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Abstract. In this work, we obtain explicit estimates for the accuracy of an approximation solution
scheme for ODEs. The scheme is of the fourth order and based on the Taylor formula. Here we derive
estimates with explicit constants, which are expressed by the derivatives of the right-hand side.
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1. INTRODUCTION

In many applications of mathematics, we face the problem of approximately solving the Cauchy
problem

i(t) = flz@®)],  x(0) = (1.1)

Problem is usually given for x € D C R?, D where is a convex domain, f : D — R? is assumed
to be smooth. In this work, we assume it is four times continuously differentiable. The effectiveness
of an approximate solution scheme is defined by its accuracy. If x,(¢) is the solution of problem ([I.1))
and Z(t) is the approximate solution in (0 <t < T'), then the level of accuracy is defined by

sup |x.(t) — 2(t)] < CetTh® (1.2)
0<t<T

where L is the Lipschitz constant of f, h is the mesh size, s is the accuracy of the approximate solution
scheme. There is extensive literature devoted to this problem. See for example [1, 2, |3, 4, 5]. The
most common one step approximate solution schemes can be divided into two groups.

1. Approximate solution schemes based on the Taylor formula,
2. Runge-Kutta method schemes.

Generally, the Runge-Kutta method is preferred to the Taylor formula method [2]. This conclusion
is explained by the necessity to calculate the derivatives of the function f(z) in the approximate
solution method based on the Taylor formula. In this article, we consider that approximate solution
schemes based on the Taylor has a valuable property: it is possible to obtain accuracy of the method
explicitly in terms of the derivatives of the right hand side of the system. Such schemes also have
their positive aspects. Today, due to the development of computer algebra, it has become possible to
automatically calculate the derivatives of a broad class of functions f(zx) (6l 7, |8].

There is another important reason for a deeper study of the Taylor method. Since the 1960s,
numerical methods have been applied not only to approximate solutions of dynamic systems but also
to study their properties, specifically in proving theorems that represent fixed properties |9} |10]. This
requires a deductive proof of inequalities of the form , as is accepted in mathematics. From
this perspective, approximate solution methods based on the Taylor formula are significantly more
convenient than Runge-Kutta methods. |11] established such inequality for a scheme with accuracy
level 3 in their article. In this article, for problem with s = 4, the inequality is proved, and
a fixed expression is found for the corresponding coefficient C.

The issue of assessing the accuracy of approximate solutions is covered in the literature dedicated to
numerical methods with varying degrees of detail. Here, we highlight several prominent monographs.
In [12] the error assessment issue is not addressed. In the monographs, [5 (13| |14], and [4] only
Runge-Kutta methods are examined. Part III of Bakhvalov’s fundamental monograph [1] is devoted
to approximate solution methods for ordinary differential equations. Specifically, in the first section
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of this part, the Taylor method is discussed from a methodological point of view. The monograph [15]
mentions the Taylor method in the second section of the second part, but the problem of estimating
the error terms is not considered. It is only noted that if the first n terms of the Taylor formula are
taken when constructing an approximate solution scheme, the error will be

OISI}LaSXN ‘$n - y(xn)| - O<h )

In this article, as noted above, an exact upper bound for the error is found and a strict proof
of inequality with explicit constants is provided. Such estimates are of vital importance when
using numerical solutions to prove mathematical theorems. Notice that, in the last three decades
computational methods being applied to obtain rigorous results in dynamical systems. Some of them
have already solved long standing open problems, like the celebrated work of Tucker |16} [17], where
numerical analysis combined with analytical to obtain the existence of Lorenz attractors. Many
other methods have been devised to obtain various other properties, like the existence of homoclic
trajectories; see, for example, [18, 19} 20] and references threin.

Here we set up a 4th order explicit numerical scheme, based on the Taylor formula and obtain
explicit bounds for the its accuracy. Notice that our constant in can be explicitly computed in
terms of the right hand side of the equation.

2. APPROXIMATE SOLUTION SCHEME BASED ON THE TAYLOR FORMULA

For a continuous function f(x), a solution to problem exists and is unique, but it is impossible
to determine its domain of definition [21]. With this in mind, we begin the discussion with the following
assumption.

Assumption 1. The solution z.(¢) of the Cauchy problem exists on the interval [0; 7.

In numerical integration, the values of the solution z.(t) are usually sought on the grid
{0=ty<t; <ty <..<t,=T}. To focus on the essence of the analysis in this article, only the
evenly spaced grid ¢, = nh will be considered, where h = %, N e R*.

To construct an approximate solution scheme, we take the Taylor series for the exact solution up

to an accuracy of O(h*).

h? h? h*
z,(t +nh) = x,(t) + hi,(t) + =i (t) + —.(t) + 2 v

5 L(t) + Rs(t, h), (2.1)

where
z.(t) = o, @.(t) = flz.(t)], £.(t) = flz.(®)]flz. ()],
i (t) = [z O [z (Ol O] + [z O [z (O] fl2. ()]

The formulation of the main result and its proof is lengthy and involves extensive calculations.
To overcome this inconvenient situation, a series of special notations is used in the article. Omne
of these is the interpretation of the function f and its derivatives as operators: z.(t) = flx.(t)],

i.(t) = (f Nz )], Z.(t) = (f"ff + Fff)x.(t)] and so on.

In order shorten the expressions further we introduce the following notation
F'=f, F'=ff F=fff+fff,
Fr=fUfff+2f" fEE+ " fEF+ PP+ 1T (2.2)

Using the above notation allows us to obtain a compact formula for the derivatives:

2™ (t) = (FM)[z.(t)], for (k=0,3).

Therefore, the Taylor expansion of the exact solution have the form

rl(n+ D] = 2.(nh) + 3 %F’“_l[x*(nh)] + R,
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If we omit the remainder term in the above formula we obtain the following recurrent formula

4
hk
T =T + Y o FF (@) (2.3)

k=1

It is intuitively clear that x,, approximates the value of z,(nh).

Naturally, in general, x, does not exactly match x,(nh), and the issue arises of estimating the
difference |z, (nh) — x,|. For practical applications, an estimate of the form is sufficient. However,
in theoretical problems, it is also necessary to consider the values of the solution x,(t) between the
node points. Clearly, for t € [nh, (n + 1)h] we can use the inequality

2. (t) —@n| <h - max [f(.(t))]-

nh<t<(n+1)h

Since, the order of this approximation is h obtaining higher order estimates for the difference
|z, (nh) — x,| is meaningless. In order to obtain higher order estimates for |x.(t) — Z(t)| we use the
following approximate solution

- / Z (529" btz s (2.4)

where o, = h[t/h] is the step function for the mesh under consideration.
Lemma 2.1. For every n > 1 the following equality holds &(nh) = x,,.

It is easily proved by induction on the intervals [0, nh].

Assumption 2. Suppose that there exists K C R? a compact and convex domain such that in the
interval [0; 7] the solution x.(t) exists and Z(¢) € K for all ¢ € [0;T].

Introduce the following constants:

Mo =max [f(z)], My =max |[f(z)[|, M;=max[f"(z)]
fr @)

Below the arguments of the functions f*), k = 0,1,2,3 will be either #(t), or Z(o,). In the first

case we write the argument completely, while in the second case we shorten it to f{¥) = f®[z(g,)].
Likewise, F*[z(0,)] = FF, k = 0,1,2,3. Further, we introduce the following constants:

lo = My, I, = MMy, ly=MyMy*>+ M,*M,, Iy = MsM,* + 4MyM, My* + M,> M,

(2.5)
o " o
Ms = max [[f"(z)], My =may

and
L3 ﬂMll&
1
Lys = *M0M212 + 70M0le3h,
L 1Ml+1Mllh+1Mllh2
1,23—8 201 30 2 2 144 20103 9

H11,2,3 = 4M02M311 + 0M02M312h+ 720M02M313h )
1

H10,123 = 8M2 My® + 20M0 *My?lih + 7 Mo *My?loh® + %Mo M2213h3 (2.6)
1

H20’123 - 8M2l1 + OM1M2Z12h+ 7 MlMgl l2h2 336M1M2l1l3h 5
1

H 103 = E1\431\40211 + Z01\401\4311% + %MoMglllgh + m1\401\431 Ush®,
1 1

H' 103 = é1\431\40211 + %MOMglfh + MOMBZ Ioh? + %MOMgl yIsh?,
1 1 1 1

H125 = Mo My + 5'M03M4l ht g M03M412h2 + o = Mo Mulsh®.
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Observe the following inequality
max |F*(z)| < Ly, k=0,1,2,3.

reK
3. THE MAIN RESULT

To state the main results we need to compute the derivatives of the approximate solution. By the
virtue of (2.4) for every ¢t # nh and (k =1,2,..., N — 1) we have

f:t_w (3.1)

k=0
Taking into account 0 <t — 0; < h we obtain the estimate

R R
‘(N<M¢Hh+&f+g6

Theorem 3.1. Let x.(-) be the solution of Cauchy problem (L.1)) and Z(-) be its approximate solution
given by (2.4) defined on an interval [0,T]. The following inequality holds

MlT_l

- < & — 2
fe.(t) = 3(0)] < Ch'“— =

where

C=L3+Lys+Liss+ H11,2,3 + H20,1,2,3 + H3071,2,3 + H40,1,2,3 + H5071,2,3-

Proof: For the exact solution we have z,(t) = zq + f flx.(s)]ds. Let

1(s) = flate) - 3 U2 p (3)

Using (2.4) and the triangle inequality we obtain

2 (t) — & |</ﬂ1 us+/}fm Fl3(s))|ds. (3.3)

We start with estimating the I(s) the aim is to obtain an inequality of the form
|I(s)] < Ch*.

Grouping f[Z(s)] with the term FQ = f, = f[Z(0,)], which corresponds to k = 0 in the right hand
side of (3.3)) and applying the fundamental rule of calculus implies

o) - /df(j( Dy 32 00

Os

Notice that s belongs to [0,¢]. From now on we fix s. Below all the new variables take values from
the interval (og,s). In particular, o, < r < s in the expression of I(s), whence, o, = o,. It implies
that f, = f.. This applies to the variable t as well. Hence, 0, = oy, f; = fs.

Further, notice that equality implies that

k
P k!
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In the above equality we denote the term corresponding to £ = 3 can be written in the form

By=[[f [:E(r)]%ﬂgdr. Taking into account these last to equalities I(s) can be rewritten as

> (r—o,)" > (s —o,)"
16) = [ Fla 3. SR -3 TR -
o k=0 k=1
52 (r—o )k
- /Z X — [f/[j(r)]Frk - Fskﬂ}dr + Bs. (3.4)
k=0 :
It is clear that for Bs the inequality
4
s — 0, ht
| Bs| < %Mllg < o Mils = h'Ls (3.5)

holds.

Intuitively it is clear that the terms in (3.4)) are estimated exactly by the power of h, which is equal
to the number of occurrence of letter f (i.e., f, f',f”, ...). Taking this property into we regroup the
term of I(s) as follows:

I(s) = I,(s) + I5(s) + I3(s) + Bs,

where

/{fi —(1F). Y. (3.6)
Iy(s) = / (r = o) {FEEN D, ~ (10, + (1 15),) (37)

13(5):/(7”_(” (FENE? - F2Y dr. (3.8)

We start with the estimation of I;(s). Using the definition of Z(t) in equation (3.1)) and the equality

fr = fs we obtain:
n ~ 3
(/ s Elx( du) fodr = / / ' [#(u) Z F 5 f dudr.

I(s) :/S >

Os ”

Integrating the term corresponding to & = 2,3 twice we obtain terms of the order h* and h®
respectively. Indeed, introducing the following notation:

023_//]“’95 23: F k£ dudr.
=2

// po e (=)
f [x(u)]ZTFu frdudr
os o k= '

=2

We have

|CQ’3| — S h4L2’3. (39)

Using the notation for Cy 3 expression of I;(s) can be rewritten in the form

//fa: Z F ¥ frdudr + Csy 5. (3.10)

k=0
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As it is easily seen from it is sufficient to obtain estimates on the order of h* for the fitst
summand. But we delay this until the end. Since we need some other terms coming from I, I3 to
group with the terms corresponding to k =0 and k=1 in .

Now, we start estimating the term I,(s). As above, substituting Z(t) with the expression in
we obtain:

S

L) = [ - a) ( / f”[gi«(u)]z“‘_];“)mdu> (£ 1), = [ = o)(F5),dr

k=0

o o

In this case we denote by D; 55 the sum of the terms corresponding k = 1,2, 3 of the first term of

I,(s) and obtain
= /(r —0,) (/ I 12 ()] Zi(u _k;ju) Fukdu> (f'f),dr

Therefore we write

< h'Lyas. (3.11)

S S

L) = [ (=0 ( / f”[i“(U)]fudu> (P )dr = [ =0 )" dr+ Dy, (3.12)

Os Os

Again we leave estimating the remaining terms to future. Finally we apply the same method to I3(s).

First of all using the definition we group the elements f'[Z(r)](f"ff), and f'[z(r)](f' f'f), of
f'[#(r)]F,? with the corresponding elements (f'f"ff), and (f'f'f'f), of F,* and denote the difference

by:
Boras = [0 ( [ ey Eege Fu’“du) (F"11).dr

s 2 " 3 k
Bons= [ L7 ( [ /1) > Wqu) (1 1).dr

Observe that for E'g ;23 and E?j 55 the following estimates hold:
|E'o12s| S H'o123, |E%0123 < h*H?123. (3.13)

Therefore, for I3(s) we have

S

Li(s)=FE'9123+ E% 123 — /

Or

(r— JT)2

s AR A2 1)+ (FUF )} dr (3.14)

Now, we start estimating the remaining terms of I;(s), I>(s) and I3(s). We start with groupning
the term of (3.10) corresponding to k = 0 with the second term of (3.12):

//fx frfududr—/(r—m (f' £ dr-///f"’~ _]; )k VL F), dududr.

xXr
Co O O k=0

Now, denoting by E 5 3 the sum of terms corresponding to k = 1,2, 3 under the integral in the above

formula we obtain
, 3
/ / / " [#(v Z VE(F ), dvdudr
=1

os Or Op

’E123|— <hH123 (315)
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Substituting the inequalities (3.10)), (3.12) and (3.14) into I(s) we obtain

- / / (u =) @), (1), dudr - / s

Or

+/ r—o,) (/f”i} fudu) (f'1), dr—/(r;!UT)(Qf”f’ff)sdr—i-

Or

S T u

[ [ ] a0, dduar - / =) (g 15), i+ (3.16)

+Bs 4+ Co 54+ Dios+ FEio3+ E' 0,1,2,3 T E20,1,2,3

In equation (3.16]) we couple the first and second terms and apply the fundamental rule of calculus,
then use equation (3.1]) and obtain the following equation:

E0123—// u—0y) (/f'//:% i U” kdv)(f’ff)sdudr.

In the same way, by coupling the first term with the fourth, and the fifth term with the sixes we
obtain

S

E40123:/ r—o,) (/ (/fﬂlf i kdv)(f’ff)rdu) dr
E0123—///</f“’>§: 23: o) kdz)(fff)rdvdudr.

Os Op Op k=0

The following inequalities hold:
|EP0123] Sh'H’01035, |E'or2s| <h*H%1235, |E 0123 <h'H% 123 (3.17)
Using the above notations we rewrite I(s) in the form:
I(s) =B34+ Cy3+ D123+ E125 + E10,1,273 + E20,1,2,3 + E30,172,3 + E40,1,2,3 + E5071,2,3- (3.18)

Taking into account the equations (3.18]) (3.5)), (3.9), (3.11), (3.13)), (3.15) and (3.17)) from the above
equality we deduce the following inequality:

1I(s)] < Ch.

Since K is a compact set by assumption, we can use the Mean Value theorem (Hadamard lemma)
to estimate the difference flz.(s)] — f[z(s)]. We have

[flza(s)] = fl2(s)]] < My |a.(s) = 2(s)| -

Therefore,

o (t) — ()] < / |ds+/|f e ()]|ds<0h4t+/M1 wu(s) — 2(s)|ds.  (3.19)

We apply the following form of the Gronwall inequality: Suppose that u(t) > 0 is a continuous
t

function for ¢t > 0, and C,M are non-negative numbers such that u(t) < Ct + M [wu(s)ds. Then the
0

following estimate holds:
eMt 1

M

u(t) < C
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Using the above inequality in (3.19)) implies

2. (t) — #(t)] < OIS

M\T

-1

which finishes the proof.

M,

Here we apply the results to the Van der Pol oscillator:

T =
1_

T=1
g=pl-a*)y—=

to approximate the period of its periodic trajectories for the parameters p = i/10, i = 1,...,10 and
compare it with the known formula for the periods:

2

=
16+

2
3072

S+ 0(uf)

in the rectangle K = [(z,y) € R||z| < 2.1, |y| < MazY + 0.001]

4. APPLICATIONS TO VAN DER POL OSCILLATOR

TABLE 1. Numerical results for different values of

(4.1)

p Maxx Maxy M, M, M, Ms, M, T Error
0.1 2.0001 2.0116 3.44491 2.12964 0.718523 0.34641 0 6.2871 2.007251 102
0.2 2.0004 2.0442 4.05912 2.98222 1.44442 0.69282 0 6.2988 1.188056 1048
0.3 2.0009 2.0935 4.74375 3.92072 2.1836 1.03923 0 6.3082 6.209675 10~
0.4 2.0016 2.1554 5.49799 4.93663 2.94036 1.38564 0 6.3457 2.974666 10~
0.5 2.0025 2.2270 6.32302 6.03082 3.71809 1.73205 0 6.3807 1.327857 10737
0.6 2.0035 2.3063 7.22075 7.20637 4.5196 2.07846 0 6.4231 5.594606 10734
0.7 2.0047 2.3919 8.19331 8.46681 5.3474 2.42487 0 6.4728 2.247712 1073°
0.8 2.0059 2.4830 9.24344 9.81633 6.20401 2.77128 0 6.5296 8.680078 10727
0.9 2.0072 2.5787 10.3729 11.2579 7.09149 3.11769 0 6.5930 3.242253 10~23
1.0 2.0086 2.6784 11.5837 12.7947 8.01186 3.4641 0 6.6627 1.177264 10~
p=0l1 u=02 p=03 §=04 p=05
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1. INTRODUCTION

For partial differential equations various forms of weak solutions are defined, |1]. In this paper,
we define a new form of weak solutions for differential equations. Motivation comes from quantum
mechanics where Newton equation is replaced with the Schrodinger equation. In classical mechanics,
Newton equation for a particle is

mi(t) + VU (z(t)) =0,

where m is a positive constant, z(¢) is a curve in R® and U : R®* — R. In quantum mechanics this
equation is replaced with the Schrodinger equation

O h?
h—" = —— 1.1
i 5 VY + U, (1.1)

where ¢(t,xz) € C,t € R,x € R*. There is a big radical change in passing from Newton equation to
Schrédinger equation. We try to bring these two different equations close to each other. To do this
task, we first rewrite Newton equation as follows

@(t) = v(t), (1.2)

and
mo(t) + VU(z(t)) = 0. (1.3)
The first equation just means that the variable v(t) is the derivative of x(t). Next, using the polar
decomposing of the complex function (¢, z) = R(t,x)e®5®®) and setting p(¢, z) := R*(t,z),V (¢, z) :=
LV S(t, z) we rewrite the Schrodinger equation as follows
dp

and

oV
m(g+(v-V)v)+VU+VQ:o,

where the term @ is called quantum potential and it is known that [ pVQdz =0, [2]. Thus
ov
/p(m(at +(V-V)V) + VU )d = 0. (1.5)

We call equations (1.4) and (1.5)) as weak form of equations (1.2)) and (1.3)). This observation suggests
to replace a curve z(t) € R® and its derivative v(t) = dx/dt by probability density p(t,z) and vector

field V (¢, z) satisfying (1.4). We will call the pair (z(t),v(t)) as a strong differentiable function and
the pair (p(t,z),V(t,z)) as a weak differentiable function.
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Ambrosio et al., [3], have studied differential calculus over a metric measure space and in particular
over Wasserstein space of probability measures. We briefly recall this theory. First, let (S,d) be a
complete metric space. For any curve p : (a,b) C R — S the limit

if exists, is called the metric derivative of p. For any absolutely continuous curve p: (a,b) CR — S
the metric derivative exists for Lebesgue-a.e. t € (a,b) and we have d(p(s), p(t)) < fst |o'|(r)dr for any
interval (s,t) C (a,b). In the case where S is a Banach space, a curve p : (a,b) — S is absolutely
continuous if and only it is differentiable in the ordinary sense for Lebesgue-a.e. t € (a,b) and we have
lo' ()] = |p'|(t) for Lebesgue-a.e. t € (a,b). Next in [3], this fact has been applied to the metric space
of probability measures on a Hilbert space X. This space is equipped with the Wasserstein’s metric. It
is shown that the class of absolutely continuous curves p; in this metric space coincides with solutions
of the continuity equation of physicists. More precisely, given an absolutely continuous curve p;, one
can find a Borel time-dependent velocity field V; : X — X such that ||V;||1e(,,) < |p'|(¢) for a.e. t and
the continuity equation % + V.(pV) = 0 holds. Conversely, if p, solves the continuity equation for

some Borel velocity field V; with f: | Vil e (pydt < o0, then p, is an absolutely continuous curve and
IVille oo < |0](t) for a.e. t € (a,b). As a consequence, we see that among all velocity fields V; which
produce the same flow p;, there is a unique optimal one with the smallest L”(p;, X )-norm, equal to
the metric derivative of p;. One can view this optimal field as the “tangent” vector field to the curve
pt. Next, Villani, Lott, and Sturm studied the concept of Ricci curvature for a metric measure space
[4, 5]. The references [6} 7, 8, 9, |4] studied Riemannian geometry and dynamics on the Wasserstein
space by putting the structure of an informal manifold, first introduced by Otto [10].

In this paper, we will work with the informal differentiable structure on the Wasserstein space. In
Section 2, we will define the concept of a weak differentiable function. In Section 3, we will state the
weak form of the Euler-Lagrange equation and derive Schrodinger equation.

2. WEAKLY DIFFERENTIABLE FUNCTIONS

This paper is based on the following observation which redefines the Newton-Leibniz derivative of
a function.

Theorem 2.1. A curve x(t) € M over a manifold M is differentiable if and only if there exists a
vector field v(t) € TpyM along x(t) such that

d

o @(0) = dfan (0(2)),

for all differentiable functions f on M and moreover we have v(t) = dx(t)/dt.
In this paper, we call the function x(t) € M a strong differentiable curve.

Definition 2.2. A weak curve over an oriented Riemannian manifold M is a curve p; of probability
densities over M, i.e. p(t,z) > 0,a <t <bx e M, [,, p(t,x)dr =1 for all a <t < b, and p vanishes
at infinity with respect to the x-variable, where integral is with respect to the Riemannian volume
form of M.

Next, we define the derivative of a weak curve by imitating Theorem [2.1

Definition 2.3. A weak curve p over M is called differentiable if there exists a differentiable time-
dependent vector field V; over M such that

& [oteas@i = [ o), (2.1)

for all f € C°(M), in the space of all smooth compactly-supported functions on M.
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Theorem 2.4. A weak curve p is differentiable if and only if there exists a differentiable time-

dependent vector field V; such that

dp
5 T V(eV)=0. (2.2)

Proof: We have < f pf = f 22 f. On the other hand by the divergence theorem and that f has compact
support and p Vanlshes at mﬁnlty, we have

[oarr) = [iosv) = [ 19.60v) == [ £9.001).

Thus holds if and only if [ (a" + V. (pV))f = 0,Vf. The later is equivalent with 1) d

Note that the vector field V' is not unique. Thus we redefine our concept of differentiability as
follows.

Definition 2.5. A differentiable weak curve is a pair (p;, V;) where p,; is a curve of probability
densities and V; is a vector field over M such that (2.2 holds.

Next, we define a several variable differentiable weak function.

Definition 2.6. A differentiable weak function from an open subset U C R™ into M is a system

(p,Vi,-++,V,) including a differentiable function p : U x M — [0,00), vanishing at infinity with
respect to M, together with differentiable vector fields V; : U x M — T'M, 1 < j < m, such that

dp

— + V.(pV;

au, (pV;) =

A weak function p : U x M — [0,00) is a replacement for a strong function f : U — M and the

vector fields V; are replacements for the partial derivatives V; = %. For the strong function f we
have afgﬂ = au au . Namely, for V; = £ we have

vy oV;

auj N 8UZ
For weak functions, we have the following result.
Theorem 2.7. If (p, V1, -+, V,,) is a differentiable weak function from an open region U C R™ to M
then

ov, oV,
-——\V;,Vi]) =0.

Here [V;,V;] means the Lie bracket of vector fields V; and V; with respect to M.

Proof: For any compactly-supported function g on M, since p vanishes at infinity, by the divergence

theorem we have
0
85.9 = —/gV pVi) = /V pgVi) /p%g = /pVig- (2.3)

ufm=]
aui pg_

Thus
83;% /pg = /;ijing/pgz —/V-(p‘/j)‘égﬂL/pg%g
= —/V-(p(Vig)Vj)+/ijVig+/ngg=/ (gvj i)g-
Hence
zau?;ui/pg Du.0u /pg—/ : -—g‘;—VV)g—/p(gZ] g‘u: + Vi, ViDg.

Since g is arbitrary, the desired identity is obtained. O
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Remark 2.8. Without using the divergence theorem, we can prove at most the following identity
av;, 9V
V. (p(5 =52 = [V Vi) =0.
To prove the later, first, we state an important identity that we discovered recently and we have not

seen before elsewhere; one can show by some calculation that for any two vector fields V and W and
any function f on M we have

v.(v.(fW)v) - V.(V.(fV)W) = V.(f[W, V]).
Now using this identity we have
?p 0 p V.

Ou;0u; —T%V (pVi) = =V. (auj

ov;
8Uj

aVi)
8Uj '

)= V(o) = V. (V(pV)Vi) = V(o

Thus
Pp  Pp
8"&]‘ aul aulf)uj

_ v.(v,(pvj)@ —V.(V.(pVi)Vj) - V. (ng)+V( g‘ufl)
= =V.(o[Vi,V3]) —V-(PZK)JFV-(PZZZ)
= V. (olG — Gur— D).

Example 2.9. Let A € M,,,,(R) be a matrix of size n x m with real entries whose columns are
A;,1 <i < m, and let o be a probability density over R". Then the pair (p, Vi, - ,V,,) given below
is a differentiable weak function from R™ into R™.

p(z,y) =0y — Ax), Vi(x,y) := A,.

Proof: We have 8% = —Vo(y — Az).A; and VV.(p(z,y)Vi(z,y)) = VV.(o(y — Ax)A;) = Vo(y —

Definition 2.10. A differentiable weak function from a manifold P into an oriented Riemannian
manifold M is a pair (p, V) including a differentiable function p : P x M — [0, 00), together with a
differentiable map
V:TPx M —TM, V(w,q) € T,M,

Yw € TP,q € M, such that V is linear concerning the first variable and for any coordinate system
w= (U, Up) GUCRm for P

dp

A (07 2.4

o+ V(0 = (24)
where V; : U x M — TM,V;(u,q) := V(%(u), q) € T,M. Here the divergence operator V. is relative
to the variable ¢ € M.

Proposition 2.11. Equations do not depend on the coordinate systems of P.

Proof: Let W( ) = V(32 -(p)) where (vi,---,v,,) is another coordinate system for P. Then since
a%i =2 ?;:7 3, We get W( )= ‘ZZ]V( ). Thus
dp(v,
) L9 (p(w. Wil 0)
Ou; dp(u, q) Ou;
= V. V.
o0 ou, T (p(u,Q)g 30, Vi (:0))
8uj 8p U, q)

81)1 “ou, + V.(p(u, ) Vi(u, q))].
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du;
ov;

vanishes if and only if %Z;q) + V.(p(u, q)V;(u,q)) vanishes.

Thus since the matrix (5-) is invertible we conclude that the expression W + V.(p(v, ) W;(v,q))

O

3. WEAK FORM OF EULER-LAGRANGE EQUATION

Classical mechanics over Wasserstein space of probability measures over a manifold has been studied
extensively, [6, 7, (L1, [12]. In this section, we are going to give another viewpoint on this subject. In
classical mechanics over strong states, i.e. points over a finite-dimensional configuration manifold M,
we study the following action functional

S(a) = / Lia(t), a(t))dt, (3.1)

over all paths a(t) € M,a <t < b, and L : TM — R is a Lagrangian. The Lagrangian can have
an arbitrary, i.e. non-restrictive, dependence to both a and its derivative. Now, in this paper we are
going to replace the space M with the space W> (M) of smooth probability measures over M, i.e.
smooth Wasserstein space. The first natural question would be what is the correct counterpart of
the above action functional in the case of the space W (M)? The Lagrangian in the above action
is a function of « and its derivative. So the Lagrangian over W (M) must be a function of a path
dp, = p(t)de € W>(M) and its derivative. In this paper we work with probability measures which
have density with respect to the volume form of Riemannian manifold M where its Riemannian volume
form is denoted by dz. We know that the time-derivative of p(t) is a vector field V' (¢) over M satisfying
the continuity equation in the sense of metric measure space theory. So the Lagrangian must be a
function of p and V. The first candidate for an action functional over W> (M) is

S(p,V) = / /N ol @)L,V (t,2))dadt,

where L : TM — R is a classical Lagrangian over M and dz is the Riemannian volume form of M.
But this is too restrictive Lagrangian since its dependence to the density p is very simple unlike the
action which has nonrestrictive dependence to a. Thus we must add some extra term to the
Lagrangian which depends to p and perhaps to its spatial derivatives.

In [7] the action functional is of the form

SuV)=3 [ [ Vit P - [ v,

where u; is a path of probability measures and V; is vector field over R”. Here, we do not assume that
the continuity equation between u; and V; holds.
In an unpublished workf] the action functional is of the following form

S V)= [ LVttt + [ i+ ),

where p; is a curve of probability measures over R", V; is a curve of vector fields over R”, L : TR™ — R,
and F' as well as G are functionals over the space of probability measures and the continuity equation
between p; and V; holds, i.e. % + V.(:V;) = 0 in the sense of distributions.

In this section, we study the following action functional

S(p, V) = /ab/Mp(t,ac) (L(:L’, V(t,z))+ F(p,0ip, 0,0, 0 ps - - ))d:ndt, (3.2)

682_ o)

7595 = 3.9, etc. Here, we assume that
7 7 J

for some function F'(y,y;, Yij, Yijk, - - ) and where 0; =
(p, V) is a weak differentiable function.

2P. Cardaliaguet, Paris Dauphine University, April 2019: Analysis in the space of measures. Lecture notes
https://dottorato.math.unipd.it/sites/default/files/Pierre_Cardaliaguet.pdf
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For simplicity, we will work on space M = R"™ but the result can be extended to an arbitrary
manifold. In order to be able to apply the least action principle to the action we first need to
define a perturbation of the differentiable curve (p;, V;). To do this task, we recall the meaning of a
perturbation of a strong differentiable curve x(t) € M,a <t < b. It is just a two-variable function
z(t,s) € M,a <t <b,—e <s <eg, such that z(¢,0) = z(t),z(a,s) = z(a) and z(b,s) = x(b). Notice,
that we have the following identity

x 0z
dsot  Otds’

We define a variation of a differentiable weak curve (p;, V;),a < t < b, over M to be a triple
(prs(x), Vi s(x), Wi s(x)) for some parameter s in a small interval around zero, satisfying

op B ap B
5t +V.(pV) =0, s +V.(pW) =0,

and moreover for s = 0 we recover the original pair (p;, V;) and also p,s(z) = pa(x),pps(z) =
pv(z), W, s(z) = Wy s(z) = 0,Vx. The notations in the following lemma will be used in our calculus of
variation.

Lemma 3.1. Let A and B be two vectors in R™ and let X be an n x n matrixz. Denote by AB the
inner product and by X A the vector X AT. Then we have

i) (XA)B = (XB)A,

it) (AX)B = A(XB).

The proof is obvious.

Theorem 3.2. By the variation of the action functional under the above meaning of variation
we arrive to the following equation which we call weak Euler-Lagrange Equation

p((a 0. 0L 0L 0 o, 6 0F 0,6 OF 0? OF

V= _=___F — .. ) =
+V ) (P * Gt o)~ ) =0

o Voror or oet  0:Pdy  om (33)

where V is the gradient operator with respect to the variable x € M and in general for given vector
fields X and function f, by (X.V)f we mean the derivative of function f in the direction of vector
field X. Here for repeated indexes we use Finstein summation rule. In particular, if the following
identity holds for all function p(z)

07F7 a(aFH 0? (8F

)— =0, (3.4)

then the weak Fuler-Lagrange equation becomes

dp B ) oL oL o N
S+ VoV) =0, p((a TV (@ V) = 5@ V) - %F> —0.

Proof: We set

b
Sy ::/ / pL(x,V)dzdt,
a JM

and

b
Sy = / /M PE(p, 0ip, 0;p, Ojjyp, -+ - )ddt.
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Let (pis(x), Vi s(x), W s(z)) be a variation of the pair (p;, V;). We set K := L(z,V(t,s,z)). Based on
the notation introduced in the previous Lemma, we compute the derivative

dS1 // ap oL OV
Pr+ ——)dwdt
Poi Bs

oL oV
= //p S S duds

= //p a—KW a—La—WJraL[VW])dxdt

ox ot | ox

B aK L9, 0L o oL dp oL oL

- // (5= W) = (o S IW = S22 4 p a_[V,W])dxdt
aK aaL o oL oL

= // ~ gV — (G Gz WOV + o [V, W) dede

8K a oL 9 0L oL OW
- // 875 8x)W_ ((%%)WW (ax Ox WV

L
;9 (aw ‘ZVW))dmdt
8K 0 0L 0 OL OL oV
= // (on =95~ Guor)V ~ oi o)Vt

But %—f = % + %%—‘;, and thus
s, oL 0 0 0L
051 = ds|s_0_//p((‘):c_(8t+vax)8x>dedt'

By applying integration by parts and the fact that p and thus its derivatives vanish at infinity, we
have

ng // 8F dp OF 9p N OF  d3p

P oy s oy, dsda Dy Dsomid; ) dud

Op 8F Op o , OF 0p 0? OF _ Op
= —F —_—— = - )dxdt
// ay 0s ((‘91‘1( 8yz))65 + (81‘1-8.7}]( Oy”))as ) v
B ap BF 0 , OF 0? or
8 8F 0 , OF 0? oF
= g _— — -+ |Wdaxdt.
//'083:( 8y ox; (payi) + O0x;0x; <p8y,»j) ) v
Thus
as, s, ds,
dS s=0 — dS s=0 dS s=0y
for all W implies the desired result. O

The following fact is due to Iranian theoretical physicists Mehdi Golshani, Mahdi Atiq and Mozafar
Karamian, [13],]14] which we have adapted with our theory.

Corollary 3.3. When L(z,v) = 5=||v||* = U(z) and

h? 2V | iV
F(y,yi,yi;) = _%(_ 4y 2 ),

then first of all the identity holds for all p and secondly if in the weak Fuler-Lagrange equation
the vector field V' is of the form V = for some function S then the weak Fuler-Lagrange equations
convert to the Schrodinger equation , under the transformation

Y= \/ﬁe%s. (3.6)
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In this case we have,

ﬁ2 v2

L'/} (3.7
- 2m VP

which is called quantum potential in the literature of Bohmian quantum mechanics.

F(p7 aip? aljp)

Proof' We have 6—5 = Sy iyl — suTtY, y“, gTF = ;1y_2yl and gf = 20,4~ ". Thus

5o (0, 0ip, 05p) = 523, (0ip)® — 507 Zz 0ip, 5, (p,0ip, 0p) = Stp~?0ip and 5= (p, Oip, O5p) =
ééwp . Hence,

OF OF
p——(p0ip, 0};p) — 26 p—(p:0ip. 0}:p)) Z (o2 p,apﬁ”p))
y oy, 0y
L 1
= 5P (30 *§p‘125’zzp+ Zap‘lap)
1 1
= 5D (0 = 5ot Y Oip+ 5( D (@) +p‘128”p
_—

Also, one can easily check (3.7)).
Next, equation (3.3) in this case becomes

0 V2P
p((a +VV)V+VU+—V ¥ £) =o.

One can easily check that the later together with the equatlon —|— V.(pV) = 0 when V = ? is
equivalent with Schrédinger equation under the transformation . O
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On some existence theorems for quasilinear elliptic equations
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Abstract. Boundary value problems are considered for quasilinear elliptic equations with a principal
quasilinear elliptic operator of the second order in the Sobolev space Wp2 (©). The main content of
the work is to establish the maximum admissible growth of the subordinate nonlinear operator with
respect to the corresponding lower-order derivatives. We consider a class of equations for which an a
priori estimate of solutions in the norm of the space ||u|/z,(o) (1 <1 < co) implies an a priori estimate
of the solution in the norm of the space I/Vp2 (€2). Based on the theorem on a priori estimates, a general
solvability theorem for boundary value problems for quasi-linear elliptic equations is obtained under
the condition of the existence of an intermediate a priori estimate ||u||r, o) for the solutions of the
corresponding family of boundary value problems.

Keywords: interpolation method, Sobolev space, quasilinear equation
MSC (2020): 53C12, 57R25, 57R35

1. INTRODUCTION

Let Ry = {to € R|ty >0}, = (x1,...,2y) be a point in the space R, @ C R™ be a bounded
domain with the boundary 99 of class C2.

Throughout the paper, the functions are assumed to be real-valued. In the paper, we use the
following function spaces (see [1, p. 107], [2] and [3]): the spaces of summable functions L, (2), p > 1

with the norm
1/p

fullo = | [lut@)Pdz |
Q
the anisotropic Sobolev space W} (Q2) with the norm

0%u

2
0x;

N
HUHWS(Q) = ||u||p:Q + Z .
i=1 p:€2

By D'u we denote a vector from the partial derivatives D®u of the function u (z), @ = (a4, ..., ax),
la] =1 (1 =1,2).
Consider the following boundary value problem

Lu= f(x,u,Du), xz€Q, (1.1)
u’@Q = QO(IE), x € 0. ’

We consider this problem in the class of real functions from the Sobolev space VVp2 (Q) for p > 1, so
that the boundary function ¢ (x) belongs to the space W2~1/7 (9Q) (see [2, p. 389)]).

The paper provides a theorem on a priori estimates of the solutions HuHWPz(Q) in the norm of the
Sobolev space W7 (£2), expressed by the norm [Jull;.o < M (1 <1 < o0), with some M > 0.

For the boundary value problem . We assume that the following conditions were fulfilled.

A.1) Let the function f(z,&,&) be defined on © x R x RN with values in R and satisfy the
Caratheodory condition, i.e. let it be measurable with respect to x for all (&,&) € R x RY and

continuous with respect to (&, &;) for almost all = € €.
A.2) Let N > 2 and

1

I (@, 8,60, 60 S b(x) + Y bi(2)- |

=0

Hi
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almost for all x € Q and for all §, € R, &, € RV, with non-negative functions b (x) and b; (z) (i = 0,1),
such that the function b (z) € L, (), p> N, and b; (z) € L,, (), p < ¢ < o0, i =0,1.

A.3) Let
1 N N
= 2+ —2) G=0,1).
Fi= TN <+l qz-) g )

A.4) Let Lu be a quasilinear elliptic operator of second order of the form

Lu = Z aq (z,u, Du) D%u,

Ja|=2

where the coefficients a,, (|| = 2) of the operator L are real and continuous functions on Q x R x RY.
Let L,u linear with respect to u (x) operator equal to

Lyu= Z a, (z,v, Dv) D%,

la|=2

for any function v (z) € C* (ﬁ) be a linear elliptic operator, with such real coefficients that the linear
(with respect to u (z)) boundary value problem

Lvu:g(x), er’
{ ulog = ¢ (x), x€0Q (1.2)

is coercive in the space W7 (€2), i.e. a priori estimate

lullwaoy < € (gl + 1@ lyz-1re o0 + lullse)

with positive constant C, independent of g € L, (), ¢ (z) € W27'/?(8Q) and on the solution u €
I/Vp2 (Q) of linear problem , is fulfilled. This time, the constant C' can depend on the modulus of
continuity of the coefficients a,, (Jo| = 2) and modules of continuity of functions v, Dv (see [4]).

For elliptic operators, this problem was considered in [5[-[6], |7]-|8]. In [5} |6} |7, 2], it is assumed
that a nonlinear function f (z,u, Du) is continuous in all its arguments. In this case, the well-known
S. N. Bernstein growth condition a non-linear function is sufficient for the a priori estimate in ||u||o.q,
to follow from the a priori estimate in |[Dull.o and, hence the estimate in [ullwz(). In [9} 8],
a boundary value problem for elliptic equations, respectively, was considered, where the non-linear
function f belongs to the space L, (€2). In the present paper, for the non-linear function f (z,u, Du),
we adopt a different S. N. Bernstein separation [6] and the first an a priori estimate of ||ul/;.q < M,
1 <l < o0 and investigate the problem using the interpolation method [9, 8]. In this context,
we also refer to the work [10, [11} |12} 13].

To study problem (L.I), we will make essential use of the embedding theorem for spaces W7 (2)
and the multiplicative inequality that follows from it. Let us formulate the embedding theorem |1}
p.278] in the form we need.

Embedding theorems: Assume that S; > p (i =0,1) and

%1:1—% [N(j)—;i)ﬂ'] >0, i=0,1.
Then the space W7 () C Lg, () (i = 0,1) is compactly embedded, and
ID'ulls.0 < C - lullwz)  (i=0,1).
If S; > 1 (i = 0, 1), then there exists §, > 0 such that for any 0 < ¢ < &, and for function u € W (2)

1D |

si0 S C 077 Hullia + C- 07 - ullwz), (i=0,1), (1.3)

1 1 1 ) .
%0—2[N<p—&>+l], Z—O,l.

where
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Here, the positive constant C' does not depend on the function « (z) and 6.
Assume (see [1, p. 392])

1
=i { (Julleo ol ™ 80}

Then of simple transformations we have

i 1/ 1-1/p; .
[Dulls.m < Co - llull gy - Nullie™ + Co - Jullis i =0,1. (1.4)
Where S; = %, o = i, i = 0,1 and positive constants Cj independent of function wu (z).

Note that under the condition on S; > (i = 0,1) the space W} (Q) C Lg, (2) C L (R2) (1 = 0,1), i.e.
ulli.o < const - [[ullwz(q).

These results can be formulated as follows.
Lemma 1.1. Let the conditions on S; > p, S; > 1, i = 0,1 and »; > 0 be fulfilled. Then for an
arbitrary function u (z) € Wg (Q) the inequality (1.4) holds.

Assume now the F (u) (z) = f(z,u(x),Du(z)). Let u(x) € W7 (1), the conditions A.1)-A.3),
i > 192l (5= 0,1) and 54 > 0 be fulfilled. From condition A.2) it follows that

qip

1
1E ()l < [0l + D lbillge - 1D

=0

Hi
S

where S; = ‘q‘?fi‘ij (1 =0,1). We will consider the case S; > [. From this we also obtain that u; >

M(i = 0,1). Then, based on the equalities A.3) and interpolation inequalities ([1.4)). , we obtain

qip

1
1/ 1-1/p Hi
1F (@) llpe < I8l + D [Billac - [Co - lullifig, - lullin'™ + Co - llullia] <

=0

1
< IBllpse + D Wbille - 270 o - flullfiy™ - llullwze)+

1=0
1
+ 3 il - 227 Gl =
1=0
= &, (Jullia) - lullwzc) + @2 (Jullia) - (1.5)

Where )
& (Jullio) = 3 [billgue - 227 OB - lullis ™,

i=0

1
®; ([[ullic) = (10l + D 1o

=0

aen - 270 OO - lulli,

ie. ®;,®, : R, — R, are increasing functions determined by the known data. This proves the
boundedness of the operator F'(u) .

On the other hand, p > N. Then, by virtue of the Sobolev embedding theorem [14], it follows that
the embedding operator W () — Lg, (Q) is completely continuous. By virtue of (L.5)), the operator
Ls, () — L,(Q) (:=0,1) is bounded and, by the general property of the superposition operator,
is continuous. Thus, the operator W7 (Q) — L, () is completely continuous as a composition of
completely continuous and continuous operators .

Thus, the following lemma is proved.

Lemma 1.2. Let u(x) € W7 () and the conditions A.1) - A.3), p; > %, (1=0,1), 34 > 0 be
fulfilled. Then the operator F (u) () is a bounded and continuous operator from W2 () to L, () .
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Theorem 1.3. Let conditions A.1) - A.3) be fulfilled and p > N. Then there exists a function
® : R% — R, increasing in each argument such for any possible solution u € W (Q) of problem (L.1)
the a priori estimate

ullwze) < @ (M7 H<P||W§—l/p(ag))
holds. Where, |luli,o < M, 1l € [1,4+00) and R% = Ry x Ry.

Proof: 1t is evident that

f (z,u, Du)
L = D — . 1 Mo D J251 .
w= £ o Do) = D (1 a4 D)
Hence, for the function u ()
Lu—C(z)u=fi(x)-|ul*+ fi(x)-|[Dul" + fo(x), zeQ,
u‘m =p(z), z€df. (1.6)

__ [f(z,u,Du)
1+ |ulro 4 | Dujm”’
fo(z) € Ly (), So = 228 when f1 (z) € Ly, (), S1 = 224 when fi (z) € Ly, (2); ¢ > p > N,
¢ >p>Nand p; = - (2+¥—g) (i =0,1).
Consider in the space Wg (©) with p > N the boundary value problem.
LV = C(x)V (z) = fi(z) (V" + [Dul") + A+ fo (z), z e
V)| =Xrp), zeon,

fo(z) = fi(z) = C(2)u(z),

(1.7)
with the problem A € [0,1] and the functions C (x), ¢ (x), fo () and f; (x) defined above. It should
be noted that a problem of the form (1.7]) has also been considered in [5, 10} 9]. O

Lemma 1.4. For any fived X € [0,1], the problem (L.7) has at most one solution u (x) from W7 (),
p> N.

Proof: Assume the contrary. Then for the difference W (z) =V (x) — Z (z) of two possible solutions
V (z) and Z (x),,we have

IW(@) = C (@)W (2) = /i ()| £ b @) DW @) + k(@) W @)] w0

W (z) ‘m =0, z¢cd.
Here,
1 1
hi () = /Hz (x,7)dr, h(x)= /H(a:,r) dr
0 0
N g1
H;(z,7) = lz (1 - DyW + D Z)* (t-DW + D, Z) (z).
k=1
for
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and
N

Hi(z,7)=0 for > (r-DW+DyZ)"(z)=0,
k=1
H(z,7)=0 for (r-W+2)*(z)=0.
Since C'(2) > 0, C(x) € L k() > 0, hiz) - fi(2) € Ly(@), fi(x) - hi(2) € Ly (©)
(t=1,...,N),and p > N, from the results of |15] it follows that W =0 in €.
Lemma 1.4 is proved. O

Now let vy () and v, (x) be solutions to problem ([1.7) corresponding to the values Ay and )\,
(A2 > A1) of the parameter A respectively. Then for the difference V (z) = v (z) — v1 (x), we have

LV —C(z) -V (2) = ()[i () iv+ﬁ(x)v}+
o= A1) folz), zeQ,
V], =Ge=r)-p@), zeon,

where

1 1
BZ (z) = /f[i (z,7)dT, I~1(1:) = /f[(xﬂ') dr
0 0
. N . 2 E .
H;(x,7) = lz (7‘ - D,V + Dkv1> ] . (7‘ -D;V + Divl) (x),
k=1
for
N } ) )
S (7 DV + Dywn) (@) #0, Hilw,7)=0
k=1
for

i\[: (7’ - DV + Dkvl)Q (z) = 0;

k=1

H(z,7) = o {(7“7 + v1)2] o : (TV + vl) (z).

s 2 - ~ 2
for (T-V—i-’l)l) (v) #0, H (z,7) =0 for (T'V—i_vl) (z)=0.
Assume
= ()\2—)\1) (1+ ||UH[;Q); A2 > Aq.

Lemma 1.5. Hf/(x)“m <K.

Proof: For the function (‘7 . K), we have

LV k) o (V- x) - A [Eh@ D (7 K) +hw (V%) +
+ (A2 — A1) fo(x) + ()K"’_fl()il(ZE)K, x €Q,
=X —A)-p(z)—K, z€d.

(7-

o0

Further,
(A2 = A1) fo(2) +C(x )K+f1( ) h(z) K

2
= e =) [fo@+(C@+hi( )1+Hu\|m}=
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= (o= M)+ [fi(@) = C@)u@) + (C @)+ fi (@) h (@) (1+ |lull,0)| =
= (e = M)+ [C (@) (Jullq — (@) + fi (@) +
+C (@) + fi (@) b (2) (1 + Julg)] 20, @€

(V-K) |, = Ce= e @) = (o= 2) (1 +llullg) <
< Qe = M) (p (@)~ lullg) <0,z € o9

Then from [15] it follows that V (z) < K in Q . Similarly, inequality V () > —K is proved in Q.
Lemma 1.5 is proved. O

Consider a parametric family of problems . It should be noted that, by Lemma 1.4, the solution
of problem and (in view of the adopted notation) with the solution of problem .

Let v; (z) and v, (z) be solutions to problem (L.7), corresponding to the values A; and Xy (A2 > A;)
of the parameter A. Then, by Lemma 1.5 we have

[v2 =01l < (A2 = A1) (1 + Jlullyg) - (1.8)
On the other hand, this function is a solution to the problem

LV = C(2)V = fi (x) [(Joo]" = 1 |"*) + (| Dva|™ — [Dvy ")) +
+ (A= A1) fo(x), =€,
f/\m == MN)p(z), xed.

Consequently,
~ || H0

HLV C (z vH <297 [ fill o HV +

So:Q2

207 il [PV +2 Wfillya - ol +

+2 [ fillya - D050 + (A2 = A1) [ foll g (1.9)

HVHWT?‘UP(@Q) < ()\2 o )\1) ’ HQDHWIf’l/”(BQ) : (1.10)
On the other hand, it follows from ([1.4) that

~ 11/ i ~ 1 1=1/pa
1

|27 =0 7] +Co- |7, i=01 1)

W2(Q) 1:Q

By virtue of the well-known linear theory of elliptic problems, the inequality

2 l/p(aﬂ))

Here, Cy = C5 (2, p, qo, ¢1, N) is a positive constant. Then, using inequalities (1.8)—(1.11)) we obtain

7

<G, (HLV (@)

ot 17

W2()

Mo

- o 3
HVHWS(Q) < Gy 20070 ||f1HqO;Q : HV

So:Q2
171 % "
+Co 27 | fill HDVHSI o
_|_CQ (HleqO:Q H’Ul’ Q + Hfluql Q K1, HD’Ul’ g’iQ) +

+C (o = A1) (I folly + Hso||wgw<am) <
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1 - (11/ko ~ ||1=1/ 1o ~ ro
<O, 2m0t. ||f1||q o [Co . HV . HVH + Cy - HVH } +
0 W2(Q) 1:Q 1:Q
~ 11/ ~(1-1/p1 ~ H
4002 il [Co [P0 L o 7]+
: W2(Q) 1:Q 1:Q

+02 (Hleqo:Q - 2k0 ”U1| I,SL'SQ + 28 ||f1”q1:ﬂ ’ ||D’U1| giﬂ) +
+C3 (%2 = M) (Ifollye + 19 lly2-17 oy ) <

<O 7] 1 2507 G O = M (L )™ 4

W2(Q)
1 fill g - 2772 CE - Qo = M) T (1 HuHm>“1’1] +
+Cs (ILfill g - 2 - sl + [ fill g - 27 < 1 Dwillshg) +
+Cy - 22072 | fill - OB - (o = M)™ - (14 )" +
+Cy - 22172 Hfl”q]:Q G5t (A = M) (T (Jullg)™ +

+C5 (% = M) (1ol + 1€ lhz-50m ) -

Let
Cs - (Illeq(,:g (2% O - (A = M)MT - (L [full0)™ T
_ " 1
Uil 2072 O O = )T (1 ) ) < 5
Then, if
0<X—A<h (1.12)
holds, we obtain the inequality
(V]| < @0 @[l + @5 [ DvsLg - (1.13)

w2

Here, the functions ®,®,,®; : R, — R, are increasing functions defined by the data of
the problem , the quantities A, Ay € [0,1] satisfy the condition , and the functions
v1 (z), 02 (z) € W2 () are solutions corresponding to the quantities A; and A, of the problem (L.7)).

Denote A#=D = X, AW = Xy, v* =D = v, and v® = v,. From the inequality (L.13)), we obtain

Mo K1

00
W2(Q)

D, HDN—U

=

+ )
So0:82 S1:0 W2 ()

for 0 < A® — \E=D < p AXE=D XK ¢ [0,1],. Hence, by virtue of the independence of h of the
indicated values A*=V A(*) and the embedding inequality (see [14]) with p > N

Hv(kq)

< const - Hv(kfl)

So:Q2 w2(Q)’

HDU(kfl)

< const - Hv(kfl)

$1:0 wz2(Q)’

after a finite number of iterations, we obtain the assertion of Theorem 1.3/ In this case, the first
iteration (k = 1) corresponds to A(® = 0 and v(® =0 .
Theorem 1.3 is proved.
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2. SOLVABILITY THEORY

Let us consider boundary value problem (1.1)) with real Sobolev space W (Q) with p > N provided
that there exists a priori estimate ||ul/;, o < M independent of A € [0, 1], for solving parametric family
of problem

{ Lu=\-f(z,u,Du), x€Q,
(2.1)

u‘ =p(x), ze€d
o0

for [ € [1,00) and M > 0.
For the operator L and boundary function ¢ () we suppose that the following condition is fulfilled.
A5) Let L be a quasilinear elliptic operator with real continuous coefficients, Suppose that the
operator

Lu= Z a, (x,u, Du) D%

|| =2

is a second-order ¢ (z) € W2~/? (99) and linear boundary value problem (L.2) for any g (z) € L, ()
is uniquely solvable in space W (€2) so that estimation

lullwzior < € (gl + lellyz-17r0)

with positive constant C, independent of g € L, (€2) and of the solution u (z) € W7 (Q) is fulfilled.

Theorem 2.1. Let conditions A.1)-A.3), A.5) be fulfilled, and for parametric family of problems (12.1))
for X € [0,1] there exist a priori estimate ||ull;.q , independent of A with I € [1,400) and M > 0 .
Then there exists a solution of problem (L.1)) in the space W7 () with p > N.

Proof. Let us consider a parametric family of problem (2.1) for A € [0,1]. For this family of
problems, the conditions of Theorem 1.3 are fulfilled, by virtue of which there exsists such a constant
C1, independent of A, that for any possible solution sz (Q) of problem ({2.1)) the inequality

”quvg(Q) <Cy, VAel0,1] (2.2)

is fulfilled.
From condition A.5) it follows that linear boundary value problem (|1.2)) is uniquely solvable and
the following representation is valid for iss solutions u (x)

a(x)=V(x)+®(z), (2.3)
where V' (z),® (z) € W7 (Q2) are such that

{ LV =g(x), z€Q,

v]m -0, z€dQ,

(2.4)

and
{ L,®=0 x2€Q,

o Q:go(a:), x € 0N

7]

Linear problem ({2.4) is uniquely solvably for any function g (z) € L, (€2), so that V = Ag, where
A is a linear continuous operator from L, (€2) to W} (2).. Then, the boundary value problem (2.1]) is
equivalent to the following operator equation

W=X-TOW), rel01] (2.5)

consider in the space
X ={W) ew @) | w\m =0}
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Here,

TW)=Af(V+@), [(u)(@)=f(r,u(z),Du(x))

The operator f was determined in the space W2 () with the values in L, () and is a completely
continuous operator from W2 () to L, (€2). This fact follows from the Sobolev -Kondrashev embed-
ding theorem [14] based on the conditions of Theorem 2.1. Therefore, the operator T' is a completely

continuous operator acting in the space X. For possible solutions W (x) from the space X, by virtue
of estimation (2.2)) and representation (2.3) the following inequality is fulfilled

IW|x <Cy, VAel0,1]

where, C is a positive constant independent neither of W (x), nor of A. Then, by virtue of the Leray-
Schauder theorem [3|, p.135] equations for A = 1 and consequently boundary value problem
have the solution ug (z) € W7 (Q) .

The proof of Theorem 2.1 is complete.
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Solvability of a nonlinear elliptic problem involving p—Laplacian
with Dirichlet condition

Benaissa S., Messelmi F., Merouani A.

Abstract. In this work, we study a class of nonlinear elliptic equations of the form Au = —A,u +
div (Vu) = R(x,u) in a bounded domain  C R", where —A,u = —div (|Vu\p72 Vu) denotes the p-

Laplacian operator, V(z) is a given vector field, and R(z) represents a source term. We establish the
existence and uniqueness of weak solutions under suitable assumptions on V and R.To establish the
existence of weak solutions to the nonlinear elliptic problem we employ a fixed point approach based
on the compactness of the associated operator.The existence result is obtained by proving that the
composition A~! Ny is a compact and continuous mapping that admits at least one fixed point, where
Nrp, is the Nemyskii operator corresponding to a Carathéodory function R . This ensures the existence
of a weak solution u € I/VO1 P (). For the uniqueness of solutions, we rely on the strict monotonicity
of the p-Laplacian operator and appropriate growth and Lipschitz conditions on R(z,u). Under these
assumptions, one can show that if u; and u, are two weak solutions, then their difference satisfies an
energy inequality leading to u; = u, almost everywhere in 2.

Keywords: p—Laplacian, Fixed point, Variational formulation, Carathéodory function, Nemytskii
operator.

MSC (2020): 35J62, 35J92, 47J35

1. INTRODUCTION

Partial differential equations (PDEs) play a fundamental role in modeling a wide range of physi-
cal, biological, and engineering phenomena. They provide an essential mathematical framework for
describing diffusion, transport, and nonlinear interactions that arise in various natural and applied
processes. Among them, nonlinear elliptic equations [1}, [2], particularly those involving the p-Laplacian
operator, have attracted considerable attention due to their rich mathematical structure and broad
spectrum of applications in physics, mechanics, and materials science Albo [3} 4, 5 6, 7, |8, 9, |10].

