EE,

From here, by virtue of (1.11) it follows (1.12). Let us assume that generalized derivatives D" A
exist on G, and passing to the limit in (1.9) as n — 0, for almost all € U we obtain with the same
kernels the following equality

D A(e,p. |G, f (x)) = A (e.p, |G, f () +

—1—|A[+Aili— (1, A) L Fw) (Y
+Z/v /DZA(E,p,]GLf(m—i—y))LZ <U/\>dvdy. (1.13)
Rn

2. MAIN RESULTS
Now let‘s prove the main theorems on the properties of functions from the introduced spaces.

Theorem 2.1. Let G C R™ be a bounded domain satisfying the A-horn condition, 1 < p < q < o0,
v=(v,...,1,), v; >0 (j =1,2,...,n) are integers, f € W;),A (G), and

L AL S s

Bi = Xl — (Va >\)—
p—€E q—¢€

Then D¥ : Wi ,(G) <= Ly . (G), 0 <e<p—1,ie foralfeW, ,(G) onthe domain G there
exist generalized mized derivatives D¥ f € L,_. (G) and there are positive numbers hy, C* and C? such
that

1" Ally—sic < CR* || A(e,p, |G, £ O) Iy + C* D WP |IDEA e, IGLf (D e (21)

i=1

where /BQ = /Bz - )\le
In particular, if B) = Nl; — (v, \) — % >0 (i=1,2,...,n), then D" f (z) is continuous on G and

esssup| D A (., |G, £ (2)| < C'WB A e,y |G £ (D) o+ €2 D07 1D A |Gl £ Ol 6
x i=1

(2.2)
C*' and C? are constants do not depend on h and f.

Proof. Initially note that under the conditions, of our theorem, there exist generalized derivatives
D"Aon G. Indeed p<gq, B;>0 (i=1,2,...,n), then \;l; — (v,\) >0, (i=1,2,...,n), if follows
that exist DY A, and the following integral representation .

We assume that U + V' C G and based on the Minkowski from equality we have

ID* Ally—sic < 1A lg—cic + D 1 Billg—c.co, (2.3)
=1
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where
h

Bi(a) = [0t PN [ Dha(ep |G (o)) L () dydo,
R’!L

0

(2.4)

For |B;| presented in the form ([2.4) we apply the generalized Minkovskii inequality and obtain that

h
IBillo-ea < [ o7 HNCNNE ()
0

where

R0 = [ DA o)L () dy
R‘VL

Let us represent the integrand of the expression presented in formula (2.6)), in the form

) ()T

and apply Holders inequality for |F;| in this case

1 1 1 1 1
() )
q—¢ p—e q—c¢ s qg—E€
(pis_qis)
|E: (-, v) ||g—e.c < sup / !DiiA (e,p, |G, f (= + y))|p_E z (%) dy X
xeU . v

Xi‘éé’(/\Dﬁ* (e.p, 1G], f (+ )" ) (R/ y)
U

» be the characteristic function of set S (LE”)).

For x € U, we have

|DlALY)| = LY LN

(\Dl AP

we get

i
>\

/|DfiA(€7p7|G!af($+y)){p_5%<v‘li)dyg

/|Dl (0, 1G1, £ (w+ )" dy < | DAL,
for all y € V, we have

[ 1D A 1GL £ @+ )| dw < DA,

U

and

L0 (5] dy = oML
v

R’n.
From inequalities (2.7))-(2.10) follows, that

[

. _ L
I1F; (- 0) llg-cc < CLIDF A e, G, f () llp-eig v 75702,

,iJr\M

o p—

1AD 4—cc < Coll Allp-cic

(2.5)

(2.6)

(2.8)

(2.9)

(2.10)

(2.11)
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= Coh~ Vet *‘H Ae,p |Gl F ) llp-cc (2.12)

From inequalities (2.3] . and (2.12)) follows that inequality (2
Show that D" f is contmuous on G By 1-} and (| . for ¢ = oo we obtam

104~ ARy ST A (e, 161, DY )|

i=1

p—&;G °

It follows that the left-hand side of the last inequality tends to zero as h — 0. Since AY, k is continuous
on G, in our case the convergence in L, (G) coincides with uniform convergence; concequently DYA
is continuous on G.

This completes the proof.

Let v be an n-dimensional vector.

Theorem 2.2. Suppose that the domain G, the parameters p,q and vector v satisfy the condition of
Theorem 2.1.
Letl; € N, j=1,2,...,n, and also let

A A
’|+Jif_&@>QiJ:Lzuwn

i = Aili — (1, A) —
Bis R

Then D¥ = Wi ,(G) — Wél_&A (G), i.e., the inequality holds for f € W, , (G)

1D Allyr (@) < C'h* | A (6.0, 1GI, f ()] +

+C2Y || DEA (e, p, G £ () )]s (2.13)
i=1

1

where h is an arbitrary number from (0, hg), C* and C? are constants and do not depend on f.

Proof. Note that

”f”W’1 al@) HA(€ p, |G‘ f q e,G + Z ||Dl E Db, ’G| f ||q ;G

where )

q—¢

||A (5,1)7 |G|,f('))||q—e,G — (/ ’A(&,p, |G"f($))|q—s dx)

To obtain inequality (2.13)) on the identity ((1.13)), in the second term on the right side instead of v
we will take v+ 17, j=1,2,...,n, ie,

DB A(e,p, |G, f (@) = A (e,p, |G, f (2)) +

" Lo (N 1l ) (Y
+2 / / TN AL DI A e, G f (2 +y) LY () dvdy, (2.14)
J=1;Z1 pn
where
v ZIA—=(v (Y
AL p, G £ @) =0 [ A |61, 1 (w4 9) 2 (5 o (2.15)
Rn

As in Theorem 2.1 here too

| DA e, 1GI, £ ()

<||4 eplcl )| +Z||B”||qeg, (2.16)

q—¢,G
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where

h
Buj(w) = [ [or e NS D A G £ @+ ) 2 () dudy.
(%

0 Rn

Similarly, using inequalities (2.5 and (2.12]) here we also obtain the following inequalities

and

|4 Epel s (), < Ch* IAERICLFO)lce (2.17)
y Lt
1Bijlly—cc < CohP9 | D Ale,p, |G, f () e (2.18)
It is known that
1D Al @ = A EpIGL D+ =
— | A® ~ || et
ALy ace) + ; HD A‘ S (2.19)

Then, taking into account inequalities (2.17)-(2.19) and (2.16]), we obtain the required inequality
@.13).
Theorem 2.2 is proved.
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On the existence and uniqueness of a strong solution to the
antiperiodic problem for a 2-parabolic equation with a deviating
argument

Otarova J., Uzagbaeva D.

Abstract. This paper investigates the antiperiodic boundary value problem for a 2-parabolic equation
with a time-deviating argument. A corresponding spectral problem is constructed, the symmetry of
the differential operator is proven, and the properties of eigenvalues and eigenfunctions are established.
It is shown that the eigenvalues have multiplicity two, and the corresponding eigenfunctions form an
orthonormal basis in a Hilbert space. A strong solution to the problem is obtained in the form of a series
expansion using the orthonormal basis of eigenfunctions corresponding to the spectrum of the operator
generated by the boundary value problem. Conditions for the existence and uniqueness of a strong
solution are established, and an explicit form of the inverse operator is constructed. Furthermore, it
is proven that the problem operator is essentially self-adjoint. The proven statements complement the
theoretical foundation for problems with deviating arguments in classes with antiperiodic boundary
conditions, which is significant in modeling processes with memory and delay.

Keywords: deviating argument, 2-parabolic equation, spectral problem, eigenfunctions, eigenvalues
MSC (2020): 35D35, 35K35, 35P10, 47B25

1. INTRODUCTION AND PROBLEM STATEMENT

The study of boundary value problems for partial differential equations plays a main role in the-
oretical and applied mathematics, especially in modeling complex physical processes described by
parabolic-type equations. In recent years, there has been growing interest in problems with time-
deviated arguments, which reflect memory effects or delays in the evolution of processes. Such prob-
lems naturally arise in thermal physics, biology, economics, and other applied fields.

Of particular interest is the formulation of antiperiodic boundary value problems, where the function
and its derivatives at opposite ends of the interval differ in sign. Such conditions often model processes
with symmetrical oscillatory regimes, where periodic influences reverse direction in each cycle.

Theoretical methods for analyzing differential equations with deviating arguments largely rely on
the classical approaches presented in the monograph [1]. Fundamental works [2, 3, 4] on the theory of
parabolic equations have formed a methodological basis for investigating a wide range of evolutionary
problems in mathematical physics. The issues of well-posedness and construction of solutions to
problems with time-deviating arguments have been addressed in numerous studies. Works [5, (6, |7,
8| yielded important results on the spectral properties of boundary value problems with a deviating
argument. These studies laid the foundation for the further development of the theory of problems
with non-traditional boundary conditions and time-deviating arguments. Significant contributions to
the advancement of this field were made by works [9, |10, |11, {12} 13, |14} 15], which examined the
existence, uniqueness, and regular and strong solutions of various classes of differential equations with
deviating arguments.

A significant contribution to the development of the spectral theory of differential operators in
functional spaces was made in the monograph [16], which consistently presents the modern concept of
spectral geometry. The authors consider a wide range of problems related to studying the spectrum
of differential and pseudo-differential operators on Riemannian manifolds and Lie groups, allowing
for a deep analysis of the behavior of solutions to boundary value problems from the perspectives
of geometry and functional analysis. Special attention is paid to the conditions for basis property
of systems of eigenfunctions and associated functions, which are widely used in solving non-trivial
boundary value problems of mathematical physics, including problems with antiperiodic conditions.

A substantial contribution to the study of spectral formulations of boundary value problems with
deviating argument was made in the work [17], which conducted a systematic analysis of all possible
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boundary conditions for a first-order differential equation with involution. It has been shown that the
structure of the spectrum and the properties of solutions significantly depend on the type of boundary
conditions and the nature of the involutive operator.

In the work [18], the conditions for the basis property of the system of eigenfunctions and associated
functions of a differential operator with involution are examined. Establishing the basis property plays
a key role in constructing generalized expansions of solutions, which is especially relevant for problems
with antiperiodic conditions, where the symmetric structure of boundary conditions is related to the
involutive action of the operator. The results of |18] provide important analytical tools for proving
the uniqueness and stability of solutions, as well as for developing spectral-analytical methods for
studying boundary value problems with involution.

This work investigates the issues of unique strong solvability of the boundary value problem for a
2-parabolic equation with a deviating argument and homogeneous antiperiodic boundary conditions
in the Hilbert space of square-integrable functions.

Let Q = {(z,t): 0 <z <!, 0<t<T} and consider the following problem in the domain :

Problem AP. To find the solution of the equation

Lu=u (2, T —t) — Upaao (2, 1) = [ (2,1), (1.1)

satisfying the boundary conditions

oFu oFu

— — = <t<T, k= 1.2

pRe 1:0-1- i 0, 0<t<T, 0,3, (1.2)
u(xz,0) =0, 0<z<I, (1.3)

where f(x,t) is a given function.
According to the classification proposed in the work [19], the equations of the form

% — (_ )P—182pu

ot ox?r

are called p—parabolic equations. At p = 2, the classical 2-parabolic equation is obtained
U (2, 1) + Uzaw (z,) = f(2,1).

The deviating argument 7" — ¢ in equation (1.1) represents an involution of the variable ¢, since
the double application of this transformation returns the original value (7" — (7" — t)) . This involution
significantly affects the structure of the equation and leads to a change in the sign before the fourth-
order derivative compared to the classical Mihailov formula. Thus, equation (1.1) represents a 2-
parabolic equation with involute deviation, which can be considered as an inverse problem for the
classical 2-parabolic equation in the Mikhailov sense.

Let us introduce the following notations: V() = {u(x,t) : u € C27 (Q)NC, (), satisfies conditions

(1.2),(1.3)}.

Definition 1.1. The function u(x,t) € V() is called a regular solution of the problem AP for
f(z,t) € C(9), if it satisfies equation (1.1) and conditions (1.2), (1.3) in the domain €.

Definition 1.2. The function u(z,t) € Ly(€2) is called a strong solution of the problem AP for
f(z,t) € Ly(Q), if there exists a sequence {u,(z,t)}>°, of regular solutions such that {uw,(z,t)}>>,
and {Lu,(x,t)}>2, converge in Ly(2) to u(x,t) and f(x,t) respectively.

+ f(x,1),

Definition 1.3. A boundary value problem AP is called strongly solvable if a strong solution of the
problem exists for any right-hand side f(x,t) € L,(Q2) and unique.

2. ON THE SPECTRUM OF THE ANTI-PERIODIC PROBLEM AP.

2.1. On symmetry. On the set V(2), we define the operator Ly, which acts from V() to C(2)
from Yu € V() according to rule (1.1). Due to the relationship C5°(2) € V() € Ly(Q2), the domain
D(Ly) = V() of the operator L, is densely packed in Ly(€2). Let L be the closure of the operator
Ly, in Hilbert space L,(£2), which is the minimum closed extension of the operator Ly.
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Definition 2.1. |20]. An operator A acting in a Hilbert space H is called symmetric if D(A) = H
and if for any u,v € D(A), the identity (Au,v), = (u, Av), holds, where (u,v), the inner product
in the space H. In our case, H = Ly(Q2), and the inner product is defined by the formula

(u,v)g = (U, 0) 1,0y = // u(z, t)v(z, t)dzdt.

Lemma 2.2. The operator L corresponding to the boundary value problem AP is symmetric.

Proof. Note that D(L) = Lo(Q2) is constructed. To prove the symmetry of the operator L, it is
necessary to prove that for any u,v € D (L), the equality (Lu,v), = (u, Lv), holds.

T 1
(Lu,v) = / (2, T — £) — g (2, )]0, )t
00
using the substitution of the s = T' — ¢ variable and integration by parts by ¢, we obtain
T 1 T 1
//ut(x,T—t)v(x,t)dxdt— //u(x,T—t)vt(:v,t)dxdt.
00 00

The boundary conditions become zero due to the initial condition u (x,0) = 0. Applying quadruple
integration by parts by x, we have:

T 1
//uww z,t)v(x, t)dxdt = // () Vg (2, t)dadt,
00

all boundary conditions become zero due to the antiperiodic conditions (1.2). We get (Lu,v), =

(u, Lv),, which proves the symmetry of the operator.
O

2.2 On the basis property of eigenvectors. Let us consider the spectral problem for the
operator L corresponding to the boundary value problem (1.1) - (1.3):

U (2, T — t) — Uggas (x,t) = Mu(2,1), (2.1)
o*u o*u
— — = <t<T, k= 2.2
o2* | _, + ozt | _, 0, 0<t<T, 0,3, (2.2)
u(z,0) =0. (2.3)
To solve the problem, we use the method of separation of variables. Assuming
u(z,t) = w(x) - v(t), (2.4)

and substituting (2.4) into (2.1), we have

v (T—t)  wV(x)+Iw(z)
v(t) w () -7

where is y—the spectral parameter. Thus, if the solutions of problem (2.1) - (2.3) have the form (2.4),
then the functions w (x) and v (t) are respectively solutions of the following spectral problems

V(T —t)—~v(t) =0
{U oo , (2.5)
(@) = Bw (z) =
d*w d*w(z) B B (2.6)
Wt | =0k=03

where f =~ — A
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Lemma 2.3. The spectral problem (2.6) has an infinite set of eigenvalues

42k +1)*
By = ”(lj) k=0,1,2.., (2.7)

and corresponding eigenfunctions

2 2k +1 2 2k +1
w,gl)(x) = \/;cos W(Z—i_):zr, w,(f) (x) = \/;sin ﬂ(l—i_)x, k=0,1,2.., (2.8)

which form an orthonormal basis in L (0,1).

Proof. Let us find the eigenvalues of the antiperiodic problem. The characteristic equation is written
in the form, m* = 3, let us consider the cases 3 >0, 5 =0, 3 < 0.

Let 8 =0, then the characteristic equation m* = 0 has four roots m; 5 34 = 0. The general solution
is written as w (z) = Ci2* + Coz* + Csz 4+ Cy using the antiperiodic conditions of problem (2.2) we
have C; = Cy = C3 = Cy = 0. From this X (z) = 0.

Let 8 < 0, be 8 = —4u*, (u>0), then the characteristic equation m* = —4u* has complex
conjugate roots my o = p (1 £14); ms4 = p(—1=%17); the solution is written as:

w (z) = Cichux cos px + Cychpx sin px + Cyshux cos px + Cyshpuzx sin px,

using the conditions of problem (2.6), we have C; = Cy = C3 = Cy = 0. From this w (z) = 0.

Thus, the problem (2.6) at 5 < 0 has only a trivial solution.

