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p-adic quasi-Gibbs measures for the three-state SOS model on the
binary tree
Akhmedov O.U.

Abstract. In this paper, we study p-adic quasi-Gibbs measures for the three-state SOS model on
a Cayley tree of order two. The existence of new translation-invariant p-adic quasi-Gibbs measures
have been found. Moreover, the boundedness of the found translation-invariant p-adic quasi-Gibbs

measures is proven. Furthermore, we show if (%) =1, s is even and p = 1(mod6), then a phase

transition occurs.

Keywords: Cayley tree, configuration, p-adic numbers, p-adic SOS model, p-adic quasi-Gibbs
measure, periodic measure.

MSC (2020): 46S10, 12J12, 11599, 30D05, 54H20.

1. INTRODUCTION

p-adic numbers, the first introduced by the German mathematician K. Hensel, have garnered
significant attention within the mathematical community. Initially, regarded as objects of pure mathe-
matics, these numbers have since found diverse applications in theoretical physics, including quantum
mechanics, p-adic-valued physical observables [11 2| [3], and many other areas [4]-[9].

One of the main motivations for studying statistical mechanics models on lattice systems (see, for
example, [10]-[I4]) is to explore the phenomenon of phase transitions. In ultrametric spaces, this
phenomenon is marked by the existence of at least two distinct p-adic quasi-Gibbs measures one is
bounded and the other is unbounded, making the analysis of the boundedness of these measures a
natural focus of research.

The solid-on-solid (SOS) model serves as an extension of the Ising model ([I5]-[23]) or as a less
symmetric variant of the Potts model ([24]-]28]). For a comprehensive overview of SOS models on
trees, see ([29]-[35]). Rigorous studies of the p-adic SOS model on the Cayley tree have largely
concentrated on the cases m = 2 and p = 3. In particular, in [36] O. Khakimov derived a functional
equation for the model using the p-adic version of the Kolmogorov extension theorem [37]. It was also
rigorously demonstrated that under certain conditions, the model does not exhibit a phase transition.
Furthermore, the conditions for the occurrence of a phase transition were identified through the
analysis of the functional equation.

In [38], the one-dimensional p-adic SOS model with countable set of spin values was investigated,
and it was shown that the set of all p-adic Gibbs measures has the cardinality of the continuum. This
work revealed the existence of a quasi-phase transition in the one-dimensional p-adic SOS model.

In this paper, we enlarge the set of Gibbs measures, which is mostly studied in [36], for the three-

state SOS model on the Cayley tree of order two. Namely, we show that if (%) = 1, s is even,

p = 1(mod 6), then for the three-state p-adic SOS model on the Cayley tree of order two there are
four translation-invariant quasi-Gibbs measures (TIQGMs), otherwise there is no TIQGM. Moreover,
we show the existence of the phase transition relying on the fact that one of quasi-Gibbs measures is
bounded and four quasi-Gibbs measures are unbounded.

The primary focus of this paper is to extend these findings by studying translation-invariant quasi-
Gibbs measures for the SOS model on a Cayley tree of order two. The paper is structured as follows:
Section 2 provides essential definitions and established results. In Section 3, we introduce concepts
related to the construction of p-adic quasi-Gibbs measures for the p-adic SOS model. In Section 4, we
analyse the p-adic TIQGM for the SOS model. Finally, in Section 5, we study the boundedness of the
obtained p-adic quasi-Gibbs measures for the SOS model.
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2. PRELIMINARIES
2.1. p-adic numbers. Let Q be the field of rational numbers. For a fixed prime number p, any
rational number z # 0 can be represented as:

.1
r=p —, r,nméeEZ,
m

where m and n are coprime with p (the greatest common divisors (p,n) = 1 and (p,m) = 1). The
p-adic norm of a number = € Q is defined by the formula (see [39]):

2 |= p", ifx#0,
P~ o, ifz=0.

The set of p-adic integers and p-adic unit denoted by Z, and Z;, respectively, as follows
Ly = {1: €Qy: |x|p < 1}7

Zy={r€Q,:|z[, =1}
Any p-adic number z # 0 can be represented by z = i—*, where z* € Z;. The canonical expansion for
the p-adic number = and p-adic unit * is given by ([2.1]) and (2.2) below,

T = pv(x)(fﬂo +z1p + T2p® + .. ), (2.1)

Tt =20+ Tp+ T2’ + ..., (2.2)
where 1 <zo<p—1land 0<z; <p-—1forieN ([39-[40).
Due to [40], the equation z? = a, for
a=p"ap+apt+ap’+...)#0, ag#0, a;€{0,1,....p—1}, jEN,
has a solution x € Q, if and only if the following conditions are satisfied:
(1) The number v(a) is even;
(2) If p # 2, the congruence y? = ao(mod p) is solvable; if p = 2, the equality a; = as = 0 holds.

A more general type of the equation was studied in [411 [42].

In [41], new symbols “O” and “0” were introduced, which allowed simplifying some calculations.
These symbols replace the notation “= (modp®)” without paying attention to the degree s. A given
p-adic number = the symbol O[z] means a p-adic number with norm p="@ i.e., |z|, = |O(z)|,. The
symbol o[z] means a p-adic number with norm strictly less than p=@ i.e., |o(z)|, < |z[,. It is easy
to see that y = Olz] if and only if z = Oly].

Let a € Q, and r > 0, we introduce the notation

B(a,r)={zx € Q,: |x —al, <T}.

The p-adic exponential is defined by the series

oo n

exp, (@) = Y 1

n!’
n=0 :

which converges for z € B(0,p~!/ =),
Note that the set
gp = {CC c Qp . |x — 1|p < p*l/(ﬁnfl)}7

is the range of the p-adic exponential (see [40]).
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2.2. p-adic Measure and Cayley Tree. Let X be any nonempty set, B be an algebra of subsets
in X, and (X, B) be a measurable space. A function p : B — Q, is called a p-adic measure if for any
collection of sets A;,..., A, € B such that A; N A; = @ for ¢ # j, the equality

M (O Aj) = iM(Aj)

holds; a p-adic measure is called probabilistic if u(X) = 1; a p-adic measure is called bounded (see [3]),
if it satisfies the following condition

sup |p(A)], < oo
AeB

The Cayley tree I'* of order k > 1 is an infinite tree i.e., a graph without cycles, such that exactly
k + 1 edges originate from each vertex. Denote by V the set of vertices, and by L the set of edges of
the Cayley tree I'*. Two vertices z and y are called nearest neighbours if there exist an edge | € L
connecting them and denote by | = (z,y).

Fix 2o € T'* and given vertex z, denote by |z| the number of edges in the shortest path connecting
xo and z. For x,y € T'*, denote by d(z,y) the number of edges in the shortest path connecting x and
y. For z,y € T'* we write z < y if z belongs to the shortest path connecting z, with y, and we write
r<yifx<yand z#y. If x <yand |y| = |z|+ 1, then we write x — y.

We set

W,={axzeV:|zg|=n}, V,={zeV:|z|<n}, L,={l=(z,y)eL:x,yecV,},

S)={yeV:e—y}, Si(z)={yeV :dx,y) =1}

The set S(x) is called the set of direct successors of the vertex x.

3. CONSTRUCTION OF p-ADIC GIBBS MEASURES FOR THE p-ADIC SOS MODEL

We consider p-adic SOS model on the Cayley tree. Let Q, be a field of p-adic numbers and
¢ ={0,1,..,m}. A configuration ¢ on V is defined by the function x € V' — o(x) € ®. Similarly, one
can define the configuration o,, and o™ on V,, and W, respectively. The set of all configurations on
V (resp. V,, W, ) is denoted by Q = ®V (resp. Qy,, = ®'», Q= ®W» ),

For given configurations o, _; € Qy, | and ™ € Q. we define a configuration in Qy; as follows

(n) . O-n—l(x)7 lf X 6 Vn—17
(-1 V™)(z) = { e (2), if z € W,.

A formal p-adic Hamiltonian H : Q — Q, of the SOS model is defined by

H,(o)=J Z lo(x) = 0(Y)|oo, 0 € Qy,, (3.1)

(z,y)ELn

where J € B(0,p~'/(?=1) is the coupling constant, L,, is the set of edges in V,,, and | - |, denotes the
usual absolute value.

We define a function z : ¢ — z,, Vo € V\ {z0}, 2, € Q, and consider p-adic probability distribution
p{™ on Qy, defined by

1
i (o,) = 70 exp,{ H,(0n)} H Zo)w M=1,2,..., (3.2)

n zeW,

where Z(*) is the normalizing constant

Z3 = 3" exp {Hi(0)} [] 2ot)a (3.3)

ey, zeW,
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A p-adic probability distribution p{™ is said to be consistent if for all n > 1 and o,_; € Qy,_,, we
have
> Hou V) = pl D (0). (3.4)

ST

In this case, by the p-adic analogue of the Kolmogorov theorem [4], there exists a unique measure
. on the set Q such that u. ({o|y, = 0,}) = ¥ (0,) for all n and o, € Qy,,.

If for some function z the measures (™ satisfy the consistency condition, then there exists a unique
p-adic probability measure, denoted by p., since it depends on z. Such a measure p, is called p-adic
quasi-Gibbs measure, corresponding to the p-adic SOS model. By QG(H) we denote the set of all
p-adic quasi-Gibbs measures associated with functions z = {Z,,z € V'}. If there exist two different
functions s and z defined on V', such that there exist corresponding measures u,, u., one is bounded,
and the other is unbounded, then it is said that there exists a phase transition (see [45]).

It is known [36] that the p-adic distributions u(;;b)(a), n=1,2,..., defined in (3.2)), are consistent for
the p-adic SOS model if and only if for every z € V' \ {2°}, the following system of equations holds:

el i s .
" 9\7, ]‘wZ‘ + gm—i
Yo = H Zj_omil m,‘J}y
ves)  2ug—o 0"z +1

: i=0,1,..,m—1, (3.5)

here, 0 = exp, {J} and z;, = Z; 4/ Zm for i =0,1,....,m — 1.
It follows that for any function z = {z,,x € V} satisfying condition (3.5]), there exists a unique
p-adic quasi-Gibbs measure p.

4. EXISTENCE OF THE p-ADIC TIQGM

Let G be the free product of k + 1 cyclic groups of order two with corresponding generators
a1,0Q2,...,a,1. 1t is known that there is a one-to-one correspondence between the set V' of vertices
of the Cayley tree I'* and the group G, (see [31], 47]).

Let G} be a normal subgroup of the group Gj. A function z, defined for z € G, is called Gj-periodic
if z,, = 2, for all z € G, and y € G;. A Gj-periodic function is termed translation-invariant (TI).
Consider the set of all p-adic TIQGM for the model . Note that this set is contained in QG(H),
but its description for arbitrary m poses a challenging task.

For the system , the translation-invariant solutions take the form z, = z = (zq, 21, 22, .., 2m) €
Q;"“ for all x € V. Let m = 2, i.e., the spin takes values 0, 1, and 2. In this case, from , we
obtain

o = 20+021+6> k

0= \ 0220462141 ) >

o = ( 0z0+21+0 )k

1 9220+9Z1+1 .

In this subsection we study (4.1) in the case k = 2. Introducing the notations = = /zo, y = /z1
from (4.1]) we have

(4.1)

22460 y2 462

T = paz210 y2r1’

(4.2)
_ 622 44%+0
y - 0222 4+0y24+1"

We remark that in [36], the author studied the solutions belong to &, of the system of equations
(4.1) and it was shown that for m = 2 and k = 2, p # 3 there does not exists any solution in the set
&, In this work, we study the system of equations (4.1) in the Q,.

We rewrite the system (4.2)) as

(x—1) (022> + 0%z +0y*>+ 6% —2) =0,

Oy® —y? + (%22 + 1)y — (22 +6) = 0.
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The system (4.3)) can be separated as follows:

r—1=0,
(4.4)
Oy —y? + (%22 + 1)y — (02® +0) =0,

or

02° + 0Pz +0y* + 602 —x =0,
(4.5)

Oy® —y* + (0*x* + 1)y — (02 +0) = 0.
For the case x = 1, we have the following result:

Proposition 4.1. [44] Let p > 3. For p-adic SOS model on the Cayley tree of order two, there
exist three TIQGMs corresponding to the solutions of equation (4.4)) if and only if p = 1(mod8) or
p = 3(mod 8).

Now we study the case x # 1. Substituting y? from the first equation of (4.5)) we obtain

x—0*(2?+x+1)

2
= . 4.
y 7 (4.6)
Putting the values of equation (4.6)) into the second equation (4.5) we have the following
x
_ ) 4.7
Y f(x +1) (47)

Using equation , we can reformulate equation in the following form:
022" + 0(30° — 1)2® + (460° + 1 —20)2> + (30> — 1)z + 6° = 0. (4.8)
Introducing a new variable £ = = + i, from (4.8)) we have
6°¢* +0(36° —1)§+26° —20+1 =0. (4.9)
Note that equation is a quadratic equation with respect to &. We calculate its discriminant:
A(9) == 6*(0" +26° + 1 — 46). (4.10)

Equation (4.9)) has a solution in Q, if and only if \/A(f) exists in Q,.
Letting 0 =1+ 0,p° + 0,.1p°™ + ..., 0, # 0 and s € N, then we have the following lemma

Lemma 4.2. If (%) =1 and s is even, then equation (4.9) has two solutions; otherwise, equation
(4.9) does not have any solution.

Proof. Expanding in series with respect to 6, we obtain
0' 420 +1 40 = (0 — D) +4(0 — 1)> +8(0 — 1)* +4(0 — 1). (4.11)
Since § = 1+ 0,p° + 0,,.1p°! + ..., we can rewrite equation as follows
0 +20° + 140 = (00" + Osrap™ " + ) (00" + Oprap™ + )"+
+4((0sp° + 0s1p™ +..)%) +8(0.p° + O,p° T + ) +4). (4.12)

Using the representation (4.12) we see that the first term of the discriminant (4.11) is equal to
46,p*. Thus, under the condition that s is even and (%) = 1, equation (4.9) has two solutions

1—360%2+ 04 +202—40 + 1

51,2 = 202

(4.13)

O
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E+/62—4
2

Taking into account £ = x + %, we obtain z =

2 _ 2 _
_ é‘li\é&i{ - @i\gm, (4.14)

. Therefore, we have

T1,2

Using (4.13]), we find

- \/2u(0) = 20(0) VA ()

VE? T E ;

where
u(f) = —30* —20* — 20 + 1,

v(0) = 36° — 1.