It is more investigated problem with divVu = 0 |11, |4, 5, 6, 7], and the references therein. In this
regard we mention the work of [4] et al in which they considered the problem:

—div(a(z) |[Vul" > Vu) = f(x,u,Vu), u=0on .

on a bounded domain 2 C R™ with n > 2 and p € (1, n).In this paper, we investigate the well-posedness
of the nonlinear elliptic boundary value problem

Au=—-Au+div(Vu) =R inQ, p>2 (1.1)
u =0, on 0§, ’

where A, denotes the p-Laplacian operator, V :2 — R™ is a bounded vector field, V € L> (Q)",
and R:Q2 x R — R is a Carathéodory function satisfying suitable growth and continuity conditions.
Such equations naturally arise in models of nonlinear diffusion and convection processes in heteroge-
neous media.

The existence of weak solutions is established via a priori estimates and fixed-point techniques ap-
plied to the compact operator T = A~'Np : Wy ? (Q) — W, ?(Q), where Au = —Ayu + div (Vu),
and Ny denotes the Nemytskii operator associated with the Carathéodory function R, defined by
Ng(z,u) = R(x,u).[12] et al. The compactness and continuity of Ny play a crucial role in applying
fixed-point theorems to ensure the existence of at least one weak solution. Uniqueness is derived using
monotone operator theory by introducing a Carathéodory mapping b : 2 x R x R* — R" such that

—divb(x,u, Vu) = —Ayu + div (Vu) .
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Problems of this type appear in the modeling of non-Newtonian fluids, nonlinear elasticity, porous
media flow, and other nonlinear diffusion—convection phenomena. The present study contributes to the
theoretical understanding of such equations and provides new results on the existence and uniqueness of
weak solutions.This formulation allows the use of monotone operator theory and variational techniques
to prove that the associated operator is strictly monotone under appropriate hypotheses on R and
V', there by guaranteeing both existence and uniqueness of the solution to problem . From an
applied perspective, nonlinear elliptic equations involving the p-Laplacian arise in numerous contexts
such as non-Newtonian fluid dynamics, nonlinear elasticity, porous medium flow, electro-rheological
and thermo-rheological materials, and population dynamics. The convection term divVu introduces
significant analytical challenges, as it models transport or drift phenomena in heterogeneous media.
Consequently, the study of such equations not only deepens the theoretical understanding of nonlinear
PDEs with nonstandard growth but also contributes to the rigorous modeling of complex processes
observed in real-world systems.

The paper is organized as follows. In the second section, we define the problem that serves as the
focus of our work and we recall some mathematical tools. The Third section will be consecrated to
the study of the problem that consists in establishing existence and unicity results.

The organization of this paper is as follows. In Section 2, the considered problem is stated. Sections
3 deals with the solvability of the stated problem. While section 4 gives the uniqueness of the solution
of the considered problem.

For the study of this problem, we first recall the following results.

In the sequel, €2 be an open bounded domain of R", n > 2 with Lipschitz continuous boundary and

p > 1. We shall use the standard notations:

WP (Q) = {u e, e, i, n}

equipped with the norm:

i=n

» » ou ||
||u||W1’P(Q) = ”uHLp(Q) + E : . J
i=1 tLr(Q)
where |[|.|| g, is the usual norm on L (). It is well known that (W7 (Q2); l[-Il15.(2)) 18 separable,

reflexive and uniformly convex [13, [14].We need the space W, * (Q) the closure of the space C° (Q) in
the space W7 ()
Wy (Q) = {ue W' (Q), ulpg=0}.

* 1 1
The dual space (W, " (2))" will be denoted by W4 (Q), where ~ + — = 1. For each u € W'» (),

p q
we put
ou Ou ou y | ou
Vu= <aajl’8x2”aajn> y ’Vu‘ 72 ‘8x1

i=1
Definition 1.1. [15] Let X be real Banach space; and let L : X — X* be an operator Then :
(i) L is called monotone if (Lu — Lv,u —v) > 0 for all u,v € X.
(ii) L is called stictly monotone if: (Lu — Lv,u —v) > 0 for all u,v € X with u # v.

L
(iii) L is called coercive if lim (L, u)
lull—soo  [|ul]

= +OO
(iv) L is hemicontinuous, i.e., the map ¢ — (L (u + tv) ,w) is continuous on [0, 1] for all u,v,w €
X.

Definition 1.2. The function R : 2 x R — R is a Carathéodory function if for each s € R, the
function x — R (x, s) is measurable in 2 and for a.e. z € , the function s — R (x, s) is continuous
in R.

Theorem 1.3. [16](Leray—Schauder Principle). Suppose that
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(i) The operator T : X — X is compact, with X a Banach space;
(ii) There existe an r > 0 such that if v = tT (x) with 0 <t < 1 then ||z| < r.
Then the equation x =T (z) is solvable.
2. PROBLEM STATEMENT

In the domain  we consider the problem find a solution u such that:

Lu =—-Apu+div(Vu) = R, inQ, p>2 (2.1)
u =0, on 0f), ’
. . . 1,p . —1.0 1 1
where —A,, is the p—Laplacian acting from Wy™" (©2) into W=7 (), — + — =1 defined by
p
(—Ayu, @) = / \Vul"? Vu.Vode, Yu,p e Wo* (Q), (2.2)
o)
The function V' : Q — R" is a vector field € L> (Q2) such that
divV >0, (2.3)
and R € W19 (Q) is a Carathéodory function and it satisfies the growth condition :
IR(z,s)| <a(x)|s|” > +b(z) ppreQ and s€eR, (2.4)

i

n
. P if p<n,
p:

/ 1 1
where a € L™ (Q),be L7 (), — + — =1 and ¢q € |1, p*[ such that :
q

n—p (2.5)
400 if p>n.

Proposition 2.1. If the function R is a Carathéodory function, then for each w € M, where M be
the set of all measurable function u : Q@ — R. The function Nru : Q@ — R defined by

(Nru) (z) = R(z,u(x)) forxz el (2.6)

is measurable in . In view of this proposition, a Carathéodory function R :  x R — R defines an
operator N : M — M, which is called Nemytskii operator.

Definition 2.2. An element u € W, *(Q) is a solution of problem (2.1)) if
—Ayu+ div (Vu) = (Ngu), (2.7)

in the sens of W=7 (Q), i.e

/\Vu]p_2 Vu.Vpdr — /Vu.Vgodac = /R(m,u) odr, Yu,p € WP (Q). (2.8)
Q Q Q

3. SOLVABILITY OF PROBLEM ([2.1])
In this section, the solvability of the problem ([2.1)) will be proved using the Leray-Schauder principle.

Theorem 3.1. If the operator L is monotone, coercive and hemicontinuous then L is surjective.
Proof: (1) The operator L : Wy'* (Q) — W~1#" (Q) defined by :

Lu=—-A,u+div(Vu), (3.1)
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is bounded.
For ¢ € Wy* (Q) we have

(Lu, @) :/\Vu]p2 VuVdz —/uVVgoda:.
0 0

Using Holder’s inequality we get
(Lug)l < [ IVaP ™ Vel do+ [ Jul V][9] do
Q Q

p—1 1 1 1

( / |Vur”dw) ( / |W|”da:) ’ Wl ( / u|”da:> 5 ( [rwar dz> "

1 1
where — + — =1, using the fact that p > 2 and Pioncaré’s inequality, we obtain
p p

[(Lu, o) < cllullwrr ) VI @) lellwre @) (3.2)
Thus, the operator L is bounded.
(2) If p € [2,+00[, then operator L is monotone.

From definition the operator L is monotone if and only if (Lu — Ly, u — ¢) > 0, Yu,¢ €
W, ” (Q), integrating by parts we obtain

(Lu — Lo, u — @) = (=Apu+div (Vu) + App — div (V) ,u — @) =
_ _ 1
/ (]Vu|p 2V — |Vl 2 ch) V (u—p)dz + 3 / (divV) . (u— @)’ da, (3.3)

Q Q
Using the fact that

(laP o= oP ) (a=b) = 27" (a7 + ") Ja = b* > 22 FJa— b, Va,beR",  (3.4)

then (3.3]) becomes
1
(Lu — Lo, u — @) > 2277 / |Vu — Vo|" dz + 3 / (divV) . (u— @)’ da (3.5)
o) Q
According to (2.3)) we arrive at
(Lu — Lp,u— @) >0,
So, the operator L is monotone.
(3) The operator L is coercive. From (3.5)), we have
(Lu,u) = (—Apu + div (Vu) ,u) > 22_1’/ |Vul” de + /u.V.Vudac. (3.6)
Q
According to Holder’s inequality, the second term in the right hand sid of (3.6) can be con-
trolled by
1 1

p—2 » »
/uV.Vuda:§9| PV (/de) (/|Vupdx> ,

Q Q Q
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then from (3.6, we get

2
(Lu,u) > 2* ”/\Vu|p dz —c(, | V]..) (/ ]Vu|pda;)

consequently we have
(Lu, u)

lully ,—>+oo [lull;

— +00.

According to definition (|1.1)), we conclude that L is coercive.
(4) The operator L is hemicontinuous.
The operator L is hemicontinuous of W, (Q) in W= (Q) if the mapping

t — (L (u+ t,g),w) is continuous in R. Either u, p,w € W, 7" (), (tn),en @ real sequence
that converges to [, we will show that (L (u + t,p),w) — (L (u+1lp),w).
L is hemicontinuous :

(L (u+typ),w /|V (u+ top) P2V (1 + o) . Vw dm/(qutngo)VVw dx,

Q

we have :

(Lluttup) )l < [ 19 s tap) ™ (Vul dot [ ul VI Vol +[ta] [ 1ol[V][Vedz.
Q Q

Q

Using the fact that
(a+0b)" <27'(a? + V"), foralla >0, b>0and p > 1.

we have

L+ tag) )| <270 [ (1907 187 [Vl ™) [Vl dot [ 1l [VI[Vwlita] [ lol V] Vol dz.
Q
(3.7)
Since t, — [, then there exist M > 0 such that |t,| < M, using Holder’s inequality, the

n—>o0

right hand side of (3.7)) becomes
1 1

(L (uttup) s w) < 207128 =1 [ ([Vul” + [M]"[Ve) (g Vol d“””’>p

1 1 1 1

VL (f |u|”das)p (f IVl dm) YoMV (IW dx)p (flel”' das) y
Q Q Q Q

According to Lebesgue’s dominated convergence theorem, the operator L is hemicontinuous.
Then the problem Lu = g(z) has a unique solution for g € W= () i.e the operator L defines
one—to—one correspondence between W, ? (Q) and W—'# (Q), with inverse L~ monotone,
bounded and continuous. Since ¢ € (1,¢*), then the imbedding W P(Q) — L7 is compact.
Consequently we have the diagram W, ” (Q) &4 La (Q) ALy (Q) A Wi (Q).

O

Theorem 3.2. If the Carathéodory function R : Q2 x R — R satisfies the condition with ¢ < p,
then the operator L~'Ng has a fized point in W, (Q) via Leray-Schauder principe.
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Proof: Using the theorem of Leray-Schauder we will show tha the set
Z={ueWy?(Q) /3INe[0,1], such that u = AL Ngu = A\Tu},

is bounded in W, ” (Q) . From ({2.7), it is obvious to show that for arbitrary u € W, ” (), it is obvious
that :

P _
||TU’HWOLP(Q) -

(—A,u+div(Vu),Tu) = (Ngu, Tu) = /R (x,u) Tu dz, (3.8)
Q
Using (2.4)), the right hand side of the previous equality be controlled by

/R(:I:,u) Tu dr < / ‘a(m) |’ + b(ac)‘ |Tu| da.

Furthermore, for u € Z ie. u = ATu with some A € [0,1], by using Hélder’s inequality we get

/R(x,u) Tu dz < /|a(x)] IATul*2 | Tul d:n~|—/|b(:n)| \Tu| dz
Q Q Q

1

1 1
_ 4 q, p
< A01 HG(ZU)HLOC(Q) HTuH%qu(Q) + (/ b ()] dx) (/ |Tul” d:c) . (3.9)
Q Q

Combining (3.8) with (3.9) we have :
-1
HTUHII),[) <K HTquLq(Q) + K> HTUHLq(Q) ) (3.10)

where
Ky =\"a (@)l Lo 0

and
Ky = [0(2)]| 1o o -

Thus, from (3.10) we obtain
-1
[Tully, — Ki|[Tull{, — Ko |Tull,,, <O0.
Then, there is a constant d > 0 such that
[Tl , < d.

Since
lull,, = IANTull,, = A[Tull, , < Ad < d.

Then, the bounddeness of Z would de proved, so the problem —A,u+ div (Vu) = R (z,u) has a fixed
point u € Wy* (Q). O

4. A UNIQUENESS RESULT
In this section we address the problem of the uniqueness of the solution of the problem (2.1J):
Theorem 4.1. For R € W~ (Q), the problem has a unique solution u € W,” (Q) .

Proof: Let b(z,u, Vu) = |Vul’ > Vu — V. It is obvious to show that

(H1) The function b: Q x R x R® — R" be a Carathéodory function, i.e. :
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a) For each (s,¢), the function z — b (z, s, ) is measurable.
b) For a.e. z, the function (s,§) — b(z,s,£) is continuous.
(H2) ( Monotonie)
(b, 5,€) = blw,s,m),& =) = (V€[> VE— [Vl > V) (V€= V) > Gy le
(H3) For almost all z € 2 and for each (x,s,£) € Q2 x R x R” with £ # 7
(b (@, 5,€) = b(w,5,1) ,€ = 1) > 0.
(H4) According (3.4)), there exists 8 > 0 such that
(b, 5,6) = bw,5.m) € =) > Bl —nl* (e + o).
(H5) There exists C >0 and f € L” (Q) such that :
0(25,8) = b 6.8 < Cls 1] (£ @)+l + 1P+ o).

Let uq, us be two solutions of problem then we have

/ (b(x,,u1,Vuy) — b(z,us, Vus)) Veodr = / (b(x,,us, Vug) — b (z,us, Vus)) Vdz,

Q Q

T. : R — R is the truncation function 7} (r) = max (min (e,7), —¢), for ¢ = T.u and v = u; — us.
Since

VT. (v) =V =14 Vo,
where
A.={z € Q, 0<|u; —ug| <€},

Then, applying (H4) and (H5) we get:
BIIV (= w) (IVur | + [Vuo] ) da
o)

< C Jfur = (f (@) + [Vl a7+ ™) |V (w1 = )|
Q

< Ce [ F|VT. (u; — us)| dx,
A

where
F=(f @)+ Vel 4+ ™+ w7 ) € 2 (9).
Since
/\V(ul )P dz = / LAV (ur — o) d,
A, Q
and

19T, (= ) do = I (= )y
Q

Using the fact that
_9 92 —2
[ i A EE I EE i
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and (3.4), we obtain

5/ ’V (u1 - u2)|p dxr < ﬁ/ ’V (Ul _ u2)‘2 (‘VU1‘Z)_2 + ‘vu2‘p_2) da
A AL

Consequently from the previous inequality we have
BT (ur = u2) Iy 100y < C I F N 1 ) 1T (w1 = 2) lyy10 g -

The Poincaré (for p = 1) and Cauchy-Schwarz inequalities allow us to obtain

1 C
/TE (i —uw)lde < & [|VT. (ur — us)|de
9 €AE

AE

1 1
C o "
2Tz (ur = wa)llypn ) [l P < CLALP

IN

Gold N.59A. = 0 and (A.).., is decreasing when ¢ — 0. Therefore |[A.[ — 0 when ¢ — 0.We
choose r > 0 anything and € < r, then

Hz: Jun —wus| 27} < [{z: Jug —us| > e}

< Hao: T (ug —up)| > e}

1
< = [T (uy — ug)| dz — 0, when e — 0.
€q

So, for everything r > 0 ,|u; — us| < r almost everywhere. Therefore we conclude that u; = uy almost
everywhere. 0O

Proposition 4.2. If R(z,5) >0 a.e. x € Q and for all s € R. If u € Wy* (Q) is solution of problem

thenu>0

Proof: Let u. € Wy (Q) be a solution of problem ({2.1)) and let us denoted Q= = {z € Q: u(z) <0},
Ot = O\Q~ and u_ = max {—u, 0}, then, it is known that u_ € W, ” (Q) and

| Vu in Q_,
V- = { 0 in Q..

Integrating by parts over {2 we have
(—Ayu+div(Vu),u_) = [|Vul"*Vu.Vu_de_ [Vu.Vu_dz
O Q
= — [|Vu|’dz + [ Vu.Vudz
) )
2

= — [ |Vu|’dz — fdz'v(V)u—d:v:— | R(z,u)udx >0
0. 0. 2 o

2
/|Vu\pdx—|—/div (V) %dw = /R(x,u) udr <0
o o o
/]Vu|pda:+/dw —da: = 0.

then u = 0 everywhere. Wich allows as to achieve the proof. O

Then, we have

So
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Eta quotients of level 20 and weight 1
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Abstract. We find all the eta quotients in the spaces M; (I'o(20), (¢)) with d = —4, —20 of modular
forms, and we determine their Fourier coefficients, where (g) is the Legendre-Jacobi-Kronecker symbol
in the group of Dirichlet characters modulo 20 with values in the rational field Q.
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1. INTRODUCTION

Let N, Ny, Z, and C denote the sets of positive integers, nonnegative integers, integers, and complex
numbers, respectively. Let N € N, k € Z, and let x be a Dirichlet character whose modulus divides
N. We define the congruence subgroup I'g(V) of level N by

FO(N):{(Z Z)]a,b,c,dEZ, ad—bc=1, ¢c=0 (modN)}.

Let My (T'o(N), x) denote the space of modular forms of weight k& and character x on the congruence
subgroup I'g(N). The subspaces of Eisenstein series and cusp forms are denoted by Ex(I'o(N), x) and
Si(To(IN), x), respectively. It is well-known that

M (To(N), x) = Ex(Lo(N), x) ® Sk(To(N), x)- (1.1)

For instance, (see |1, p. 83]).
The Dedekind eta function 7(z) is a holomorphic function on the upper half-plane

H={z¢€C|Im(z) > 0},
defined by

oo

n(z) _ eﬂ'iz/lQ H (1 _ e27rinz) )

n=1
A product of the form

f2) =TI n(s2), (1.2)

1<6|N

where r5 € Z, not all zero, is called an eta quotient.
Let x and 9 be Dirichlet characters. For n € N, we define the generalized divisor sum o) (n) by

Ty (n) = Y x(m)p(n/m). (1.3)

1<m|n

If n ¢ N, we set o(y,y)(n) = 0.
Let xo denote the principal character satisfies xo(m) = 1 if and only if (m,N) = 1, otherwise,
Xo(m) = 0. In particular, we observe that oy, y,)(n) coincides with the classical divisor-counting

function
(o)) (n) = Z 1.
1<m|n
We now define two Dirichlet characters modulo 20 by

am = () wem= (20 wm= (), mea),

m m m
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where (4) denotes the Legendre-Jacobi-Kronecker symbol considered as a Dirichlet character modulo
20 with values in the field of rational numbers with conductor 4, 20 and 5 respectively.

a

The cusps of I'y(/V) can be represented by rational numbers ¢, where a € Z, ¢ € N, ¢ | N, and
ged(a, ¢) = 1; (see [2, p. 200]).
For the group I'4(20), a complete set of representatives of the cusps can be chosen as
1 1 1 1 1 1
200 100 57 47 27 1
Let f(z) be an eta quotient as defined in ((1.2). A formula for the order v,/.(f) of f at the cusp ¢
(see |2, p. 200]) is given by

(1.4)

B N ged (8, ¢)? rs
Vase(f) = 24 ged(?, N) 1;”:]\[5- (1.5)

It follows from the dimension formulae [1, Section 6.3] that the only nontrivial modular form spaces
of level 20 with trivial cuspidal subspaces are

M1(F0(20):X1) and Ml(F0(20)7X2)'
Moreover, we have that

dim (M;(T'9(20), x1)) = dim(E;(I'0(20), x1)) = 2,
= 2.

dim (M, (Ts(20), x2)) = dim (B4 (T0(20), x2)) (1.6)

We follow the same principle used in the papers [3], 4]. In this paper, we find all the eta quotients in
M;(Ty(20), x1) and M;(Tx(20), x2), and we determine their Fourier coefficients.

2. PRELIMINARY RESULTS

Throughout the remainder of this paper we use the notation ¢ = ¢(z) = €*™** with z € H. We define
the Eisenstein series E,, ,,(q), Ey,x.(¢) and E,, ,,(q) by

EXl,Xo (Q) = Z O-(Xl,XO)(n)qnv EXQ,XU (q) =1 + Z O-(X2,X0)(n)qnv
n=1 n=1

EX37X1 (q) = Z U(X37X1)(n)qn'
n=1

In view of (2.1)) for NV = 20, we define an eta quotient f(z) by
f(z) = 0" (2)n" (22)n" (42)n" (52)n"™° (102)n™° (202). (2.1)

Theorem 2.1. Let f(z) € M;(I'9(20), x1) be an eta quotient given by (2.1)), and let f(z) = >0~ anq"™
be its Fourier series expansion. Then

f(z) - blEXLXo (q) + bQEXhXo (q5)
for unique scalars by, by € C, and the Fourier coefficients a,, are given by
Ay = b10y, o (M) + b20y, 1o (n/5) forn > 1.

Proof: 1t follows from (1.6]) and |1, Theorem 5.9] that the set of Eisenstein series { Ey, 1, (q), Ey, v, (¢°)}
is a basis for M;(I'z(20), x1). Thus,

f(Z) = blEX17X0 (q) + bQEXhX(J (q5)

for some unique scalars by, by, € C, from which the assertion follows by equating the coefficients of ¢"
on both sides. a
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Similarly to Theorem we prove the following theorem.
Theorem 2.2. Let f(z) € M;(I'o(20), x2) be an eta quotient given by (2.1), and let f(2) = >0 ang™
be its Fourier series expansion. Then

f(2) =biEy, (@) + b2Eyg 5, (9)
for unique scalars by, by € C, and the Fourier coefficients a,, are given by

an = blo_xz,xo (n) + b20X3,X1 (n) fO’f’ n > 17

ag = bl.

We use the following lemma to determine if certain eta quotients are modular forms. See [5, Theorem
5.7, p. 99], |6, Corollary 2.3, p. 37], |7, p. 174], and [8].

Lemma 2.3. Let f(z) be an eta quotient given by [R2.1)), and let k = 537, _5x 75 and s =[], 55 07
Suppose that the following conditions are satisfied:

(1) Yi<sn 015 =0(mod 24),
(i) Yicoiy 5 76 = 0(mod 24),
(i) D1 <spn % > 0 for each positive divisor d of N,
(iv) k is an integer.
Then f(z) € M (To(N), x), where the character x is given by

x(m) = <(_;)k8> :

We utilize the following notation for eta-quotients

d
[517 7815 52’ Toy5e-- 75d71> Tsa_15 5d7 Tlsd] = H"?mi (622)7

=1
We take N = 20 and k = 1 in Lemma [2.3] to obtain the following theorem.

Theorem 2.4. Let f(z) be an eta quotient given by (2.1)), which satisfies the conditions (i)-(iv) in
Lemma [2.3 with

1 + To + T4 + s + T10 + To0 = 2. (22)
Then f(z) € M;(I'¢(20), x), where the character x is determined by

M;(T9(20),x1), ifra+rs+710=0 (mod 2);

2.3
M;(To(20), x2), ifra+75+70=0 (mod 2). (2:3)

o]

Proof: For N = 20, we have

s = H §7T8 = 1T19r24ragrs [ ()F10Q()20 = QT2 +2ratri0+2r20 Frs+rio+r20
1<5]20

The conditions (i) and (ii) in Lemma [2.3| becomes
T1 + 2’/"2 + 47‘4 + 57’5 + 107”10 + 20T20 =0 (mod 24),

207”1 =+ 1OT2 =+ 57’4 + 47”5 =+ 27‘10 -+ Too = 0 (HlOd 24)

Then,
ro + 7190 =0 (mod 2).
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The character associated to f(z) is given by

Hence,
X=x1 ifrs+rs+ry0=0 (mod?),
X=X ifrs4+ro+rp=0 (mod2) andry+7r,=0 (mod 2).
These match the given definitions of x; and y», and the result follows. d

3. MAIN RESULTS

Theorem 3.1. Let f(z) be an eta quotient given by (2.1). Then we have f(z) € M;(T'¢(20),x1) if
and only if

r1+ 2ry + 4ry + 5r5 4+ 10719 4+ 20r90 =0 (mod 24),
207y 4+ 1079 + 574 + 4rs 4+ 2110 + 790 =0 (mod 24),

1 1 1111
0 <wvie(f) <2 forc= -, =, =, =

ri+Te+ Ty + 75+ 10+ 120 = 2,
ry+ 715 +790=0 (mod 2).

Proof: Let f(z) € M:i(T'0(20),x1) be an eta quotient given by (2.1)). By (1.6) we have
dim(M;(I'9(20), x1)) = 2. We define the eta quotients fi(z), f2(2) by

fa(z) = [1,1;2,0;4,1; 5, —1; 10, 2; 20, —1].

By Lemma 2.3 we have fi(2), f2(z) € M1(T'(20), x1). One can easily see that the set {fi(2), f2(2)}
is linearly independent, and so it is a basis for M;(T'¢(20), x1). Appealing to (1.4)) and (L.5), we have

v ()/c [ 1] 1/2[1/4]1/5]1/10 ] 1/20
fi Jo[1/21 0 [ 1 [1/2] 1
fo |1[1/2] 1T [0 [1/2] 0

Thus, for any b;,b, € C we have
v1/c(b1fi + bafo € Np.

As f(z) can be expressed as a linear combination of f;(z) and f»(z), we have

v1/.(f) € No,

from which the second and first assertions follow, respectively. The third assertion follows from |6}
Corollary 2.3] and the fifth assertion follows from ({2.3). The converse follows from Theorem O

Theorem 3.2. Let f(z) be an eta quotient given by (2.1). Then we have f(z) € M;(T'¢(20), x2) if
and only if

r1 4 2ry + 4ry + 515 + 10719 + 20150 = 0 (mod 24),
207y 4+ 107y + 5ry + 415 + 2110 + 790 =0 (mod 24),
0 <wvy/.(f) <2 forc=1,2,4,5,10, 20,
L+ Tre+ s+ s+ 10+ 0 =2,
ro+ 75+ 790 =0 (mod 2).
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Proof: Let f(z) € M;(I'0(20),x2) be an eta quotient given by (2.1). By (1.6) we have
dim(M;(T'9(20), x2)) = 4. We define the eta quotients fi(z) and fy(z) b

filz) =1[1,-1;2,1;4,1;5,1;10,1; 20, —1],

By Lemma [2.3] we have fl( ), f2(2) € M1(I'5(20), x2). One can easily see that the set {fi(2), fa(2)}
is a basis for M;(I'y(20), x2). By (1.4 . and ., we have

vi.()/e[1]1/2]1/471/5]1/10[1/20
fi of1/2] 1 [ 1 [1/2] 0
f2 1f12] 0 [0 [1/2] 1

Then, v1/.(b1f1 + bafs € Ny for any by,b, € C. As f(z) can be expressed as a linear combination of
J1(2) and fy(2), we have vy ,.(f) € Ny, from which the second and first assertions follow, respectively.
The third assertion follows from [6, Corollary 2.3] and the fifth assertion follows from (2.3). The
converse follows from Theorem [21 O

There are 4 eta quotients in M;(I'5(20), x1) and 3 eta quotients in M;(I'5(20), x2). We found all
the eta quotients with Sagemath [9] using Theorems and We then determined their Fourier

coefficients using Theorems 2.1 and 2.2] All these eta quotients and their Fourier coefficients are listed
in the appendices (Table (1 I and '

4. APPLICATIONS
Theorem 4.1. Let f(z) € M;,(I'0(20), x1) with the Fourier series representation

z) = Z anq".
n=0
Then For all n > 0, we have a,, =0 if n = 3,7,11,15, (mod 20).

Proof: Suppose n = 3,7,11,15, (mod 20). Then

Also, for all positive divisors d of n, we have

o= ()~ (3)- () )~ () v

By pairing x1(d) and x;(n/d) for all d | n, we obtain

ZXl(d) =0

dln
The assertion now follows from (1.4)), (1.3]), and Theorem O

Theorem 4.2. Let f(z) € M;1(I'0(20), x2) with the Fourier series representation

Then for all n > 0, we have a(n) = (mod oy, (1)) if n = 11,13,17,19 (mod 20).
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Proof: Suppose n = 11,13,17,19 (mod 20). Then

= (2) - ()

Also, for all positive divisors d of n, we have

o= (2)= ()= (2) (2) =~ (2) v
By pairing y2(d) and x2(n/d) for all d | n, we obtain

> xa(d) =0. (4.1)
dn

The assertion now follows from (4.1)), (1.3)), and Theorem O
The following corollary follows immediately from Theorem and

Corollary 4.3. If an eta quotient f(z) given by (2.1)) is a modular form of weight 1 with the Fourier
series representation f(z) =Y., anq", then for all n > 0 we have

Ay =

0 (mod oy, (1)), ifn=3,711,15 (mod 20), r4+175+1r0 =0 (mod 2);
0 (mod oy, (n)), ifn=11,13,17,19 (mod 20), ro +75+120 =0 (mod 2).

5. CONCLUSIONS

In this paper, we have systematically investigated eta quotients of level 20 and weight 1 in the spaces
M;(T'o(20), x1) and M;(I'9(20), x2), where x; and x» are Dirichlet characters modulo 20 associated
with the Legendre-Jacobi-Kronecker symbols (=) and (=22), respectively. Our main contributions
include:

(1) Classification of Eta Quotients:
Using the conditions derived from Lemma [2.3] we identified all possible eta quotients in
M;(T'o(20), x1) and M;(I'9(20), x2). Specifically, we found that there are 4 eta quotients in
M;(To(20), x1) and 3 in M;(T'(20), x2), as listed in the appendices (Tables [1] and [2).

(2) Fourier Coeflicients:
By expressing these eta quotients in terms of Eisenstein series (Theorems and , we
derived explicit formulas for their Fourier coefficients. These results provide a concrete way
to compute the coefficients a,, for each modular form.

(3) Vanishing and Congruence Properties: We established vanishing conditions for the Fourier
coefficients a,, in certain arithmetic progressions (Theorems and [4.2)). Specifically, we
showed that:

(a) For forms in M;(I'9(20), x1), @, = 0 when n = 3,7,11,15 (mod 20).
(b) For forms in M;(I'9(20), x2), @, =0 (mod oy, y,)(n)) when n =11,13,17,19 (mod 20).

These findings contribute to the broader understanding of modular forms and eta quotients,
particularly in cases where the weight is odd and the level is composite. The results may also have
applications in number theory, such as in the study of partition functions, quadratic forms, and
L-functions.

Acknowledgements. The authors would like to thank the anonymous referee for the valuable
suggestions and valuable comments which improved the quality of this paper.



TABLE 1. Eta quotients in M;(I'¢(20), x1) and their Fourier coefficients

NO. 1 T2 Ty s Tio0 T20 (bl, bg)
1 410 4 0 0 0 (40
2 -1 2 -1 1 0 1 (1,0
3 0 0 0 -4 10 -4 (0,2
4 1 0 1 -1 2 -1 (=1,0)

TABLE 2. Eta quotients in M;(I'0(20), x2) and their Fourier coefficients

No. T To T4 Ts 10 To20 (b17 bg)

1 -2 5 -2 -2 5 -2 (1,1)

2 -1 1 1 1 1 -1 (1,0

3 1 1 -1 -1 1 1 (0,1)
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Abstract. This article investigates two-dimensional integrals involving singularities and multiplicative
compositions. The main focus is on deriving lower and upper bounds under various assumptions on
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1. INTRODUCTION

Two-dimensional integrals involving singularities frequently arise in the fields of analysis, probability
and partial differential equations. The most famous examples are Hilbert-Hardy-type integrals, which
are of the following form:

/ - / " k() F@)g(y)dady, (L1)

where k : [0,4+00)? — [0,400) is a kernel function, and f,g : [0,+00) — [0,+00) are the primary
functions of interest. A key aim of this framework is to derive inequalities that bound the integral
in Equation from above by a constant times the product of two (possibly weighted) integral
norms of f and g. Comprehensive overviews of this topic can be found in [1, 2, 3| |4]. Both classical
and modern approaches, including techniques for sharp estimates and extensions to various functional
settings, are discussed in [5} 6}, 7, |8, |9} |10} 11}, [12, |13} |14} [15].

In this article, we focus on integrals of the following specific form:

/OB /Oa ! f(zy)dzdy, (1.2)

xp+yq

where «, 5 > 0 are fixed, p,q > 0, and f : [0,a] — [0, +00) is the primary function of interest. The
integrand in Equation exhibits a mixed singularity structure, governed by the interaction between
the terms «? and y?, combined with a nonlinear dependence on the product xy through the function f.
This article aims to establish effective lower and upper bounds for the integral in Equation under
various assumptions on f, such as monotonicity, convexity, and sub-multiplicativity. Thus, we analyze
how the interplay between the singular kernel k(x,y) = 1/(2” 4+ y?) and the composite function f(zy)
influences the behavior of the integral. These results have applications in potential theory, weighted
integral inequalities, and probabilistic models involving joint multiplicative structures. All findings are
presented with complete proofs and are intended to stimulate further research in the field of integral
inequalities.

The rest of the article is organized as follows: Section [2] presents the lower bounds under the
monotonicity assumption on f. Section [3]is devoted to the upper bounds under various assumptions
on f. Section {4] provides a conclusion.

2. LOWER BOUNDS

A lower bound for the integral in Equation (1.2)) under the monotonicity assumption on f is given
below.
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Proposition 2.1. Let p,q,a, 8 > 0 and f : [0,af] — [0,+00) be a monotonic function with f(0) <
+oo and f(aB) < +oo. Then we have

e 1 aB
/0 / g Eydedy > == min(f(aB), £(0)).

Proof: For any = € [0,a] and y € [0, 8], we have z? 4+ y? < o + 7 and, since f is monotonic, i.e.,
non-decreasing or non-increasing,

f(zy) = min(f(apB), £(0)).

These inequalities imply that

b B ra
/O /0 xpiyqf(xy)dxdyz /0 /O api 55 min(f(a). £(0)drdy

— g min(r(as). 500 ( [ ) ( / ) dy)

_ap .
= ot min(f(af), f(0)).

This completes the proof of the proposition. O

It is worth noting that if the double integral diverges to +o0, the inequality holds trivially.
The proposition below establishes a more refined lower bound. Note that it is assumed that p,q > 1.

Proposition 2.2. Let p,qg > 1, o, > 0 and f : [0,af] — [0,+00) be a monotonic function with
f(0) < 400 and f(af) < +oo. Then we have

[ [ o stensy = min(sas), soymex (5o (14 2), g (14:97)).

Proof: For any x € [0,a] and y € [0, ], since p > 1, we have z¥ + y? < o 'z + 37 and, since f is
monotonic,

f(zy) = min(f(aB), £(0)).

These inequalities imply that

B ra 1 B ra 1 .

= min(f(afB), £(0)) </05 dy) {/0 mdaﬁ}

= win(f (@), F0)8 | log(a o+ 7] o

—1
aP z=0

= min(f(« B o) a—p
— min(ad). £0) 1 log (145, ) (2.1)

Proceeding in a similar way, for any = € [0, ] and y € [0, §], since ¢ > 1, we have 2P 4y < aP+39"1y
and, since f is monotonic,

f(zy) = min(f(aB), £(0)).
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These inequalities imply that
B (e 1 B « 1 )

—win(f(a), /0) [ do) [ I Mdy]

1 y=p
= min(f(a8). F(0))a | 7 loxla” + 5 y)|
= min(f(« a o g
= minf(a8). £0) 50 oz (1+7). (2.2

It follows from Equations (2.1) and (2.2 that
B po 1 o 31 8 oP
> mi m ]
/0 /0 P yqf(:zy)dazdy > min(f(afB), f(0)) max < log (1 + aP> ,a log (1 + ))

pat
This ends the proof of the proposition. a

Using the logarithmic inequality log(1 4+ ) > z/(1 + z) with z > —1, we have

B ra 1
dxd
[

2 min(f(03) SO ma (s (145 ) s (1457 )

P

. « ok 1 15} aP 1
> min(f(af), f(0)) max (ﬁql X v X 1 T Tjar ol X 30 X M”/ﬁq)

(0% .
L min(S(@), 50,
so that Proposition implies Proposition for the case p,q > 1.

3. UPPER BOUNDS

3.1. Under the monotonicity assumption. An upper bound for the integral in Equation ([1.2))
under the monotonicity assumption on f is presented below. Note that it is assumed that p, ¢ € (0, 2).

Proposition 3.1. Let p,q € (0,2), a,8 >0 and f : [0,a8] — [0,+00) be a monotonic function with
f(0) < 400 and f(aB) < +o00. Then we have

[ [ s (o8, S0 ST
zy)dxdy < 2max(f(af), f(0) ————.
o Jo @P+y! (2-p)(2-9)
Proof: Using the basic inequality a® 4 b* > 2ab with a,b > 0, for any x € [0, a] and y € [0, 8], we have
zP + oyt > 21"’/23/‘1/2,

and, since f is monotonic,

f(zy) < max(f(af), £(0)).

These inequalities and standard power primitives together with p,q € (0,2) give

B pa 1 B ra 1

_ %max(f(aﬁ)a £(0)) ( /0 xl/df’“’> ( 05 yl/dy>
2

1
- 5mauc(f(ozﬂ)vf(()))ﬂo‘ww g

2 ﬁlfq/2
q

O[l_p/2,81_q/2

= 2max(f(aﬁ),f(0))m.
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This concludes the proof of the proposition. O

Proposition also holds if f is bounded from above, by replacing max(f(af), f(0)) with this
upper bound.
The proposition below gives a more refined upper bound under the non-decreasingness assumption

on f.
Proposition 3.2. Let p,q,a, 3> 0 and f : [0,a8] = [0,4+00) be a non-decreasing function. Then we

have
[ [ s stepdody < min <aq [ L [ L s )

provided that the integrals in the upper bound converge.

Proof: For any z € [0,a] and y € [0, 8], we have x? + y? > 2P and, since f is non-decreasing,

f(zy) < f(Bz).

These inequalities and the change of variables u = Sz give

/Oﬁ /O“ - i yqf(xy)d:cdy < /B /“ %f(ﬁﬂdajdy _ (/Oﬂ dy) [/Oa :;)f(ﬁ:p)dx]

=3 [ Lrmar=p [ L san (31)

Proceeding in a similar way, for any = € [0,a] and y € [0, 8], we have 2P 4+ y? > y? and, since [ is
non-decreasing,

f(zy) < f(ay).

These inequalities and the change of variables v = ay gives

[/ [ st [ [ o= ([ ) [ s

—o [ Lty = [ Loy (32
0 0
Combining Equations (3.1) and (3.2)) and uniformizing the notation, we get

]+ +yqf(xy)dwdy§min<aq | st@ie s [ = pa )

This completes the proof of the proposition. O

3.2. Under the convexity assumption. The proposition below presents an upper bound for the
integral in Equation (1.2)) under the convexity assumption on f, i.e., for any x € [0,«], y € [0, 5] and
A €[0,1], we have f(Az + (1 — N)y) < Af(z) + (1 = N f(y).

Proposition 3.3. Letp>1,q=p/(p—1), o, >0 and f : [0,af] — [0,400) be a convez function
with f(0) =0 and f(af) < +o00. Then we have

/Oﬁ /Oa o i yqf(xy)dxdy < max <]1)7 ;) f(aB).
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Proof: Using the convexity of f and f(0) = 0, for any = € [0,a] and y € [0, 8], we have

)=
flan) = 1 (oo + (1= 2) x0) < 2 tap) + (1- 24 ) 10) = 24 f(as).

Moreover, for any x € [0, ] and y € [0, 5], the Young product inequality gives

1 1 11
xy < —xP + —y? < max ( ) (P + y7).
p q P q

These inequalities imply that

//:UP—I—yq xyd:cdy</ / zP + yd ozﬁ (aB)dzdy
=2 (045)/ / e qudy

<— f(aB) / / max( )iiiijdmdy

- Ofﬁﬂaﬂ) wax (12 ([ as) (/ﬁ dy>

- s ()=o) o

This ends the proof of the proposition. O

Note that we have

p—1 .
<1 1) (1 p—l) — 0 =22
max ( —,— | =max | —,—— | = ¢ 1
P q p P -, if p € (0,2).
p

A more technical upper bound under the decreasingness assumption on f and convexity assumption
on log(f) is given below.

Proposition 3.4. Let p > 1, g = p/(p—1), a,8 > 0 and f : [0,max(af,a?,B9)] — [0,+00) be a
non-decreasing function such that log(f) is convex. Then we have

B a 1
dxd
/O/Oﬂwqf(fvy)xy

9 aP qu/Z B al’/2
< = / x2(/p=1) arctan { ] 127 (z)dx / x2(1/4=1) arctan [
pa\ Jo Vi 0 Vi

provided that the integrals in the upper bound converge.

} f2/a(x)dx

Proof: First of all, for any = € [0,a] and y € [0, 8], the Young product inequality gives
1 1
ry < -2 + —yi.
p q

Using this inequality, the facts that f is non-decreasing, that log(f) is convex with 1/p+1/¢ =1 and
that the exponential function is non-decreasing, we have

flzy) < f <1$p + 1yq> — elog f(@"/p+y?/q)
N p q

< e(1/P)log f(a")+(1/a) log F(y*) — eloslf /P () fH 9y )] = fUP(2P) f19(y).
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Using this inequality and the changes of variables u = 2P and v = y9, we obtain

B ra 1
dxd
|| st adady
< [ e
S A A x y*)dzxdy
B‘I aP
= / 1 [ul/p—lfl/p(w] [Ul/q—lfl/q(v)} duduv
0 0 U+ v

et
— ; /0 u—l—va(u)fi(U)dUdv’ (3.3)

where
fr(w) = u PP, fy(v) = oM V().

Let us now bound this last double integral term. By a suitable decomposition of the integrand and
the Cauchy-Schwarz integral inequality, we have

[ mmstonio= [ [ o (" 00 s (3" e VAV

(3.4)
where

ﬁq oP 1 U )
A/O /0 u—l—v\/:ff(u)dUdU

? /ﬁ/ S w)dud

= — fi(v)dudv.
0 0 U+ v u i

Let us now express A and B.

Applying the Fubini-Tonelli integral theorem and using a standard arctangent primitive, we have

a= [ v V o) ]
[ e

= 2/0 J{ (u) arctan [Bq\//;} du. (3.5)

For B, we proceed in a similar way. Applying the Fubini-Tonelli integral theorem and using a standard
arctangent primitive, we have

B = o \ffi l/ \f +v)du1dv

- sG] ]

=2 ff(v) arctan [Oi;/;] dv. (3.6)

and
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Combining Equations (3.3), (3.4), (3.5) and (3.6), and using the definitions of f; and f;, and uni-
formizing the notation, we get

Aﬁﬂfxpiyfﬂxwdmw
< 1\/2 /ap fE(w) \/2 //3“ f#(v) arctan [inf/z} dv
\// 22(1/p—1) arctan{ f2/P dx\//ﬁla?(l/q 1) arctan[f} f(x)dx

This concludes the proof of the proposition. O

Note that we have
2 _2p-1)
pq P
Using the arctangent inequality arctan(x) < 7/2 with x € R, we have

B 1 T aP B4
- 2(1/p—1) §2 2(1/¢-1) f2
/0 /0 o +yqf(xy)dxdypq \//0 z2(/p=1) f /p(:n)dq:\//o x2(/a=1) f2/a(z)dx

Using the arctangent inequality arctan(z) < x with = > 0, we also have

B &4 1 2 aP B4
xy)drdy < —aP/*p1/4 / 12/P=5/2 £2/0 (1 dx / 22/9-5/2 £2/4( 2\ da
|| s tandady < —ar'ts ¢0 pir(@)day| | Fla(a)

3.3. Under the sub-multiplicativity assumption. The proposition below presents an upper
bound for the integral in Equation (1.2) under the sub-multiplicativity assumption on f, i.e., for

any x € [0,a] and y € [0, 5], we have f(zy) < f(z)f(y).
Proposition 3.5. Let p,q,a, >0 and f : [0,af] — [0,400) be a sub-multiplicative function. Then

we have
B 1[/* 1 |
< -
/o /0 ey f(zy)dzdy < 5 {/0 xp/zf(x)da:] l/o T (:L‘)d:n] ,

provided that the integrals in the upper bound converge.

Proof: Using the basic inequality a? + b* > 2ab with a,b > 0, for any = € [0, a] and y € [0, 8], we have
zP + y? > pr/qu/Q‘

Using this inequality and the fact that f is sub-multiplicative, and uniformizing the notation, we

obtain
/ / Y f(zy)dzdy < / / mp/2y4/2 () f(y)dxdy
1 1 1 1 fa
T2 [/0 xP/2 f(:v)dx} [/O ya/2 f(y)dy] =3 [/0 mp/gf(fﬂ)dgﬁ} l/o :E(]/Qf(ﬂﬁ)dx] :
This completes the proof of the proposition. a

A more technical upper bound under the sub-multiplicativity assumption on f is developed below.
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Proposition 3.6. Let p,q > 1, a, 8 > 0 and f : [0,a8] — [0,4+00) be a sub-multiplicative function.
Then we have

oo 1 2 S i parz 2 ’ - ar/? 2
/0 /0 xp+yqf(xy)dxdy < NN /0 x'~P arctan [ﬂm] f(z)dx /o x'~7arctan [w‘lﬂ} f?(x)dex,

provided that the integrals in the upper bound converge.

Proof: Using the sub-multiplicativity of f and the changes of variables u = 2P and v = y?, we obtain

l/ﬁjwmpi Tﬂxwdww
[ s
]

- 1Tq i /O m [ul/;ﬂ—lf(ul/p>] [Ul/q—lf(vl/q)} dudv

et
~ A L) e () dudy, (3.7)

where

f*(u) _ ul/P—lf(ul/p)’ f**(v) — Ul/q_lf(vl/q),

Let us now bound this last double integral term, proceeding similarly to the proof of Proposition
By a suitable decomposition of the integrand and the Cauchy-Schwarz integral inequality, we have

/ﬁq/ u+vf* fex(v)dudv

L )k 0 o

| /\
—~~
&
0
~

where

| U L
C—/O /0 u+v\/;f*(u)dUdU

B‘I
D = / / \/7 v)dudv.
u—+v
Let us now express C' and D.

Applying the Fubini-Tonelli integral theorem and using a standard arctangent primitive, we have

C= /Oap Vuf?(u) [/OB" \/E(J—i-v)dv} du
[ oo ]

) /0 " 12(u) arctan [Bq\//; } du. (3.9)

and
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For D, we proceed in a similar way. Applying the Fubini-Tonelli integral theorem and using a standard
arctangent primitive, we have

D= /Bq VP2 (v) Va \/ﬂ(;wdu] dv
/ Ny { arctan {\/ZHM_O dv

=2 2 (v) [O‘W] d (3.10)
= (V) arctan V. .
0 Vo

Combining Equations (3.7), (3.8)), (3.9) and (3.10)), and using the definitions of f, and f,, and the

changes of variables u = 2P and v = x9, we get

[ [ tenas
< L2 [ e[ 22 a2 [ e oyt [ 2]
= 2 [ wean [ 2] i
¢ [ 0 v [
- N [ ot [ 22
[ a2 e

This ends the proof of the proposition. |

=]

;| s

Note that we have
2 2yp—1

VPV p

Using the arctangent inequality arctan(x) < 7/2 with x € R, we have

/oﬂ /0CY P _T_ yqf(xy)dacdy
- \/];T\/(j \//oa xl_pﬁ(w)d:v\//oﬁ z1=af2(z)dx

Using the arctangent inequality arctan(z) < x with > 0, we also have

B pra 1
|| st wndeay

2 p/4 pa/4 : 1-3p/2 £2 \/ ’ 1—-3q/2 £2
S\/ﬁ\/aaﬁ\//ox?’f(x)dx/oxl*f(x)dx

4. CONCLUSION

This article provides a detailed analysis of a class of two-dimensional integrals involving mixed
singularities and multiplicative compositions. By establishing precise lower and upper bounds on
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the integrand function under various assumptions, new insights into the behavior of such integrals

are

revealed. The methods and results presented here could be applied to related areas of analysis,

probability, and mathematical physics. Further generalizations, including multidimensional extensions
and alternative singular integrands, could be explored in future research.
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Inverse problem for a system of mixed-type second-order partial
differential equations
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Abstract. This paper investigates an inverse problem for a system of mixed-type second-order differ-
ential equations with a variable time direction. The problem involves finding the unknown right-hand
side functions from the solution of the system under given boundary and initial conditions. The
method of separation of variables is applied to reduce the problem to a spectral problem, in which
eigenvalues and eigenfunctions are determined. The obtained spectral problem is shown to coincide
with previously established spectral problems. The orthogonality of the eigenfunctions is used to de-
rive explicit formulas for the coefficients. The existence and uniqueness of the solution are established
using the properties of the eigenfunction system and the Hilbert-Schmidt theorem.

Keywords: Inverse problem, mixed-type differential equations, separation of variables, spectral prob-
lem, eigenvalues, eigenfunctions, orthogonality, Hilbert-Schmidt theorem
MSC (2020): 35R30

1. INTRODUCTION

Boundary value problems for parabolic equations with variable time direction have been extensively
investigated (see, for example, [1]-[2]). Recently, the complexity of formulating inverse problems for
these equations has grown, driven by the need to model and control thermal physics and continuum
mechanics processes.

The first works on parabolic equations with a changing time direction were by M. Gevrey [1].
Boundary-value problems for such equations and systems were explored by H. Levine [3], K. S. Faya-
zov, Y. K. Khudayberganov [4], K. S. Fayazov, Y. K. Khudayberganov and S. Pyatkov [5], I. O.
Khajiev and Y. K. Khudayberganov [6], K. S. Fayazov, I. O. Khajiev [7], among others. Inverse
problems for parabolic equations have been studied quite well by A. I. Kozhanov [8], I. A. Kaliev, M.
F. Mugafarov, O. V. Fattahova [2], A. Bubnov [9] and others.

This paper investigates a more general system of equations, with the method used applicable to
other systems. Although much progress has been made in inverse problems for parabolic equations
[8]-19], this work’s unique contribution is its focus on inverse problems with a time direction that
varies.

These equations have widespread applications, including heat transfer in inhomogeneous media,
filtration flow interactions, mass transfer near aircraft surfaces, and complex viscous fluid flow. They
also have relevance in transport theory, electron scattering |10} |11], plasma theory [12], hydrodynam-
ics (filtration and boundary layer theory) [13] 14} 15|, kinetic theory, stochastic processes |16], and
diffusion processes [17, |18].

Thus, these problems are important in mathematical modeling, making the task highly relevant as
both an applied and mathematical physics problem.

2. STATEMENT OF THE PROBLEM

Let Q =Q_UQ,, where Q_ = (—-1,0) x (0,7), Q, = (0,1) x (0, 7). u(z,t), v(z,t) are solutions in
the domain 2 of the system of equations

vi(x,t) — sign(x)vg, (z,t) + agv(z, t) + bou(z, t) = g(x). (2.1)

~—

{ut(a:, t) — sign(z)ug, (z,t) + ayu(x, t) + byo(z, t) = f(x),

Find functions v(z,t), u(z,t) and f(x), g(z) satisfying the system of equations (2.1)), boundary

Uy (£1,8) =0, vy(£1,¢) =0, 0<t<T (2.2)
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initial @),
o Y1 _]-S:ESOa
u($,0)_80($) {4,0233) 0<z<1, 03
0) 1<z<0, 23)
ol ¢2x Sxél,
final
1<z<0,
u(e,T) = { 0<z<1,
2 ;0 (24)
1 = = )
vz, T) = { 0<z<1,
and gluing
u(—0,t) = u(+0,t), u,(—0,t) = —u,(4+0,t),
(<0.8) = u(0.0), u(~0.0) = ~wa(+0.0), .

0<
v(—=0,t) = v(+0,t), v,(=0,t) = —v,(+0,1), -

conditions, where (), 1(z), p(x),y(x) are sufficiently smooth given functions, a; and b; are any
constants, by # 0, (a; — a2)2 -+ 4b1by > 0.

In this formulation, f(x),g(x) are the unknown right-hand side of the system . The boundary
conditions of the second kind are conditions for the corresponding parabolic equations in the
domains 2_ and Q.. The initial conditions are specified using the functions o (), 11(x), ¢2(x), and
~1(z) the final redefinition conditions necessary to find the functions f(x), g(x) are specified using the

functions @1 (z), 12(x), ¢1(x), and y2(x).

3. AUXILIARY STATEMENTS
In order to study problem (2.1)) - (2.5) we make the following substitution

a + ks ay + kq
u(zr,t) = ——wi(z,t) + —————wq(x, t),
( ) bg(kl—k'g) 1( ) bg(kl—k'g) 2( )
(3.1)
(2,8) = ——wn(2,8) + ———wn(a, 1)
v\, kl — k‘g 1 ) kl — ]{,’2 2 sy V)
where k; and k, are the roots of the quadratic equation.
k?z + (CLl + ag)k’ + ajao — b1b2 =0.
Then we come to the following problems regarding the functions w;(z,t),i =1, 2.
Problem 1. Find a function w;(z,t) satisfying the equation
Wit (2, ) — sign(2)wipe (2, 1) — kiw;(z,t) = fi(), (3.2)
in the domain Q = Q_ UQ, and the following conditions:
wir(£1,6) =0, 0<t<T (3.3)
s _ Jpinl(x), -1<z<0,
o, 0) = i) = {720 S ED (3.4)
4 _ 7 _ &zl(xv -1<2z2<0,
wi(z,T) = ¢;(x) = { Do (2) 0<z<1, (3.5)

where
@1(7) = (a1 + k1)o(x) — bap(z), @
Y1(x) = (a1 + k1)y(w) — bytp(x), a(x) =
fi(z) = (a1 + k1)g(z) = bof(z), falz) = baf(z) — (a1 + k2)g(7).
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4. APPLICATION OF THE METHOD OF SEPARATION OF VARIABLES

The method of studying the inverse problem in this work is based on the exclusion of the function
fi(x) from equation using differentiation with respect to time and the transition to the problem
for the function

&i(x,t) = wiy(z,t) .
From equation and conditions - we obtain the following initial boundary value problem.
Find the functions & (x,t) and f;(x) satisfying the equation in the domain €

Ein(x,t) — sign(x)&ipe(x, t) — ki&i(x,t) = 0, (4.1)
boundary conditions
initial and final conditions
&(z,0) = fi(x) +sign(z)@) (z) + ki@, =€ (—1,0)U(0,1), (4.3)
&, T) = fi(x) +sign(@)y] (x) + kips, @ € (=1,0)U(0,1), (4.4)
gluing conditions

We also use the separable method to find a solution to the (4.1) - (4.5) problem. As a result, we
arrive at the following spectral problem.
Spectral problem. Find the values of the parameter A such that the spectral problem

sign(z) X" (z) — AX (z) =0,
X'(~1) = X'(1) = 0,
X(-0) = X(+0),
X'(-0) = —=X'(+0)
has a nontrivial solution.

(4.6]) the spectral problem has positive A\, A negative and zero eigenvalues, which are the roots

of the transcendental equation tan v/ + tanh VA = 0 for Vn € N .The eigenfunctions corresponding
to each eigenvalue are described in the form

cos \/ A\ (1+x) z <0 cosh v/ =\, (z+1) r <0
) )

X:(.%) — cos \/_;\f{i XT: (IL‘) — cosli _—AE
cosh\/ Ay (1—x) x>0 cos\/ —A, (1—z) >0
cosh \/ A\ ’ ’ cos\/ —An ’ ’ (47)
1
—-=, x <0,
Xo(z) = {\?7 0
ﬁ, x > 0.

From the results of [18], eigenfunctions of the spectral problem (4.7 are normalized in Ly(—1;0) U
(0;1) space based on the Hilbert-Schmidt theorem and constitute the Riess basis.
We find the function T;(t) from the equation
T:(t) = A+ k) Ti(t).

Using the above information we get

&i(x,0) = fi(x) + sign(z)¢”; () + ki,

TioXo(z) + Zj T, (0)X, (z) + Zj TH(0) X} (x) = fi(x) + sign(x)@”(x) + ki@,
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T5:(0) = (fi(e) + sign(z)¢”;(z) + ki, X7 (2)) = A7
Using the information at ¢ =T, we can write

fz’(ffa T) = fz(fU) + sign(x)ﬁ”i(:r) + k‘ﬂ/_}z )
TioXo(x) + Z T, Z fz( )+ sign(aj)@lj”i(x) + ks

TH(T) = (ﬁ(m) + sign(z)”,(z) + ks, X () = Bi; :

wm

1) If A} >0, then
T+ (t) C 6 NF +k; )t

T*(O)

1—1—: (t) = B;e_()\;:‘i‘ki)(T—t) )

2) If A, <0, then

T;(t) — Cme()\ +ki) ,
T (0)=A],
T .(T)=1B,,

3) If Ao = 0, then
ﬂo(t) = C’iekit.

The function &;(x,t) can be presented in the form

Ei(x,t) = Cyet Xy (z) + Z A; PRIt X = (1) 4 Z B e~ Qatk)(T=0) X+ (4) (4.8)

n=1

and we need to find the coefficients A B ,Cy.
To find the coefficients A B ,C; We use condltlons and ( .

fi(z) = &(x,0) — sign(z)¢"; () — ki@; = [CiXo(z) +

DALX (@) + Y Bhe TN (1‘)] — sign(z)¢”;(z) — kipi(x),

n=1

filz) = &(x, T) — sign(2)",(x) — kit; = lcie’“TXo@c)+§3Ame“ﬁ’“>TXn ()

+ Y BrX[ (x)] — sign(z)Y"(z) — k() .

n=1

From the last two equalities we have
O (1= T) Xof) + 32 A (1= e H0T) X )+

ZB (-7 —1) XF (2) = sign() (¢,(2) — 07,(@)) + ki (#4(2) — u(w)
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We scalar multiply the left and right parts of equality (4.9) by X, to find the coefficient A, by X,
to find the coefficient C; and by X to find the coefficient B;,. Taking into account the orthogonality
of the system of eigenfunctions, we obtain the following formulas:

in 1 — eOn+k)T ’ ’
5+(2) +(2 7+
B, = QMM T 1 ) (4.11)
@53) @Z’ + ki(Pio — 7J%o)
C, = [ ot (4.12)

E
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&

where G5 = (signz - 7 (2), X2 (2)), 957 = (signe - 07 (2), XE (), ¢ = <s1gn -, )
) = signs - 07,0, Xa(o)), ¢ = (Pile) Xi(o)) 90 = (e X)) P = (x), Xolz),
Bio = ($i(), Xo(a)).