Let 8 = p*, where p > 0. Then the characteristic equation m* = p?* has roots my , = +u; ms, =
4w, and the general solution can be written as:

w(x) = Cre"” 4 Cre ™" 4 Cy cos px + Cy sin p,

where C;,7 = 1,4 are arbitrary real numbers. Further, considering the boundary conditions of problem
(2.6), to find these constants, we obtain the system

(1 —e"l) (1+e “l) Cy+ (14 cos ul) C3 + sin ulCy = 0,
(1+e")Cr— (1+e ") Cy —sinulCs + (1 + cos pul) Cy = 0,
(1+e")Cr+ (1—e ) Cy — (1 + cos pl) Cy — sin plCy = 0,
(1-— e"l) C,—(1- ef“l) Cy + sin plC3 — (1 4+ cos ul) Cy = 0.

(2.9)

The resulting system has a non-trivial solution only for the values u, at which its determinant becomes
zero. Let us denote the determinant of this system by A(u). Then it is not difficult to see, that
A(p) = —16(1 + cos ul). From this we find eigenvalues, that have the form (2.7).

Now let us examine the multiplicity of eigenvalues. Since the rank of the matrix corresponding
to system (2.9) is equal to 2 when uil = m + 27k, it follows that the geometric multiplicity of the
eigenvalues is equal to 2. Therefore, each eigenvalue corresponds to a pair of eigenfunctions. The
algebraic multiplicity is the order of multiplicity of the root in py the equation A (p) = 0. Since

A" (p) =16lsinpl, A’ (ug) = 16lsin[(2k + 1) 7] =0,
A" (1) = 1617 cos ul, A" (uy) = 161 cos [(2k + 1) 7] = —161* # 0,

therefore, the algebraic multiplicity of eigenvalues is also equal to 2. Consequently, all eigenvalues of
problem (2.6) are of multiplicity two, and the eigenfunctions are the functions (2.8). The orthonor-
mality of the resulting system in L,(0,1) is verified directly. Then, by the Riesz-Fischer theorem, the
system of eigenfunctions (2.8) of problem (2.6) forms an orthonormal basis in L, (0, 1) . O

Lemma 2.4. [15]. The spectral problem (2.5) has an infinite set of eigenvalues

— (=) (Z42%) 2. k=o0.1.2.. 2.1
= (-1 (3 +2) 7, k=01 (2.10)
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and corresponding eigenfunctions
2 2k +1
v (t) = \/Tsinﬂ(ﬂj_)t, k=0,1,2,.., (2.11)
which form an orthonormal basis of the space Loy (0;T) .
The following statements hold. [[20], p.65]:

Lemma 2.5. If the system of functions {om(z)},m = 1,2,...forms an orthonormal basis of the space
Ly (0,1), and the system of functions {¢,(z)},n = 1,2,...forms an orthonormal basis of the space
Ly (0,T), then the system of functions {p.,(z),(x)}, m, n=1,2,... forms an orthonormal basis of
the space Lo [(0,1) x (0,T)].

From this lemma and from formulas (2.4), (2.7), (2.11), it follows that:
Theorem 2.6. The spectral problem (2.1) - (2.3) has an infinite set of eigenvalues

1 42k +1)*
New = (1" (2 + 2n> p T 0, (2.12)

and corresponding eigenfunctions

2 2 1 2k +1

ugn) (x,t) = \/ﬁcos ult nl+ )x : sinw(ﬂj_)t, k,n=0,1,2,.., (2.13)
2 2 1 2k +1

u,(fn) (x,t) = sin m(2n + )x . sinwt, k,n=20,1,2,..., (2.14)

VTl l 2T

which form an orthonormal basis of the space Lo ().

3. ON THE EXISTENCE AND UNIQUENESS OF A STRONG SOLUTION TO THE ANTIPERIODIC PROBLEM

Consider the linear operator L corresponding to the boundary value problem (1.1)-(1.3). Suppose
that for some u € D (L), u # 0 the equality Lu = 0 holds. Then, due to the symmetry of the operator
L we have the equality

0= (Lu, u,(jr)L) = (u,Lug) = Ak (u,ué?l) , 1=12.

If A\, # 0, then due to the completeness of the system (2.13), (2.14), we obtain v = 0, which
contradicts our assumption. Therefore, for some values of the indices, the equality A,, = 0 holds.
Conversely, if there is a zero eigenvalue among the eigenvalues, then for some u # 0 the equality
Lu = 0 holds.

For the existence of the inverse operator L~ it is necessary and sufficient that the kernel of the
operator L consists only of the zero element, i.e.

ker L = {u € D (L), Lu=0} = {0},

and for this, it is necessary and sufficient that the condition is satisfied A, #0, Vk,n=20,1,2,...
If A\, # 0, V k,n € N then according to the theory, there exists a unique inverse operator L1,
i.e. the solution to the problem AP exists and unique. Obviously, for n = 2m we have

w1 2k +1)*
)\k’Qm_T <2+4m> +l74750, k,m=0,1,2,...

Therefore, from (2.12), when n = 2m + 1 we obtain the necessary and sufficient condition for the
invertibility of the operator

™2k+1)" 7 <5

Ak,Qn-&-l = l74_f 2+4m) 750, k,m:O,l,Z,...,
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which holds when the following conditions are met

1 4 (2k + 1)
2m3T Am+1

(3.1)

Thus, the necessary and sufficient condition for the invertibility of the operator L will be condition
(3.1), which excludes the coincidence of eigenvalues (2.12) with the zero eigenvalue.

Since the right side of the inequality (3.1) is a rational number for any k,m € N, and 7 is an
irrational number, then, for example, this inequality holds for any fixed I,T € Q.

Let us now construct the inverse operator L™'. Let u € D(L), f € R(L) and the equality Lu = f
is hold. Expanding the left and right sides of this equality into a Fourier series with respect to the
system {u\’}, k,n =0,1,2,..., we have

ZZZ (Lu u,m u,m T t):Z

k=0 n=0 i=1 k=0

2
Z e (w0 i i (2, ),

ﬁMg

Then the sought solution u (x,t) of the equation Lu = f can be written as

u(z, L7lf = Zzzf u”) (z,1), (3.2)

k=0 n=0 i=1

provided that A, # 0 for V k,n. This is valid, since

1 2k‘ n*

Thus, the inverse operator L' : R(L) — D (L) is formally defined by expression (3.2). The resulting
solution (3.2) is a strong solution to the problem (1.1)-(1.3) [9]. Let us denote by the closure of the
operator L , originally defined L on the set of regular functions D (L). Then, if R (L) = L (),
any function f can be the right-hand side of the equation, and there exists a strong solution; this
condition is equivalent to the condition Az, # 0, V k, n € Np,i.e., there must be no zeros among the
eigenfunctions. Thus, the following theorem is proven.

Theorem 3.1. For the uniqueness of the strong solution of the boundary value problem (1.1) - (1.8),
it is necessary and sufficient that condition (3.1) be satisfied. When this condition is satisfied, the
strong solution of the problem exists and has the form

u (e, t) = ZZZ( o ") ui, (,1),
for all f(z,t) € Ly (), satisfying the condition
N2
o oo 2 f7 u’(;’i
Z Z Z ()\;m) < 00,

where “1(;7); (x,t), i=1,2 and \g, are defined by (2.12) - (2.14).
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4. ON SELF-ADJOINTNESS IN THE ESSENTIAL SENSE OF AN OPERATOR L.
The following statements hold [9):

Lemma 4.1. Let A be a symmetric linear operator in a Hilbert space H. If the operator A has a
complete system of eigenvectors, then its closure A is a self-adjoint operator in H.

Theorem 4.2. The operator Lu = uy (x,T —t) — Uppss (x,1) ;acting in the Hilbert space H =
Ly (), where Q = (0,1) x (0,T), with the domain

» _ u(z,0) =0, 0<z <l
D(L) := que 0™ () NC(Q) Oul  p0ul —0 k=03 0<t<T
l‘k a;:O xk I:l ) )y~ — —_—

which is symmetric and allows for a self-adjoint closure in Ly(SY). That is, its closure Lcoincides with
the adjoint operator L*, L = L*, and therefore the operator is essentially self-adjoint.

From Theorems 3.1 and 4.2, it follows

Theorem 4.3. If
14 L (2k + 1)
23T dn +1

then the inverse operator L=1 exists and self-adjoint.

s Vk,nENo,

Proof. According to Lemma 4.1, a symmetric operator with a complete system of eigenfunctions is
essentially self-adjoint, i.e. L = L* is its closure. From this, it follows that the L~!—inverse operator

is also self-adjoint, (L) = (L*) ' = (Z)_1 =L O
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Abstract. In this work, we investigate the thermodynamic properties of the three-state solid-on-
solid (SOS) model on a binary Cayley tree. Employing recurrence relations, we analyze the partition
function and derive explicit expressions for the local magnetization and the quadrupolar moment.
One of the main results of the paper is the demonstration of the existence of a second-order phase
transition in the model. To explore the system’s dynamical behavior, we compute the Lyapunov
exponent, which reveals transitions between distinct dynamical regimes. Our findings demonstrate
the model’s rich phase structure, characterized by the emergence of periodic regimes and the absence
of chaos, as confirmed by Lyapunov analysis.

Keywords: SOS model, Second-order phase transition, Magnetization, Quadrupolar moment, Lya-
punov exponent
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1. INTRODUCTION

The solid-on-solid (SOS) model is a fundamental framework in statistical mechanics, extensively
employed to investigate surface growth, interface dynamics, and phase transitions in lattice systems [1,
2,13, 14,5, |6]. By focusing on the height differences between neighboring sites, the SOS model simplifies
complex interactions while preserving essential physical phenomena, rendering it a powerful tool for
both theoretical and computational studies.

In this work, we examine the three-state SOS model on a Cayley tree of order two (also referred
to as a binary tree), which introduces a hierarchical lattice structure that accentuates the role of
recursive interactions [3]. The three-state SOS model, in which each site assumes one of three discrete
height values, serves as a rich platform for studying phase transitions driven by temperature and
coupling strength. Prior investigations of related models have revealed the existence of multiple
phases which confirms the existence of the first-order phase transition and critical phenomena in
tree-like structures [7], [8, |9} |10, 11 [12].

Here, we employ recursive methods to derive key thermodynamic quantities such as the parti-
tion function and magnetization, leveraging the symmetry of the Cayley tree to facilitate analytical
progress. We show that the model exhibits the second-order phase transition using stability analysis of
fixed points. In addition, we investigate the model’s dynamical behavior via the Lyapunov exponent,
providing insight into the transition between periodic and chaotic regimes in the recursive dynamics.
Our analysis integrates classical methods from statistical physics while offering novel insights into the
interplay between thermal and dynamical properties in hierarchical systems. These results contribute
to the broader understanding of disordered systems and phase transitions in non-standard geometries.

The structure of the paper is as follows. In Section [2] we define the three-state SOS model on
a Cayley tree of order two and derive a system of recurrence relations for the partition function.
Section [3] focuses on the thermodynamic behavior of the model, including explicit expressions for
the magnetization and quadrupolar moment associated with each fixed point, showing the presence
of the second-order phase transition. In Section |4, we examine the dynamical stability of the sys-
tem through cobweb diagrams, iterative maps, and Lyapunov exponents to characterize periodic and
chaotic behavior. Finally, in Section [5, we summarize the main results.

2. MODEL DEFINITION AND RECURSIVE FORMULATION

We consider the three-state SOS model on a Cayley tree of order two, also known as a binary
tree. A Cayley tree of order two is a connected, acyclic graph in which each vertex is connected to
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exactly three neighbors, except for the vertices on the boundary (leaves). The tree can be constructed
recursively by starting from a root vertex (referred to as the central site) and attaching two new
branches to each non-terminal vertex at each successive level. The number of layers, denoted by n,
determines the depth of the tree.

The Hamiltonian of the model is given by

H:—JZL%—S]“, (21)
(4,4)

where each spin variable s; takes one of three possible values: —1, 0, or 1; J is the coupling constant;
and the summation is carried out over all nearest-neighbor pairs (i, j).
The partition function of the model is

Z = Zexp (=BH(s)) = Zexp KZ lsi —s;| |, (2.2)

(4,4)

and here § = 1/T (with T being the temperature) and K = $.J. The summation over s in Eq.
denotes the sum over all possible spin configurations on the tree.

Phase transitions are fundamental phenomena in statistical physics, often identified through the
emergence of multiple Gibbs measures. Following [9], the existence of at least two distinct Gibbs
states at a temperature T indicates a first-order phase transition. A second-order phase transition
is characterized by the continuous emergence of nonzero spontaneous magnetization from zero as the
parameter crosses a critical value, accompanied by a change in stability of the fixed points in the
recursive dynamical system.

The model defined by the Hamiltonian on a Cayley tree of order two can be studied analytically
and numerically using the method of recursion relations. The approach is based on the hierarchical
structure of the tree.

Since the analysis focuses on the bulk behavior of the system (i.e., deep inside the Cayley tree), it
is important to note that all interior sites are statistically equivalent due to the tree’s symmetry [8].
When the Cayley tree is cut at the central site (denoted as site 0; see Fig. 1), it splits into three
identical subtrees.

Figure 1. Structure of the Cayley tree of order two rooted at site 0.

This symmetry allows the partition function (2.2)) to be rewritten in the simplified form:

Z =Y lg:(s0)", (23)

where sq € {—1,0, 1}, and the functions g, (so) satisfy the recursion relation

gn(s0) = > exp (Klso — 51]) [gn-1(s1)]" (2.4)

S1
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Here, g, (so) represents the contribution to the partition function from a subtree of depth n rooted at
a site with spin value sq, and s; denotes the spin values at the next layer of the tree. It is assumed
that the tree has n layers in total.

It is often more convenient to work with recursion relations defined as ratios of the functions in

Eq. 24), namely,

n -1 n 0
gn(1) gn(1)
The explicit form of the recursion relations for x,, and y, in Eq. (2.5)) is given by
. x o +0yd 07
o0+ 0yn 1
(2.6)
Y = 0z 1 +yn_ +0

B 0222 | +0y2 , + I

where 6 = exp(K). The fixed point values of x,, and y, in the limit n — oo are obtained by solving
the steady-state version of Eq. (2.6)), which leads to the system:

$2 + 0,!/2 _|_ 92
r=-———"-——"
0222 4 0y2 + 1’
(2.7)
0P+ Y+
YT e o1
In [3], the complete solution of the system ([2.7)) is presented, and the occurrence of a first-order phase
transition for the model is established. In the present paper, we further demonstrate that the model

also exhibits a second-order phase transition. Moreover, [3] shows that there exist two critical values
of 0:

e 0.~ (0.1414, which is the solution of the algebraic equation
407 +1260° + 710" + 126° — 3860 + 120 — 1 = 0,

do.=21(v2 V33— ——2— -1
e and ¢/, 3< 6+ 6v3 VTN )
The set of solutions to the system ([2.7)) is summarized in the following result:

Lemma 2.1 ([3]). The number of fixed points of the system ([2.7)) depends on the value of the parameter
0 as follows:

~ 0.2956.

o If0 >0, the system has a unique solution (x(M),y™M);

o If 0 =0, the system has three solutions: (x™M) yM), (z® y*), and (2@, y®);

o If0. <0 <0, the system has five solutions: (M, y1M) and (z@,yD) fori=4,56,7;
o If0 = 0., the system has siz solutions: (M, yV)) and (z@,yD) fori=3,4,5,6,7;

o If0 < 0,, the system has seven solutions: (z¥,y®) fori=1,2,3,4,5,6,7.

Here, the values y¥) fori =1,2,3 (ordered as y® < y® < yW if they exist) are the roots of the cubic
equation
0y’ —y* + (0° + 1)y — 20 = 0,

which can be solved explicitly using Cardano’s formula. For these roots, x") = 2 = 2®) = 1. The
remaining ¥ and y values for i = 4,5,6,7 are given by:

x(4):;(§2—\/§§7—4), m(5):;(§1—\/§%7—4>,
m(6):;<§1+@), a:(?):;(fg—k\/@),
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where

1367 —\/(0—-1)(® +6>+30—1)
B 2672

1307+ /(0 —1)(® +6>+30—1)

) 52 292 )

&

and the corresponding vy values are given by

) 1
O = /(1 —62)z® —02((z®)2+1), i=4,56,7.
v = 2o/ ()2 +1)

3. THE PRESENCE OF THE SECOND-ORDER PHASE TRANSITION

In this section, we analyze the thermodynamic behavior of the three-state SOS model on the binary
Cayley tree using the recursive framework established in the previous section. By utilizing the explicit
expressions derived from the recurrence relations, we compute key physical observables such as the
local magnetization and the quadrupolar moment. Using these, we show that there is a second-order
phase transition.