Denote
A (0) = 2u(0) £ 2v(0)\/ A(0).

The existence of z in Q, is equivalent to the existence of \/A;(6) in Q,.

Lemma 4.3. The system of equations (4.5)) has four solutions if and only if \/A1(0) exists in Q,.

Proof. Let <%) =1 and s be even. We rewrite u(f) in the following manner:

u(f) = —6 —18(0 — 1) — 20(0 — 1)*> — o[(6 — 1)?],

A(0) = ol1].
In what follows
A (0) =2(—6 —18(6 — 1) —20(0 — 1)* — o[(0 — 1)*]) = —12 + o][1].

It is clear that equation (4.8) has four solutions in Q, if and only if \/A;(f) exists in Q,. Moreover,
A, (0) exists in Q, if and only if the congruence z? + 3 = 0(mod p) has a solution (see [46]). The
congruence z2 + 3 = 0(mod p) is solvable if and only if p = 1(mod 6)(see [46]). If equation (4.8 has

four solutions, then equation (4.7]) will also have four solutions. It follows that the system of equations
(4.5) also has four solutions. O

Theorem 4.4. Let N be the number of p-adic TIQGMs for the SOS model on the Cayley tree of order
two. Then the following assertions hold:

4, if (@) =1, s is even and p = 1(mod 6),
N = p (4.15)

0, otherwise.

Proof. Due to Lemma the system (4.5)) has four solutions, which implies the existence of four
TIQGMs. O

Remark 4.5. The measures found in Theorem[4.4]are different from the measures found in Proposition

ATl
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5. BOUNDEDNESS OF THE p-ADIC TIQGMSs.
To prove the boundedness of the p-adic TIQGM, we state the following lemma:

Lemma 5.1. Let (%) =1, s is even, p=1(mod6),k =2 and m = 2. z; = (zéi),zgi)), 1=1,4 be the

TI solutions of system (3.5)). Then the following relations hold:
1)), = 12", =1, i=14;
210227 + 02" +1], < 1, i=T4,

Proof. 1. Let z; = (z(()i), zii)), i = 1,4 be translation-invariant solutions of the system of equations (J3.5))
for k = 2. Then from the solution of equation (4.5)), we find the p-adic norm |z{|, and |z}|,, where
zb =a? and 2z} = y?, i = 1,2,3,4. At first, we find the p-adic norm of |z}|, = |2?|,. Using (4.14]) we
get

2 1 2_ 2_ 1 2_ 2
&i\/@ 30 1+¢92£29749+1i\/(39 1+¢92(;29749+1> 4
|1,2]p = 5 = 5 : (5.1)
p
p
2_q1_ I 2_ 2_1_ 1 2_ 2
6+ VT 3621 Wi\/(se 1 W) 4
|[Z3.4lp = 5 | = 5 : (5.2)
p
p

From (j5.1)) and the strong triangle equality we have

302 —14+0%+202—40+1 + \/ —3+ol[1]
’x‘ _ 202 62 _
p = =

2

1—36%+2y/-3+0[]]
462

p

:'1+ﬁ+o[1]

=1.
2

p

It implies that |21 ,], = 1. Observe that the p-adic norm |z54|, = 1 and |23"], = |22|, = 1, where
i=T1,4.
Now, we find the p-adic norm of |2\”|, = |y2|,. In (&.7) we find

], = T B 71%@%-0[1]
Yilp = Oz +1)[, RS

= 1.

P

1+ +v/=3+0[1]
2

p

It implies that |y; 2|, = 1. Observe that the p-adic norm |ys4[, = 1 and \z%i)|p = |y?|, = 1, where
i=T.4.

2. Using the solutions of equation (4.5)), we determine [#*2 + 6z} + 1|,,, where i = 1,4. According
)

to Case 1 we know that 20" = 22, and 2\" = y?, where i = 1,4 and from the strong triangle equality

we have

+6 +1

2
- - 14— 1
02287 + 02" + 1], = 92< i 23”[ ]>

<1+¢?3+o[1]>2
2

+1

= [o[]]p <

p

SHE

| =1=v=3+0[1]  —14+v=3+0[]
B 2 * 2
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Theorem 5.2. Let (%) =1, s be even, p = 1(mod6). For the p-adic SOS model with three-state on

a Cayley tree of order two p-adic TIQGM p., is unbounded iff z; & £,, i = 1,4.

Proof. Let z;,i = 1,4 be translation-invariant solutions of (3.5)) for £ = 2. Then (see [36]) due to

0 D 0z, +1=a(@)z., i=0m—1,

yeS(z) j=0
for all z € V' \ {zo} we find
1 .
a(x) = H (Z gl2=aley, , + 1) .
yeS(z) \j=0
Since 0 € £, and z; € Z7, due to the strong triangle inequality and Lemma we obtain

(1, it 2, € &
la(z), = { < p%’ if 2z €&,

Hence, we get

1, if z, €&,
@l = T latwl, ={ ¥ w5 2

yeEW, 1
Here we used the recursive formula Z,, ., = A,,_1Z,,_1 .. From (5.5)) we get

]_7 if zZ; € 5 5
Za@l = T M@l ={ & 7525

x€Vn_1

For any configuration o, € 2y, considering (5.6) we have

xp {Hn(9)} 1] Zo).0

zeW,
(o), = 2 -
? ’Zmzq‘,’il?
B 1 B { 1, if 2z € &y
Z, ol L2l i s,

This implies that the measure p{"(c,,) is unbounded if and only if z; € £,, i = 1,4.

Summarising, we get the following result:

(5.4)

(5.5)

Theorem 5.3. Let (%) =1, s be even and p = 1(mod6). Then for the p-adic SOS model with

three-state on the Cayley tree of order two, a phase transition occurs.
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1. INTRODUCTION. STATEMENT OF THE PROBLEM

Many problems of science and engineering are naturally reduced to singular integral equations.
Moreover plane problems are reduced to one dimensional singular integral equations (see [12]). The
theory of one dimensional singular integral equations is given, for example, in [9, [13]. It is known that
the solutions of such integral equations are expressed by singular integrals. Therefore approximate
calculation of singular integrals with high exactness is actual problem of numerical analysis. For the
singular integral of the Cauchy type we consider the following quadrature formula

[ 2D ar= Y et (1.1)

with the error functional

(o) = 19SS org15(0 — ), (1.2)

where —1 < ¢t < 1, C[f] are the coefficients, x5 (€ [-1,1]) are the nodes, N = 0,1,2,..., /-1 1)() is
the characteristic function of the interval [—1, 1], ¢ is the Dirac delta function, ¢ is a function of the
space Lgm)(—l, 1). Here Lém)(—l, 1) is the Sobolev space of functions with a square integrable m - th

generalized derivative and equipped with the norm

1 1/2

JPlLE (LD =4 [ (™ @))dz

-1

) 1/2
and {f(gp(m)(a:))Qdm} < 00.

-1
In order that the error functional 1) is defined on the space Lém)(—l, 1) it is necessary to impose
the following conditions (see [1])

(U(z),z*) =0, a=0,1,2,....,m—1. (1.3)

Hence it is clear that for existence of the quadrature formulas of the form (1.1) the condition N > m—1

has to be met.
The difference

€xr —

o= [ twrptwn = [ £ar -3 clplean) (1
I 2 =0

is called the error of the formula (1.1)
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By the Cauchy-Schwarz inequality

e oat]- ot

the error 1} of the formula 1) on functions of the space Lgm)(—l, 1) is reduced to finding the

norm of the error functional / in the conjugate space Lgm)*(—l, 1).

Obviously the norm of the error functional ¢ depends on the coefficients and the nodes of the
quadrature formula . The problem of finding the minimum of the norm of the error functional ¢
by coefficients and by nodes is called the S.M. Nikol’skii problem, and the obtained formula is called
the optimal quadrature formula in the sense of Nikol’skii. This problem was first considered by S.M.
Nikol’skii [I4], and continued by many authors, see e.g. [15] and references therein. Minimization of
the norm of the error functional ¢ by coefficients when the nodes are fixed is called Sard’s problem and
the obtained formula is called the optimal quadrature formula in the sense of Sard. First this problem
was investigated by A. Sard [16].

There are several methods of construction of optimal quadrature formulas in the sense of Sard such
as the spline method, ¢- function method (see e.g. [5, [11]) and Sobolev’s method which is based on
construction of discrete analogs of a linear differential operator (see e.g. |21 [I]).

The main aim of the present paper is to construct optimal quadrature formulas in the sense of Sard
of the form in the space Lém)(—l7 1) by the Sobolev method for approximate integration of the
Cauchy type singular integral. This means to find the coefficients C[8] which satisfy the following
equality o o

62§ = inf 015", (15)

Thus, in order to construct optimal quadrature formulas in the form in the sense of Sard we
have to consequently solve the following problems.

Problem 1. Find the norm of the error functional of the quadrature formula in the
space L™ (=1,1).

Problem 2. Find the coefficients C[] which satisfy equality (L.4).

Many works are devoted to the problem of approximate integration of Cauchy type singular integrals
(see, for instance, [8, @, [10L 4} [7, 10, 12| 18, 19] 20] and references therein).

The rest of the paper is organized as follows. In Section 2 using a concept of extremal function
we find the norm of the error functional (1.2). Section 3 is devoted to a minimization of ||¢||*> with
respect to the coefficients C[3]. We obtain a system of linear equations for the coefficients of the
optimal quadrature formula in Sard’s sense of the form in the space L;m)(—l7 1). Moreover,
the existence and uniqueness of the corresponding solution is proved. In Section 4 we give some
definitions and known results which we use in the proof of the main results. In Section 5 we give the
algorithm for construction of optimal quadrature formulas of the form . Finally, Explicit formulas
for coefficients of the optimal quadrature formulas of the form are found in Section 6.

2. THE EXTREMAL FUNCTION AND THE EXPRESSION FOR THE ERROR FUNCTIONAL NORM

To solve Problem 1, i.e., for finding the norm of the error functional 1) in the space Lgm)(—l, 1)
a concept of the extremal function is used [I]. The function v¥,(x) is said to be the extremal function
of the error functional (1.2)) if the following equality holds

(€, 9be) = I11ZS™ | Nlbe 5™ (2.1)

In the space LY the extremal function ¢,(z) of a functional £(x) is found by S.L. Sobolev [21} [].
This extremal function has the form

e = (1)) % G (@) + Poucs (@), (2.2)

where
‘x|2m71

Gnl®) = 5 @m =)

(2.3)
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is a solution of the equation
d2m

dIQm

P,,_1(x) is a polynomial of degree m — 1, and * is the operation of convolution, and is defined as
follows oo o0
z) = / fl@ —y)g(y)dy = / fW)g(z —y)dy
It is well known that for any functional ¢(x) in Lgm)* the equality
0252 = (€60 = (Ua), (-1 @) 5 Gnle)) = [~ t6) (<" [~ )Gl ~ )y ) o

holds [1].
Applying this equality to the error functional (1.2)) we obtain the following

Gol(z) = 6(2), (2.4)

|2m71

e = () = [ZZ%WQ = (25)

B=0~=
CC—.TB‘Zm 1 // |2m 1
-2Y C[p d dzdy|.
Z / (2m — 1! (z —1t) v 2m—1 W —t)(y — )a:y
-1

Thus, Problem 1 is solved for quadrature formulas of the form (1.1)) in the space L™ (—1,1).

3. THE SYSTEM FOR OPTIMAL COEFFICIENTS OF THE QUADRATURE FORMULA ([1.1])

Assume that the nodes x5 of the quadrature formula are fixed. The error functional
satisfies conditions (L.3). The norm of the error functional ¢(z) is a multivariable function with
respect to the coefficients C[8] (8 = 0, N). For finding the point of the conditional minimum of the
expression , under the conditions , we apply the Lagrange method.

We denote C = (C[0], C[1], ..., C[N]) and A = (A9, A1, ...y Au—1). Consider the function

m—1

V(C,A) = [Ie* —2(= ZA

Equating to zero the partial derivatives of U(C,\) by C[S] (8 =0,N) and Ao, A1, ..., A1, we get the
following system of linear equations

m—1

ZC s ;nf”_'T - Z XaZ§ = frl@p), B=0,1,2,...,N, (3.1)
ZC *=ga, a=0,1,2,...,m—1, (3.2)
where
fm(zs) = / | z(gfn—xf)f;—i pyde = ét.(zfvi)im& . (xlﬁ—t:)z (3:3)
+2§:1 <2m - 1) (t (—2;:3)_2”;)!1‘; (1 =)+ (=1 —t)" —2(z5 — 1))
ga:/1 é( )ta G 1—t)j)+taln‘_11__tt‘, (3.4)

and C[y],y=0,1,..., N and A\,, « =0,1,...,m — 1 are unknowns.
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4. PRELIMINARIES

In this section we give some definitions and formulas that we need to prove the main results. Here
we use the concept of discrete argument functions and operations on them. The theory of discrete
argument functions is given in [I, 21]. For completeness we give some definitions.

Assume that the nodes x5 are equally spaced, i.e., x5 = hf, h = &, N = 1,2,..., functions ¢(z)
and ¥ (x) are real-valued and defined on the real line R.

Definition 4.1. The function ¢(hS) is a function of discrete argument if it is given on some set of
integer values of 3.