5. THE THEOREM OF EXISTENCE AND UNIQUENESS OF A SOLUTION TO THE PROBLEM.
Theorem 5.1. If the functions p(z),¥(z), p(x),v(x) € C*[-1,0) U (0,1]), ¢'(£1) =0, ¢'(£1) =0,

¢(£1) = 0, 7' (£1) = 0, 9(=0) = @(+0), ¥(=0) = P(+0), #(=0) = &(+0), 7(+0) = 7(=0),
¢'(=0) = =¢'(+0), ¥'(=0) = =¢'(+0), ¥'(+0) = =7'(=0), ¢""(£1) = ¢"'(£1), ¢"(-0) = —¢"(+0),
QON(—O) — _()0//(_’_0)7 7//(_0) — _,.Y//<+O), w//(_o) — _1/}//(+0), SON/(_O) — QOW<+0), ¢///(—O) — ¢///(+O),
¥"(=0) = ~"(+0), " (—0) = "' (40), then there exists a unique classical solution u(z,t),v(x,t) €

C2/(Q_UQy), f(z),g9(z) € C*([~1,0) U (0,1]) of the problem - .

Proof: 1. Uniqueness of the solution.

Let functions (us(x,t),v(z,t), fi(x),g:1(x)) and (uz(x,t),va(z,t), f2(x), g2(x)) be solutions of the
problem - (2.5). We denote u = uy(x,t) — uz(z,t), f(x) = fi(z) — f2(x), v = vi(2,t) — va(x, 1),
g9(z) = g1(x) — go(x). Then functions (u,v, f, g) satisfy the system of equations

ug(x,t) — sign(z)u,,(z,t) + ayu(x, t) + byv(x,t) = f(x),
. (5.1)
ve(x,t) — sign(x) v, (z,t) + agv(z, t) + bou(z, t) = g(x)
with the following homogeneous conditions:
Up(£1,8) =0, v,(£1,6) =0, 0<t<T, (5.2)
u(z,0) =0, wv(z,0)=0, —-1<zx<I1, (5.3)
w(z,T)=0, v(x,T)=0 —-1<z<l1, (5.4)
u(—0,t) = u(+0,%), u,(—0,t) = —u,(+0,%),
(<0.0) = u(0.1), w(~0.0) = —u(+0.1). 5
v(—=0,t) = v(+0,t), v,(—=0,t) = —v,(+0,1),
In relation to this problem, we find the following;:
Problem 1. Find a function w;(z,t) that satisfies equation
wir(, 1) — sign(2)wige (z, 1) — kaw;(z,t) = fi(z) (5.6)
in the domain Q = Q_ U, and the following conditions
win(£1,8) =0, 0<t<T, (5.7)

wi(z,0)=0, —-1<z<1, (5.8)
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wi(z,T)=0, —-1<z<I1, (5.9)
wi(—0,t) = w;(40,t), wix(—0,t) = —w;,(+0,t), 0<t<T, (5.10)

Let’s introduce the notations .
Wi = /wi(x,t)X: dx (5.11)

1

1
i = [ Fa)X da (5.12)

1

Differentiating w;(z, t)in (5.11]) under the integral sign once and taking into account equation ([5.6]),
we obtain

1
—wi = /sign(:c)wim@, )X Tdx + kiw + _;l
2

Integrating twice by parts the integral in the last equality, taking into account the gluing conditions
(5.10) and the characteristic equations (4.6)), we obtain an equation that w; must satisfy

d _
£w; = (NS + k)wih + it (5.13)

From conditions (5.8)) and (5.9)), we obtain that u,” must satisfy the conditions

wi(0)=0, wi(T)=0 (5.14)
The solution to equation ([5.13) has the form
wh = Geatkdt _ 7_; G,; = const
" Z A +k) '
Due to conditions (5.14]) we obtain
ft
Gi— I =,
(Ad + ki)
G.eAE+k)T _ ¢ —
' (A + ki)

Let’s subtract the second equation of the system from the first one.
Gi(1 — ePEHRIT)

Let A\t # —k;, ¥n =1,2,..., then G; = 0. Therefore, f;" = 0.

Then we get w;” =0, Vn =1,2,... Likewise w;, =0, Vn=1,2,...

So U({L‘,t) = 07 Ul(xvt) = U2($,t), u(l'at) = 07 u1($7t) = ’LLQ(CB,t), f = Oa fl(m) = f2(x)7 g(:r:) = 07
g1(x) = ga(x) for V(x,t) € La((—1;0) U (0;1)). Thus, the uniqueness of the solution to the problem is
proven.

2. Existence of a solution

We return to functions

t
_ _ C’LX kit _ kT
wi(z,t) = /fi(%T)dT + Y (x) = Y (x) + O(m)(; ¢ )—1-
T 1
oo y eOn +E)t _ oA\, +k)T T e~ (\T+k:) (T—t) q
S X —B'X t _ 1
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_ B C; Xo(z)er?
wi(@,t) = /51‘(9577)617 + @ia(z) = Gia(z) + Oli.)Jr

> 6()‘n +k; )t — ]_ + + e_()‘:;"rkl)(T_t) — 6_(>‘j{+k1)T
in X, () ———— + B X! t) e Q. 5.16
> B e S @wHER.  (516)

For the coefficients Aj, from (4.10) we obtain

A7) < Di (|6a?| + |00 | + kil] + 92D (5.17)
where D; = ——LX——_ Since the functions ¢”(z) and " (z) are continuous on the segment

'1_6(A;+ki)T

[—1,0) U (0, 1], then, as is known from the theory of Fourier series, by virtue of Bessel’s inequality the

following series in Ly(—1,0) U (0,1) converge:

= - 2
> (22) <l
n=1

S (50 <

(@) < llell?,

3
I
(1 -

3
Il
-

ba)” < Il

M8
=)

Il
—

n

(5.18)

(5.19)

(5.20)

(5.21)

From j it follows that |A4;,| is bounded. Similarly, the coefficients | B} | and |C;| are also
in y

bounded
Let us estimate the moduli of the common terms from the series (5.15)) and (5.16)). In the region
Q
it X ()~ | < ——— |G| €M7,
kil T V21|
i |T

(A +k)t
e " -1
A" | ————— | X, < |A”
| in( )‘;"_kz ) n(‘r) —{ in| ’kl—FA;‘COS /)\741.’

O k) (T— Otk [ioi |7

" Ay + ks S e P Sy
In the region €2_
’CiXO(:E)(ekit B ekiT) |C | |k |T
ki \flk |
(T ek
A X e
elk:lT

L [1- e~ O +ki)(T—1) .

Taking into account that A\ # k;, we obtain

|)\Jr + kil cos /AL

< i , where ¢ = min (‘
X5 |a n

k;
AT/

|Ai+k|
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If n — oo, then |A\f| — oo and g < cosy/|AE| < § (see [2]). For series d5.15[) and d5.16|) it is true
the following

P & A+ | B =1 P,
E;i\/\f €Y m =%

where P, = 2¢l5IT,

Therefore, the series converges absolutely and uniformly in a closed domain 2 by virtue of the
Weierstrass criterion. Consequently, the functions u(z,t), v(z,t) is continuous as the assumption of
a uniformly convergent series and a continuous function in the domain §2.

Similar estimates show that the series and can be differentiated term by term with
respect to the variable x twice, and with respect to the variable ¢ once. For this, the absolute and
uniform convergence of the series obtained by formal differentiation with respect to is proved.

Let’s check the conditions of the final redefinition.

Let’s consider the domain €2,

(A +E)T

_ CiXo(x)e"™ g am e € —1
i, T) = @oli) + =5 3 (AL Xa ) | g )

o=\ HR)T 52 _ 53 LT (5.0 — b X kT

in n )\7-‘;/- + kl 1 * ekZT kl
3 P+ Vi = k(@i — Vi) (5.22)
0 Pin wm 90771 — Yin
X
t2 n<x>< =t >+
iix&( ) @ﬂﬂ ¢$Q%+kx¢;__tm o= O kT
X
n=1 " )\;,t + kz‘ 6()‘71*‘1’]6 1

Integrating the integrals for goi(z), @ZJi(Q), 4,053), and LZ_JZ%) by parts twice, we have @i@ = A,
P = Aizbm, gy = 0, and ¢5) = 0, where @}, = (sign(z) - @i(x), XE(x)), 5, = (sign(x) -
Gi(2), XE(), io = (sign(z) - @:(x), Xo()), o = (sign(z) - (), Xo(x)).

B Substltuting the obtained ratios of coefficients into (5.22)), we obtain the equalities w;(z,T) =
VYia(z), wo(z, T) = ().

Similarly, we check the validity of the equalities w;(x,0) = @11(x), wa(x,0) = @a1(x) in the region
Q_.

Therefore, the obtained solution satisfies all the conditions of the problem.

The existence and uniqueness theorem is proved. O
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Absorbing quadratic stochastic operators in genetics
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Abstract. In this paper, we present exact solution of haploid Markov chain model that describes the
fluctuation of gene frequency under the influence of mutation. Also generalizing Markov chain model
we introduce and investigate a model that describes hybridization’s process by quadratic stochastic
operator.

Keywords: Markov chain, quadratic stochastic operator, gene, allele, hybrid
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1. GENETIC MOTIVATION

Sewall Wright pointed out in an article written in 1949 [1] that the elementary evolutionary process

in a reasonably large homogeneous population maybe considered to be change in gene frequency.
This idea is central to population genetics, which studies the genetic makeup of populations and how
it changes over time.
Recall the necessary notions from population genetics. A vague, but nevertheless informative,
definition of a gene is simply a unit of hereditary information. The genetic code of an organism
is carried on chromosomes. Each gene on a chromosome has different forms that it can take.
These forms are called alleles. Haploid cells (or organisms) carry a single set of chromosomes and
diploid organisms carry a double set of chromosomes one from each parent. The genotypes are gene
composition and phenotypes are gene expression. Below we will consider haploid cells with a fixed
population size of 2N genes composed of type-a and type-A individuals. Also we have made no
mention of the dominant or recessive properties of the alleles.

2. ABSORBING MARKOV CHAINS

An absorbing Markov chain is a type of Markov chain where at least one state is absorbing, meaning
once entered, it cannot be left. All other states are considered transient, meaning it’s possible to
transition to an absorbing state from them. In essence, the system will eventually reach and stay in
one of the absorbing states.

The following idealized genetics model was introduced by S. Wright [2] to investigate the fluctuation
of gene frequency under the influence of mutation and selection. Firstly we consider so-called simple
haploid model of random reproduction, disregarding mutation pressures. Assume that we are dealing
with a fixed population size of 2V genes composed of type-a and type-A individuals. The makeup of the
next generation is determined by 2N independent Bernoulli trials as follows: if the parent population
consists of j a-genes and (2N — j) A-genes, then each trial results in a or A with probabilities

J J

- g =1-
oN' Y

P ON

respectively.
Repeated selections are done with replacement. By this procedure one can generate a Markov chain
X,, where X,, is the number of a-genes in the nth generation among a constant population size of 2N

individuals. The state space contains the (2N + 1) values {0, 1,2, ...,2N }. The transition probability
matrix is computed according to the binomial distribution as

. 2N _
Pr{Xo = HX, = 5 = B = (%)) e (2.)

where j,k = 0,1,--- ,2N. Since Py, = 1 and Poy oy = 1, the states 0 and 2N are absorbing states,
one of the questions of interest is to determine the probability, under the condition Xy, = 7, that the
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population will attain fixation, i.e., that it will be come a pure population composed only of a-genes
or A-genes.
In [3] using first step analysis presented exact solution for absorbing Markov chains with 1 and 2
transient states.
Below we will discuss exact solution for Markov chain (2.1) with 2N = 4. In this case we have the
following transition matrix

1 0 0

81 27 54
256 64 256

m=| 1 2+ =

16 16 16 16 16
13 54 27 81
256 64 256 64 256

0 0 0o 0 1

Absorption occurs in states 0 and 4, and states 1,2 and 3 are transient. The probability of ultimate
absorption in state 0, say, now depends on the transient state in which the process began. The first
step analysis [3] proceeds by analysing, or breaking down, the possibilities that can arise at the end of
the first transition, and then invoking the law of total probability coupled with the Markov property
to establish a characterizing relationship among the unknown variables. Let
T=min{n >0: X, =0o0r X, =4}
be the time of absorption of the process. Assume u; = Pr{Xr = 0|X, = i} and v; = E[T|X, = ] for
i=1,2,3.
One can extend the definitions for u; and v; in a consistent and common sense manner by prescribing
ug = 1,uq =0, and vy = v, = 0. We consider separately the five contingencies X; = 7 with respective
probabilities Py; where i = 0,1,2,3,4. Let
Pr{Xr=0/X,=0} =1
Pr{XT = O‘XO = 1} = Uy
PI'{XT = O‘XO = 2} = U2
PI'{XT = O‘XO = 3} = Us
PI'{XT == O‘XU == 4} =0

= @l ©
-5

We consider the three possible starting states Xg = 1, Xy = 2 and X, = 3 separately. For X, =1
applying a first step analysis to u; = Pr{Xr = 0|X, = 1), the law of total probability gives

u, = PI'{XT = O‘Xo = 1}

4
= ) Pr{X; =0|X, =1, X; =k} Pr{X; = k| X, = 1}

k=0

4

= > Pr{X; =0|X; =k} Pr{X; = k|X, =1}
k=0

= P+ Priuy + Pious + Pisus

Similarly one can produce equations for the cases Xy = 2 and Xy = 3. Finally we have the following
system of equations

uy = Pyo + Priuy + Praug + Pisug

Uy = Poo + Porus + Pagua + Posus

uz = P3g + Ps1uy + Pspup + Pagus

For considered transition matrix II we have the following system of equations

148u; = 81 + 54wy + 12ug
1OU2 =1+ 4u1 + 4U3
148U3 =1 + 12U1 + 54U2
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The three equations in uy,u, and ug, are now solved simultaneously. By simple calculations we
have u; = 3/4;us = 1/2;uz = 1/4.
The result u3 = 1/4 means that once begun in state X, = 3, the Markov chain ultimately end up
in state 0 with probability us = 1/4, and alternatively, will be absorbed in state 4 with probability
The mean time to absorption also depends on the starting state. The first step analysis equations
for v; = E[T| X, = 1] are

v =14 Py + Prave + Pisvs

vy = 1+ Pyvy + Pl + Pz

vy =1+ P31y + Paovp + Pasvs
For considered transition matrix, the equations are

1481, = 256 + 54vy + 1205
101/2 =16 + 41/1 -+ 41/3
148v5 = 256 + 12v1 + b4,

with solution v; = 859/232; v, = 132/29; v3 = 893/232. Thus we have proved the following statement.

Theorem 2.1. For 2N =4:

i) a process that begins in state Xo = 3,(Xo = 2 or Xo = 1) the Markov chain ultimately end up
in state 0 with probability us = 1/4(respectively wus = 1/2 or uy = 3/4) and alternatively, will be
absorbed in state 4 with probability 1 — u; for i =1,2,3;

it) a process that begins in state Xo = 3,(Xo = 2 or Xo = 1) on the average v; = 893/232 =~
3, 85(respectively vy = 132/29 ~ 4.55 or v, = 859/232 = 3,7 steps will transpire prior to absorption.

2.1. Model with mutation pressure. A more complete model takes account of mutation pressures.
We assume that prior to the formation of the new generation each gene has the possibility to mutate,
that is, to change into a gene of the other kind. Specifically, we assume that for each gene the mutation
a — A occurs with probability «, and A — a occurs with probability §. Again we assume that the
composition of the next generation is determined by 2N independent binomial trials. The relevant
values of p; and ¢; when the parent population consists of j a-genes are now taken to be

b=+ (1= 540 )8 (2.2)

2N 2N
6=+ (1- 5% ) a-8) (2.3

Assume that the mutation pressures operate first, after which a new gene is chosen by random

selection from the population. Now, the probability of selecting an a-gene after the mutation
forces have acted is just 1/(2NN) times the number of a-genes present; hence the average probability
(averaged with respect to the possible mutations) is simply 1/(2N) times the average number of
a-genes after mutation. But this average number is clearly j(1 — «) + (2N — j)3, which leads at once
to (2.2-2.3). The transition probabilities of the associated Markov chain are calculated by (2.1) using
the values of p; (2.2) and ¢; (2.3).
If af > 0, then 0 < p; < 1 for all j, that is fixation will not occur in any state. Instead, as n — oo,
the distribution function of X,, will approach a steady-state distribution of a random variable &,
where Pr{¢ = k} = m, for k =0,--- ;2N with Zii]o m, = 1. The distribution function of ¢ is called
the steady state gene frequency distribution.

For brevity we consider the case 2N = 4. Then we have the following transition matrix

(1-p)" 481 -p)° 6p*(1—p)* 4p°(1-p) B

P1o P11 P12 P13 P14
II= D20 D21 D22 D23 D24
P3o D31 D32 P33 D34

at 403(1 —a) 60%(1—a)® 4da(l—a)® (1-a)?
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where all entries of second, third and fourth rows are strictly positive. If a8 > 0 then II is regular
matrix,i.e. all entries strictly positive, therefore there is a single limit distribution, that is this matrix
describes the steady-state distribution. Thus we have proved the following statement

Theorem 2.2. For model with mutation pressure if a3 > 0 then one can reach the steady-state
distribution.

For af = 0 with a + [ > 0 absorption occurs only in state 0 or 4.

3. HYBRIDIZATION

A hybrid of two genotypes refers to an individual resulting from the cross-breeding of two organisms
that have different genetic makeups (genotypes). This typically involves one parent being heterozygous
(carrying different alleles for a trait). The resulting offspring inherits a mix of genetic material from
both parents.

Hybridization is frequently used in plant breeding to create varieties with desirable characteristics like
increased yield or pest resistance. As before we assume that we are dealing with a fixed population size
of 2N genes composed of type-a and type-A individuals. We consider a hybrid of two genotypes X,, =i
and X,, = j. Then one can consider genotype of size 4N that consists of i+ j a-genes and (4N — (i+))
A-genes. In this case the make up of the next generation is determined by 2N independent Bernoulli
trials as follows: If the hybrid parent population consists of i + j a-genes and (4N — (i + j)) A-genes,
then each trial results in a or A with probabilities

t+7 1+ J

pij:TN,qz‘j— AN

respectively.

Repeated selections are done with replacement. Thus the transition probability that the next genera-
tion X, 11 = k be the result of hybrid of two genotypes X,, =i and X,, = j is computed according to
the binomial distribution as

Lo . 2N _
Pr{Xs = KX = 0. %0 = 5} = P = (O ) s (31)
where ¢, 5,k =0,1,--- ,2N.
By cubic matrix (P”k)f]]v w—o We can specify a quadratic stochastic operator
V . SNV — G2V that is defined as follows

2N
(VX)i = Y Pysmiay, k=0,1,2,-- 2N, (3.2)
i,j=0
where
2N
SQN — {X = ({EO,.’thz’ . 7«732N) c R2N+1 Vi x; > O,Zmi = 1}
i=0

Such operators frequently arise in many models of mathematical genetics, namely, theory of heredity
4], 151, 6], [7].[8]. Since poo = 1 and panyen) = 1, then Py = 1 and Panyeny2v = 1, the states 0
and 2N are absorbing states, one of the questions of interest is to determine the probability, under the
condition Xy = i, that the population will attain fixation, i.e., that it will be come a pure population
composed only of a-genes or A-genes.

Definition 3.1. A quadratic stochastic operator with few absorbing states is called absorbing gso.

A gso (3.2) is absorbing. Let us consider example of absorbing gso in the case 2N = 4. Then we
have the following qso V' : §* — S
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81 1 1
+2401 N 81 N 625 N 1 N 625
X Lol ol T1
2048 0T T g 0T T g TOTs T g 0T T 5 g2
1 81 81 1 1
TR T g T1Ta T g g TeTs T ggTata Tt 5 g Tl
27 5 1 3
!
4
T = 64 Ty T+ 1 Ty 5+ — 64 (3 )
343 N 27 N 375 N 1 N 375
ot ¥ 3gTod2 + o %ol 5 ToTa o BT
+1 N 135 N 135 N N
—XT1X¢ —T1T —— Lo X+ — Lo —X3T
DT D T T Rt T At D M
27 3 27 ,
;L 3.5
372 8 1+8 2+ 128 3 ( )
1473:90 +27$5I3’ + 675:(:x +3a::c + 6751:30
T 102g 70T T ggToT2 T yppgToTs T ToTa F o Ta
+3 L 675 675 N 675 N 27 N 147
21T 00 AT 104 2T T g 2T T 100 B
3 27
xh = axf + 11:3 6—4x§ (3.6)
N 3 N 135 N 1 N 135
Fapg®ort T ggPotz g Tols + oToTe + pro Bl
+1xx +%mx +%x:c +§xa: +%xac
T D T DIt D RS D i
1 1 81
T = ﬁxl—i-fﬁ Q—I-ﬁ%—i-xi (3.7)
N 1 N 1 N 81 +1 N 81
9048 0T T 19g 02 T 5 g oTs T gTOTAT g g1t
+1 L 6% 625 L 625 625 N 81 N 2401
g T 50ag 1A T g T 1og MR T 5487

Starting some initial point (£o, 1, Z2, 3, £4) we consider limit behaviour of corresponding trajectory.
If limit exists, it will be fixed point.
For

4
= {x = (w0, 71, T9, 3, 74) € R® : Vi z; > O,in =1}
i=0
assume intS* = {x € §*: [[_,z; > 0} is interior and dS* = {x € S*: [[_, z; = 0} is boundary of
the simplex S*.
Let My(1,0,0,0,0); M,(0,1,0,0,0); M5(0,0,1,0,0); M5(0,0,0,1,0); M4(0,0,0,0,1) are the vertices of
the simplex.

Proposition 3.2. For any € S*\ {My, My} we have V() € intS*.

Proof. It is evident V(M,) = M, and V(M,;) = M,. By simple calculations we
have that eigenvalues of Jacobian qgso V at the points M, and M, are A = 2;
Ao = Lidz = 3/8 A\, = 3/32 and A; = 3/256. Therefore M, and M, are unsta-
ble fixed points. Starting with X, = 1(Xo = 2,or Xy, = 3 we reach V(M;) =
(81/256;27/64; 27/128; 3/64; 1/256) (respectively V(M,) = (1/16;1/4;3/8;1/4;1/16)or V(M) =
(1/256;3/64;27/128;27/64;81/256), i.e. V(M,),V (M), V(M) € intS*, then we can conclude va-
lidity of the proposition. O
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Corollary 3.3. For arbitrary x € S*\ {My, M4} we never reach pure population.
Now we investigate the limit behaviour of the trajectories gso V.
Theorem 3.4. Qso V is the regular transformation.

Proof. As noted above the fixed points My and M, are unstable fixed points. By numerical calcula-
tions one can show that M (0.4499,0.2634,0.1593,0.0895,0.0379) is the unique fixed point in interior
of simplex S*. A Jacobian of gso at this fixed point is defined as follows

1.3415 0.7417 0.3888 0.1772 0.0679
0.3954 0.6950 0.6793 0.5121 0.3106
II=102776 0.3971 0.5579 0.4448 0.5911
0.0611 0.1453 0.2888 0.4679 0.6123
0.0144 0.0313 0.0851 0.2004 0.4181

and its eigenvalues are

A1 = 2; Ao = 0.3786; A3 = 0.9374; Ay = 0.0705 — 0.02947; A5 = 0.0705 + 0.02944.

Since all eigenvalues except A\; = 2 by modulo less then 1 we conclude that M is attracting fixed
point, i.e V is the regular transformation. O
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On a mixed problem for a multidimensional elliptic equation with
singular coefficients

Hasanov A., Ergashev T., Tulakova Z.

Abstract. At present the fundamental solutions of the multidimensional singular elliptic equation
are known and they are expressed through the well-known Lauricella function F/(f”), the number of
variables of which is equal to the number of singular coefficients of the equation under consideration.
On the other hand, in applications of any hypergeometric function of many variables, expansion
formulas are very important, allowing one to represent this hypergeometric function as an infinite sum
of products of one-dimensional hypergeometric Gaussian functions for each variable of the studied
function of many variables. In this paper we study one mixed problem for an elliptic equation with
many singular coefficients in the first hyperoctant of the unit ball, the uniqueness of its solution is
proved by the method of energy integrals, and its existence by the Green’s function method. When
finding the desired solution, expansion and summation formulas are used, as well as the limit relation
for the Lauricella function.

Keywords: multidimensional elliptic equations with singular coefficients; fundamental solution; Gauss
hypergeometric function; Lauricella function; mixed problem; Green’s function.
MSC (2020): 33C05, 33C65, 35J08, 35J25, 35J70, 35J75

1. INTRODUCTION

Hypergeometric functions play a primary role in both the analysis and the solution of boundary
value problems for partial differential equations, because important attributes in solving boundary
value problems such as fundamental solutions and Green’s functions are written in terms of hyper-
geometric functions. Numerous applications of hypergeometric functions can be found in mechanics,
fluid mechanics, elastic dynamics, electromagnetism, and acoustics |1} |2]. The results of the theory of
hypergeometric functions allow one to represent the solution of boundary value problems in explicit
forms or in the form of an integral equation with a known kernel. For problems with known Green’s
functions expressed by hypergeometric functions, the formulation of an integral equation leads to
powerful numerical approximation schemes.

Let R,, be the m-dimensional Euclidean space (m > 2), x := (z1,...,Z,,) be an arbitrary point of
it, and n be a positive integer such that n < m. Define the infinite region R”", which is a 27"th part
of the Euclidean space R,,, as follows:

R\ ={zeR, :2;>0,i=1,...,n; —co < x; <400, j=n+1,...m}.

In R*, consider the generalized singular elliptic equation

m n

2

(mm) _ U 2a, Ou B

TEURD DS S wy
j=1 "3 k=1

where a := (ay, ..., ,) and qy, are real numbers such that 0 < 2a, <1 (k= 1,n).
Note that the fundamental solutions [3] of equation (1.1) and the particular solutions [4] of the
more general equation

k k n n

0?u 2a; Ou 0?u 205 Ou S
DRI DD R Dl U

j=1 J j= =

are explicitly expressed in terms of the Lauricella hypergeometric function F} of n variables. In this
paper, using the known fundamental solution of equation (1.1)), we find an unique solution of the

mixed problem for equation (1.1)) in the first hyperoctant of the unit ball in the explicit form.
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However, only few works are devoted to the study of the mixed problem for a singular elliptic
equation: in [5] was considered a two-dimensional singular elliptic equation

Pu, P 2000
ox?  0x% 1y Oxy

=0, 0<2a <1, (1.2)

in the work [6] is discussed the mixed problem for the equation

32u+32u+62u+2a6u 0. 0< 90 <1
D T ST W o
Ox3  0x3  0x3 x Ony ’ ’

in a domain bounded in a half-space x > 0, and the work [7] generalizes the results of the works |5, |6]
to the m— dimensional equation (1.1)) with only one singular coefficient:

Za“ 2000 coa<t, m>2 (1.3)

T T, 01

In the works [8] and [9], the Dirichlet and Holmgren problems were solved, respectively, by the method
of potentials for equation (1.3)) in the domain bounded in the subset (half-space) of the Euclidean space.
In the paper [10] for the three-dimensional elliptic equation with two singular coefficients

u  0*u  0%u 20 0u 2B Ou
gu, gn gu s P g 0<2a,28 <1,
or?  0x% 0r3 1, Ony + o 0T @, 26

two mixed problems and Neumann problem in the first quarter of the unit ball are studied.

The paper is organized as follows: First, in Section 2 we give some preliminary information, which
will be used in what follows. Section 3 is devoted to the formulation of the problem and the uniqueness
theorem. In Section 4 using the Green’s functions method we find the solution of the mixed problem
for equation in the explicit form. Throughout this paper, it is assumed that the dimension of
the space m > 2.

2. HYPERGEOMETRIC FUNCTIONS OF (GAUSS AND LAURICELLA

A symbol (), denotes the general Pochhammer symbol or the shifted factorial, since (1), = I!
(le Nu{0}; N:={1,2,3,...}), which is defined (for k,v € C), in terms of the familiar Gamma
function, by

(k) = I(k+v) { 1 (v =0;k € C\{0})
" I'(k) | k(k+1D)(k+1-1) (v=1€ N;re0),

it being understood conventionally that (0), := 1 and assumed tacitly that the I'— quotient exists.
The hypergeometric function of Gauss is defined inside the circle |z| < 1 as the sum of the hyper-
geometric series [11] :

. o b
F(a,b;c;z) = F{ Z" b; z} = Z (@ b)y )"”zm, |z| <1,

; = (c),, m!
where a, b, ¢, are independent of z. We shall call a, b, ¢ the parameters of the hypergeometric function;
they are arbitrary complex numbers.

If Rec > Reb > 0, we have Euler’s formula [11]

tb 1 _ c b—1
F(a,b;c;2) = c—b / l—tz dt. (2.1)

Here the right-hand side is a one-valued analytic function of z within the domain |arg(l — z)| < m;
therefore ([2.1]) gives also the analytic continuation of F(a, b;c; 2).
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The integral representation ([2.1)) allows to derive the Boltz formula [11]

F(a,b;c;2) = (1 —2)""F (C —a,b;c; Zl> (2.2)
Z —_—
and get the value of the Gaussian function in unity (the summation formula) [11]
I'(c)T'(c—a—b)
I'(c—a)l(c—b)’
The complete Appell hypergeometric function F5, is defined by the series

F(a,b;c;1) = Re(c—a—b) >0, c#0, -1, =2, ... (2.3)

i (a’)'rn-l-n(b)””(b/)nﬁy—n
Inl’

Fy (a,b,b';c,c’;x,y) = /
S—— (@)m()n

|z| + |y| < 1. (2.4)

Introduce the following notation:
a:=(ay,....a,), b:=(b1,...,0,), c:=(c1,...,¢,); X:=(T1,...,2,).

In 1893 Lauricella generalized the four known Appell functions and defined his four hypergeometric
functions of several variables, the first of which has the form [12]:

oo n

an) (a, bieix) = Z (O

k1,k2,...,kn=0 j=1

> ol < 1. (2.5)
j=1

The numerical parameters and variables of the Lauricella hypergeometric function Ffln) defined in

(2.5) can take complex values. It is easy to see that the function Ff(ln) in the two-dimensional case
coincides with the Appell function F5 defined in (2.4)).

The following relations hold for the Lauricella function Fé"):
1) differentiation formula

0 aby (n

—F"(a,b;c;x) = —F" (a+1, by + 1;¢; + 1; %)

a.’Ek Ck
2) the relation between contiguous hypergeometric functions |13]
Z —]ijf‘") (a+1,b;+1;¢; + 1;x) = F(a+1,bie;x) — FU”(a, bieix),

C,
j=1
where the vectors b; + 1 and c; + 1 are defined as follows::
bj + 1:= (b17 ceey bjflv b] + 1, bj+1, ceey bn) y

C; + 1:= (Cl, ey Ci—1,C4 + 17 Cit1yeeny Cn) s ] = 1,771
To study the properties of multiple hypergeometric functions, so-called expansion formulas are used,
which allow one to represent a hypergeometric function of many variables through an infinite sum of

products of several hypergeometric functions with one variable, and this, in turn, facilitates the process
of studying the properties of functions of many variables.

Theorem 2.1. (14, 15] For any natural n € N\{1} the following expansion formula is valid

n

(n) N - A(nn k,n) B(kn a+ A(k,n), by + B(k,n);
F( (a,bic;x) = Z H{ nn F { ex + Bk n): x| v, (2.6)

|m|=0 k=1
where
|m| = ZZm”7 M'—HHm”,m”>0 2<i<j<n,
i=1 j=1i =1 j=1i
k+1 n

:szi,ja Zmzk+ Z M1,

i=2 j=i i=k+1
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Theorem 2.2. [15] Let a,by,...,b, be real numbers with a # 0, —1, =2, ... and a > |b|. Then for
n=1,2,... the following summation formula

|m|=0 M! (a )A(k n) [Ti=i T (a —by)
is valid, where |b| := by + ... + by,.

f: (@) A, n)H (k) 5y (@ = O8) sy ey~ T (a—[b)) T (a) (2.7)

It is easy to see that formula (2.7)) is a natural generalization of the well-known Euler formula ([2.3)).
Using the expansion ([2.6) and the formula (2.2)), it is easy to derive an analogue of the Boltz formula
for the Lauricella hypergeometric function in the form

n

- = n,n ° b n
Fi (a,biex) = [T (1 —a) ™™ Y (@) [( QLTI
k=1

Pty e M! (k) B(km)

1—l'k Ck+B(k7n)7 l’k—l

Theorem 2.3. [16] Let a, by and ¢ be real numbers such that ¢, # 0, —1, —=2,..., a > |b| and ¢ > by.
Then the following limit relation is valid forn =1,2,... :

X( T, )B(k,n)F<ck—a—l—B(k,n)—A(k,n),bk+B(k,n); z, >]

_ b n
lime ' F{" { et - &) Z”(e)] _Ia | D H G (2.8)
e—0 9 g k::l F(Ck —bk)

where zy(e) are arbitrary functions such that z,(0) # 0 (k = 1, n)

3. FORMULATION OF THE PROBLEM AND THE UNIQUENESS THEOREM

Let x := (x1, ..., %) € R,, and Q@ C R is a 27" part of the m-dimensional ball with radius R and
origin at the point O(0, ..., 0):

Qi={z:ai+..+22, <R’ 2,>0, ...,2,>0,},

and
S = {x: xf—i—...%—xfn:Rz, x> 0, ...,a:n>0}

is the same part of the sphere corresponding to this ball.
Introduce the following notation:

i‘p = (.’L'l, ey Lp—1, Tp41y -+ xm) S Rm—l; 0= (0 0) € Rm—l
szo‘ P = H 23 dr = H dxy; dz, = H dx,;
k=1, k#p k=1, k#p

Do e ta, e tan, <R\
P €T > 0, vy Tp—1 > O,po > 0, ey Ty > 0 ’

Tyt ta,  tr . tr, =R 7}; p=1,n.

S, =
P {3]'1 >0,...,ﬂ?p_1 >0,1’p+1 >O,...7I'n >0
Mixed problem D*M. Find a regular solution u(z) € C () N C?(Q) of Eq. (1.1) satisfying
conditions
ou
ON |4

where 7, € C (D,) and ¢ € C (S) are given smooth enough functions fulfilling the following matching
conditions:

u|mp:0 = TP (jp)7 i‘P € E;Da b=1n,

=¢(x), z€S, (3.1)

7(0) =7 (0), T (jk)‘xpfo =Tp (mpﬂzkzo , k#p (k,p=1,n).
N is the outer normal to S.
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Theorem 3.1. If the problem D"M has a solution, then it is unique.

Proof: One can readily check the validity of the following relation:

0 ow ou
(2cx) L(m,n) _ L(m,n) _ - (2cx) oy < .
x [u o) (w) — wLy (u)} jE_l oz, [m < oz, w@xj>]’ n<m

Let €. be a sub-domain of Q at a distance ¢ > 0 from its boundary 09 and cos (N, z;) dD, = dz;,
if j = p and cos (N, z;) dD, = 0 otherwise, where j = 1,m, p = 1,n; N is the outer normal to 9.
Integrate both sides of this identity along the domain 2. and use the Gauss-Ostrogradsky formula:

- ow ou
(20) (m,n) _ (m,n) — (20) Z7 22
/QE x {uLa (w) —wLy (u)}c& /6525 x jgl [(ua% wy ) cos (NN, :cj)} do. (3.2)

Lj

Note that Green’s formula (3.2)) in a more general form is proved in [17].
Using the equality

£(20)

WL (1) + i (3“>2 _ i 9 <x<2a)u8“> "< m
« a$j 81}j 8 ’ - ’

Lj

we obtain

/ (20)
Qe

Applying again the formula of Gauss-Ostrogradsky to this equality and letting ¢ — 0, we get

/ (QC“)Z (a%)2d:r_ g /D p Fe 7 (3,) [, (5,) dF, + /S 2@ (S) uds, (3.3)

- ou
m, n) — (20‘)
uL +Z(3x3> 1d:c / Z@xj< xj>d$

j=1 Qe j=1

where

fo () = lim e u(z)

=1,n.
zp—0 P O0x,, P ’

To prove the uniqueness of the solution, as usual, we suppose that the problem has two v, w solutions.
Denoting u = v — w we have that u satisfies homogeneous mixed problem D"M (7, (Z,) =0, p = 1,n,
¢ (x) = 0). Further we have to prove that the homogeneous problem has only trivial solution. In this

case from (3.3) one can easily get
m 8'11/
(2) dx = 0.
/Q v Z <8x1> e

Jj=1
Hence, it follows that — = 0, j = 1, m, which implies that u is a constant function. Considering
Lj
homogeneous conditions (3.1]), we conclude that u (z) = 0 in . The Theorem is proved. O

4. THE EXISTENCE OF THE SOLUTION

The existence of the solution will be proved by method of Green’s functions. The mixed problem
D"™M on the plane (m = 2) for an elliptic equation with one (n = 1) singular coefficient (|1.2) was
solved by M.M.Smirnov [5], so here we put m > 2.



On_a mized problem for a multidimensional singular elliptic equation 79

Definition 4.1. Green’s function of the mixed problem D" M for equation is a function G,, (z;¢),
satisfying conditions:

1) this function is a regular solution of in the domain €2, except the point &;

2) it satisfies boundary conditions

oG,

Gn| :07 p:].,’fl, :07

zp=0

3) it can be represented as
where n
. — —2Bn e 17205 (n) ﬁﬂdl_ala“'al — Qg
an(23€) = 7 1_[1 [(%53) } i [ 2 — 20, ...,2 — 2a,;
j=

is a fundamental solution [3], and function

gn (4;6) = — <R>2ﬂn G (56) ,

p
is a regular solution of (1.1]) in the domain Q. Here

ﬁnzi—l-n—z:a], vn—QQﬁ"_mF(Bn)ﬁrlj(l_aj_) (4.1)

m m ~ - B B R2 .
= Z:ﬁf, p? = Zé‘]?; £= (51,...,£m) V& ==, j=1Lm.
j=1 j=1 P

Therefore, for the domain €2, the Green’s function of the mixed problem D"™M for equation (|L.1J)

has the form:
R ZBn
G (:8) = qn (2;6) — (p) Gn (7;€) -
Next, repeating the reasoning given in [16] (18] we obtain the solution of the mixed problem in

explicit form

- B ~ F(”*l) o F(nfl) &
u(§) = ’Ynf(lfza)Z(l — 2ay,) / #Vr (d) | =4 2B< r)  Fa 25( k0) 45, +
k=1 Sk Xk " Yk n
—l—/x(QC’)Gn(x;&)«p(x) ds, (4.2)
s

where

1 2a) __ H§1 QaJ ~(1) H l'],

j=1,j#k

(n—1) _ pn—1) /8n71_al>"'71_ak—lﬁl_ak‘f‘l""’l_a";
Fy (2) = Fi [ 2—201,..,2 = 20421,2 — 20841, -y 2 — 200; |

z is a vector with n — 1 components and z = gy or 2 = G0:

o (A0 0 0 0 . (=0 0 =0 _0
Oy i= (01, s O 1, O ...,Un) ,  ORo = (01, ey Oty Oaqs oo an) ,
2 m
0__4xp‘£p —o__R dxp&p | X2 =¢2 4
Ip = X2 p ,02 y2 E — Sk
k k i=1,i#k

Y,f:'i (R— R5> Z Z r& — (m —2) R%.

i=1,i#k j=1,5#1
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Let us prove that the function defined by relation (4.2) really satisfies the mixed problem for the
equation (|1.1). First, we have to verify that the function
L (€, 0%0) = 1€ 2 (1 = 2ay,) / B (80) X FTY (040)dSk (4.3)
Sk
satisfies first n conditions of (3.1)), i.e.
), L=k
lim I}, (§, 0k0) = T <€k) ,
&i—0 0, l#k

Where gk = (&17 "'7§k—17€k+17 ‘--7§n7 7§m) € Sk - ]Rm—l‘
Let [ = k and k € 1,n. Putting x; = & + &ity, @ = 1,m, i # k, we transform the formula (4.3)) to
the form

I (& 010) = (1 = 20) 7, €172 / T (&1 + &ktay ooy §pm1 + Srti—1,

T

N (4.4)
kit + Enbrgts oo bm + Extm) [ [ + &ats] Ry PE (Gr0)dT,
s=1, s#k
where _ _ _ ~
R? R2 R2 R?
Fro 1= (1—};“,...,1— Lk 1 kf21’k,...,1—F2>’“,> ER, .,
Rk Rk Rk: Rk

:gz(w 5 tf),éikzamgkm)wsz (1+ 3 t?)

i=1,i#k i=1,i%l, ik
At the right-hand side of (4.4]), pass to the limit as & — 0. Using the limit relation (2.8) and the
values of the parameter (3, and coefficient v, given by relation (4.1]), we obtain

iz — I'(1-— dty...dt;,_dt dt
glljgnofk (. 010) = (2 ak) ( o) / / 1@t 1AEpqq...dlpy,
+

4eeqrm/2T (1 — 2a) T—on
<1 > t;)
mfl j=1,j#k
—+00 +oo

/ / vedz, P (g )
1+21—|— + 2] I'(q)

P
(see |19 p. 637, Eq. 4.638(3)] ), and

Sequentially use the identities

I (22) = 23%1F(2)F <z+;> ,

(the Legendre’s duplication formula; see |11}, p. 5, Eq. 1.2(15)]), we obtain
hm Ik (g,O’ko) = Tk (gk) .

gk—>0
In the same way, we prove that

hm[k (é-,O'ko) = 0, k # l, l= 1, ey N hm[k (€a&k0) = 0, 1 < k <n.
ELA)O fkﬁo
The fulfillment of the remaining conditions of the mixed problem is established in a similar manner.
Hence, the main result of the paper is formulated as the following theorem:
Theorem 4.2. If 7, (%,) € C*(D,), p=1,n, ¢ € C*(S), then the mized problem D"M has unique
(i/

solution represented by formula
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5. CONCLUSION

It’s known that the potential theory has played a paramount role in both analysis and computation
for boundary value problems for elliptic equations. Recently, the potential theories only for the
two-dimensional elliptic equation with two singular coefficients [20] and the multidimensional elliptic
equation with one singular coefficient [7] are constructed. In the study of potentials, the properties
of the fundamental solutions of the given equation are essentially and fruitfully used. At the present
time, fundamental solutions of the multidimensional elliptic equation with several singular coefficients
are already known (see (3} [21]).

Despite the fact that fundamental solutions, particular solutions and expansion formulas are known
even for a more general equation, the construction of potential theory for a singular elliptic equation
was limited to the equations with one and two singular coefficients. For the future, it would be
interesting to apply potential theory to the solution of boundary value problems for elliptic equations
with two or more singular coefficients, for example, in the beginning for the equation

2 2 2
umx+uyy+uzz+—auz+—6uy+luz:O, 0<2a,28,2yv<1, >0,y >0,z>0.
x Y z
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Abstract. In this paper, an evasion game for an infinite system of ternary differential equations is
studied. The game is considered in the Hilbert space l3. The control parameters of pursuer and
evader are subject to geometric constraints. The purpose is to construct strategies for the evader to
avoid being captured in the game. Equations for guaranteed evasion time for the evader are derived,
describing how long the evader can avoid capture. Furthermore, this research paper contributes to
understanding the concept of a guaranteed evasion game.

Keywords: Differential game, evader, control, strategy, infinite system of differential equations, geo-
metric constraint
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1. INTRODUCTION

In the mid of 20th century, the theory of differential games, a fascinating intersection of control
theory and game theory, were formally established by R.Isaacs [1], who first used the concept of
"Differential Games” in his work. This work inspired numerous researchers including Pontryagin L.S.
12, 3], Krasovskii N.N. [4] and others who obtained the fundamental results on differential games.

In the last decades, on the other hand, the researchers such as Azamov, Blagodatskikh, Chikrii,
Ibragimov, Mamadaliev, Petrov, Samatov have been obtaining interesting and important results (see
Bl-16], [71-[8], [9]-[10], [11]-[12]). Azamov and Ruziboev [5] explored time-optimal control problems
associated with PDEs, while Blagodatskikh and Petrov’s investigations of group pursuit strategies and
impulsive controls provided critical insights into strategies for dynamic systems (|13} |14] and [9]-[10]).
However, Chikrii’s work [15, |16] provided critical insights into linear differential games with integral
constraints.

A great advancement in differential games involved reducing differential game problems modelled
as PDE to infinite systems of differential equations, methods like Fourier analysis. We can see using
such transformation in studies by Ibragimov et al. |17], [1§]-[19], who addressed infinite-dimensional
pursuit-evasion games in the Hilbert space [5.

The works of Satimov and Tukhtasinov [20],]21] focused on pursuit and evasion games in systems
described by parabolic type equations. In these games, the conditions that guarantees pursuit and
evasion were obtained. Other studies, such as Mamadaliev et al. [7]-[8], explored differential pursuit
games with integral constraints and impulse controls. In the paper by Ibragimov [22], an evasion
differential game of many pursuers and one evader was considered. The evader has an advantage over
pursuers in control resource. A sufficient condition of an evasion was found and an evasion strategy
was constructed. Moreover, in the paper by Kuchkarov et al. [23], a simple motion differential game
of many pursuers and one evader was studied on manifolds with Euclidean metric. All players have
equal dynamic capabilities. The condition that ensures a pursuit can be completed in the game was
obtained, if the condition is not satisfied, an evasion is possible.

The works [24} 20, [21] are devoted to a differential game described by a PDE of the form

o/ 0 of
EZAf+u_U7 Af =— Z &U(aw(m)aT)

i,j=1 v

In these works, the given equation was reduced the equation to infinite system of differential equations

fk+)\kfk:u;€ka, k= 1,2,..., (11)
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where v, and w; are control parameters of evader and pursuer, respectively, fi,ur, vy € R, and
coefficients Ay, k = 1,2, ..., satisfy the condition 0 < A\; < Xy < ... — o0.
In the papers [25], [26], the following evasion differential game for an infinite system of binary

differential equations
Ty = =Ny + Y + us — vin, 931(0) = T40, (1 2)
Ui = —Nili + Uiz — Vi, ¥i(0) = yio, i=1,2,.., '

was studied in the Hilbert space [,.

The present paper aims to contribute to an evolving field by investigating an evasion game for an
infinite system of ternary differential equations within the Hilbert space l5. In this game, the control
parameters of the players are subject to geometric constraints. We develop a strategy for the evader
that guarantees an evasion during the game. Additionally, we provide an equation to determine the
guaranteed evasion time.

1.1. Statement of problem. It is important to highlight that the Hilbert space under consideration
is l5, which is a vector space:

o0
Iy = {a = (a1, g, ey Qy,y .l) | Zai < oo} ,
n=1

whose elements are sequences of real numbers.
Moreover, the inner product and norm are defined as follows:

(a75) - Zanﬂna HOCH = (a,a).

We examine a controlled object given by the following infinite system of differential equations

By = —Nxi + Y + uin — v, 2i(0) = Tig,

Ui = = NiYi + zi + iz — Vo, ¥:(0) = Yo, (1.3)
2:“1' = —)\lZl -+ Uiz — Vi3, ZI(O) = Zi0 7= ]., 2,3, ceey
in the Hilbert space Iy, where ); are given positive numbers, xq = (210, %20, %30,-..) €
la, Yo = (Y10,Y20,Y30,---) € loy 20 = (210,220, 230,-..) € lo are initial positions, u =

(Ull, Uy2, U13, U271, U22, U23, - - ) and v = (’1)11, V12, V13, V21, V22, V23, - . ) are the control parameters of pur-
suer and evader, respectively. We suppose that 0 < ¢ < T, where T is a given sufficiently large number,
and that ¢o = (@10, P20, ©30, ---) = (10, Y10, 2105 205 Y205 2205 T30, Y305 2305 - - - ) 7 0.

Assume that p and o, p > o, are given positive numbers.

Definition 1.1. A function u(t) = (uy(t), ua(t), us(t),...), t € [0,T], with measurable coordinates
wi(t) = (win (t), win(t), wiz(t)), i = 1,2, ..., subject to the condition

Dok () +up(t) +uib(t) < pf 0<E<T, (1.4)
=1

is referred to as the admissible control of the pursuer.

Definition 1.2. A function v(t) = (v1(t),va(t),v5(t),...), t € [0,T], with measurable coordinates

v;(t) = (Vi (t), via(t), vi3(t)), t = 1,2, ..., subject to the condition
D W) + () + () <of, 0<t<T, (1.5)
i=1

is referred to as the admissible control of the evader.

We define S(o) as the set of all admissible controls.
Let
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then, we have

1t i
eAit=e ™10 1 t |, i=1,2,... (1.6)
0 0 1

Let C(0,T};15) be the space of continuous functions ¢(-) such that ¢(t) € I for each 0 <t < T. We
present the following proposition which is proved in [6].

Proposition 1.1. If w(:) € S(o), and \; > 0, i« = 1,2, ..., then there exists a unique solution
o(t) = (p1(t), pa2(t), ...) of the infinite system of differential equations in the space C(0,T';15).

Of course, for i = 1,2, ..., we have (see [6])

t

pi(t) = e‘wgoio + [ etitt=9) u;(s) —v;(s))ds, 1=1,2,....
0

By denoting ;(t) = e*'4);(t), it is not difficult to see that ¢(t) = 0 implies ¥ (¢) = 0, where

D) = (1 (), a(8), ), wi(t):%ﬁ/o A5 (uy(s) — vils))ds, i=1,2, .. (1.7)

Let ¢;(t) = (z:(t), yi(t), z:(t)), wio = (Tio, Yio, Zio)s Vi = (Vi1, Via, Vi3).
Definition 1.3. We call the function

(ta 8075,—7777”) — V(t7 90757777’“)3 V : ]RJr X l2 X [O,P] X [070] X l2 — l27

the strategy of the evader, if, for any admissible control of pursuer u = u(t), ¢ € [0,T], the system
with v = V (¢, 0(t), p(t),o(t), u(t)), has a unique solution

(P(t) = (901(t)7§02(t)7 .- ) = (xl(t)ﬂyl(t)vzl(t)7x2(t)ay2<t)722(t)7 .- ‘)7 1=12,..

after substitution of the players’ controls into it.

Definition 1.4. We say that the strategy V of evader guarantees evasion on the interval [0, 7(V))
from the initial state ¢ € Iy if p(t) # 0, t € [0,7(V)), for any pursuer’s admissible control wu(t),
t € [0,7]. We call the number 7(V') a guaranteed evasion time.

The evader is interested in maximizing the guaranteed evasion time € by choosing its strategy V'
but the pursuer tries to minimize by using its control u = u(t), 0 <t < T.

Problem 1. Construct an admissible control of the evader and find an equation for a guaranteed
evasion time 6 in game .

2. MAIN RESULT

In this section we present an admissible control for the evader and determine a guaranteed evasion
time 6 in game (|1.3)).

Theorem 2.1. For any initial state ¢y = (¢10, @20, -+ ) # 0, the number

0 = supb;,

is a guaranteed evasion time in game (|1.2)), where

0. — lln —(p—0)+/(p—0)? +2Nipil(p +0)
DY pt+o

1 2|p;
02_ — hl( ’SOLO‘ + 1)
2 p+o

if \; > 1, and

if0< A\ <1,
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Proof. To prove theorem, we construct a strategy for the evader that ensures ¢(t) # 0 on [0, 6] where
@’ is an arbitrary time satisfying the condition 0 < 6’ < 6, while the pursuer can use an arbitrary
control u = u(t).

Indeed, we can find j € {1,2,---} such that § < 6, by definition of . Thus, our main goal is to
show that in the game , an evasion is possible on [0, ;). Observe ¢;, # 0 since otherwise §; =0
contradicting positivity of 6;.

We present the control for the evader as follows:

1 1t 312
(t) = —o———= (01 ¢t |¢ 2.1
vi(t) = 0,i=1,2,---,i%#j, tel0,0;).

where e; = .
|<Pjo\

Lemma 2.1. Control ({2.1)) serves is the admissible control for the evader.
Proof. To prove the lemma, we use (|1.5))

1 1t 57 [en - e+ tej + 5t7ejs
vi(t)] = |[-o————— |0 1 ¢ e; = eir + te;
‘J()| 1—|—t—|—%t2 0 0 . ej-i l—l—t—l—%tQ J2€.3 73
J J
o €j1 t€j2 %t2€j3 o 1 )
< — | |e; te; 0 <—|14+t+=t") =o0.
SR TN | * g * 0 1+t+;t2<+ T3 ) 7
J
Consequently, control (2.1)) is admissible. O

For any admissible control u(t) of the pursuer, where time ¢ € [0,6;), we have

t t
Pi(t) = gﬁjo—i-/ e_Ajsuj(s)ds—/ e Y%v;(s)ds
0 0

t t
CAs 1 s
= SDjO‘i‘/O e 4 'LLj(S)dS"i‘O'@j/O me Aj dS. (22)
From the following inequality
1 —s % 2 Uj1 1
el < e euliel =l el = o1 Dl || < (1454 55
0 0 1 Uj3
we have
1
[(e™%u;(s), e;)| < pei* (1 + s+ 252> . (2.3)

Now, we multiple both sides of equation (2.2)) by e; and by using (2.3]), we obtain

t t
A 1 s
v;(te; = el —|—/0 (e A uj(s),ej) ds—l—a/o 714_8_’_%826)” ds

t t
1 2 /\jS 1 /\js
|<pj0\—p/0 <1—|—s—|—28>e ds+a/0 71—#34—%526 ds

' 1
= |S0j0‘ - (p+0_)/ <1 +8+ 52> e}\jsds+
0

2
t
/
0

Vv

1 1
14+ s+ 25" ) e+ —————eM*| ds.
2 1+ 5+ 552
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Hence, by the arithmetic mean-geometric mean inequality we obtain
t

K 1
P (t)e; >|ejol — (p+ a)/ (1+s+ gsz)ekjsds + 20/ etitds
0 0
t t

¢ 1
=|@jol — (p—l—a)/ (S+§82)6)‘j8d8— (p—i—a)/ e’\jsds+2a/ etitds
0 0 0

t 1 .
=lpjol — (p+0)/ (8+582)6)‘15ds— (p—o')/ erisds.
0 0

Then, by using inequality s + %S2 < e® we have the following

t t
Ui(t)es > el = (p+a) [ s~ (p—a) [ evas
0

0

We now consider two cases according to the values of ;. The first case is when A; > 1 and the second
oneis 0 < \; < 1.
In the first case, by the condition A; > 1 we have

t t
vi(t)e; >!¢jo|—(p+a)/ e<1+*-f>5ds_(p_g)/ s
0 0

t t
2ol = (p+0) [ s (p-o) [ Mo
0 0

Since t € [0, 0],

0 6,
Yi(t)e; >|pjol — (p+0) / e?ds — (p — o) / eti%ds
0 0

e2)\j9j _ 1 e)\j@j _ 1
=|jol — (P"‘U)T —(p— U)T
=—(p+o) 3 +W+|%0|—(P—U) VDY
J J J J
22505 et (3p— o)
=—(p+o0) 2N, _(p_U)Tj+|(ij‘+27)\j
>—(p+o) 2X, —(P—U)Tj+|%‘o|-
By the value of 0;, we have
Uilte; > —(p+0) S — (0= )5 +lwpl = 0. (2.4)
J J

In the second case, where 0 < A\; < 1, we obtain

t t
Yi(t)e; >lpjol — (p+ U)/ e t2)sds + 20/ ei%ds
0

0

t t
>lps0l — (p+0) / s > |0l — (p +0) / o2 s
0 0

e — 1
2 pu—

Hence, in both cases, we obtained that );(t)e; > 0,0 < ¢ < ; which implies 1;(t) # 0. As the result,
©;(t) # 0 by the equation (1.7)), thus, ¢(t) # 0 for t € [0,6;). In particular, ¢(t) # 0 on the interval
[0,6']. Proof of Theorem 2.1 is complete. O

0.

0;
Sl = (p+0) [ €ds = [l = (p+ o)
0
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3. CONCLUSIONS

In this research paper, we have focused on investigating the guaranteed evasion time within the
context of the game described by equation , while an evasion game for an infinite system of binary
differential equations in the Hilbert space I, was studied in the papers [25], [26]. The central focus
was to construct a guaranteed evasion strategy for the evader. The control parameters of both players
are subject to geometric constraints. We derived explicit formulas to calculate the guaranteed evasion

time.

Future research may focus on broadening these results to study more complex constraints,

multi-player scenarios, further advancing the applicability of these methods to real-world problems
and also finding optimal evasion strategy is an open problem.
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Abstract. In this paper, we study a simple motion evasion differential game of multiple pursuers and
one evader. The control functions of the players are subject to integral constraints, where the energies
of the players change linearly. If the state of the evader does not coincide with those of the pursuers
forever, we say that evasion is possible in the game. We prove a theorem about evasion and construct
a strategy for the evader that guarantees evasion in the game.
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1. INTRODUCTION

During the latter half of the previous century, the theory of differential games experienced remark-
able development (see, for example, [1], [2]). Within this field, multiple-pursuer differential games
constitute one of the most actively investigated areas. In recent years, a substantial body of research
has been devoted to this topic due to its broad range of practical applications. Differential games in-
volving several pursuers are closely connected to real-world situations, such as reach-avoid problems,
where multiple pursuers attempt to capture an evader while simultaneously reaching a target region
and avoiding specific obstacles or restrictions. They are also relevant to military defense, where missile
systems aim to neutralize threats while maintaining the safety of allied assets, and to surveillance and
security tasks, where drones monitor a region, protecting restricted zones from intrusion.

Differential games are generally classified according to the nature of constraints imposed on players’
control functions. Two fundamental categories are geometric constraint games and integral constraint
games. Geometric constraints limit the control parameters to certain subsets of R™, often representing
physical limitations such as velocity or turning rate. Most studies in the literature have concentrated
on multi-player games with geometric constraints, which are briefly reviewed below.

A differential game known as the multi-pursuer, single-evader Life-line game was analyzed by
Azamov [3], [4]. In this framework, the evader aims to reach a designated “life-line” (safe zone)
before capture, while pursuers strive to intercept it beforehand. The author derived a winning con-
dition expressed through Apollonius circles—if the condition is met, the pursuers succeed; otherwise,
the evader prevails. Wang et al. [5] studied a differential game involving multiple pursuers and a fast
evader, proposing an initial state configuration based on Apollonius circle theory to guarantee capture.