3.1. Local Magnetization. The local magnetization is defined by

M = Z_IZsoexp{—ﬁH}, (3.1)

where the sum is taken over the possible spin states at the root of the Cayley tree.
Using the representation of the recursion relations given in Eqs. (2.2)—(2.6]), the spontaneous mag-

netization per site is obtained as
1—a®
M=——— 3.2
T3+ yS + 1’ ( )
where (x,y) is any solution of the fixed point equations (2.7)).
We denote by M; the magnetization corresponding to the fixed point (z,y@), i =1,...,7, i.e.,

1— (z@)?

Mi = ; ) )
@O) + () + 1

i=1,...,17. (3.3)

Note that for i = 1,2,3, we have £’ = 1, hence M; = 0 for these indices. In Fig. 2, plots of
magnetizations M; for ¢ = 4,5,6,7 are drawn.

Magnetization plots

09 08 -07 -06 -05 -04 -03 -02
T/

0.5

Figure 2. Plots of the magnetizations M; for i = 4,...,7 are presented. At low temperatures and for J < 0, the
magnetizations My, My, Mg, and M7 take nonzero values with opposite signs. As the temperature increases,
their magnitudes gradually decrease and eventually vanish continuously at the critical temperature.
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Equation shows that the local magnetization has zero value only when z = 1. Therefore, the
second-order phase transition can be realized at some value of the temperature only for x = 1 with a
corresponding definite value of y. The model exhibits a second-order phase transition at the critical
point 0, (=~ 0.2956), where for § < 6/, there are two stable fixed points with = # 1, corresponding to

nonzero local magnetization.

Now, we show that the system (2.7 has two stable fixed points with & # 1. Note that the Jacobian

at a fixed point (z,y) of (2.7) can be calculated as follows (see [12]):

—22(6%2—1)(0y2+0%+1)  20y(6%>—1)(z>—1)
_ 02I2+9 2+1 2 92 2+0 +1 2

J(%yﬁ) = ( (7210(9%71)) (72y0(9y2 1)) >
(0222 4+60y241)2 (022240y2+1)2

We find the eigenvalues of the matrix ([3.4)):

—~B=+(6>-1)VD
" ;

Ai(x7y7 6) =

where

A=A(z,y,0):= (0’2" + 0y + 1)2,
B = B(z,y,0) = 0xy* + v+ 0y + x,

D = D(z,y,0) :=0"2*> + (22°y* — 22y) 6° + (22%y* — 2zy) 0 + 2°+
+ (z®y* — 22y’ + y* + (—42° + 4z) y + 227) 6

(3.4)

By Lemma it is known that = # 1, i = 4,5,6,7. Note that the functions A\, at fixed points
depend solely on 6 and do not involve any additional parameters. From the graphs (see Figs. 3 and

4), one can observe that
o Di(z® y®W 0)] <1 for 0 < 0;
o i (z® y® 0)] <1 for 6§ <0;

(
(
o [\, (29 y©® 9)] <1for § <0, and |N_(2©, 6),9)| > 1 for 6 < 0.;
(
(27

IA_(z™,yD )| > 1 for 6 <6 < 0.

0.8 0.8
0.6 0.6
0.4

0.44

0.2 0.2

0 0.1 0.2 0.3

)
o A x7) yD.0) < 1for 6 < @ and |A_(z™,y,0)] < 1 for # < 6 (~ 0.2949) and
)| =

Figure 3. Plots of the functions (left) | Ax(z®*),y®),0) | for § < ¢ and (right)| Ax(z®,y®),0) | for 6 < 6.
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24 T

0.8

04

Figure 4. Plots of the functions (left) | Ay (z(®),y(®) ) | for 6 < ¢/ and (right)| Ax (x4, 0) | for 6 < 0.

Thus, we conclude that the model exhibits the second-order phase transition.

3.2. Quadrupolar Moment. In the subsection, we calculate quadrupolar moment of the model.
The quadrupolar moment is defined by

Q= Z_lzsg exp{—(H}. (3.5)

Using the same recursive framework, the quadrupolar moment is given by

1+ 23
= 7 3.6
@ 4yt +1’ (36)
where (z,y) is a fixed point of Eq. (2.7)).
Let Q; denote the quadrupolar moment corresponding to (z®,y), i =1,...,7, i.e.,
1 (4)\3

Qi = + (@) i=1,...,T. (3.7)

@O+ () + 1
One can show that @, = Q7 and Q5 = Q¢ for < §... In Fig 5, plots of quadrupolar moments @; for
i=1,...,5 are drawn.

Quadrupolar moments
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Figure 5. Plots of the quadrupolar moments @; for i = 1,...,5 are presented. At low temperatures and for

J < 0, the quadrupolar moments @1, @2, @3, Q4, and Q5 take distinct nonzero values. As the temperature
increases, they show a slight decrease.



Thermodynamic analysis of the three-state SOS model on the binary tree 171

4. DYNAMICAL ANALYSIS

In this section, we investigate the regions where the model exhibits chaotic or periodic behavior.
This is achieved through the numerical computation of Lyapunov exponents and visualization of the
iteration dynamics via cobweb diagrams.

4.1. Cobweb Diagrams and Map Iterations. We begin by analyzing the recurrence equation ([2.7)

under the simplifying assumption x = 1. Under this constraint, the equation reduces to the following
rational map:

2
y° +20

y=fy) = D2 L2 L

0y +602+1

The stability of fixed points in such dynamical systems is a key factor in understanding the nature

of phase transitions. Cobweb diagrams and iterative maps are classical numerical tools used to study

the qualitative behavior of these systems.

(4.1)

) Map iteration for 6=0.1 and y, = 1.5
Cobweb diagram for 6 = 0.1 Yo

Yo L L L L L
6 8 10 10 20 30 40 50

Figure 6. Cobweb diagram and iteration map for the dynamical system (4.1)) with parameters 6 = 0.1,
yo = 1.5. The system is iterated 50 times. Three distinct fixed points are observed, one of which is repelling.

Figure 6 shows the cobweb and iteration plots generated using Mathematica [13] for § = 0.1 and
initial condition yo, = 1.5. The iteration reveals three fixed points, with one repelling and two attract-
ing.

N Map iteration for 8= 0.2 and y, = 0.6
Cobweb diagram for 6 = 0.2 v

L L L L L
10 20 30 40 50

Figure 7. Cobweb diagram and iteration map for the dynamical system (4.1)) with parameters 6 = 0.2,
yo = 0.6. The system is iterated 50 times. A single attracting fixed point is observed.

In Figure 7, for § = 0.2 and yo = 0.6, the system converges to a unique attracting fixed point,
highlighting parameter sensitivity in the system’s long-term behavior.

4.2. Lyapunov Exponent. To further assess the stability and possible chaotic behavior of the sys-
tem, we compute the Lyapunov exponent. This quantity quantifies the average exponential rate of
divergence (or convergence) of nearby trajectories in phase space |14} |15]. For the rational map (4.1),

Y2, +26

=_Jn-1 = 4.2
91%2171"‘924‘1’ ( )

Yn = f(yn—l)

the Lyapunov exponent is defined as

A= lim > I )], (43)

N—)ooN
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where the derivative of f(y) is given by

2y(1—0%)
fly) = O + 024 17 (4.4)
Thus, the Lyapunov exponent becomes
1 & 1— 62
A= lim —Y I 2=y (4.5)
Noeo N A= [(0y2 4+ 02 + 1)

To numerically compute A, the map is iterated for different values of #, with transient dynamics
discarded, and the long-term average evaluated. This provides insight into the periodic or chaotic
nature of the system.

Figure 8. Lyapunov exponent A of the rational map (4.2)) as a function of the parameter 6. Each data point is
based on 1000 iterations. The negative values of A indicate stable periodic behavior.

As seen in Fig. 8, the Lyapunov exponent remains negative across the range of 6, indicating that the
system exhibits periodic (non-chaotic) behavior. These findings are consistent with previous studies of
lattice models on Cayley trees |16} |17], where the dynamical systems were found to be predominantly
regular, with chaotic behavior being rare or absent.

5. CONCLUSION

In this paper, we analyzed the three-state SOS model on the binary Cayley tree using a recursive
approach. Specifically, we studied the temperature dependence of magnetization and quadrupolar
moments in the case J < 0. Our results show that M, M,, and M5 remain zero at all temperatures,
while nonzero magnetization appears only for My, My, Mg, and M,. These exhibit opposite signs at
low temperatures, indicating antiferromagnetic order. As temperature increases, the magnetizations
decrease and vanish continuously at the critical point, confirming a second-order phase transition.

The quadrupolar moments behave differently: they stay finite at low temperatures, decrease slightly
with increasing temperature, but do not vanish at the critical point. This demonstrates that once
magnetic order is lost, a nematic (hidden) phase still persists in the system. Hence, for J < 0,
the three-state SOS model exhibits the following sequence of phases with increasing temperature:
antiferromagnetic — nematic — paramagnetic.

A dynamical systems analysis further shows that the model’s behavior is periodic, with the Lya-
punov exponent remaining negative across all values of 8, confirming the absence of chaos.

Acknowledgments. We thank the referees for the careful reading of the manuscript and especially
for a number of suggestions that have improved the paper.
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Normality of quasitrace and AW *-completion of the real
C*-subalgebras

Rakhmonova N.

Abstract. The paper studies quasitraces on real C*-algebras, and AW*-completion of C*-subalgebras
with respect to the d.-metric generated by quasitrace 7. It is proved that the d,-closure of unital real
C*-subalgebra B of real C*-algebra R is the smallest real AW*-subalgebra of R containing B. To prove
this, it was necessary to obtain a key result concerning the maximal Abelian self-adjoint subalgebra
(masa), in connection with which Abelian algebras are studied separately. It is proved that for a
compact Hausdorff space X the algebra C,.(X) of all continuous real functions on X is a real abelian
AW*-algebra if and only if X is Stonean. Moreover, it has been proven that a unital real C*-algebra
is a real AW*-algebra if and only if every masa has Stonean spectrum, and this is equivalent to the
fact that every masa is monotone complete.

Keywords: Real C*-algebras, AW*-algebras, quasitrace, monotone completeness, maximal abelian
self-adjoint subalgebra (masa).
MSC (2020): 46L10, 46K10, 46L05

1. INTRODUCTION

The theory of AW*-algebras, originally introduced by Kaplansky as a generalization of von Neumann
algebras without assuming a distinguished Hilbert space, continues to play an important role in the
study of non-commutative measure theory, projection lattices, and completions of C*-algebras. While
the complex case has been extensively developed over the past decades, the corresponding theory
for real C*-algebras and real AW*-algebras remains less explored, despite growing interest in real
structures in operator algebras, Jordan algebras, and applications in mathematical physics.

This paper is devoted to the study of quasitraces on real C*-algebras and to the description of
AW*-completions of real C*-subalgebras with respect to the metric d, induced by a quasitrace 7. The
central result establishes that, under suitable conditions, the d,-closure of a unital real C*-subalgebra
B inside a real C*-algebra R coincides with the smallest real AW*-subalgebra of R containing B.

A key step in proving this statement requires a detailed understanding of maximal abelian self-
adjoint subalgebras (masas) in the real setting. For this reason, the paper first investigates abelian
real C*-algebras and their AW*-properties.

It is shown that, for a compact Hausdorff space X, the algebra C,.(X) of all continuous real-valued
functions on X is a real abelian AW*-algebra if and only if X is Stonean (extremely disconnected).
Furthermore, a unital real C*-algebra is a real AW*-algebra if and only if every masa has Stonean
spectrum; this condition is in turn equivalent to every masa being monotone complete.

These characterizations closely parallel well-known results in the complex setting [1], but their
proofs in the real case require careful adaptation, often via the method of passing to the enveloping
complex C*-algebra R + iR and applying known complex results there.

The notion of quasitrace plays a crucial role throughout the work. We adopt the definition suit-
able for real C*-algebras and establish its close relationship with quasitraces on the complexification.
Building on this, we study normality of quasitraces (in the sense of additivity over orthogonal projec-
tions) and prove that if the closed unit ball is complete with respect to the d,-metric, then the algebra
is a real AW*-algebra and the quasitrace is normal.

Finally, combining these tools, we obtain the main theorem concerning the AW*-completion in the
real finite setting (when both R and its complexification are AW*-algebras), which provides a natural
real analogue of corresponding completion results in the complex theory |1} 2].

The proofs rely heavily on the enveloping complex algebra technique, together with results from |1,
2] and structural properties of real AW*-algebras developed in [3|, 4, 5. The proofs of basically all
the results were obtained by the so-called method of enveloping (complex) algebra. In this case, the



Normality of quasitrace and AW*-completion of the real C*-subalgebras 175

results from the papers [1] and [2] were used, in which the above results were obtained in the complex
case.

1.1. Preliminaries. A Banach *-algebra A over a field C is called a C*-algebra if ||z*z| = ||z|?,
for any x € A. By a real C*-algebra we mean a real Banach *-algebra A such that the relation
|z*z|| = ||z||* holds and the element 1 + x*z is invertible for any z € A. Let A be a ring and S a
non-empty subset of A. Assume that R(S) = {z € A | sz =0 for all s € S} and call R(S) the right
annihilator of S. Similarly, L(S) = {x € A | s = 0 for all s € S} denotes the left annihilator of S.
A Baer *-ring is a ring A such that for every non-empty subset S of A, R(S) = gA for a suitable
projection g. The equality L(S) = ((R(S*)))* = ((hA))* = Ah (for some projection h) shows that
this definition can also be given through the left annihilator. AW*-algebra is a C*-algebra, which is
also a Baer *-ring.

Let A be a C*-algebra with identity and let A;, be its Hermitian part. A quasitrace T on A is a
function 7 : A — C satisfying the conditions:

(1) T(z*z) =T(xx*) >0, forall z € A;
(i1) T(a+ib) =7(a) + i7(b), for all a,b € Ay;
(73i) T is linear on any abelian C*-subalgebra B of A.
Definition 1.1. Let R be a unital real C*-algebra. A quasitrace T on R is a function 7 : R — R that
satisfies:
(") T(z*z) = 7(zz*) >0, for z € R;
(i7') T(a+0b) =7(a), for a € Ry, b € Ry, where R, = {b= —b*,b € R};
(#47") 7 is linear on any abelian C*-subalgebra B of R.
Theorem 1.2. [5] If T is a quasitrace on the C*-algebra A = R+ iR, then its restriction to the real
C*-algebra R, defined as 7(a +b) =7(a), a € Ry,,b € Ry, is a quasitrace on R.

Conversely, if T is a quasitrace on R, then its extension T to A = R+ iR, defined as T(x + iy) =
7(x) +i7(y), is a quasitrace on A, where z,y € R.

2. ABELIAN AND MONOTONE COMPLETE AW *-ALGEBRAS.

Proposition 2.1. Let R be a real AW*-algebra. Let Q C R be a *-subalgebra, and let Q' be the
relative commutant of Q, that is, Q' = {x € R: xy = yz,Vy € Q}.

(1) If @ = Q", then Q is a real AW*-subalgebra.
(2) The center Z(R) of R is a real AW*-subalgebra.

Proof. 1) Let N = Q +iQ. Then N’ = Q'+ iQ’ (see |4]), therefore N = Q" +iQ" = Q +iQ) = N.
By |1, Proposition 1.8] N is AW*-subalgebra of R + iR, hence by [3, Proposition 4.3.1] @ is a real
AW*_subalgebra of R.

2) By [1, Proposition 1.8] Z(R + iR) is AW*-subalgebra of R + iR, therefore Z(R) is a real AW*-
subalgebra of R. O

Definition 2.2. A compact Hausdorff space X is called Stonean (or extremely disconnected) if the
closure of every open set is open again. X is called Hyperstonean if it is Stonean (i.e., extremely
disconnected) and the support of every positive Radon measure on X is clopen.

Theorem 2.3. Let X be Stonean, and let C,.(X) be the algebra of all continuous real functions on X.
Then C,.(X) is a real AW*-algebra.

Proof. Let’s consider algebra C'(X) of all continuous complex function on X. It is easily to see that
C(X) =C.(X)+iC.(X). By [1, Theorem 1.10] C(X) is AW*-algebra. Then by [3, Proposition 4.3.1]
C,(X) is a real AW*- algebra. O

Theorem 2.4. Let X be compact Hausdorff space. If C,.(X) is a real abelian AW*-algebra such that
C(X)=C.(X)+1iC.(X) AW*-algebra, then X is Stonean.
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Proof. Since C(X) is AW*-algebra, by [1, Theorem 1.11] the space X is Stonean. O

Remark 2.5. Following the same scheme of proof of [1, Theorem 1.11], one can prove Theorem
without the assumption that C(X) = C,.(X) +iC,.(X) is AW*-algebra.