Definition 4.2. The inner product of two discrete functions ¢(hg) and ¥ (hf) is given by

o0

[o(hB), ¥(hB)] = Y @(hB) - ¥(hB),

B=—o0
if the series on the right hand side of the last equality converges absolutely.
Definition 4.3. The convolution of two functions @(hf) and ¥(hf) is the inner product

o0

@(hB) * p(hB) = [p(hy), ¥(hB — hy)] = > w(hy) - (hB — hy).

y=—o0

The Euler-Frobenius polynomials Ey(z), k = 1,2, ... are defined by the following formula [6]
1— k+2 k
By(z) = =9 (md> ? (4.1)

x de) (1—1x)?’
For the Euler-Frobenius polynomials Ej(z) the following identity holds
1

and also the following is true

Lemma 4.4. (Lemma 3 of [0]). Polynomial Qi (x) which is defined by the formula

k+1 A10k+1

Qk(l') _ Ie+1 Z

CES (4.3)

is the FEuler-Frobenius polynomial of degree k, i.e. Qn(r) = Ey(z), where A0OF =
Yo (1) TR,

The following formula is valid [§]:

n—1 k i ; k i
1 q ok 4" q ik
¢ = ( ) AQ" — < AN, 4.4

where A'y* is the finite difference of order i of 7, ¢ is the ratio of a geometric progression. When

lg| <1 from (4.4) we have

k

2 S — Z (1 g q)i N (4.5)

In our computations we need the discrete analogue D,,(h3) of the differential operator d*™/dz*™
which satisfies the following equality

Dy (h3) * G (hf3) = 6(hB), (4.6)
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where G,,(h3) = Ihﬁ‘mll, , 0(hp) is equal to 0 when (8 # 0 and is equal to 1. It should be noted that

2(2m

the operator D,, (hﬂ) was firstly introduced and investigated by S.L. Sobolev [I]. In [I7] the discrete
analogue D,,(hf) of the differential operator d*™/dz*™, which satisfies equation (4.6)), is constructed
and the following result was proved.

Lemma 4.5. The discrete analogue of the differential operator d*™/dx*™ has the form

m—1
Ag)t for |8l =2,
k=1
m—1
D,,(hB) =pq 1+ A, for 8] =1, (4.7)
i
cC+S =2 for B=0,
iy Ik
where ( | ( it
2m —1)! 1—gq,)*™ 1
prn — A = U C = —2 m 5 4.8
P h2m g Esm—1(qx) (48)

Es,,_1(q) is the Euler-Frobenius polynomial of degree 2m — 1, q; are the roots of the Euler-Frobenius
polynomial Es,, 2(q), |qx] < 1, h is a small positive parameter.

Furthermore several properties of the discrete argument function D,,, (hf) were proved in [I7]. Here
we give the following property of D,,(h3) which we need in our computations.

Lemma 4.6. The discrete argument function D,,(h3) and the monomials (hB3)* are related to each
other as follows

= |0 when 0<k<2m-—1,
Z D,.(hB)(h3) _{ (2m)! when k= 2m,

B=—o0

where B, 1s the Bernoulli number.

5. THE ALGORITHM FOR COMPUTATION OF COEFFICIENTS OF OPTIMAL QUADRATURE FORMULA
(L.1)

In the present section we give an algorlthm for solution of system (3.1} when the nodes x4
are equally spaced, i.e., zg = hf — 1, h = N, N > m — 1. Here we use snmlar method suggested
by S.L. Sobolev [21] for finding the coeﬂiments of optimal quadrature formulas in the Sobolev space
L™ (0,1).

Suppose that C[5] = 0 when § < 0 and 5 > N. Using Definition we rewrite system ((3.1])-(3.2)

in the convolution form:
Gn(hB) * C[B] + Ppo1(hB = 1) = fin(hB), B=0,1,...,N, (5.1)

ZC (WB—=1)*=ga a=0,1,...m—1, (5.2)

where P,,_1(h3 —1) = Z pa(hB —1)2.

Thus we have the followmg problem.
Problem 3. Find the discrete function C[3] and polynomial P,,_;(h3 — 1) of degree m — 1 which

satisfy the system (|5.1))-(5.2)).

Further, we investigate Problem 3. Instead of C[53] we introduce the following functions

v(hB) = Gu(hB)xCI8), (5.3)
uhB) = v(hB)+ Pu_1(hB—1). (5.4)
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In such statement the coefficients C[5] are expressed by the function u(hf3), i.e. taking into account

(4.6), (5.4) and Lemmas and for the coefficients we have
C[B] = hD,u(hB) % u(hB). (5.5)

Thus, if we find the function u(hS), then the coefficients C[5] will be found from equality .
To calculate the convolution it is required to find the representation of the function u(hg) for
all integer values of 3. From equality we get that u(hp) = f,.(hB) when A3 — 1 € [—1,1], i.e
B =0,1,...,N. Now we need to find the representation of the function u(hf) when g < 0 and g > N.

Since C[f] =0 when hf — 1 ¢ [—1,1] then C[B] = hD,,(hf5) *u(hp) =0, hf —1¢ [-1,1].

Now we calculate the convolution v(h3) = G,,(hf) * C[] when < 0 and 5 > N. Suppose 5 < 0,

_ gt ;
then taking into account that G,,(hf) = 3(am 1)1 and equality || we have

h _12m1k kh _1k
ZC m(hB = hy) = ZC Z(ﬁz)k! (2m(—1)—(1:)! :

y=—00 =0

h _12m1k 1 2m—1h _12m717k_1kN .
_Z Qﬁkl ) ZC ; (Q.Bk-[ ()Qm_l(_k))l ZCM(’W—D

- —Rzm_l(hﬁ —1)— Qm_l(hﬂ - 1),

m—1 2m—1—k
where Ry,_1(h3—1) = Y (hifkl!.)@mili(}&l)kgk is the polynomial of degree 2m—1 and @,,_1(h8—1) =
k=0

2m—1 2m—1—k N
(hgll,.)@m_lk_(k_),l)k > Cly](hy — 1)* is an unknown polynomial of degree m — 1 of (b3 — 1).
. e

hus when £ < 0 we get
v(hB) = —Rom-1(hB — 1) = Qu-1(hB — 1), (5.6)
Similarly, in the case 8 > N for the convolution v(h3) = G(hS) * C[3] we obtain
v(hB) = Ryp—1(hB — 1) + Qm-1(hB — 1). (5.7)
We denote
w1 (hB=1) =Py 1(hB —1) = Qn-1(hB — 1), (5.8)
Pl (W8 —=1) = Py a(hB = 1) 4+ Qm_1(hB — 1), (5.9)
where P, (kS —1) = Z Po - (hﬂ - 1) (B —-1) = Z pa - (b8 — 1)~

Taking into account ( . and (5.7) we get the followmg problem
Problem 4. Find the solutlon of the equatlon

AD,(hB) +u(hB) =0, hB ¢ [0,1] (5.10)
having the form:

—Rop-1(hf—1)+ P, (k8 -1), B0,
u(hB) = ¢ fum(hp), 0<B<N, (5.11)
Rop1(hB—1) + Py (hB—1), B =N.

Here P,,_;(h3—1) and P, (h3—1) are unknown polynomials of degree m —1 with respect to (h3—1).
If we find P,,_,(h —1) and P, _,(hS — 1) then from (5.8), (5.9) we have

(P _((hB—1)+P,_,(h3—1)), (5.12)

(Ph_1(hB—=1) = P,y (R —1)). (5.13)

Pm—1<h/8 - 1) =
Qm—l(h/@ - 1) =

N =N =
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Unknowns P, _,(hB8 — 1), P}t (h — 1) can be found from equation , using the function
D, (hf) defined by (4.7). Then we obtain explicit form of the function u(h3) and from we find
the coefficients C[3]. Furthermore from we get P,,_1(hp —1).

Thus Problem 4 and respectively Problems 3 will be solved.

6. COMPUTATION OF COEFFICIENTS OF THE OPTIMAL QUADRATURE FORMULA (/1.1))

In this section, using the above algorithm, we obtain explicit formulas for coefficients of the optimal

quadrature formula ([1.1)). It should be noted that the quadrature formula (|1.1) is exact for polynomials
of degree < m — 1.
The following holds

Theorem 6.1. Coefficients of the optimal quadrature formulas , with equally spaced nodes in the
space Lém)(—l, 1), have the following form

clo] = hplem( + fm(h +Zpa “+22(1+h SN

‘ 2a! 2m—1—a)'

e

m—1

+Z
clg = {fm(hﬁ h)+Cfm(hﬂ)+fm(hﬂ+h]

m—1 N
ALh _ _
Ly 2P lE 00 fu(y) + gl My + 4 PN,

k=1 v=0

i

khp

qu Fn(hy) + My + g Nk‘|

, B=12,..,N—1,

m—1 m—1
1+h 2m—1—o —1) o
[ (L4 (=1) g |

hp | Cfu(D) @ =h)+ > ol (L )"+ D e

a=0 a=0

i

m—l N
qu 7 f(h) + ¢ M + N

=0

pe = Lremn), a=0L.m-1,

where

m—1 2m—1—«a i AJOZ

Jo TN
M, = —
g ol Z (2m—1—o¢—z'Z 1—quJrl

m—1 a O['hl i AJOIL pSQk
7 il(o— i)l 4 1—qk3Jrl 1—q;€7

(6.1)

m—1 2m—1—« . i . .

ga(—1) h' q;. A0

N = S S _
g Z Z i!2m—1—a—1)! O(lqu)ﬁl—'_

Jj=

oz'h’ L g Ao pqu
+ZPQZ | ]-_qk ]+1 1_qk7 (62)

and p, C, Ay, are defined by {4-8), ai are roots of the Euler-Frobenius polynomial Eam_2(q), |ax| < 1,
A0 =30 (D)), py, pd, a=0,1,...,m — 1 are defined from system —
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Proof. First we find the expressions for p, and pi. When 8 =0 and 8 = N from ({5.11) for p, and
+
Py we get

m—1 m—1
- _ Ja . —_1\a
B m—1 (_1)aga m—1
P = fn(2)- O;) 20/(2m —1—a)! ~ Pa- (64)

Now we have 2m — 2 unknowns p_, p jv a=1,2,.

Taking into account ( . - and . from we get the following system

m—1 o)

> pa(-1 ZOJZD (h3 + hry) muZp;Zszer hp) ZCJ hy)?
:—ZDMM—MMMM+ZDMM+mﬂ—Z«%;gi?:ﬁ - 1 0)]
=S Dttty )| Yo IO S DA o). (6.5

where f = —-1,-2,....,—(m—1)and B=N+1,N+2,..,N+m— 1.

First we consider the cases § = —1,—2,...,—(m —1). From (6.5) replacing $ by —f and using (4.7))
and (4.5)), after some calculations for § = 1,2,...,m — 1, we get the following system of m — 1 linear
equations

m—1 m—1
> PaBa+ > piBi,=Ts B=12..m-1, (6.6)
a=1 a=1
where
[ m—lA e’}
3 N o & o . . A
&a—enquzzﬁwwmeWWWHV
j=1 = 9 521
m—1 a J i AN
5= Nea-LNS i N0
i = Saar S s
= j=1 i=1
m—1 - m— m— lAqu+(3
Ty = —kZ Ay ZQkfm(hV) 2) — Z m k; T

+<§2_31M ())[HZ; i:j o 7+2+C}

0
Ay ly—8 (A+hy)>" g, RS N+y+8-1 (I+hy)? 1o (- 1) %0
L g 2————— zmzq z

2a!(2m—1—a)! 2al(2m—1—a)!
’y:

— a'(%;?ala<(1 + h(,@ _ 1))2m717a + C(l + h6)2m717a + (1 + h(ﬂ + 1))2m1a>‘
Here 5 =1,2,...,m—1land a=1,2,....m — 1.
Now we consider the cases 5 =N + 1, N +2,...., N +m — 1. From (6.5)) replacing 8 by N + 8 and
using (4.7) and (4.5)), after some calculations for § = 1,2,...,m — 1 we get the following system of
m — 1 linear equations

m—1 m—1
Y Padp+ > piAL =S5 B=12..m-1, (6.7)
a=1 a=1
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where
iAioa
- _ thj A N1 5 __
Bo Z Z k4 ; (1 _qk)z-H
m 1A
Aga — chh] [Z kz |B— vl 1)j+Cﬁj+(ﬁ—|—1)j
k=1

2al(2m—1—a)!

- m—1 2m—1—a
SB — 21 N+ﬂ 1[ qu fm(h’y) fm(o)lgk v E (1=(hy+1) )ga}

e [z e +f < )|~ 222+ 0)-

a=0

2al(2m—1—a)!

g S ((1 +h(B—1))2m 1= 4 C(L+hB)*™ 1= 4 (L+ h(B+ 1)) 17 — 3).

Here p=1,2,....m—1land a=1,2,....m — 1.

Thus for the unknowns p_, pf, @ = 1,2,...,m — 1 we obtained system , of 2m — 2 linear
equations. Since our optimal quadrature problem has a unique solution, the main matrix of this
system is non singular. Unknowns p., pf, « = 1,2,...,m — 1 can be found from system , .

Then taking into account (5.12)), using (6.3) and (6.4]) we have

pazl(p;r—l—p;), a=0,1,...m—1.

2
Now we find the coefficients C[5], 5 = 0,1, ..., N. From (5.5), taking into account (4.7), we deduce

N ) 2m—1—a m—1
ClBl = h| X Du(hB=hy)fulhy) + 2 Dm(hmhv)( zo et + X pal=1- hv)“)
V= r= = a=
S m—1 2m—1—a
+ 2 Dnlh(N +7) = hﬁ)( D e e I E P (L + hy)e )] B=0,1,..,N.
Y= a=

From here, using (4.7)) and formula (4.5)), taking into account (6.1)) and (6.2)), after some calculations
we arrive at the expressions of the coefficients C[f], 8 = 0,1, ..., N which are given in the assertion of
the theorem. Theorem is proved. O
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Abstract. In this paper, we investigate a time-fractional diffusion-wave equation, where the classi-
cal second-order time derivative is replaced by a fractional derivative of order p € (1,2). We consider
a class of non-local boundary value problems involving four real parameters «;, as, 81, and S, under
general conditions.

Using the Fourier method in an abstract Hilbert space setting, we derive necessary and sufficient
conditions for the well-posedness of the problem. We prove that the solution exists and is unique if
certain algebraic conditions on the parameters are satisfied. In cases where these conditions fail, we
describe the structure of the solution and show that uniqueness may be lost. For such cases, we also
formulate orthogonality conditions that guarantee existence.

Keywords: Fourier method, abstract operator, complete system, non-local problems, Caputo
derivatives.

MSC (2020): 35R11, 35L05, 26A33

1. INTRODUCTION

In this paper, we study a time-fractional diffusion-wave equation obtained by replacing the second-
order time derivative in a classical wave equation with a fractional derivative of order p € (1,2).
It is worth noting that this equation is rather specific in the following sense: for the subdiffusion
equation, most properties of the solution resemble those of the classical diffusion equation. However,
the solution of the diffusion-wave equation with a fractional time derivative exhibits characteristics
of both the diffusion and wave equations. In a certain sense, it can be said that the time-fractional
diffusion-wave equation interpolates between these two classical models the diffusion equation and the
wave equation (see [1], [23]).