Among the most discussed topics in multi-pursuer, single-evader settings are reach-avoid planar
games, examined in works such as those by Deng et al. [6], Garcia et al. [7], and Yan et al. [8]. Von
Moll et al. [9] investigated a border defense scenario where multiple unmanned aerial vehicles serve as
pursuers against a ground vehicle attempting to cross a boundary. Their study modeled the system
as a zero-sum differential game with simple motion dynamics and derived optimal pursuit strategies
from geometric principles. Similarly, Pachter [10] employed a geometric framework for single-evader
capture, while Souidi et al. [11] introduced a dynamic elimination approach to enhance decision-making
in multi-pursuer, multi-evader games.

In evasion games, attention shifts to the evader’s strategy to avoid capture by multiple pursuers.
Ibragimov [12] analyzed a game involving one fast evader attempting to escape from several pursuers
and proposed a new evasion strategy ensuring escape within a region surrounding the ray emanating
from the evader’s initial position.

Several other contributions [13], [14], [15], [16], [17], [1§], [19], [20], [21], [22], [23], [24] have
also explored multiple-pursuer differential games. In particular, Pshenichnii [24] examined a simple-
motion differential game with multiple pursuers and a single evader, deriving pursuit and evasion
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conditions based on the convex hull of the pursuers’ initial states, under the assumption of identical
dynamic capabilities for all players.

When such games are extended to manifolds, the dynamics of pursuit and evasion acquire richer
geometric complexity. A typical example is a group of autonomous robots navigating hilly terrain to
capture a target. Kuchkarov et al. [25] studied a simple-motion differential game of multiple pursuers
and one evader on manifolds endowed with the Euclidean metric. They established a condition under
which pursuit is guaranteed; if the condition fails, the evader succeeds in escaping.

Another important subfield with practical significance concerns multiple-capture game problems,
where a group of defenders (pursuers) attempts to capture one or more attackers (evaders) m, m >
1, times. If fewer than m pursuers reach the attacker, the defenders are considered neutralized.
Research on this topic includes works by Blagodatskikh and Petrov [26], Petrov [27], Shaunak and
Subhash [28], Sakharov [29], and Petrov and Solov’eva [30]. When the control processes involve
limited or exhaustible resources (e.g., fuel or energy), integral constraints naturally arise. A missile
constrained by finite fuel reserves or a drone with limited battery capacity exemplifies this class of
problems. Integral constraints regulate the total usage of a control input (such as energy or effort)
throughout the game. Ibragimov and Salleh [31] investigated an evasion differential game involving
multiple pursuers and a single evader under integral constraints, constructing an evasion strategy that
exploits the evader’s advantage in control resources. Similarly, Salimi and Ferrara [32] considered an
optimal approach game with integral constraints.

In another study, Kuchkarov et al. [33] analyzed an optimal approach differential game involving
several pursuers and one evader with integral constraints. The game duration was assumed to be
fixed, and the payoff function was defined as the minimum distance between the evader and pursuers
at the terminal time. An estimate for this payoff functional was obtained.

In the present paper, we study a simple motion evasion differential game of multiple pursuers and
one evader. The control functions of the players are subject to integral constraints, where the control
resources of the players change linearly. We construct an evasion strategy for the evader, which
guarantees evasion in the game.

2. STATEMENT OF PROBLEM
Let the dynamics of pursuers x; and evader y be described by the following equations:

T =ui, 2(0) =200, i=1,2,...,M,

y=v, y(0)=uyo, (2.1)

where x;, T;0, Ui, Y, Yo,V € R™, x;0 # o, u; and v are control parameters of the pursuers and evader,
respectively.

Definition 2.1. Measurable functions u,(¢) and v(t), t > 0, are called admissible controls of the
pursuer x; and evader y, respectively, if they satisfy the following integral constraints:

t

t
/|ui(s)|2ds <P, =1, M, /yv(s)ms <ot (2.2)
0

0
Definition 2.2. A function V = (V4,...,V,),
(t, y(')|[o7t]a$1(‘)|[o,t}, cee ,CUM(')|[0,t],U1, cee ,UM) = V(t7 y(’)|[0,t],$1(')‘[0,t]7 s )$M(')’[O7t]7uly s ,UM),

is called a strategy of the evader y if for any admissible controls of the pursuers u; = u;(t),i =1,..., M,
the initial value problem

.fl :ul(t), CCl(O) :1'1,

JUM:uM(t), .Z'M(O) :.’IJ(])W,
y = v(tvy(')‘[o,tbxl(') [0,¢]5 -+~ 7:1:M(')’[O,t]7u17 v 7UM)7 y(o) =Y,
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has a unique solution (z1(t),...,zm(t),y(t)), t > 0, and along this solution
t
/ ‘V(S7 y(‘)|[0,s]7$1(')‘[0,s]7 cee 7'TM(')|[0,S]7 U1(8)7 cee ’UM(S)) ‘2 ds S U2t' (24)
0

Here, the pursuers apply arbitrary admissible controls, while the evader adheres to a pre-
scribed strategy. By a solution of the initial value problem , we mean an (M + 1)-tuple
(x1(t),...,xp(t),y(t)), t > 0, with absolutely continuous components x;(t), i = 1,..., M, and y(t)
that satisfy the initial conditions in and differential equations in almost everywhere on
[0, 00).

Definition 2.3. Evasion in game (2.1)-(2.2) is said to be achievable if there exists a strategy V for the
evader such that, regardless of the pursuers’ controls, z;(t) # y(t) holds for all t > 0, i = 1,2,..., M.

We can now state the evasion problem.
Problem. Find a condition for the parameters py, ..., pu, and o, which guarantee the evasion in

ome (21)-(22).

This is the main problem to be investigated in this paper. It should be noted that, in the evasion
game, the pursuers use arbitrary admissible controls u;(t),...,un(t), t > 0, whereas the evader uses
a strategy.

3. EVASION DIFFERENTIAL GAME OF ONE EVADER AND MULTIPLE PURSUERS
The main result of the paper is the following statement.

Theorem 3.1. If
M
> <o,
i=1

then evasion is possible in game (2.1])-(2.2]).

We study the game problem in R? and the general case where n > 2 follows from the solution of
the problem in R2.

Without loss of generality, we assume that y, = (0,0) in the & &;-coordinate system. Let I =
{i| £;2(0) >0, 1<4i< M}. There is no restriction in assuming that I = {1,2,...,m}, which means
that initially the first m pursuers, i.e. the points xqg, g, ..., Tmo are in the upper half plane.

Let a and a; be fixed numbers that satisfy the following conditions

2

— T
O<a<min{ ’ap}’ 0<a1<min{1,p

= x [yl - x?2|} , (3.1)

, ma
32 7 1<i<M

" 1/2
where p = <Z pf) . Let
=1

1 2a

0_ .0 1

To=— max |ys — x|, T =To+—.
a 1<i<M a

Note that this and (3.1]) imply that aa; < o*T since
aay < o max, ly9 — 29| = Ty < T <

We define a sequence a1 = fai, k= 1,2, ..., where

5 (1 a? «
= min{ - .
2772000573 1202T




Fuvasion differential game of one evader and multiple pursuers with changing energies 93

Let 79 = 0, and let 7; > 0 be the first time that

(@) |zi(n) —y(n)| = ai,
(i)  wia(T1) > y2(T1),

for some i € I. Note that such a time 7, may not exist. If so we’ll have x;(¢) # y(t) for all £ > 0 and
i € 1. If there are several pursuers that satisfy conditions (i) and (ii), then without loss of generality,
we can assume, by relabeling if necessary, that one of such pursuers is ;. We call 71 an a;—approach
time.

If 7, 7, ..., T,_1 are a;-, ao-, ..., ap_1-approach times, respectively, then we define 7, > 7,_; to be
the ag-approach time if the following conditions are satisfied:

(1) Nzw(m) — y(m)| = ax,
(2)  zr2(7h) > Y2(Tr),

for some k € I. If there are several pursuers that satisfy the conditions in items (1) and (2) simul-
taneously, then there is no loss of generality in assuming that one of these pursuers is x;. In this
way, we define the aj—approach times 7, k = 1,2,...,mg, where mq is the number (unspecified) of
all approach times. For now, we do not now my is finite or my = oc.

Note that ap—approach times 73, will not necessarily be defined for all the pursuers 7 € I. We will
establish that at most one approach time will be defined for each pursuer z;, i € I, and therefore we
will have my < m.

Let 5
=t 2k E=1,2,...,m.
«
Note that we have defined 7, and 75, only for k =1,2,...,m,.
Let
Jk: UI:TJ7T‘]/)7 k:1727"'7m0’
j=k

where J,,, 11 # 0 if my is finite.
We define the function
r:[0,T] = {0,1,2,...,mg},

by the following equation

(1) = {0, te 0,7\ Ju,

k’ te [Tk’TIQ’)\Jk+17 k:1a27"-7m07
for mg > 1, k=1,2,...,(my—1). It is not difficult to verify that this function has the following
properties:
1) r(t)
2) r(t)

3.1. Strategy of the Evader. Let w;(t), i = 1,..., M, be arbitrary admissible controls of the pur-
suers. We construct the strategy of the evader as follows:

=k, m<t<m, ifn <1,
:k;’

T <t < Tpy1, if T < 7.

v(t) = Vo(t) = (0,a+ U(t), tel0,T]\ ., (3.2)
o(t) = Vi(t) = (Vi (8),a + U), te0,T]nJ, (3.3)
o(t) = (0,U(1), ¢>T. (3.4)

where
r=rt), Vilt)=Viu®),a+Ut)), m<t<t, kel={1,2,...,m},
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v 1/2
vmt):{”'“’“(“" nln) = 2alm) ) <Zu?2<t>> .

—(a+ |up(®)]),  y1(7h) < zpa(72)

To show the admissibility of strategy (3.2)—(3.4)), we consider the following functions:

M 1/2
(07 (2221 u122(t)> ) ) te [OaT] \ le
(a,a), t€]0,T]\ Jy, - u 1/2
()= (@), te glt) = <|url<t>|, (z u%2<t>) ) e,
0,0), t>T, Ny =t 1o
(0, (Z: ufg(t)> ) , t>T.
Then, clearly,
[15)Pds < 2% (35

0

and

M M M
9O = ul, (1) + Y ul Z )+ Y ub(t) = |uwit)]. (3.6)
=1 =1 =1 3
In view of (3.5) and (3.6) we have

t 1/2 t 1/2
(/ v<s>\2ds) (/ 7 + (s %zs) (/ it rzds) +(/ rg<s>\2ds)

1/2

1/2
S\/ro?t—i-(/Z]m yds> ga\/27+<zp$t> =aV2t+ pVt < oVt

since by choice v < Z2£. Hence, strategy (3.2 . is admissible.

Lemma 3.2. Let the evader apply the strategy @, m, @
1) For any k € {1,2,3,...,mp}, we have (i) 7o < Ty, (i) 7, <T.
2) If y9 > af , for some ig € {1,2,..., M}, then ys(t) > x;,2(t), for all t > 0.

Proof. The proof of item 1(i). First, we establish yo(Ty) > x42(Tp) for all i = 1,2,..., M. Indeed,
by (3.2)) and (3.3) we have, for any i € {1,2,..., M},

Ug(t):a+U(t) 2a+|u12(t)|, O<tSTO <T, (37)
since
M 1/2
j=1
Hence,

%(3/2@) —2p(t)) = va(t) —up(t) >a>0, 0<t<T,

which means y5(t) — z;2(t) increases strictly.
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In view of Ty = = max, |y — x%] and (3.7)), we obtain the following:

To To Ty
Yo (T0) — xi2(To) = 49 + /vg(s)ds -z — /um(s)ds =y — % + /(vg(s) — u;n(s))ds
0 0 0

_ .0 0 _.0 0 0 0
=Yy — Ty + Ty = yy — zp + max |y; — x| > 0.
1<i<M

Consequently, y2(Ty) > x42(Tp), for all i = 1,2, ..., M, which means the evader at the time T} is above
the horizontal lines passing through the pursuers’ states at the time Tj.
Next, since

va(t) = a4+ U(t) > a+ |upx(t)], To<t<T,

and
va(t) = U(t) 2 ua(t)], t>T,

then we have, for all ¢t > T, that

t t

(t) — zia(t) = ya(Th) + / va(8)ds — 2o (Ty) — / wis(5)ds

To To
t

= a(Ty) — wa(Ty) + [ (02(5) = wia(s))ds

To

> [ @ )] - wals))ds

[To,t]N[To,T)

> / ads = o min{t —T,, T — Tp} > 0.

[To,t]N[To,T]

Hence, ya(t) > x42(t), for all ¢ > Ty and @ = 1,2,..., M. This implies that there is no an approach
time 7, after time T since by the definition of the a,-approach time of the evader to a pursuer z; the
inequality x;2(7;) > ya2(7%) is required. However, this inequality is not satisfied after time 7. The
proof of the inequality 7, < T, (item 1(i)) is complete.

Next, to prove the inequality 7, < T, we observe that

2 2
f=mt SE <+ =T,

and the proof of item 1(ii) follows.
Finally, to prove item 2, we assume that y§ > :c?OQ for some iy € {1,2,..., M}. Then, clearly, for
all t > 0,

t
lt) = 5i0) = — a0+ [ (02(5) = wia(s) ds
0
> / (0 + tia(5)] — wsna(s)) ds > @ min{t, T} > 0.
[0,£]M[0,T]
From this we conclude that y,(t) > x;,2(t) for all ¢ > 0, which is the desired result.
From the proved lemma we draw an important conclusion that there is no approach time after Tj

meaning that all the pursuers are ”behind the evader” for ¢ > T}, which implies that no pursuer can
reach the evader after time Tj.
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3.2. The distance between the pursuer and evader. Let 7, be the a,-approach time of a pursuer
Ty, p €4{1,2,...,mp}, to the evader y.

A. To estimate the distance between z,(t) and y(t), we introduce a fictitious evader (FE) whose
dynamics is as follows

Zpy=wp,  2p(1) = Y(1),

on the time interval [7,,7,). Note that the initial state z,(7,) = (2,1(7p), 2p2(7,)) of FE coincides with
that y(7,) = (y1(7,),y2(7,)) of the evader. The control w, of FE is defined by the equation

wp(t) = Vo(t) = (Vn(t), 0+ U(}), 7 <t <7,

Clearly, V,»(t) = o+ U(t), and so, for the point z,(t) = (2,1(%), 2,2(t)), we have

alt) = 2alry) + [(@+ V) ds = a(r) + [wals)ds =p®), 7 <t <7,

Tp p

since 7, < T', and so vy(s) = a+ U(s) by..
Consequently, FE z,(t), for all 7, <t < 7/, is on the same horizontal line as the real evader y(t).

For definiteness, we assume that y;(7,) 2 $p1(7'p). Then, we have
t >
V;,l(t): a+|up1( )|7 yl(Tp)—xpl(Tp) =a+\up1(t)\.
—(a+up(B)]); y1(7) < zpi(7p)

B. We estimate the distance between z,(t) and z,(t) for 7, <t < 7,. We estimate this distance in
two ways. In the first way, using the inequality y:1(7,) > x,1(7,) we have the following estimate for
the distance

2(0) = 2a(8)] = 2 (0) = 20() = (1) + [ Vis(s)ds = 2u(5) = [ wpa(s)ds

Tp Tp
t

= 1(5) — () + [ (Vials) = un(s)) ds

Tp

t

> /(a - upn ()] — wpa(8)) ds > a(t —7,) = hy(t), 7, <t < 70, (3.8)

Tp

In the second way, we have

12() = 2, ()] = |2(7) — ()] /|v §)| ds = a, — /|v 9lds, 7, <t <1,
(3.9)
Since
, . V2 o, 1/2
J 1) = w@lds < | [12as || [(0h(s) ~ ws))ds
J J J y

t

<V | 2GR+ )P ds |

Tp
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therefore using the inequalities (recall t < 7, <T)

t t
V(s 2ds§02T, Uy (8 2cls§p2T<a2T
p P

we obtain .
/ Vi (s) = uy(s)|ds < \/I=T, - V2 20°T = 20\ /T(t — 7).

Using this and (3.9) we obtain the following

|2p(t) — 2, (t)| > ap — 204/ T(t — 1) = ha(t), 7, <t < 7). (3.10)
Combining (3.8]) and ( we obtain
|zp(t) —z,(t)] > h(t) = max{hi(t), ha(t)}, t> 7. (3.11)

We observe that the function hy(t) = a(t — 7,), t > 7,, increases and the function hy(t) = a, —

20T (t —7,), t > 7,, decreases. It is not difficult to see that the function h(t), ¢ > 7,, takes its
minimum at the point ¢ = ¢, where the graphs of the functions h,(t) and hy(t) intersect. To find this
point, we solve the equation h,(t) = ho(t):

alt —1,) = a, —204/T(t — 7).
Denote /T — 7, = d to obtain the equation
ad® + 20VTd — a, = 0. (3.12)
Using the inequality aa, < aa; < 0T, we estimate the positive root of equation ([3.12)):

de —oVT + /T + aa, B a, S a, B a,
o oVT + VoiT +aa, oVT + 2T + 02T aﬁ(l—i—\/ﬁ)'

Hence,
2 2
aa aa

h(t,) = hi(t,) = ad® = L 5 > —e (3.13)
(a\/T(l + \/5)) 6"

Since the FE moves only on the time interval [7,,7,], therefore, we obtain from and (3.13)
that

2

[2alt) = 2p(O)] 2 h(t) > o T <t<T, (3.14)

C. We estimate the distance between the FE z,(t) and the evader y(t) on 7, <t < 7.
Using equation z,(7,) = y(7,) we have the following

(0 =501 = | [ () = Vi) ds|, m<t<T, (3.15)

where V,(t) = (Vpl(t),a +U(t), 7, <t <.

To estimate (3.15), we consider the following two cases: (i) Tp1 > 7, (ii) Tp41 < 7.

If (i) 7pia > 7, is the case, then by the property of the funct1on r(t) we have r = r(t) = p
for r, <t <7 and hence, by (3.3) the maneurer v(t) = V,.(t) = (V,1(t),a + U(t)) has the form
v(t) = V,(t), 7 § t < 7). Then, clearly, (3.15) implies that

ly(t) = 2,()] = 0.
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Let now (ii) 7,41 < 7, is the case. Then, r = r(t) = p for 7, <t < 7,14, and, hence,
v(t) =Vo(t), 7 <t < Tppa

Consequently, v(t) coincides with w,(t) on 7, <t < 7,1, implying that y(t) = 2,(t), t € [1,, Tp41]. In
particular, we have y(7,11) = 2,(7,+1). Using this we obtain the following, for the distance |y(t)—z,(t)|

on [TPJrl ) 7—1;] )

(0 =201 = | [ @0 =Vilo)ds| < [ o(s) = Vifs)lds

< [ RE Vst [ ) - Vs (3.16)

[Tp+1,t\Jp+1 [Tp+1,t]NTpt1

Since r(t) = p for t € [1,,7,) \ Jp11 and [1,41,¢] \ Jp+1 - [Tp, 7,) \ Jpt1, therefore v(t) = V,(t) for
t € [Tpt1,t] \ Jps1. This implies that the first integral in is equal to 0. Thus, ) takes the

form
wO-501< [ e -V)lds
[Tot1,t1NTp41

From this in view of

[0(s) = Va(s)] = [Via(s) = Via ()] < [Ver()] + Vi (5)] = 20 + [y (8)] + |upa (s))]

we obtain
0 - 501< [ ot +lpGds = [ 20ds+ [ un@lds+ [ lup)lds
Jp+1 Jpt1 Jpt1 Jp+1
(3.17)
To estimate the first integral in (3.17]), we have the following
/ 2ads < 2ames(Jy11) < 2 Z 7 —7;) < 2a Z L <4 Z a; < 8api1. (3.18)

1 1 1
Jot1 Jj=p+ Jj=p+ Jj=p+

To estimate the second and third integrals in -, we use the Cauchy-Schwarz inequality and

- ) to obtain

1/2 12
/|ur1 Jlds < /12d3 (/ \url(s)lz(s)ds> < Bays pVT (3.19)

Jp+1 p+1

and

p+1

1/2 12
/ fuy (5)|ds < / 12ds ( / |up1(s)|2(s)ds) < /Bay: pVT. (3.20)

JIp+1

Combining equations (3.17)), (3.18)), (3.19) and (3.20]) we obtain the following estimate for |y(t) —z,(¢)|:

ly(t) — 2, ()] < 8ayy1 +4pVT/2a, 11 < 5pV2T /3,1, (3.21)

Here we used the inequality a,1 < a; < %5~ followmg from
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D. We estimate the distance between the pursuer z,(t) and the evader y(t) on the time interval

[7p, 7). By (3.14)) and api1 < W@ we have
Iy(t) —ap(t)] 2 |x,,( ) = zp()] = [z (t )—y(t)l
2

> 6 2T —5pV2T\fa, i1 > 120 2T' (3.22)
Next, we estimate y,(t) — x,(t) for t > 7). We observe
Y2(7p) — p2(7p) = —[y(7p) — 2p(7)| = —ap.
Since zp2(7,) = y2(7,), we have
2p2(Ty) = Tp2(7,) = Y2(Tp) — Tp2(T) + / (a+U(s) — up(s)) ds
g M 1/2
> —a, + / a+ (Z ué(s)) — Up(s) | ds
i=1
> —a, + a/ds = —a, +a(r, — 7,) = a,. (3.23)

Tp

Here we used the definition TI/) =71, + 2ap

[e3

By definition of control of FE and evader wv,(t) = Vj»(t) = a + U(t), t € [7,,7,) and therefore
Ya(t) = 2p2(t), t € [, 7;]. In particular, yo(7,) = 242(7,). In addition, since vy(t) = a+U(t), t € [0, 7]
and vy(t) = U(t), t > T, therefore, we have vg( ) > U( ) > |upa(t)| for all ¢ > 0. Hence, by (3.23)), for
t>7,

Ya(t) — wpa(t) = ya(7)) + /vg(s)ds — | 7pa(7)) + /upg(s)ds

= 2p2(7,) = Tpa(7) + / (v2(8) = upa(s)) ds > 2zpa(7,) = 2pa(T,) = ap- (3.24)

Consequently,
Yao(t) — xpa(t) > ap, t >, (3.25)

In summary,
1) |y(t) — x,(t)| > ap, 0 <t < 7,, by the definition of time 7,

2) ly(t) = y(t)] > 12k > aper, 7y <t < 7, by (B2 and inequalities

QAp+1 < c a4 < a27
12027 7 12027 7

3) ly(t) =z, ()| = ay, t > 7, by (3.29).

These inequalities allow us to draw the conclusion that z,(t) # y(t) for all £ > 0, which means that
evasion is possible.

The conclusions 1)-3) derived above imply that |y(¢) — z,(¢)| > a,+1 for the pursuer z,, for which
the a,-approach time 7, is occurred. This means that for the pursuer x, another a,-approach time
with & > p + 1 further will not occur. Therefore, for each pursuer z;, i € {1,2,...,m}, either an
a;-approach time 7; will not occur or it occurs only once. Hence, the number my of all approach times
7; is finite. More precisely, my < m. The proof of the theorem is complete.
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4. CONCLUSIONS

We have studied a differential game of evasion with multiple pursuers and a single evader in which all
players’ control resources vary over time. The evader’s available control resource exceeds the aggregate
resource of all pursuers. To the best of our knowledge, evasion problems under integral constraints of
this type have not been addressed in the literature.

Our main contributions are (i) an evasion theorem establishing sufficient conditions for successful
evasion and (ii) an explicit evasion strategy for the evader that guarantees capture avoidance under
those conditions.

As future work, it would be natural to investigate analogous games under alternative constraint
classes for the evader and/or to extend the analysis to higher-order dynamics.
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symmetric space
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Abstract. This paper is devoted to the study of the geometric structure of neutral strongly facially
symmetric (SFS) spaces, which provide a natural framework for modeling aspects of quantum mechan-
ics in geometric terms. We investigate the representation of symmetric faces associated with complete
and maximal geometric tripotents and establish their connections with split faces. Based on these
results, we obtain a geometric description of the unit ball in neutral SFS-spaces. Furthermore, we give
a characterization of real neutral SFS-spaces, highlighting their structural properties and the role of
geometric tripotents in determining the organization of the unit ball.
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1. INTRODUCTION

Mathematical models of quantum mechanics provide a powerful and versatile framework for de-
scribing the behavior of quantum systems. These models comprise a wide spectrum of methods and
approaches, reflecting both algebraic and geometric perspectives.

In the works of Sh.A. Ayupov, B. Iochum, and N. Yadgorov, a so-called “convex” model was
developed, whose central concept is the study of convex sets of states of physical systems. Within
this framework, the authors investigated geometric characterizations of projective convex sets [1} |2} 3}
4]. Further contributions by E. Alfsen, F. Schultz, H. Hanche-Olsen, and B. Tochum [5], 6] established
geometric conditions on convex sets that ensure their affine isomorphism to the state space of a C*-
algebra, a von Neumann algebra, or a JB-algebra. The geometric properties of convex sets presented
in the works of E. Alfsen and F. Schultz demonstrate the existence of unordered analogues of JB*-
triples.

A significant geometric approach to quantum mechanics is provided by the theory of strongly facially
symmetric (SFS) spaces, introduced by J. Friedman and B. Russo in |7, |§]. These spaces supply a
natural framework for analyzing the unit ball of the predual of a J BW *-triple, enabling one to describe
the associated convex sets entirely in geometric terms.

In [8, Proposition 4.5] it was proved that for any fixed geometric tripotent w in a neutral strongly
facially symmetric space Z, the set

L, ={veGUu:v<w}U{0}

is a complete orthomodular lattice with the least element 0, the greatest element w, and orthocom-
plementation given by v + v+ = w — v, where G4 denotes the set of all geometric tripotents of the
unit ball of the dual space Z*. It should be emphasized that a detailed description and representation
of the symmetric face F,, corresponding to the geometric tripotent w makes it possible to obtain a
geometric characterization of the unit ball of a facially symmetric space and to describe its internal
structure, since symmetric faces of the unit ball play a fundamental role in the theory of facially
symmetric spaces.

In [9] the notion of a strongly split face of the unit ball of a neutral strongly facially symmetric
space was introduced, and it was shown that if for every element u € L, the symmetric face F}, is a
strongly split face, then the lattice L, acquires the structure of a Boolean algebra.

In the present paper, relying on the indicated structural role of symmetric and strongly split faces,
we describe a representation of the symmetric face F,, corresponding to a complete (see Theorem [3.1])
and maximal (see Theorem geometric tripotent w, by means of a split face F,, where u € L.
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Such a representation makes it possible to explicitly relate the lattice structure of geometric tripotents
belonging to L, to the geometry of the corresponding symmetric face of the unit ball of a facially
symmetric space. It should be stressed that in the theory of facially symmetric spaces the unit ball
is the principal geometric object, since its facial structure completely determines the geometry and
analytic properties of the space. In this context, Theorems and 3.4 play a key role, as they provide
a precise description of the structure of symmetric faces corresponding to complete and maximal
geometric tripotents and thereby form the basis for a geometric characterization of the unit ball. As
direct consequences of these results, Corollary3.8| gives a representation of the unit ball of a neutral
strongly facially symmetric space, and Corollary provides a description of a real neutral SF'S
space.

Throughout this work, we adhere to the terminology and notation established in |7} [8, |10, |11} 12,
13].

2. PRELIMINARIES

We start by reviewing certain notions from the theory of JBW *-triples that are essential for for-
mulating and understanding the corresponding concepts in facially symmetric spaces.

Definition 2.1. A Banach space E over C is called a JB*-triple if it is equipped with a triple product
(a,b,¢) — {a,b,c} mapping F x E x E into F, such that
(i) {a,b,c} is linear in a and ¢, and conjugate linear in b;
(ii) {a,b,c} is symmetric in the outer variables, i.e. {a,b,c} = {c,b,a};
(iii) for every xz € E, the operator L(z,z) : E — E defined by L(z,x)y = {z,z,y}, where y € E,
is Hermitian with nonnegative spectrum;

(iv) the triple product satisfies the following identity, called the main identity:
L(z,z){a,b,c} = {L(z,x)a,b,c} — {a, L(z,x)b,c} + {a,b, L(x, z)c};
(v) for every x € E, the following equality holds:

I, z, 2} = [|l=]°.

A nonzero element u of a JB*-triple E is called a tripotent if u = {u,u,u}. Two elements a and
b are said to be orthogonal (aLlb) if {a,b,z} = 0 for every x € E. The quadratic operator @ on E is
defined (see [13, §1]) by
Q(x)y:{x,y,x}, z,y € E.

The Peirce projections Py,(u) (k = 0,1,2) corresponding to a tripotent u are defined as
Py(u) = Q(u)?, Pi(u) =2(L(u,u) — Qu)?*), Po(u)=1I—-2L(u,u)+ Q(u)*

It is clear that Z?ZOPj(u) = I and L(u,u) = Py(u) + 3P (u). Moreover, in [13, Corollary 1.2] it
was shown that the operators Py(u) (k = 0,1,2) are contractive projections.

We denote by Ejx(u) the range of the projection Py(u): Ei(u) = Py(u)E, where k = 0,1,2. It is
known (see |14} Fact 4.2.14]) that

E = Ey(u) ® Ey(u) ® Ey(v), Ej(u)={z€E: {u,u,z} =1z}, j=0,1,2.

A JB*-triple E whose predual F, is a Banach space is called a JBW*-triple.

We now introduce the key concepts from the theory of facially symmetric spaces, illustrate them
with examples, and explain the motivation behind their definitions. For clarity, we compare these
notions with their analogues in operator algebra theory, particularly in the theory of JBW*-triples.
This approach makes it possible to trace the logical steps leading to the definition of facially symmetric
spaces and to describe the structure of their unit balls.

Let Z be a real or complex normed space. A central notion in the construction of facially symmetric
spaces is the definition of orthogonality of elements of Z: elements f, g € Z are called orthogonal (f{g)

if [[f £ gll =171+ llgll-
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Example 2.2. |15, Lemma 2]. Let f and g be normal functionals on a von Neumann algebra A, and
let v and v be partial isometries corresponding to their polar decompositions, respectively. Then u
and v are orthogonal if and only if f{g.

Example 2.3. Let E, be the predual of a JBW*-triple E. Then for every nonzero element f € F,
there exists a nonzero tripotent u € E which is the least tripotent such that

u(f) = Il
This u is called the support tripotent for f and is denoted by v(f) (see [16} |13]).
In [17, Theorem 5.4] it was proved that for f,g € E,,

fOg < w(f)Lu(y).

Recall that a convex subset F' of the unit ball Z; = {f € Z : ||f|| < 1} is called a face if for f,g € Z;
and ¢ € (0,1) the condition ¢f + (1 —t)g € F implies f,g € F. A face F is called a norm-ezposed face
it F=F,={f¢€Z : f(u) =1} for some u € Z* with [Jul| = 1.

Subsets S, T C Z are called orthogonal (SOT) if fOg for all (f,g) € S x T. For a subset S of Z we
set

S®={feZ: fOg, Vg€ S}

and call S¢ the orthogonal complement of S.

An element u € Z* is called a projective unit if |Ju|| = 1 and (g,u) = 0 for all g € F°. Note that
if F, # 0, then F, is a norm-exposed face of the unit ball Z; parallel to F°, i.e. (u,F,) = 1 and
(u, F®) = 0.

We denote by § and &L the sets of all norm-exposed faces of Z; and all projective units in Z7,
respectively.

Definition 2.4. A norm-exposed face F' is called a symmetric face if there exists a linear isometry
Sp : Z — Z with S% = I such that the fixed-point set of Sr is 3pF @ F©. In particular, F'® is a closed
linear subspace. We call Sr the symmetry associated with F.

If a symmetric face F' of the unit ball Z; consists of a single point, it is called a norm-ezposed point.
We denote by exp Z; the set of all norm-exposed points of Z;.

Using symmetric faces, we now define the notion of a geometric tripotent, which plays the role of
the analogue of a tripotent in a JBW *-triple.

Definition 2.5. A projective unit u € Z* is called a geometric tripotent if F, is a symmetric face and
St u = u for the symmetry Sg,.

We denote by S§F and G the sets of all symmetric faces of Z; and all geometric tripotents in Z7,
respectively.

Definition 2.6. A real or complex normed space Z is called a weakly facially symmetric space (W F'S-
space) if every norm-exposed face of Z; is a symmetric face.

One of the fundamental examples of a W F'S-space is the predual of a von Neumann algebra (see
[12, Lemma 2.8 and Lemma 2.10]). It should also be noted that in [8, Proposition 1.6] the bijectivity
of the mapping

GU>u — F, € S%

was established in the case where Z is a W F'S-space.

Earlier, we introduced the definitions of Peirce projections in a J BW *-triple. A significant property
of JBW*-triples is the existence of a Peirce decomposition associated with a given norm-exposed face,
where each component is itself a JBW*-triple.

On a W FS-space the projections Py (F,) (k€ {0,1,2}), which are analogues of the Peirce projec-
tions in a JBW*-triple, are defined for each symmetric face F,, (u € GU). They are called geometric
(or generalized) Peirce projections:

Pi(F,)=53(I-Sk,), P(F)Z)={fe€Z: Sp.f=-f}
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Here Py(F,) and P»(F,) project Z onto F and 3pF,, respectively.
For convenience, we introduce the notation:

Z”< = U, Pk(Fu) = Pk<U), Pk(U)Z = Zk-(U), Z;(U) = Uk('LL), SFu = Su,

T={MNeK: |[N=1}, ke{l,2,3}, K=Ror K =C.
It is clear that

Py(u) + Po(u) = %(I +S.), Py(u)+ Pi(u)+ Py(u) =1, Py(u)— Pi(u)+ Py(u) =S,.

Recall that a contractive projection ) on a normed space Z is said to be neutral if, for every f € Z,
the equality ||Qf]| = ||f|| implies Q@f = f. A normed space Z is called neutral if, for each symmetric
face F,,, the corresponding projection P;(u) is neutral.

Definition 2.7. A W F S-space Z is called a strongly facially symmetric space (SFS-space) if for each
symmetric face F, of Z; and for every v € Z* with |[v|| =1 and F, C F,, we have S*v = v.

Important examples of SF'S-spaces are the predual spaces of von Neumann algebras |12, Theorem
2.11] and the predual spaces of JBW*-triples |12 Theorem 3.1]. In these cases, the SFS-spaces are
neutral.

Definition 2.8. Let Z be a strongly facially symmetric space. A geometric tripotent u is called
e mazimal if Uy(u) = {0};
e complete if Uy(u) = U,
e unitary if Z; = co(F, U —F,).

For geometric tripotents u,v we write u < v if F,, C F,. If u < v and u # v, we write u < v.

Definition 2.9. (see [7, §2]) Let Z be a normed space. Elements u,v € Z* are called orthogonal if
there exists a symmetric face F' C Z; such that
(i) u € im P(F)* and v € im Py(F)*;
or
(ii) weim Py(F)* and v € im Py(F)*.
In this case we write uv and v u.

Definition 2.10. A neutral SE'S-space Z is said to satisfy the FE-condition if every norm-closed
face of Z; (different from Z; itself) is a norm-exposed face.

3. GEOMETRIC DESCRIPTION OF THE UNIT BALL OF A NEUTRAL STRONGLY FACIALLY SYMMETRIC
SPACE

Recall that a face F' of a convex set K is called a split face if there exists a face G, called the
complementary face to F, such that F NG = () and K is the direct convex sum F @, G, i.e., every
element f € K can be uniquely represented in the form

f=tg+(1—t)h, tel0,1],9g€ F, heq.

Let Z be a strongly facially symmetric space and let u,w € GA. If u < w, then by [8, Lemma 4.2]
it follows that (w — u) € GU and (w — u){du. In this case the geometric tripotent w — w is called the
orthogonal complement of u and is denoted by ut.

Let Z be a neutral SFS-space and let w be a fixed geometric tripotent in the space Z*. A symmetric
face F,, C F,, is called a strongly split face if the following equality holds:

Fw:E:,EBcFuL-

Theorem 3.1. Let Z be a neutral SFS-space with the (FE)-condition and let w be a complete geo-
metric tripotent. If a symmetric face F,, C F,, corresponding to a geometric tripotent u is a split face,
then F,, admits the following representation:

F,={fe€Z: f=|Pfllg+ |P(u")f|h, g € Fu, h € Fyu}. (3.1)
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We first prove the following auxiliary lemmas.

Lemma 3.2. Let Z be a neutral SFS-space. If w is a complete geometric tripotent, then for every
f € F, and for every u < w we have:

() [1P(w) I+ [ Pa(ut) fl = 15
(i) [|P2(u)fllg + 1 Po(ub) flIh € Fugurs g € Fu, h € Fu.

Proof: (i) From [18, Corollary 3.4(iii)] it follows that P;(u') = Py(u). Hence, by [8, Proposition 1.5]
we obtain:

Su
IPo(w) £l + [Pt ) £ = [1Po(w) £I| + [ Po@) | = [1Po(w) f + Po(w)f]| = Hf+2f|
According to |19, Lemma 1] we have S, f € F, hence (f + S, f)(w) = 2, and therefore
Su
1Pl + | Pa(uty = L5y

(ii) Since gOh, by [20, p. 5.127] we have

P2 () fllg & (| Pa(u) f| -
Then, by the definition of orthogonality and property (i), it follows that

[1P2(w) fllg + (| Po(wb) fl|1]| = [|1Po(u) I + | Po(ut) I = 1.

Moreover, by [7, Proposition 1.1(d)] we have

(IP2(w) fllg + 1P2(u™) flIR) (u+w™) = [[Po(w) fI| + | P2(u”) ]| = 1.
Thus,
[Po(w) fllg + 1 Po(u) fllh € Fupur
Il

Lemma 3.3. Let Z be a neutral SFS-space. If w is a complete geometric tripotent, then for any
u < w we have:

F,®.Fpo ={f€Fuur: f=|Pu)fllg+||Po(u")f||h, g€ Fy, h € Fuu}. (3.2)

Proof: Denote the expression on the right-hand side of equality (3.2) by A. Let Vf € F, @ F,, i.e.
f=ag+ Bh, where o, >0, a4+ =1,g € F, and h € F,.. Since g{h, by |7, Proposition 1.1] and
[11, (16)] we have
a= f(u)=|P(u)fll, B=f(u —||P2 f“;
hence f € A, and therefore F, & F,. C A.
Conversely, let Vf € A, i.e.

= |P(u)f|lg+ | Po(uw")f||h, g€ Fu h€F,u. (3.3)

From Lemma [3.2](i) it follows that f € co(F, U F,.). It remains to prove the uniqueness of represen-
tation (3.3]).
First, consider the case when ||Py(u)f|| # 0 and || P>(u™)f|| # 0. Suppose

F=1P)flg+[[Po(u) f| b= IPa(uw) fl g + | Po(u) £

where g,¢' € F, and h,h’ € F,.. Since Zy(u),Zy(u) are subspaces of Z, and g¢,9' € Zy(u),
h,h' € Zy(u), then by [8, Proposition 1.5] we obtain

[Po(w) fll (g — ") & [[Pa(ub) f|| (B = 1).
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Hence,
[Po(w) fll g = g'll + || Po(ut) f]| [ — ]| = 0.

Since [|Py(u) f| # 0 and || P(u’) f|| # 0, it follows that |[g — ¢'|| = 0 and || — #'|| =0, i.e. g = ¢ and
h="h.

Now consider the cases when |[Py(u)f|| = 0 or ||P:(u)f|| = 0. Then f = |[[Py(u')f|h or
[ = ||P2(u)f]| g, respectively. Uniqueness in these cases is obvious. Note that ||P;(u)f| and ||P(uh) f||
cannot both be zero simultaneously, since ||f|| = 1.

Thus, F, ®. F,. = A. O

Proof of theorem From |9, Theorem 2.2] it follows that F), is a strongly split face, i.e. F, @,
F,. = F,. Hence, from (3.2) it follows (3.1)). O

Theorem 3.4. Let Z be a real neutral SFS-space with a unitary geometric tripotent. Then any sym-
metric face F,, corresponding to a mazximal geometric tripotent w admits the following representation:

F,={feZ: f=|Pfllg+|P(u")f||h, g€ F, heF,}, (3.4)

where u € GM and u < w.
We first prove the following auxiliary lemmas.

Lemma 3.5. If u is not a mazximal geometric tripotent, then there exists a geometric tripotent e such
that u < e.

Proof: Since Py(u) # 0, there exists a nonzero element f € Zy(u) N0Z;. Then v(f) € Up(u) (see
[11, §2]), and hence, by [7, Lemma 2.5], it follows that v(f)Qu and v(f) +u € G Therefore,
u<v(f)+u. O

Lemma 3.6. Let u,v be mutually orthogonal geometric tripotents. Then u+ v is maximal if and only
if u — v is mazximal.

Proof: Suppose u + v is maximal. Assume that v — v is not a maximal geometric tripotent. Then,
by Lemma there exists a geometric tripotent e such that u —v < e. Set w = e — (u — v). Then,
according to [8, Lemma 4.2], we have w{(u — v). Consequently, from |7, Corollary 2.6] it follows that
wdu and wdv. Hence, by [21, Lemma 3.2(e)] we obtain w(u + v). Therefore, u + v < u + v + w.
This contradicts the maximality of u + v. O

Lemma 3.7. If e is a maximal geometric tripotent, then any symmetric face F,, C F, is strongly split.

Proof: First, we show that F, = co{F, U F,.}. For this, it suffices to establish the inclusion F, C
co{F, U F,.}. Since e is maximal and ¢ = u + u*, it follows from Lemma that the geometric
tripotent u — ut is maximal, and therefore unitary (see |22, Lemma 4.1]). Hence,

Z) = CO{Fu,uL U Fuqu}'
Thus, every element f € F, can be written in the form
f=tg+(1—t)h

for some g,h € F,_,+, F,._, respectively, with 0 <¢ < 1.

We now consider the following cases.

Case 1. If t =0,then fe F.NF,. ,=F ot NFu = F,..

Case 2. If t =1,then fe F.NF, . =F .. NF,_,. =F,.

Case 3. If 0 < t < 1, then applying the geometric tripotent e = u +u't to f = tg + (1 — t)h, we
obtain

L= (e, f) = (u+ut,tg+ (1 —t)h) =t{u,g) +t{u',g) + (1 —t)(u, h) + (1 — t){u*, h). (3.5)
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Since g € F,,_,+ and h € F,._,, we have
1=(u-— uL,g> = (u,g) — <uL,g>, 1= <uL —u,h) = <uL,h> — (u, h).

Thus,
l=t+1—t=1t((u,g) - (u",g)) + (1 - t)({u',h) = (u, h)) =

= t(u,g) — t{ut,g) + (1 —t)(u*,h) — (1 —t)(u, h).
From and it follows that
tu, g) + (1 — t){u, h) = 1.
Since |(u,g)| <1 and |<ul, h>} < 1, this equality implies that
(u,g) = {(ut, h) = 1.
Hence, g € F,, and h € F, .. Therefore,
f=tg+ (1 —t)h € co{F,UF,.},

which proves that F, C co{F, U F,.}.
Thus, F, = co{F, U F,.}. Taking into account that F,{F,., we obtain F, = F, ®. F,., i.e. the
symmetric face F, is strongly split. O

Proof of theorem Since w is a maximal geometric tripotent, it follows from Lemma [3.7] that
any symmetric face F, C F,, is strongly split. Then, from Theorem 3.1 it follows that F,, admits the

representation (3.4]). O
From Theorem [3.4] the following statements follow.

Corollary 3.8. The unit ball admits the following representation:
Zyv={feZ: f=|P(u)flg+||P (u") [ h. g € co(F,UF_,), h € co(Fs UF_,1) }.
Corollary 3.9. Let w be a mazximal geometric tripotent.

(i) For any geometric tripotent u < w we have
Z=2Z,(u)®Zy(u"), and P (u)=0.

(ii) Let uy and uy be mutually orthogonal geometric tripotents such that uy,us < w. Then the
following equality holds:

Py (uy +up) = Py (uy) + P (us) .

Proof: (i) From the unitarity of w (see |22, Lemma 4.1]) and the strong splitness of F,, (see Lemma
we obtain

Z =spZy =sp{co(F,UF_.)} =spF,=sp(F,®.F,.)=spF,®spF,..
Since sp F,,$sp Fy 1, it follows that sp F,{3sp F,+, and hence
Z =3pF, ®3pF,. = Zy (u) ® Zy (u™).

This implies that P (u) + P, (u*) = I. Since P; (u) Py (u) = 0 and P, (ut) = Py (u) P> (ut) (see [8,
Corollary 3.4]), we obtain P; (u) P, (u*) = 0. Therefore,

Py (u) =P, (u)I =P (u) [P (u)+ P (u")] =0.
(ii) From [8, Lemma 1.8] we have

Py (uy + ug) = Py (uq) Po (ug) .
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Using this equality and taking into account Pj (u;) = P (uz) = Py (u; +uz) = 0, as well as [8,
Corollary 3.4], we obtain:

Py (uy +us) =1 — Py (uy +ug) = I? — Py (uy + us)

= (P (u1) + Py (u1)) (P (u2) + Py (u2)) — Py (u1) Py (us)
Py (u1) + Ps (uz) + Py (u1) Py (uz) — P (u1) Po (uz)
Py (uy) + Py (us) .

e
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1. INTRODUCTION

Catalan’s conjecture(or Mihailescu’s theorem) [1, [2] is a theorem in number theory that was con-
jectured by the Belgian mathematician Eugene Charles Catalan (1814-1894).The integers 2% and 32
are two powers of natural numbers whose values (8 and 9, respectively) are consecutive. The theorem
states that this is the only case of two consecutive powers. That is to say, that the only solution in
the natural numbers of the equation:

" -yt =1

formn>1;z,y>0isx=3,m=2,y=2,n=23.

Catalan mentioned this conjecture as a problem in the section Théoremes et problemes on p. 520
of the first volume of the journal Nouvelles Annales de Mathématiques in 1842. [3] The conjecture
was received by the editor of the Journal fiir die Reine und Angewandte Mathematik as a letter
from Catalan, and published in the journal in 1844. [4] Catalan, at that time a teacher at I’_Ecole
Polytechnique de Paris, had won his reputation with a solution of a combinatorial problem. The term
Catalan number, still in use, refers to that problem. As to the equation, Catalan wrote that he could
not prove it completely so far. He never published any serious partial result about it either [1]. The
only results of Catalan on this equation are simple observations in his Mélanges Mathématiques,XV,
published much later in 1885.[5] Catalan’s conjecture was proven by Preda Mihailescu in April 2002.
The proof was published in the Journal fiir die reine und angewandte Mathematik, 2004. It makes
extensive use of the theory of cyclotomic fields and Galois modules[6]. This article provides some
elementary analyses of integer powers, and proves in that light, Catalan- Mihailescu Theorem.

2. INTEGER POWERS AND CATALAN- MIHAILESCU THEOREM
Lemma 2.1. When x,y, m,n are positive integers, x™ — y™ = 1 then we have m,n co-primes.
Proof: Suppose, m,n are not co-primes. Let m = ru,n = rn when u, n are positive integers. Then
By =y = () = () = (@) (@) (7)) £
Contradicts our equation. So, m,n are co-primes. O
Lemma 2.2. When x,y, m,n are positive integers, x™ — y™ = 1 then we have x,y co-primes.

Proof: Suppose, x,y are not co-primes. Let © = ra,y = r3 when «, 8 are positive integers, o # 3 .
Then, if n > m we have,

if m > n we have,
if m = n we have,
" —y" = (ra)" = (rf)" = (ra)" — (rB)" =r"(a™ = ") # 1

All contradict our equation. So, x,y are co-primes. (]
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Lemma 2.3. When z,y, m,n are positive integers, ™ — y™ = 1 then x,y are not both odd.

Proof: Suppose, z,y are both odd. Then when k is an integer,
:L,'"L _ y"L — 2k: # 1
Contradicts our equation. So, z,y are not both odd. O

Lemma 2.4. Vu > 1,w € N, 3z € N, such that, u* = (u+ 1)z + 1 where z = u(z;u + 1) — 1 when
0=120 <z <z, and z; is immediate previous value of z . The formula defines parity of z which is
odd when u even, even when w odd iterating over zo = 0.

Proof: We see,

2271 =3x1+1=4 I =4x2+1=9 41 =5x3+1=16
222 =3x5+1=16 | 3%?=4x20+1=81 [5*'=6x4+1=25
2283 =3x214+1=064 3% =4x182+1=729 6" =Tx5+1=236

Here we see the pattern, u?** = (u+ 1)z + 1.
By induction method, the next expression,

u2(w+1) — u2w+2 — u2 x u2w — UQ((U + 1)2 4 1)
=u+)z*+ v’ =@w+Dzu* +u* —1+1=(u+1)(zu*+u—1)+1.
Letting w+1 = w; and zu® +u—1 = u(zu+1) — 1 = 2;, the pattern of expression remains the same,
u?t = (u+ 1)z +1

So by induction we prove, Vu,w € N, 3z € N, such that, u** = (u+1)z+1, and also get the formula,
z=wu(ziu+1)—1 when 0 = 2y < z; < z, and z; is immediate previous value of z . The formula defines
parity of z which is odd when u even, even when u odd iterating over zq = 0. O

Lemma 2.5. Vu > 1,w € N, 3z € N, such that, u**™ = (u+ 1)z — 1 where z = u(z;u — 1) + 1 when
1 =29 <2z <z (20 =0 gives negative value) , and z; is immediate previous value of z . The formula
defines parity of z which is odd when u even, odd when u odd iterating over zq = 1.

Proof: We see,

27T T =3 x3-1=38 T =4 x7-1=27 [ 4P T=5x13-1=64
2T =3 x 11 -1=232 | 372 =4 x6l —1=243 |57 =6x211=125
22T =3 x 43 — 1 =128 37T =4 x 547 — 1 = 2187 | 67 F =7 x 31 — 1 =216

Here we see the pattern, vt = (v + 1)z — 1.
By induction method, the next expression,

QRFDHRT 20k 2 ekl 2 4 1), )
=(u+zu®—v?=(u+Dzv> -’ +1-1=(u+1)(zv* —u+1)—1.
Letting w+1 = w; and zu? —u+1 = u(zu — 1) + 1 = 2;, the pattern of expression remains the same,
w? T = (u+ 1)z, — 1

So by induction we prove, Vu,w € N, 3z € N, such that, u?**! = (u+1)z —1, and also get the formula
z=u(ziu—1)+1 when 1 = zy < 2; < z (20 = 0 gives negative value), and z; is immediate previous
value of z. The formula defines parity of z which is odd when u even, odd when u odd iterating over
zZ) — 1. ]
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Corollary 2.6. When u > 1,w,v € N, either w = v or w # v we have,
(1)
v =1 mod (u+1)
(ii)
w* ™ = -1 mod (u+1)
So,
u? =u*™ +2 mod (u+1)

u?” + v =0 mod (u+1)

Theorem 2.7 (Catalan- Mihailescu Theorem). When z,y, m,n are positive integers, for
"=y =1 (2.1)
Only non-trivial solution is (z,y,m,n) = (3,2,2,3)
Proof: (i)Relating lemma 2.4 to Catalan- Mihailescu equation we have,
' =(u+1z+1=07+1 (2.2)
or subtracting 1 from (2.2) we have,
v=(u+1)z=u*"—-1=@W"—-1)(u"+1)

We see, u+ 1|v9. It is not possible to make perfect power by w > 2, as we have then two shown factors
factorizing differently with ged either 1 or 2, we need perfect power factors such that for the ged = 1 we
have u” —1 = @Y and u" + 1 = b7, two more smaller Catalan- Mihailescu equations (leading to infinite
descent), moreover we then have three consecutive integers, a?, u®, b9 being perfect powers, two of the
same exponent (for a,b > 1, minimum gap v —a? = (b—a)(b9" ' +...a9" ) > b9 ' +... a9 > b+a),
which is absurd; only possibility with gcd = 1 is when a factor is non-contributory u* — 1 = 1, and
u =2, w =1 making u+ 1|v9, a trivial g = 1 and v9 = u+ 1 = 3, the equation (2.2) becomes a trivial,
22 = 3 + 1; for the gcd = 2 the product of the factors will be of the form of 2a? - 2b9 = 22a9b¢ then
g = 2 but powers of the same exponent, a9, b? are consecutive integers which is absurd unless g = 1
trivial, v = 4ab.

(ii)Relating lemma 2.5 to Catalan- Mihailescu equation we have,

Wt =(u+1)z—1=v"-1 (2.3)
or adding 1 to (2.3) we have,
vW=@u+1)z=v"""+1=(u+1)w*—-...1)=(w+D)@* (u-1)...+1)

The second factor, is always odd because it has odd number of terms, the last being 1, signs being
alternating, the 1st and last terms have positive signs, for © > 1 the second factor is not divisible
by wu, for u > 2 the second factor is not divisible by either v or u — 1, only divisible by u + 1 when
u=2u—1=1 w=1,and v* ' u—1)...+1 =wu(u—1)+1 =wu+1. It is not possible
to make perfect power by w > 1, odd exponent 2w + 1 > 3, as we have then two co-prime factors

(u+1) < (WP(u—1)+uu—1)+1)= (v* —u*+u* —u+1) < (u* —...1); only possibility is u = 2,
w=1 (u+1)(u+1)=(u+1)?> =0 v=2+1=3, g =2, from equation (2.3) we have, the only
non-trivial equation, 3% = 23 + 1. O

As before the proof by Mihailescu, then Catalan conjecture had been verified for very big numbers,
for which the number with the bigger base of the consecutives and smaller exponent would be smaller
because, by their natural logarithms, In (u + 1) = wln (v + 1) < wlnu+Inu = Inu*** so, (u+1)* <
u”*! then for big numbers, it could be, u*** —(u+1)* = 1 or,(u+1)* = u* -1 = (u—1)(u’+...+1)
which is not possible as sides have un-shared factors unless w = 1,u = 2. Moreover, when s >t > u > 2

"

we have, log, & = log, t* —log, s' = slog, t —tlog, s > 0 = log, 1. Only exception, 3log, 2 —2log, 3.
So, 27 > 1 or, t* > s'.
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3. CONCLUSION

Catalan’s Conjecture in number theory is one of those mathematical problems that are very easy to
formulate but extremely hard to solve[l]. This conjecture remained unproven since 1844 till 2002.[1}
6] In this article we provided some elementary analyses of integer powers, and in that light we proved
Catalan- Mihailescu Theorem.
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1. INTRODUCTION

Following Yu. L. Ershov ([1]), we give a definition of the enumerated universal algebra of effective

signature o = (=, fi"°, fi"*,...) (where m; is the number of arguments of the function into which the
functional symbol f/™ is interpreted and the mapping h : n — m,, is computable).

7

Definition 1.1. An algorithmic representation (or enumeration) of a universal algebra 2 =
(A;90,91,...) of signature o is any mapping v : w —> A of the set of positive integers w onto
the underlying set A of 2 such that the following condition holds:

there exists a two-place computable function G such that for any n € w, any v, ..., y.,, the equality

In(Vy1, - VY, ) = VG (N, ™ (Y1, ..., Ym, )) holds.

In other words, given v-indices of elements from A and the index of the operation g,, we can
effectively find some v-index of the result of applying this operation to these elements.

If v : w — A is an enumeration of the algebra 2, then the pair (2, v) is called an enumerated
algebra.

Note that every at most countable algebra of effective signature has an enumeration ([1]).

The kernel of the algorithmic representation v of the enumerated algebra (2, v) is the equivalence
{{(z,y)|ve = vy}. If v is a representation, then its kernel is denoted by ker(v). An enumeration is called
computable (positive, negative) if its kernel is computable (computably enumerable, co-enumerable).

For a fixed system, the classical problem is studying its various algorithmic representations and
relations between them (see the work [2] of S.S. Goncharov and Yu.L. Ershov), in particular, the prob-
lem of the existence of good representations (primarily computable ones) and their number (including
uniqueness, up to computable isomorphism).

On the other hand, within the duality paradigm, one can fix the kernel of a representation and
study the general properties of systems that have representations with this kernel. This approach
seems appropriate from the point of view of the theory of algorithmic representations of systems in a
number of problems, including in theoretical computer science (see the reviews [3} 4]).

Much attention is currently being paid to the study of algorithmic properties of equivalences on the
set of positive integers. A rich bibliography within the framework of the above-mentioned paradigm is
available in S.S.Goncharov and Yu.L.Ershov in [2]. Closely related to this problematic are questions
of the structure of algebras representable over equivalences. If 7 is an equivalence on the set of
positive integers w, then the universal algebra 2 is called representable over n (or an n-algebra) if
there exists an enumeration v with kernel equal to n (i.e. n = {{z,y) | vx = vy}). In other words, an
algebra 2l is representable over an equivalence 7 if there exists a family (not necessarily effective) F
of computable functions consistent with 7 (i.e., for each f € F : VZ,y[x =7 (mod n) = f(z) = f(7)
(mod n)]) such that 21 is isomorphic to the quotient algebra (w/n; F) of the computable algebra
(w; F) by the congruence 7. Moreover, the natural projecting homomorphism v(z) = {z}/n is an
enumeration from the computable algebra (w; F') onto 2. It is appropriate to note that the role and
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place of computable algebras in the theory of enumerated algebras are similar to the role and place of
absolutely free algebras of suitable rank in the theory of universal algebras, since in both cases there
exists a homomorphism from a suitable computable (some free) algebra onto 2. Note that any at
most countable universal algebra of countable signature has an enumeration (induced by the Godel
enumeration of the absolutely free algebra of terms in a solvable set of generators, [1]). The case of an
ineffective signature (of any algorithmic complexity) does not change the situation with the presence
of enumeration, i.e. every at most countable algebra of countable signature has an enumeration ([4]).

The word equivalence denotes an equivalence relation on the set of positive integers w. If 7 is
an equivalence, then the set a C w is called n-closed if a is the union of suitable n-classes (i.e.
r€aAzr=y(modn) =yEa).

If  is an equivalence on w, then the family of n-closed computable (computably enumerable) sets
defines a base of the computable (enumerable) topology 7(n)c (respectively 7(n)cg) on the quotient
set w/mn.

In complex self-organizing systems, the problem of recognition is apparently of great importance.
If a system is specified by its algorithmic representation, then from a mathematical point of view this
means that any pair of distinct elements is separated by algorithmically determined neighborhoods.
The most important types of separable enumerations of algebras are effectively separable, i.e., those for
which there exist computable (in the sense of [5]) families of separating computably enumerable sets.
The foundations of the theory of separably enumerated sets and the connections between separability
and effective separability were introduced, developed, and investigated by Yu.L.Ershov (see [5]).