Let us recall that a complex or real C*-algebra called monotone complete if every upward directed
and norm-bounded set of self-adjoint elements has a least upper bound.

Proposition 2.6. Let R be a real C*-algebra. If A = R + iR is monotone complete, then R is
monotone complete.

Proof. Let (a,) C R be a bounded monotone increasing sequence of self-adjoint elements. Since the
algebra A is monotone complete, then the sequence (a, ) C A has a least upper bound in A, which we
denote by a. Since a,, € R (n € N), then a € R, hence R is monotone complete. O

Theorem 2.7. If X is Stonean space, then C,.(X) is monoton complete.

Proof. By [1, Theorem 1.13] *-algebra C'(X) is monotone complete. Then by Proposition2.6, C,.(X)
is also monoton complete. O

In the future, the mazimal abelian self-adjoint subalgebra is briefly written as masa. Let us present
one auxiliary result.

Lemma 2.8. Let R be a unital real C*-algebra such that every mazimal abelian self-adjoint subalgebra
(masa) is monotone complete. Let P be a family of commuting projections and L be the set of all
projections that are lower bounds for P. Then:

(1) L is upward directed.
(2) P has the greatest lower bound.

Proof. The proof of the lemma is similar to the proof of |1, Lemma 1.14]. O

Theorem 2.9. Let X be a compact Hausdorff space. Then C,.(X) is isomorphic to a real von Neumann
algebra if and only if X is a Hyperstonean space.

Proof. Since C'(X) = C.(X)+iC,(X) is isomorphic to a (complex) von Neumann algebra, then by [6,
Theorem 1.18] X is a Hyperstonean space, and conversely. O

Theorem 2.10. Let R be a unital real C*-algebra. Then the following are equivalent:
1) R is a real AW*-algebra;
2) every masa has Stonean spectrum;

3) every masa is monotone complete.

Proof. 1) = 2). Let @ € R be a masa. Then @ = Q' = @Q", hence by Propositio Q is a real
AW*-subalgebra. From the Theorem , we know that the spectrum X is Stonean.

2) = 3). This follows from Theorem

Further, the equivalence of these conditions to condition 1) is shown similarly to the complex
case. O
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3. NORMALITY OF 7 AND AW*-COMPLETION OF THE *-SUBALGEBRAS WITH RESPECT TO THE
d.-METRIC.

Lemma 3.1. Let R be a real C* algebra and T a faithful quasitrace on R. Then the closed unit ball of
A is closed in d,.

Proof. Let (z,)nen be a sequence in the closed unit ball of R, converging to x in d,. Consider the
sequence a,, = x,x, and the element a = z*x. Since the product is continuous in d, on norm-bounded
sets, it is obvious that the sequence a, converges to a in d,, and we can also deduce that for every
p € N, the sequence a? converges to a? in d,.. By continuity we obtain 7(a?) — 7(a”) for every p € N.
Let p, be the measure on the spectrum o(a,) given by the linear functional 7|c+(4, 1y, and let u be
the measure on the spectrum o(a) given by the linear functional 7|c«(4,1). We can consider all the
measures as measures in the interval J = [0, max{1, ||al|}], because all a,, are in the closed unit ball
of A. Since 7(a?) — 7(a?) for all p € N, we see that p, converges to p in the w*-topology on C'(J)*.
Furthermore, p,, has support in [0, 1] for all n € N, hence, u has also support in [0, 1]. From the fact
that 7 is faithful, we obtain supp(u) = o(a), and then the C*-equation gives ||z|* = ||a| < 1. O

Let us recall that a quasitrace 7 is called normal if for every orthogonal family of projections (p;)cr
the following holds: T(supielpi) =Y .c; 7). Put ||z]2, = 7(z*2)"/? and d,(z,y) = ||z — yl|23,
x,y € A. Then d is a metric on A (see [1],]2]).

Proposition 3.2. Let R be a real C*-algebra and 7 a faithful normalized trace on R. If the closed
unit ball of R is complete in the || - ||2,--norm, then R is a real von Neumann algebra and T is normal.

Proof. Let A = R+ iR. It is not difficult to show that the closed unit ball of A is also complete in
the || - ||27-norm. Then by |1, Lemma 2.20] A is a (complex) von Neumann algebra and 7 is normal.
Hence R is a real von Neumann algebra and 7 is normal. O

Theorem 3.3. Let R be a real C*-algebra and T a faithful quasitrace on R. If the closed unit ball of
R is complete in d,, then R is an real AW*-algebra and 7 is normal.

Proof. From the Theorem[2.10] we know that it suffices to show that every masa has Stonean spectrum.
So, let () be a masa in R. By Lemma the closed unit ball of B is closed in d,, therefore it is also
complete in d,. Since 7 is linear on B, ||.||2- is a norm, and the closed unit ball is also complete in this
norm. By Proposition B is a real von Neumann algebra, and 7|5 is normal. By Theorem B has
Hyperstonean spectrum, in particular, it is Stonean. Then by Theorem R is a real AW*-algebra.
The normality of 7 on every masa as a trace ensures that 7 is also normal as a quasitrace. O

Now we will prove one of the main results of the paper.

Theorem 3.4. Let R be a real finite AW*-algebra such that R+ iR is AW*-algebra. If B is a unital
real C*-subalgebra of R, then the d,-closure of B is the smallest real AW*-subalgebra of R containing
B.

Proof. Let 7 a faithful normal quasitrace on R and let 7 be its extension to A = R+ iR, which is also
a faithful normal. Let B. = B + iB. By [1, Theorem 2.26] algebra B, =B" +iB" is the smallest
(complex) AW*-subalgebra of A containing B.. Then by [3, Proposition 4.3.1] B" is a real AW*-

subalgebra of R, and in view of the above B" is the smallest real AW*-subalgebra of R containing
B. d
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Quasitraces on exact real C*-algebras are traces
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Abstract. In this paper, n-quasitraces on real C*-algebras are studied. It is proved that if R is a
real C*-algebra, then the natural extension of an n-quasitrace of R to R+ iR is also an n-quasitrace,
and conversely, the restriction of an n-quasitrace from R + iR to R is also an n-quasitrace. In 1982,
Blackadar and Handelman proved that every quasitrace on an AW*-algebra is a 2-quasitrace. In this
paper, a real analogue of that result is obtained. However, in the general case (i.e., for C*-algebras),
this result does not hold. Using Kirchberg’s example — where a unital C*-algebra and its quasitrace
are constructed such that the quasitrace is not a 2-quasitrace (and therefore is not a trace) — a similar
example is constructed in the real case. The paper also studies the properties of 2-quasitrace on real
C*-algebras. As is known, Kaplansky asked whether every (2-) quasitrace on a C*-algebra linear, i.e.,
a trace. This question remains open to this day. Haagerup has a positive answer to this question in
the case where the C*-algebra is unital and exact. In this paper, a real analogue of Haagerup’s result
is proved.

Keywords: C*-algebras, AW*-algebras, quasitraces on C*- and AW*-algebras
MSC (2020): 46L10, 47C15

1. INTRODUCTION

It is known that AW*-algebras are a generalization of W*-algebras (von Neumann algebras), and
naturally, the question arises about the generalization of results obtained for W*-algebras to AW*-
algebras, which is quite relevant. It is also pertinent to investigate under which conditions (or which)
AW*-algebras are W*-algebras. As is well know, in the study and classification W*-algebras, the
concept of a trace—alongside the role of projections—plays a significant part. For example, as shown by
Takesaki, a W*-algebra is finite if and only if there exists a separating family of finite normal traces
on it. This illustrates why C*-algebras are relatively less studied: some of them do not even have
non-trivial projections, let alone traces.

On the other hand, AW*-algebras are relatively better studied because these algebras possess a
sufficient number of projections. However, there are also problems concerning traces for these algebras.
In some works (for example, those by Wright), the existence of a trace on an AW*-algebra is assumed
for convenience.

In 1982, Blackadar and Handelman introduced an analogue of the trace called a quasitrace. Al-
though this concept does not fully replace the trace, it has allowed some researchers to obtain results
that are analogous to those available for traces. In partcular, U. Haagerup studied certain properties
of quasitraces and proved that, in an exact C*-algebra, every quasitrace is in fact a trace.

In this paper, we study quasitraces on real C*-algebras and obtain a real analogue of Haagerup’s
result.

2. PRELIMINARIES

A complex Banach *-algebra A is called C*-algebra if ||z*z| = ||z||* for all z € A. By a real C*
algebra we mean a real Banach *-algebra R such that the relation [|a*a|| = ||a||® holds and the element
1 + a*a is invertible for any a € R (see [1], [2]). A bijective linear mapping o : A — A is called a
*-antiautomorphism, if a(z*) = a(x)* and a(zy) = a(y)a(z), for all z,y € A. A mapping « is called
involutive if o® = id. It is directly shown that a real C*-algebra R generates a natural involutive
*_antiautomorphism of A = R + iR, namely a(x + iy) = =* + iy*, where z,y € R. It is clear that
R={z¢€ A: a(z) = z*}. Conversely, given a C*-algebra A and any involutive *-antiautomorphism
aon A, the set {z € A: a(z) = 2z*} is real C*-algebra.
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Let A be an *-algebra and let S be a nonempty subset of A. The sets R(S) ={z € A : st =0 for
all se€S}and L(S)={r€ A : zs=0 forall se€ S} are called the right-annihilator and the left-
annihilator of S, respectively. An *-algebra A is called a Baer *-algebra if for any non-empty S C A
we have R(S) = gA for an appropriate projection g. Since L(S) = (R(S*))" = (hA)" = Ah the
definition is symmetric and can be given in terms of the left-annihilator and a suitable projection h.
Here S* = {s*| s € S}. A real (or complex) C*-algebra R which is a Baer *-algebra is called a real
(or complex) AW*-algebra. A linear functional 7 on A is called positive if 7(z*x) > 0 for all x € A.
A positive linear functional with ||7|| = 1 is called a state. A state is called trace if it satisfies the
condition 7(zy) = 7(yx), for all x,y € A,.

Let everywhere R be a unital real C*-algebra and A = R 4 iR be an enveloping C*-algebra of R.
Definition 2.1. [3] A quasitrace 7 on A is a function 7 : A — C that satisfies the following conditions
(i) T(x*z) = 7(zz*) > 0, x € A
(13) T(a+1ib) = 7(a) + iT(b), for a,b € Ay;
(797) 7 is linear on an abelian C*-subalgebra B of A.

Furthermore, 7 is called an n—quasitrace for n € N,n > 2 if there exists a 1-quasitrace 7,, : M,,(A) — C
such that 7(z) = 7,,(z ® eq1).

Definition 2.2. [4] A quasitrace 7 on R is a function 7 : R — R that satisfies the following conditions
(i) T(z*z) = 7(z2*) >0, x € R;
(ii') 7(a+b) =7(a), for a € Ry, b € Ry;
(797) 7 is linear on an abelian C*-subalgebra B of R.

Furthermore, 7 is called an n—quasitrace for n € N,n > 2 if there exists a 1-quasitrace 7,, : M, (R) - R
such that 7(x) = 7,(x ® eq1).

We can see that definitions of quasitrace in real and complex cases are slightly different. In the
next two theorems we naturally consider the restriction of a quasitrace from A to R, and conversely,
the extension of a quasitrace from R to A

Theorem 2.3. [/ If T is a quasitrace on the C*-algebra A = R + iR, then its restriction to the real
C*-algebra R, defined as 7(a +b) =7(a), a € Ry,,b € Ry is a quasitrace on R.

Conversely, If T is a quasitrace on R, then its extension T to A = R + iR, defined as T(x + iy) =
7(x) +i7(y), is a quasitrace on A, where x,y € R.

3. 2-QUASITRACES ON A REAL C*-ALGEBRAS.
Using Theorem [2.3] the following results are directly proved.

Proposition 3.1. Let 7 be an n-quasitrace on A. Then 7(a +b) = 7T(a), a € Ry, b € Ry, is an
n-quasitrace on R.

Proof. Let T be an n-quasitrace on A. Then according to the definition of n-quasitrace, there exists a
1-quasitrace 7, : M, (A) — C, such that

T(x) =Tn(z ®e11), xz €A
If we define the restriction of 7,, to M,,(R) as follows
Tn - Mn(R) — R, T,L((a + b) &® 611) = ?n(a (= 611).

Hence 7: R - Rand 7(a+b) = 7,((a+b)®e11) =Tp(a®eq;) = 7(a). Therefore, 7 is an n-quasitrace
on R. O

Proposition 3.2. Let 7 be an n-quasitrace on R. Then T(z + iy) = 7(x) + i7(y), x,y € R is an
n-quasitrace on A.
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Proof. Let T be an n-quasitrace on R. According to the definition of n-quasitrace, there exists a
1-quasitrace 7, : M,,(R) — R, such that

7(¢) = 7

( 1) c€ R.
So, we can extend 7 to quasitrace 7 on M, (A).

(A

)+

®€1
So . M (A) — (C ?n((x+iy)®€11) = Tn(x®€11)+
). T

iT,(y ® e11). This 7, is a 1-quasitrace on M, hen for arbltrary z € A, we have

7(z) = T(x+iy) =71(x iT(y) = Tu(z ® e11) +iT,(y ® e11)
= n((w+zy)®eu)— (2 ® en).

Therefore, T is an n-quasitrace on A. O

In |3} Corollary I1.1.10] Blackadar and Handelman proved that every quasitrace on an AW*-algebra
is a 2-quasitrace. Below, we will prove a real analogue of this result.

Theorem 3.3. Every quasitrace on a real AW*-algebra is a 2-quasitrace.

Proof. Let 7 be a quasitrace on a real AW*-algebra. Then, by Theorem its extension T to
A = R+ iR, such that 7(x +iy) = 7(x) + i7(y), =,y € R is a quasitrace on A. Then by [3, Corollary
I1.1.10] 7T is a 2-quasitrace on A. According to Proposition T is a 2-quasitrace on R, defined as
T(G‘f’b) :?(a), a € Ry, b€ Ry. U

In the general case, i.e. for C*-algebras, this result is not true. Kirchberg gave an example of a
quasitrace on a unital C*-algebra which is not a 2-quasitrace (see [5, 23§, 1274p.]). In particular, this
quasitrace is not a trace. Using Kirchberg’s example we can construct its real analogue as follows.

Example 3.4. Let A be a unital C*-algebra, constructed in [5 23§, 1274p.] and let T is a quasitrace
on A, which is not a 2-quasitrace (therefore it is not a trace — nonlinear). Let a : A — A be an
arbitrary involutive *-antiautomorphism. Then consider a real C*-algebra R = {z € A : a(x) = z*}.
Then we have A = R 4 iR. By Theorem 7(a+1ib) =7(a) (a € Rs,b € Ry,) is a quasitrace on R,
which according to Propositions and is not a 2-quasitrace, therefore, it is also not a trace.

In [3| Proposition 11.4.1] Blackadar and Handelman also proved, that every 2-quasitrace is an n-
quasitrace, for every n € N. We will prove the real analogue of this result in a more general form.
More specifically, we will prove the real analogue of F.Fehlker’s result [6, Corollary 2.11].

Theorem 3.5. Let 7 be a 2-quasitrace on a real C*-algebra R. Then
(i) 7 is an n-quasitrace for every n € N;
(i)
(iii) 7 is continuous;
(iv)
Proof. (i) By Proposition T(x +iy) = 7(x) +it(y) (x,y € R) is a 2-quasitrace on A. Then by
[6, Corollary 2.11], 7 is an n-quasitrace for every n € N. Therefore, according to Proposition a
quasitrace T is an n-quasitrace on R.
(ii) Since T is a 2-quasitrace, by [6, Corollary 2.11] 7 is order-preserving on A,,, therefore 7 is order-
preserving on R,,.

(iii) By [6, Corollary 2.11] 7 is continuous, therefore, 7 is also continuous.
(iv) By [6l Corollary 2.11] 7 is bounded, hence 7 is also bounded. O

T s order-preserving on R,.;

T 18 bounded.

In [7, Corollary 6.4] Alex Gow demonstrated that if a unital C*-algebra A admits a 2-quasitrace
7: A — C, then A also admits a tracial functional. In particular, this implies that 7 is linear. We
have proved this result in the real case as a theorem.

Corollary 3.6. If a unital real C*-algebra R admits a 2-quasitrace T : R — R, then it admits a tracial
functional. In particular, T is linear.

Proof. By Proposition the extension 7T to A is a 2-quasitrace on A. By [7, Corollary 6.4], A admits
a tracial functional and 7 is linear. Then 7 is also linear. O
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4. QUASITRACES ON EXACT REAL C*-ALGEBRAS.