The objective of this paper is to investigate a class of non-local problems involving four parameters,
aq, g, By, By (a2 +a3 # 0, 87+ B2 # 0), for the time-fractional diffusion-wave equation, and to identify
conditions under which these problems are well-posed. Additionally, in cases where the problem is
ill-posed, we aim to find supplementary conditions that guarantee the existence of a solution (note
that such a solution may not be unique), and to determine the explicit form of all possible solutions.

To achieve this goal, we employ the Fourier method, which requires that the elliptic part of the
equation admits a complete orthonormal system of eigenfunctions. To address equations with varying
elliptic parts, we formulate the problem in an abstract form within a separable Hilbert space H
equipped with an inner product (-,-) and norm || - ||. Let A : H — H be an unbounded, positive, self-
adjoint operator with domain D(A). Suppose A has a complete orthonormal system of eigenfunctions
{Vi} in H and a countable set of positive eigenvalues {\.}, arranged in non-decreasing order:

Let C((a,b); H) denote the set of continuous functions H with value h(t) defined in (a,b). For
functions h : Ry — H, the fractional analogues of integrals and derivatives are defined in the same
manner as for scalar functions (see, for example, [20]). Recall that the fractional Caputo derivative of
order p > 0 for a function h(t) is defined as (see, e.g., [21]):

ppipy — L RS _
Dth(t)_I‘(n—p)/O (t—g)/’+1—"d£’ t>0, n=][p+1,

provided that the right-hand side exists. As usual, [p] denotes the integer part of p, and I'(o) is the
Euler gamma function. Note that when p is an integer, the fractional derivative coincides with the

classical derivative: D{h(t) = L h(t).
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Let p € (1,2) be a fixed number. Consider the following class of non-local boundary value problems
involving real parameters: oy, s, 31,32 (a2 + a2 # 0,687 + B2 #0) :

Dju(t) + Au(t) = f, 0<t<T;
au(0) + awu(é) =, 0<E<T; (1.1)
B/ (0) + Bu'(§) = ¥,

where f,,1 € H are prescribed elements of H, and £ € (0,7T) is a fixed number. These problems are
referred to as forward problems.

Definition 1.1. A function u(t), «/(t) € C([0,T]; H) such that D}u(t), Au(t) € C((0,T]; H) and
satisfying all conditions of problem (|1.1]) is called a solution to the non-local problem (|1.1]).

Non-local problems for various differential equations, especially the periodic case a; = f[; =
ay = P = 1 and ¢ = ¢ = 0, due to their importance for applications, have been consid-
ered by many specialists (see, for example, fundamental monograph [19], Chapter 8, and papers
11, 31,51, 7, L1, 21, [£3] 1171, [22).

In the paper [5] a similar to (1.1)) class of non-local problem

{Dfu(t)+Au(t):f(t), 0<p<l, 0<t<T; (1.2)

u(§) = au(0) +¢, 0<E<T,

was considered for subdiffusion equations. The authors determined the values of the parameter o that
ensure the well-posedness of the problem. For the remaining parameters «, it were found conditions
for the orthogonality of f and ¢ to some eigenfunctions of the operator A, under which the solution of
the problem exists (but there is no uniqueness). It was also considered inverse problems to determine
the right-hand side of the equation and function ¢ in the non-local condition. Also, in the work
[9], inverse problems were studied to determine the right-hand side of a fractional Schrédinger-type
equation. Moreover, in [I0], the authors have studied an inverse problem for systems of fractional
pseudo-differential equations. We also note works [I] and [7], where similar forward and inverse
problems are studied for the Rayleigh-Stokes equation wu;(t) + (1 +~09))Au(t) = f(t), where v > 0 and
0¢ is the Riemann-Liouville fractional derivative. Note that if & = 0 in problem , then we get a
well-known ill-posed backward problem, which was studied in detail in works [2],[15], [24] and [25].

2. PRELIMINARIES

In this section, we introduce the Hilbert spaces of ”smooth” functions associated with fractional
powers of the operator A, and recall several important properties of the Mittag—Leffler functions,
which will be used in the subsequent analysis.

For any real number 7, the fractional power of the operator A is defined by the formula

ATh =" NhiVi,
k=1
where hy = (h,V},) are the Fourier coefficients of a function h € H. The domain of A" is given by
D(AT) = {h €H: Y N> < oo} .
k=1

If we introduce the inner product for elements h,g € D(A") as
(h,9); = D AThigr = (ATh, ATg),
k=1

then D(A™) becomes a Hilbert space with respect to this inner product. The corresponding norm is

denoted by ||h|l, = \/(h, k).
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Let p € (1,2) be a fixed number. The two-parameter Mittag—Leffler function is defined as (see, e.g.,
21], p. 12):

n

EP:H(Z) = Z T( ©

= T(pn+p)

where p is an arbitrary complex number. In the special case p = 1, this reduces to the classical
Mittag—LefHler function: E,(2) = E,(2).
We will need the following properties of the Mittag—Leffler functions (see [16], p. 57):

1
E,.(2) = m + 2Ep u10(2),

and the estimate (see, e.g., [14], p. 136)

&1

E, (-t < 2.1
Bp(-0)] < 15, 2.)
which essentially follows from the following asymptotic expansion (see, e.g., [14], p. 134):
E,u(=t) =— i ) il +O(t™ ). (2.2)
— I'(u— kp)

Lemma 2.1 (see [16]). Let A > 0. Then, for all t > 0, the following identities hold:

d
dt (Ep,l(_)‘tp)) = _)‘tp_lEp’p(_)‘tp)a
d P p—1 P P
% (Ep,2(_)‘t )) ==Xt [Ep,pﬁ-l(_)‘t ) - E/w+2(_/\t )]
Lemma 2.2 (see [6]). Let 1 < p <2 and t > 0. Then the following estimates hold:
[Epa(=17)] < 1,
Bnp(—t)] < 5
L)
|Ep2(—t7)] < 1.

Throughout the following, we denote by C a constant that may vary from line to line.

3. UNIQUENESS CRITERION

Let A, k > 1, be the eigenvalues of the operator A, and let &, oy, ag, By, B2 (a2 +a2 # 0, 52+ 2 # 0)
be the constants from the non-local conditions in (1.1). Define, for k£ > 1,

Ap =11+ (o fa + axfr)E, 1 (—AkEP) + s (Ep,l(_)\kfp))Q

+a o Aé B, o <_/\k§p)Ep,p(_/\k5p)'

Theorem 3.1. If there exists a solution to problem , then it is unique if and only if the condition
Ay # 0 holds for all k € N.

Proof. Assume A # 0 for all k£ € N and suppose there are two solutions u;(t) and uy(t). Since the
problem is linear, the function u(t) = u;(t) — uq(t) satisfies the homogeneous problem:
Diu(t) + Au(t) =0, 0<t<T;
au(0) + au(§) =0, 0<&<T; (3.1)
B/ (0) + Bou’(§) = 0,
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Let Ty (t) = (u, Vi). Since the operator A is self-adjoint, equation (3.1)) yields:

Thus, for Ty (t), k > 1, we obtain the following non-local problem:

OélTk(O) + asz(ﬁ) = O, 0< 5 S T, (32)
BiT;.(0) + BT3,(€) = 0

Let a, = T}(0) and b, = T}(0). The solution of the corresponding Cauchy problem for (3.2)) is given
by (see [18], p.230):
Tk(t) = CLkEpJ(—)\ktp) + bktEpg(—Aktp). (33)

To find the unknowns a; and by, we substitute into the non-local conditions from (3.2)), obtaining
the system (see Lemma [2.1):

{ (o + a2E, 1 (—A\&P)) ap + b E, o(—Ap&7)by = 0,

Ba (= A)EEy p(~ M)+ (Br + BBy (— M) by = 0. (3.4)

This is a homogeneous linear system in a; and by. Its determinant is:
Ap = a101 + (a1f2 + a2B1)E, 1 (—A\E") + s (Ep,1(—)\k§p))2

+a252/\k5pEp,2(_Akgp)Ep,p(_Akfp)-

Since Ay # 0 by assumption, the system has only the trivial solution a, = b, = 0. Therefore,
Ty (t) =0 for all k, and by completeness of {V,}, we conclude u(t) = 0.

Now suppose problem has a unique solution and assume the contrary, i.e., A, = 0 for some kg
and some values of &, ay,as, 81, 82. Then the system becomes linearly dependent. Solving the
first equation for ay, gives:

28 Ep 5 (=Ako&”)
© oy + OéQEpJ(—)\kOfp) ’
where by, is an arbitrary real number. Then, by (3.3]), the function

- a2€EP72(_)\k70€p)
(03] + O[QEP71 (_)\koé-p)

Qo = —O

u(t) = by, ( E, 1 (=\t”) + tE,,Q(—)\kot”)) Vo (3.5)

is a solution of DJu(t) + Au(t) = 0.
We verify that it satisfies the non-local conditions. Direct computation shows:

aru(0) + asu(§) =0,

Bru’(0) + Bou'(§) =0,

due to the vanishing of Aj, and the structure of Mittag-Leffler terms. Thus, (3.5)) is a nontrivial
solution to problem ({3.1]), contradicting uniqueness. This proves the theorem. O

4. ON THE AUXILIARY PROBLEMS
To solve problem , we decompose it into two auxiliary problems:
a Cauchy problem for an inhomogeneous equation:
Dio(t) + Av(t) = f(t), 0<t<T;
v(0) = 0; (4.1)
v'(0) =0,
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and a non-local problem for a homogeneous equation:
Dlw(t) + Aw(t) =0, 0<t<T;
aw(0) + axw(§) =¢", 0<E<T; (4.2)
Brw'(0) + Bow'(§) = ¥,

where ¢*,1* € H are given elementsand ¢ is a fixed point in the interval (0, 7.
The problems (|4.1)) and (4.2)) are special cases of the problem (|1.1]), and the solution to the problem

is defined analogously to Definition
Lemma 4.1. Let
@' == (a1w(0) + axv(§)), ¥" =19 — (B1'(0) + B20'(€)),
and let v(t) and w(t) be the solutions to problems (A.1) and ([.2), respectively. Then the function
u(t) = v(t) + w(t)
is a solution to problem (|1.1)).

Proof. The proof of this lemma has a very simple form and is carried out as a result of straightforward
calculations (see, for example, [5, §]). O

Hence, it is sufficient to solve the auxiliary problems to construct the solution to the original
problem.
We begin by considering the Cauchy problem (4.1]), for which the following result holds:

Theorem 4.2. (see, [4]) Let f € H. Then the solution of the Cauchy problem (4.1)) is unique and
has the form:

v(t) = Z fktpEp,p+1( — )\kt”)’uk.
k=1

where the series converges in H fort > 0.
Moreover, there exists a constant C' > 0 such that the following coercive-type inequality holds:

IDZo@I + lv@IF < ClIAIP, 0<t<T

We now turn to the analysis of problem (4.2)). Using the Fourier method, we seek the solution in
the form of a formal series:

w(t) =Y Ti(t)Vi. (4.3)

It is straightforward to verify that each Ty (t), for k > 1, satisfies the following non-local problem:
OélTk(O) + a2Tk(§) = QOZ, 0< f < T,
BT (0) + B2T3(§) = 2y,

where ¢} and v} are the Fourier coeflicients of ¢* and *, respectively.
The solution and its derivative to this problem can be expressed as (see (3.3)):

Tk (t) = akEpvl(—)\kt”) + bktEpg(—)\ktp), (44)
T]é(t) = ak(*)\k)tp_lEp,p(*)\ktp) + bkEp’l(*)\ktp),
where the unknown coefficients a;, and by, satisfy the following system of equations (see ({3.4)):

(o1 + a2E, 1 (—Ai&P)) ap + @b E, 2 (—Ae&”)br = ©5,
Bo(=Ae)EP T By o (=M€ ak + (Br + Bo By 1 (—AkE”)) b = 1.
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The determinant of this system is given by

Ay =i+ (a1 fo + fh)E, 1 (=€) + aafs (Ep,l(_)\kfp))Z

+ 0 Bo Ml B,y o (NP E, ,(—AkE”).
and if Ay # 0 for all £ > 1, then the system admits a unique solution given by

a = Alk (00 (B1 + BBy (—ME)) — 10 By a(— M)

by = Alk [ (a1 + By 1 (—Ai&7)) — 90252(—/\k)fp_lEp,p(_)‘kfp)] :

(4.6)

Remark 4.3. If A, = 0 for some k, then the necessary and sufficient condition for the existence of a
solution is that the right-hand sides of equations (4.5 vanish, i.e., ;5 = 0 and 1} = 0. In this case,
the coefficients a;, and b, can be chosen arbitrarily.

5. LOWER BOUNDS FOR THE DENOMINATOR OF THE SOLUTION

In this section, we find out in which cases A; can vanish, and in those cases when A, # 0, we
establish lower bounds for

Ay =oqf1 + (1 fa+ af)E, 1 (= A&”) + oo (Ep,l(—)\kfp))z
+a252/\k5pEp,2(_Akgp)Ep,p(_Akfp)-
where £ € (0,T], k € Nand p € (1,2),

Lemma 5.1. Let o181 # 0.
If numbers oy, o, B1, Ba satisfy one of the following conditions for c¢; > 0, which is in ,

3o 204252 ) B2

>0, 1>c +c|—+ = 5.1

oy 104151 ! (€3] B ( )
o 8 8 8
Q202 9 Q202 (%) 2

<0, 1<-—c c|— — = 5.2

a1 By 10‘151 ! 631 B ( )

then for any k € N we have the estimate
Ak > Ao, Agi = |ouBi — (cF]azBs| + c1(|aiBa] + |a2Bi])].