Within the framework of the paradigm of the existence of an effective system of algorithmically
generated neighborhoods for an enumerated algebra, sufficient for recognizing the separability of any
pair of its elements, it must be recognized that it is precisely the most general concept of a separable
enumeration studied by Yu.L.Ershov in [5] in the case of enumerations of universal algebras that
can be interpreted as one of the mathematical refinements of the concept of a complex developing
system, intensionally defined by a family of representing computable functions together with the
kernels of homomorphisms (enumerations) and allowing effective recognition of the difference between
its constituent elements by separating them with suitable algorithmically determined neighborhoods.

An equivalence 7 is called computably separated (separable) if for any = # y (mod 7) there exists
a computable n-closed set containing x and not containing y (there exists a computably enumerable
n-closed set v such that either r ca Ay ¢ aorycanz ¢ a).

Let (NV,v) be an enumerated set. A subset Ny of N is called v-computable (v-enumerable, v-co-
enumerable) if the set v~' Ny is computable (computably enumerable, co-enumerable). If it is clear
from the context which enumeration of a set is meant, then we will call its subsets simply computable
(enumerable, co-enumerable) without the prefix v.

Each enumeration v is uniquely associated with its kernel (enumeration equivalence), i.e. the set
ker(v) = {(z,y) | v = vy} and when speaking about certain properties of an enumeration we often
imply the presence of these properties for the kernel. An enumeration is called computably separable
(separable) if its kernel is computably separable (separable).

An enumeration v is called effectively separable if its kernel ker(v) is so, i.e. there exists a com-
putable family & of computably enumerable ker(v)-closed sets such that for any z,y € w if v # vy
then there exists S € & such that either vz € vSAvy ¢ vS or vy € vS Ava ¢ vS ([5]). Such families
is called complete.

Thus, if separability ensures Ty-separability of the space generated by v-enumerable subsets, then
effective separability guarantees the existence of a computable enumeration for a suitable complete
separating family.

If (A, u), (B, v) are two indexed algebras, then the homomorphism ¢ : A — B is called a morphism
if it is effective on indexes, i.e. there exists a computable function f such that the diagram pu = v f
is commutative, which is completely natural from the intensional point of view. Therefore, all the
homomorphisms we consider are morphisms.

The most important ones in the framework of the structural theory of computably separated (sepa-
rable) algorithmic representations of universal algebras are negative and effectively separable algebras,
since we have
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Theorem 1.2. An algorithmic representation of an universal algebra is computably separable (sepa-
rable) if and only if it is approximated by negative algebras (effectively separable algebras).

Proof in |3} 6].

This fact emphasizes the exceptional role of negative algebras in the theory of separable enumera-
tions of universal algebras. Note that over every negative equivalence a finitely generated congruence-
simple algebra is definable (|7]). Similarly, over every negative equivalence with infinitely many cosets
a dense linear order is negatively definable (|6]). Nothing similar holds for positive equivalences ([4]).
The property of algorithmic uniformity inherent in negative algebras allows to solve some fundamental
problems in Computer Science ([8]).

Next, unless otherwise stated, by a topological space on the quotient set w/n by the equivalence 7
we mean the enumerably generated space 7(n)cg. The case of a 7(n)c-space generated by n-closed
computable subsets will be specified separately. It is obvious that the topology of 7(n)cE is generally
stronger than the topology of 7(n)¢, since computability is a special case of computable enumerability.

2. TOPOLOGICAL SPACES OVER COMPUTABLY SEPARATED EQUIVALENCES

Let us formulate the strongest separation properties for computably separable enumerations ([9]):

Proposition 2.1. For an arbitrary equivalence n on w the following conditions are equivalent:
(1) n is a computably separated equivalence;
(2) T(n)c-space is perfectly normal and totally disconnected.

First of all, we note the following important fact concerning computably separated enumerated
universal algebras.

Proposition 2.2. The operations of any enumerated algebra are continuous in a computably separately
generated space.

Proof: Let (w/n; <) be an arbitrary n-algebra (i.e., an algebra representable over 7). Note that we
do not assume computability of the family & of computable functions for which 7 is a congruence.
If f is a computable function of one variable, then there is nothing to prove, since the preimage of
a computable set is also computable. Suppose that f € & and the number of arguments n of f is
at least 2. Fix a set T = (x1,...,x,). We need to show that for any 7-closed computable set ¥
containing a number f(zy,...,x,), there exist n-closed computable sets X; > z,...,X, 3 z, such
that f(Xi,...,X,) CY. Take the complete f-preimage X of Y, ie. X ={u|f(u) € Y}. Clearly, X
is a non-empty computable set of tuples of length n if Y is computable. Fix any Godel enumeration
of all tuples in w™.

We construct the sets Xi,..., X, and Z C X in steps:

Step 0. XY ={z1},..., X ={z,} and Z° = @.

Step s+ 1. Let Z = (z1,..., z,) be the first tuple from X that does not belong to the set X7 x --- x
X3UZs If (X;U{zn}) x - x (X2U{2,}) C X, then we put X;t' = X;U{z1},..., X" = X3U{z,}
and Z**! = Z* (in this case, it may turn out that X;*' = X7 U {2} for some 1 < i < n), otherwise
Xt = X5 .., X2t = X2 and Z5t! = Z° U {z}. End of step s + 1.

Now define X, = U, X5, 1 <k <nand Z =J,, Z2°.

By construction, the computable set X splits into two enumerable disjoint parts — X; x---x X, and
Z, which implies the computability of the direct product. Note that both of these sets are n-closed,
and if some set (z1,..., z,) is distributed over X;,1 < k < n at some step (i.e. z; € X1,...,2, € X,,),
then all sets n-equivalent to this set that appear at later steps are distributed in the same way. The
correctness of the construction can easily be shown by induction on the steps of the construction. O

The most important open question: Is it possible to replace computably separated generated spaces
with separably generated spaces in the formulation of proposition [2.3¢

Note that the effective separability of an equivalence means that it lies in the class ITJ of the arith-
metic hierarchy, although it does not have a clear “coordinatization” in it, since there exist both
effectively separable equivalences outside the class A and AS-equivalences that are not effectively
separable, but both 3%-equivalences and II{-equivalences lie in the class of effectively separable equiv-
alences ([9]).
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3. EFFECTIVELY NON-DEGENERATE REPRESENTATIONS OF FIELDS WITH ADDITIVE INVERSIONS

Based on the above, a mapping v : w — F onto the underlying set of an at most countable
field (F';+,e,—) in a ring signature with the operation of additive inversion is called an algorithmic
representation of this field if there exist two binary computable functions f, g such that vx + vy =
vf(z,y), ve e vy = vg(z,y) for all x,y € w and one unary computable function h with the property
—vx = vh(z) for all x € w.

If n is an equivalence on w, then F is called representable over n (or an n-field) if there exists a
computable algebra of ring signature R = (w;+,e) with computable operations +, e for which 7 is
a congruence (i.e. xg = yo (mod n) Ax; = y; (mod n) = xg+ x1 = Yo + y1 (mod n) and xy = yp
(mod n) Axy = y; (mod n) = xyex; = yo ey, (mod 7)) such that F is isomorphic to the quotient
algebra (w/n; +, ) of the computable algebra R = (w;+, ®) by the congruence 7.

Note that the algebra R may not be a ring. In particular, the laws of associativity and commutativity
may not hold in R. The only important thing is that there exists a homomorphism from R onto F,
which is a morphism that is an algorithmic representation of v, where v(x) = {x}/n is the natural
projective homomorphism.

Definition 3.1. An algorithmic representation v of a universal algebra A is called effectively non-
degenerate if there exists a non-empty v-enumerable subset 4y C A.

Recall that a unary termal operation with fixed elements of an algebra as parameters is called a
translation.

Definition 3.2. A universal algebra is called translationally complete if every pair of its distinct
elements can be translated into any other pair of distinct elements by a suitable translation.

Note that every translationally complete universal algebra is congruence simple. The converse is
not true.

Definition 3.3. A universal algebra is called translationally precomplete if there exists a pair of its
distinct elements to which any pair of distinct elements can be translated by a suitable translation.

Obviously, every translationally precomplete universal algebra is subdirectly indecomposable. The
converse is not true.

Proposition 3.4. Fvery T,-separable representation of a translationally precomplete algebra is nega-
tive.

Proof: Let (A,v) be a Ty-separable enumerated translationally precomplete algebra and let a pair of
distinct elements (a, b) of this algebra be translationally reachable from any pair of distinct elements.
Then this pair is also contained in any of its nonzero congruences (i.e. A is subdirectly irreducible). Fix
v-indices of these elements, say vm = a,vn = b. By hypothesis, there exist ker(v)-closed enumerable
disjoint sets « and [ such that m € o and n € 5.

By T, we denote the enumerable set of all translations of A given by the corresponding computable
representations of the operations of this algebra in the enumeration v. Then x # y < 3t € T, (t(z) €
aNt(y) € B). O

In [10] it is shown that the following holds:

Proposition 3.5. There exists a translationally precomplete algebra possessing a T -separable non-
Hausdorff effectively separable algorithmic representation v such that the operations of this algebra are
continuous in the enumerable T(ker(v))cg-topology.

Theorem 3.6. Fvery skew field with additive inversion is translationally complete.

Proof: Let two arbitrary distinct elements a,b of the skew field F' be given. Let us fix an arbitrary
pair of distinct elements ¢ and d. Let us show that there exists a translation Az[t(x)] (the symbol
A serves for the standard A-notation) of the skew field F' that maps the element a to ¢, and the
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element b to d. So let us define the following set of translations 7'(a), which have a very simple
form of linear polynomials: T'(a) = {A\z[f(z — a) + ¢]|f € F}. Obviously, every translation \z[t(z)]
from T'(a) maps the element a to c¢. At the same time, for any b # a there is a unique translation
Az[fo(x —a) + ¢] € T'(a) that takes element b to d. Clearly, this translation will be A\z[fy(z — a) + ]
with fo = (d —¢)(b—a)™'. O

Corollary 3.7. Every field with additive inversion is translation complete.

Corollary 3.8. Fvery effectively non-degenerate representation of any field with additive inversion is
negative.

Corollary 3.9. The operations of any field with additive inversion are continuous with respect to the
natural topology over any of its effectively non-degenerate algorithmic representations.

If n is an equivalence on w, then the n-closure of a, denoted by [a],, is the intersection of all -closed
extensions of a.

A set is called n-infinite (n-finite) if its n-closure consists of an infinite (finite) number of 7-
equivalence classes. Obviously, a necessary (but not sufficient) condition for a set to be 7-infinite
is that it is infinite.

If 7 is an equivalence and § is a set, then we say that an index z is n-rejected by 0 if x ¢ [d],. It is
easy to see that for any fixed negative equivalence 7 the relation “a positive integer x is n-rejected by
a finite set §” is uniformly enumerable over x,§ (this implies an explicit specification of all elements of
the set 0, for example, by means of its canonical index). If it is clear from the context what negative
enumeration (or its core) is meant, then we will say that z is rejected by this finite set.

Note that the maximal difference in the topologies of 7(n)c and 7(n)cg is observed, for example,
for perfect equivalences (i.e. positive ones that do not have nontrivial subsets closed with respect to
this equivalence, [5]). In this case, 7(n)c-space is trivial, and 7(n)cg is discrete.

For negative equivalences, the situation is diametrically opposite, as shown by

Theorem 3.10. If v is a negative enumeration, then the topologies T(n)c and T(n)cr coincide.

Proof: In one direction this is obvious, since every computable set is computably enumerable.

Let v be a v-closed subset of w that is open in the 7(v)cg-topology.

Without loss of generality we can assume that « is a basic (i.e. enumerable) neighborhood. Let
a € Q.

To prove the theorem it suffices to construct a partition of w into v-closed enumerable disjoint
sets B and 0 such that @ € 8 C o and U = w. We will construct them using a step-by-step
construction. The finite parts of the sets § and § accumulated before step s+1 will be denoted by S,
and §,, respectively.

Note that the case w \ @ = () is also taken into account by the proposed construction.

Step 0. Let By = {a}, 6y = 0.

Step s+1. Let z be the smallest positive integer from w \ (8 UJ,). Simultaneously enumerating the
sets w? \ ker(v) and «, we wait until at least one of the following conditions is confirmed (it will be
shown later that this will definitely happen):

(a) (z is rejected by the set 0,) A (2 € «);

(b) z is rejected by the set 5.

If (a) is satisfied, then add z to the enumeration (3, otherwise to the enumeration ¢.

Lemma 3.11. The following statements are true:

(1) B C a;

(2) BNé=10;

(3) any element of 3 is rejected by all elements of § and vice versa;
(4) BUI =w.

Proof: Ttems 1 and 2 are obvious. Item 3 follows from the fact that, as can be easily verified by
induction on the steps of the construction, each element of 3, is rejected by all elements of ¢, and vice
versa.



120

Let condition (b) not be satisfied, i.e. z is not rejected by the set S,. This means that z is v-
equivalent to an element of §,, and since by virtue of item 1 already proved we have 5, C 8 C « and
« is v-closed by condition, we obtain z € «. Further, since z is v-equivalent to some element of j,,
then by virtue of item 3 already proved we obtain that z is rejected by the set d,.

To prove item 4, it suffices to show that at each step s one of the conditions (a), (b) in the description
of the construction is necessarily satisfied and, as a result, the next z will fall into either 3 or J.

Let condition (b) not be satisfied, i.e. z is not rejected by the set §,. This means that z is v-
equivalent to some element of ,, and since by virtue of item 1 already proved we have 5, C 5 C «
and « is v-closed by condition, we obtain z € «. Further, since z is v-equivalent to some element from
B, then, by virtue of the already proven item 3, we have the fact of rejection of z by the set d,. Thus,
in the case of failure to satisfy condition (b), condition (a) will be satisfied. O

The closedness of the sets 8 and § with respect to the kernel of the enumeration easily follows from
item 3 of the proven lemma, [3.11 O
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1. INTRODUCTION AND PRELIMINARIES

Frames in quaternionic Hilbert spaces provide a robust framework for analyzing and reconstructing
signals within a higher-dimensional space. As an extension of the classical frame theory, these struc-
tures facilitate efficient data representation and processing. The unique properties of quaternionic
spaces offer new avenues for exploration, particularly in applications such as signal processing and
communications. This work aims to investigate the theoretical foundations of frames in quaternionic
Hilbert spaces and their practical implications. The quaternionic field is an extension of the real
and complex number systems, consisting of numbers known as quaternions. Quaternions are used to
represent three-dimensional rotations and orientations, making them invaluable in computer graphics
and robotics. Unlike real and complex numbers, quaternion multiplication is non-commutative, which
adds complexity to their algebraic structure. Quaternions also provide a more efficient way to perform
calculations in three-dimensional space, enhancing applications in physics and engineering.

Definition 1.1 (The field of quaternions). The non-commutative field of quaternions H is a four-
dimensional real algebra with unity. In H, 0 denotes the null element and 1 denotes the identity with
respect to multiplication. It also includes three so-called imaginary units, denoted by ¢, j, k. i.e.,

H = {ao + ali + G,Qj +0/3k I Qp,01,02,03 € R},

where i? = j2 = k* = -1, ij = —ji = k, jk = —kj = i and ki = —ik = j. For each quaternion
q = ag + ayi + asj + azk, we define the conjugate of ¢ denoted by § = ag — a1t — asj — axk € H and
the module of ¢ denoted by |q| as

gl = (@) = (q@)F = /a3 + af + o} + a3,
1 4
lq|?
Because H is non-commutative, one has to specify whether scalar multiplication is taken on the left
or on the right when dealing with quaternionic vector spaces. Throughout this work, we adopt the

convention of right scalar multiplication. With slight modifications, the corresponding results remain
valid for the left scalar multiplication setting as well.

For every g € H, g~

Definition 1.2 (Right quaternionic vector space). A right quaternionic vector space V is a linear
vector space under right scalar multiplication over the field of quaternions H, i.e., the right scalar

multiplication
VxH — V

(v,9) = wv.q,
satisfies the following for all u,v € V and ¢,p € H:
(1) (v+u).q=rv.q+uq,
(2) v.(p+4q) =vp+uvg,
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(3) v.(pq) = (v-p).q-
Instead of v.q, we often use the notation vgq.

Definition 1.3 (Right quaterninoic pre-Hilbert space). A right quaternionic pre-Hilbert space H, is
a right quaternionic vector space equipped with the binary mapping

(,*) : H xH — H (called the Hermitian quaternionic inner product) which satisfies the following
properties:

(a) (vi,v2) = (vg,vy) for all vy, vy € H,
(b) (v,v) >0if v #0,
)

(c
(d) (v,uq) = (v,u)q for all v,u € H and ¢ € H.

0,01 + v2) = (v,v1) + (v,vy) for all v,vy, vy € H,

In view of Definition 3 , a right pre-Hilbert space H also has the property:
(i) (vq,u) =q(v,u) for all v,u € H and ¢ € H.

Let ‘H be a right quaternionic pre-Hilbert space with the Hermitian inner product (-, -). Define the
quaternionic norm || - || : H — R™ on H by

Jull = \/{u,u), weH,

which satisfies the following properties:
(1) |lugl| = |lu|||ql|, for all w € H and ¢ € H,
(2) |lu+v| < |ul| + |lv]|, for all u,v € H.
(3) |Jul| =0 <= u =0, for all u € H.

Definition 1.4 (Right quaternionic Hilbert space). A right quaternionic pre-Hilbert space is called a
right quaternionic Hilbert space if it is complete with respect to the quaternionic norm.

Example 1.5. Let I be a countable set . Define

C(ILH) = {{qi}iel CH: Z lgi]? < oo}.

iel

¢?(H) under right multiplication by quaternionic scalars together with the quaternionic inner product
defined as: (p,q) := ZE‘% for p = {pi}icr and ¢ = {q; }icr € ¢*(H), is a right quaternionic Hilbert
space. el
Theorem 1.6 (The Cauchy-Schwarz inequality). /1] If H is a right quaternionic Hilbert space, then
for all u,v € H,

[(u, 0)| < [lullf|v]-
Definition 1.7 (orthogonality). Let H be a right quaternionic Hilbert space and A be a subset of .
Then, define the set:

e At={veH:(v,u)y=0Vue A}
e (A) as the right quaternionic vector subspace of H consisting of all finite right H-linear com-

binations of elements of A.

Proposition 1.8. (1| Let H be a right quaternionic Hilbert space and A be a subset of H. Then,
1

(1) At = () = T8 = TA.

(2) (A5)* =(4).
(3) A At = H.
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Theorem 1.9. (1] Let H be a quaternionic Hilbert space and let N be a subset of H such that, for
2,2 € N, we have (z,2'y =0 if z # 2’ and (z,z) = 1. Then, the following conditions are equivalent:

(a) For every u,v € H, the series Y n(u,z)(z,v) converges absolutely and (u,v) =
2 en(u, 2)(2,0);
(b) For every u € H, ||ul|* = Z [(z,u)|*;
zEN
(c) N+ ={0};
(d) (N) is dense in H.

Definition 1.10. A subset N of H that satisfies one of the statements in Theorem 2 is called Hilbert
basis or orthonormal basis for H.

Theorem 1.11. [1] Every quaternionic Hilbert space has a Hilbert basis.

Definition 1.12 (Frames). [2] Let {u;};,c; be a sequence in a right quaternionic Hilbert space H.
{u;}icr is said to be Frame for H if there exist 0 < A < B < oo such that for all u € H, the following
inequality holds:
Allul* < Y7 [{us, w)]® < Bllul|®.
iel
(1) If only the upper inequality holds, {u;,};cs is called a Bessel sequence for H.
(2) If A= B =1, {u;}ics is called a Parseval frame for H.

Remark 1.13. Since the terms in the summation in the definition of a frame are non-negative, note
that the order of the vectors in a frame is not relevant. That is, if we change the order of the vectors
in a frame, the sequence still remains a frame. In other words, if {u;};c7 is a frame and 0 : [ — [ is a
permutation, then {uy(; }ics is also a frame.

Example 1.14. Every Hilbert basis for a separable right quaternionic Hilbert space H is a Parseval
frame for H.

Example 1.15. Let u; := (i,0), up := (0, 7) and uz := (i, k) be three vectors in H. Then {u;, uz, u3}
is a frame for H?. Indeed, for u = (v, w) € H?, we have by the Cauchy-Shwarz inequality

3

3
2
D Nus wme]” <Y llullfe llullfe = 4]ullfe.

i=1 i=1
Thus, {u;,us, uz} is a Bessel sequence in H? with Bessel bound 4.
On the other hand, we have

3
3w |* = |=ivf? + [—jw]? + |=iv — kwl* > [of? + [w]? = ||ul3.
i=1

Hence, {u1, uy, uz} is a frame for H? with frame bounds 1 and 4.

We can generalize Example and state the following result in finite-dimensional right quater-
nionic Hilbert spaces.

Example 1.16. Let H be a finite-dimensional right quaternionic Hilbert space and let {u;};,c; C H,
where I is a finite set. Then {u;};c; is a frame for A if and only if it spans H. Indeed, Proposition
shows that every finite frame spans H. Conversely, for all u € H, we have by Cauchy-Shwarz

inequality [1.6]
> Hu,u)? < (Z\|Ui”2> ]| .

i€l i€l

By setting B := Z l|lug||?, it follows that {u;};c; is a Bessel sequence for H.
iel
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Consider the map

p:§ — R
u o=y )
iel

where § denotes the unit sphere of H. It is clear that ¢ is continuous on the compact set S. Hence,
there exists a vector v € § such that

Z|<v,ui>\2 §Z|<u,ui)|2, for all u € S.

i€l i€l

. U .
Therefore, for any nonzero u € H, since W € S, we obtain
U

<Z |<v,ui>!2> lal® < 7 G, wi) 2.

iel il
The case u = 0 is trivial. By setting
A=) (o, u)f,
iel
we see that A > 0 since {u; };c; is a spanning family for H. This completes the proof.

This paper is organized as follows. In Section 2, we present some important results from operator
theory in the quaternionic setting, which will be used in our study. In Section 3, we explore the recon-
struction formula, a fundamental result in frame theory, and define the frame coefficients associated
with an arbitrary vector, highlighting their particular features. We also make explicit the optimal
bounds of a frame in terms of the associated operators. In Section 4, we characterize sequences of
vectors as frames via their associated operators, and investigate the action of bounded operators on
frames, providing a characterization of those that transform one frame into another. We further ex-
amine when two frames are related by a bounded operator. At the end of this section, we discuss the
correspondence between frames and bounded self-adjoint, positive, and invertible operators. Finally,
the correspondence between frames and bounded operators into ¢2(I, H) is also addressed.

2. AUXILIARY RESULTS FROM OPERATOR THEORY IN QUATERNIONIC SETTING

In this section, we will present some interesting results on operator theory in quaternionic Hilbert
spaces, which will be utilized in our study. The properties of the associated operators of a frame will
also be provided. Note that throughout this section, and in all others, we use a single notation for
norms and a single notation for inner products, whenever no confusion arises.

Definition 2.1 (Right H-linear operator). |1] Let % and K be two right quaternionic Hilbert spaces.
Let L : H — K be a map.

(1) L is said to be right H-linear operator if L(uq + vp) = L(u)q + L(v)p for all u,v € H and
p,q € H.

(2) If L is a right H-linear operator. L is continuous if and only if L is bounded; i.e., there exists
M > 0 such that for all u € H,

[ Luf] < Mju].

We denote B(H, K) the set of all right H-linear bounded operators from H to K, and if H = K,
we denote B(H) instead of B(H, H).

(3) If L is a right H-linear bounded operator, we define the norm of L as:

IL|| = sup [[Lu|| =inf{M > 0: ||Lu| < M|u|, Yu € H}.

flull=1

And we have for all L, M € B(H), |L + M| < |L|| + | M| and |[MN]|| < || L||||M].
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Theorem 2.2 (Quaternionic representation Riesz’ theorem). (1| If H is a right quaternionic Hilbert
space, the map

veEH— (v]|)yeH
1s well-posed and defines a conjugate-H-linear isomorphism.
Theorem 2.3 ( The uniform boundedness principle). (1| Let H be a right quaternionic Hilbert space
and F be any subset F' of B(H), if

sup || Lv|| < +o0  for every v € H,
LeF

then:
sup ||L|| < +oo.
LeF

Theorem 2.4 ( The open map theorem). (1 Let H be a right quaternionic Hilbert space. If L € B(H)
is surjective, then L is open. In particular, if L is bijective, then L~' € B(H).

Theorem 2.5 ( The closed graph theorem). /1] Let H be a right quaternionic Hilbert space and let
L:H — H be a right H-linear operator. If Graph(L) is closed, then L € B(H).

Definition 2.6 (the adjoint operator). [1] Let H be a right quaternionic Hilbert space and L € B(H).
The adjoint operator of L, denoted L*, is the unique operator in B(H) satisfying for all u,v € H:
(Lu | v) = (u | L*v).
Definition 2.7. [1] Let A be a right quaternionic Hilbert space and L € B(H).
1) L is called normal if LL* = L*L.
2) L is called self-adjoint if L = L*.
3) L is called isometric if ||Lu|| = |Ju|| for all v € H.
)

4) L is called unitary if LL* = L*L = I, where [ is the identity opertaor of B(H). An operator
is a unitary if and only if it is an isometric surjective operator.

(5) L is called positive, and we write L > 0, if (Lu | u) > 0 for all u € H.

(
(
(
(

For a linear operator L, we denote by R(L) its range and by ker(L) its kernel.
Proposition 2.8. [1|] Let H be a right quaternionic Hilbert space and L € B(H). Then:
(1) R(L)* =ker(L*).
(2) R(L*) = ker(L)™*.

Theorem 2.9 (Square root of an operator). (1] Let H be a right quaternionic Hilbert space and let
L €B(H). If L >0, then there exists a unique operator in B(H), indicated by v/L, such that v/L >0

and
VIVL = L.

Furthermore, it turns out that /L commutes with every operator that commutes with L.

Theorem 2.10 ( The closed range Theorem). 1] Let H be a right quaternionic Hilbert space and let
L e B(H). If R(L) is closed, then R(L*) is also closed.

Proposition 2.11. Let ‘H be a right quaternionic Hilbert space and let L € B(H). If L is bounded
below, i.e. there exists M > 0 such that for all w € H, M||u|| < ||Lu||, and L* is injective, then L is
invertible.

Proof: Since L is bounded below, then it is injective. Assume that L* is injective, so ker(L*) = {0},

hence R(L) = H. Let us show that R(L) is closed in H. For this, let y € R(L), so there exists

a sequence {y,}n>1 in R(L) such that lim y, =y. For each n > 1, there exists x, € H such that
- n—oo

Yn = L(x,). We have:

mllz, = zpll < |[L(za) = Lzn)| = [1yn = ymll,  Yn,m > 1.
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This implies that {z,},>1 is a Cauchy sequence in H, hence convergent, and let = be its limit. Since
L is bounded, we have y = lim y,, = lim L(z,) = L(x). Thus, y € R(L). Therefore, R(L) is closed,
n—oo n—roo

so R(L) = H. Thus, L is surjective and therefore invertible. O
Proposition 2.12. Let H be a right quaternionic Hilbert space and let L € B(H) be normal. Then,
the following statements are equivalent:

(1) L is invertible.

(2) L is bounded below.

1
Proof: 1t is clear that 1. implies 2. by taking M = m as the lower bound. Conversely, we use the
fact that || Lu|| = ||L*u||, Vu € H. Then, we apply Proposition O

Proposition 2.13. Let H,K be two right quaternionic Hilbert spaces and let L € B(K,H). Then, the
following statements are equivalent:

(1) L is injective with closed range.

(2) L is bounded below.

(3) L* is surjective.
Proof: Proposition and Theorem together prove the equivalence (1) <= (3). Assume that
L is injective with closed range, then the operator L : H — R(L) is invertible, and since R(L) is

closed, it follows, by the open map Theorem that L= : R(L) — H is bounded. Now, assume for
contradiction that L is not bounded below. Then, for every n > 1, there exists u,, € K with ||u,| =1

1
such that — > ||L(u,)||, hence
n
Lu, —— 0,

n——+00

which implies
u, = L' (L(u,)) — 0.

n—-+o0o

This is a contradiction since ||u,|| = 1, ¥n > 1. Conversely, assume that L is bounded below, thus,
there exists a strictly positive constant M such that for all x € K, M||z|| < |[Lz||. It is clear that L
is injective. Let {z,},>1 C K be such that

and let’s show that y € R(L). We have

Oz”fL’n - wm” < HL(Q:” - xm)” = HL(xn) - L(£M)H7

thus {z, },>1 is a Cauchy sequence in K, which means it converges to some = € K. Since L is bounded,
Lz, — L(z), and by the uniqueness of limits, we conclude that y = L(z) and therefore y € R(L).
Hence, R(L) is closed. O

Let L € B(KC,H) be a right H-linear bounded operator with closed range. The restriction of L on
ker(L)*, denoted Ljyey(r)e, is injective. Indeed, if z € ker(L)*, we have

Lixer(ny: () =0 = x € ker(L)" Nker(L) = {0} = x=0.
On the other hand, we have Ljyey(r)x (ker(L)*) = L(K) = R(L). Therefore:
Lty : kex(L)* — R(L)
is invertible. And since ker(L)* and R(L) are closed, it follows, by the open map Theorem that:
(Ljxer(ry2) "+ R(L) — ker(L)*

is bounded.
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Definition 2.14 (Pseudo-inverse of an operator with closed range). Let H and K be two right quater-
nionic Hilbert spaces and L € B(K,H) be with closed range. The pseudo-inverse of L, denoted by LT,
is the right H-linear bounded operator extending (Ljker(z)~) ™" : R(L) — ker(L)* to H by the property
ker(L") = R(L'), i.e.,

L' = (Ljker(1y+) ™ Prirys
where Pg(y is orthogonoal projection onto R(L).

Theorem 2.15. Let L € B(KC,H) be with closed range and let v € R(L). The equation
Lz =v
admits a unique solution of minimal norm. This solution is exactly LT(v).

Proof: Let us first show that L'(v) is a solution. We have v € R(L), thus LT (v) = (Ljkex(r)>) " (v),
which gives us L(L'(v)) = v. Let g € K be a solution to this equation. There exist g, € ker(L) and
g2 € ker(L)* such that g = g; + go. Let us show that g, = LT(v): We have L(g) = L(g,), and since g
is a solution to the equation, we get L(gs) = v. Because g, and LT(v) belong to ker(L)* and Ljyer(z)+
is invertible, it follows that g, = LT(v). Thus, we have g = g; + LT(v). Consequently,

lgll* = lgalI* + [IZF ()%,
which implies that:
lgll = IL* (w)].
Furthermore, we have:

lgl = ILT ()] <= lgl =0 <= g1 =0 <= g=L(v).
[

Definition 2.16. [2] Let {u;};c; be a Bessel sequence for H.

(1) The pre-frame operator of {u,};cs is the right H-linear bounded operator denoted by 7" and

defined as follows:
T:03(I,H) — H

q:={qitier — ZUZQZ
i€l
(2) The transform operator of {u;};c;, denoted by 6, is the adjoint of its pre-frame operator.
explicitly 0 is defined as follows:
0:H — ¢*(I,H)
u = {{ug,u) tier

(3) The frame operator of {u,};cs, denoted by S, is the composite of T" and 6. explicitly, S is
defined as follows:

S:H — H
u = Zuz<uz,u)
il

Proposition 2.17. (9] Let {u;}ic; be a frame for H. Then:
(1) 0 is a right H-linear bounded injective operator with closed range.
(2) T is a right H-linear bounded surjective operator.
(3) S is a right H-linear bounded, positive, and invertible operator.
Remark 2.18. Let {u;};c; be a Bessel sequence for H. Then, for all u € H, we have:
Y NP = (Su,u) = | Tul* = [|0ul®.
icl

In all what follows, T, 8, and S are reserved to denote the operators defined in the above definition.
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3. FRAME COEFFICIENTS AND OPTIMAL FRAME BOUNDS

In all this section #H is a separable right quaternionic Hilbert space, B() is the set of all right
H-linear bounded operators on H, and I is a countable set.

In what follows, we show that any vector in H can be expressed (in a generally non-unique way) in
terms of the elements of a given frame and that it admits a natural representation with an interesting
characteristic.

Proposition 3.1. Let {u;}c; be a frame of H. Then:

Yu e H, u= Zui@usfl’@ = ZS%UKW?U)

icl iel
— The coefficients {{u;, S~ u};c; are called the frame coefficients for u.

— The expression u = Zu,(ui, S~u) is often called the natural representation of wu.
iel

Proof: For u € H, we have: u = SS~1u = Zui(ui,S_lw, and on the other hand, we have, u =
il
S~1Su =571 (Z u2<u“u)> = ZS‘lui<ui,u>. O
icl iel

Remark 3.2. In general, the decomposition of a vector in a right quaternionic Hilbert space with
respect to a frame is not unique, as shown in the following example: Let (v;);>1 be a Hilbert basis of
‘H. Then the sequence (vy, vy, Vg, V3, 0y, ...) is a frame of H. If we set u = 2v;, we can see that u can
also be expressed as u = v; + vy, which means that (1,1,0,0,...) and (2,0,0,...) are two different
representations of the same vector u in the frame (vy, vy, ve, v3, vy, .. .).

The following theorem shows the particularity of the frame coefficients.

Theorem 3.3. Let {u;}icr be a frame for H and let u € H such that u = Zuiqi where {q;}icr €
iel

(I, H). Then:

Z |q;]* = Z<Uw S™hu)? + Z [(ui, S™ ) — qil.

i€l iel iel
In particular, the frame coefficients {{u;, S~ u)}icr of u with respect to the frame {u;};cr represent the
representation with minimal ¢*(I,H)-norm.”

Proof: We have Zu,(u“ Sty = Zuiqi, then, by multiplying both terms by S~'u on the left (in
il iel
the sense of the inner product), we obtain:

Z ’<ul) S_1u>’2 = Z <uia 571U>Qi-
icl il
On the other hand, we have:

D i, Sy — i =D u, ST )P = 2Re(D  (ui, ST uyg) + > lail*.

i€l el icl iel

Corollary 3.4. Let {u;}icr be a frame of H. Then for any u € ‘H, we have:
TH(u) = ((ui, S™"u))

el ”

That is:
TH=T7*S"".
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Proof: T is a surjective right H-linear bounded operator, then R(T) = H. Let uw € H and consider
the following equation (E) : Tx = u. By Theorem The equation (E) has a unique solution with
minimal norm which is exactely TTu. On the other hand, ¢ = {g;}ic; € £*(I,H) is a solution to ﬁ,

if and only if, Zuiqi = u, then the unique solution with minimal norm of (E) is, by Theorem
iel

{{us, S™'u) }icr. Hence THu = {{u;, S~ u) }ier = T*S 1w, O

We define the optimal lower frame bound of a frame as the supremum of all constants A satisfying
the left-hand inequality in Definition [I.12] and the optimal upper frame bound as the infimum of all
constants B satisfying the right-hand inequality in Definition Note that both A,y and B, are
themselves valid frame bounds.

Therefore, for a given frame, the set of all lower frame bounds is the interval ]0, A,,], and the set
of all upper frame bounds is [Bops, +00][.

According to Definition the optimal frame bounds are given in terms of the associated frame
operator S by:

Aopt 1= Hnlllfl(Su u), Bopt := sup (Su,u).
[lull=1
The following theorem expresses the optimal frame bounds of a frame using its associated operators.

Theorem 3.5. Let {u;};er C H be a frame, T and S be, respectively, its pre-frame operator and its
frame operator. Let A,y < B,y be the optimal frame bounds of {u;}ier. Then:

1 1
(1) A, = - .
TS TR
(2) Bope = IS = T
1 1 1 1 1
Proof: We have (Su,u) = (Szu,S2u) = ||S2ul|?, then B,, = [|Sz]|> = ||S|| and A, = W =
1
TS On the other hand, we have ||S| = || TT*|| = ||T||*> and since TT = T*S~!, then ||TT||*> =

1T T =[S~ TS| =[S SSTH = [IS7HI-

Let {u;};,cr be a frame for H with frame bounds A < B. If R € B(H) and u € H, the frame
coefficients of Ru are {(u;, S™'Ru)};c; . An interesting question arises: Can we determine the frame
coefficients of Ru from those of u?

We consider the map defined as follows:

A:(LLH) — 2(1,H)
{¢itier — {Z(S_lun,Rui)qi} .

iel
Proposition 3.6. A is a well defined right H-linear bounded operator. i.e., A € B(H).

Proof: Let {q;}ic;r € ¢*(I,H). Tt is clear that, for all n € I, Z(S‘lun,Rui>qi € H since
iel
{(S™ upn, Ru;) Yier, {qi}icr € ¢*(I,H). Let J C I be a finite subset of I. Then:
Z|Z<S_1unaRui>Qi|2 = Z| S uanT {Qz ZEI Z’ una 1RT {qz}161)>|

neJ i€l
< Bls BT ({aen)? < Bus—ln IRIEITIE acdier]
B||R
(2L el

Hence, A is well defined, clearly right H-linear and bounded operator, moreover ||A|| <

B R]|
Ve

The answer to the above question is given in the following proposition.
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Proposition 3.7. For all w € H, the frame coefficients of Ru are obtained from those of u via the
right H-linear bounded operator A.

Proof: For u € H, we have:

A ({{ui, S u) bier) = (Z(S‘lun,Ruﬁ(ui,S_lu)) :<< Y, R(Y  ui(u;, ™) >)

(S Ru) = (g, S ) “

nel nel *

4. FRAMES AND OPERATORS IN QUATERNIONIC HILBERT SPACES

In all this section H is a right quaternionic Hilbert space, B(H) is the set of all right H-linear
bounded operators on H and I is a countable set. In what follows, we characterize frames in a
right quaternionic Hilbert space by the associated operators. The frames of the form {Lu,};c;, where
L € B(H) and {u;}cs is a frame for H, are studied.

We first give a characterization of frames by the pre-frame operator.

Theorem 4.1. Let {u;}ic; C H and T be its pre-frame operator. Then, the following statements are
equivalent:

(1) {witier is a frame for H.

(2) T is well defined, bounded and surjective.
Proof: We have already seen that 1. implies 2. Conversely, since T' is surjective, then, by Proposition
T* (which is well defined and bounded since T' is bounded) is bounded below. The fact that
Z |(us, u)|* = || T*ul|* completes the proof. O
iel

In the following result, we characterize frames using the frame operator S under very weak conditions

on the operator.

Theorem 4.2. Let {u;};c;r C H and S be its frame operator. Then, the following statements are
equivalent:

(1) {u;}ier is a frame for H.
(2) S is well defined and surjective.

Proof: Tt is well known that 1. implies 2.. Assume that:

S:H — H
U > Zui<ui,u
el

is well defined and surjective. Let {w,, },en C H such that

w, —— we€H and Sw, —— w' € H.

n—+oo n—+o00
Since S is surjective, then there exists v € ‘H such that w’ = Sv. Then:

Sw, —— Svand w, —— w = (S(w, —v),w, — v) — 0 (Cauchy-Schwarz inequality)

n—-+oo n—-+oo
Z [(wi, wy, — 4> 0 (by definition of 5)
icl
(us, w, —v) —— 0 (Vi€ I)

n—-+oo

(i, wn) P (ui, v)
(us, wy = (ug,v) (Viel)

Zui<ui,w> = Zui<ui,v>

i€l i€l

S(w) = S(v) =w'

ﬂﬂﬂﬂﬂﬂ
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Then, the graph of S is closed, hence, by the closed graph Theorem S is bounded. Since S is
positive and surjective, then it is invertible. Thus, S is positive and invertible. Hence the existence
of 0 < A < B such that for all u € #, Aljul®> < ||S?u||*> < B||ul|®>. The fact that ||Szu? = (Su,u) =
Z |(u;, u)|* completes the proof. O
icl

Let L be a right H-linear bounded operator and {u;};cr be a frame for H. In what follows, we study
the sequence {Lu;}icr.

In general, the image of a frame under a bounded operator (even if it is injective) is not a frame, as
illustrated by the following example: Consider {v;};>1, a Hilbert basis of H, and the following injective
bounded linear operator:

L:H — H
+oo

r ZW+1<’U¢>$>
i=1

We have {L(v;)}i>1 = {v:}i>2, which is not even complete.

The following proposition expresses the frame operator of {Lu;},c; in terms of those associated
with {ui}iel.
Proposition 4.3. Let L € B(H) and {u;};cr be a Bessel sequence for H. Then, {Lu;}ic; is a Bessel
sequence for H and the associated operators are as follows:

(1) Ty, = L*T
(3) S, = L*SL.

Here, T, 01, and S;, are the pre-frame operator, the transform operator and the frame operator asso-
ciated with {Lu;}ier, respectively. T, 0 and S are the associated operators with {u;}icr.

Proof: Let B be a Bessel bound associated with {u;};c;. For all u € H, we have
WL w)* =Y [, L7w)|* < B[ L*ul)* < B||L|*||ul|*
iel iel

Hence, {Lu; }icr is a Bessel sequence for H. Let {q; }icr € ¢*(I,H), we have

{Qz zeI Z LuzQz =L (ZU q1> - LT({%}ZEI)

el el

Then,
T, = LT.

The rest follows immediately from (1). O

The next theorem presents a necessary and sufficient condition on L € B(#) for it to transform one
frame into another.

Theorem 4.4. Let L € B(H) and {u;},cr be a frame for H. Then, {Lu;}ic; is a frame for H if and
only if L is surjective.

Proof: Let A < B be frame bounds associated with {u;}ic;.
Assume that {Lu;}cr is a frame for H, and let v € H. Then,

v = ZLui<(LSL*)71ui,u> (Zu LSL* ui,u>> )

el el

Set
U —Zuz LSL* u“u> € H,

el
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then v = Lu, which shows that L is surjective.
Conversely, by Proposition L is surjective if and only if L* is bounded below. Therefore, there
exists a constant M > 0 such that for all u € H,

Mlul| < [|L7ul|.
Let u € H. Then: , ,
iel i€l

It follows that:
AL u))? < 37 (Lug, w)[* < Bl Ll
i€l
Using the inequality M||u|| < ||L*u|| and the bound ||L*u|| < ||L||||u||, we obtain:
AM?|Jul* <3 [(Lug, u)[* < BIIL|fu]*.
il
Hence, {Lu;}icr is a frame for H with frame bounds AM? and B||L|?. O
Corollary 4.5. Let {u;}ics be a frame for H with frame bounds A < B and let S be its frame operator.
Then:
(1) {S~'u;ticr is a frame for H with frame bounds B and 1 {87 u;}ier is called the canonical
dual frame for {u;}ics.
(2) {S= w;}icr is a Parseval frame for H.

Proof: (1) By Proposition Theorem and Theorem we easily deduce that the sequence
{S~u;}icr is a frame with optimal frame bounds given by

1 1
A =—— and B =

t t
P Bopt P Aopt ’

where A, and B, are the optimal frame bounds of the sequence {u;};c;.
We now extend this result to arbitrary frame bounds. Indeed, let A < B be any frame bounds
associated with {u;};c;. Then we have A < A, and B > By, which implies

l>1:B’ 1<1

_ = A
A - Aopt opt? B - Bopt

opt*

1
Therefore, — and — are valid frame bounds for the sequence {S™'u;}ic;.

(2) Again, by Proposition Theorem and Theorem we deduce that the sequence
{S ‘%ui}ie ; is a frame for ‘H with optimal frame bounds equal to 1. Hence, it is a Parseval frame
for H. O

The following result shows that unitary right H-linear bounded operators transform frames to other
frames with the same frame bounds.

Proposition 4.6. Let {u;}icr be a frame for H, S be its frame operator and let U € B(H) be a unitary
right H-linear bounded operator. Then {Uuw;}icr is a frame for H with the same frame bounds.

Proof: By Theorem {Uu,;}icr is a frame for H. It sufficies to show that {u;},cr and {Uw;};c; have
the same optimal frame bounds. i.e. in view of Theorem [3.5] and Proposition [£.3] we will show that
|USU*|| = ||S|| and |[(USTU*)~!|| = ||S™|. We have:

|usu-| = Sup, [USU* (u)|| = sup [1SU*(w)]| = |SU[| = |US]
= sup [US(u)|| = sup [|S(u)[| = [5]]-

flull=1 flull=1
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And:
[(USU*)~M| = [|[UST'U*|| = sup, |US™ U (u)|| = sup, 1S~1U* (u)||
= [|S7'U| = lUS7| = sup, [US™ ()] = sup 1S~ (w)| = (IS~

0

In the following result, we study {Pu;};cr where {u;};cr is a frame for H and P is an orthogonal
projection of H.

Proposition 4.7. Let {u;};cr be a frame of H with frame bounds A and B, and let P be an orthogonal
projection of H. Then {Pu;}icr is a frame of P(H) with bounds A and B.

Proof: Let u € P(H), then Pu = u and (Pu;,u) = (u;, Pu) = (u;, u). O
Corollary 4.8. An orthogonal projection transforms a Parseval frame into a Parseval frame.

The following theorem provides conditions under which one frame is the image of another under a
right H-linear bounded operator.

Theorem 4.9. Let {u;}ic; and {v;}icr be two frames of H with pre-frame operators Ty and T,
respectively.
Define an operator Ly on span{u;}icr by

NSRS

iel el
for any sequence {q;}ic; C H that is zero except possibly for a finite number of elements.
Then, the following statements are equivalent:
(1) Lo is well defined as a right H-linear bounded opeartor on span{u;}ic;.
(2) ker(Ty) C ker(T3).

Proof: Denote by {e;}ic; the standard Hilbert basis of ¢*(I, H).

(1) = (2). Assume that L, is a right H-linear bounded operator on span{u;};cs, then it can
be uniquely extended to a right H-linear bounded operator on H, denoted also by Lg, since
span{u; }icr is dense in H. Let ¢ := {q; }icr C ¢*(1,H), we have:

Ti(q) =0 = Zui<ei,q> =0
Ly (ZW@@@) =0
ZLoUi<61‘7Q> =0

i€l

Zvi<ei7Q> =0

el

T>(q) = 0.

Ll

Hence, Ker(Ty) C Ker(T3).
Conversely, assume that ker(7}) C ker(73). Let’s show, first, that Ly is well defined. Let
p = {pi}ier, ¢ = {q}ier C H be zero except possibly for a finite number of elements. We

have:

Zuipi = Zuiqi = Ti(p) =Ti(q)

iel il
Ti(p—q) =0
To(p—q) =0
T3(p) = Tr(q)
Z Uipi = Z Viq;

iel el

PR
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Hence, Ly is well defined from span{u; };c; to span{v;};cr. It is clear that Lg is right H-linear.
Let’s show now that L, is bounded.

Let T =T, or Ty, it is clear that T|ye(r)- : ker(T)*= — H is invertible since T': (*(H) — H is
surjective. Then, by the open mapping theorem 2.4 (T er(7)=) " is also bounded, and then
for all g € ker(T)*, we have:

allgll < [ Trerery+ (D < Bllall;

1
where & = gy 2 P = M
Let now ¢ = {qi}ie; C H be zero except possibly for a finite number of elements and denote
¢1 = Prex(ry)2q and ¢o := Bier(1y)+q, Where P is the orthogonal projection onto F' C ¢*(H)
closed. We have:

(50|

D~ vith]| = | Topsertry (a2) | < Bl
i€l
< Bollgi|l since ker(Ty) C ker(T3)

B2 T B2 B2
er L - -
) H 1] ker(T1) (q0)ll ) 1T1(q)l )

A

IN

Z Uid;

i€l

Then Ly : span{u; };c; — span{v; };c; is bounded.
O

Definition 4.10. Let {u;};cr and {v;}icr be two sequences of vectors in H. We say that {u;}ics
and {v;},cr are equivalent, and we write {u;}ic; & {v;}ics, if there exists a right H-linear bounded
invertible operator L : H — H such that for all ¢ € I, L(u;) = v;.

Remark 4.11. In view of the open map theorem [2.4] we have that:

{uiticr = {viticr = {vitier = {witicr-

Example 4.12. Each frame for H is equivalent to a Parseval frame for H. Indeed, we have already
seen, in Corollary that if {u;}se; is a frame for 7 with the frame operator S, then {S= u;}ic; is
a Parseval frame for H.

The following theorem provides sufficient and necessary conditions under which two frames are
equivalent.

Theorem 4.13. Let (u;)ier and (v;)ier be two frames of H with pre-frame operators Ty and T,
respectively. Then the following statements are equivalent.

(1) {uitier = {vitier-
(2) ker(1Ty) = ker(T3).

Proof: Assume that {u;};c; = {v;}icr, then there exists a right H-linear, bounded and invertible
operator L such that Lu; = v; for all ¢ € I. Then, by Theorem ker(Ty) C ker(Ty). By the open
map theorem L~!is also a right H-linear bounded operator and since v; = L~!u;, then by Theorem
ker(Ty) C ker(Ty). Hence ker(T)) = ker(T,). Conversely, assume that ker(Ty) = ker(T3),
then by Theorem .9 Ly : u; — v; and Ly : v; — u; are two right H-linear bounded operators.
Moreover, Ly Ly = LoLy = I, where I is the identity operator of B(H). Hence {u;};c; and {v;};c; are
equivalent. O

We have seen that each frame for ‘H defines a positive and invertible right H-linear bounded operator
which is its associated frame operator. The next theorem investigates the reciproque, i.e., Given a
positive invertible operator S, € B(H), is there a frame for H for which the frame operator is S.
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Theorem 4.14. Let Sy € B(H) a positive and invertible operator on H. Then, there exists a frame
for H for which the frame operator is Sy.

Proof: Let {v;};c;r be a Hilbert basis for H and define for all i € I, u; := Soévi. By Theorem
{u;}icr is a frame for ‘H and, by Proposition its frame opeartor is S§ Id S§ = Sy, where Id is the
identity operator of B(H). O

The next theorem shows that the correspondence between Bessel sequences and H-linear bounded
operators is bijective.

Theorem 4.15. Let B denote the set of all Bessel sequences in H indexed by a countable set I. Then

the map:
©:B — B(H,/*(H))
{uitier = Ou,

where 0, is the transform operator of {u;}icr, is bijective. Moreover,

O~ ' :B(H,(*(H) — B
L = {L*(vi)}ier,

where {v; }ier s the standard Hilbert basis for ¢*(H).
Proof: Let u = {u;}icr, w = {w; }ic; be two Bessel sequences for H. We have:

0,=0, = VereHt, Viel, (u,z)= (w;,x)
= u=w.

Then, © is injective. Let L € B(H,¢*(H)), and set f = {L*v;}ic;. We have for all u € H, Oyu =
{L*v;,u) bier = {{vi, Lu) pier = Lu since {v; }ies is the standard Hilbert basis for ¢2(H). Hence, © is
surjective, thus is bijective. Moreover:

O ' B(H,*(H)) —
L = {L*(vi)}ier

where {v; };c;r is the standard Hilbert basis for ¢2(H). O

Remark 4.16. The set B(H, ¢*(H)) is a R-vector space and the well known norm of right H-linear
bounded operators is a R-norm on B(H, ¢*(H)). We set for for all u := {u;}ier € B, |Ju|| := ||0.]|, then
O is a R-linear, bounded invertible operator. Moreover, © is isometric.
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Optimization of the Euler-Maclaurin type quadrature formula in
the Hilbert space of periodic functions
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Abstract. In this paper, we address the construction of an optimal quadrature formula in the sense
of Sard within a Hilbert space composed of periodic, complex-valued functions, specifically for the
purpose of numerically approximating Fourier integrals. The quadrature formula is expressed as a
linear combination of the function’s values taken at nodes of a uniform grid. An upper estimate
of the quadrature error is obtained through the norm of the associated error functional, which is
evaluated using the Cauchy-Schwarz inequality. To determine this norm explicitly, the method relies
on the concept of an extremal function. The extremal function corresponding to the error functional
is identified by applying the Riesz representation theorem, which guarantees that the norm of this
function coincides with the norm of the error functional in the dual (conjugate) space. Ultimately, the
resulting expression for the norm of the error functional takes the form of a multivariate quadratic
function dependent on the coefficients of the quadrature formula. In addition, this work determines the
optimal coefficients of a derived quadrature formula. Using these optimal coefficients, the exponential-
weighted integrals of several functions have been approximately evaluated.

Keywords: Hilbert space, extremal function, error functional, optimal quadrature formula, strongly
oscillatory integrals, Fourier transform
MSC (2020): 41A05, 41A15, 65D30, 65D32

1. INTRODUCTION AND STATEMENT OF THE PROBLEM

1.1. Introduction. The numerical computation of strongly oscillating integrals is a critical problem
in numerical analysis, as such integrals are extensively applied in science and technology. The following
types of Fourier integrals also serve as examples of strongly oscillating integrals for sufficiently large

values of w € R
1

Iw,9) = [ & pla)d,
0
where ¢ is non-oscillating functions.

The numerical approximation of these integrals can be particularly challenging when the oscillations
are highly localized and rapidly alternating. However, several techniques exist to achieve accurate
numerical approximations of such integrals. One such method is the stationary phase method, which
involves identifying the stationary points of the integrand and approximating the integral based on
the behaviour of the integrand near these points. Another approach is to apply a quadrature method
specifically designed for oscillatory integrals, such as the Filon method, Clenshaw-Curtis method,
modified Clenshaw-Curtis method, Levin-type methods, Gauss-Laguerre quadrature, and generalized
quadrature methods (for comprehensive details, see [1], for example, 2, |3] and the references therein).

In recent years, Kh.M. Shadimetov [4} 5, 6, |7, 8], G.V. Milovanovi¢ |2, 1], and A.R. Hayotov |9}
10} {11} 12} 13], N.D. Boltaev [14], 1.O. Jalolov [15, |16] and S.S. Babaev [17, |18, |19] have conducted
scientific research focused on constructing optimal quadrature formulas for calculating Fourier coef-
ficients and integrals in various spaces, including Lém) and Wém’m_l). The outcomes of constructing
optimal quadrature formulas for the numerical evaluation of Fourier coefficients in Wz(z’l) space of pe-
riodic functions, as well as applying these formulas to reconstruct computed tomography images, were
obtained in the studies of A.R. Hayotov [20]. It can also be added that optimal quadrature formulas
for the numerical calculation of singular integrals in the spaces Lgm) and Wém’m_l) are constructed in
the following works [21], 22 23].

In this paper, the problem of constructing an optimal quadrature formula of Euler-Maclaurin type

in the Hilbert space WQ(M) of periodic functions is studied.
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1.2. Statement of the problem. This study focuses on the derivation of optimal quadrature for-
mulas under the assumption that the integrand lies within the Hilbert space W2(2’1). For a detailed
description of this function space, the reader is referred to the definition provided, for instance, in the
references |14} 24, 25, 26].

The space W2(2’1) is a Hilbert space consisting of complex-valued functions, and it is defined as
follows
WL = {p:]0,1] — C|¢’ is abs. continuous and ¢” € Ly(0,1)}.

The space is the Hilbert space with the inner product

1
(0, 1) e Z/O (0" (z) + &' () (¥ (x) + ¥ ())dz, (1.1)
and the corresponding norm is
1/2
Il = ({0 Pwgen)

Let W;z’l) (0, 1] denote the subspace of Wz(z’l)(O, 1) that consists of 1-periodic complex-valued func-
tions. Each function belonging to Wz(z’l) (0, 1] satisfies the condition of 1-periodicity

o(x 4+ B) =p(zr) for x € R and S € Z.

We consider the quadrature formula of the following form

1 N N
0 k=1

k=1

— (2,1
where w € Z \ {0}, ¢ € Wg( ), C coefficients are given in the work [5]

2 e?h — 2eh cos(2mwh) + 1
Am2w? + 1 e — 1

C, = cermWhk for k=1,2,...,N,

the coefficients A, are unknowns and need to be determined, while h represents the step size of the
equal mesh. The difference between the integral and the quadrature sum is called the error of the

quadrature formula (|1.2)

(6,p) = / T o(z)dr — 3 Crp(hk) — S Avg! (hk), (13)

k=1

and the corresponding error functional is

U(x) = (&m‘wwqoﬂ (z) = > Cib(x — hk)+ > A (z — hk)) % do(), (1.4)

k=1 k=1
where € 1)(z) is the characteristic function of the interval (0,1], § is the Dirac delta-function and
¢o(x) = > 0(x—p). The error functional ¢ is called the periodic error functional of the quadrature
pB=—00
formula ([1.2), and it belongs to the conjugate space W2(2’1)*(0, 1].
Since the error functional ¢ is defined on the space WQ(Q’D(O, 1], the following equality is valid as in

the work [27]
(67 1) =0. (1.5)

The error ([1.3]) of the quadrature formula ([1.3)) is a linear functional in I//Tv/2(2’1)* (0,1]. The absolute
value of the error (|1.3]) is estimated by the Cauchy-Schwarz inequality as follows

160 < Wlgen- - Iellggen,
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where

2
HEHVV(?J)* _ sup (¢, )
2 ® ”‘P”@(Zl)?ﬁo HQ)OH

is the norm of the error functional ([1.4)).
Hence, to get the least upper bound of the error for the quadrature formula (1.2)), we solve the
following problems.

Problem 1.1. Find the norm of the error functional (1.4) of the quadrature formula (1.2]) in the
117(2,1)%
space W,"" (0, 1].

It is clear that the norm of the error functional ¢ depends on the coefficients A,. Minimizing ||¢||
by adjusting the coefficients A, is a simple linear problem.

Problem 1.2. Find the coefficients Ay that minimize the value of the norm of the error func-

tional (1.4)).

The coefficients that give [|{|[-v- the minimum value are called optimal coefficients and are
2

denoted by /i)k The quadrature formula (|1.2)) with these coefficients is the optimal quadrature formula
in the sense of Sard. Similar problem as Problem 1.1 was first proposed by S.L. Sobolev [27], later the

(m,m—1)

problem was solved in the space W, of functions in works [9] and in the space Lgm) of periodic
functions in works [28] and in works |28, 4] for optimal quadrature formulas of Euler-Maclaurin type.
Furthermore, to solve Problems 1.1 and 1.2 in the next sections, we will do the following:

e first, we find the extremal function of the quadrature formula (1.2) and use it to find the
analytic representation of the norm for the error functional (|1.4]) in section 2;

e in section 3, the process of solving the system of linear equations for the coefficients of the
optimal quadrature formula is presented;

e and in the last section, we find the sharp upper bound of the error of the constructed optimal
quadrature formula.

2. FINDING THE NORM OF THE ERROR FUNCTIONAL

In this section, we will deal with Problem 1.1. To do this, we use the concept of an extremal
function.