Recall that a sequence 0 - M — N — F' — 0 is called ezact, if there exists a monomorphism f
from the algebra M to N and an epimorphism g from the algebra N to F' such that Im(f) = Ker(g).
A real or complex C*-algebra A is called ezact if for all pairs (B, J) of a C*-algebra B and a closed
two-sided ideal J in B, the sequence

0—-A®J +A®B—-A®B/J—=0

is exact.

Whether every (2-) quasitrace on a C*-algebra is linear, i.e. a trace, is a well-known open question
(as asked by Kaplansky). Haagerup has a positive answer to this question in the case that C*-algebra
is unital and exact [8, Theorem 5.11]. In [9, Lemma 6.2] was proved that a real C*-algebra R is exact
if and only if A = R+ iR is exact. Using this below we will prove a real analogue of Haagerup’s result.

Theorem 4.1. Quasitraces on exact unital real C*-algebras are traces.

Proof. Let R be an exact unital real C*-algebra and let 7 be a quasitrace on R. Then by [9, Lemma
6.2], A is also exact. By Theorem the extension 7 to A = R+ iR of 7 is a quasitrace on A. By
[8, Theorem 5.11] 7 is a trace on A. Then 7 is also trace on R. O
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Abstract. In the present paper, we study Gs-periodic p-adic quasi Gibbs measures for the p-adic Potts
model with an external field on a Cayley tree of order two. We find G,-periodic (non-translation-
invariant) p-adic quasi Gibbs measures. Moreover, for the corresponding model, we show that if
lg(¢ — 1)|, = 1, /I —¢q € Q, then a phase transition occurs; If |¢|, < 1, a quasi phase transition
occurs.
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1. INTRODUCTION

A central problem in statistical mechanics involves understanding how infinite systems behave based
on their energy (Hamiltonian). This includes identifying phase transitions, where the system can exist
in multiple distinct stable states. While determining all possible stable states for a given system is
often extremely complex, researchers often focus their efforts on studying these states within specific
simplified structures known as Cayley trees. The problem of phase transitions for some models on a
Cayley tree was studied (for example, see [1}, 2, 3 4, 5, 6]).

Theories of p-adic and non-Archimedean stochastic processes have been established in previous
research [7, |§8]. Building upon these theories, researchers have constructed a wide range of stochastic
processes using finite-dimensional probability distributions [9, 10, 11, |7, [12]. Furthermore, p-adic
statistical mechanics has been developed within the framework of p-adic probability and stochastic
processes |11} 13| |14} 15 |16, |17, [18]. This research has specifically focused on investigating the p-adic
Ising and Potts models on the Cayley tree.

In the present paper, we study p-adic quasi Gibbs measures (including p-adic Gibbs measures) for
the Potts model with an external field on the Cayley tree of order two. Note that p-adic quasi Gibbs
measures were first introduced by F. Mukhamedov [5]. p-adic quasi Gibbs measures for the Potts
model (without external field) studied in [5, |19} 20]. In the real case, Gibbs measures for the Potts
model with external field were studied in |21} 22]. In [20] it was found that a phase transition occurs
for any p for the three state Potts model. Moreover, in [5] it was proved that if |¢|, = 1, a quasi
phase transition occurs for the (¢ + 1)- state Potts model. By comparing these works, we prove that,
if (¢ —1)|, =1, V/1—¢q € Q, a phase transition occurs, if |g|, < 1, a quasi phase transition occurs
for the p-adic Potts model with an external field.

2. PRELIMINARIES

2.1. p-adic numbers and p-adic measure. Let Q be a field of rational numbers. For a fixed prime
number p, every rational number x # 0 can be represented in the form z = p”" > where, r,n € Z, m is
a positive integer, and n and m are relatively prime with p. The p-adic norm of x is given by

_Jp 2 #0,
=l =90, z—o0.

This norm is non-Archimedean, i.e. it satisfies the strong triangle inequality: for all z,y € Q |z +y], <
max{|z|,, |y|,}. From this property, one gets the following facts:

1) %f ’x|p 7"é ’y|p7 then ‘JZ + y‘p = maX{|$’p7 ’y‘p};
2) if ||, = [ylp, then |z —yl, < |z,
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The completion of Q with respect to the p-adic norm defines the p-adic field Q,. Any p-adic number
y # 0 can be uniquely represented in the canonical form

y = p*Y (yo + y1p + ya2p® + ..,

where a(y) € Z and the integers y; satisfy: yo > 0, 0 < y; < p — 1. In this case |y|, = p~*®. An
integer a € Z is called quadratic residue modulo p if the congruent equation x* = a(modp) has a
solution = € Z.

Lemma 2.1. [25] The equation y* = a, 0 # a = p*?(ag + a1p+ axp® +...), 0<a; <p—1,a9>0
has a solution in y € Q, if and only if the following conditions hold:

i) a(a) is even;

i) y* = ag(mod p) is solvable for p # 2; the equality a; = ay = 0 hold if p = 2.

In [24] authors have introduced new symbols ”O” and ”0” which allowed to simplify certain calcu-
lations. Roughly speaking, these symbols replace the notation = (mod p*) without noticing about
power of k. Let us recall them. A given p-adic number y by O[y] we mean a p-adic number with the
norm p~*® ie. |yl, = |O(y)|,- By oly], we mean a p-adic number with a norm strictly less than
p~ @ ie. |o(y)|, < |yl,- For instance, if y = 1 — p + p?, we can write O[1] = y, o[1] =y — 1 or
o[p] = y — 1+ p. Therefore, the symbols O]-] and o[-] make our work easier when we need to calculate
the p-adic norm of p-adic numbers. It is easy to see that y = O[] if and only if x = O[y].

For c € Q, and r» > 0 we denote

Ble,r)={x€Q,: |z —¢|, <1},

and the set of all p-adic integers Z, := B(0, p). The set Z\ = Z,\pZ, is called a set of p-adic units.
p-adic exponential is defined by

oo n

X
€pr($) = Z 57

n=0

which converges for z € B(0,1) if p=2 and z € B(0,1) if p # 2.
Put

& = {x €Q:lr—1, < p_l/(p_l)} )
The set &, has following properties.

Lemma 2.2. Let p be a prime. Then the set £, has the following properties:
(a) &, is a group under multiplication;

5 D=2

(b) |a—b]p<{ i p£2 for all a,b € &,;
3 P=2

(c) Ia+blp={ gz Joralabed,

(d) If a € &,, then there is an element h € B(0,p~'/®=V) such that a = exp,(h).

A more detailed description of p-adic calculus and p-adic mathematical physics can be found in [25],
[26].

Let (X, B) be a measurable space, where B is an algebra of subsets X. A function p: B — Q, is
said to be a p-adic measure if for any disjoin Uy, Us, ..., U,, € B, the following holds:

7 (O Uj) = iM(UJ‘)-

A p-adic measure is called probability if u(X) = 1. One of the important conditions is boundedness,
namely a p-adic measure ( is called bounded if sup{|u(U)|, : U € B} < co. For more detail information
about p-adic measures, we refer to |27, [25].
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2.2. Cayley Tree. Let I'" = (V,L) be a semi-infinite Cayley tree of order k¥ > 1 with the root z°
(whose each vertex has exactly k + 1 edges, except for the root z°, which has k edges)[5]. Here V
is the set of vertices and L is the set of edges. The vertices z and y are called nearest neighbors
and they are denoted by | = (z,y) if there exists an edge connecting them. A collection of the pairs
(x,21),...,(x4-1,y) is called a path from the point z to the point y. The distance d(z,y) on the
Cayley tree is the length (number of edges) of the shortest path from x to y. Let us set

W,={reV:dz2")=n}, V,= U W,

m=0

L,={(x,y) e L: z,yeV,}.

We define a coordinate structure in T'*: every vertex a (except for 2°) of T'® has coordinates
(1y--.,4n), here i,, € {1,...,k}, 1 < m < n and for the vertex 2° we put (0). Namely, the symbol
(0) constitutes level 0, and the sites (iy,...,1,) form level n (i.e. d(z° z) = n) of the lattice. Let us
define on T'* binary operation o : % x T'* — I'* as follows: for any two elements z = (i1, ...,%,) and

Yy = (jlv"',jm) put
rToy= (ilv"')in)o(jl)"wjm) - (ila-‘-vin7j17"‘7jm) (21)
and
rox’ =x"ox = (iy,...,in) 0 (0) = (i1,...,10p). (2.2)

By means of the defined operation I'* becomes a noncommutative semigroup with a unit. Let us denote
this group (G*,0). Using this semigroup structure one defines translations 7, : G* — G*, g € Gy by

Ty(x) =gouw.

It is clear that 7y = id.

Let G C G* be a sub-semigroup of G* and h : G¥ — Y be a Y-valued function defined on G*. We
say that h is G- periodic if h(7,(x)) = h(x) for all ¢ € G and x € G*¥. Any G*-periodic function is
called translation invariant.

Now for each m > 2 we put

G ={r € G* :d(z,2°) = 0(mod m)}. (2.3)
One can check that G,, is a sub-semigroup of G*.

3. p-ADIC QUASI GIBBS MEASURE FOR THE POTTS MODEL

Let Q, be field of p-adic numbers and ® = {1,2, ..., ¢} be a finite set. A configuration o on A C V is
defined by the function z € A — o(x) € ®. The set of all configurations on A is denoted by Q4 = ®4
and Q = Q.

For given configurations o € )y, | and w € Qy, we define their concatenations by

Oni1(z), if v €V,_4,
(O'nfl V w)(:x) = {W(x)a Zf x e Wn

It is clear that o Vw € Qy,, .
The (formal) Hamiltonian of p-adic Potts model with an external field is

H(J) =J Z 50’(9:)0’(,1/) + o Z 5qo’(£v) (31)

(z,y)€L zeV

where J,a € B(0,p~'/®=V) J is a coupling constant, « is an external field and d;; is the Kronecker
symbol, i.e.,

5 0, if i # j,

”_{1, if i=j.
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Assume that h : V' — QY is a mapping, i.e., hy = (h14,hog, ..., Bgo), Where h;, € Q, (i € ®) and

x € V. Given n € N, we consider a p-adic probability measure ,ufjnc), on {2y, defined by

i (0) = s exp{HL (@)} ] hocor (3:2)

n xeW,

Here, o € Qy, , and Z® is the corresponding normalizing factor

z\P = 3" exp{H. ()} [] hotw.e (3.3)

UEQVn zeW,

We say that p-adic probability distributions ([3.2)) are compatible if all n > 1 and o,,_; € ®"»1:

N (00 Vw) = D (00m): (3.4)

weQwW,,

We notice that a non-Archimedean analogue of the Kolmogorov extension theorem was proved in [6,
7]. According to this theorem there exists a unique p-adic measure p; on = ®" such that for all
n>1and o € V1

wo e Q:oly, =0,) = m" (o).

Such measure is called a p-adic quasi Gibbs measure corresponding to the Hamiltonian and
vector-valued function h,, x € V. By QG(H) we denote the set of all p-adic quasi Gibbs measure
associated with function h = {h,,x € V'} If all values of h, belong to the set &, then it is called p-adic
Gibbs measure.

Definition 3.1. [16] If there are at least two distinct u,v € QG(H) such that p is bounded and v
is unbounded, then we say that a phase transition occurs. If there are two different u,v € QG(H),
either both u, v are bounded or unbounded, then we say a quasi phase transition occurs.

The following statement describe conditions h, guaranteing compatibility of ,ufl")(a).
Theorem 3.2. [28] The measure p\"(c),n = 1,2, ... (see (3.2)) associated with the q-state Potts
model (3.1) satisfy the compatibility condition (3.4]) if and only if for any n € N the following equation
holds:
h.= [[ F(h,0,n), (3.5)
yeS(z)

here and below a vector h = (31,32, ,?L

follows

€ Q¢ is defined by a vector h = (hy, hy,...,hy) € QY as

R L i=1,2,...,g—1 (3.6)

q—l)
_
=
and mapping
F: Qi ' xQ, — Q4" is defined by F(x;0,m) = (Fi(x;0,1), ..., Fy_1(x;0,n)) with
qg—1
0 —1x; + Z:xj—i—n
Fy(x:0,n) = = L r={r}eQ, i=1,2..,q-1 (3.7)

qg—1

x; + 6n
=1

J

4. NON TRANSLATION-INVARIANT TWO PERIODIC QUASI GIBBS MEASURE FOR p-ADIC POTTS
MODEL WITH AN EXTERNAL FIELD

In this section, we are going to construct Gs-periodic QG M s for the considered model. Let G5 be
a sub semigroup of G* (see (2.3))). We denote that

h h17 T e GQ,
T h2, x € Gk\GQ.
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From equation (3.5)), we get the following system

{ﬁ1 = (F(hy,0,m)), (4.1)
hy = (F(hy,0,7))". |

Lemma 4.1. If the pair of numbers (z,y) satisfies the system of equations (4.1), then the pair (y,x)
also satisfies the system of equations (4.1)).

Proof. The proof follows from the fact that equation (4.1) is symmetric with respect to z and y. O

We assume fli = (ﬁ(l) n® ...,?qu*l)). Let ?Lf-j) = h;,j = 1,q — 1. For the sake of simplicity, we

[ A A
consider k£ = 2.
In this case, from (4.1) we can obtain following system of equations

~ 2
B ((9+q—2)h2+?7>
1 — ~ 9
(g —1)hy +6n

. ((9+q—2)ﬁl+n>2.

>

>

(¢ — 1)hy + 6

Let us denote

~ 2
~ 0+q—2)h+n
piy = (=2 -

(¢g—1)h+60n
For equation (4.2), if ﬁl = ?LQ then we get translation-invariant Gibbs measures. Our aim is to find

Go-periodic (non translation-invariant) p-adic quasi Gibbs measures. It demands to solve the following
equation

JU) —h_ (4.3)
f(h) =h
Simplifying the last equation we get R R
Ah*+ Bh + C =0, (4.4)

where
A= (0ng+ 6% —0n+20q+ q* — 40 — 4q + 4)*,
B = n3q93 _ 277303 + n2q292 + 2n2q63 4 77204 + 4772q20 _ 477293 _
n?q® — 12n%q0 + 2ng® + 6ng*0 + 6ngb* + 210> + 2n*q + 8n°0 —
12nq* — 24nq0 — 12n0* — n* + 24nq + 2400 — 161,
C=n*0*n+0+q—2)>%
Note that, the case ¢ € £, requires more calculus. Therefore, we investigate this case for future work.

Lemma 4.2. Let ¢ € £,, p > 3. Equation (4.4)) has two distinct solutions if |q|, =1 and /(1 —q) €
Q, or |ql, < 1. Otherwise, there is not any solution.

Proof. We set
D(9,m,q) = B* — 4AC.

We note that, equation (4.4]) has a solution in Q, if and only if \/D(0,7,q) € Q,.
We can rewrite D(6, q) by the following

D(0,q) =n*(0 —1)*(0 +q—1)*D*.

where,
D* = —4m3qs? — 3m*s — 14m3qs + 4m>s? — 3m?q¢*s — 12m3qs® — 3m* — 10m3q + 8m3s—

3m?q* — 36m2qs + 12m?*s* — 12mq*s — 12mqs® — 36m?q + 36m?s — 24mq® — 12mqs+
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12ms? — 8¢*s — 4qs® + 36m* + 24mq + 24ms + 8qs + 4s* — 4¢° + 4¢°, (4.5)

m=60—-1,s=n—1.
It can be seen that \/D(0, q) € Q, if and only if vV D* € Q,. At first, we consider the following case.

Let |q|, =1, ¢ € £,. Since |m|, <1, |s|, < 1, we write
D* = 44¢*(1 — q) + o[1].

According to Lemma vD* € Q, is equivalent to /1 — ¢ € Q,. So, we get that equation (4.2]) has

two solutions if /1 — ¢ € Q,.
Next, we consider following case: p > 3, |q|, < 1. Using (4.5)), we have D* = 4(3m+ s+ ¢)*+ o[(3m +

s+ ¢)?]. We find the condition that v D* € Q, holds. So, if p | g, then equation (4.4 has two distinct
solutions. It is known that the solutions of (4.4]) has following forms

—B+vD
h172 -
2A

Lemma is proved.
According to Lemma the pair of (hq,hs) is a solution of (4.2)), then (hq, ki) also satisfies (4.2)).
Finding the first coefficient of these solutions of (4.4)) in the canonical form, is necessary to ascertain
the solution’s norm. Let |¢|, = 1,q & &,.
A=q¢*(q—1)*+0[1] B=2¢*(q—1)+o0[l], D =n*0 —1)*(0 + ¢ — 1)>D*. From these equalities,
we conclude that )
hi,=— 1].
S + o[1]
We study the case ||, < 1. Then we get
B=-203(0-1)+n—-1)+q)*+o[p’, D=7 —-1)*(0 +q—1)’D* =op'], A= (3(0 — 1) + (n -
1) +q)* + o[p?] . It yields that
2(3(0 — 1)+ (n — 1) + q)* + o[p]
2(3(0 — 1)+ (n — 1) + q)* + o[p?]
In [28], translation-invariant p-adic quasi Gibbs measures (TIQGM) associated with h =
{h,h,...,h} € ngl for the p-adic Potts model with an external field was examined. Here the fol-
lowing result was given.
Theorem 4.3. 28] Let q ¢ E,. Then the following assertions holds:
a) if lgl, = 1, p > 3, /1 —q € Q,, then there exist three TIQGMs such that, one of them is

bounded, the others are unbounded;
b) ifp=3,l¢ls=10rp>3,|q, =1, V1 —q¢&Q,, then there exist a unique bounded TIQGM ;

h172 = =1 + 0[1]

c) if p>3, |ql, <1, then there does not exist any TIQGM .
Using Theorem and Lemma |4.2] we obtain the following result.