If numbers ay, s, b1, B2 don’t satisfy any of the conditions and for ¢ > 0, then there
exists a constant 0 < o < 1 and a number kg = ko(o) such that for all k > ko, the following estimate
holds:

Al > (1 - o). (5.3)

Proof. The idea of proving the lemma is based on the proof of Lemma 3.1 in the paper [13]. Let
conditions (5.1)) are satisfied. By virtue of properties of the Mittag-Leffler functions one has

|Ag| = o1 By + (B2 + a2f1) Ep 1 (= AkE”) + a2 fBs (Ep,l(—)\kfp))2
Fa2 oM B2 (— A" ) B, o (= AiEP)|

Qg P2 c1 23 oy )2 232 i
o B T T g Fer M) = e

2
> a1 By — ci|on B + o] — cf|oafa| + a2ﬁ2(Ep,1(_)\k§p)) | > Ag, kE>1
Next step, let conditions ([5.2]) are satisfied.

> |04151| 1- - Pa

A"

1Ak = lau By + (1 Ba + @2B1) Ept (—AkE?) + B (B (—Ai?))”
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+a2ﬁ2)\k£pEp72 (_)\kfp)Epm(_)‘kgp”

Qo ﬁz C1 @232 o\ 2 04252 cf P
PN Keur w Ry G e Moy o e WO P

> ‘04161 - 01|041ﬁ2 - 04251| - 01’04252| + s, (Ep,l(—)\kfp))2| > Ao, k2>1.

1—

> |y 1]

Easy to see

1) —

C1
_— >
14+ AP —

(2) (Ea(-A2€")" 20,
WO

and from this, we obtain

—Cy,

e |,
1+)\/€§p

|Ag| > |aa B — (S |aaBa| + 1(|an Ba] + azBil)].

Now, suppose that «;/3; # 0. However, let neither of the conditions (5.1)) nor (5.2)) be satisfied for
the given values of the parameters. Then, by using the asymptotic estimate (2.2)), we have

1Ak] = a1y + (@185 + @2B1) Ep 1 (—Mi?) + aofa (Ep 1 (= M)
+a oA E B, o (—)\kfp)Ep,p(_)\kfp”

= oot s s (- +0 () + ot (-t w0 ()

ne (o (3)) ek 0 (3)
1+ C(ay, Bi, az, B2, p, §) < : +0 <)\12>>

Now take an arbitrary number 0 < o < 1. Since Ay — 00 as k — oo, there exists a number kq such
that for all k > ko,

> a1 f1]

1
C(alaﬁbaQaBQ:p’g) <)\ +O<)\2>>‘ <Ua
which implies the desired inequality (5.3)). O

Lemma 5.2. Let numbers oy, as, 81, By satisfy conditions:

lar[ +[B1] =0, 2B #0, (5.4)
then there exists a number ko such that for all k > kg, the following estimate holds:
C
|Ag| > by (5.5)

Proof. Let condition ([5.4) be satisfied. Then we have a3, # 0, and the parameters «y, ; will be in
the following case:
ay =0, Bl =0.

In this case, according to the asymptotic estimate ([2.2]),

1AL] = 2By (Ept (— M) + 02Bad&” Ep o (— M) B, o (— A7)

= [P (‘m—lmwﬂ*o(@)?
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vt (e 0 () (e 0 ()
cwo (o ()=

> | s

Lemma 5.3. Let numbers oy, aw, B1, 8o satisfy conditions:

a1 =0, |oa|+1[81|#0, afs#0,

a1f1 =0, afla=0, |oufs|+|afi|#0

then there exists a number kq such that for all k > kg, the following estimate holds:

A > &

(5.6)

(5.7)

(5.8)

Proof. Let condition ([5.6)) be satisfied. Then we have a8, # 0, and the parameters «y, ; fall into

one of the following cases:

a) Let ay =0, B; # 0. In this case, according to the asymptotic estimate (2.2)),

184] = 031 By (= X48) + 0By (SNEN)’ + 02BN BNl By (- 08”)
“fos (0 (1) + o5 (et <0 (3)
oo (-, 0 (7)) (e =0 (7))
> ‘0(5170427527%5) <)\1 +0 ()\2))‘ = )i

b) Let now, a; # 0, 3; = 0. In this case, again according to the asymptotic estimate ({2.2]),

Au] = |01 BBy 1 (~ M) + B (B (— M) + anBsM® By~ M) E, o (~ M)
L 1 11 1)\’
=l e 0 () o Cra e 0 ()
1 1 1 1
e (g0 () Crt o ()
>

C(oq, as, fBa,p,§) ( ! +O<)\12>>’Ak > g

Let condition (5.7 be satisfied. Then

1 1 1 C
34 = BN = =, 0 (55)[ 2 5

holds for the large k.

O

The above estimates (5.3)),(5.5),(5.8) show that A, is bounded from below for sufficiently large

values of k. However, in some cases, it may happen that A, = 0 for finitely many values of k. For

example, suppose that «;3; # 0. However, let neither of the conditions (5.1]) nor (5.2]) be satisfied

KOI{kGNZAkZO}.

for the given values of the parameters. In this case, A; may vanish for certain indices k. Hence, we
introduce the set
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Lemma 5.4. The set K is either empty or contains only finitely many elements.

Proof. From the proof of Lemma [5.1] it follows that if there exists an index k € Ky, then necessarily
k < ko. Therefore, Kj is a finite set. Moreover, as mentioned in Section 1, the sequence {\;} consists
of discrete values. Hence, A, can vanish only at isolated indices, and it is possible that no such index
exists. In this case, the set K is empty. This completes the proof of Lemma [5.4 O

6. THE RESULTS FOR THE PROBLEM ([4.2])

We are now ready to study the problem (4.2]). Assume that A, # 0 for all k& > 1, substituting the
coefficients from (4.6]) into (4.4), we obtain

Tk(t) = akEpJ(—)\ktp) + bktEmQ(—Aktp)

*

N z’; ((61 * IBQEp’l(_)\kgp))Epvl(_)‘ktp) + BQAkfp_lEp,p(_)\kfp)tEp,Z(—)\ktp))
—i—Ki (=2l E,2(—AE”)Ep 1 (—Ait?) + (a1 + o B, 1 (= AP EE, 2 (= A\it?)) -

Then the formal solution of the problem (4.2]) takes the form (see (4.3))

w(t) = (6.1)
= Z [Zi ((ﬁl + BzEp,l(_)\kfp))Ep,l(—Aktp) + le)\ké_p_lEp’p(_)\kgp)tEp72(_)\k;tp))
k=1
* KZ (2l By a(=M&) Ep 1 (= Ait?) + (a1 + a2 B, 1 (= Aeb?) ) EE, (= Mit?) ) | Vi

Next, using the estimates of the denominator Aj (see Section 6), we investigate the well-posedness
of problem for various values of the parameters oy, as, 51, Bs.

We now relax the requirement of uniqueness of the solution and are only interested in its existence.
If numbers «ay, as, 81, B2 do not satisfy any of the conditions and , then the set

KOZ{k’ENZAk:O}

is non-empty. As a result, for k € K, in order for the function defined in (6.1]) to be meaningful, it is
necessary to impose the following orthogonality conditions:

er=(¢" Vi) =0, ¢p=@"V)=0, k€K (6.2)

If conditions ([6.2]) are satisfied, then for all k£ € K, there exist solutions to equation (4.2) that are
similar to the solution (3.5 of the homogeneous problem (3.1)). Therefore, if K, is non-empty, the
formal solution of problem (4.2)) can be written as

. a2§Ep,2(_)\kfp) P _ p
w(t) = k;, by {— p— QQEp71(_)\k§p)Ep71(—)\kt ) 4+ tE, o (=gt )] Vi (6.3)

! ¢Z {Z;i ((Br+ BoEp1 (= ME”)) Ep 1 (= Xit?) + B X’ E, (= A& )E, 2 (—Ait”))
k& Ko .

(i

Ay

where b, are arbitrary constants. Hence, in this case, the solution is not unique. However, if K is
empty, then the solution is unique.

+ = (2l By o (X&) Epa (—Ait”) + (a1 + azEpJ(—)‘kfp))tEpﬂ(_)‘ktp))] V.-
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Theorem 6.1. Let p* p* € H, a1, # 0 and one of the following conditions hold for c¢; > 0, which

(1a) 282 >0, 1>l 4o |o24 2
@2f32 _ 2020 _ B2.
(Jb) a1 61 < 07 1 < Cl a1 + = Oé? B |’

Then problem has a unique solution, and this solution has the form .
Moreover, there is a constant C, we also obtain a coercive inequality:

I1D7w@I* + [lw®)F < ("1 + [l*[*), t>0. (6.4)

Proof. We will show that the function (|6.1]) satisfies all the conditions of Definition
Let S;(t) denote the j-th partial sum of the series (6.1)). Then

AS;(t) =

51 + BoE, 1 (— )\kfp))EpJ(—)\ktp) + B2>\k§p_1Ep,p(_>\kfp)tEp,2(—Aktp))

>l

1!)

Ay, (=2l By o(=MEP) Ep i (= Nit”) + (0 + 2By 1 (= MEP))EE, 2 (= At?)) | Vi

By Parsevals identity and applying (2.1)), Lemmas we get:

IAS; ()] < € Z \sOZIQ +1¥il?) -

kko

According to Lemma we have |Ay| > Ay for all k. Hence, the following inequalities hold:

[Aw@®]* < Cle"1* + 14"[1*),  t=0. (6.5)

Therefore, if ¢*,¢* € H, then Aw(t) € C((0,T],H). Since d/w(t) = —Aw(t), we conclude that
dfw(t) € C((0,T],H) and

[07w®)|* < Clle™I* + 1¥711%),  t>0. (6.6)
Combining (6.5)) and give the desired inequality ((6.4)

The uniqueness in this case follows from the condition A, # 0 for all £ > 1, and is proved similarly
to Theorem [3.1] O

Theorem 6.2. Let one of the following conditions hold for parameters i, as, 81,82 and elements
(p*’ w* ',
(1) ¢*,v* € H and the parameters do not satisfy any of the following conditions for any ¢, > 0, which

(1a) 282 >0, 1> 32l 4|24 2
azf _2a2f az _ P2,
(1b) o5 <0, I<—aF+al|— 3

(2) p*,¢* € D(A) and one of the following conditions hold:

(2a) arpy =0, |ou| +|Bi] #0, By #0,

(2b) a1y =0, @f =0, |ogfa|+ |awfi|#0;
(3) o*,v* € D(A?) and the following condition hold:

(3a) |aa[+[Bi] =0, 2B #0.

If the set K, is empty, then the problem has a unique solution, given by the formula .
Moreover, there is a constant C, we also obtain the corresponding coercive inequalities for each case:
in case (1) the inequality
in case (2)

IDFw(®)]* + [lw@®)|[F < Clle™[IF +1[¥"[17), ¢ >0. (6.7)
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in case (3)
ID7w®)|* + [w®)IF < Cle"[lz + [197113), > 0. (6.8)

If the set Ky is non-empty and the orthogonality condition (6.2)) is satisfied for indices k € K, then
the problem (4.2) has a solution, given in the form with arbitrary coefficients by,.

Proof. Now, suppose K, = (. To prove the theorem, we need to show that the series satisfies
all the cond1tlons of Definition [1.1] This follows dlrectly from the above analysis for the Theorem 6.1
The series consists of two parts the first is a finite sum of smooth functions (as shown in Lemma
, and the second part is handled similarly to the proof for the series .

In case (1), according to Lemma we have Al >1—0 for all k > kq. Like this, using Lemmas
in cases (2),(3) the estimates [A;| > = and |Axl > = hold for all k > kg respectlvely

Hence, the following inequalities hold:

In case (1) the inequality

In case (2)

[Aw®)[* < Clle*[IF + lv*[17), t=0. (6.9)

In case (3)
[Aw®)]* < C(le" 13 + 1¥7[I2), =0 (6.10)

Therefore, if in case (1) ¢*,1* € H, in case (1) ¢*,¢¥* € D(A), in case (1) ¢*,9* € D(A?), then
Aw(t) € C((0,T], H). Since 0fw(t) = —Aw(t), we conclude that 9 w(t) € C((0,T], H) and
In case (1) inequality
In case (2)
[ofw@®)II* < CUle™ I + l¥7117), = 0. (6.11)

In case (3)
[07w®)* < Cle™ 13 + 1¥7[12), = 0. (6.12)

Combining ,, and ,, give the desired inequalities ,,.

The uniqueness in this case follows from the condition A, # 0 for all & > 1.

Let Ky # (). In this case, we remove the special behavior in a finite number of terms using the
orthogonality conditions , and apply the previous arguments to the rest of the functional series
. As a result, the solution to the problem exists, but its uniqueness is not guaranteed. O

7. THE RESULTS FOR THE MAIN PROBLEM

We now turn to the study of the main problem (1.1). Let v(¢) and w(t) be the solutions to
problems (4.1]) and (| ., respectively. Then, accordmg to Lemma H the solution of problem (|1
can be represented as u(t) = v(t) +w(t). Therefore if Ay # 0 for all k£ > 1, the solution to problem
has the form

i [gpk — akai—i- asvi(§)) ((61 + BzEp,1(—)\kfp))Ep,l(_)\ktp)

k=1
+BoME” T E, p(— A& )EE,, 2 (— Ait?))

4 Y= (Bui(0) + B (€)
Ay

(o1 + Qo Ey 1 (—AEP))EE, 2 (= Akt”)) + vi(t)] Vi (7.1)

(=€ By o (—AkE”) Epa (= Ait?)+

where
t

w®) = [0 BN ) flt = ) di.

0

The uniqueness of the solution u(t) follows from the uniqueness of the solutions v(t) and w(t).
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Furthermore, we note that if A; # 0 for some k then similar reasoning as in problem (4.2) can be
applied to problem (1.1). In this case, the orthogonality conditions (6.2)) for the functions ¢, € H
take the form

or = (9" Vi) = (¢ = (1v(0) + a2v(§)), Vi) = 0,
Y= (" Vi) = (¥ = (B1v'(0) + B2'(£)), Vi) = 0,k € Ko,

or equivalently,

(0, Vi) = (a1v(0) + a2v(§), Vi), (¥, Vi) = (Biv'(0) + B2'(€), Vi), k € Ko. (7.2)

Remark 7.1. We emphasize that conditions ((7.2)) are both necessary and sufficient. However, since
the function v and its derivative are involved, these conditions may be somewhat difficult to verify in
practice. Therefore, we can formulate the following sufficient conditions:

{ (0, Vi) =0, (¥,Vi) =0, ke K,
p— 0’

(f.V) =0, ke K, (7.3)

These are easier to check and, when satisfied, imply the necessary and sufficient conditions ([7.2)).