2.1. The extremal function. To calculate the norm HE”VT/;(Z’U*’ we use the extremal function 1), for
the error functional ¢ (see [27]) that satisfies the following equality:

(&300) = [[ell 0 - el om0 - (2.1)

. —~ (2,1) , . . . . .
Since W, is the Hilbert space, using the Riesz representation theorem, we obtain
(£;0) = (s %e) 2, (2.2)

where (1, ¢>V72 @1 is the inner product of the functions 1, and ¢ which is defined by expression (1.1)).
In addition, the equality |[£|| ;5 - = [|¢0¢| - 20 is satisfied. Thus, taking into account ($2.1)), we obtain

(&,1e) = ||2lI5 - (2.3)

Then from (2.2)), integrating by parts, we obtain

/01 Ux)p(x)de = /01 (@1‘/(30) — %N(m» o(z)dz.
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From the last equation, we have
—IV —
Yo (z) = (x) = £(x). (2.4)
For the solution of the last equation the following holds.

Theorem 2.1. The solution of differential equation (2.4]) is identified as the extremal function 1),
associated with the error functional £, and can be expressed in the following form.:

N
¢E($) —_ dO 4 e—27riww X H(W) _ Zﬁkz H(B)€2Tri5(w_hk) ZAk Z 27T’L,8) QTriB(w—hk:)’ (25)

k=1  B#£0 k=1 B0

where dy is a complex number, C), and A, are the complex conjugates of Cy, Ay, respectively and

1

2rw) + (2nw)? (26)

K(w) =

Proof: We find the periodic solution of equation (2.4]) using the following properties of the Fourier
transform (see, for instance [14])

Flg] :/ o(z)e*™ P dz, F~[y] :/ o(p)e~2" P2 dp,

Flp @] = (=2mip)*Fl¢], (a € N), F7[Fp(2)]] = ¢().
We apply the Fourier transform to both sides of equation (2.4))

Flge =% =Fl0).
Since the Fourier transform is a linear operator, we have
((2rip)* — 2rip)?) Flib] = F[0]. (2.7)
To find the Fourier transform of the error functional ¢, we simplify it
N N o)
o) = (ewwxg(o,l] (2) = 3 Crdle — hk) + 3 A (w — hk)) D RICET)
k=1 k=1 B=——oo

Taking into account the convolution of two continuous functions f and g, which is

= /_Oo f(y) - g(z —y)dy

and properties of the Dirac delta-function, we get the following

() = e ch Z §(z — hk — B) +2Ak Z &' (x — hk — B). (2.8)

k=1 B=—00 k=1 B=—00

Using ([2.8)) we rewrite eqution ([2.7)

((2mip)* — (2mip)?) Fliby) = F {%W ch Z 5(z — hk — j) +2Ak Z §'(x —hk — B)|,

k=1 B=—00 k=1 B=—0o0

or

(@rip)' — Crip)?) Fli) = P -3 ¢, S Flo(e—hk— )

k=1 B=—00

+ ) A i F[§'(x — hk - p)]. (2.9)

k=1 —
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Now, using the following equalities

F [e*™"] = §(p + w), Z F [ (x — hk — B)] = (—2mip)e*™ ¥ Z d(p—p),
B=—00 B=—00
S e = S 5(p—p),
B=—00 B=—o00
Z F [6(£U — hk — B)] — Z eQTrip(hk-‘,—,ﬁ) — eQm’phk Z eQm’pﬁ _ eQm’phk Z 5(]? _ B)
B=—c0 B=—00 B=—0c0 B=—0c0

we can rewrite equation (2.9) as follows

((2mip)* — (2ip)?) Flih] = 6(p+w) ch Z 2Tk (p ZAk i (2mip)e®™ 5 (p — B).

k=1 B=—00 k=1 B=—00

We consider that the coefficient on the left-hand side of the last equation is not equal to zero. Conse-
quently, we can divide both sides of the last equation by x(p), which is defined by . This division
is not uniquely defined. From the last equation, the function F[¢),] is defined up to the term of the
form ¢(p). Taking into account the above-mentioned and the properties of the delta-function, we get

Flhe] = 8(p+w) Z Cr Y _ ™ P5(p — B)r Z A (2mip)e*™ P k(p) + dod(p),

k=1  B#0 k=1 B0

where k(p) is defined by formula (2.6)) and dj is a constant.
Using the property f(z)d(z —a) = f(a)d(x — a) of delta-function, we have the following

W’e] =d0(p+w) Z Cy Z e%zﬁhk Z A Z 2mif3) QMBhk“(ﬁ)‘s(p — B) +dod(p).

k=1  B#£0 k=1 B£0

Then, applying the inverse Fourier transform to both sides of the last equation, we have

ILE — eQTriwz Z Ck Z e27rzﬁhk 727rzB13 Z Ak Z 27T2ﬁ 27Ti,3hk’£(l8)6727riﬁx + dO-

k=1  B£0 k=1 B0
Since E@ is equal to 1y, we obtain ([2.5)), that is, Theorem 2.1 is proved. O

2.2. The norm of the error functional. The following result corresponds to the solution to Prob-
lem 1.1.

. . . iy (271)* .
Theorem 2.2. Within the functional space Wy (0,1], the squared norm ||€HVAV;(2,1)*correspondmg

to w € Z\{0} is represented by the following expression

Vo = sl o+ 2mico - o ZA -ty S it
k=1
N N -
+ DN 2miB - w(B)e M) [4,C + CLAY
k=1 k/=1 B0
N N
+ DN T ALY (2miB)? - k(BT ED
k=1 k'=1 B#£0
where
N N
||€2H2WA,2(211)* — Ii ZC —2miwhk + Z C 627rzwhk + Z Z C Ok/ Z ) 2miBh(k—k')
k=1 k=1 k'=1 B0

and k(+) is defined by (2.6).
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Proof: To prove Theorem 2.2, we calculate the norm HEHWQ eun- and use equalities (2.3, (2.8) and
(2.5)), respectively. As a result we have the following

1 N
||€||?7V;<2,1>* =l 1) = /o l(x) (do + e T L g(w) — ZC’k r(B)e>miB@—hk)

k=1 B0

a ZA*’“Z’%(B) : (271'7;/8)@2”6(1—1%)>d$.

k=1 B0

As such, given the algorithm to calculate the norm [|£y || - @0+ in the work [5].

By taking condition (1.5 into account and simplifying the preceding expression, we arrive at the
result stated in the previous theorem. Thus, Theorem 2.2 is completely proved. O

3. THE OPTIMAL COEFFICIENTS OF THE QUADRATURE FORMULA

In this section, we determine the optimal coefficients of the quadrature formula (1.2]) that mini-
mize the norm of the error functional ¢. To find the minimum of the norm ||€||VA[;2<2,1)*With respect

to the coefficients A;, we employ the method of Lagrange multipliers for constrained optimization.
Accordingly, we consider the following function:

L(Au, A) = ||¢|]® for k=1,2,....N and k'=1,2,...,N.

By setting the partial derivatives of the function L(Ay, A;/) with respect to all variables A, and A,
equal to zero, we obtain the following system of equations

oL , Mo A ,
oA = 2miw - K (w)e 2wk 4 Z Chr Z 2miBr(B)e 2 k=K)
k k=1 B0
— Z A > (@2rB)*k(B)e M) =0 |k =1,2,...,N, (3.1)
k=1 BA0
oL _ . 27rzwhk/ 27'rzﬁh (k—k")
— = 27w - Kk(w —l—ZC’kz%'zﬁ
A k=1 B0
— Z Ay (27B)R(B)e* MR =0, k=1,2,...,N, (3.2)
k=1  B#0

where £(+) is defined by (2.6)).

A solution of this system which we denote by Ay, is a minimum point for the function L(Ay, Ax).
The system of equations (3.1 is equivalent to system (3.2). Therefore, it is sufficient to solve the

system ([3.1]).

The following theorem is valid for the solution of the system (3.1).

Theorem 3.1. Among all quadrature formulas of the form (1.2)), where w € Z\{0} and wh ¢ 7Z, within

— (2,1) . . . .
the space Wy (0, 1]of complez-valued periodic functions, there exists a unique quadrature formula

with optimal coefficients, and the optimal coefficients of which are a unique solution of the system of
equations (3.1)), which admits the following representation:

o 2i e?h + 1 — 2e" cos 2mwh 1 cot mwh] o iink
pr— . . —_— . e
4m2w? + 1 el +1 2nw(eh —1) et +1

. k=1,2,...,N. (3.3)

The proof of the theorem is the same as the proof of Theorem 3 in [5].
Thus, Problem 1.2 is solved.
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4. A SHARP UPPER BOUND FOR THE ERROR OF THE OPTIMAL QUADRATURE FORMULA
Now, we evaluate the error of the optimal quadrature formula of the form (1.2]). To do this, we use

the results of Theorems 2.2 and 3.1, that is, using the optimal coefficients A, determined by equation
(3.3) when calculating the square of the norm for the error functional in Theorem 2.2, we obtain the
following theorem

Theorem 4.1. The norm of the error functional corresponding to the optimal quadrature formula
of the form (1.2)), that is, the sharp upper bound of the error (1.3|), is expressed by the following

expression:
2

[e]

)

o

2
Y — E*(w, h),

where

o

Uy

’ 1 ll - 2N
 (27w)t + (27w)?2 (2mw)* + (27w)?

x [ -1 }_1] (4.1)

1 —cos2mwh  e2h — 2¢h cos 2nwh + 1

is given in Theorem 4 in [5] and

E2(w,h):i' <€2h+1—26h0082ﬂ'wh)2. ( 1 _200t7rwh)2‘ <eh+1 _2>. (4.2)
2h (4m2w? +1)(eM + 1) w(eh — 1) et +1 eh—1 h

To show that the function E?(w,h) is positive for arbitrary values of w and h, we consider each
multiplier in the formula separately. It is evident from formula that the first factor ﬁ is positive
for h > 0, and the second and third factors are non-negative as they are squares of real expressions.
Therefore, the sign of E?(w, h) is determined by the last factor:

eh+1 2
D(h) = _ 2
(h) eh—1 h
Using the identity ::ﬂ = coth(h/2), we can rewrite this term as:
h 1
D(h) = coth [ =) — ——.
(h) = cot <2> Ve
Using the inequality tanh(z) < x for x > 0, we have coth(z) = m > L. Letting = h/2, we

obtain coth(h/2) > 2, which implies D(h) > 0. Thus, the function E*(w,h) is strictly positive for all
h >0 and w.

Now we show numerically that the function E?(w,h) tends to zero as w or N tends to infinity in
Table 1.

w=2 w=11 w =101 w = 1001

N =10 7.45e-8 1.08e-9 1.82e-13 1.92e-17

N =100 9.23e-14 2.59e-12 2.09e-15 2.20e-19

N = 1000 9.25e-20 2.76e-18 2.21e-16 2.21e-21

N =10000 | 9.26e-26 2.77e-24 2.33e-22 2.17e-20
TABLE 1. Value of the function E?(w, h) is positive and E*(w, h) — 0 as w — oo
or N — o0.

Theorem 4.1 shows that the absolute value of the error of the optimal quadrature formula con-
structed in this work is smaller than the absolute value of the error of the optimal quadrature formula
in the work [5].
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CONCLUSION

This work addresses the construction of an optimal quadrature formula involving derivatives, in the
sense of Sard, for the approximation of strongly oscillatory integrals in the Hilbert space of complex-
valued, periodic functions. To derive a sharp upper bound for the absolute error of the quadrature
formula, the analytical expression for the norm of the associated error functional is obtained. This
derivation begins with the identification of the extremal function corresponding to the error functional.
Moreover, in this work, the optimal coefficients of the quadrature formula of the form are derived.
Additionally, the sharp upper bound for the error of the optimal quadrature formula is established,
and it is demonstrated that this bound is smaller than the corresponding error obtained in the work

[o]-
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Limit theorem for one scheme of particle evolution according to the
critical Galton-Watson branching processes.

Khusanbaev Ya.M.

Abstract. We consider the critical Galton-Watson branching process a special form and possibly with
the infinite variance the number of descendants of one particle. Local limit theorem for such process
proved.
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1. INTRODUCTION

Let {Z (n), n > 0} be a Galton-Watson branching process starting with a single particle (Z (0) = 1)
in which particles leave immediate descendants according to probability law having a generating
function

Fls)=> ps® 0<s<1,
k=0

where p, = P (Z (1) = k). The first work in which a conditional limit theorem for a subcritical Galton-
Watson branching process was proved under the condition of non-degeneration of the process belong to
A. M. Yaglom. Yaglom [1] proved for subcritical Galton-Watson branching processes that when n — oo
the conditional probabilities P (Z (n) = k|Z(n) > 0) converge for all integers £ > 0 and the limiting
quantities form is probability distribution. An analogue of Yaglom’s theorem for Markov branching
processes with continuous time was proved by B.A. Sevastyanov [2]. The first work in which local limit
theorems for Markov branching processes with continuous time were proved belongs to V.M. Zolotarev
[3]. In it was found asymptotic behavior of the probability P (Z (t) = k) as t — oo for fixed k. Under
the assumption of the existence of the fourth moment of the number of immediate descendants of
one particle, V.P. Chistyakov [4] found an asymptotic behavior P (Z (t) = k) as t, k — oo for Markov
branching processes with continuous time. S.V. Nagaev and R. Mukhamedkhanova [5] proved local
limit theorem for critical Galton-Watson branching processes under the assumption of the existence
of the fourth moment of the number of immediate descendants of one particle.

The local limit theorem for critical Galton-Watson branching processes was proved in the joint work

of H.Kesten, P.Ney, F.Spitzer [6] under the condition >  k*Ink - p, < co: if k and n tend to infinity

=2
so that their ratio remains bounded, then
4,,2 2
Tim (’43 exp{(j;i}P(Z(n) = kd) = 1, (1.1)

where 02 = f" (1), d = g.c.d. {k : pp > 0}.

Despite the assertion of the authors of [6] that for the validity of the local limit theorem for critical
Galton-Watson branching processes it is sufficient that the variance of the number of descendants
of one particle be finite, no proof of this assertion was known for more than forty years. The final
version of the proof of the local limit theorem for critical Galton-Watson branching processes under
the condition of finite variance of the number of immediate descendants belongs to S.V. Nagaev and
V. Vakhtel [7]: let 0% < co. Then for all k <n

lim 2 (1 n 2d>k+l P(Z(n) =kd) =1. (1.2)

o3n

We also note that the question of the validity of the local limit theorem for critical Bellman-Harris
processes was investigated by V.A. Vatutin [§], V.A. Topchiy [9] proved an analogue of (|1.1]) for critical
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Bellman-Harris processes with discrete time. We also note the works of K.B. Athreya, P. Ney [10], S.
Dubic and E. Seneta [11], H. Imai [12] in which the validity of the local limit theorem for supercritical
Galton-Watson branching processes was investigated.
Let the generating function f (s) satisfy the condition
f(s)=s+(1—s)""L(1-s),0<s<1, (1.3)
where a € (0, 1], L (x)- slowly varying function as x — 0.
Let fo(s) = s and we defined the iteration of the function f(s) from relation f,(s) =
f(fuo1(s)), n=1,2,... It is well known (see [13]) that when the condition ([1.3]) hold, then
1
1—f,(0)"L(1~—f,(0) ~— 1.4
(1= Fu ) LO o (0) ~ (14)

as n — oo and )

[anL (1 — f, (0))]"/*

Q(n):=P(Z(n)>0) =1~ f.(0) ~

as n — oo. Moreover, for anyone = > 0
F(z) = 1irn P(Q(n)Z(n)<z|Z(n)>0)=

(1.5)

1-— ””, as a =1,
— ) 1- 1/)fe(“/“)p(ua1)d, as 0 <a <1,
where p (u, , 1) is the density of one-sided stable law with Laplace transform
/ e p (u,a, 1) du=e ", X > 0.
0

It is known [1] that the Laplace transform v (\) corresponding to the distribution F' (z) has the form
YA =1= A1+,

We note that in the case a = 0 of the well-known result of S.V. Nagaev and V. Vakhtel [7] that
the conditional distribution of the correspondingly transformed Z (n) under the condition of non-

degeneration (Z (n) > 0) by the moment n weakly converges to the exponential law.
Slack [13] proved that if (1.3 hold, then for any (fixed) i,7 > 1 there are limit

Tim L' (1= £, (0)) (an)" "/ P, (i, j) = i7 (), (1.6)
at that

iw )P (i,7)=7(j), 7 >1, Zﬂ' (1.7)

and as J — oo 1 )
() +72)+...+7(J) ~ J , 1.8
(1) +7(2) (/) ai+a’) T (1.8)
where P, (7,j) is probability transition of the chain {Z (n), n > 0} from state i to state j for n-step.
We note that relations are proved in [6] for the case a =1, 0% < 0.
However the asymptotic of the probablhty . (i,7) for n,j — oo in the case when ([1.3) and 0% = co
unknown.

Let condition A be satisfied: the probability generating function f (s) has the form
—a —1/a
fle)=1-[Cat (1= ", sefo,1), f(1)=1, (1.9)

where a € (0,1], C is positive constant number.
It is easy to see that

f(8)=s+(1-5)""L"(1-s)
as s — 1, here L* () - C asx — 0, f/ (1) =1 and f” (1) = 400 for a € (0,1).
The purpose of this paper is to establish the asymptotic of the transition probabilities P, (1, k)

of the critical Galton-Watson branching process {Z (n), n > O}under condition A in the case when
n,k — 00, k=o(n'/).
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2. FORMULATION OF THE RESULT.

Theorem 2.1. Let the probability generating function f (s) satisfy condition A. Then
1. for any fized integer k > 1

k—1

1/a 14+1/a _ 1 — a
CHe on] Pk = = g TT (14 5) (2.)
as m — 0o;
2. asn — 00, k — 00, k=0 (n"/?")
(Can)* "' D (a4 1)k P, (1,k) = 1, (2.2)

3. asn — oo, k — 00, k=o0(n)

fo) Lk 1
”k_(wm‘()(n)’ ™Y CT At a) ke (2:3)

3. AUXILIARY CONCEPTS AND RESULTS.
Let N ={1,2,...} and Ny = N U{0}. For each pair of integers k < J, we introduce the set

D(Jk):={iv+ia+ ...+t g1 =k, i1 +2i0+...+(J—k+1)ijp1=J}.

Bell polynomials of the second type are functions By (z1,...,2j-k+1) , k < J determined from the
relation

k
1 (&K s > s’
E ZZUJ*‘ :ZBJ,k (Jl‘l,.. Tj— k+1) Tl (31)
“\j=1 I J=k
and they can be calculated using the formula
J1 J—k+1

BJ,k‘ (xly-..7$.]_k+1) = Z Z '
1t

D(J,k)

Note that due to (3.1])

J! T i
BJ,l (3717-~-7$J) = Z ﬁn(ﬁ) =y,
Ceeet by s :

Dk
BJJc (’Wla ) 7$J—k+1) = ’YkBJ,k (331, e 33J—k+1) . (32)
It is known ([14], relations (1.7)) that
n!
B, (1520 . (n—k+ 1)) :C,’jjy, (3.3)
here |
n!
= —-"_.
"kl (n—k)!

We will use Bell polynomials of the second kind to find derivatives of a superposition function
F (G (x)) from differentiable functions F' (z) and G (z) using the Faa-De Bruno formula:

—F (G (2)) = F'(G (2)) G® ( +ZF<J ) By (G (@) ., G*) (2) (3.4)

dx*

where the second term is considered equal to zero if J = 1.
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4. PROOF OF THE THEOREM.
It is easy to see that
—1/a

fa(s)=1— [C’om +(1- s)_a}

We denote
F(z)= 1— g Ve, G(r)=Can+(1—-2)".

We have 1 /1 )
F® () = (- = ( + 1) ( +k— 1) gtk
o

GM (@) =a(a+1) .. (a+k—1)(1—2z)"*".

According (3.4]) we have

£ () = [F (G )Y = = [Con+ (1-5)]

1/a— 1k
i

—1
H (a+1)(1—2s) Temk
1=0

+i (—1)1’“1'[1 <i - z) (Can+(1-5)] T

=2 i=0
k—j )
X By, ; (a(l—s)al,a(a+1)(1—s T H a+1) akﬂl) .
From here, considering the relation (3.1) and , we obtain
I (0) = 1 [Can+ 1] "/*7" ﬁ (o +1) +
! « i=0
k ) 7j—1 1
—1)y* C 11°=’B 1) =
—I—;( ) g(a >[ an + ] ki | oo (o + aH (o +1)
1 k—1
-~ [C 1 —1/a-1 . A .
3 an+ 07 i)+ A
where
k j—1 1 k—j
Ak”:Z( 1)J+1H<a )[Can—l—l]a aJBk?J ( (a—{—l) 7H(O‘+l)>
j=2 =0 =1
From (3.1)) follows
k—j
By (1, (@+1), ... [J(a+ i)) < B, (11,2 (k—j+ 1))
=1

Further, relations (4.2)-(4.3) and (3.3)) lead us to the estimate

—1/a—2 U 1 . ; jflk! —j42
|Agn] < [Can+ 1] ZH —+i|C =TT <
’ =2 =0 \% 7!

(4.1)

(4.2)

(4.4)
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J-1
The series >~ %oﬂ [T (1+ &) is converges. Now from (4.1)) and (4.4) we conclude that
Ci=1

k—1

1 1 1a— Q
() _ = 1/a—1 @
P (LK) = 5/ (0) = - [Can + 1 i|:|1 (1+%) + 0 (4.5)
here ‘
|0k.m| < LAl < [Can+1]_1/a_2k§o la-f-lﬂl 1+i
bl = 1= = gt i)’

from which the validity of (2.1]) follows. Now we write (4.5 in the form
-1

P, (1,k) =1+ Ty, (4.6)

[1(+73)

k[Can +1]"/"!

here

k 1w i1
7ol < [Can+1] & [H (3] 2 ol Il (1+)

i=1

Further, according to the Weierstrass’s formula

here 7 is the Euler-Mascheroni’s constant. Hence considering the main property I'-function (ol (a) =
I'(a+ 1)) and Euler’s formula for the harmonic series we find for largek

ilj[l(l—i-?)—aeavl_‘ Hea/l 1+O )_aa’ﬂlr(a)eaz:?l%(l—i_o(l)):
= #ea("{-‘rlnk) o _ k* . _ L )
ac T (a) Ato) =Trgre@) =gy tre®. @0

From - asn—o00, k—oo, k=o (nﬁ) we conclude

2—«
(Can)/* ™I (a+ 1)k *P, (1,k) =14 O (l‘“ ) — 1,
n

which proves the validity of (2.2]). Now we will show the validity of (2.3). We put

P, (Lk) _ fi?(0)
CP,(1,1) ~ Ck![; (0)

qkn = ) k= 1>27

From (4.1)) we have
£2(0) = [Can+ 1] V7", (4.8)

From (4.5) and (4.8) we conclude that for any fixed & > 1 the sequence g, n > 1 converges to a
finite limit

k—1
Tim g, = 7 = é II(+ %) : (4.9)
i=1

Further, by virtue of (4.1)), (4.4) and (4.8)) we have

koj-1 1
|an+1—an’<K 22 < ) G-1)

Jj=2 i=1
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where K is positive constant depending on c.
Conseq uently,

o) k o j—1 1 1
|7k — Qren] ;(Qk, 1= k) cn ; }:[1 ( + 2a> G=1)

It follows that for all k = o (n) as n — oo

sup  |mk — Q| — 0.
k<n,k=o(n)

From the relation (4.7]) and (4.9) we concluded that

1
I'l+ o)kt

P

as k — oo. By (4.9) it is easy to see that the sequence {7,k € N} is monotonically decreasing.
The proof of the theorem is complete.
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1. INTRODUCTION

Fixed point theory is one of the most well-known and established theories in mathematics and has
a variety of applications. In this theory, contraction is one of the main tools to prove the existence
and uniqueness of a fixed point. The formal form of the metric fixed point theory appeared by the
pioneer and art work of Banach results in 1922 : Let (X, d) be a complete metric space, T : X — X
be a contraction, there exists a unique fixed point xq € X of T. Its broad applicability has led to
numerous extensions and generalizations over the years. One such generalization is the concept of a
b-metric space, introduced by Bakhtin [1] and further studied by Czerwik |2, |3].

A b-metric space differs from a metric space in that the triangle inequality is relaxed. The relaxation
of the triangle inequality makes b-metric spaces suitable for modeling certain situations where the
conventional triangle inequality is not satisfied, such as those arising in computer science [4] and
biological modeling [5]. Since their inception, b-metric spaces have attracted significant attention, and
numerous fixed point theorems have been established in this setting (see [6} |7, (8 9, (1O |11]).

Recently, the focus has shifted towards exploring nonlinear contractions, which provide a more
flexible framework than linear contractions. These contractions involve functions or inequalities that
incorporate the distance between points in a more complex manner, often utilizing auxiliary functions
and parameters (see [12,13]).

This paper aims to contribute to the ongoing development of fixed point theory in b-metric spaces by
presenting a fixed point theorem for new type of nonlinear contractive mappings. We then demonstrate
the practical relevance of these results by applying them to prove the existence and uniqueness of
solutions to ordinary differential equations. This connection between abstract fixed point theorems
and concrete problems in differential equations highlights the power and versatility of fixed point
theory.

2. PRELIMINARIES

In this section, we present a few key terms and definitions that will be used in our discussion.
Definition 2.1 [1]. Let X be a nonempty set and s > 1 be a real number. A functiond : XxX — [0, 00)
is called a b-metric if for all x,y, z € X, the following conditions are satisfied:

(b1) d(x,y) = 0 if and only if x = y;

(02) o(z,y) = o(y, x);
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(3) o(z,2) < so(z,y) +0(y, 2)].
The pair (X,0) is called a b-metric space with parameter s.
Example 2.2 ([14]). Let (X,d) be a metric space and let the mapping ? : X x X — [0, 00) be defined
by

o(p,q) := (d(p,q))",for all p,q € X,

where r > 1 is a fixed real number. Then (X,9) is a b-metric space with s = 2771,
Remark 2.3. It should be noted that, the class of b-metric spaces is effectively larger than that of
metric spaces, since a b-metric is a metric when s = 1. Also in general a b-metric need not necessarily
be a metric. For example, if X = R is the set of real numbers and d(x,y) = |z — y| is the usual
Euclidean metric, then n(x,y) = (z — y)? is a b-metric on R with s = 2, but is not a metric on R.
Now, we present the concepts of convergence, Cauchy sequence and completeness in b-metric spaces.
Definition 2.4 ([15]). Let (X,0) be a b-metric space. Then a sequence {z,} in X is
1. converges to x € X if and only if lim,, ., 0(x,,z) = 0;
2. Cauchy sequence if lim,, 00 0(Tp, Tm) = 0.
Definition 2.5 ([15]). The b-metric space (X,9)
to a point in X.

is complete if every Cauchy sequence in X converges

Now, we recall an existing fixed point theorem in b-metric spaces that will be useful for comparison
and motivation for our new results.
Theorem 2.6 ([2].) Let (X,9) be a complete b-metric space and let ¥ : X — X be a mapping such
that for all z,y € X,
o(Tx, Ty) < ko(z,y),

where 0 < k < 1/s. Then ¥ has a unique fixed point in X.

3. MAIN RESULTS

In this section, we introduce our new type of nonlinear contraction mapping and establish fixed point
theorems for such mappings in complete b-metric spaces. At first, we prove a fixed point theorem for
generalized contraction mappings.

Theorem 3.2. Let (X,0) be a complete b-metric space and let ¥ : X — X be a mapping such that
for all x,y € X,
o(Tx, Ty) < ad(x,y) + bo(x, Tx) +0(y, Ty)],

where a,b > 0 and s(a 4+ 2b) < 1. Then ¥ has a unique fixed point in X.
Proof. Let zy € X be an arbitrary point. Define a sequence {z,} in X by z,,; = Tz, for all n > 0.
Then, we have

D(‘Zmn,‘fxnﬂ)
ad(xy,, Tpi1) + 0[0(Tn, Txy) + 0(Xpg1, Tpt1)]

D(anrla xn+2)

IN

aa(xm xn—&-l) + b[a(xm xn—&-l) =+ O(xn+1a xn+2)]'

Rearranging, we get
a+b
0 n sy n S PR
(Tnt1) Tnta) 1—b
where k = a+b/1 — b. Since s(a + 2b) < 1, we have s(a + b) < 1 — b, which implies k < 1/s. Now, by

induction, we have

D(:L‘na ':L'nJrl) = kb(fpna :L‘n+1)7

D(l’nJrl, xn+2) S k‘n+10(l’0, .’El).
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For m > n, we have

Nxp, ) < s(xn, Tpy1) +0(Tpa1, T)]
< 50(Tny Tpa1) + 820(Xpg1, Trga) + oo + 8" ( X1, Tin)
< sk™(wo, 1) + SPE"T0(z0, 1) + o+ 8T 00, 71)
= sk"[1 + sk + (sk)? + ... + (sk)™ "oz, 21)
< ﬂb(mo, xy).
1—sk

Since k < 1/s, we have sk < 1. Therefore, lim,, ;, o0 9(Zpn, %) = 0, which implies that {z,} is a
Cauchy sequence in X. Since (X,0) is complete, there exists z* € X such that lim,, ., z, = z*. Now,
we will show that z* is a fixed point of ¥.

UZr*, xp1) = o(Tx*, Tx,) < ad(x”,xz,) + bo(z", Tx*) + 0(xp, Ty )]
= ad(x",x,) + bz, Tx") + 0(zp, Tpy1)]-
Taking the limit as n — oo, we get o(Ta*,z*) < bo(x*, Tx*). Therefore, (1 — b)o(Tz*, z*) < 0. Since
b<1/2s <1, we have 1 — b > 0 and therefore, d(Tx*, z*) = 0, which implies Tz* = z*. Thus, z* is a

fixed point of ¥.
To prove uniqueness, suppose y* is another fixed point of ¥ such that y* # z*. Then,

oz, y") = o(Tx",Ty") < ad(x*,y") + bp(x", Tx¥) + 0(y*, Ty")] = ad(z¥, y").

Therefore, (1 —a)o(z*,y*) <0. Since a < 1/s < 1, we have 1 — a > 0. Therefore, d(z*,y*) = 0, which
implies * = y*. Hence, the fixed point is unique. This completes the proof. O

Definition 3.2. Let (X,0) be a b-metric space and T : X — X be a mapping. We say that T is a
-nonlinear contraction if there exists a function ¢ : [0,00) — [0, 00) satisfying ¢(t) < ¢ for all ¢ > 0
and p(0) = 0, and a constant k € (0,1) such that

(T, Ty) < ko(M(z,y)),Vr,y € X, (3.1)

where

M(z,y) = max {D(w,y),o(x,ix),a(y,fy), D(x,iy);:sb(y,fx) }
Theorem 3.3. Let (X, d) be a complete b-metric space and let ¥ : X — X be a p-nonlinear contraction
mapping such that max{k, ﬁ} < % Then ¥ has a unique fixed point in X.

Proof. Let zy be an arbitrary point in X. We define a sequence {z,} in X by z,,; = Tz, for all
n > 0. If for some N, xy = zyy1, then xy = Tz, which means zy is a fixed point. In this case,
the theorem holds. Assume that x,, # x,.1 for all n > 0, so ?(x,,Z,r1) > 0 for all n. Consider
(zp, Tpy1) = 0(%Txy—1, Tx,) for n > 1. Applying the contraction condition (1), we have

D(xna anrl) S k‘go(fm(xn,h .’L'n), )

where

0(Tp—1,TTy) + (T, Ty
m(xnfl’In) = max {a(xnhxn)ua(xnhTCCn1)70(1‘7”‘1%1)7 (:L‘ ! r ) + ('1: €z 1) } )

2s

Substituting z,, = Tx,,_1 and x,,1 = Tx,:

D(xnfla $n+1) + D(QZ,,“ xn) }

m(wn—la xn) = max {D('rn—b xn)7 a(mn—h xn)v a(xna $7z+1)7 2
S
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Since ?(z,, x,) = 0, this simplifies to:

D<mn—17 xn+1) }

M(x,_1,,) = max {D(xnl,a:n),b(xn,a:n+1), 55

Now, we analyze the possible cases for M(x,,_1,z,):

Case A. Suppose M(z,,_1,z,) = 0(x,, Z,11). Then
Ty Tny1) < kT, Tny1))-
Since k € (0,1) and ¢(t) < t for t > 0, we have ko(t) < kt < t. Thus,
(@, Tny1) < kp(@(20, Tnt1)) < (T, Togr),

which is a contradiction unless ?(z,,, €,,+1) = 0. If 0(x,,, z,41) = 0, then x,, = z,,, 1, which implies x,, is
a fixed point, contradicting our assumption that z,, # z,1. Therefore, this case implies d(z,,, T, 11) =
0, meaning we found a fixed point.

Case B. Suppose M(x,,_1,x,) = 0(x,_1,2,). Then

a(xnu xn+1) S k@(b(xn—lu xn))

Since p(t) < t for t > 0, we have
Xy, Tpr1) < kO(Tp_1,Tp).

Case C. Suppose M(x,,_1,2,) = w Then

D n—1» n
(@, Tnsr) < k(p((x;x“))'
s
Since ¢(t) < t for t > 0, we have

a(*/En—luxn 1)
D<37m$n+1) < kT+

Using the b-triangle inequality, d(x,_1,Zn41) < S[0(2n_1,2,) + 0(2p, T, p1)] We have

k k
D(xnvxn+l) < ?Ss[o(xnfla xn) + O(mna xn+1)] - 5[0(-%71717 xn) + D(xnvxn+1)]'

Let d,, = o(zp, Zpy1). Then d, < g(dn_l +d,,). Hence,

k
dn < ﬂdn_l.

Since k € (0,1), we have 2 —k > 1, s0 ;% < k < 1.

Let A = max{k, ﬁ} Since k € (0,1), we have fkk < k, and thus A = k. Therefore, in all cases

where 9(z,,, z,11) > 0, we have:

N xp, Tpr1) < ke(M(zy_1,2,)) < EM(z)_1,2,).
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This implies d(z,, Tp11) < k0(p_1,Tp) if M(zp_1,2,) = 0(Xp_1,24), OF WXy, Tpi1) < ﬁa(mn_l,ajn)

_ ¥(Tn—1,Tnt1)

if M(2—1, 2,) = =252, Therefore, we have d(z,,, y41) < Y0(2n_1, 2,) for some v € (0,1). Thus,
D('Ina mn+1) S )\nb(l‘oa 'Il)

where A\ = max{k, ﬁ} < 1. This implies lim,, o 3(x,,, Z,41) = 0.

Now, we show that {z,} is a Cauchy sequence. For any m > n, using the b-triangle inequality
repeatedly, we get

a(xna xm) S Sa(f[fn, xn-&-l) + 820(7571—}-17 wn-&-?) + -+ Sm_na(xm—h xm)

m—1
= > & (ay, 0)
j=n
m—1 m—1
< Z sITMHIN (20, 1) = (0, 1) Z sITmHIN
Jj=n Jj=n
m—1 ‘ A m—n—1 A
= (xo,21) - Z §TN = 0(zg, 1) - SA” Z (sA)’.
j=n =0

Since, smax(k, f’“k) < 1, then the series converges, and since A — 0 as n — oo, it follows that

o(zp, ) — 0 as n,m — oo. Thus, {x,} is a Cauchy sequence. By the completeness of X, there exists
x € X such that lim,,_,., x, = . We now show that x is a fixed point of . We have

0(Tx, z) < s[o(Tx,Tx,) + 0(Txy, x)] = s[O(Tx, Tx,,) + 0(x0g1, )],

and
(T, Twy,) < kp(M(x, ),

where

d(z, Ta,) + 0(z,, T) L

M(x,x,) = max {D(ac,mn),b(:c,T:r),D(mexn), 5
s

As n — oo, M(x, x,,) — max{0,0(z,Tx),0, %2} = o(x, Tx). Therefore,
(T, x) < slke(d(z,Tx)) + 0] = sk p(d(z, Tx)).
If o(x,Tx) > 0, then,
0Tz, x) < ske(d(z,%Tx)) < skd(z,Tx) < 0z, Tx).

which is a contradiction. This implies ?(z, Tz) = 0, so Tx = z, and z is a fixed point of ¥.

To prove uniqueness, suppose x and y are two fixed points of T, i.e., Tx = x and Ty = y. Then using
(1),
oz, y) =d(Tx, Ty) < kp(M(z,y)),

where

o(x,%y) +0o(y, Tx) }

M(z,y) = max{D(x,y),b(x,iaz),b(y,iy), 55

= max{0(z,y),0,0,0(x,y)/s} = o(z,y).

Thus, ?(z,y) < kp(d(z,y)) < kd(z,y). Since k < 1, this implies d(x,y) = 0, and therefore = = y.
Hence, the fixed point is unique. This completes the proof. O
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Example 3.4. Let X = [0,1] and ?(x,y) = |x — y|>. Then (X,0) is a complete b-metric space with
s = 2. Define T : X — X by Tz = x/4. Let p(t) =t/2 and k = 1/2. Then for z,y € X,

1
2Tr,Ty) = [T Tyl = |o/d—y/A = ol — o
1
< el - yI*) = ko(d(z,y)).

Since ¢(t) < tforallt >0 and k =1/2 < 1, T is a p-nonlinear contraction. By Theorem 3.3, T has a
unique fixed point in X, which is x = 0.

Remark 3.5. Theorem 3.2 generalizes the Banach contraction principle in b-metric spaces by
considering a more general nonlinear contraction condition. The choice of the function ¢ allows for
greater flexibility in the contraction requirement. Furthermore, it reduces to the standard Banach
contraction principle when ¢(t) =t and s = 1.

4. APPLICATION TO DIFFERENTIAL EQUATIONS
In this section, we demonstrate the application of the fixed point theorems established in Section

3 to prove the existence and uniqueness of solutions to certain types of nonlinear differential equations.

Consider the following nonlinear differential equation:

{ o' (t) = §(t,=(t), te€T=la,b], (4.1)

z(a) = xo,

where f : 3 x R — R is a continuous function. We assume that § satisfies the following Lipschitz
condition:

for allt € 3 and x,y € R, where £, is a continuous function on J. We define an operator ¥ : €(J,R) —
¢(3,R) by
t
(€)(®) = a0+ [ f(r.a()ir )

where C(J,R), the space of continuous functions from J to R, equipped with the b-metric d(x,y) =
SUDyefa s [2(t) — y(1)]?, with s = 2. Tt is clear that x € €([a,b],R) is a solution of the Eq. (2) if and
only if z is a fixed point of T.

Theorem 4.1. Suppose that the Lipschitz constant £; satisfies

max (/t )ZTdT)2 < 1/4.

Then the Eq. (2) has a unique solution in €(J,R).
Proof. We show that the operator ¥ defined by (3) is a p-nonlinear contraction on C(J,R). For any
z,y € C(J,R), we have

()0 - @O = | /t[f(T,w(T))—f(T,y(T))]dT\S /t\f(ﬂw(f))—f(ﬂy(f))dT
< /S) |z (T )\dT<max\m \/ L.dr
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Therefore,

2

(52)(t) — (S (0 < ( / t 2.dr) (max x(r) —y(r)])* = ( / t £.dr) max |o(r) - y(7)*

TETJ

Taking the maximum over ¢ € [a, b], we get

mae |(Ta)() — (£0)(O)F < max [ .ar) max[a(r) — y(r)P,

ted
which implies

t 2
(%Tx,Ty) < max (/a STDT> o(z,y).

Let k = 4max;cs (fat STdT)2 and choose ¢(t) =t/4. Then k < 1, p(t) <t for all t > 0 and ¢(0) = 0.
Then we have ?(Tx, Ty) < ke(d(z,y)). Hence, T is a ¢-nonlinear contraction with M(z,y) = 2(z,y).
Therefore, by Theorem 3.2, ¥ has a unique fixed point in €(J,R), which is the unique solution to the
Eq. (2). This completes the proof. O

Example 4.2. Consider the differential equation 2'(t) = tz(t), (0) = 1, for ¢ € [0, 1]. Here, f(t,z) =
tx. Then [f(t,x) — f(t,y)| = |tz — ty| = t|x — y|. So £, = t. Then fot L.dr = fot rdr = t*/2. Thus,
maxte[o71](f()t £,d71)? = maxe)o1)(t?/2)* = 1/4. By Theorem 4.1, the differential equation has a unique
solution in €([0, 1], R).
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Mixed piecewise constant argument and the Runge-Kutta method
for numerically solving first-order differential equations
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Abstract. This work introduces an efficient methodology for approximating solutions to first-order
non-linear differential equations. The approach is based on formulating a differential equation with
piecewise constant arguments associated with the parameters of the classical Runge-Kutta (RK) dis-
crete equations depended on a positive integer parameter n. It is demonstrated that the constructed
equation has a unique piecewise-smooth solution and for sufficiently large values of n, this solution
approximating solution to the original problem. Numerical results are provided through examples,
demonstrating the efficiency and high accuracy of the proposed method.

Keywords: Initial value problem, Differential equation with piecewise constant argument, Approxi-
mated solution, Runge-Kutta method, Absolute error
MSC (2020): 34A12, 34A34, 65105, 65L06

1. INTRODUCTION

The finite element approach has been widely applied to nonlinear equations |1]. Both mesh-based
and meshless methods have advanced the solving of linear and nonlinear ODEs, PDEs, and fractional
differential equations [2], [3], [4].

A finite-time stability for hybrid dynamical systems with deviating argument is explored using a
hybrid control scheme in [5]. The reliability of the Non-Fixed Step-Size Algorithm offering efficient
integration over varying intervals for stiff differential systems is confirmed through validation of its
properties [6], [7], [8]. Finding exact periodic solutions of first-order non-homogeneous differential
equations with piecewise constant arguments, providing conditions and explicit solutions are given in
9], [10).

Recent published papers has demonstrated numerical methods for solving initial value problems
using various approaches, including Euler’s method, the Taylor series method, the Adomian decompo-
sition method, and the Runge-Kutta method [11]. In addition, conventional Taylor and fourth-order
Runge-Kutta (RK4) methods have been compared in [12].

In [13], the approximation of initial value problems was addressed through the introduction of an
innovative and enhanced method inspired by Taylor’s approach, which outperforms the Runge-Kutta
(RK) method in terms of accuracy.

In this paper, we propose an effective method for constructing an approximate solution to a class
of nonlinear ordinary differential equations of the form

y(t) =fty@®),  yla) =y,  telab], (1.1)

where f(-,-) is a real-valued function continuous in ¢ € [a,b] and Lipschitz continuous in y € R
(with Lipschitz constant independent from t), and y, is a given real constant. The approach involves
constructing the initial value problem as a differential equation with piecewise constant arguments by
using parameters of the seventh-order RK discrete equation, parametrized by a positive integer n. It
is established that the resulting equation admits a unique piecewise-smooth solution, which serves as
an approximation to the original problem when n becomes sufficiently large.

To demonstrate the practical effectiveness of the proposed method, several numerical experiments
are conducted. The results are compared with the results of [11], [12] and [13] showing that the
suggested approach yields high accuracy and exhibits rapid convergence.
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2. DIFFERENTIAL EQUATIONS WITH PIECEWISE CONSTANT ARGUMENTS

a

Let n be a positive integer, and define the partition points as t;, = kh + a, where h = b% and
k=0,1,2,....n

This study focuses on the constructing of differential equation with piecewise constant arguments
using the coefficients of a seventh-order Runge-Kutta method comprising thirteen stages for solving
initial value problems [14]. The main idea is based on the following sketch: the numbers K (t;) in
are constructed so that the function F,(t), defined in converges uniformly to f(¢,y(t)) on
[a,b] as n — oo, where y(t) is a regular solution of ([1.1))

The numerical approximation of the solution to (|1.1)) using the classical seventh-order Runge-Kutta
method is expressed as [15], [14]:

Y~ 1
h

where h denotes the step size, and K (t;) represents the Runge-Kutta increment function evaluated at
t,, where

= K(ty), (2.1)

31 16 16807
K(tx) = ﬁ]ﬁ(tk) 75k6(tk) + 79200k7(tk)
16807 243 243 31
79200 —on 2.2
* 70200 (k) 17ggRe(8) + qrggkiz(te) + mpphus(te), (2:2)

Fa(te) = £ (b, y(th),

Fa(te) = f(ts + Lhyy(t) + h(Lki (1)),

Rs(te) = f(tx + 3R y(te) + (k1) + Fka(t))),

Fa(te) = f(tx + Shoy(te) + b5k (B) + ks (b)),

k(i) = f(tx + h,y(t) + h(355k: (1) — f5ks(t) + $32ka(t0)),

Fo(be) = f(tx + $hyy(t) + bk (b) + Shalte) + 22ks (1)),

Fr(te) = f(tx + $hyy(t) + A= 582k (1) + 32950 ka () — ik (t) + S520ks(t4)),
ks(ti) = f(ti + Fhoy(te) + h(g5k () + 538ks () — ko (te) + g2agkn(te)),

431§9<tk> = flte + %h,y(tk) + h(;glzgkl(tk) - gégékﬁl(tk) 1550245195(%) B gg%kﬁ(tk) 145800k (tr) +
do7s ks (),

Fro(tr) = f(tx + 2h, y(tr) + h(— 555 R (t) — 1050e05 Ka(tk) — Gasser s (te) + 3aoras Ko (t) — Toos or (ti) +
%kg(tk) 3773k9(tk)))

kll(tk) - f(tk +h y(tk) + h(12733k1 (tk) - 250202352k4(tk) 48506245865k ( ) - 472152959k6(tk) + giggggk7(tk) -
tra0 Rs (L) + 1701k9(tk) Siki0(tr))),

4180 1408 2432

k12( k) = {(tk'i‘ %h y(tr) +h(— 22074016210 ki (te) + 248004é685 ka(tr) — Eg%gi ks (k) + gg?é ko (tr) — 1166400 k7(tk)
225 k’g( ) + Ek‘b(tk) 1317676341{710@"?)))

4701213(%) - J;(;i]; +h, y(tk) + h(181628003 Ky (tk) - ﬁégg ka(te) + 2435584;0245 ks(tr) — ?ggig ke(tr) + 1667336380090 kr(tr) +
ﬁks(tk) + 10912 ko (ti) — 992 klo(tk) 341 k12(tk)))

For each positive integer n, we construct a differential equation incorporating a piecewise constant
argument, which serves as an approximation to the nonlinear differential equation given in , and
is associated with the corresponding initial value problem.

y'(t) = F.(0),  y(to) = vo, 1€ (ab), (2.3)
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where
Fn(t) :K<tk_1> for ¢ c [tk—lytk>7 k= 1,...,n, (24)
t
. 1
ye = y(ty) = t_l)1£1_() - F,(s)ds = K(tk,l)ﬁ,

By the construction of K (t;_;), we have
K(tkfl) — f(tkfl, ykfl) —0 as n — oo. (25)

A solution to equation ([2.3)) is characterized in the following manner, as described in [16], [17].

Definition 2.1. A function y(¢) := y,(t) is said to be a solution of the initial value problem ({2.3) if
the following conditions are fulfilled:

(i) y(t) is continuous on the interval [a, b];

(ii) The derivative y/(t) exists and is continuous on [a, b], except possibly at the points t = t,
where k =0,1,...,n, at which the one-sided derivatives exist;

(iii) The function y(t) satisfies the differential equation in (2.3) for all ¢ € (a,b), possibly excluding
the points ¢t = t;, where £ =0,1,...,n.

Theorem 2.2. For every positive integer n, the initial value problem (2.3|) admits a unique solution
Y(t) == yn(t), as defined in (3.5).

Let y(t) be a solution of the initial value problem defined in (1.1]). Then there exists d > 0 such that
it satisfies the boundedness condition

ly(t)] < d.
Moreover, we assume that the function f(¢,y) has compact support D = [a,b] x [—2d, 2d], that is,

flt,y)=0 for (t,y)¢ D. (2.6)

We note that under the given assumptions, the function f(¢,y) is bounded. Consequently, the
corresponding solutions y,,(t) are uniformly bounded as well. That is, there exists a positive constant
C such that

lyn ()] < C. (2.7)

The next theorem establishes that the function y,(t) serves as an approximate solution to the initial

value problem (1.1)).

Theorem 2.3. For any given € > 0, there exists a positive integer ng = n(g) such that for all integers
n > ng, the following inequality holds:

sup |y, (t) = f(t, yn(t))] <, (2.8)

te(a,b]
where y,, (t) denotes the solution of the initial value problem (2.3)).

3. PROOF OF THE MAIN RESULTS

Proof of Theorem Let n be a fixed positive integer. For ¢ € [to,t1), equation (2.3) takes the
form:

Integrating both sides of (3.1)) yields:

v = [Kw)ds+ylte), 1€l n) (3.2)
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Since the function y(t) is continuous on the interval [y, t1), the left-hand limit at ¢ = ¢; exists

y(t) = lim y(2). (3-3)

t—t1—0

Now, let y(t) denote the solution to equation (2.3) on the interval [t;_o,t;_1) with the initial

condition y(t;_o) = t_)ykm Oy(t)-
.
Let

y(te—r) = lim_ y(2). (3.4)

t—tr—1—0
Further, using the initial condition (3.4]), we integrate equation ([2.3) over the interval [tx_1,x):
y(t) = K(te-1)(t — te-1) +y(te-1), T € [te1,ti), (3.5)

for k=2,...,n.
By construction, the function y(t) defined by ({3.5|) is differentiable on each subinterval

((I,tl) U (tl, tg) J---u (tnfl, b),
and continuous on [a,b]. Hence, by construction, the function y(¢) is the unique solution to equa-
tion ([2.3)).

Proof of Theorem . Let y,, be the solution of equation ([2.3). Then, for t € [ts, tx11), the following
identity holds:

We estimate the right-hand side as follows:
(K (ti-1) = (& yn ()] < 1K (Erm1) = f (1 Y (o) + [ Cror, Yn (Beo1)) — f(E ya ()]
According to equation ({2.5)), there exists a constant C' > 0 such that

C

n

|K(tk_1) - f(tk—lyyn(tk—l))‘ S

for sufficiently large n.
By equation (3.5)), the solution v, (t) on [ty,t;+1) can be written as:

Yn(t) = K(tp—1)(t — thier) + y(te-1),

so that
F(tyn(t) = fF(6 K(teo1)(t — the1) + y(teo1)), t € [trtrsr)-

Since the function f is differentiable on the domain D, there exists a constant F' > 0 such that

F
for all t € [tx_1,tx) and sufficiently large n.
Combining the above estimates yields:
, C+F
[9.(8) = F(tyn ()] < —— (3.7)

for all t € [tp_1,tx), K =1,...,n, and sufficiently large n.
This completes the proof of the theorem.
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4. ALCORITHMIC SUMMARY

The following steps outline the computational procedure for approximating the solution of the initial
value problem:

Input: Prescribed initial condition.

Step 1: Compute the value of K (o) using equation (2.2));

Step 2: Determine the function y,(t) over the interval ¢ € [ty,t;) via equation (3.2));

Step 3: Evaluate the one-sided limit v, (tl) =, litm o Yn (t);
—t1—

Step 4: For each subinterval, calculate K (t;_;) using equation (2.2));
Step 5: Apply formula (3.5) to compute y,(t) on the interval ¢t € [t;_1,tx) for k = 2,...,n, and
evaluate the left-hand limit y,, (t,_1) = . }im Oyn(t);
—tp—1—

Step 6: Construct the approximate solution v, (t) using the piecewise-defined formula (3.5));
Step 7: Evaluate the maximum absolute error between the exact solution y(¢;_;) and the numerical
approximation ¥, (¢,_1) at the mesh points:

MaxErr = 1%?%% |y(tk,1) — yn(tk,1)|;

Output: If the computed maximum error is within the prescribed tolerance, the procedure termi-
nates successfully.

5. NUMERICAL RESULTS

To obtain an approximate solution of the initial value problem (|1.1)) based on Theorem [2.3] it is
essential to compute the function y,,, which is explicitly defined by formula (3.5)).
Example 1. Consider the initial value problem described in [13]:

y(t)=te?, 0<t<0.7, y(0)=1.
The parameters are N = 10, h = 0.07, and ¢; = 0.07¢. The exact solution corresponding to this
problem is given by
1
y(t)=—In(e™" — §t2).

The absolute error results by using a hybrid technique combining the piecewise constant argument
approach with the Runge-Kutta method are given in Table 1. The comparison with the numerical re-
sults obtained via the classical Runge-Kutta (RK) method, the Obreschkoff method, and our proposed
approach highlights the accuracy and efficiency of the proposed scheme.

TABLE 1. Comparison of absolute errors in the Runge-Kutta (RK) method of order
6 [13], the Obreschkoff method (OM) of order 8 [13] and present method applied in
Example 1 with step size h = 0.07.

t;  RK Error [13] OM Error [13] Present Method

0.0 0.0000000 0.0000000 0.0000000

0.07  7.9991 x 10~1° 1.9000 x 10713 8.2486 x 10716
0.14 1.8513 x 107 9.5000 x 1013 4.1093 x 1071°
0.21 85394 x 107* 2.9800 x 10~*2 1.1712 x 10714
0.28 2.0817 x 10°® 8.5900 x 10~*2 2.8994 x 10~
0.35 4.1761 x 1078 2.5740 x 1071 7.1300 x 107
0.42  7.7709 x 1078 8.6570 x 10~1* 1.8795 x 10713
0.49 1.3675x 1077 3.5061 x 1070 5.6835 x 10713
0.56  2.3260 x 1077 1.8740 x 107° 2.1447 x 10712
0.64 3.1537 x 1077 1.5364 x 1078 1.1346 x 1071
0.70  7.3768 x 1077 2.6095 x 1077 8.8373 x 107!
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Example 2. Consider the Abel-type nonlinear differential equation [11]

y'(t) =t + 3ty + 3ty + ty°,

subject to the initial condition y(0) = 0. The exact solution to this problem is expressed as

y(t) =

—1+

1

V1I—t2

TABLE 2. The table of absolute errors at the point ¢; obtained by Euler, Taylor,
Adomian, RK th4 [11] and Present methods for Example 2.

t Exact Abs. Err Abs. Err Abs. Err Abs. Err Abs. Err
Euler [11] Taylor [11] Adomian [11] RK 4th [11] Present method
0.1 5.0378e-03 1.0000e4+00 7.5063e-03 2.7352e-07 6.1705e-06 7.9062e-15
0.2 2.0621e-02  5.1505e-01  1.9136e-02 1.7543e-05 6.4452e-06 5.2515e-14
0.3 4.8285e-02 3.6614e-01  3.1291e-02 2.0138e-04 7.2163e-06 1.5983e-13
0.4 9.1089e-02  3.0348e-01  4.5789e-02 1.1539e-03 8.6288e-06 4.1544e-13
0.5 1.5470e-01 2.7892e-01  6.4632¢-02 4.5820e-03 1.0966e-05 1.2183e-12
0.6 2.5000e-01 2.7911e-01  9.1203e-02 1.4693e-02 1.4457e-05 6.574e-12
0.7 4.0028e-01 3.0334e-01  1.3228e-01 4.1529e-02 1.8686e-05 1.0107e-10
0.8 6.6667e-01  3.6210e-01  2.0385e-01 1.0966e-01 1.8517e-05 4.3633e-09
0.9 1.2942e4+00 4.9242e-01  3.5428e-01 2.8525e-01 1.0507e-03 9.3657e-07

Example 3. The Generalized Taylor method is employed to approximate the solution of the initial
value problem [12]:

y'(t) = e, y(0) =1,
where the parameters are specified as N = 10, h = 0.1, and ¢; = 0.17. The exact analytical solution
for this problem is given by

0<t<l,

y(t) =1In(e’ +e ' —1).

Moreover, the performance of the proposed approximation is compared against several classical nu-
merical methods to assess its accuracy and efficiency.

TABLE 3. Comparison of absolute errors for the Modified Euler (MEM), Trapezoid
(TM), Midpoint (MM), Taylor and RK methods of order 4, alongside the Generalized
Taylor method (GTM) [12] and Present method for Example 3, with a step size of

h =0.1.

t; MEM [12] TM [12] MM [12] Taylor [12] RKM [12] GTM [12] Present method
0.0 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
0.1 28x107° 2.8x107° 8.7x10°¢ 9.0 x 10~° 44 x107° 5.2x 10710 2.9 x 10712
0.2 56x107% 5.6x107° 1.8x10°° 1.6 x 108 9.2x107° 9.5x 1071 3.1x 10712
0.3 83x107° 83x107° 29x107° 22x1078 1.3 x 1078 1.3 x 107° 2.9 x 10712
04 1.1x107* 1.1x107* 4.1x107° 2.6x10°8 2.0 x 1078 1.4 x 107° 2.5 x 10712
0.5 14x107* 14x107%* 5.3x10°° 2.7 x 1078 2.5 x 1078 1.5 x 107° 2.2 x 10712
06 16x107* 1.6x107* 6.7x10°° 2.6 x 10~8 3.1x 1078 1.4 x 10~° 1.9 x 1012
0.7 19x107* 1.9x107* 8.0x107° 2.3 x 108 3.8x 108 1.2 x107° 1.6 x 10~12
0.8 21x107%* 21x107% 94x10°° 1.8 x 10~8 4.4x1078% 88x 1071 1.4 x 10~12
09 23x107* 23x107* 1.1x10°* 1.2 x 1078 50x 1078 4.7 x 10710 1.2 x 10712
1.0 25x107* 25x107* 12x107* 4.2 x107° 56 x 1078 1.9 x 101! 1.1 x 1012

It is evident that the present method yields substantially higher accuracy in comparison to the
other numerical schemes under consideration. The comparative analysis of the approximate solutions
obtained via the present method and alternative approaches, along with their corresponding absolute
errors, is presented in Table 3.

Example 4. Let
Y () =ev"® 4 cos(t) — O,

0<t<1, y(0)=0.
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The exact solution of this IVP is

y(t) = sin(t).

The results for N = 10, h = 0.1, and ¢, = 0.1k using the proposed method are presented in Table 4.