Theorem 4.4. Let g ¢ £, and p > 3. The following statements hold for the Potts model on the Cayley
tree of order two:

1) If p # 3, |ql, = 1 and /T —q € Q,, then there exist three TIQGMSs and two G- periodic

QGMs;
2) If p =3, |ql3 =1 and /1 — q € Q3, then there ezist a unique TIQGM and two G- periodic
QGMs;

3) If l¢l, =1 and /T — q & Q,, then there exist a unique TIQGM ;

4) If |ql, < 1, then there exist two G-periodic QGMs.
Remark 4.5. From Theorem 4.3 it can be seen that when |¢|, = 1, p > 3, V1 —¢ € Q,, there
are three TIQGM s. Based on this condition and p = 3, |g|s = 1, /(1 — ¢) € Q3, we identified two

different G- periodic QGMs. Furthermore, it was shown that when p > 3, |¢|, < 1, TIQGM s do
not exist, but in this work, two distinct Gs- periodic QG M s were found when p > 3, |q|, < 1.
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5. BOUNDEDNESS OF TWO PERIODIC p-ADIC QUASI (GIBBS MEASURES AND PHASE TRANSITIONS

Lemma 5.1. Let h be a solution of (3.5)), and p;, be an associated p-adic quasi Gibbs measure. Then
for the corresponding partition function Z™ the following equality holds:

Z® = Ay 2™, (5.1)

q9
where Ap, = [[ an(z), I X exp,{Jdi;}hjy = an(@)his, an(r) € Qp, i =1,2,...,q.
zeEW, yeS(z) j=1
Proof. The proof of this lemma follows a similar argument to that of Lemma 3.2 in [16]. Using
Lemma [5.1] we get the following statement.

Lemma 5.2. Let k = 2. If h™? is Gy-periodic (non translation-invariant) solution of (3.5)) then for
the corresponding partition function Z® the following assertions true:
If n is odd, then

2ntl_y 2ntl_y
Z =20 = ((q=Dhi+0n) 5 ((q—Dha+0n) 5 21" (5.2)
If n is even, then
(h) _ 2nt2_4 2" 4 ()
Z," = ((g=1Dhy+0n) = ((qg— Dha + ) = 2. (5.3)
Proof. Let
he, if o(z)€el,q—1;
ha(:r) z = . .
1, if o(z)=¢q
and

h hy, if |x| is even;
) hy, if x| is odd.

Consider the following cases
Case 1. Let n be odd. By Lemma 5.1 we get

0+ (¢ —2)hi +n)°

h, = ((¢ — 1)hy +6n)?,

ap(x) =

Apn=((g— D+ >, Appr = ((g — Dho +60)*".

ontl_y on+l_y

Z0W = ((g—1)h+0n)" = ((g—Vha+0n) = Z.

Case 2. Let n be even. By Lemma |5.1] we get

(0 4 (¢ —2)ha +n)?
ha

an(z) = = ((g = 1)h2 + 0n)?,

2n+1

) Ah,n—l - ((q - 1)h1 + 077)2".

2nt2_ 4 2" —4

ZM = ((q—1Dhi+0n) = ((q—1ha+6n) >

Ah,n = ((q — 1)h2 + 07’])

zM,
Lemma is proved.

Theorem 5.3. Let ¢ ¢ €, and p > 3. If |q|, =1 and /T —q € Q, or |q|, < 1, then the measures
pa2 are unbounded.
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Proof. Let |q|, =1, /1 —q € Q,. Then the measures pi,a.2 exist.
By Lemma and (3.2), we get

eXp{Hn(J)} H hcr(ac),r
6l = . 1
1,2) |p ontl_a ontl_4 12 ontl_4 N 1.2
" ((g = Vhio+0n)"5 ((¢ = Dhoy +6n) == 207 (0n —1)"= (n — 1) 207 |

p

Since |0 — 1], < 1, we get following result

hHl ‘Mh(l’z)(n)

= OQ.
n—o00 P

Case 2. 1f |q|, < 1, then there exist measures j,a.2. Note that, for |g|, < 1, we get h{"® = 1+0[1],
By Lemma [5.2] we have

exp{H,(0)} II ho@).e
(n) _ TEW,, 1
’Mh(1,2)|p— ontl_a 2l oa (i) 2128 (1)

((q=Dhia+0n) 5 ((q—1)hoa +0n)" 5 Z; ) (g+0n—1)""= 21",

It yields that
lim |y |, = oo.

Theorem is proved.
Due to Remark [4.3| and Theorem [5.3, we have the following assertions belong to a phase transition.

Theorem 5.4. Let g ¢ £, and p > 3. The following statements hold for the p-adic q-state Potts model
on the Cayley tree of order two:

e Iflql, =1 and /1 —q € Q,, then there exists a phase transition;

o If|q|, <1 then there exist a quasi phase transition.
Remark 5.5. Note that the first part of Theorem coincides with the result of [28]. However,
under the case where |¢|, =1 and /1 — ¢ € Q,, we found two distinct QG(H)s. Moreover, in the case

lg|, < 1, we found that a quasi phase transition occurs for the p-adic Potts model with an external

field.
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Abstract. In this work, the problem of constructing an optimal interpolation formula involving deriva-
tives is studied. The values of the unknown function are required not only at the nodal points but
also the values of its first three derivatives at these nodes. An upper bound for the interpolation error
is obtained using an extremal function, whose explicit form is determined. Furthermore, the squared
norm of the corresponding error functional is derived. Since this norm depends on the coefficients,
the Lagrange function is introduced, and its partial derivatives with respect to the coefficients are
computed and set equal to zero, leading to a system of equations. The resulting system is solved by
the method proposed by Sobolev. To this end, the discrete analogue of the differential operator % is
employed to solve the system and to determine the coefficients of the interpolation formula.

Keywords: Interpolation, splines, extremal function, error functional, norm, Sobolev space
MSC (2020): 65D05, 41A15

1. INTRODUCTION

Interpolation splines play a crucial role in modern technological advancements across various
fields. They are essential in numerical analysis, computer graphics, data fitting, and numerical solving
partial differential equations.

In numerical analysis, spline interpolation involves fitting low-degree polynomials to subsets of
data points, ensuring a smooth and accurate approximation of complicated functions. This method
is often preferred over high-degree polynomial interpolation due to its stability and precision. Splines
are particularly effective in scattered data fitting, where they provide smooth curves and surfaces that
pass through or near given data points. This capability is invaluable in fields like geospatial analysis
and computer-aided design [1].

Additionally, in numerical solutions of partial differential equations (PDEs), especially in fluid
dynamics and aerodynamics, splines are widely used to approximate solutions to the Navier—Stokes
equations. For instance, cubic splines can be employed in weather prediction models to interpolate
sparse atmospheric data accurately and smoothly, enhancing the efficiency and stability of numerical
simulations. [2].

Moreover, in the Galerkin method, the selection of basis functions is crucial for the accuracy and
efficiency of the solution. A notable approach involves using interpolation-based basis functions, which
are constructed to satisfy the governing partial differential equations (PDEs) locally. This technique
is particularly advantageous in problems with variable coefficients, where traditional polynomial basis
functions may not capture the solution’s behavior effectively.

For instance, the study [3] explored the construction of generalized plane waves (GPWs) as basis
functions within a discontinuous Galerkin framework. These GPWs are designed to approximately
satisfy the PDEs locally, thereby enhancing the method’s efficiency and accuracy in solving wave-
related boundary value problems with variable coefficients. The paper provides a detailed algorithm
for constructing these functions and discusses their interpolation properties, offering valuable insights
into their implementation in numerical methods.

This approach exemplifies how interpolation-based basis functions can be effectively utilized in the
Galerkin method to address complex PDEs, leading to improved solution strategies in computational
mathematics.

In the work [4], an optimal interpolation formula with derivatives in LY was also constructed,
but the difference from our work is that only the values of the derivatives of the unknown function
on the boundaries of the interval [0,1] were required. In addition to the above, the construction of
interpolation formulas in other spaces has been studied in [5], [6], and [7]. Moreover, interpolation
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formulas with derivatives and their applications have been investigated in the following works: [8], [9],
[10].
The next sections of the paper are organized as follows:

In Section 2, the problem of constructing an interpolation formula in the L§4) space is stated, derives
an upper bound for the error of the formula, presents the norm of the error functional, and obtains
the system of equations for the unknown coefficients of the interpolation formula.

Section 3 describes the algorithm for determining the unknown coefficients using the Sobolev method.
Section 4 presents numerical results and their analysis based on the analytically obtained coefficients.

2. STATEMENT OF THE PROBLEM

Let the functions ¢ belong to the Sobolev space L$Y(0,1). Here L$”(0,1) is the Hilbert space of
functions that are square integrable with first four order derivative in the interval [0,1].
The space is equipped with the norm

el oo = \//O (f1V(z))2d.

A: 0=zg<o <...<zazy=1

be given on the interval [0,1]. Assume that on this grid, the values of the itself and first three derivatives
of the function are given, i.e. we have

o(xg), ¢ (x5), " (x5), ¢"(x5), B=0,1,...,N. (2.1)

Let a grid

Here, x5 = hf,h = +.
In this work, we consider the problem of optimal interpolation of functions ¢(z) given by values ([2.1))
at points x4, 8 =0,1,..., N in the space L§4)(0, 1). For this, we consider the following

Py(x) =) > Cpap' (zp) (2.2)

B=0 a=0
In this case, we have the following approximation
p(x) = Py(x). (2.3)
Here the coeffitcients Cs ,(x),8 =0,1,..., N and a = 0, 1,2 are known and o = 0 have the form [11] :

bz 0<z<h
— h =4
Coo(z) = { 0, h<z<l,
LEh=hB BB —1) <z < hp,
Cso(z) = W, hs<x<h(B+1), p=12,...,N—-1,
0, otherwise,
[0, 0<z<h(N-1),
(%“@_{h;“, h(N-1) <z <1,

The following coefficients were found in |12]:

Coa(z) =
0, h <z <1,
GO hD) (B —1) S @ < hB,
Cg,1($) _ _(m_h5)2;h(r—h[3)’ hﬁ <z< h(lg + 1)7 ﬁ = 172, .. .,N — 1,
0, otherwise,
0, nggh(N_l)’
Cna(z) = { =Dl - p(N-1) <z <1



194 Shadimetov Kh.M., Hayotov A.R., Olimov N.N.

z(h—z)(2z—h) 0<x<h

Coa(x) = { 0 12h ) P 2 1a
(z—h(B— 1))(575 hﬁ)(% 2hﬂ+h) h(B—1) <z <hB,

Cﬁ’z(l') = (hB— w)(2h6+h h2x)(h5+h w) hB <z < h(,@ + 1)7 =1,2,...,N—1,
0, otherwise,

. (x)_{o, 0<z<(N-1)h,
N2 (=D@eth-2(@th=D) = p(N -1) <z < 1.

and the coefficients Cj 3(x) are unknown.
The error associated with the approximate equality (2.2)) takes the form of the difference

Ey(z) = o(x) — Py(). (2.4)

It should be noted that in this work, when we consider the approximation of the form (2.3)), we
impose the condition that the class of functions that transforms this approximate equality into an

exact equality in Lgk)(O7 1) space should be the class of all polynomials up to degree three. If we take
wo(x) =1, p1(x) = x, pa(x) = 2% and p3(x) = 2* as the basis functions, the imposition is

E,.(z) = ¢i(z) — P,.(z) =0o0r (R,z")=0,i =0,1,2,3. (2.5)

conditions on the error functional R(x) is enough for the approximation formula to be exact for
polynomials up to degree three.

Then in the space L5”(0,1) at every fixed point 2 = z of the interval [0, 1] the error defines a
linear continuous functional

R(z,z) =6(x — 2) — ZC/;O d(z —xp) "‘l‘ZCﬁl 0" (x — xp)
8=0

—2052 ZL‘—:L’B —|—ZC§$ 5///( g). (26)

B=0

In order to construct an optlmal interpolation formula of the form , it is necessary to calculate
the norm || R||, then we find the smallest value of this quantity in the given Cj, , Cs1and Cs o by the
coefficients C'3 3. This necessity arises from the fact that, according to the Cauchy-Schwarz inequality,
the estimation of the error is expressed by the norm as follows:

(R, )| < IRl o -l -

It is easy to see that the norm ||R||, - depends on the coefficients Cj 5. Then it should be found
2
the smallest value of the norm [|R||, - by the coefficient Cp 3. That is, it should be calculated the

quantity
égf; HRHLgx)* (27)

The coefficients Co'ﬁyg reaching the value ([2.7]) we call the optimal coefficients.
Thus, consequently in order to get optimal formula

e we calculate the norm ||R||, @)-,
2

e we find C'/gd which gives (2.7)).
To calculate ||R||,@-, we use the definition of the extremal function [13]. The function Ug(x)
satisfying the following equality is called an extremal for the interpolation formula ({2.3)):

(R,Ur) = R - - Ul .
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here, the extremal function corresponding to a linear continuous functional defined in the Lgm) space
was found by S. L. Sobolev [13], from which, as a particular case, we obtain the following:

Ur(z) = R(z) * G4(z) + p3x® + pox® + p12 + po, (2.8)

where
||
2.7

Now, we first calculate the convolution in equation ([2.8)).

G4(ZL‘) =

o2 & |z — 2|
R(z) % Gy(z / R(y) - Ga(z — y)dy = = — —;cﬁ,o 5

N
sgn(z — xg)(x — xp5)° 2\5 sgn(z — zg)(x — z5)*
+ E Csa 5 6l g Cﬁg + 5 Cps 13 : (2.9)

Then the extremal function has the followmg form:

x—ZV ZV sgn(z —ap)(z — 75)° |z — 2|
Ur(z) = Z 60 +ZC 1 2.6 _ch .