If the orthogonality conditions (|7.3|) are satisfied, then by Lemma the solution to problem (|1.1))
takes the form

OéQprz(*)\kfp)
t) = b, |— . E, (= Agt? tE, o(— A\ t?
) k;;o ' [ ar +ax By 1 (=Aé?) o (X)) | Vi

—l—ngK [‘Pk - (Oéwk(AOi-f- asvi(§)) ((/81 + 52Ep,1(_)\kgp))EpJ(_)\ktp)

+Bo A& E, o (— A& VEE, 2 (—Ait?))

4 U= (Bui(0) + B (€))
Ay

(—2 B, o (= Aul”) Ep 1 (= Akt”)+

(1 + 2 Epr (= Ael?)EE, 2 (= At?))] Vi + i vk (B Vi (7.4)

Thus, we arrive at the following results for the main problem ([1.1)):
Theorem 7.2. Let f,p,v € H, a181 # 0 and one of the following conditions hold for ¢c; > 0, which

(a) 202 >0, 1>G28 ¢ |24+ 20
asf3 2 a8 a B2|.
(b) 232 <0, 1< —ciP 4o |2 — 2

Then problem has a unique solution, and this solution has the form .
Moreover, there is a constant C, we also obtain a coercive inequality:

ID7u@)[1” + [[u®)F < U+ llel* + 1117, > 0; (7.5)

Theorem 7.3. Let one of the following conditions hold for parameters aq, s, 81, 82 and elements

f7 ()07 w"
(1) f,¢,%0 € H and the parameters do not satisfy any of the following conditions for any ¢; > 0,

which in :

22 2 s az | Ba2f.
(la) 3232 20, 1>c322 +a |2+ 3

22 2020 az B2,
(1b) o< 0, 1< Aog toal|2 =3

(2) f, 0,9 € D(A) and one of the following conditions hold:
(20’) alﬁl = O’ ‘a1| + |B1| 7é 07 012,82 7é 0;
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(2b) 181 =0, 2B, =0, |aifs|+ |azBi] #0;

(3) f,p,% € D(A?) and the following condition hold:
(5a) loa| +[Bi] =0, azfs#0.

If the set K, is empty, then the problem has a unique solution, given by the formula .
Moreover, there is a constant C', we also obtain the corresponding coercive inequalities for each case:
in case (1) the inequality
in case (2)

IDFu@®)]]” + [u@)IF < CULAR + Nl +[1¥117), > 0;
in case (3)
IDPu@)]* + [lu@)lf < CUIIE +lellz + [1913), ¢ >0;
If the set Ky is non-empty and the orthogonality condition is satisfied for indices k € Ky, then
the problem has a solution, given in the form with arbitrary coefficients by,.
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1. INTRODUCTION

The study of vector space valued Lie brackets on affine spaces or Lie affgebras was initiated in [5]
and developed and applied to the investigation of differential geometry or AV-geometry [0 [7]. In
their definition of a Lie affgebra the authors of [5] rely on the existence of a vector space: both the
antisymmetry and the Jacobi identity of a Lie bracket are formulated in this vector space. On the
other hand, a vector space-independent definition of an affine space is available.

A new point of view and extension of Lie affgebras was proposed Tomasz Brzeziriski and his col-
laborators in [Il 3, [4]. They gave an intrinsic definition of a Lie affgebra, removes the need for a
specified element entirely and formulates the antisymmetry and Jacobi identity of the Lie bracket
without invoking a neutral element or a vector space. In this approach, a vector space is an artefact
rather than a fundamental ingredient of an affine space in the sense that any point of an affine space
determines a vector space, the tangent space or the vector space fibre at this point.

In [3], various examples and properties of Lie affgebras are given, and it is shown how the affine Lie
bracket reduces to the linear case. Lie affgebra structures on several classes of affine spaces of matrices
are studied in [4]. It is shown that, when retracted to the underlying vector spaces, they correspond
to classical matrix Lie algebras: general and special linear, anti-symmetric, anti-hermitian and special
antihermitian Lie algebras, respectively. In [1], it is shown that any Lie affgebra, that is an algebraic
system consisting of an affine space together with a bi-affine multiplication satisfying affine versions
of the antisymmetry and Jacobi identity, is isomorphic to a Lie algebra together with an element and
a specific generalized derivation. These Lie algebraic data can be taken for the construction of a Lie
affgebra or, conversely, they can be uniquely derived for any Lie algebra fibre of the Lie affgebra. It is
asserted that a homomorphism between Lie affgebras is given by a homomorphism between Lie algebra
fibres and a constant. This allows for the formulation of clear criteria for isomorphisms between Lie
affgebras. Using these assertions, the classification of all Lie affgebras with one-dimensional vector
space fibres, non-abelian two-dimensional Lie algebra fibres and three-dimensional simple Lie algebra
sly is given.

In this work, we provide a complete classification of Lie affgebras with three-dimensional non-
nilpotent solvable Lie algebras.

2. PRELIMINARIES
Let X be a set, F be a field and (—, —, —) : X® — X ternary operation.
Definition 2.1. [2] The set X with the ternary operation (—,—, —) : X* — X is said to be abelian
heap, if for all x; € X, i=1,...,5,
<$1,$2a$3> = <933,$2,$1>, <CC17$1,5L’2> = T2, <<$1a$27$3>,$4,$5> = <931,952, <CC37CE4,935>>~

A homomorphism of heaps is a function f : X — Y preserving the operations in the sense that,

fz1, 20, 23)) = (f(x1), f(xa), f(23)) for all z; € X.

Definition 2.2. By an F-affine space, we mean algebraic system (X, (=, —, =), (=, —, —)), where
(—,—, —):X*—> Xand (—,—,—):Fx X x X — X, such that
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a) (X, (—,—,—)) is an abelian heap;
b) For any o € F and a € X, the map («,a,—) : X — X is a homomorphism of heaps;

c) For a fixed elements a,b € X, the map (—,a,b) : F — X is a homomorphism of heaps, where
F is the heap with the operation o — 8 + 7;

d) For all o, 8 € F and a,b € X, (af,a,b) = (a,a, (5,a,b)), (1,a,b) =, (0,a,b) = a.
e) For all « € F and a,b,c € X, (o, a,b) = ((a, ¢, b), (o, c,a),a).

An affine map f: X — Y is a heap homomorphism preserving the actions in the sense that, for all

a,b,ce X and a € T,
fla,a,b) = (a, f(a), f(D)).

The set of affine maps from X to Y is denoted by Aff(X,Y).
Let X be an affine space over F. For a fixed element e € X, we define a binary operation + :
X x X — X and the map F x X — X as follows:

x+y:=(r,e,y), aa:=(a,ea).

Then the triple (X, +, «) forms a vector space, which is called the tangent space to X or the vector
space fibre of X at the point e. This tangent space is usually denoted by 7. (X).

Definition 2.3. [I] An affine space X with a binary operation {—, —} : X x X — X is called a Lie
affgebra, if the binary operation {—, —} satisfies the following conditions:

a) for all @ € X, both {a,—} and {—, a} are affine map;
b) affine antisymmetry, that is, ({a, b}, {a,a}, {b,a}) = {b,b} for all a,b € X;
c) the affine Jacobi identity, that is, for all a,b,c € X,
{a, {b,c}t}, {a, {a, a}}, {b, {c, a}}, {0, {b,0}}, {¢; {a, b}}) = {c, {c, ¢}}.
The multiplication in a Lie affgebra is often referred to as an affine Lie bracket.

It is proven that any tangent space of a Lie affgebra inherits a natural Lie algebra structure.
Theorem 2.4. [1] Let X be a Lie affgebra with a bracket {—,—}. Then, for all e € X, the tangent
space T,(X) is a Lie algebra with the multiplication

[a7 b] = {CL, b} - {CL, 6} + {67 6} - {67 b}

Let G be a Lie algebra. A linear map f : G — G is called a generalized derivation in the sense of
Leger and Luks [9], if there exist linear maps f’, f” such that

[f(a), 8] + [a, f'(0)] = f"([a, b]).

In the following theorem, the connection between the Lie affgebras and Lie algebras with the
generalized derivation is established.

Theorem 2.5. [I] Let G be a Lie algebra and f,g € End(G) be such that, for all a,b € G,

f(la,b]) = [f(a),b] + [a, f(b)] — [a, g(b)]. (2.1)
Then, G is a Lie affgebra with the affine space structure
(a,b,cy=a—b+c¢, (a,a,b)=(1—a)a+ ab (2.2)
and the affine Lie bracket (for any fixred s € G)
{a,b} =[a,b] + g(a) + f(b—a)+s. (2.3)

We denote this Lie affgebra by X (G, g, f,s).

Furthermore, for all e € G, we have T.X(G; g, f,s) = G.

Conversely, for any Lie affgebra X and any e € X, there exist g, f necessarily satisfying and
seT. X, such that X = X(T. X9, f,s).
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The criterion for the isomorphism of affgebras X (G;g, f,s) and X(G; ¢/, f',s’) is provided in the
following theorem.

Theorem 2.6. [I] A Lie affgebras X (G; g, f,s) and X(G; g, f',s') are isomorphic if and only if there
exists a Lie algebra automorphism ¥ : G — G and an element a € G such that

g =0g¥7l, f=9(f-ad)¥, s =T(s+a—g(a)), (2.4)
where ad, is an inner deriwation, such that ad,(z) = [a, z].

3. MAIN RESULT

In this work, we systematically construct all Lie affgebra structures on the three-dimensional com-
plex non-nilpotent solvable Lie algebras. Here, we give the list of three-dimensional complex non-
nilpotent solvable Lie algebras [§]:

r3 e ea] =ea, [er,e3] = ea +es,
I'3()\) . [61,62] = €9, [61,63] = )\63, A S (C*, ‘)\’ S 1,
I'Q@(C : [61,62] = €9.

3.1. Lie affgebra structures on the algebra r;. First, we present the description of the pair of
linear transformations (f, g), that satisfy condition ({2.1]).

Proposition 3.1. Any linear transformations f and g of the algebra rz that satisfy condition ([2.1))
have the following form:

f(e1) = Brer + Baey + Bses,  flez) = Baez, f(es) = Bsea + Paes,
g(er) = Bie, g(ez) = Biea, gles) = Pres.

Proof. The proof follows directly from the definition through a routine verification. O

Applying Theorem for any element s € rj, we obtain Lie affgebra structure by the binary
operation

{z,y} = [z,y] + 9(z) + fly — z) + 5.

Considering f — ad, for a = fse; + (83 — B2)es — Pses, instead of f, we can easily conclude that Lie
affgebra over rj is isomorphic to one with

fler) = Bier, flea) = Baea, fles) = Baes, (3.1)
gler) = Brer, glez) = Bres, gles) = Bies. .

Thus, for any elements x = £1e1 + &xea + E3e3 and y = mre; + Mae2 + 13€3, we obtain an affine Lie
bracket

{z,y} = [2,y] + Bimer + (Bi&e + Ba(nz — &) ez + (B1&s + Ba(ns — &))es + s,

where s = Nje; + Nies + Nies. Denote the Lie affgebra with this affine Lie bracket by
F(BlvﬁélaNl)NZaNS)'

Proposition 3.2. Two Lie affgebras F(f1, B4, N1, No, N3) and F(B7, 5, Ny, N3, N3) are isomorphic if
and only if there exist oy, as, a3 € C, ay € C*, such that

By =051, Bi=PBs, Ny=oar(Ny— (61— Ba)(1—=p1)) —aa(Bs — B1)(1 = B1) + aalNy + a3 N3,
N{ = Ny, Nj = as(Ny — (81 — Ba)(1 = 1)) + auN5.

Proof. Let f,g and f’, ¢’ be linear operators of the form (3.1)). Since g = ;id, it follows from ([2.4))
that 8] = (. Since any automorphism of the algebra r; has the form

Uler) = e+ ajes + ases, Y(ea) = aues, V(es) = azes + ayes,
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then, using the formulas
f=0(f—ad )0, 8 = U(s+a—g(a),

for any element a = Cie; + Cyey + Cses, we obtain

B 0 0 By 0 0
0 By 0|=]a(Bi—pPs+C1)+aCi+azCs+ay(Ce+Cs) Ba—Cy -C
0 0 g8 az(Br = Bs+ C1) + s Cs 0 By — Cy
and
N = Cy(1 = By) + Ny,
N} = (Ci(1 = B1) + N1) 4+ a3(C5(1 — 1) + N3) + aa(Co(1 — 51) + Na),
Nj = 0(Ci(1 = B1) + Ni) + au(C5(1 — B1) + N3).
Choosing
C,=0, Cy= s (fs — 51), Cy — a1(Bs — P1) — (az + Oz4)C3,
Qg (671
yields the required result, thereby completing the proof of the proposition. O

Theorem 3.3. Any Lie affgebra structure on the algebra rs is isomorphic to one of the following
pairwise non-isomorphic Lie affgebras:

Fl(ﬁl?ﬁéleaOaO)a F2(615ﬁ47 (61 - /84)(1 - /81)707 1)>
F3(/81751707 170)7 F4(176470> 170)a 64 7£ 1.

Proof. Using Proposition we consider the following cases.
e Let Ny # (81 — B4)(1 — By), then taking

o — azN3 + ayNo — aa(Bs — 1) (1 — 1) o — oy N3
' (B = Ba)(1 = B1) — Ny A AT A

we get NJ = 0, N; = 0. Hence, the corresponding Lie affgebra is Fy(51, 84, N1,0,0) with
Ny # (81— Ba)(1 = B).

o Let Nl = (ﬁl — ﬁ4)(1 — ﬁl)) then NQ/ == OégNl + a4N2 + O[3N3 and Né == OZ4N3.

— Let N3 # 0, then taking ay = N%, oy = —2itails e obtain Nj = 1, Nj = 0. Thus,

we get the Lie affgebra I3 (81, Ba, (81 — Ba)(1 — 531)7 0,1).
— Let N3 = 07 then Né = a2N1 + OZ4N2.

x If Ny # 0, then 3, # B, and ) # 1. Taking ay = — 221 we get N} = 0 and obtain

N.

the Lie affgebra Fi (B4, B4, N1,0,0) with Ny = (51 — 524)(1 — p1) #0.
« If Ny =0, then N} = ayN,, and 5, = 4 or 51 = 1.
- If Ny = 0, then we get the Lie affgebras F(f1, 51,0,0,0) and Fi(1, 54,0,0,0).
- If Ny # 0, then taking oy = N%, we have N, = 1 and obtain the Lie affgebras
F3(pB1,51,0,1,0) and Fy(1, 3,4,0,1,0).
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3.2. Lie affgebra structures on the algebra r;()\). In the following proposition, we present the
description of the pair of linear transformations (f,g), for the algebra r3(\), that satisfy condition

&1).