TABLE 4. The absolute errors in the Runge-Kutta (RK) method of order 7 in Example

4 with step size h = 0.1.

t; Exact Approximate Absolute error
0.0 0.00000000000000 0.00000000000000 0.0000000
0.1 0.0998334166468281 0.0998334166468285  3.5143 x 1071¢
0.2 0.1986693307950612 0.1986693307950617  5.1645 x 10~1¢
0.3 0.2955202066613396 0.2955202066613394  1.8762 x 107'¢
0.4 0.3894183423086505 0.3894183423086475  3.0056 x 10~'°
0.5 0.4794255386042030 0.4794255386041950  7.9623 x 10~1°
0.6 0.5646424733950354 0.5646424733950275  7.8677 x 10~1°
0.7 0.6442176872376911 0.6442176872377125  2.1443 x 10~*
0.8 0.7173560908995228 0.7173560908996445  1.2174 x 10713
0.9 0.7833269096274834 0.7833269096278118  3.2845 x 1013
1.0 0.8414709848078965 0.8414709848086330  7.3648 x 1013

6. CONCLUSION

A novel numerical scheme is introduced for approximating solutions of differential equations. The
proposed methodology is based on constructing an associated differential equation incorporating a
piecewise constant argument, using the parameters seventh-order RK method, which corresponds to
the original problem. A solution to such ordinary differential equations with piecewise constant argu-
ments is defined as a piecewise smooth function, depended on a positive integer n. It is demonstrated
that, for sufficiently large values of n, the solution of the constructed equation closely approximates
the solution of the original initial value problem.

In Examples 1-4, using the proposed method, the maximum absolute errors between the exact and
the approximate solutions at the points t;, are demonstrated, with the results of the recently published
papers, in Tables 1-4, respectively. The comparisons show the accuracy and efficiency of the proposed
technique.
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Abstract. Hamilton systems play a fundamental role in mechanics and mathematics, which usually
generated by Hamiltonian vector fields. The geometry and topology of vector field orbits is not only
an important branch of modern geometry, but also has important applications in many fields of
science and engineering. This article studies the geometric characteristics of the leaves of the foliation
generated by the orbits of Hamiltonian vector fields.
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1. INTRODUCTION

Let M be a smooth Riemannian manifold of dimension n with the Riemannian metric g, V is the
Levi-Civita connection, < -,- > is inner product defined by the Riemannian metric g.

We denote by V(M) the set of all smooth vector fields defined on M, through [X, Y] Lie bracket of
vector fields X,Y € V(M). The set V(M) is a Lie algebra with Lie bracket.

Let’s consider some set D C V(M ), which contains finite or infinite number of smooth vector fields.
For a point x € M through ¢ — X*(x) we will denote the integral curve of a vector field X passing
through a point x at ¢ = 0. Map t — X'(x) is defined in some domain I(z) C R, which generally
depends on field X and point x.

Definition 1.1. The orbit L(z) of a system D of vector fields through a point x is the set of points
y in M such that there exist ¢, 1o, ..., t; € R and vector fields X, X, ..., X} € D such that

y = X (X (X0 (@),
where k is an arbitrary positive integer.

There exist many papers devoted to topology and geometry of orbits |1],[2],]3],[4].

In this paper we study the geometry of orbits of Hamiltonian vector fields.

Let us recall a notion of Hamiltonian vector field. In order to define notion of Hamiltonian vector
field we need to define Poisson bracket of functions.

Definition 1.2. A Poisson bracket on a smooth manifold M is an operation that assigns a smooth
real-valued function {F, H} on M to each pair F, H of smooth, real-valued functions, with the basic
properties:
(a) Bilineality:
{AF + uP, H} = \{F, H} + p{P, H},

{F,AH +pP} = MF H} + p{F, P}, A, p € R;

(b) Skew-Symmetry:
{F.H} = —{H,F};

(c)Jacobi Identity:
{{F’H}7P}+{{PaF}7H}+{{H’P}’F} =0;

(c)Leibniz” Rule:
(F,H-P}={F,H}-P+H-{F P

(Here - denotes the ordinary multiplication of real-valued functions.)
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A manifold M with a Poisson bracket is called a Poisson manifold, the bracket defining a Poisson
structure on M The notion of a Poisson manifold is slightly more general than that of a simplistic
manifold, or manifold with Hamiltonian structure; in particular, the underlying manifold M need not
be even-dimensional. This is borne out by the standard examples from classical mechanics.

Let M be the Euclidean space R™, with coordinates

(p7Q7 Z) = (pla "'7pn7 qla ceey qn7 Zl, ceey zl)7

where m = 2n + [.
If F(p,q,z) and H(p,q, z) are smooth functions, we define their Poisson bracket to be the function:

" (OFOH OF 0H
te = ; <3qi op' o’ 8qi> '

This bracket is clearly bilinear and skew-symmetric; the verifications of the Jacobi identity and the
Leibniz rule are simple exercises. We note the particular bracket identities:

', =0,{¢. ¢} =0, {p'.¢} =6,

{p', 2"} = {¢', 2"} = {z!, 2"} = 0.

in which ¢ and j run from 1 to n, when ¢ and k run from 1 to [. Here 5; is the Kronecker symbol,
which is 1 if ¢ = j and 0 otherwise.

Definition 1.3. Let M be a Poisson manifold and H : M — R a smooth function. The Hamiltonian
vector field associated with H is the unique smooth vector field sgradH on M satisfying

sgradH(F)={F,H} = —{H,F}

for every smooth function F : M — R.

The equations governing the flow of sgradH are referred to as Hamilton’s equations for the Hamil-
tonian function H.

In the case of the canonical Poisson bracket on R™ (m = 2n + [), the Hamiltonian vector field to
any H(p,q, z), as clearly, corresponds

"“. (OH 0O OH 0
H = —
sgrod ; (817" o¢"  Oq' 3191')

The corresponding flow is obtained by integrating the system of ordinary differential equations

dp' ~ OH dq O0H

- : L i=1,..
dt dq'’ dt  Op'’ T e
dz!
—=0,1=1,..,L
dt 07 ) )

There is a fundamental connection between the Poisson bracket of two functions and the Lie bracket of
their associated Hamiltonian vector fields, which forms the basis of much of the theory of Hamiltonian
systems. It is well known following theorem [5):

Theorem 1.4. Let M be a Poisson manifold and {F,H} : M — R are smooth functions with
corresponding Hamiltonian vector fields sgradl, sgradH. The Hamiltonian vector field associated with
the Poisson bracket of F' and H is, up to sign, the Lie bracket of the two Hamiltonian vector fields:

sgrad{F,H} = [sgradH, sgardF.
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The Hamiltonian vector field associated with H (z) has the form

n n ; ) aH a
sgradH = Z (Z{x , ZM@xZ) .

i=1 \j=1

Let F(x) be a second smooth function. We obtain the basic formula

N~ ;, i OF0H
= o ]

i=1 j=1

for the Poisson bracket.

This basic brackets AY(z) = {x*,27} i,j = 1,...,m are called the structure functions of the Poisson
manifold M with respect to the given local coordinates.

A skew-symmetric m x m matrix A(z) = {AY(z)} called the structure matriz of M. If the Poisson
bracket is non-degenerate ( det(A”) # 0 everywhere on M ), then the Poisson manifold is called a
symplectic manifold. The symplectic structure in this case has the form w = A;;dz’ A da/ where A;;
are components of the matrix inverse to (A).

2. MAIN PART

I.Let us consider functions Hy, H, : R* — R on the Euclidean four dimensional space R* with
cartezian coordinates pq, pa, q1, g2 which are given by the formulas

1
H, = 5(19? +p5+4q; +43)

1
Hy=—(pi+ps— G + ).

2
The Hamiltonian vector fields corresponding to H, and H, have following forms:
0 0 0 0 0 0 0 0
dH, = —qh=— — Qo7 — —, dHy = 1 — — G2 — — —. 2.1
sgradily = —aig 5 =45 5 + p1 g + p2 ggz Itz = a1 T~ 5 + D1 g + p2 0 (2.1)

Theorem 2.1. The orbits of vector fields (2.1) generate singular foliation regular leaf of which is
three dimensional surface with zero Gauss curvature.

Proof. We need invariant function from conditions
sgradH,(F) = 0, sgradHy(F) =0 (2.2)

and we get the function F(p1,ps,q1,q2) = p3 + ¢3 is a invariant function. For the Puasson bracket of
functions H; va H, we have

{H17H2} =2p1qa-
From theorem 2.1 it follows that

0 0
[sgradH,, sgradH,| = sgrad{H,, Hy} = _2p187pl + 2(1187(11

If we denote by Hj the function {H;, H,} then we have
sgradHs = [sgradHo, sgradH,|.

And also we have sgradHs(F') = 0. It follows from [6],[5] vector fields sgradH,, sgradH,, sgradHz are
tangent vector fields for every orbit of the system D. Let denote by A(D) minimal Lie subalgebra of
the algebra V(R*) containing the set D, and define subspace

A, (D) ={X(x): X € A(D)},z = (p1,p2,q1,¢2) € R*}
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of tangent space at the point x = (p1, ps, 1, g2). It is known, that
dimA,(D) ={X(z): X € A(D)} > dimL(x)
where L(z) is a orbit containing z [7]. If p? 4+ ¢ > 0 and p3 + ¢3 > 0 then

dimA,(D) = dimL(x) = 3.

It follows from here in this case the orbit L(x) is three dimensional surface.

Let us consider connected component ® of the surface defined by equation p3 + ¢3 = c¢. Then if
x € ® the orbit L(z) is a open subset of the surface ®. Since the different orbits do not intersect and
the set ® is connected, we obtain that L(z) = ®.

Let us ® parameterize the by following equations

pL=1u
po = +/ccos s
@ =v
g2 = +/csins

or by vector equation
r =r(u,v,s) = {u, /ccoss, v, \/csin s}.

We find matrixs of first and second quatric forms:

1 0 0
A=10 1 0
0 0 c
and
0 0 0
B=10 0 0
0 0 —ec

In order to find principal curvatures we have following equation det|B — AA| = 0. We have following
values of principal curvatures

)\1:0,)\2:0,A3:—

Sl-

and Gauss curvature A\; - Ay - A3 = 0.

Following sets are singular leaves:

L, ={0,0,0,0}— zero dimensional orbit;

Ly ={(0,p2,0,q2) : p5+ ¢35 =c, c>0}— one dimensional orbit.

We also have following leaf: Lz = {(p1,0,q:,0) : p? + ¢? > 0}— two dimensional plane (py, ¢;) with-
out the point (0,0).

II.Now let us consider functions

Hy = piqi + p2qo

Hy; = p1g2 + p2qa
and hamiltonian vector fields
0 0 0 0 0 0 0 0
597”(“[[{1:—201(9 I p28 +Q18 +(J2a 5+ sgradHs = p20p plap ‘|‘C]2(9 ‘|'Q18 ;- (2.3)

Theorem 2.2. The orbits of vector fields (2.3) generate singular foliation regular leaf of which is two
dimensional surface zero Gauss curvature and zero Gauss torsion.
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Proof. From the equality {H;, Hy} = 0 we get
[sgradHs, sgradH,] = 0.
From the following conditions
sgradH,(Fy) = 0, sgradH,(Fy) = 0, sgradH,(Fy) =0, sgradHy(Fy) =0
we find following invariant functions
Fi(p1,p2: q1,92) = p1G2 + p2q1, Fo(p1, P2, 415 ¢2) = P1an + pago.
Let us consider connected component ® of the surface defined by equation

{p1QQ +p2qi =c¢1,¢1 #0
P1G1 + Paga = C2,c2 # 0

If x € ® then
dimA,(D) = dimL(x) = 2.

It follows from here in this case the orbit L(x) is two dimensional surface. Since the surface ® is also
two-dimensional, the orbit L(z) is an open subset of the surface ®. Since the different orbits do not
intersect and the set ® is connected, we obtain that L(z) = ®.

We parameterize this surface by following equations

pP1r=1u
P2 =0
CoU — C1U
NG =55 (2.4)
V4 — U
C1UV — CU
Qo= ——
v2 — u?

or in vector form
CoU — C1U C1U — CUu

r=r(u,v) = {u, v, }.

'U2—u2 ’ ,UQ_UZ

Using this equations we find coefficients of first quadric form

(2 + c2)(u* + 6uv? 4+ v*) — 8cycouv(u? + v?)

=1
gu + (v2 — u2)4
a4 6utv® +0t) — 2(cf + B)uv(u® + 0v?)
912 = g21 = (0% — u2)
14 (3 4 ) (u* + 6u*v? + v*) — 8¢y couv(u? + v?)
G22 = (02 —w2)t )

we use denotation cicy = ¢, ¢? 4+ ¢3 = ¢ and also we find normal vectors

— —(c1 +¢) —(c1 +¢)
! V2(e1 F )2+ 2(u+v)* \/2(c1 + ¢2)2 + 2(u + v)*

(u+v)? (u+v)?
V2(cr )2+ 2(u+v)4 \/2(c1 + ¢2)2 + 2(u + v)*

€1 —C C2— C
Ny = 5 )
? V2(e1 — )2 +2(v —u)* /2(e; — ¢2)2 + 2(v — u)?
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(v —w)? —(v—u) }
V2(er — )2+ 2(v —w)* \/2(c; — ¢3) + 2(v — u)?

Now we find two second quadric forms

IIl = bijduiduj, IIQ = cijduiduj,

where
V2(cr + ¢3)
bll - le - b22 -
(u+v)y/(c1 + )+ (u+v)?
and
_ _ _ ﬂ(@ - 01)
C11 = —Ci2 = Co2 =

(- u)p/(e -l + )

Let us recall some notions on the geometry of two dimensional submanifolds of four dimensional
Euclidean space [8],[9],[10], [11],[12].

Through a point xy € F™ in some tangent direction 7 we draw a curve v lying on F". Let s be the
length of the arc on . Consider the curvature vector k of the curve v: k = rs,. The normal curvature
vector ky of a surface F, in the direction 7 at a point z, is called the projection of the curvature
vector k of a curve  onto the normal space N, .

Let

ut = wi(s),
1 =1,...,n,— be the equation of v. Then

dido
ds ds “ds?

The projection of the vector k£ onto the normal space N, has the form

Tss = Tyiyd

p p

ky = Z(kna)na = Z(rssna)n,,.

o=1 o=1

Using the expression for r,,, we can write

b = 2 (rutwrme) o 7

o=1

& du® du? P oII°
U ungzz Ng
=1

It follows from here normal curvature vector does not depend from curve ~, it depends only from
directionr.

The indicatriz of the normal curvature of a submanifold at a point z, is the set of points IV, of
the endpoints of the normal curvature vectors ky(7), taken for each tangent direction 7 and plotted
from the point xg.

The indicatrix of the normal curvature is an ellips. Let us denote by a,b the half axis of the
indicatriz of the normal curvature. We define the Gaussian torsion yg of a two-dimensional surface
in four-dimensional space as

oa = 2ab.

The Gaussian torsion of two dimensional surface F' in R* is a function that assigns a value to each
point of the surface, calculated by the following formula

_ <n17un2v> - <n2u,nlv>
V1192 — G2

In our case, the normal vectors n;,ny are non- constant vectors.

Let F? C R* be a 2-dimensional smooth surface embedded in 4-dimensional Euclidean space. At
each point p € F, the tangent space T,F' is 2-dimensional, and the normal space N,F' is also 2-
dimensional.
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Let {ny,n2} be an orthonormal basis of the normal space N,F. For each normal vector n;, we can
define: the second fundamental form h™.
Then the Gaussian curvature K (p) of the surface F' at the point p is given by:

K(p) = det(h™) + det(h"?)

where: hA™ is the matrix of the second fundamental form in the direction of n,. It follows Gaussian
curvature of two dimensional surface F' is given by the formula

K o b11bay — b%g C11C22 — C%g
(p) - 2 5
911922 — 9i2 911922 — 912

Calculations with formulas gives that
K(p) =0,0c =0.

Remark: Unlike the case in R?, where the Gaussian curvature is an intrinsic invariant depending
only on the metric of the surface, in R* the Gaussian curvature also depends on the extrinsic geometry
that is, on how the surface is embedded into the ambient space.

REFERENCES

[1] Azamov A., Narmanov A., On the Limit Sets of Orbits of Systems of Vector Fields. Differential Equations,
(2004) Vol. 40, Iss. 2, P. 257-260.

[2] Narmanov A., Zoyidov A. N., On the group of diffeomorphisms of foliated manifolds. Vestnik Udmurtskogo
Universiteta. Matematika, Mekhanika, Komp’yuternye Nauki, (2020) Vol. 30, Iss. 1, P. 49-58.

[3] Narmanov A. Y., Stability of completely controllable systems. Differential Equations, (2000) Vol. 36,
Iss. 10, P. 1475-1483.

[4] Narmanov A., The transversal structure of controllability sets for symmetric control systems. Differential
Equations, (1996) Vol. 32, Iss. 6, P. 786-789.

[5] Olver P., Applications of Lie Groups to Differential Equations. Springer, (1993).

[6) Narmanov O., Invariant solutions of the two-dimensional heat equation. Bulletin of Udmurt University.
Mathematics, Mechanics, Computer Science, (2019) Vol. 29, Iss. 1, P. 52-60.

[7] Sussman H., Orbits of families of vector fields and integrability of distributions. Transactions of the AMS,
(1973) Vol. 180, P. 171-188.

[8] Aminov Y. A., Szajewska M. G., Gaussian torsion of a 2-dimensional surface defined implicitly in 4-
dimensional Euclidean space. Sbornik: Mathematics, (2004) Vol. 195, Iss. 11, P. 1545-1556.

[9] Dorodnitsyn A., Knyazeva I., Svirshchevskii S., Group properties of the heat equation with source in the
two-dimensional and three-dimensional cases. Differential Equations, (1983) Vol. 19, Iss. 7, P. 1215-1223.

[10] Fomenko V., Classification of Two-Dimensional Surfaces with Zero Normal Torsion in Four-Dimensional
Spaces of Constant Curvature. Mathematical Notes, (2004) Vol. 75, Iss. 5, P. 690-701.

[11] Fomenko V., Some properties of two-dimensional surfaces with zero normal torsion in E*. Sbornik: Math-
ematics, (1979) Vol. 35, Iss. 2, P. 251-265.

[12] Kadomcev S., A study of certain properties of normal torsion of a two-dimensional surface in four-
dimensional space. Akad. Nauk SSSR, Vsesojuz. Inst. Nauch. i Tehn. Informacii, Moscow, (1975).

Narmanov A.Y.,

Department of Geometry, National University of Uzbek-
istan, Tashkent,Uzbekistan,

e-mail: narmanov@yandex.ru

Parmonov H.F.,

Department of Differential Equations, Bukhara State Uni-
versity of Uzbekistan, Bukhara,Uzbekistan

e-mail: hparmonov@mail.ru



174 Normatov Z

Uzbek Mathematical Journal

2026, Volume 70, Issue 2, pp.

DOI: 10.29229 /uzmj.2026-2-21

Anti-associative dendriform algebras

Normatov Z.

Abstract. The general operadic approach to splitting algebraic operations was developed in [1]. By
splitting the product in a given algebraic variety C, notion of C-dendriform algebras was systemati-
cally studied in [2]. This article aims to study “anti-associative dendriform algebras”, which offer an
approach to addressing anti-associativity. These algebras are defined by two operations whose sum
is anti-associative. Furthermore, the notion of O-operators on anti-associative algebras is presented
as a tool to interpret anti-associative dendriform algebras. Moreover, anti-associative algebras with
nondegenerate Connes cocycles admit compatible anti-associative dendriform algebra structures.

Keywords: Lie algebra, pre-Lie algebra, dendriform algebra, Jacobi-Jordan algebra, pre-Jacobi-
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1. MOTIVATION

Lie algebras were introduced by Sophus Lie in the 1870s to formalize the study of infinitesimal
transformations. Since then, they have become fundamental tools in a wide range of areas, including
representation theory, differential geometry, algebraic geometry, number theory, quantum mechanics,
and gauge theory.

A vector space A with a bilinear operation x is called a Lie admissible algebra if (4, [—, —]) is a Lie
algebra, where [—, —] is the commutator. In particular, an associative algebra (A,-) which is a vector
space A with a bilinear operation - satisfiying - (y- z) = (z - y) - z is a Lie admissible algebra. Hence,
there exist a functor from the category As of associative algebras to the category Lie of Lie algebras,
ie.

As — Lie.

Furthermore, pre-Lie algebras, also known by various names such as left-symmetric algebras, quasi-
associative algebras, or Vinberg algebras, are also Lie-admissible algebras. These algebras were first
introduced by A. Cayley in 1896 as a type of rooted tree algebra. Hence, one can define a functor
from the category Pre-Lie of all pre-Lie algebras to the category Lie of all Lie algebras. Thus, one
has the following diagram
Pre-Lie
I (L1)
As — Lie

Question. Is it possible to extend the diagram (1.1)) to obtain a commutative diagram?
To give an affirmative answer one should put the category Dend of all dendriform algebras on the
left-top side (see |3} |4} |5]) i.e.

Dend ————— Pre-Lie

As ——— Lie

The notion of dendriform algebras was introduced by Loday [6] in 1995 with the motivation from
algebraic K-theory and has been studied quite extensively with connections to several areas in math-
ematics and physics, including operads, homology, Hopf algebras, Lie and Leibniz algebras, combina-
torics, arithmetic and quantum field theory and so on (see |7] and the references therein).
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Recall that a dendriform algebra (A, <, >) is a vector space A with two binary operations denoted
by < and > satisfying (for any z,y,z € A)

(x<y)<z=zx<W-2), @=y)<z=z>=(y<2), x=HY=2)=(x y) >z

where -y =z < y+ x > y. Note that (A,-) is an associative algebra as a direct consequence and
the notion of dendriform algebras can be introduced as an approach of “splitting the associativity”.

The central idea of the paper |2] was to generalize dendriform algebras by requiring that the op-
erations < and > induce on A X A an algebra structure lying in a chosen category C. The authors
introduced the notion of C-dendriform algebras which can be applied to any variety C. This provides
a unified framework in which usual dendriform algebras of of J.L-Loday appear as a special case when
C is the category of associative algebras.

The goal of this paper is to study C-dendriform algebras in the case C is the category of anti-
associative algebras i.e. anti-associative dendriform algebras. This characterization parallels that of
dendriform algebras.

An anti-associative algebra (A,x*) is a nonassociative algebra whose multiplication satisfies the
identity

ax(bxc)+ (axb)xc=0, Va,bce A

On the one hand, if we consider the commutator, then the resulting algebra will not be a Lie algebra.
But considering the anti-commutator [a,b] = axb+bxa derives Jacobi-Jordan algebras (see [8]), which
seem to be similar to Lie algebras at first sight, but these algebras are quite different [9]. This class
of algebras appeared in the literature under different names from different viewpoints, for example
“Lie-Jordan algebras” [10], “mock-Lie algebras” [11]. Thus, one has the functor from the category
A As of anti-associative algebras to the category J-J of Jacobi-Jordan algebras i.e.

AAs — J-J

On the other hand, similar to the construction of pre-Lie algebras, pre-Jacobi-Jordan algebras are
constructed in [12] as a left-anti-symmetric algebra with respect to anti-associator. Hence, we have

Pre-J-J
| (1.2)
AAs — J-J
It is then natural to ask whether the diagram can be extended to a commutative diagram.
In this paper we give an affirmative answer to this question and the category AAs-Dend of all
anti-associative dendriform algebras play a left-top category in the commutative diagram i.e.

AAs-Dend --—---—------ > Pre-J-J

(1.3)

v

AAs J-J

The classification of any class of algebras is a fundamental but highly challenging problem. It is
often one of the first issues encountered when attempting to understand the structure of a particular
class of algebras. Specifically, the classification of algebras of dimension n (up to isomorphism) within
a variety defined by a given family of polynomial identities is a classic question in the theory of non-
associative algebras. Numerous studies have addressed the classification of low-dimensional algebras
across various varieties of both associative and non-associative algebras |13} |14, |15, (16} |17} 18, [19} |20].

The paper is organized as follows. In Section 2, we recall the notion of anti-associative dendri-
form algebras as an approach of splitting the anti-associativity and prove that the diagram is
commutative. The notions of O-operators and anti-Rota—Baxter operators on anti-associative alge-
bras are introduced to interpret anti-associative dendriform algebras in Section 3. In Section 4, the
relationships between anti-associative dendriform algebras and Connes cocycles on anti-associative al-
gebras are given. In the last Section 5, we introduce various notions of nilpotency for anti-associative
dendriform algebras and demonstrate that these definitions are equivalent. Moreover, we give the
classification of 2-dimensional anti-associative dendriform algebras over the field of complex numbers.
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2. ANTI-ASSOCIATIVE DENDRIFORM ALGEBRAS

In this section, we prove that the diagram (1.3 is commutative. Moreover, using a bimodule
structure on a vector space, we define an anti-associative algebra structure on the direct sum of the
vector space with itself by using the operations of an anti-associative dendriform algebra.

Definition 2.1 ([9]). An algebra (A, <) over a field F is called a Jacobi-Jordan algebra if it satisfies
the following two identities

zoy—yox =0,
ro(yoz)+yo(zox)+zo(zoy) =0,
for all z,y,z € A.

In other words, Jacobi—-Jordan algebras are commutative algebras which satisfy the Jacobi identity.
In the case of Lie algebras, the product is not commutative but anticommutative.

Recall that (A, o) is called a Jacobi-Jordan-admissible algebra [12, 8], where A is a vector space
with a bilinear operation o : A ® A — A, if the bilinear operation [—,—] : A® A — A defined by

[,y =xoy+yox, Vr,yc A,

makes (A, [—, —]) a Jacobi-Jordan algebra. In this case, (A, [—, —]) is called the sub-adjacent Jacobi-
Jordan algebra of (A, o) and denoted by (J(A),[—, —]). Obviously, an anti-associative algebra is a
Jacobi-Jordan-admissible algebra.

Another example of Jacobi-Jordan-admissible algebras is pre-Jacobi-Jordan algebras.

Definition 2.2. [12] A pre-Jacobi-Jordan algebra is a vector space A together with a bilinear multipli-
cation - : A® A — A, such that for any z,y, z € A, the anti-associator AAs(z,y, z) := (z-y)-z+x-(y-2)
is skew-symmetric in z,y, i.e. AAs(x,y,z) = —AAs(y,x,z) or equivalently

(z-y)z+a-(y-2)=—(y-z)-2—y-(z-2).
We now give a definition analogous to that of an associative admissible algebra [21].
Definition 2.3. Let A be a vector space with two bilinear operations

—ARA—> A < AR A-— A

Define a bilinear operation * as
rxy=x>=y+x <y, Vryé€cA (2.1)
The triple (A, >, <) is called an anti-associative admissible algebra if (A,x) is an anti-associative
algebra. In this case, (A, *) is called the associated anti-associative algebra of (A, >, <).
Remark 2.4. The triple (4, =, <) is an anti-associative admissible algebra if and only if the following
equation holds:
(x=y)=z+(@=<y)=z+(@=-y) <z+(x<y) <z

2.2
=—z>-yr-z)—x>=y<z2)—z<(y=2—-—z<WYy<z2), VryzecA (2.2)

Definition 2.5. Let A be a vector space with two bilinear operations > and <. The triple (4, >, <)
is called a anti-associative dendriform algebra if the following equations hold:

(x*xy)»=2z=—x > (y = 2),
x<(yxz)=—(r<y) <z
x=(y=<z)=—(r>y) <z Vr,y,z€A, (2.5)

where the bilinear operation # is defined by Eq. (2.1)).
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Example 2.6. Let (A, <,>) be a one-dimensional anti-associative dendriform algebra with basis
element e. Assume that e = e = ae and e < e = fe, where a, 3 € F. Then, by equations (2.3 —
([2.5), we obtain a(2« + 8) = 0 and 8(28 + a) = 0. Hence a = 3 = 0, and every one- dimensional
anti-associative dendriform algebra is trivial.

Theorem 2.7. Let (A, >, <) be an anti-associative dendriform algebra. Then the followings hold.
(i). Define a bilinear operation * by Eq. (2.1). Then (A, x*) is an anti-associative algebra, called the
associated anti-associative algebra of (A, >, <). Furthermore, (A, =, <) is called a compatible
anti-associative dendriform algebra structure on (A, *).
(ii). The bilinear operation o: A®@ A — A given by

roy=x=y+y<z, Vr,ycA,

defines a pre-Jacobi-Jordan algebra, called the associated pre-Jacobi-Jordan algebra of (A, -, <).
(iii). Both (A,x*) and (A, o) have the same sub-adjacent Jacobi-Jordan algebra (g(A), [—, —]) defined

by
[Tyl =z>-y+r<y+y=-zx+y<z, Vr,ycA

Moreover, the commutative diagram (2) holds.

Proof. (i) is straightforward.
(ii) Let z,y,z € A. Then we have
(roy)oz=(x=y+y<z)=z+z<(x>=y+y=<ux
=z-y)-z+y<z)=2z+z<(z=y) +2z=<(y<z),
o(yoz)=x > (y=z2+z2=<y)+y=-z+z<y) <z
=r>-(y=z)+x> =<y +@y=-2)<zx+(z<y <z

By swapping x and y, we have
(yox)oz=(y>=z)=z+(x<y)=z+2z<(y=2)+z=<(zr<y),
yo(zoz)=y>(z>-2)+y>(z<z)+(@@>2) <y+(z=<z)<y.

Using Egs. (2.3)—(2.5)), we obtain

zo(yoz)+yo(zoz)=x>(y=2)+z=(z<y)+y=2)<x+(z<y) <z
+y>-(x>=2)+y>= <)+ (@x>2)<y+(z<2z)<y
=r>-y-2)+z<y) <zt+y>=(x=2)+(z<2)<y
—(zr-y+rx=<y)-z—2=<y-x+y=<z
—(y=z4+y<a)=z—2<(@x>y+zx=<y)
—(yow)oz—(zoy)oz
Moreover, we have

roytyor=x>y+y<cr+r<yty-cr=cxy+yx*xz, Vr,ycA

Thus (A, o) is a Jacobi-Jordan-admissible algebra and hence a pre-Jacobi-Jordan algebra.
(iii). It is straightforward. Note that it also appears in the proof of (ii). O

Let (A,*) be an anti-associative algebra. Recall that a bimodule of (A,x) is a triple (V,[,r)
consisting of a vector space V' and linear maps [,r : A — Endp(V) such that

l(zxy)o = =l(x)((y)v), r(z*xy)v=—r(y)(r@)v), W(z)(rly)v)=—r@)l(z)v), Yr,ycAveV.

In particular, (A, L., R,) is a bimodule of (A, %), where L., R, : A — Endp(A) are two linear maps
defined by L.(x)(y) = R.(y)(z) = x x y for all z,y € A respectively.
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Suppose that (A, %) is an anti-associative algebra. Let V' be a vector space and [,7 : A — Endg(V)
be linear maps. Then (V,[,7) is a bimodule of (A, x) if and only if there is an anti-associative algebra
structure on the direct sum A @V of vector spaces with the following bilinear operation, still denoted
by *:

(x,u) * (y,v) = (x*xy,l(x)v+7r(y)u), Vr,ye AuveV.

We denote this anti-associative algebra by A x;, V.

Theorem 2.8. Let A be a vector space with two bilinear operations = and <. Define a bilinear
operation x by Eq. . Then (A, >, <) is an anti-associative dendriform algebra if and only if
(A, %) is an anti-associative algebra and (A, L., R.) is a bimodule of (A,x*), where two linear maps
L.,R.:A— Endr(A) are defined by

L (x)(y) =2 >y, Ri(z)y)=y=<wz VrycA
Proof. From Egs. (2.2), (2.3), (2.4) and (2.5)) it follows that (A, =, <) is an anti-associative dendriform

algebra if and only if (A, >, <) is an anti-associative admissible algebra, that is, (A,x*) is an anti-
associative algebra, and for all x,y, z € A, the following equations hold:

x=y=2)=—(z-y) =z (z<y)<z=—2x<(y-2), (=y)<z=—x>(y<2).
Let z,y,z € A. Then we have
Lo(zxy)(z) = =L (2)(L-(y)2) <= x> (y>2)=—(rxy) >z
Ro(xxy)(z) = —R<(y)(R<(z)2) <= (z<2x2)<y=—-2=<(zxy),
L, (z)(R<(y)z) = —R<(y))(Lw-(z)2) = x> (2<y)=—(z>2)<y.
Hence (A, L., R.) is a bimodule. O

Let V' be a vector space and V* be a dual space of V. For ¢ € V* and u € V, we write (¢, u) := ¢(u).
The following conclusion is obvious.

Lemma 2.9. Let V' be a vector space and V* be a dual space of V. Let (V,1,r) be a bimodule of an
anti-associative algebra A.

(i) Let I*,r*: A — gl(V*) be the linear maps given by
(" (x)u*,v) = (u*, l(z)v), (r'(z)u*,v) = (u",r(x)v), VeeAu e€V:veV
Then (V*,r*,1*) is a bimodule of A.
(ii) (V,1,0),(V,0,7),(V*,7r*,0) and (V*,0,1*) are bimodules of A.
Proof. (i) Let x € A,u* € V*,;v € V. Then
(" (z * y)u”, v) =(u, l(z x y)v) = —(u, [(z)((y)v)) = =" (2)u”, l(y)v) = =" () (" (x)u"), v),
(r(zx y)u”,v) =(u',r(z x y)o) = =W, r(y) (r(z)v)) = =" (Yu',r(z)o) = = (@) (" (Y)u’), v),
and
(T (@)r ()", v) =(* (@) (" (y)u"), v) = (" (Y)u’, l(z)v) = (u*,r(y)((x)v))
= — (W () (r(y)v)) = =" (@)u,r(y)v) = = (r"(y) (" (z)u"), v),

Hence, (V*,r*,1*) is a bimodule of A.
(ii) is obvious. O

Corollary 2.10. Let A be a vector space with two bilinear operations =, <: AQ A — A. Then on the
direct sum A := A ® A of vector spaces, the following bilinear operation

(x,a)* (y,b) =(x =y+z<y,x>=b+a=<y), Yr,y,a,b € A, (2.6)

makes an anti-associative algebra (fl,*) if and only if (A,>-,=<) is an anti-associative dendriform
algebra.
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Proof. The first proof: It is clear that (A, ) is an anti-associative algebra if and only if (A, >, <) is
an anti-associative admissible algebra, that is, (A,x*) is an associative algebra, and (A, L., R) is a
bimodule of the associated anti-associative algebra, which is equivalent to the fact that (A, >, <) is a
anti-associative dendriform algebra by Theorem
The second proof: By the definition of C-dendriform algebras in the case C is an anti-associative
algebra (see [2]). O
3. ANTI-ASSOCIATIVE DENDRIFORM ALGEBRAS AND (O-OPERATORS

M. Aguiar in 2000 [3] was the first who noticed a relation between Rota—Baxter algebras and
dendriform algebras. The concept of an O-operator, which generalizes the Rota—Baxter operator, was
introduced by C. Bai, L. Guo, and K. Ni in 2010 [4]. They established that any dendriform algebra
arises explicitly from an algebra admitting an O-operator. By the motivation of their work, V. Yu.
Gubarev and P. S. Kolesnikov proved that every dendriform dialgebra in Var can be embedded into a
Rota—Baxter algebra of weight zero in the same variety [22].

Similarly to the above works, the authors of [2] proved the following Proposition.

Proposition 3.1. Let R be a Rota—Baxter operator on an algebra (A, p) which belongs to C. For
a,be A, leta>b:= R(a)b and a < b:=aR(b). Then (A, >, <) is a C-dendriform algebra.

In this section, for the case where C is an anti-associative algebra, we prove that the result holds more
generally for O-operators , which we substitute for the Rota—Baxter operators in the construction.

Definition 3.2. Let (A, %) be an anti-associative algebra and (V,[,r) be a bimodule. A linear map
T:V — Ais called an O-operator of (A, x) associated to (V,,r) if the following equation holds:

T(u)*T(v) =TT (u)v+r(T(v)u), Vu,veV.

In particular, an O-operator T' of (A, *) associated to the bimodule (A, L., R,) is called an Rota—
Baxter operator, that is, T : A — A is a linear map satisfying

T(@)*T(y) =T(T(z)*y+z=T(y)), Va,yc A (3.1)

In this case, we call (A,T) a Rota—Baxter algebra .

Theorem 3.3. Let (A,*) be an anti-associative algebra and (V,1,r) be a bimodule. Suppose that
T:V — A is an O-operator of (A, x) associated to (V,1,r). Define two bilinear operations »=,< on V
respectively as

us=v=IUT(u)v, uvu<v=rTW)u, Yu,velV. (3.2)

Then (V, =, <) is an anti-associative dendriform algebra. In this case, T is a homomorphism of anti-
associative algebras from the associated anti-associative algebra (V,*) to (A, x). Furthermore, there is
an induced anti-associative dendriform algebra structure on T(V) ={T(u) | u € V} C A given by

T(u) =T)=T(u>v), T(u) <Tw) =T(u=<v), YuvelV, (3.3)
and T is a homomorphism of anti-associative dendriform algebras.
Proof. Let u,v,w € V. Then we have

—(uxv)=w=—(u=v+u=<0v)=w=—-U(TUT(w)v))w—UT(r(T()u))w=—I(T(u) * T(v))w
=T (w))(U(T(v))w) =u > (v = w).

Similarly, we have
(u<v)<w=-u<@W*xw), (ur=v)<w=-u>(v<w).

Thus by Definition (V, =, <) is an anti-associative dendriform algebra.



180 Normatov Z

Moreover,

Tuxv)=T(u=v+u=<v)=T(u>v)+T(u=<v)=TUT(uw)v)+T(rT(v))u)
=T(u)*T(v), Yu,veV,

shows that T is a homomorphism of anti-associative algebras from the associated anti-associative
algebra (V, %) to (A, *)
Furthermore, for any u,v,w € V, we can obtain

T(u) = (T(w) =T(w)=T(u> (v=w))=-T(ur»v)>T(w)—T(u=<v)>T(w)
T(u) = T(v)) = T(w) = (T(u) < T(v)) = T(w)
(w) = T(v) +T(u) < T(v) = T(w).

Similarly, one can derive

(T(u) < T()) <T(w) =-T(u) < (T() = T(w)+T() <T(w)),
(T(u) = T(v)) < T(w) = =T(u) = (T'(v) < T(w)),

which imply that T'(V') is an anti-associative dendriform algebra. This completes the proof. O

Below, we provide an example to illustrate the construction of an anti-associative dendriform algebra
using Proposition [3.1]

Example 3.4. Let (A, *) be a complex anti-associative algebra with a basis e;, e; whose non-zero
products are given by

€1 ey = €.

Suppose that R : A — A is a linear map whose corresponding matrix is given by <ZH 312> under
21 Qa2

the basis e, e5. Applying Eq. to the pair {e;,es} yields ag; = 0. For the pair {e;, e;}, we obtain
aq1(a11 — 2am3) = 0. The other pairs yield no further constraints. Thus R is a Rota—Baxter operator
on (A, ) if and only if aq; (g — 2a92) = 0. Then we have two cases:

Case 1. a;; = 0. Then the corresponding matrix of the Rota—Baxter operator is of the form

(8 312) Hence, one can obtain the trivial anti-associative dendriform algebra.
22

Case 2. ay; # 0. Then ay; = 245 and the corresponding matrix of the Rota—Baxter operator is of
2090 (12
the form

0« > Hence, we get an anti-associative dendriform algebra whose non-zero products
22
are given by

€1 > €1 = 20p9€y, €1 < e = 2a0es, Q1 € C.
By the basis change €| = e;, e = 2anses, it is isomorphic to Rhsy[1] given in Theorem
Next we consider invertible O-operators.

Theorem 3.5. Let (A, ) be an anti-associative algebra. Then there is a compatible anti-associative
dendriform algebra structure on (A, x) if and only if there exists an invertible O-operator of (A, *).

Proof. Suppose that (A, >, <) is a compatible anti-associative dendriform algebra structure on (A, *).
Then

rxy=z>y+az=<y=L(2)y+ Ri(y)z, Y,y € A.
Hence the identity map Id : A — A is an invertible O-operator of (A, ) associated to the bimodule
(A,L.,R.).
Conversely, suppose that 7': V' — A is an invertible O-operator of (A, %) associated to a bimodule
(V,1,r) of (A,x). Then by Proposition there exists a compatible anti-associative dendriform
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algebra structures on V and T'(V) = A defined by Eqgs. (3.2) and (3.3)) respectively. Let z,y € A.
Then there exist u,v € V such that x = T'(u),y = T'(v). Hence we have
xxy=T(u)*«T(v)=TUT(u)v+r(TW)u) =T(u>v+u<0v)
=T(u) =TW)+T(u) <Tv)=z>y+z=<y.

So (A, >, <) is a compatible anti-associative dendriform algebra structure on (A, *). O

Proposition 3.6. Let (A, ) be an anti-associative algebra and (V,1,r) be a bimodule. Suppose that
T:V — A is a linear map. Then T is an O-operator of (A, x) associated to (V,l,r) if and only if
the linear map

T:Awx,, V—Ax,,V, (z,u)— (T(u),0),

is a Rota—Baxter operator on the anti-associative algebra A x;, V.

Proof. Let x,y € A,u,v € V. Then we have

TA((?«} w)*T((y,v)) = (T(w),
T((JJ,U))A* (y,v) = (T(w),
(z,u) *T((y,v)) = (x,u)*(T(v),0)=(xxT(v),r(T(v))u).

Hence T is a Rota-Baxter operator on the anti-associative algebra A x;, V if and only if

(T + T(),0) = ()0 +r(TW)a).0),

that is, T" is an O-operator of (A, ) associated to (V,I,7). O

Corollary 3.7. Let (A, >, <) be a anti-associative dendriform algebra and (A, x) be the associated
anti-associative algebra. Set A = A@ A as the direct sum of vector spaces. Define a bilinear operation

x on A by Eq. (2.6) and a linear map d:A— A by

~

Id((z,y)) = (y,0), Va,y € A

Then 1d is a Rota—Baater operator on the anti-associative algebra (A, x), that is, (A,1d) is a Rota-
Bazxter algebra.

Proof. By Corollary (A, %) is an associative algebra, which is exactly A x,_ . A. Since Id :
A — A is an O-operator of (A, %) associated to the bimodule (A, L. , R-), by Proposition Id is a
Rota—Baxter operator on the anti-associative algebra (A, ). O

4. ANTI-ASSOCIATIVE DENDRIFORM ALGEBRAS AND CONNES COCYCLES

In this section, we show that anti-associative dendriform algebras can be obtained from nondegen-
erate Connes cocycles of anti-associative algebras.
A Connes cocycle on an associative algebra (A,-) is an antisymmetric bilinear form B satisfying

B(xz-y,z)+B(y-z,x)+B(z-z,y) =0, Vz,y,z€ A.

It corresponds to the original definition of cyclic cohomology by Connes (|4]). Note that there is a
close relation between dendriform algebras and Connes cocycles (]|23]). Next we consider a Connes
cocycle on anti-associative algebras.

Definition 4.1. Let (A, %) be an anti-associative algebra. A bilinear form B on A is called a Connes
cocycle if
B(axb,c)+ B(b*c,a)+ B(cxa,b) =0, Va,b,cec A.
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Theorem 4.2. Let (A, x) be an anti-associative algebra and B be a nondegenerate Connes cocycle

n (A, x). Then there exists a compatible anti-associative dendriform algebra structure (A, >, <) on
(A, %) defined by

B(x =y,z)=B(y,zxz), Bz <y,z)=B(x,y*z), Vr,y,z € A. (4.1)
Proof. Define a linear map T : A — A* by
(T'(z),y) = B(z,y), Va,y €A,

where, A* is a dual vector space of A. By Lemma (A*, R*, L*) is a bimodule of A. Then T is
invertible and 7! is an O-operator of the anti-associative algebra (A, ) associated to the bimodule
(A*, R*, L*). By Theorem there is a compatible anti-associative dendriform algebra structure >, <
on (A, x) given by

z-y=TYR@)T(y), ==<y=T "L (yT(x)), VYr,yeA,
which gives exactly Eq. (4.1)). O

Next, we turn to the double construction of Connes cocycles. Let (A,#*4) be an anti-associative
algebra and suppose that there is a anti-associative algebra structure *4- on its dual space A*. We
construct an anti-associative algebra structure on the direct sum A @& A* of the underlying vector
spaces of A and A* such that both A and A* are subalgebras and the symmetric bilinear form on
A @ A* given by equation

Bz +a",y+b") = (z,b") + (a",y), Vr,y € A,a"b" € A"

is a Connes cocycle on A @ A*. Such a construction is called a double construction of Connes
cocycle associated to (A,*4) and (A*, *4-) and we denote it by (T'(A) = A A*, B).

Proposition 4.3. Let (T(A) = A< A*,B) be a double construction of Connes cocycle. Then there
exists a compatible anti-associative dendriform algebra structure =, < on T(A) defined by equation
(4.1). Moreover, A and A* are anti-associative dendriform subalgebras with this product.

Proof. The first half follows from Theorem[.2] Let z,y € A. Set x > y = a+b*, where a € A, b* € A*.
Since A is an anti-associative subalgebra of T'(A) and

B(A,A) = B(A*,A") =0, (4.2)
we have B(b*, A*) = 0 and

B(b*, A) = B(w%y—aA)! B(z >y, A )! (y,A*m)!

Therefore b* = 0 due to the nondependence of B. Hence = > y = a € A. Similarly, z < y € A. Thus
A is an anti-associative dendriform subalgebra of T(A) with the product >, <. By symmetry of A
and A*, A* is also an anti-associative dendriform subalgebra. O

Definition 4.4. Let (T'(A;) = A; 1 A7, By) and (T'(As2) = Ay 1 A3, Bs) be two double constructions
of Connes cocycles. They are isomorphic if there exists an isomorphism of anti-associative algebras
¢ : T(A;) — T(A,) satisfying the following conditions:

¢(A1) = A27 (ZJ(AT) = A;? Bl(xvy) = ¢*82(x7y) = BQ((b(x)?qs(y))? V.’L‘,y € A (43)

Proposition 4.5. Two double constructions of Connes cocycles (T(A;) = Ay > A, By) and
(T(A2) = Ay 1 A%, Bs) are isomorphic if and only if there exists an anti-associative dendriform
algebra isomorphism ¢ : T(A;) — T(As) satisfying Eq. (4.3), where the anti-associative dendriform
algebra structures on T(A;) and T(As) are given by Eq. (4.1) respectively.

Proof. 1t is straightforward. O
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5. ISOMORPHISM CLASSES OF TWO DIMENSIONAL ANTI-ASSOCIATIVE DENDRIFORM ALGEBRAS

In this section, we classify two-dimensional anti-associative dendriform algebras. Moreover, we
introduce the annihilator of anti-associative dendriform algebras and demonstrate its role in the con-
struction of new algebras from old ones.

Proposition 5.1. Let (A, =, <) be an anti-associative dendriform algebra. If one of the binary oper-
ations >, < in A vanishes, then with respect to the second one, the algebra A is anti-associative.

Proof. 1t is straightforward. O

Definition 5.2. An anti-associative dendriform algebra (A, >, <) is 2-nilpotent if (x *;, y) *
x %y, (y*i, 2) = 0 for all *;,, %, %;,,%;, € {=,=<}and z,y,2 € A.

in & =

Proposition 5.3. Let (A, =, <) be an anti-associative dendriform algebra satisfying x = y+x <y =0
for all z,y € A. Then (A, =, <) is a 2-nilpotent algebra.

Proof. Let x,y,z € A. Then, we obtain

B
o)

r=(y=2) = —(x>=y+ax <y =2z=0,

©
IR

(r<y)<z —z<(y=z+y=<z2 =0,

Using these results we can get

r<y=z2)=x<(y=z2)+x>(y>z2) =0,
(x<y)-z=(x<y)=2z+@<y)<z=0.

Furthermore, we have

(x=y)=z=(x>y)=z+(@<y)=z=(>y+z<y)=z2=0,
r<y=<z)=z<(y<z)+x<y=-z2z)=x<y<z+y=z2) =0,
(x=y)<z=(x=y)<z+(@x>y) =2=0,

) & (

- (y<=z x>-y)<z=0.

O

Now, we classify anti-associative dendriform algebra structures on 2-dimensional complex vector
space.

Theorem 5.4. Any non-trivial two-dimensional anti-associative dendriform algebra can be included
in one of the following classes of algebras:

Rhl . e < e =e

Rhy[A]: e1 =€ =€z, g <€ = Aea, A€C.

Proof. Let A be a two dimensional anti-associative dendriform algebra. Set

€; = €j =161 1 Qyjz€a,
e; < ej =Bij1e1 + Bijeea, 1<4,5 <2

Now we define e; xe; = e; > e; +e; < e;. Then by Theorem the algebra (A4, *) is anti-associative.
As given in Examples in [8], there are only two non-isomorphic anti-associative algebras i.e. abelian
algebra A; and the algebra A, with non-zero multiplication e; * e; = e,.

Let the algebra (A, x*) be the algebra A,. Assume that (A, >, <) is a compatible anti-associative
dendriform algebra structure on (A4, -). Set o = uj1, Bij = ujo, 1 < 1,5 <2

Then we have

e1 < €1 = ey —ae; — fBriey, €1 < ey = —aae; — Praey,
ey < €1 = —1e1 — Ba1€3, €3 < €y = —Qip2e1 — [Bz€s.



184 Normatov Z

Case g # 0. By considering Egs. (2.3) and (2.4) for the triple {es, es,e2} we obtain ap; =

— B9, (13 = — 399, respectively.

Comparing the coefficients of the basis e; on the considering Egs. and for the triple
{e1,e1,€1} we obtain By = 0.

Again, considering Eq. for the triple {ej,e1,e2} we get agy = 0 which is a contradiction.
Hence, there is no such a case.

Case ay; = 0. By considering Eq. for the triples {es, €2,€1}, {€2,€2,e2} and Eq. for the
triple {ey, s, €5} we obtain ag; = 0, S22 = 0, a5 = 0, respectively.

Again by considering Eq. for the triples {e;,e5,e1}, {e1,e1,ex} and Eq. for the triple
{ea,€1,€1} we obtain ay; = 0,512 = 0,021 = 0, respectively. Then we have the anti-associative
dendriform algebra with non-zero products given by

€1 >~ €1 = yes
ep <e;=(1—7)ey

Then, if v = 0 we obtain
Rh(A);: e < e = eq,

if v # 0 by the basis change €| = e, 5, = ye, we obtain
Rh(A)Q[)\] N €1 > €] =€z, €1 €1 = )\82, A E (C7 A # —1.

Let the algebra (A, %) be abelian algebra A;. Then by Proposition the anti-associative dendri-
form algebra (A, >, <) associated to the abelian anti-associative algebra is 2-nilpotent. Thus we have
(x =y)»=z=uax> (y > z) =0 which implies that (A, >) is an anti-associative 2-nilpotent algebra.
Since all 2-dimensional anti-associative algebras are 2-nilpotent, we get Rhy[—1].

It is possible to consider the multiplication < as above. However, it is not difficult to show that the
constructed algebras are isomorphic. This finishes the proof. O

Definition 5.5. The following sets are called the annihilator of anti-associative and anti-associative
dendriform algebras, respectively:

Annga(A)={z €A |xzxy=yxx =0, Yy € A},

Amngap(A)={zcA|lz-y=ax<y=y=-z=y<z=0, Vyec A}.

An ideal I of an anti-associative dendriform algebra A is a subalgebra of the algebra A that satisfies
the conditions:

-y, z<y, y=x, y<axecl, forany x€ A yel.

It is obvious that the annihilator of an arbitrary anti-associative dendriform algebra is an ideal.
Now we prove the following Proposition which is a useful tool to construct higher dimensional
anti-associative dendriform algebras.

Proposition 5.6. Let (A, x) be an anti-associative algebra and let (A, >, <) be a compatible anti-
associative dendriform algebra structure on (A,x). If the annihilator (Annaas(A),*) of (A, x) is the
annihilator (Annaasp(A), =, <) of (A, =, <), then the quotient (A/Annsasp(A), >, <) is a compatible
anti-associative dendriform algebra structure on (A/Annpags(A), ).

Proof. The Proposition can be described as follows

(A, - _<) THRY=x=Yy+r<y (147 *)

i:erAnnAAdD(A)l J{i’:erAnnAAS(A)

(A/Annpap(A), -, <) (A/Annpas(A), *)
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To show that (Annaasp(A), >, <) is a compatible anti-associative dendriform algebra structure on
(A/Annpag(A), %), it is sufficient to show Z+y = T * y. The structure is given by Zxy =& = y+Z < .
Indeed,

T*xy = T>=Y+r <y
= (x4 Annaasp(A)) = (v + Annaasp(A)) + (x + Annpagp(A)) < (y + Annpasp(A))
= (x>=y+z<y)+ Annps(A) =X*y.

In the following example, we show an application of Proposition [5.6

Example 5.7. Let (A,*) be an anti-associative algebra with non-zero multiplications: e; x ey =
—eg x e; = e3. Then (e3) is the annihilator of the algebra A. Assume ({(e3), <,>) is the annihilator
of a three-dimensional anti-associative dendriform algebra (A, <,>) and (A/(es), <, =) is the algebra
Rhsy[—1]. Then, according to Proposition we can write

€1~ €1 =eg+ €3, €1 > ey = (0iz€3, €y > €1 = (3€3, €9 > €9 = (yu€3
e1 <ep=—ey—aqes, e <ex=(l—ag)es, e <e;=—(14+az)es, ey <ey=—ayes.

Using Eqs (2.3))-(2.5)) for the triples {ey, e1, e} and {es, €1, €1} we obtain ap = oy = 0,3 = —1. Now
we consider the basis change e, = es + ae3. Then we obtain the algebra

e = e = €9, €y = €] = —es, e <e; = —€9g, e < ey = e3.
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Abstract. In this article, a system of parabolic equations with nonlinear boundary conditions is
transformed into a system of self-similar (automodel) equations by applying a shapeshifting. An
asymptotics for a compact supporting solution of the problem is proposed. The obtained asymptotic
formulas are used as an initial approximation in the numerical solution of the problem. In numerical
experiments k = 3 is taken, a finite-difference scheme is proposed, and a Python program is developed
to perform computations for various parameter values, corresponding graphs obtained. Numerical
experiments have shown that the iterative processes converge within 3 to 5 steps. The compactly
supported self-similar asymptotic solution used as the initial approximation played an important role
in ensuring the convergence of the iterative process. The graphs illustrate that, for different numerical
parameter values, the reaction—diffusion processes occur at a finite speed.
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solution
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1. INTRODUCTION

The article considers the following system of nonlinear perturbed equations of parabolic type:

Ui = (’(Uimi)x

with nonlinear boundary conditions

PRm),) L =12k 2>0, 0<t<T, (1.1)

—|(w"™"),

k
P, 0,8) = [Jud?0,8), i=1,2,....k, 0<t<T, (1.2)
j=1

the initial conditions
u;(x,0) = up(x), i=1,2,...,k, x>0. (1.3)

We study the self-similar asymptotics and numerical solutions of problem - . Here k >
1, p; > % -1, m; >1, ¢; >0 (i=1,2,...,k) are continuous nonnegative functions on R,.

The system of nonlinear parabolic-type equations represents a general mathematical model
describing nonlinear heat conduction, diffusion, filtration, chemical reactions, and explosive processes,
and is widely used in mathematical modeling of various natural phenomena [1]- [2].

It is known that in the region where u; = 0, the system of equations becomes degenerate and
has no solution in the classical sense. In such cases, generalized solutions that possess the properties
| ui™ P2 (™), € C(Q), 0 < u; € C(Q), are considered and this solution satisfies the system of
equations in the sense of an integral uniqueness [1].

The nonlinear parabolic equations (|1.1)) originates from the theory of turbulent diffusion [3],[4] (see
also the references therein) and appears in population dynamics, chemical reactions, heat transfer,
and other related fields. Equation encompasses, as particular cases, the porous medium operator
(when p = 0) and the gradient-diffusive p-Laplacian operator (when m = 1), both of which are subjects
of intensive study ([5], [6], [7], [8], [9], [10]-[11], [12] and the references therein).

For nonlinear mathematical models, the problems of blow-up and global existence conditions, as
well as the study of propagation speeds, have been extensively investigated ([1], [2]- [5], [6], [13], [7],
[8]-114], [15])-[16], [17] and the references therein). In particular, the critical Fujita exponents play an
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important role in the initial and boundary value problems for various nonlinear parabolic equations
of mathematical physics ( [5], [9], [12] and the references therein). The concept of Fujita critical
exponents was introduced by Fujita in the 1960s during the study of the heat conduction problem
with a nonlinear source term [13].

In the work of Galaktionov and Levine [4], the case of a single equation was studied in the following
form:

uy = (u™),,. x>0, 0<t<T,
— (u™),(0,t) =uP(0,t), 0<t<T, (1.4)
u(z,0) = ug(x) x>0,

in addition, they also examined the heat conduction equation with gradient diffusion in the following
form:

Uy = (|um]m71uw> x>0, 0<t<T,
— " g (0,8) = WP (0, 8), 0<t<T, (1.5)
u(z,0) = up(x) x> 0.

Here m > 1, p > 0 and uy is a compactly supported nonnegative function (i.e. defined in a bounded
domain) serving as the initial function.

They showed that for problem , the critical exponent for global existence of the solution is
Po = %(m + 1) and the critical Fujita exponent is p. = m + 1. Moreover, for problem , the critical
exponent for global existence is py = WQL—TI and the critical Fujita exponent is p. = 2m. The critical
exponents for global existence and the Fujita critical exponent for problem were studied in [7]
for the special case m = 1.

Xiang, Chen, and Mu [11] investigated the following boundary value problem:

Uy = (|um mi‘lum) (i=1,2,.0k), 2>0,0<t<T,
g™ g (0,8) = 0 (0,8) (= 1,2, k), upyr =y, 0<t<T, (1.6)
u;(z,0) = uio(x) (1=1,2,..,k), x>0.

Here, the parameters satisfy & > 2,m; > 1,p; > 0 and the functions w;,(: = 1,2,...,k) are
continuous and nonnegative. They determined the critical curve of global existence and the Fujita-
type critical curve. In article [18], Galaktionov and Levine studied the following equation:

u =V (|Vul"Vu™) +u?, xRN, t>0,u(z,0) =uy(z), € R",

here 0 > 0, m > 1, p > 1 and uo(z) is a bounded, positive, and continuous function. They showed
that the critical exponent is p. = m + o + UTJFQ
Jiang and Zheng [14] considered the following problem:

U = (|Ux\ﬁ(um)m> , r>00<t<T,
— |u " (u™),(0,8) = wP(0,8), 0<t<T, (1.7)
u(z,0) = ug(x), x>0,

here m > 1, p > 0, 8 > 0. They obtained the critical exponent for global existence py = w;%ﬂ and

the critical Fujita exponent p. = 28 + m + 1. These results represent a generalized form of the work
by Galaktionov and Levine [4].
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In [3], the following problem was considered:

uy = (Jua[” (™)), x>0, 0<t<T,
ve = ([v2]” (V%) &), r>00<t<T,
— Jug | (w™) (0,8) = a1 (0,8)v™(0,¢), 0<t<T, (1.8)

— [val" (1) 2(0,1) = a(0,8)u™ (0,t), 0<t<T,
u(z,0) = ug(x), wv(z,0)=wvy(x), x>0,

Here, the parameters satisfy m; > 1, p; >0, a; >0, 5; >0 (i = 1,2) and the functions ug, vo—are
nonnegative continuous functions with compact support on R,. They found the global existence
critical curve of and the Fujita-type critical curve; however, the classification of the existence and
nonexistence of global solutions of the system remains a very complex problem.