N 4
sen(r —x r— X E
+ E C,@,?, g ( 58)( B) +p3$3 +p2$2 + p1x + po-
B=0

Taking into account the last expression, we get

(R,Ugr) = /_OO R(x) - Ug(x)dx = /_oo R(x) - (R(x) % G4(x) 4+ psa® + pyx® + prov + po) da
/ R(x) - (R(x) * Ga(x)) dz + ps(R,2°) + ps(R, 7%) + p1 (R, ) + po(R, 1)

/ R(x)- (R(x) + Ga()) dz (2.10)

Using expression ([2.9)), from expression , we obtain

(R,UR):/_OO< .I‘—Z 2050 x—mg +2051 (5(1’—%5)

=0

1 |£C—Z7 ol r— |7
_Zcﬁz :L'—IEB +ZCg3 -0 ( ﬁ))( 2.7 _207’2.7?

p=0 =
N R Y e R Wy
:_ZZCBBCVS +ZCB3 lzcwsgn 2)( — )
p=0~=0
ficﬂ G P TR Rt r:cﬁl—QzP]
=
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sgn(rg — o |rg —x xg — z|°
—Zcm [ZOM = 2n)(os = ZC onl ﬁm\]

N 6
sgn(z —x sgn(zg — 2)(zg — 2)°
+Zcﬁ1 [ch 72>O< S sl = Mo =2 S ol \]

B=0~y=0

_chﬂlcvl +chﬂ ZC ’xg 7,' : (2.11)

B=0 =0 £=0v=0

We also have the following equalities [12]:

N
(R,1) =0,then » Cpo =1,
B=0

N
(R,z) = 0, then ZC’M =0,
B=0

N
(R,2%) = 0,then Z Cso=0.
B=0

%) = /_: R(z) - 2*dx

= /OO (6(m —z)— Z Cpo0(r —p5) + 205’15/@ —x5) — ZCBQ‘;N@ —xp)

- B=0 B=0 B=0

Similarly, we come

N N N N N
221 1
+>_ Coad" (@ = xﬁ)> wlde = o = 5> Cpo-ah = 5> Cpaah =) Coars =) Cpa=0.
B=0 B=0 B=0 B=0 8=0

Then,

N 3 1 N N N
8=0 B=0 5:0 8=0
So, we get the following expression for the norm of the error functional of the interpolation formula: .
sgn(zg — x,)(zg — x,)?
HRHL<4>*: 22053073 +ZCL%3 Zc»yz 9 A
B=0 v=0
sgn(zs — ) (x5 — )" |z —2°
720“ +;C”O 24 12

g z,)(@ |5 |75 — 2/°
—ZCM [ZCMSH 4 ZCN - xﬁmoz ]

+i0 ' ic sgn(wp — )(@p — 25)°  sen(zs — 2)wp —2)°
R P 720 =0

5
+ZZCMCVQ ZZ(J[;@1 |

B=0~v=0 £=0v=0
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+ZZC§ OC»YO ZC ny,(; _7;5‘ . (2.13)

B=0~v=0

We find the minimum of expression (2.13]) under condition (2.12)). For this, we come to the problem
of finding the conditional extremum of a multivariable Lagrange function.
We construct the Lagrange function:

3

P 1 N 1 N N N
A = ||R|* + 2A(R, 2%) = || R||* + 2X (6 — 52 Coowh =5 Cpaah =D Coamg =) Cos |,
B=0 B=0 B8=0 B=0

where, A is a Lagrange multiplier.
In that case, equating to zero the partial derivatives of the function A by Cjz3 and A, we get the
following system of the linear equations

N
ch il + A= flzs,2), B=0,1,..,N, (2.14)
y=
N B3 1 1N N
20773 = E - 6 20,370 . x% — 5 ZCBJ.%% — ZC{;,Q[Bﬁ. (215)
v=0 B=0 B=0 B=0

N
> Ch5=0, (2.16)
v=0
ch, 28 =@l L\ fapz), B=0,1,. N, (2.17)
where N
sen(as — ) (25 — 2,)" 25—,
.1,‘5, ZC,YO 18 7 +ZC'Y’1T’Y
N 2 4
SgN(Tpg — & g — T SgN(Tg — 2)\( g — =
Sy, (%5 ZL)( p—2,)° | sgn(zg Qi( p—2)" (2.18)

3. AN ALGORITHM OF FINDING THE COEFFICIENTS OF THE INTERPOLATION FORMULA

In order to find an analytical solution to the system (2.14)), we need the discrete analogue

0, 18] > 2,
Di(hB) =4 &, 1ol =1, (31)
TR /8 =0
of the differential operator . The discrete operator (3.1)) has the following properties [14]
Dy(hB)*1 =0,
Dy(hB) * (hB) =0,
w018+ " — 5,5, (3.2
where 3
1, =0,
s ={ 5 520
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We consider the left-hand side of the expression (2.17) as a new function

N
hB —h
U (hB) =3 Cos- ‘527' .Y (3.3)
~=0
Here, C, 5 is considered as a discrete function of the integer-valued argument. For v = —1,—-2,... and

y=N+1,N+2,... weassume C, 3 = 0.
As aresult, based on the definition of the convolution operation of functions with discrete arguments,
from expression (2.18)) we arrive at the following

Ui(hB) = Cp 3 ’hzﬂ + A

In that case, according to properties (3.1]), we get the following
Css3 = hD1(hB) * Ui (hp). (3.4)

In order to find the coefficients Cj 3 from relation (3.4), we must first determine the function U, (hf)
at all integer values of 3.

Depending on ([2.14)), the following equality
Ui(hB) = f(hB, 2), (3.5)

is valid for 8 =0,1,..., N. Now we find representation of U;(hf3) at < 0 and § > N.
Let g = —1,-2,.... Then, from (3.3]), we get the following;:

Ui(hB) = L+ A,

—_ N hy
where, L=>""_,C, 5 -3

Similarly, for 6 =N + 1, N +2,..., we have
Ui(hB) = —L+ A\ (3.6)
From (3.4)-(3.6), we get the following:
L+ =-1,-2,...,
Ul(hﬂ): f(hﬁwz)) /620717"'7N7
—L+XA B=N+1,N+2,....

It is easy to show that
AN—L=[(1,2), A+L=f(0,2).

So,
{ £(0), B <0,
Ui(hB) = f(hB,2), 0<B <1, (3.7)
f(), 8> N.

Using equation (3.7), we find coefficients Cj 5 based on equation (3.3)). Then

Cps = hDy(hB) « Ui(hB) =h Y Di(hB — hy) - Ui(hy)

y=—00

N

| D08~ ) Ui () + 3 Dilhly + N = B) - Us(b(N 7)) + 3 Da(hf + h)Us( 1) | (38)

~=0 ~y=1 y=1
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From the above expression, for 8§ = 0, we have the following:

Cos = 1|3 Dalhn) - Un(h) + 3 Di(hy) - Us(=hy) + 3 Dy(h(N +7)) - Uy(A(N + )

' =0 y=1 =1
— () = £(0,2)]

Now, from (3.8) for 8 =1,2,..., N — 1, we have the following:

Cps = thl(hﬁ — hy) - Ui ()
= h[Di(h) - Ui(h(B = 1)) + D1(0) - Ur(hB3) + D1(h) - Ur(h(B +1))]

_ % [f(R(B—1),2) —2f(hB,2) + f(R(B+1),2)].

Finally, from (3.8) for § = N, we get the following:

Cys = h ZDl(hN—hv)-Ul(h%Z)JriDl(fw)-Ul(h(NJrv))JriDl(lJrhv)'Ul(—h'v)

7=0 y=1 y=1
1

= Sl h2) - fL2).

Then, based on (2.18) we get the following result:

Theorem 3.1. Coefficients of the optimal interpolation formula of the form (2.2)) in the space Lgl) (0,1)
have the form:

C _
0.3(2) 24h )0, h<z<1,’

(hB=2)*(h(B=1)—2)*,  h(B—1)<z<hp,

1 {ZQ(h(QZ—h)—Zz), 0<z<h,

Coslz) = 54 —(h6—2(A(B+1) ~ )%, BB <z <h(5+1),
0, otherwise,
1 o, 0<z<h(N-1),
Cns(2) m{(z—1)2(h+z—1)2, h(N-1)<z<1.

4. NUMERICAL RESULTS AND DISCUSSION

Using the theoretical results obtained, we approximate several functions. Additionally, we compare
the numerical results with those obtained in similar studies.

We analyze the approximation of the function ¢(z) = z* using the optimal interpolation formula
in the interval [0,1] with a step size h = < for both N =10 and N = 100.

We analyze the approximation of the function ¢(x) = sin(x) using the optimal interpolation formula
(2.2) in the interval [0,1] with a step size h = & for both N =10 and N = 100.

We consider the approximation of the function ¢(x) = e using the optimal interpolation formula
(2:2) in the interval [0,1] with a step size h = + for both N = 10 and N = 100.

5. CONCLUSION

In this work, we addressed the problem of optimal interpolation for functions in the Sobolev space

L§4) (0,1). Our goal was to construct an optimal interpolation formula for a function based on its values
and the values of its first three derivatives at a given set of points. To achieve this, we solved the
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FIGURE 2. The absolute error |z* —
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FIGURE 3. The absolute error |sin(z) —
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FIGURE 4. The absolute error |exp(z) —

problem of minimizing the norm of the error functional. As a result, we formulated this problem as a
conditional extremum problem using a Lagrange function, which led to a system of linear equations for
the optimal coefficients. By solving this system using the discrete operator method, we found the exact
analytical expressions for the optimal coefficients and constructed the desired optimal interpolation
formula. This approach allows for increased accuracy and efficiency in the interpolation process.

To verify and confirm our theoretical findings, we performed numerical calculations for several
functions. Specifically, we approximated the functions p(x) = z*, p(x) = sin(x), and p(z) = e using
different values of N (e.g., N =10 and N = 100). Our calculations showed that for any function with
a fourth derivative, the interpolation error approaches zero proportionally to a higher power of the
step size h. These results demonstrate the practical significance of our optimal interpolation method

2.x 104
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P.i(2)| for N =10 and N = 100.
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Piin(z)(2)| for N =10 and N = 100.

(»(2)| for N =10 and N = 100.

P, exp(z

and its potential application in various engineering and scientific computations.
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Pauli Gaussian Leonardo quaternions
Yagmur T.

Abstract. In this paper, a new family of Pauli quaternions whose components are the Gaussian
Leonardo numbers is defined. These new Pauli quaternions are called Pauli Gaussian Leonardo quater-
nions. Furthermore, several properties of Pauli Gaussian Leonardo quaternions, including relations
with the Pauli Gaussian Fibonacci and Pauli Gaussian Lucas quaternions are investigated. In addi-
tion, Binet-like formula, (ordinary) generating function, exponential generating function, and some
summation formulas for these Pauli quaternions are given. Moreover, some results are illustrated with
examples.

Keywords: Leonardo number, Gaussian Leonardo number, Pauli matrix, Pauli quaternion, Pauli
Gaussian Leonardo quaternion
MSC (2020): 11B37, 11B83, 11R52

1. INTRODUCTION

The sequences of Fibonacci and Lucas numbers [1] are defined by the relations
Fb=0F=1LF,=F,_1+F, > n>2 (1.1)
and
Ly=2,Ly=1L,=L, 1+ Lp,_5, n>2, (1.2)

respectively. The Binet formulas for Fibonacci and Lucas numbers are given as

F, = M
a—p
and
L'I’L = an + ﬁn7
respectively, where o = # and 8 = 1_2‘/5. Here, @ and 3 are the roots of the characteristic equation

22 —x —1=0of (1.I) and (L.2]). For more information, we refer to [1].

Over the past few years, the sequence of Leonardo numbers, which is listed as A001595 in the
OEIS |2|, has garnered enormous interest. In [3], Catarino and Borges studied some properties of the
Leonardo number sequence.

The Leonardo sequence is defined by the relations

Le,=Le, 1+ Le, o+1, n>2
or
Le, =2Le,_ 1 —Le,_3, n>3

with initial conditions Ley = Le; = 1 and Le, = 3. Here, Le,, represents the n-th Leonardo number
[3]-

The Leonardo numbers have a strong relationship with the well-known Fibonacci numbers. Let Le,
be the n-th Leonardo number and F,,; be the (n+ 1)-th Fibonacci number. Then, the Leonardo and
Fibonacci numbers are related in the way that follows [3]:

Len = 2Fn+1 — 1.
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Furthermore, the n-th Leonardo number is given as

2an+1 _ 25n+1 _ 04+B
Len = )
a—p

where a = % and § = 1_2\/5 (see [3]).

A Gaussian number is a complex number with integer coefficients that was investigated by Gauss
[4]. The concept of complex Fibonacci numbers was first introduced and studied by Horadam [5].
Then, the Gaussian Fibonacci and Gaussian Lucas numbers were studied by Jordan [6].

The n-th Gaussian Fibonacci number is defined recursively by the relation

GF,=GF,_.1+GF,_5, n>2

with GFy =i and GF; = 1. Similarly, the n-th Gaussian Lucas number is defined recursively by
GL,=GL,_1+GL,,_5, n>2

with GLy =2 —i and GL; = 1+ 2i (see [6]).

Exactly like the Fibonacci numbers, the complex Leonardo numbers [7] and the Gaussian Leonardo
numbers [8} |9} |L0] are introduced and studied. Then, in [11], some new results involving the Gaussian
Leonardo numbers are given.

The n-th Gaussian Leonardo number is defined by

GLe, =GLe, 1+ GLe, >+ (1+1i), n>2 (1.3)
or
GLe, =2GLe,_, — GLe,_35, n>3 (1.4)

with GLey =1 —14, GLe; = 1+ i and GLey = 3 + 4. Moreover, for non-negative integer n, the n-th
Gaussian Leonardo number is given as

GlLe, = 22" = /Bn:z;%(an =8 a4, (1.5)

where a = % and f = 1*2‘/5 (see [8, 19, 110]).

Besides, for Gaussian Leonardo numbers, the followings hold [8, 9, |10} |11]:

GLe, = Le,, + Le, _1i, (1.6)
GLe, = 2GF, 1 — (1 +1), (1.7)
GLen_1 4+ GLepyy = 2GLyyy — 2(1 + 1), (1.8)
GLe, 1 — GLe, = 2GF,, (1.9)
GL€n+2 - GLen_g = 2GL7H_1, (110)
GLe, + GF, + GL, = 2GLe, + (1 +1), (1.11)
> GLey = GLeyny — (n+2)(1+ 1), (1.12)
k=0

> GLey, = GLeyyr —n — (n+ 2)i, (1.13)

k=0

Z GL62k+1 = GL62n+2 — (n + 2) — ni, (].14.)
k=0
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where Le,, is the n-th Leonardo number, GLe,, is the n-th Gaussian Leonardo number, GF,, is the
n-th Gaussian Fibonacci number, and GL,, is the n-th Gaussian Lucas number.

A (real) quaternion, introduced by W. R. Hamilton in 1843, is a hyper-complex number. A quater-
nion ¢ is represented as follows:

q=qo+ @i+ qJ+ gk,
where qq, q1, q2, and g3 are real numbers, and i, j, and k are quaternionic units such that
P=2=k=-1, ij=—ji=k, jk=—-kj=1i, ki=—ik=]j.
For further information, we refer to [12, |13].

The Pauli quaternions are quaternions formed by using the Pauli matrices. The Pauli matrices
comprise a collection of 2 x 2 complex matrices as follows |14} 15]:

(10 (0 1 (0 —i (1 0
“lo 1) 2=\1 0) %27\ o) 937 \0o -1

with multiplication rules given by

012 = 022 = 032 =1,

0102 = —0201 = 103, 0903 = —0309 = 107, 0301 = —0103 = i03. (1.15)

Moreover, the Pauli matrices, named after the German physicist Wolfgang E. Pauli, are Hermitian
and unitary (see [14, 15]). The Pauli matrices have found wide applications in various areas, including
mathematics, physics, and mathematical physics (see, e.g., |16} |17} 18} |14, [15, |19} 20, 21]).

The set of {1,i04,i02,i03} is the basis of Pauli quaternions. This set is isomorphic to the set of
(real) quaternions [15].

A Pauli quaternion is defined by Kim [15] as
P = pol + p101 + p202 + p30os,

where 0y, 02, and o3 satisfy the rules (1.15)).
The conjugate of a Pauli quaternion p, denoted by p, is

P =pol — pi01 — p202 — p303.

Furthermore, in |15], Kim investigated algebraic and analytic properties of Pauli quaternions.

In [22], Aydin introduced the Pauli Fibonacci quaternions and obtained some properties involving
these Pauli quaternions. Then, in [23], Isbilir et al. defined and studied the Pauli Leonardo quater-
nions.

The n-th Pauli Leonardo quaternion is defined as

QpLen = L@nl + Len+101 + L€n+202 + L€n+30'37 (116)

where Le,, is the n-th Leonardo number (see [23)]).

More recently, in [24], Azak defined the Pauli Gaussian Fibonacci and Pauli Gaussian Lucas quater-
nions as follow:

The n-th Pauli Gaussian Fibonacci quaternion is

QPGFn = GFn1+GFn+10'1 +GFn+20'2+GFn+30'3, (117)
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where GF), is the n-th Gaussian Fibonacci number.
The n-th Pauli Gaussian Lucas quaternion is

QPGLn == GLn]_ + GLnJrlO-l + GLnJrQO-z + GLn+3O'3, (118)

where GL,, is the n-th Gaussian Lucas number.
Furthermore, the author obtained some identities and formulas involving the Pauli Gaussian
Fibonacci and Pauli Gaussian Lucas quaternions (see [24]).

Quaternions are an extension of complex numbers. Both complex numbers and quaternions have a
rich representation capacity in many scientific disciplines, especially in applied sciences. Also, Pauli
matrices are very useful in quantum mechanics as well as in classical mechanics. On the other hand,
due to the extraordinary patterns of Fibonacci numbers in nature, the Fibonacci sequence and other
sequences that are closely related to this sequence are the focus of many researchers’ studies. The
Leonardo sequence, a non-homogeneous extension of the Fibonacci sequence, has recently attracted
considerable attention by researchers.

Inspired and motivated by some of the above mentioned papers, by bringing together complex
(Gaussian) numbers, quaternions, Pauli matrices, and Leonardo numbers, we aim to introduce a new
family of quaternions. These numbers will be referred to as Pauli Gaussian Leonardo quaternions. The
Pauli Gaussian Leonardo quaternions are an extended description of the Pauli Leonardo quaternions
in [23] to the complex case. For our purpose, we first define Pauli quaternions with Gaussian Leonardo
number coefficients. Then, we derivate some identities and formulas involving these Pauli quaternions.