Proposition 3.4. Any linear transformations f and g of the algebra r3(\) that satisfy condition ([2.1))
have the following form:

AN#1: f(er) = Brer + Poea + Bses,  f(e2) = Baes, f(es) = Bses,
g(er) = Bren, g(ez) = Brea, g(ez) = Bres.
A=1: f(e1) = Brer + Baea + Bses, flez) = Baea + Bses, fles) = Brea + Bses,
g(er) = Bren, g(ez) = Brea, g(ez) = Bres.
Proof. The proof of the proposition follows directly from the straightforward verification. |

It is not difficult to get that, any automorphism of the algebra r3(A) has the form

A£1: Uley) =6 +ares + agesz, Y(ey) = azes, U(es) = ages.
A=1: U(ey) =€ +ares + agez, V(ey) = azes + ases, V(es) = ages + ages.

Case \ # 1. Considering f — ad, for a = [ e; — Baes — %63, instead of f, we can easily conclude
that Lie affgebra over rz(1) is isomorphic to one with

f(e1) = Bier, f(e2) =0, fles) = Bses,

gler) = Brer, glea) = Brea, gles) = Pies. (3.2)

Thus, for any elements x = 161 + &xe5 + £3e3 and y = mre; + M2e2 + 13€3, we obtain an affine Lie
bracket

{z,y} = [z, y] + Bimer + Bi&aes + (8163 + Bsns — Bs€s)es + s,
where s = Nje; 4+ Naey+ Niesz. Denote the Lie affgebra on the algebra r3(\) with this affine Lie bracket
by H(/Bhﬁfia Nla N27 N3)

Proposition 3.5. Two Lie affgebras H(f1, Bs, N1, N2, N3) and H (B, 5, Ni, N3, N3) are isomorphic
if and only if there exist a;,as € C, ag, ay € C*, such that

B =B, B =PBs, N§:a3N2+041(N1—51(1—51))7

NI = N, N} = auNs + o (N, — L85y,

Proof. The proof is straightforward and follows similarly to the proof of Proposition O

Proposition 3.6. Any Lie affgebra structure on the algebra r3(\) with X\ # 1, is isomorphic to one
of the following pairwise non-isomorphic Lie affgebras:

H1(617557N17070)7 H2(517/85761(1 _61)7170)7
H3(ﬁl7/857W707 1)7 H4(17ﬁ5707171)7 /857é 1_)\7
HS(ﬁl)Bl(l - A)aﬂl(l - 61)7 17 1)

Proof. Using Proposition [3.5] we consider the following cases.

o Ni# Bi(l = B) and Ny # =022 then taking a1 = 5528, a2 = Gt i

we get Nj = Nj = 0 and obtain the Lie affgebra H, (31, 5, N1,0,0).

e Ny = 3(1 — ) and N, # w, then we have 8, # 1, 85 # [B1(1 — \) and taking
Qg = (Bl—Br()l(Alll\—]\éi)—/\Nl’ we obtain N; = 0 and Nj = a3N,. Thus, in the case of Ny = 0, we
obtain the Lie affgebra H; with N; = 51(1 — (31). In the case of Ny # 0, we can get N) =1

and obtain the Lie affgebra Hy (81, 85, 81(1 — f1), 1,0).
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e Ny # 31(1—03) and N, = w, then taking a; = Wjjﬁm’ we obtain N = 0 and
N; = ayN3. Thus, in the case of N3 = 0, we obtain the affgebra H, with N; = w In

the case of N3 # 0, we can suppose N; = 1 and obtain the affgebra H; (1, 05, w, 0,1).

o Ny =fi(1-5) and N, = B=B)0=0) Then e have 8; = 1 or B5 = B1(1—\) and Nj = a3 N,
N; = ayNs. If N;N3 = 0, then we obtain one of the affgebras from H,, Ho, H;. In the case
of NyN3 # 0, we can suppose Nj = Nj = 1 and obtain the affgebras Hy(1,55,0,1,1) and

H5(ﬁ15ﬁ1(1 - )‘)7181(1 - B1)7 1a 1)'
O

Case )\ = 1. Considering f — ad, for a = pe; — Bres — B3es, instead of f, we can easily conclude
that Lie affgebra over r3(A) is isomorphic to one with

fler) = Brer, fle2) = (Bs — p)es + Boes, fles) = Bres + (Bs — p)es,
9(@1) = fieq, 9(62) = pres, 9(63) = pies.

Bs Bs

By selecting u as one of the eigenvalues of the matrix < 3, B > , without loss of generality we can
7 Ps

assume that the matrix has a zero eigenvalue.
From the formulas f' = ¥(f — ad,)¥ ™!, and the general form of the automorphism ¥, it follows
that the matrix of the operator f’ can be reduced to one of the following Jordan forms:

51 0 O 51 0 O
00 0|, [0 0 8], B0
0 0 Bs 0 0 O

If the Jordan form of the matrix corresponds to the first case, then the situation is analogous to
that of A # 1 and we obtain the affgebras H,, H,, H3, H, and Hs with A = 1.
If the Jordan form of the matrix corresponds to the second case, then we get

fler) = Bier, flezx) = Boes, fles) =0,

g(e1) = Bre, g(€2> = Bie, 9(63) = fies, (3:3)

and for any elements x = &1e; + &6z + E3€3, Yy = 1161 + 1262 + N3e3, we obtain an affine Lie bracket

{z,y} = [z, y] + Bimer + Bi&aes + (B1€s + Ben2 — Be&2)es + s,

where s = Nje; + Nayes+ Niez. Denote the Lie affgebra on the algebra rs3(\) with this affine Lie bracket
by K(/Bhﬁﬁa N17N27 NS)

Proposition 3.7. Two Lie affgebras K (1, Bs, N1, N2, N3) and K (87, B, Ni, N3, N3) are isomorphic
if and only if there exist a1, a0 € C, az, a4 € C*, such that

B = B, 5(22%7 N§:a3N2+041(N1—51(1—51>)7

as

N{ = Ny, N} = ayN;3 + Oé2(N1 —p1(1— ﬁ1)) + asNy + 7a1a4ﬁ2£17ﬁ1).
Proof. The proof is straightforward and follows similarly to the proof of Proposition O

Proposition 3.8. Any Lie affgebra from the class K(B1, B, N1, Na, N3) is isomorphic to one of the
following pairwise non-isomorphic Lie affgebras:

Ki(p1,1,N1,0,0), Ky(B1,1,6:(1—p51),1,0), K3(1,1,0,0,1).

Proof. By taking as = a4, in Proposition without loss of generality we may assume g = 1 and
a3 = ay. We now consider the following cases:
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o Ny # (1(1 — f31), then taking a; = WIY){M, Qay = a“Nﬁ?‘fiV;Sflj\(&_ﬁl), we get Nj = N, =0

and obtain the affgebra K, (3,1, Ny,0,0).
[ ] Nl = /31(1 — 61), then NQ/ = Oé4N2, Né = Oé4N3 + 065N2 + Oél(l — 61)

o5 = —2alotenl=P) - we have N = 1, N} = 0 and

— If Ny # 0, then choosing ay = N%, N

obtain the affgebra Ky(f1,1, 51(1 — f1),1,0).

— If Ny =0, then N} = ay N3+ (1—054). If 1 # 1 or N3 = 0, then by choosing appropriate
values for a; and ay, we have Nj = 0 and obtain the affgebra K; with N; = ;(1 — p1).
If By = 1 and N3 # 0, then taking oy = we have N; = 1 and obtain the affgebra
K3(1,1,0,0,1).

L
N3’

O

Summarizing the results for the cases A # 1 and A = 1, we obtain the following theorem.

Theorem 3.9. Any Lie affgebra structure on the algebra r3(\) is isomorphic to one of the following
pairwise non-isomorphic Lie affgebras:

Hl(ﬂl7ﬁ57N17070>7 H2(B17/35751(1 _51)7170)7
HS(ﬁl,ﬂEnWao’ 1)5 H4(1aﬁ57071’1)a 55 7& 1_)‘7
HS(BI)BI(:[ - )‘)aﬁl(l - 61)7 1> 1)a

and
K1(61717N17070)7 K2(51717/81(1_ﬁ1)7170)7 K3(17170707 1)

Note that in the case of A = 1, we have Hy(/1,0, 51(1 — 1),1,0) ~ H3(51,0,8:(1 — 31),0,1).

3.3. Lie affgebra structures on the algebra r, ® C. First, we present the description of the pair
of linear transformations (f, g), that satisfy condition (2.1)).

Proposition 3.10. Any linear transformations f and g of the algebra ro ® C, that satisfy condition
(2.1) have the following form:

fler) = Bies + Baea + Bses,  flez) = Paes, f(es) = Bses,
g(e1) = prer + ies, g(e2) = Bres + 12e3, gles) = vses.
Proof. The proof of the proposition follows directly from the straightforward verification. O

For any element s = Nye; + Noes + Niez € ro @ C, a Lie affgebra structure is defined by the binary
operation

{J")y} = [:E’y] +g(ﬂ?) +f(y —$) + s,
which is denoted by X (r, & C; g, f, s).
Since any automorphism of the algebra ry & C has the form
\11(61) = €1 + Q€9 + (g€s3, \11(62) = (x3€9, \11(61) — (y4€3,
we obtain the following proposition.

Proposition 3.11. Two Lie affgebras X (ro @ C; g, f,s) and Xra @ C; ¢, f',s") are isomorphic if and
only if there exist oy, g, C1,Cs, C3 € C and az,ay € C*, such that

By =B, By =ai(Bi+ By —Cr) +as(By +Ca), B = (B — Bs)+ aufs,
Bs = Bs, By=ps—Ci,
V3 =" M= (B — )+ au(n — BE), Vo = 1,

and
N{ =Ci(1 = B1) + Ny,
N} = oy (Ci(1 = B1) + Ni) 4+ a3(Ca(1 — 51) + N2),
N3 = a(Ci(1 = 1) + Ni) + au(Cs(1 — 73) + Cr1y1 + Coya + N3).
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Proof. The proof is obtained by straightforward computation using Theoren[2.6]

O
Choosing C'y = 8, and Cy = —%f“ﬂl in Proposition we obtain g5 = ) = 0. Therefore,
without loss of generality, we may assume 8, = 5, =0, C;, = 0, Cy = —"‘;—fl. Hence, we derive the
following restrictions:
By = (B — Bs) + aufs, v = (B —v3) + ou(n — %)7 vy = %7 (3.4)
and
N{ = Nl,
Nj = asNy + aq (N, — Bi(1 = 1)), (3.5)

Ni = oyN3 + aaN; + a4(C3(1 —73) — 151’72)-

Hence, Lie affgebra structures on the algebra ry & C depend on the parameters
B, B3, Bs, 71, Y2, V3, N1, Na, N3. We denote this class of Lie affgebras by

L(Bhﬁ?n B57717727’y37 Nla N2) NS)

Theorem 3.12. Any Lie affgebra structure on the algebra ro ® C is isomorphic to one of the following
pairwise non-isomorphic Lie affgebras:

Li(B4,0,55,0,1,73,N1,0,0), Ly(p1,0,B5,0,1,73, Ny, 1,0),
L3(B4,0,85,0,1,1, N7, No, 1), L,(B1,0,85,0,0,v3, N1,0,0),
Ls5(B1,0, 85, 1,0,73, N1,0,0), L¢(B1,0, B5,71,0,1,N1,0,1),
L7(B1,0,85,0,0,73, 81 (1 = $1),1,0), Ls($1,0,85,1,0,7s, 61 (1 — p1),1,0),
Lo(B1,0, B5,71,0,1, 8:(1 = 1), 1,1), L1o(B1, 1, 81,0,1,73,N1,0,0),
L1y (81,1, 81,0,1, 81, N1y N2, 0), 81 # 1, Lia(B1, 1, 81,0, 1,793, B1(1 — B1), N2, 0), 73 # 1,
Ly3(B1, 1, 1,0,1,1, Ny, Ny, 0), Lia(Bi, B3, $1,0,1,1, B1(1 = Br), N2, 1),
Li5(B1,1,81,0,0,73, Ny, 0,0), Li6(B1, B3, 51, 1,0, 81, N1,0,0), By # 1,
Li7(B1, Bs, f1,1,0,1,N1,0,0), Lis(p1, B3, 1,0,0,1,0,0,1),
Lig(B1,1,81,0,0,7s, B1(1 — B1),1,0), Loo(B1, B3, £1,1,0, 81, B1(1 — £1),1,0), B1 # 1,
L1 (B1, Bs, 81,0,0,1, B1(1 — $1),0,1),  Loa(Br, B3, £1,0,0,1, 81 (1 — B1), 1, 1),

( (1

L23 17/83717170a170707N3)7 L24 537171707170717]\73)

Proof. Consider the following cases.

e Let 8, # B35 and 7, # 0, then taking oy = 6“4[’/;1 ay = ?;2 and a; = as(f1 — 73) + au, we

obtain 5 =0, 74 = 0, 75 = 1. Thus, we get that N; = asNy, N; = a3(C5(1 —73) + Ns).

19
Ll(ﬁ17 O, 55, 0, ]., Y3 va 0, 0) and Lg(ﬂl, 0, ﬁs, O, 1,’}/3, Nla ]., 0) depending on whether N2 =
0 or not.
— Let 73 = 1, then we get N) = a3Na, Nj = azNs.
x If N3 # 0, then taking az = N%, we get N; = 1, and obtain the affgebra
LB(Bly 07 557 07 17 17 N17 N27 1)
« If N3 = 0, then we obtain the affgebras L(3:,0,35,0,1,1, N1,0,0) and
Ly(B1,0,85,0,1,1, N1, 1,0) depending on whether Ny = 0 or not.