Using the sources mentioned above, the aim of this article is to find the asymptotic behavior of the
solutions to problems f and based on the asymptotics obtained, to carry out a computational
experiment and obtain visualization results for k£ = 3.

2. RESEARCH METHODOLOGY
To construct a self-similar system of equations, we seek the solution of the system ((1.1)) in the

following form:
!

Uiz, t) = (1 +8) "EF(E), &G=ax(r+t)7", (2.1)
k
As a result, of the calculations performed, problem ([1.1] . ) takes the following form:
(I "y ) (&) + ki (&) + LEF] (&) =

(2.2)
—[(Fm

P My HF‘?” i=1,2,..k.

For problem ([2.2)), we seek a self-similar solution in the following form:

_ Pi+2 m&%
Fi(&) = (ai - bifz“”“)+ )

here a; >0, b, = %k A > 0, y+ = max(0,y).

Theorem 2.1. For the solution of problem with a compact support, as & — (%) TR
following asymptotic relation holds

Fi(&) = F(1+0(1)). (2.3)
Proof: We seek the solution of problem (2.2)) in the following form:
Fi(&) = F(&)wi(r) (2.4)
pit?
here 7, = —1In(a; — b&7"" | and w; (1;) — are non-negative and bounded functions. Substituting

solution ([2.4)) into problem ([2.2]), we obtain the following expression:

& ag ) =

my dwimi(n) -
dn g dg | dn PTG =
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7 = —1In(a; — bzfz%)
F;ﬂl = m(:?(;-i-i)lv;w 1 dT’i o 1 < b pi + 25 p'1+1> —
—| - —|d& AN IE S RN
dF{" _ (ptDmi . eoon Fooaobgr Ao
dri — mi(pi+1)— 1 _ & pi2 b pit2
.—bfpl+1pz+1 et 1T
_ bi(pi+2)eT | (pi + 1)m; (ps £1)my e

T | T T T DT . ™ (1 T D1 (0™ (1)) | =
it T Ty -1 e (W(”ﬁ

= —b; mz(pz + 2)5 IJ1+1 Tlm

(w™ () w™ (1)
(pi +1)m;  mi(pi+1) -1

d _ d dry . bi(pit+2)e™ §p+1d
d€&; - dr; d&; - (p1+1) ? dr; °

Through the found equalities, we obtain the following;:

pit+1
bz(pz + 2)6” 1 d 41 . pit1 (’I,Ulm’ (Ti))/ ’wlm’ (Ti)
—— &t m;b;(p; + 2 pi se” TimipiF D1 _ +
pit1 ¢ dri bl +2))7 ¢ (pi +)m;  m(pi+1) —1

(w; (Ti))/ w; (13)

pit+1 pit2 mi(p;+1)—2—p;
ke O W () + Libi(pr + 2)& e it - —0. (25
e (pi2)8 (pi+1)  mi(pi+1) - 11 25

Let us introduce the following notation:

PR Il L) Q)
' (pi +1)m;  my(p; +1) =1’
/
Lz(wi) = (wi (Tl)) _ w; (TZ) ’
(pi+1)  mi(pi+1)—1
as a result
b (pi + 2)mr e 1 _pitl pitl
_ (p p++);n € (ai - 6_Ti> ;T2 bi_ldT_ |:€ ™y (plil) 1T (ai _ 6—T1,)pi+2 [le,; (wl)]pﬁ-l +

mi(pi+1)—2-p;

+ki€_n#ﬁ’”wi(ﬂ) + li(pi +2) (ai - 67”) € TVLWLQ( i) =0.

From 1’ we calculate %:

pitl pitl 1 pitl
d e nzl(pl#»l) 7T (aZ — e_T’L) PZ+2 — e pl + ( — e_Ti) PL+2 6_ m; (p1+1) 17
dTl'

(2.6)

pi+2
mi\pPi -
pi+1 pit+l i 1 ) N = i 1
—e Tmip D1 (a/i _ e*"'z‘) pi+2 X |:p + e*"'z (ai _ 677—1) 1 _ L
pi +2 mi(pi +1) —1

d pit+1 ) pitl ) ) _ p;+1 ) p;+1
[e_m'i(l"ij:l)_l‘rz (ai — 67“) Pt [L™ (wi)}plﬂ} =e DT T (ai _ e*ﬂ') it g
dTi
pi+1_‘ _\—1 pi—l—l :| " pi+1
X e i (a; —e T — | [l (wy) ]+
L?H-Q ( ) 1) )
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m+1d (Lm( ))p+1_e #j;l)l@(a —e Ti)zziix
T’L

Hpi +1 __ -1 pi+1
X e (g —e ) - —————
pi+2 m;(p; +1) — 1

Substituting (2.7]) into (2.6) we obtain :

___pitl ’ -
e mi(piJrl)*lT‘(ai—e Tl)

| or= + Sy =0 e

bipi-‘rQ ; 2 pi+2 ipq‘,—i-l Ti 4 bl pia1
(p + ) m e (ai _ 6777) pi+2 b;l (ai . e*"'i) P2 o (e FD -1 i
pi+1
pitl . -7 1 pi +1 ma pitl d pitl
X Tila; — Ti - L™ (w)]” L (7))
HPH-Qe (=) mi(pi+1)—1}[ e |

omi(pi+1)—2—p;

e O (1) 4 (s + 2) (@i — e) e i Ly (w;) = 0,

pi +1 e Ti pi +1 s Pl d pitl
_ L, ™ w; i L +
pz+2( —e"')l mi(piJrl)—l [ ! ( )] de( ( ))
k;eTib; Libi(p: +2)
T N WilT — = Lo(w;) =0, 2.8
+t¢ (ai—e_”)w (T)+ t; Q(w) ( )
pi+2 23 +2m p;+1 e~ Ti b b (p;
here #; = 2= +2) s di = iié i) = 55 dy =B dy = ‘llbl(fiﬁz)'

Equatlon . takes the following form:

d
dr;

pi+1

sy Lo

difi(mi) — —— (L ()" + dafo(r)wi(7) + ds La(w;) = 0. (2.9)

The study of the solutions of the last equation is equivalent to the study of the solutions of equation
(2.2), and each of them satisfies the following inequalities on the interval [y, +00)

w;™ (1) (w;™ (1))’
(pi + 1)m; ml(pl +1)-1 7 0.

Examine whether the solution w;™i(7;) of equation (2.2)) is bounded and has a limit w, or becomes
unbounded as 1 — 4+00. Suppose that

U)imi (7—7,) > 0,

vi(ms) = (L™ ()",

Then, for the derivative of the function v; (7;), we obtain the following:

/ pz+1
V= {d1f1(ﬂ') Tt D=1

To analyze the solutions of the last equation, we introduce an auxiliary function:

] Vi + do f1(m)wi(1;) + d3La(w;).

pi+1

0 ) = (i)~ Py

] i + dao f1(m)w; (1:) + d3La(w;), (2.10)

here p;—is a real number. It follows that each function 6; (7;, u;)is defined in the interval [71, 4+00) and
within this interval, one of the following inequalities holds:

Vi) >0, vi(r)<O.

Therefore, we analyze equation (2.10|) taking into account Bol’s theorem. It follows that for the
function v; (7;) a limit exists for 7; € [11, +00).
Now, let us consider the limiting case. It can be seen in the following:

p;+1

a; pi+2
& (5)" A o
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Thus, from the existence of the above limit and the facts that (w;")" =0, (w;)" = 0 it follows

that
pit+1

pi+1 w;™ (1;) (w™ (1)) d o om, pitl
(dusitry - P ) g - e
(w; (Ti))l w; (7;) _
+dy f1(Ti)wi(T;) + ds bl mi(pr+ 1) — 1] =0,
prl fwm@m)  @m@) ) ) wE) ]
_mi(pi+1)_1 (pi+1)mi_mi(pi+l)_1 s pi+1 _mi(pi+1)_1] =0

In this case, the following system of algebraic equations with respect to w; arises:

pi+1 < w; (7;) >pi+1 —d o owi(n)
mi(pi+1) —1\m;(p; +1)—1 - 2mi(pi—i—l)—l'

From this system of equations it follows that w; = 1. According to (2.3), F;(&) = F; (1 +o0(1)) the
theorem is proved.

3. COMPUTATIONAL EXPERIMENT AND VISUALIZATION RESULTS

First, we construct a numerical scheme to solve problem (L.1))—(1.3)). In the domain @Q =

{(t,x): 0<t<T, 0<z <b} we construct a grid in time and space as follows:
Vi={t;j=jr,7>0,j=1,2,...m; mr=T, T >0}, S, = {z; =ih;h > 0;i=1,2,...,n;nh = b}
here 7 = L, and h = % To solve problem lbt) numerically for £ = 3, we use an implicit

m )
scheme.

yjH - yj 1 j j j+1 j+1 T j+1 j+1
Bt = = Dl i) (vl = 92™) = Dit?) (' = v
zf+1 —Zg _ i M ( J ) J+1 J+1 Mj( j) J+1 J+1 (3 1)
T T2 i+1Zir1) \Riv1 — % — Mz & — R )| :
- _
- 1 NI () (87— ) = N (67 — gt
T - h2 i+1\%i+1 i+1 7 i \"g 7 i—1 9

i=2..,n—-137=01,.,m—1,

yg :y(wi70)7 Z? :z(xi70)7 t(i) :t(xi,O),
1 , 1

=0,1,...,n,

- ) ;(y() )
— Mi(z) (Z{H) h(zé“) = (u;)®™, (3.2)
- ) h<té) = ()",
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(3.4)

(3.6)

b)
D! (y) - D](y)) —ff_l(yj_l)
M (th> _ M () = M (z]_))
i \%i o > )
N (t{f) _ N(@) —éVfl(til)’
here, equations ([3.4)—(3.5)) are written using the Samarskii-Sobol scheme. If we apply formula (3.4)),
we obtain
DIl o ()" +2(y£'1)"”_1 (v)" —h(yfl)m :
m;—1 . m;—1 m; . m
Dl\(yl) =m (yj) +2(yg+1) (yj) _h<ygl)
Mi(z) =m ()" )" ) - G)
e 2 h
mi—1 , -1 N m
M/ (z],)=m (Zj) +2(ZJ+1> (z;7+1> h_ (ZJ>
N\ mi— —1 S \m
NI (#) = m <tg) +2<t] 1) (tj) _h(tg—l)
\mi—1 mi—1, ;.\ ™ ;D3
j J J _ (47
NI (H,) =m () +2(t w) () " (#)
if we apply formula , we obtain:
i P1 ; p1
j m;—1 i mi—1 |yl —y] + vl_1 Y}
D](y]) = m, () +2 () ' 5 '
; m;—1 j mi—1 |yl —y! | n yl—y?
Dﬁﬂ(y{H) o (%) +2(yz+1) h : h
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()

mi—l 7 mi—l
+ (Zi_l)

: ; p2
J_
Zi Zi

h

—1

M

(<

(3

) =mi

2

(Zg)mil + (szﬂ)mﬁl

o (3.7)
Z§+17z7{
h

Mij+1(zzj+1) =m;

N/

tJ td

b3
i—1

_}_7

N/

()" (5.)"

2

" . | P3
J J
ti+17t11

h

i+l (szﬂ) =m;

2

system (3.1)) is a system of nonlinear equations with respect to ™!, 27™! and t/*!. To obtain
numerical solutions of this system, we use the simple iteration method to linearize it.

s+1 j1

i — :ljz 1 . . s+l s+1..4 L s+l s+l

. —ﬁ D) (=) - i (9 =)

8—5154'1 _ %‘Z j . S+1j+1 S+1j+1 j j S+1j+1 9+1j+1 (38)
- =2 |:Mz+1( z+1)(z i1 T % >_Mi(zi)<zi i 1)}7

s+1 1

t It —t] 1 ) ) s+1,.9  st+1l..4 +1 1 s+1 1
U N (F =) - N (T =)

here, s =0,1,2,....

The performance of the iterative method is highly dependent on the selection of a suitable initial ap-
proximation. A well-chosen approximation ensures rapid convergence to the solution while preserving
the physical meaning of the problem. A fitting choice for this initial approximation is the asymptotic

solution of the problem.

For each time step, the initial iterative values ¥ ,,
0

0
o
Y=y,

s+1

iteration (repetition process) is determined.

Let us introduce the following notation: Y, =

can be written in the following form.

s+1

s41

s+1  s+1 . .
z 4, t ;are taken from the previous time step:

0
2Tl = 20 ¢t7+! = /. When using an iterative scheme for calculations, the precision of the

s+1 s
max |Y ; =Y, <e,
0<i<n
s+1 s
max | 2 ; — 24| <€ 3.9
Jnax i— 2 ; (3.9)
s+1 S
max |t ; —t;| <e€
0<i<n
1 = i+1 i+1
=yt 2, =2 t;=t/"". Then the systems 1)

s+1

Ali @ i—1 = Cli @ i + Bli Q i+1 = _Fli ,
s °ft st1 s of1 ;
Az 2 o1 — C’zz i+ Bo 2 iy = —Fy, (3.10)
s St s+1 s ot1 s
A3i i—1 — 037 + Bgl ya i+l = F3i ,
here,
s S, s T s
A = EDJ( yl), Asi = ﬁMJ( ) Asi = 3N (t]),
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s T S T S T S

Bi1i = ﬁDfﬂ(ng ), Bai = ﬁMz]H(ZzJH ), Bsi = ﬁNij+1(tz+l ),

Cu = % (Df (yf) + Dzj+1 (yf-rl)) +1,Cy = % (M;j (sz> + MLJ-H (sz-i-l)) +1,
Cai = % (Ng' <tf> + NI, <t§+1>> 1,

S S S

S . S . S .
— A )
Fy =y, Fo =z, F5 =1;.

The required values at the end of the interval 0 < x < b can be obtained using Milne’s second order
precision formula.

Oyl _ —ya+4yi —3y0 Oy _ 3yn —4Wu—1+ Yno

ozx|, 2h © oz, 2h ’

% o + 4z — 3;207 % ~ 3z, —4z,_1 + zn,g7 (3.11)
ox |, 2h ox|, 2h

ﬁ ~ _t2 + 4:tl - 3t0 ﬁ —~ 3tn - 4tn71 + tn72

x|, 2h © oz, 2h '

To obtain the numerical solution of the linear algebraic equation system (3.10[), we use the sweep
method. According to the sweep method:

?_Ji = ali?;iJrl + B,
Zi= 2% iy1 + Bai, (3.12)

ti= a3i¥i+1 + Bai,
here, ay;, as;, aizq, B1i, Bas, B3; are the coefficients that are calculated using the following formulas:

iy = — D1
' Cyi — ay Ay

By iss = AyiBri + Fu
bt Chi — o Ay

o N By,
2+l = 4 .
" Coi — i3 As;
3 _ Agifoi + Fy
2+l = 4 4
Coi — g Ay,

Bs;

A3i+1 = ~ .
Csi — a3 A3

3 _ AziBai + By
3+l = & 4
Csi — a3 Ag;

here, i = 1,2,...,n and the values «iq, 29, @30, B10, 820, P30 are determined from the boundary
conditions .

A computational experiment was carried out using the numerical scheme constructed above. We
present some of its results. For calculations, the grid step was taken as h = 0.05 the number of nodes
N = 300 and the iteration accuracy was set to ¢ = 107°. Formulas and were used as an
initial approximation for the iterative process.

O
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FIGURE 1. Numerical solution of problem ({1.1]) - ({1.3)).

51 =4.33, (39=4.63, (33=4.83, p;=2.18, py=2.2, p3=2.21
m1=2.59, m2=2.52, m3:263

Figure 1,2 shows the results of the numerical solution of the problem - for p; > mi -1,
corresponding to the case of slow diffusion. , were taken as the initial approximation for the
iterative process. At p; > mi — 1, as follows from the asymptotic formulasv of the graphs, the
heat propagation occurs at a finite rate. The penetration depth of a thermal wave depends on the
time and the wavefront (the point at which w;(z,t) becomes zero) for each medium located at the final

pitl
point: x4, = (%ﬂ) "4+ ) < oo,

Numerical experiments have shown that iterative processes converge in 3 to 5 steps. The asymp-
totics of the compactly supported self-similar solutions, taken as the initial approximation, played an
important role in ensuring the convergence of the iterative process. In the graphs presented above, it
can be seen that for the given numerical parameter values, the reaction-diffusion processes occur at a
finite speed.
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FIGURE 2. Numerical solution of problem ({1.1]) - ({1.3)).
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q11:3.601, q12:3.201, q13:3.402, q21:3.302, q22:3.501, q23:3601
q31:3.303, q32:3.603, q33:3.803, p1:218, p2:2197 p3:221
m;=1.59, my=1.52, m3=1.63.

4. CONCLUSION

It is well known that in the numerical solution of nonlinear problems, one of the main issues is
choosing an initial approximation that ensures rapid convergence of the iterative process to the exact
solution and preserving the qualitative properties of nonlinear processes. This problem is solved by
using the asymptotic formulas constructed above as the initial approximation, corresponding to the
values of the numerical parameters. The results of several computational experiments for k = 3 , along
with the obtained graphs and the analysis of numerical solutions, are presented. The outcomes of the
computational experiments demonstrated the efficiency of the proposed methods, while the numerical
solutions reflected the nonlinear characteristics of the process under consideration.
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Application of the method of quadrature’s with derivatives for
solving problems of the Euler - Bernoulli beam

Usmanov Kh.I.

Abstract. This paper proposes a method for solving the problem of the Euler - Bernoulli beam, in
which the problem is reduced to the solution of the Fredholm integral equation of the second kind.
This integral equation is solved by the method of optimal quadrature formulas with derivatives. Then,
using the Green function, the analytic solution is determined. Different boundary conditions can be
used to determine the numerical and analytical solutions. To determine the suitability of the method,
the numerical results are compared with the analytical solution.

Keywords: differential equation, integral equation, optimal quadrature formula, beam deflection
value, absolute error
MSC (2020): 53C12, 57R25, 57R35

1. INTRODUCTION

In connection with the development of high-speed rail transportation, the problem of modeling the
dynamic effects of a rolling load on bending elements is widely used in the field of design and control
of the safety of transport facilities. This issue is increasingly relevant in relation to the increase in
traffic speeds, especially in the field of railway transport. The theoretical foundations of the control
complex method are laid out in the works [1] - [2].

Mathematical models and the calculation of structures that lie on an elastic base are the subject
of many research papers [3] - [4]. In these works, mathematical models of Timoshenko, Rayleigh, and
Euler-Bernoulli were used. To solve the problems, the Fourier integral transform method, the finite
element method, and the finite difference method were used.

The development of numerical methods, in particular, the widespread use of the optimal quadrature
formula method, made it possible to model various structural systems in sufficient detail under the
influence of various external influences.

This paper proposes a new approach to solving the problem of the reliability of railway tracks.
The essence of this approach lies in the fact that the Euler-Bernoulli model is chosen for the main
calculation model, the differential equation is reduced to the Fredholm integral equation of the second
kind, which is solved by the method of optimal quadrature formulas with derivatives.

An analytical solution of this model is given. A specific example is considered. The numerical
results are compared with the analytical solution. Appropriate conclusions are issued on the method.

2. PROBLEM STATEMENT

We consider the following problem: a beam of length L, lying on a solid elastic base, under the
action of a moving load with P a constant velocity V. You must define the deflection of the beam at
each point and in each time layer.

To solve this problem, the following mathematical models of beam oscillation can be considered [3]:

Tymoshenko’s model

d*u d*u pET 0'u pl d*u Pu  Ou
_ pLOw Qo _ 1
Bl =Pl gmar ~ G oo T g on T TPAGE T TR = d@ ), (1)
Rayleigh model
o0*u 0*u 0%u ou
El— — pl ——— + pA— — 4+ k t 2
o1 P omgr T PAGR T g TRu=alb), @)
Euler-Bernoulli model
0ty 0%u ou
BrY o A— +c— + ku = q(z,1), (3)

Ox* ot? ot
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where F is the modulus of elasticity of the beam; G is modulus of shear; I is the moment of inertia
of the beam cross-section; p is beam material density; A is cross-sectional area of the beam; k is
coefficient of the bed of the elastic base; ¢ is base damping coefficient; « is the coefficient of influence
of the form; ¢(z,t) is the intensity of the impact on the beam.

Conductive rails mainly hold shear forces and the transverse dimensions of the rail are small com-
pared to its length, so that the rails can be considered within the framework of the Euler-Bernoulli
beam model. The intensity of the impact on the beam is of a harmonic type. Therefore, imagine a

moving load
q(z,t) = Pcoswtd(z — Vi),

where w is the vibration frequency of the beam.
As the main calculation model, let us consider the differential equation of the Euler-Bernoulli beam
(the basis of the Winkler model):

B2 4 A% 4 = Peoswtd(m— Vi), z e [0, L]t € [0,7] (3)
e - u = COS W Xr — X
8x4 p at2 ) 9 ) M )
with the corresponding initial conditions:
du(z, 0
m%m—m'ﬁg)—mxemﬁL

where L is the length of the region under consideration, 1" is the study period,

1, ifx="Vt,

&x—vw:{o if 2 # V.

As boundary conditions, we consider different models of problems:
Model 1. Beam with fixed ends:

o 0u(0,t) o Ou(L,t)
U(O,t) —O, a:p —O,U(L,t) —07T —07756 [O,T}
Model 2. The left end is fixed and the right end is hinged:
0u(0,t) O*u(L,t)
t) = = L,t)=0,————= =0, T|.
u(0,6) =0, “50 — 0,u(L, ) =0, 5 — 0.t € [0,7)
Model 3. The left end is hinged and the right end is fixed:
0%u(0,t) Ou(L,t)
u(()? t) 07 axQ 07 u( ’t) 07 6[E 07t 6 [07 ]
Model 4. The ends of the beam are hinged:
9?u(0,t) O*u(L,t)
U(O,t) = 07 W = O,U(L,t) = O, W = O,t S [O,T]

It is necessary to find an approximate and analytical solution to the above problems and to evaluate
an approximate solution using an analytical solution. This estimate allows us to apply this approximate
method to more complex FKuler-Bernoulli beam problems. More precisely, to problems for which it is
impossible to find an analytical solution.

Before the numerical solution of mechanical problems, equations, initial and boundary conditions
are converted to dimensionless variables:

u(x,t)

t
37—_%710(577—)_ o )

&=

&=

o pAL4 . . .
to = =1~ is characteristic frequency,
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Uy = PE—LIS is characteristic scale of deflection.
Let us put all the variables in their places, get the equation in dimensionless variables:

0w  OPw

8754+7+)\w:c08w07'5(§—v7'),§€ [0,1],7 € [0, Tp]. (4)
Here
wo = wty is dimensionless frequency,
A= KE—L; is dimensionless Base factor,

v = % is dimensionless speed,
Ty = % is the dimensionless duration of the period under consideration.
Dimensionless initial conditions:

wie,0)=0, 2280 _ oo ¢ (5)
or
Dimensionless boundary conditions:
Model 1: B (0.7) duw(1.7)
w(0,7) _ w(l,7)
’LU(O,T) —O,Tg—o,w(lﬂ') —0, 786 —O,TG [O,TO], (6)
Model 2: 57w(0,7) du(1.7)
w(0, 7 w(l, T
w(ovT):O’ngovw(laT)zo?Tg:()?Te [07T0]7 (7)
Model 3: B (0, 7) ow(1.7)
w(0, 7 w(l, 7
U)(O,T) :O’Tf :O,U}(].,T) :0,8752 :O,TE [O,TQ], (8)
Model 4: 520(0,7) B2w(1,7)
w(0, 7 w(l, 7
w(O’T)2078752:0’1”(1&7):0’8752:0’76 [OaTO]a (9)

Thus, we have four problems that need to be solved in an approximate and analytical ways.

3. PROBLEM-SOLVING METHODS

3.1. Method of quadratures with derivatives. To solve the above problems, we apply the follow-
ing approach. Since the intensity of the action on the beam is a harmonic function, and the desired
function that determines the forced oscillations of the same frequency wy is represented as follows:
w(&, 1) = y(&) coswpT, where y(£) is the unknown function.

Since the function §(§ — v7) depends on time, it will be necessary to find y(€) for each time layer.
Therefore, moving to finite differences in time and substituting the above expressions into equation
(4), we have a boundary value problem in ordinary differential equations:

yy " (€) = my; (&) +8(& — vry), (10)
where p = wi — .
Boundary Conditions:
Model 1: J J
Yj Yj .
() = 20) = 4,(1) = ZL1) = 0,5 = 0.1, (11)
Model 2: ,
dy; d°y; :
= = 1) = =0,M 12
0, (0) = L 0) = y,(1) = ZL (1) =0,j = 0,77, (12)
Model 3:
d*y;

5, 0) = S5(0) = 4,0 = L) = 0,5 =007, (13)



202 Usmanov Kh.I

Model 4:

d*y; d*y, :
0, (0) = “E0) =) = SR W) =0,j =037, (14)
where y;(€) is the desired function is in the j time layer, 7; = A7j,j = 0, M, A7 is the step in time.
To solve boundary value problems (10) — (14), equation (10) is reduced to the Fredholm integral
equation of the second kind [5]:

= [ Gl s+ [ Ges)3ts - vm)as, (15)

where G(z,s) is the Green function. Under the conditions for determining the Green function, all
boundary conditions (11) - (14) are taken into account. The second integral in equations (15)

1
/ G(&,8)0(s —vr;)ds = G(&, vTy).
0
Hence, equation (15) will take the following form
1
16 = 1 | Gl& 9y (s)ds +Glg,vm).

To solve the integral equation (16), we apply the method of optimal quadrature formulas with
derivatives in space L™ (0,1) [6]. In this method, the integral of (16) is replaced by the sum, i.c.

/nga yj gzzcz(g)ygja: N, 7 =0,M, (17)

Here ¢, is the nodes of the grid, & = ih, i = 0,N, N = h™!, h is the grid step, yg;) yi(&p), k=
0,m—1, Ci(g) are the optimal coefficients of the quadrature formula (17).
The optimal coefficients of the quadrature formula (17) are determined using the following formulas:

oy = p;k + b~ (=1)*[Fir1 — Firol,

C = h™ (=1)*[Fipp1 — 2Fp + Fypa), B = LN — 1,

Ci(]’:}) = % +h N (=D Fn_1 — Funl,

i=0,N,k=0m—-1,m=1,2,...,

where
k-1 N .
) (A8 = hy)* =" sign(h — )
Fis = firg — ch() ’
ks = firp ;720 =+ 1)
! k1 o
(1) (k) (¢ (s — hp)*tsign(s — hpB)
faep = (1) / G (& s) 20k + 1)! ds,
BL
glk _/ G 52’ ) kds G(k)(é-m ) 3fk? ( 75)‘§:€i7
g k-1 N )
_ Jik (k
Pik = k:' ZO ZOC
=07y

i=0,N,k=0,m—1,m=1,2,....
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Applying the optimal quadrature formula (17) to the integral equation (16) and moving on to the
difference equations, we get:

m—1 N
YD O = Gy i =0Nj =0, M m=1,2,.... (18)
k=0 8=0

Where Gij = G(éu ’UTj).

In the system of linear algebraic equations (18) at each time layer, the number of equations is
N + 1, and the number of unknowns m(N + 1). To obtain the remaining equations, we differentiate
the integral equation (16) m — 1 times with respect to the variable &:

1
b [ Gl (s)ds = Gile,or),
0

yI(E) - / GU(&,5)y;(s)ds = GL(€,v), (19)

1
YV E) —u / GV 9)ys(s)ds = GV (€ umy),
0

j=0,M,m=12,...

Furthermore, applying the optimal quadrature formula (17) for each equation (19) and moving on
to the difference equations, we obtain a system of linear algebraic equations to determine the values
of the desired function y;(§;) and the values of the derivatives y/(&;), v (&), -, yj(m V(&) in the nodes
of the grid &(i = 0, N):

m—1

Yij — Z
k=

N
(k), (k) _
ZCZﬂ Ypi = Gijs

0 =0
m—1 N
/ (k), (k) _ v
Yij — H Z Cis s = Gy, (20)

k=0 =0
m—1 N

(m—1) (k) (k) _ ~(m-1)

Yij —H Z Cig Yp; = Gij -
k=0 8=0

From the solution on each time layer j of the linear system of algebraic equations (20), the first
N +1 terms, i.e. y;;(i =0, N) will be the numerical solution of the integral equation (16).
Now let’s move on to the function. Then w;; = w(§;, 7;) = yijcoswet;, i =0,N, j=0,M.

3.2. Analytical solution. To find an analytical solution to our problems, we define the Green func-
tion for a homogeneous equation [5]:

W) + py(§) =0,€ €[0,1]

taking into account the boundary conditions of each model (11) - (14). Each model will have its own
Green function. After that, you can write an analytical solution to the inhomogeneous equation

= | Ge9)s(s —vryas = Ge.or)

Hence w(§,7) = G(§,vT) coswpT.
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TABLE 1. Initial information for beam deflection calculation

Ne | Parameter names Unit | Parameter values
1 | Coefficient of elasticity N/m? 2.0 x 10!
2 | Moment of inertia of the section | m? 0.0001
3 | Density of Beam Material kg/m? 7850

4 | Cross-sectional Area of Beam m? 0.03

5 | Elastic Base Bed Coefficient N/m? 1.0E+7
6 | Beam Length m 10

7 | Beam Load N 50000
8 | Load velocity m/s 50

9 | Oscillation frequency - 0

10 | Duration of the study period S 10

4. NUMERICAL RESULTS

According to the above algorithm, a program is compiled in Matlab. Thanks to the Matlab language
capability, the Green function is obtained in analytical form. All operations are performed using the
program. For the numerical experiment, the initial information given in Table 1 is adopted.

For the integral equations and their right-hand sides in each model, the Green function is obtained:

Model 1:

Gla,€) = —2?(€ —1)%(x — 3¢ +2x£)/6, ifx <,
o —€2(x — 1)%(€ — 3z + 22)/6, ifx > €,

Model 2:

_ —$(€ - 1)(52 - 25 + ‘732)/67 if x S 57
G(J?,é-) - {_€ (.%' - 1) (52 — 2% —|—.’132)/6, if > f;
Model 3:
Gla€) = 2?((—€° +38% = 2)z + (367 — 9€* + 6¢))/12, if v <¢,
DT\ (e - 1)(26 — 60+ 2x — €22 +322)/12,  ifa > ¢,
Model 4:

C[—r (-1 (a2 =36+ 222) /12, ifa <,

Next, for the analytical solution, the Green function for each model is also obtained: Model 4:

Gl(xvé.)a 1fa:§£,

Gl8) = {Gg(sc,f), it 2> ¢,

Model 1:
Gi(z,€) = (sin(B"¢ — fz) — sinh(87¢ — fr) — cos(B%)sinh(8" — 7€ + Bz) +
+ cosh(8) sin(B8* — %€ + Bz) + cos(8E) sinh(Bx) — cosh(87E) sin(Szx) — sin(8*E) cosh(Bz)+
+sinh(37¢) cos(Bx) — cos(87€ — 7 + Bx) sinh(B") + cosh(5°€ — 87 + fz) sin(57)—
—cos(f* — Bx)sinh(B*E — 1)) + cosh(8* — ) sin(f*E — 1)) + cos(B*(§ — 1)) sinh(5* — fz)—
— cosh(8€ — 1)) sin(B" — Az)) /(45 (cos(8") cosh (8) — 1));
Ga(x,§) = —(sin(8°€ — Bx) — sinh(5°E — fx) + cos(B") sinh (8" + 57§ — fu)—
—cosh(f")sin(f* + B*¢ — px) — cos(57E) sinh(Bz) + cosh(5*E) sin(Bx) +
+sin(8*€) cosh(Bz) — sinh(8*E) cos(Bx) + cos(B*E — B* + Bx) sinh(B*)—



Application of the method of quadrature’s with derivatives 205

—cosh(8°€ — B* + Ba) sin(B") + cos(8" — Bx) sinh(8"€ — 1)) — cosh(8" — Bz) sin(B"€ — 1)) —
—cos(B* (& — 1)) sinh(5* — Bx) + cosh(8(§ — 1))sin(B8" — Bx))/(48"*(cos(8") cosh(8") — 1));
Model 2:

Gi(x,€) = (cos(87€) sin(Bz))/(28") — (cosh(87¢) sinh(Bz))/(26°)—
—(cot(8") sin(8*€) sin(Bz))/(26"") + (cosh(B*) sinh(5°¢) sinh(Bz))/(2sinh(87) %)
Ga(x,€) = (sin(87¢) cos(Bz))/(6*%) — (sinh(87¢) cosh(Bz))/(26"7)~
—(cot(8") sin(B*€) sin(Bz))/(26"") + (cosh(B*) sinh(5°€) sinh(Bx))/(2sinh(67) %)
Model 3:
Gi(z,€) = (cosh(8) cos(5" — B¢ + Bz) + sinh(5) sin(B* — 7€ + Bz) — cos(5°€ — B° + B) cosh(5)—
—sin(8*€ — 5% + Bx) sinh(8*) — 2 cosh(8*) sinh(Bz) sin(8* (£ — 1)) + 2 sinh(5*) cosh(Bx) sin(8* (£ — 1))+
+2 cosh(5*) sinh(5*¢) sin(* — fzx) — 2sinh(5*) cosh(B*E) sin(B* — fx) + 2 cos(5) cosh(5*) sinh (7€)
sinh(Bz) — 2 cos(B*)sinh(B8*) cosh(B*E) sinh(Bx) — 2 cosh(B*) sin(B*) sinh(5*E) cosh(Bx)+
+2sin(5*) sinh(8*) cosh(8*€) cosh(Bz))/(48** (cos(*) sinh(*) — cosh(5*) sin(B*)));
Ga(2,§) = (cosh(B7) cos(8" + 7€ — fx) 4 sinh(8) sin(B" + 5°¢ — f) — cos(8°€ — f7+
+px) cosh(8*) — sin(5*¢ — B* + PBx) sinh(5*) — 2 cosh(8*) sinh(fz) sin(8* (£ — 1))+
+2sinh(5*) cosh(Bx) sin(5*(§ — 1)) + 2 cosh(5) sinh(8*¢) sin(5* — Bx)—
—2sinh(8") cosh(8*¢) sin(5* — Bz) + 2 cos(B*) cosh(B*) sinh(8*¢) sinh(Sx)—
—2cos(5*) sinh(5) sinh (7€) cosh(Sz) — 2 cosh(5*) sin(8*) cosh(57¢) sinh(Bz)+
+25in(8°) sinh(8°) cosh(8°€) cosh(B2)),/ (457 (cos(8°) simh(5) — cosh(5") sin(6°));
Model 4:
G1(z,€) = —(sin(87E) sinh(Bz) + sinh(57€) sin(Bx) — cos(5*) cosh(B*) sin(S*E) sin(Sz)—
—cos(8%) sinh(B*) cos(8*E) sin(Bz) + cosh(5*) sin(5*) cos(5*E) sin(Sx)—
— cos(5*) cosh (™) sinh (7€) sinh(Sx) + cos(5) sinh(5*) cosh(57€) sinh(Sz)—
— cosh(S*) sin(8*) cosh(5*€) sinh(Sz) — sin(S*) sinh(8*) sin(5*¢) sin(Bx)+
+ sin(B") sinh(5) sinh(8°€) sinh(Bz))/ (26" (cos(5°) sinh (") — cosh(8*) sin(5%)));
Ga(z, &) = —(sin(B7€) sinh(Bx) + sinh(57E) sin(Bx) — cos(B8*) cosh(5™) sin(B*E) sin(fx)—
—cos(8") sinh(B*) sin(B*E) cos(Bz) + cosh(5*) sin(5*) sin(5*E) cos(Sx)—
— cos(5*) cosh (™) sinh (7€) sinh(Sx) + cos(5) sinh(5*) sinh(57€) cosh(Sz)—
— cosh(B*) sin(8*) sinh(5*¢) cosh(Bz) — sin(S*) sinh(8*) sin(5*¢) sin(Bx)+
+ sin(B") sinh(5) sinh(8°€) sinh(Bz))/ (26" (cos(5°) sinh (") — cosh(8*) sin(5%))),

where 3 is the solution of the characteristic equation 8*+ pu = 0, 8*— is a conjugate complex number.

On the basis of these calculation formulas, deflection calculations were carried out for all models
approximately by the method of quadrature formulas with derivatives and the values of the analytical
solution. The results of the calculations are given in Table 2 and Table 3.
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TABLE 2. Initial information for beam deflection calculation

Time Model 1 Model 2 Model 3 Model 4
0,0 0.000E + 00 | 0.000EF — 00 | 0.000E + 00 | 0.000E + 00
0,1 5.278F — 08 | 1.330F — 07 | 3.086F — 08 | 1.072F — 07
0,2 4.088F — 07 | 3.065F — 07 | 1.886F — 07 | 3.150FL — 07
0.3 3.071F — 07 | 2.965F — 07 | 1.638E — 07 | 2.626 L — 07
0.4 7.154F — 07 | 3.002FE — 07 | 3.248F — 07 | 3.534F — 07
0.5 5.271F — 07 | 2.638FE — 07 | 2.669F — 07 | 2.904F — 07
0.6 6.925F — 07 | 2.139E — 07 | 3.609F — 07 | 2.249F — 07
0.7 5.013F — 07 | 1.7T98F — 07 | 2.955F — 07 | 1.792F — 07
0.8 3.088F — 07 | 2.567FE — 07 | 2.438FE — 07 | 2.158FE — 07
0.9 2.172F — 07 | 2.453F — 07 | 1.978 E — 07 | 1.908F — 07
1.0 2.685F — 07 | 2.516 F — 07 | 2.162F — 07 | 2.383F — 07

Average | 3.636FE — 07 | 2.225F — 07 | 2.081E — 07 | 2.161F — 07

TABLE 3. Average values of absolute error for models
method parameter m.

corresponding to the

Model 1
9.263E-05
2.235E-06
1.142E-06
3.636E-07
3.636E-07
3.636E-07

Model 2
2.125E-05
4.894E-07
2.997E-07
2.081E-07
2.081E-07
2.081E-07

Model 3
1.990E-05
4.959E-07
3.132E-07
2.161E-07
2.161E-07
2.161E-07

Model 4
2.869E-05
9.053E-07
4.674E-07
2.225E-07
2.225E-07
2.225E-07

o Ut x| wo| po| | B

5. CONCLUSION

Based on the results obtained, the following conclusions can be drawn:

- In the calculation process, the optimal value of the parameter of the method of derivative quad-
rature formulas was determined (m = 4);

- An analytical solution has been obtained using the Green function;

- Green’s function is obtained in symbolic form, which is used to solve the integral equation;

- a high order of accuracy of the approximate solution was obtained, which is proved by the values
of absolute error;

- the possibility of considering another model, i.e. other boundary conditions must be taken into
account in the construction of the Green function.

The proposed method can be generalized to solve more complex problems of Euler-Bernoulli beams.
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1. PRELIMINARIES

Definition 1.1. [1] . Let X and Y be non-empty sets in R™. The geometric (or Minkowski) sum of
X and Y is defined as

X+Y={zr+y:zeX,ycYY}

and the geometric (or Minkowski) difference is defined as
X-Y={zeR":2+Y C X}.
For a set X C R™ and a scalar A € R, the scalar multiplication of X by A is defined as
AX ={ z:2e€ X}.

For any vector a € R™ and non-empty set X C R", the Minkowski sum of the vector a and the set
X is defined as the Minkowski sum of the singleton ¢ and X:

a+X={a}+X={at+z:2€X}.

Definition 1.2. |2] Let X be a nonempty set in R™ and let A > 0 be a real number. The set X,
defined by X, = AX +t is called a homothetic set of X. Here ¢t € R".

Let N be a compact set and let M a convex compact set in R™”. Assume that a foliation F = {L,, :
L, =0M,, a € A} is given, consisting of the boundaries of homothetic subsets of M.

Definition 1.3. If there exist an index o« € A and an element z € R™ such that the relation z+N C M,
holds, then the set IV is said can embed into the foliation F.

Definition 1.4. If for some index ay € A the relation z+ N C M,, holds, but for every index v € A
with a < «q the inclusion z + N C M, does not hold then the set NV is said can embed into the set
M,,.

From this definition it is easy to see that if a compact set N can embed into the set M, , then the
dimension of the geometric difference M,,—N is smaller than the dimension of the space R™.

Definition 1.5. If for some index oy € A the Minkowski difference M,,—N consists of a single point,
that is, M,,—N = {a} for some a € R", then the compact set N is said to be fixedly embedded into
the set M,,.
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2. RESULTS ON THE MINKOWSKI DIFFERENCE OF CONVEX SETS

Lemma 2.1. For a convex set M in R"™ and its homothetic set M, = aM (where 0 < a < 1), equality
D = M-~-M, implies equality M = D + M,

Proof: The equality D = M —M, and the definition of the Minkowski difference imply the inclusion
D+ M, CM. (2.1)

Let us show the inverse inclusion. For each vector € M and number « (0 < a < 1), denote the
difference x — ax by d, i.e., d = x — ax = (1 — a)z. Since M is a convex set, for any point y € M, we
have

d+ay=(1—-a)z+ay € M.

Hence, d + M, C M, which means d € D. Thus, for every point x € M, there exists a point d € D
such that the equality x = ax + d holds. This implies

McC D+ M, (2.2)
The relations (2.1) and (2.2]) together complete the proof of the lemma. O

Theorem 2.2. Let M and N be nonempty convex sets in R™, and suppose that M,—N # @ for some
a € (0,1]. Then the equality
M-N = (M-M,)+ (M,—N) (2.3)

holds.

Proof: Let z € M—N. It must be shown that there exist points z; € M—M, and z, € M,—N
satisfying the equality z = z; + 2».

For an element z € M —N, using the definition of the Minkowski difference, we can write the relation
z+4+ N C M. Hence, for every ¢ € N, there exists an element a € M such that the equality z +c=a
holds.

Since M, = aM, by Lemma for each a € M there exist points z; € M —M, and m, € M, such
that a can be expressed in the form a = m, + z;. Taking into account the relation z + N C M, for
every ¢ € N we have z 4+ ¢ = m,, + z;. From this equality we can write z — z; + ¢ = m,. This implies
that z — 2z, € M,—N. Thus, for any element z € M —N, we can always find a z; € M —M, such that
29 =2—2 € M,—N.

Now, let z € (M—M,) + (M,—N). Then there exist elements z; € M—M,, and z, € M,—N such
that z; + 2z, = z. From the relation z; € M —M,, by the definition of the Minkowski difference, we can
write z; + M, C M. Similarly, from z, € M,—N we obtain z, + N C M,. From these two inclusions
it follows that z; + 2o + N C M, and hence 2, + 2o C M—N. Theorem is proved. O

Let us consider an ordered set A such that for every pair a, 5 € A, a # 3, there exists an element
v € A satisfying v < v < 5. As an example, the interval [0, 1] can be taken as the set A.

Suppose a convex compact set M; in R™ and one of its interior points a € int M, are given. Denote its
boundary by OM; = L;. Convex subsets M, of M, are chosen such that their boundaries M, = L.,
a € A, satisfy the following conditions:

1) for all o, 8 € A, a # 3, we have L, N Ly = &;

2) Unea Lo = My \ {a); |

3) for any «a, f € A with o < 3, the condition Mz—M,, # @ holds.

The family F = {L,: a € A} is called a foliation, and each L, is called a leaf, a € A.

Now consider an arbitrary convex compact set M in R”. Choose a point ¢ € int M. For each
number « € (0, 1], the set aM + (1 — a)a is a convex compact subset of M. Introducing the notation
L, = 0(aM + (1 — a)a), we form the family F = {L,: 0 < a < 1}. This family consists of the
boundaries of subsets of M that are homothetic to M. At a = 0, a special case arises: M, = {a}.
This set is generally not homothetic to the given set M = M;.

For the constructed family F = {L,: 0 < o < 1}, the following statement follows directly from the
definition of the Minkowski difference.
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FIGURE 1.

Lemma 2.3. The family F of boundaries of homothetic subsets of a convex compact set M in R™
satisfies the three conditions in the definition of a foliation, namely:
1) for all a,p € A, a # S, we have L, N Lg = &;

2) Usen Lo = M\ {a}; |
3) for any o, p € A with a < B, the condition Mg—M, # & holds.

It should be noted that for any family of subsets of M satisfying conditions 1), 2), and 3), Lemma
[2.1] and Theorem [2.2] may not necessarily hold.

Example 2.4. Consider convex sets in the plane R? with boundaries defined as following:
OM; ={(z,y): r=242 and —2<y<2}U{(z,y): —2<z<2 and y= £2};

OMy ={(z,y): a* +y* =1}

1
2

2(1—t)X+(2t—1)Y:XE(?M%,YeaMl}, it l<t<l,
T {ex: xeomy}, it0<t<l,
Take the origin as the fixed interior point of Mj, i.e., let a = (0, 0) (see Fig. 1).

For the family of sets M, t € (0, 1], the family {OM,: ¢ € (0,1]} satisfies conditions 1), 2), and 3)
stated above. However, the conclusion of Lemma does not hold.

Indeed, consider the square M; = {(z,y): —2 < 2z < 2, =2 < y < 2} and the disk M1 =
2
{(x, y): 2% +y* < 1}. The Minkowski difference D = M;—M is the square with side length 1:
2

D:MléM%:{(x, y): —1<y<1, -1<z<1} (see Fig. 2).
But the Minkowski sum of the square D and the disk M} is not equal to the set M, (Fig. 3) [3].
According to [1], for these sets the strict inclusion
(My=My) + My € M,y
holds. Consequently, the conclusion of Theorem is also not satisfied for this family.

The following result is established by directly verifying the definitions of the Minkowski difference
and sum, as well as by applying Theorem
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Theorem 2.5. If a compact set N is fizedly embedded in some set M,,, o € (0, 1], then the equality
M-N = (M-M,,) +a (2.4)
holds, where M,,—N = {a}.

The essence of this theorem is that in space R”, the problem of finding the Minkowski difference of
an arbitrary compact set N from a convex compact set M can be reduced to the following, relatively
simpler, problem: find the Minkowski difference from M of a set M,, that is homothetic to M and
into which the compact set N is embedded (if it exists, fixedly embedded).

Problems of finding the Minkowski difference for mutually homothetic sets have been described in
works [4], 5], [6].

The methods and examples presented above show that performing Minkowski operations in spaces
of smaller dimension (for example, in R?) is easier and more efficient. However, in solving practical
problems, one often has to work with sets given in higher-dimensional spaces. Under such conditions,
it is convenient to decompose the given set defined by the Cartesian product into lower-dimensional
sets and work with them.

Theorem 2.6. For nonempty sets A, B, C and D in R", the following equality holds:
(Ax B)+ (Cx D)= (A+C) x (B+ D). (2.5)

Here A x B denotes the Cartesian product of sets.
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Proof: For any point x € (A x B)+ (C x D), by the definition of the Minkowski sum there exist points
11 € AXx B and € C x D such that

x=x + To. (2.6)

Since x; € A x B, by the definition of the Cartesian product it can be written as z; = (a, b), where
a € A and b € B. Similarly, since zo € C' X D, we have x5 = (¢, d), where ¢ € C and d € D. Then
equality (2.6 can be written in the form

xr =z + 22 = (a, b) + (c, d).
By the definition of the Minkowski sum,
(a.0) +(c;d) = (a+ ¢, b+d) € (A+C) x (B+ D).

Now take an arbitrary element z € (A + C) x (B + D). By the definition of the Cartesian product
of sets, it can be written as an ordered pair

z = (21, 22), 2 €(A+C), € (B+ D). (2.7)

Since z; € (A + C), by the definition of the Minkowski sum there exist a € A and ¢ € C such that
z1 = a + c. Similarly, from z, € (B + D) there exist b € B and d € D such that zo = b+ d. Then
expression (2.7) can be written as

z=(z1, 22) = (a+¢, b+d) = (a,b) + (¢, d). (2.8)
Since (a, b) € A x B and (¢, d) € C x D, it follows that z € (A x B) 4+ (C x D). Thus, Theorem [2.6
is proved. O

Lemma 2.7. Let X andY be nonempty sets, and let Z be a set homothetic to X +Y . If the condition
Z C X+Y is satisfied, then there exist nonempty sets X' andY’, homothetic to X and Y, respectively,
such that X' +Y' = Z.

Proof: Assume that Z = (X +Y) +t, where t € R" and 0 < o < 1. Then, for the sets X' =
aX +ty and Y’ =aY +ty, the equality X'+ Y’ = Z holds, where tx and ty are any vectors with

tx + ty = t. Lemma [2.7]is proved. O
Y y
i )
0 : X | X 0 X x
FIGURE 4.

The condition that the set Z be homothetic to the sum X + Y is essential. Indeed, the set Z =

{(x, y):a<xz<by= Z:z(x—a)—i—c} lies in the sum X +Y = [a, b] x [¢, d] of the sets X =

[a, b] x {0} and Y = {0} X [¢, d]. However, it is clear that the shape of the set Z is not similar to
the shape of the sum X + Y; that is, Z is not a homothetic set. Moreover, there is no pair of sets
X'C X and Y’ C Y such that X' +Y’ = Z (see Fig. 4).
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3. TOPOLOGICAL PROPERTIES OF MINKOWSKI OPERATIONS

The density of topological spaces is one of the important concepts. The following statements can
be established by direct verification.

Proposition 3.1. If a set A is dense in a set X C R”, then for any vector a € R™ the set a + A is
dense in a + X, and the set A—a is dense in X —a.

This statement can be generalized as follows.
Proposition 3.2. If A is dense in X and B is dense in Y, then the set A+ B is dense in X +Y.

To illustrate this statement consider the set A = [2, 5]g of all rational numbers in the interval
X = [2, 5], and the set B = [8, 9]; of all irrational numbers in the interval Y = [8, 9]. Then the sum
A+ B = [10, 14] is the set of all irrational numbers in the interval X +Y = [10, 14].

The following lemmas are used to represent a given set in the form of the Minkowski sum of two
sets and make it possible to compute the Minkowski sum by decomposing it into parts.

Lemma 3.3. Let X, Y and Z be nonempty sets such that Z N (X +Y) # @ and suppose that the set
Z is homothetic to the sum X +Y. Then there exist sets U and V withUNX # @ and VNY # &
such that U +V = Z.

Proof: Denote the intersection Z N (X +Y) by E, that is, E = ZN (X +Y). Since for some a > 0
and t € R” we have F = a(X +Y) + t, by Lemma there exist nonempty sets X’ = aX + tx and
Y’ = aY +ty such that X'+ Y’ = F. Because X'+ Y’ = F C Z, by the definition of the Minkowski
sum there exist sets U € X' and V C Y’ satisfying U +V = Z. Consequently, X' N X # @ and
Y'NY # @. Thus, Lemma |3.3|is proved. |

From Figure 4 it can be seen that the condition that the set Z be homothetic to the sum X 4+ Y is
essential.
Theorem 3.4. For any nonempty sets X and Y, the inclusion
int X +intY Cint(X +Y)

holds. If, in addition, the sets X and Y are conver and dim X = dimY = dim(X + Y'), then the
converse inclusion
int X +intY Dint(X +Y)

also holds. Consequently, for such sets we have
int X +intY =int(X +Y).

Proof: Let z € int X + int Y. Then there exist points € int X and y € intY such that z = x + y.
Consider neighborhoods B, C X and B, C Y. Then B, + B, C X + Y. Since B, and B, are open
balls centered at x and y, respectively, their sum is an open set U. From the inclusion U C X +Y it
follows that z € int(X +Y).

In general, the inclusion int(X +Y) C int X +int Y does not always hold. For example, if dim X <
dim(X +Y), then int X = &, or if dimY < dim(X +Y), then intY = &.

Now assume that dim X = dimY = dim(X + Y'). Then

ntX+Y=X+intyY =int X +intY =int(X +Y).
Theorem [3.4] is proved. g
We note that the convexity of the sets in the second part of Theorem is essential.
Corollary 3.5. a) for any conver sets X and Y in R™ with dim X = dimY = n, the equality
int X +intY =int(X +Y)

holds.
b) in the family ¢(R™) of n-dimensional convex sets in R™, the Minkowski sum

+: ¢(R") x ¢(R") — ¢(R")

18 a continuous mapping.
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Theorem 3.6. Let X and Y be nonempty conver sets satisfying dim X = dimY = dim(X-—Y). Then
the inclusion int(X—Y) C int X—int Y holds.

Proof: Take an arbitrary point z € int(X—Y). Then there exists an open neighborhood B,(z) =
r € R": |z — x| < r such that B.(z) C X—Y. From here we obtain B,(z) +Y C X. Since intY C Y,
it follows that B,.(z) +intY C B,(z) +Y C X. Because both B,(z) and intY are open sets, the
set B,.(z) + intY is open. Hence, B,(z) + intY C int X. Therefore, B,(z) C int X—intY, and
consequently z € int X —int Y. Theorem is proved. O

The existence of a point z € int X—intY that does not belong to int(X—Y) can be seen from
the following example. Let X = [1, 5] and Y = [3, 4]. Then int X—intY = [-2, 1], int(X-Y) =
(=2, 1). The points z = —2 and z = 1 have the stated property.

Lemma 3.7. For arbitrary convex sets X and Y, the inclusion
R*\(X+Y)CR"\X)+ (R"\Y)
holds.

Proof: Let z € R\ (X +Y). Then z ¢ X + Y. This means that for any pair of vectors z € X and
y € Y the equality z = x + y does not hold. For each point z € R™\ (X +Y') and fixed points z € X
and y € Y let us introduce the notations

Y.(z2) ={y eR": z=x+y}, Xy(z)={z eR": z=x+y}.
Then, for every z € R™\ (X +Y), we obtain
U Ya(2) € (R*\ ), U X,(2) c (R"\ X).
zeX yey
On the other hand, by the definitions of the sets Y, (z) and X,(z) one has
z€ X,(2) c|JX,(2)+ | Yalz) R\ X)+ R"\Y).
yey reX

Thus, R"\ (X +Y)C (R*"\ X) + (R"\Y).
Now we show that, in general, R" \ (X +Y) D (R"\ X) + (R™\ Y') does not hold. For simplicity,
it suffices to consider the case n = 2. Consider the following convex sets:

X={(z,y) eR*: 1<z <4, 3<y<6},
Y={(z,y) eR*: 5<2 <6, 1<y<2}.
Then their Minkowski sum is the convex set
X+Y={(z,y) eR*: 6<2<10, 4<y<8}L
Consider also the sets
T={(r,y) eR*: 8<x <10, 9<y <11},
S={(z,y)eR®: —2<z2<0, -5<y< -3}
Clearly, T+ S = X + Y. Moreover, T’ C R*\ X and S C R?\ Y. Hence,
X+Y CR*\X)+ (R*\Y).

Above, the inclusion R?\ (X +Y) C (R?\ X) + (R?\Y) was established. From the last two inclusions
we obtain

R’ =(X+Y)U(R*\ (X +Y)) C (R*\ X)+ (R*\Y),
that is, R? = (R?\ X) + (R?\ Y). Lemma [3.7]is proved. O
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R? \ Y boundaries of the sets

R\ (X +Y) (RZ\ X) + (R?\ Y)
R*\ (X +Y) c (R?\ X) + (R*\Y)

FIGURE 5.

An illustration of the proven lemma is presented in Figure 5.

Theorem 3.8. For nonempty convex sets X, Y the following inclusions hold:
X +Y)CoX+IY C [X+Y].

Proof: Since the second inclusion in the conclusion of the theorem holds automatically, it suffices to
show that any point z € 9(X+Y) belongs to the set 90X +9JY. By the definition of a boundary point, for
any neighborhood B,.(z) of the point z the relations B,.(2)N(X+Y) # @ and B, (z2)N(R"\(X+Y)) # @
hold.

We can find z, y € R™ such that for x and y we claim following

1) z=z+y,

2) x € 0X and y € 9Y.

Suppose that for all z, y € R" satisfying condition 1), condition 2) does not hold. Then, for all
x, y € R" such that z = = + y, it must be that either z ¢ 0X and y € 9Y, or x € 0X and y ¢ 9Y,
or z ¢ 0X and y ¢ 9Y. For clarity, let us assume = ¢ X and y € dY. Then, either z € int X or
x € R™\ [X]. In the first case, there exists an open ball B.(z) such that B.(z) C X; in the second
case, there exists an open ball B.(z) such that B.(z) N X = (). In the first case,

Be(x+y) = B:(2) = Be(x) +y C X+,
which implies z € int(X + Y'). We get a contradiction. In the second case,
B.(w+y) = B.() = Bu(a) +y C R"\ [X +Y].

In this case as well, we obtain z ¢ J(X +Y') which contradicts our assumption z € (X +Y'). Thus,
z € X + 9Y. Theorem [3.8]is proved. O

It should be noted that the relation (X +Y) D 0X + JY may not hold. For example, consider
the squares
X={(z,y) eR*: 1 <z <4,3<y<6},
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Y ={(z,y) eR*: 4<2 <5 1<y<2}

O] v L] ar

0 x 0 x
Convex sets X and Y The boundaries of the sets X and Y
v v
X+Y 0X + Y
0 X 0 X
Minkowski sum X + Y The Minkowski sum of the boundaries
-

0X+Y)coX+oY
and
0(X+Y)DoX + Yy,

X +Y) Furthermore
0X+0Y c[X+Y]
and
0X+dY p[X+Y].

0 X

The boundary of the Minkowski sum The conclusion of Theorem 3.8

FIGURE 6.

It is clear that (see Fig. 6),
OX ={(z,y) eR*: (ze€{1,4},3<y<6)V(1<x<4,yec{3 6})}
Y ={(z,y) €eR*: (x€{4,5},1<y<2)v@d <z <5 ye{l,2}},
OX +0Y = (X +Y)\{(z,y) eR*: 6 <2 <8 5<y<T}
X+Y={(z,y) eR®5 <2 <9 4<y<8},
IX+Y)={(x,y) eR*: (r€{509},4<y<8)V(5<z <9, yec{48})}.
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Thus,
I(X+Y)CoX+9Y
and
X +Y) 50X +9Y.
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