2. MAIN RESULTS

Definition 2.1. For n > 0, the n-th Pauli Gaussian Leonardo quaternion, denoted by QpGLe,, is
defined by

QpGLe, = GLe,1+ GLe, 101 + GLe, 202 + GLe, 303, (2.1)
where G Le,, is the n-th Gaussian Leonardo number, and o4, 03, and o3 satisfy the rules ([1.15)).
Note that, by virtue of (1.6 and (1.16)), it is easy to see that
QPGLen = QPLen + QPLen—li'

By considering the definition of the conjugate of a Pauli quaternion, the conjugate of QpGLe, is
defined as

QpGLe, = GLe,1 — GLe, 101 — GLe, 905 — GLe, 505. (2.2)
Throughout the paper, let P = (1+414)(1+ 01 + 02+ 03). From the definition of the Pauli Gaussian
Leonardo quaternions, we can get the recurrence relations as
QpGLe, = QpGLe,_1 +QpGLe, o+ P, n>2 (2.3)
or
QpGLe, =2QpGLe,_ — QpGLe,_35, n>3 (2.4)
with

QPGLGO == (1 - 1,)]_ + (1 + 1:)0'1 + (3 + ’L')O'2 + (5 + 37:)()'37
QpGLey = (14 0)1+ (34 1)o1 + (5+ 3i)oz + (9 + 5¢)0s,
QpGLey = (3+1i)1+ (5+3i)oy + (9 + 5i)os + (15 + 9i)os.
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Theorem 2.2. Let QpGLe, be the n-th Pauli Gaussian Leonardo quaternion. Then, for n > 0, we
have

QpGLe, + QpGLe, = 2GLe,1, (2.5)
(QpGLe,)? = QpGLe, (2GLen1 — QPGLen) , (2.6)
QpGL@n]_ - QPGL6n+101 - QPGL€n+2O-2 - QPGL€n+3O'3 - — (GL€n+1 + 2GLn+6 - (1 + Z)) 1.
(2.7)
Proof. (2.5)): From (2.1)) and ([2.2)), it is straightforward.
(2.6): By considering ({2.5)), we get
(QpGLe,)? = QpGLe,.QpGLe, = QpGLe, (2GLen1 — QPGLen) .
(2.7): By virtue of the multiplication rules (1.15)) and Equation ({2.1]), we obtain
QprGLe,1 — QpGLey101 — QpGLey 202 — QpGLey 303
= (GL@n]. -+ GL€n+10'1 + GL€n+20'2 + GL€n+30'3) 1
- (GL€n+11 + GLen+201 + GL€n+30'2 + GL€n+40'3) 01
— (GLe,, 21+ GLe, 301 + GLe, 402 + GLe,  503) 02
— (GLen-i-?)]- + GL€n+40'1 + GL€n+50'2 + GLen+6U3) O3
= ((GLen — GL€n+2) — (GL€n+4 + GLen+6)) 1.
From (|1.3) and (/1.8)), we have
QPGLenl — QPGLen_HO'l — QPGL6n+20'2 — QPGL€n+3U3 = — (GLen+1 + ZGLn+6 — (1 + Z)) 1.
This completes the proof. O

We now give some identities involving the Pauli Gaussian Leonardo quaternion Q) pGLe,,, including
relations with the Pauli Gaussian Fibonacci quaternion () pGF,, and Pauli Gaussian Lucas quaternion
QpGL,.

Theorem 2.3. Forn > 0, let QpGLe, be the n-th Pauli Gaussian Leonardo quaternion. Then, the
followings hold true:

QpGLen 1 + QpGLepniy = 2QpGLy 1 — 2P, (2.8)
QpGLe, 1 — QpGLle, =2QpGF,, (2.9)
QpGLe, o — QpGLle, 5 =2QpGL, 1, (2.10)
QpGLe, + QpGF, + QpGL, =2QpGLe, + P. (2.11)

Proof. (2.8): By virtue of (1.8, (1.18)), and (2.1)), we have

QpGLe, 1+ QpGLe, 1 = GLe, 11+ GLe,o1 + GLe, 102 + GLe, 203
+ GLen 11+ GLe, 201 + GLe, 302 + GLe, 403
= (GLe, 1+ GLe,y 1)1 + (GLe,, + GLe,12)0y
+ (GLepy1 + GLey3)02 + (GLeyy 2 + GLey )03
=2(GL, 114+ GL, 201 + GL, 302 + GL, . 403)
—2(1+14)(1 4+ 01 + 02 + 03)
=2QpGL, 1 —2P.

(2.9): By virtue of (1.9)), (1.17)), and (2.1), the desired result can be obtained in a similar manner as
Equation ([2.8]).
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2.10): By virtue of (1.10f), (1.18), and (2.1]), the proof is similar as Equation ([2.8)).
2.11)): By virtue of (L.11]), (1.17), (1.18]), and (2.1)), we have

QpGLe, + QpGF, + QpGL, = (GLe, + GF, + GL,)1 + (GLepy1 + GF, 41 + GL, 1 1)0y
+ (GLeyyo + GFyyo+ GLyyo)oa + (GLeyy 3 + GEy i3+ GLyy3)03

= (2GLe, + (1414))1 + (2GLep1 + (1 +14))o1 + (2GLeyio + (1 +1))oz + (2GLey 13 + (1 +14))os
=2 (GLenl + GL€n+10'1 + GL€n+20'2 + GL€n+30'3) + (1 + Z)(]_ + 01+ 02+ 0'3) = 2QPGL€n + P

which completes the proof. O

Example 2.4. If we take n = 1 in Equation (|2 , n = 0 in Equations (2.9) and (| ,and n =2 in
Equation ([2.10)) in Theorem then, we get

QpGLey + QpGLey = (1 —i)1 + (1 4+ i)oy + (3+1i)oz + (5 + 3i)os
+ (3+1)1+ (5+ 3i)or + (9 + 5i)oa + (15 + 9i)os
=41+ (6 +4i)oy + (12 4+ 64)oy + (20 + 124)03

2QpGLy — 2P =2((34+4)1 + (44 3i)oy + (7T + 4i)oz + (11 + Ti)oz) —2(1 +¢)(1 + 01 + 02 + 03)
=41+ (6 +4i)oy + (124 6i)oz + (20 + 12i)03,

QpGL(i’l - QpGL@O = ( + Z)]_ + (3 + i)O'l + (5 + 3’L')O'2 + (9 + 5i)0'3

— (=914 A +4)or+ (3+1i)oz + (5 + 3i)os)
=2i1 + 20 + (24 2i)o2 + (4 + 2i)03
2QpGFy=2(i1+ 1oy + (1 +i)oa + (2 + i)o3)
=2i1 +20¢ + (24 2i)o2 + (4 + 2i)03,

QpGLey — QpGLey = (94 5i)1 + (154 9i)oq + (25 + 159)02 + (41 4 25i)03
(=91 + (1 +i)oy+ (3+i)oz + (54 3i)os)
= (8 +6i)1 + (14 + 8i)o1 + (22 + 14i)o5 + (36 + 22i)03
2QpGL3 =2((4+3i)1 + (7T+4i)oy + (11 + Ti)og + (18 + 11i)03)
= (8 +6i)1 + (14 + 8i)oq1 + (22 + 14i)o + (36 + 22i)03
and
QpGLey + QpGFy+ QpGLy= (1 —1i)1+ (1 +1i)or + (34 i)o2 + (5 + 3i)os
+il+ 1oy + (1 +i)ox+ (24 i)os
+ (2 =014 (1 + 2i)oy + (3 +i)oz + (4 + 3i)os
=B —-9)14+(3+3i)or + (T4 3i)o2 + (11 + Ti)os

2QpGLey +P=2((1—0)1+ (1 +i)or + (3+i)o2+ (b +3i)os) + (1 +4)(1 + 01 + 02 + 03)
=B =914 (3+3i)oy + (7T+ 3i)os + (11 + Ti)os,

respectively.

Theorem 2.5. For n > 0, the Binet-like formula for the Pauli Gaussian Leonardo quaternions is
given by

2(a+i)ara™ = 2(B +1)p* 0" _p
a—pf ’
where a* = 1+ aoq + o?04 + o3 and 8* = 1+ Boy + (%04 + B303.

QpGLe, = (2.12)
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Proof. From (1.5 and (£2.1)), we have
QpGLe, = GLe,1+ GLe, 101 + GLe, 202 + GLe, 1303

(2t e =)
= < p— -1+ z)) 1
N <2(a"+2 - ﬁ"“()}ﬂLQBZ(a”“ =gy (1+ i)) o1
N <2(a"+4 - ﬁ"+4()1+2;(a"+3 - g (1+ i)) -
. 2Oén+1(1 + 07 + 0420'2 + CM30'3) — 2Bn+1<1 + 50’1 + ,820'2 + 530'3)
= "
N 2ia"™(1 + aoy + a0z + a’o3) — 2if" (1 + foq + o2 + (303)
a—p

— (1+Z)(1+O'1 +O'2+0'3)

2o +i)ara" — 2B+ )88
a—p

Thus, the proof is completed. O

P.

Example 2.6. If we take n = 2 in Theorem , then QpGLe, can be obtained as
2(a+i)ata® = 2(B+14)8° B

QPGLGQ == P
a—f
_ 25 ) (5 (14 (255 o + (555 )a+ (24vE) )
- V5
1=v5 1 3-V5 1=v5 o1 3-V5 o2 — o .
A0S )t (5 )0t (Cv0)os) (1 1) (1 4 04 + 03+ 03)
(4\/51+6\/5a1+10\/502+16\/503);;(2\/5.1+4\/501+6\/502+10\/5a3) (149 (1+ 01 + 03 + 03)

=B+9)1+ (5+3i)or + (9 + 5i)oz + (15 + 9i)o3.
Theorem 2.7. The (ordinary) generating function of the Pauli Gaussian Leonardo quaternions is

QPGLeo + (QPGLel - 2QPGL€0)$ + (QPGLGQ — QQPGLel)xQ
9lw) = 1— 2z + a5 '

Proof. Let g(x) be the generating function of the Pauli Gaussian Leonardo quaternions. From the
definition of the generating function of a sequence, we can write

g(z) = ZTZOQPGLenx". (2.13)
By virtue of and , we have
9(z) = QpGLe + QrGLerw + QpGLexs® + Y QpGLeya”
= QpGLey+ QpGLex + QpGLexx® + Zig(ZQPGLen_l — QpGLe,_3)x"

= QpGLey + QpGLeix + QpGLexz® + 2:6200_3QPGL6”,13:"_1 — x3z:oozgQPG'Len,g,:U"_‘3
= QpGLey + (QpGLe; — 2QpGLey)x + (QpGLey — 2QpGLey )2
+ 2xZiOQpGLen:c” — :I:SZZOZOQPGLenx".
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Then, it follows that
g(x)(1 — 22 + 2°) = QpGLey + (QpGLe; — 2QpGLeg)r + (QpGLey — 2QpGLey )22
which completes the proof. |

Theorem 2.8. The exponential generating function of the Pauli Gaussian Leonardo quaternions is

2(a+i)are* — 2(B + i) Bl

— Peét.
a—f €

g(t) =

n

o 3 . . . . .
Proof. Let g(t) = > .2 ,Q pGLen—‘ be the exponential generating function for the Pauli Gaussian
n!
Leonardo quaternions. Then, from (2.12)), we have

o(t) = Zzo_o<2(a +i)ara" —2(8+4)8° " P) tn

n!

a—p
Cati)at e (@) 2AB+DF e (B e
- a-p Zn:0 nl a-p Zn:O n! Pznzom
_ 2(a+ i)a*eat _2(B+9)B Bt pot.
a—p a—p
Hence, the proof is completed. a

Theorem 2.9. Let QpGLe, be the n-th Pauli Gaussian Leonardo quaternion. Then, we have

S QrGLec = QeGLens — (n+2)P — 2oy + (2 + )0z + (4 + 20)aa), (2.14)
ZZZOQPGIA?% =QpGLesyyy1 — (n+2)P +2(1 +ioy — 03), (2.15)
Z:ZOQPGL€2k+1 = QpGLleyyia — (n+2)P+2(il —0a — (2+1i)03). (2.16)

Proof. (2.14): By virtue of (1.12), and (2.1f), we get
Zk:OQPGLek = Zk:o (GLekl + GLek+101 + GL€k+20'2 + GL€k+3O'3)

= (Z:ZOGLek) 1+ (Z:ZOGLekH) o1+ (Z::OGLek+2) o2 + (Z:ZOGLer‘) o3
= (GLepi2—(n+2)(1+1) 1+ (GLepis — (n+2)(1+1i) —2) 0y

+ (GLeyya — (n+2)(1+4) — (44 2i)) o2+ (GLeyys — (n+2)(1 +4) — (8 4 4i)) 03
= GLe, .21+ GLe, 301 +GLe, 402+ GLe, 503

—(n+2) 14491401 +02+03)—2(01+ (2+1i)o2+ (44 2i)o3)
= QpGLleyio— (n+2)P —2(01 + (24 1i)oz + (4 + 2i)03).

By considering ([1.13]) and (1.14)), Equations (2.15)) and (2.16)) can be obtained similarly. O
Example 2.10. For n = 3 in Theorem [2.9] we obtain

ZZZQQPGLE’“ = QpGLeo + QpGLer + QpGLer + QpGlLes
=(1—-i)1+(1+i)oy+ (3+i)oz+ (54 3i)os
+ (1 401+ B +1i)or + (54 3i)oz + (9 + 5i)os
+ (3491 + (5+3i)o1 + (9 + 5i)os + (154 9i)os
+ (5 +31)1 + (9 + 5i)oy + (154 9i)os + (25 + 15i)0s
= (10 4 4i)1 + (18 + 10i)0y + (32 + 18i)0a + (54 + 32i) 05
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QpGLes — 5P —2(01 + (2 +14)os + (4 + 2i)0o3)
= (15 + 90)1 + (25 + 15i)0y + (41 + 251)05 + (67 + 414) s
—5(1+i)(14+01+02+03) —2(01 + (2+13)o2 + (4 + 2i)03)
= (10 + 4i)1 + (18 + 10i)oy + (32 + 18i)0a + (54 + 3203,

> QuGLew = QpGLeq + QpGLes + QpGlLes + QpGLey
=1—-i)1+(1+i)oy+ (3+i)oz+ (54 3i)os
+ 3401+ (5+3i)ay + (9 + 5i)os + (15 + 9i)os
+ (9 4 5i)1 + (15 + 9i)oy + (25 + 15i)05 + (41 + 25i)0g
+ (25 + 150)1 + (41 + 25i)0y + (67 + 41)0 + (109 + 67i)0s
= (38 4 20i)1 + (62 + 38i)oy + (104 + 62)05 + (170 + 104405

QpGLe; — 5P 4+ 2(1 +ioy — 03) = (41 + 25i)1 + (67 + 41i)oq + (109 + 67i)og + (177 + 109i)0g
—5(1+i)(1+o01+03+03)+2(1+i0, —o03)
= (38 +204)1 + (62 + 38i)0y + (104 + 62i)05 + (170 + 104i)0g

ZiZOQPGLer-H = QpGLes + QpGLles + QpGLes + QpGLleq
— (1+)14 (3+i)or + (5 + 3i)oz + (9 + 5i)os
+ (5 + 30) L+ (9 + 5i)oy + (15 + 9i)oz + (25 + 15i)03
+ (15 + 94)1 4 (25 + 154)0y + (41 + 25%)0, + (67 4 41i)o
+ (41 + 250)1 + (67 + 41i)oy + (109 + 67i)o + (177 + 109i)07
= (62 + 38i)1 + (104 4 62i)oq + (170 4 1044)o + (278 4 170i) 03

QpGLes — 5P + 2(il — 03 — (2 +i)o3) = (67 + 414)1 + (109 + 67i)oy + (177 + 1097) 05
+ (287 + 177i)os — 5(1 + i) (1 + 01 + 02 + 03) +2(i11 — 02 — (24 i)03)
= (62 + 38)1 + (104 + 62i)oq + (170 + 104i)05 + (278 4 170¢) 03,

respectively.

3. CONCLUSIONS

In the current study, complex (Gaussian) numbers, quaternions, Pauli matrices, and Leonardo
numbers are combined to develop a new class of quaternions. These newly defined quaternions are
referred to as Pauli Gaussian Leonardo quaternions. Moreover, many formulas for these quaternions,
such as the recurrence relation, Binet-like formula, ordinary generating function, exponential gener-
ating function, and some summation formulas, are presented. Also, some relationships between the
Pauli Gaussian Leonardo quaternions, Pauli Gaussian Fibonacci quaternions, and Pauli Gaussian Lu-
cas quaternions are established. Additionally, examples of some results obtained in this paper are
provided.

Pauli matrices and quaternions are extensively used in mathematics and physics, especially in quan-
tum mechanics. We believe that the new number family we propose may offer a new perspective to
researchers working in the related fields.
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