— Let ~3 # 1, then taking C5 = Wivj we obtain Nj = 0. Hence, we get the Lie affgebras

e Let 81 # B5 and v, = 0, then 74, = 0 and taking oy = 5(;‘4_[3;1, we obtain 5 = 0. Thus, we get
that

’Yi = 0y, Né = al(Nl - ﬂl(l - 51)) + a3 Ns, Né = 044(03(1 - ’Y3) + N3)-
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— Let Nl # 51(1 — ﬁl) and Y3 ?é 1, then taklng a1 = #ﬁ?_]\h, Cg = wiv—317 we
obtain N = 0, N = 0 and 7 = a4v. Thus, in this case we get the affge-
bras L4(,61, 0, B5, 0, 07 Y3, N17 0, 0) and L5 (/Blu 0, B57 17 O, Y3, Nla 0, 0) depending on whether
71 = 0 or not.

— Let Ny # 51(1 — (1) and 73 = 1, then taking oy = #%, we obtain Nj = 0, and
Ny = ayN3, v1 = asm.

« If N3 = 0, then N, = 0, and we get the affgebras L,(/,0, 55,0,0,1, N1,0,0) and
L5(B1,0,85,1,0,1, Ny,0,0) depending on whether v; = 0 or not.

x If N3 # 0, then taking ay =
L6(/817 07 557 Y1, 05 ]-7 Nl) 07 ]-)

— Let Ny = 1(1—01) and 73 # 1, then taking C5 = %, we obtain N; = 0 and Nj = a3 N,
= Qi

« If Ny =0, then N} = 0, and we get the affgebras L,(f1,0, 85,0,0,1, 51 (1 —f1),0,0)
and Ls5(51,0,85,1,0,1,8:(1 — B1),0,0) depending on whether «; = 0 or not.

x If Ny # 0, then taking a3 = N%, we get N) = 1 and obtain the affgebras
L7(/817 07 557 07 07 V35 61(1_/81)7 17 0) and LS(Blv 07 657 17 07737 Bl(l_ﬁl)a 17 O) depend—
ing on whether v; = 0 or not.

— Let Ny = 51(1 — 1) and 3 = 1, then we get Nj = asNay, Ni = ayNs, 7 = asv.

* If Ny = 0, N3 = 0, then NJ = 0, Nj = 0, and we obtain the affgebras
L4(B1,0,055,0,0,1, 8,(1—51),0,0) and Ls(f1,0,B5,1,0,1, 51 (1—01),0,0) depending
on whether v, = 0 or not.

x If Ny =0, N3 # 0, then NJ =0, and taking ay = N%, we get N = 1. Thus, in this
case we obtain the affgebra L¢(81,0, 85,71,0,1, 51(1 — 51),0,1).

« If Ny # 0, N3 = 0, then N; = 0, and taking a; = N%, we get N, = 1.
Thus, in this case, we obtain the affgebras L,(5,0,85,0,0,1, 5, (1 — 31),1,0), and
Lg(p1,0,85,1,0,1, 51 (1 — 1), 1,0) depending on whether v; = 0 or not.

x If Ny #£ 0, N3 # 0, taking az = N%, oy = N%, we get NJ = N; = 1. Hence, we get

the affgebl"a LQ(ﬁla 07/85a’71>07 1761(1 - /81)7 17 1)

n;» we get N = 1 and obtain the affgebra

e Let 81 = (35 and 7, # 0, then taking oy = ayy; + az(8; — 73) and ay = %, we obtain v; = 0,
~v4 = 1. Thus, without loss of generality, we may assume 7; = 0, 72 = 1, then a; = as(8; —73),
ay = asg, and we have

By = asBs, Ny =azNy+ as(Bi —v3)(N1 — Bi(1 = b)),
Ny = a3(Cs(1 —v3) + N3) + a(Ny — Bi(y3 — B1))-
— Let v3 # 1 and (81 — 43)(Ny — 51(1 — 1)) # 0, then taking

azNs + as(Ny — Bi(ys — B1)) a3 Ny

= s (1 — 1) T S B, - BB

we obtain NV} = 0, IV; = 0.
« If B3 = 0, then we get the affgebra L,(f1,0, 31,0, 1,73, N1,0,0).
x If B3 # 0, we get the affgebra Lio(54,1, 51,0, 1,73, N1, 0,0).
— Let 73 # L and (81 —73) (N1 = 81 (1= 1)) = 0, then taking Cy = 22fere2lafln=fl we
obtain Nj = 0. Thus, we have 8} = o303, and N} = a3z Ns.

« If B3 = 0, then we get the affgebras L,(f1,0,03:,0,1,73,N1,0,0) and
Ly(B1,0,5,0,1,v3, N1, 1,0) depending on whether Ny = 0 or not.
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« If B3 # 0, then we can suppose (5 = 1, and obtain the affgebras
Lll(ﬁla1’BI7O>176DN17N27 ) and L12(51717B170717737/81(1 - Bl) N27 )
— Let 73 = 1 and N, ;é B1(1 — By), then taking ay = Wﬁll\h’ we have N; = 0 and
obtain 3} = asf;, Nj = a3Ns.
x If By = O, then we get the affgebras L,(f,0,0:1,0,1,1,N;,0,0) and
Ly(B4,0,3,0,1,1, Ny, 1,0) depending on whether Ny = 0 or not.
« If B3 # 0, then we can suppose (3 = 1, and obtain the affgebra
L13(/81a1;6170>1)17N13N2a0)'
— Let v3 =1 and Ny = 51(1 — 1), then we get 55 = a3f3, Ny = asNy and N} = a3 Ns.
x If N3 = 0, then we get the affgebras L, L, and L13, with B3 = (61, 73 = 1,
N, = 51(1 - 51)
« If N3 # 0, then we may assume IN; = 1 and obtain the affgebra

L14(/81aﬁ37/8170a1a1a51(1 _Bl)aNQal)-
o Let 8, = 5 and 7, = 0, then 5 = 0. Thus, we get that

B = asfls, V) = as(B1 —s) + o,
N; = asNy; +oq(Ny = B1(1 = B1)), Ny = asNy + auN3 + oy C3(1 — 3)

— Let Ny # B1(1— 1) and ~3 # 1, then taking a; = W]Y;“_M, C3 = %, we obtain
N, =0, N,=0.
x If v3 # i, then taking a, = ;;‘:77311, we get 77 = 0 and obtain the affge-

bras L4(ﬂ17 07 /617 07 07 735 N17 07 O) and L15(/617 ]-7 ﬂla 07 07 735 N17 07 0)7 depending on
whether 5 = 0 or not.

x If v3 = B, then in case of 7; = 0, we obtain the affgebras L, and L5 with y3 = 3 =
B1. In the case of v; # 0, we obtain the affgebra Li6(31, B3, 51, 1,0, 51, N1,0,0).

— Let Ny # 1(1 — 1) and 73 = 1, then taking oy = WJY)Z—M’ we obtain NV} = 0.

x If Ny # 0, then taking oy, = —“]4\273, we have Ni =0 and 5 = ayf3, 7] = umn.-
- If vy = 0, then we get the affgebras L, and L5 with v3 = 1, 83 = 5.
- If vy # 0, then we may assume ; = 1, and obtain the affgebra
Li7(B1, B3, £1,1,0,1, N1, 0,0).
« If Ny =0, then 51(1 — 81) # 0. Taking ap =

we have v, = 0 and 34 = a,f3s,

ﬂ )
Né = a4N3.
- If N3 =0, then we get the affgebras L, and L5 with 53 = §;, N, = 0.
- N3 # 0, then we may assume N; = 1, and obtain the affgebra

L18(61>53a6170)0) 1707071)'
— Let Ny = 8,(1 — 31) and 73 # 1, then taking C3 = M, we obtain N} = 0.

as(v3—1)
x If 3 # By, then taking a, = %, we may suppose v; = 0.
- If B3 =0, Ny =0, then we obtain the affgebra L, with N; = (1 — ).
- If B3 =0, Ny # 0, then we obtain the affgebra L; with N; = 8;(1 — ;).
- If B3 # 0, Ny = 0, then we obtain the affgebra L5 with N; = p1(1 — f1).
- If B3 # 0, Ny # 0, then we obtain the affgebra Li9(51,1, 51,0,0,73, 51(1 —
$1),1,0).
* If v3 = B1, then we have 85 = 483, 7] = auy1, Ny = azNs.
- If vy = 0, then similarly to the previous case we obtain the affgebras Ly, L,
L5 and Lyg with 3 = 83 = 81 and Ny = S1(1 — ).
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- If v # 0, then we can suppose 7; = 1, and obtain the affgebras

Li6(B1, B3, B1,1,0, 81, B1(1—51),0,0) and Log (B, Bs, 51, 1,0, B1, 1 (1—51), 1, 0)
depending on whether N5 = 0 or not.

— Let Nl = ﬁ1<1 — 51) and Y3 = 1.

x Let By # 1, then taking a, = f‘jgll, we get that v, = 0.

- If N3 = 0, then similarly to the previous case, we get the affgebras L,, L,
L5 and Lyg with 3 =1, f3 = 51 and N; = B1(1 — fy).

- If Ny # 0, then we may suppose Nj = 1, and obtain the algebras
L21<ﬁ17ﬁ37ﬁ1,070; 1, 51(1 - 51), 0, 1) and L22(51, B3, 81,0,0, 1,51(1 - 51), L, 1)
depending on whether Ny = 0 or not.

x Let B, = 1.

- If 71 = 0, then we get the affgebras Ly, L7, Lis, Lig, La; and Loy, with
v3=0B3=p =1and N; =0.

- If 74 # 0, then we may suppose 7; = 1, and obtain the affge-
bras L23(17 ,83, ]., ]., 0, ]., 0, O, N3) and L24(1, Bg, 1, 1, O, 1, 0, ]., Ng) depending on
whether N, = 0 or not.

O
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Abstract. In this paper, the inverse problem of determining convolution kernel in the time-
fractional wave equation with the Caputo derivative is studied. To express the solution of the Cauchy
problem, the fundamental solution of the corresponding equation is systematically formulated, with
a detailed investigation into the properties of this solution. The fundamental solution contains a
Fox’s function, which is widely used in the theory of diffusion-wave equation. Using the formulas of
asymptotic expansions for the fundamental solution and its derivatives, an estimate for the solution
of the direct problem is obtained. A priori estimate contains the norm of the unknown kernel function
and it was used for studying the inverse problem. The inverse problem is reduced to the equivalent
integral equation, By the fixed point argument in suitable functional classes the local solvability is
proven. The global uniqueness results and also the stability estimate for solution to the inverse problem
are established.

Keywords: Gerasimov-Caputo fractional derivative, Fox’s H-function, Mittag-Leffler function,
integral equation.
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1. INTRODUCTION

The determination of the kernel in the fractional derivatives-wave equation is an important step
in understanding the behavior of waves in non-local and memory-dependent media, and it has ap-
plications in various fields such as signal processing, viscoelastic materials, and electromagnetic wave
propagation.

Over the last years Fractional Calculus has provided new and better methods to describe the be-
havior of several systems. Novel applications of fractional partial differential equations in physics,
engineering, signal processing, chaos, viscoelastic materials, electrical circuits, and so forth, were de-
veloped [}, 2, (3[4, [5]. Tomovski in [6] solved the fractional wave equation with frictional memory kernel
of Mittag-Leffler type via the Liouville-Caputo fractional derivative. The method of separation of vari-
ables and Laplace transform were used to solve the equations. Delic [7] studied the time-fractional
wave equation with Dirac delta distribution and with homogeneous initial-boundary conditions. The
rate of convergence in special discrete energetic Sobolev norms is obtained. In [§], Liu et al.considered
a fractional diffusion-wave equation with damping using the Liouville-Caputo derivative. They derived
the analytical solution for the equation using the method of separation of variables and constructed
an implicit differences method of approximation. Ferreira and Vieira, in [10], studied the multidi-
mensional time-fractional diffusion-wave equation via the Liouville-Caputo derivative. The authors
obtained an integral representation of the fundamental solution of the time-fractional diffusion-wave
operator. In [I1], the authors studied the telegraph equation considering the topological generalization
of the elementary circuit used in transmission line modeling in order to include the effects of charge
accumulation along the line. The Laplace transform technique is used in obtaining the analytical
solution of signal propagation along the line. Tomovski and Sandev, in [12], considered the wave
equation for a vibrating string in the presence of a fractional friction with power-law memory kernel.
Exact solutions were obtained in terms of the Mittag-Lefller type functions and a generalized integral
operator containing a four-parameter Mittag-Leffler function in the kernel. Mainardi [13] pointed out
that the fractional wave equation governs the propagation of mechanical diffusive waves in viscoelastic
media. Kochubei [14] [15] applied the semigroup theory in Banach spaces, and Eidelman and Kochubei
[16] constructed the fundamental solution in R and proved the maximum principle for the Cauchy
problem. Mainardi [I3], [I7] solved a fractional diffusion-wave equation using the Laplace transform
in a one-dimensional bounded domain. (see, also [18]). Gejji and Jafari [19] solved a nonhomogeneous
fractional diffusion-wave equation in a one-dimensional bounded domain.
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Inverse problems for classical differential equations of heat and wave conduction have been studied
quite widely. Inverse problems for identification source functions and coefficients of equations by dif-
ferent overdetermination conditions are most often encountered (see, for example, [20, 21]). In these
works authors discussed the unique solvability and stability of solution as well as numerical approach
for solving some problems. The works [22], 23] are devoted to study the memory recovery problems
for hyperbolic integro-differential equations of the second order with convolution type integral term.
The article [24] is concerned with the study of unique solvability of an inverse coefficient problem of
determining the coefficient at the lower term of a fractional diffusion equation. The existence and
uniqueness theorems of solving the inverse problem are obtained. In addition, a numerical algorithm
based on a finite difference scheme is proposed for the exact calculation of the inverse problem of simul-
taneous determination of the time-dependent coefficient in the fractional diffusion equation together
with its solution. In [25], the authors studied an inverse problem of reconstructing the time-dependent
source function for the population model with population density nonlocal boundary conditions and
an integral over-determination measurement. Huntul [26] identified the unknown time-dependent co-
efficient in the third-order equation from nonlocal integral observation. Various statements of inverse
problems on determination of thermal coefficient in one-dimensional heat equation were studied in
[27, 28, 29]. In papers [27, 28], the time-dependent thermal coefficient is determined from the heat
moment. In [30, BI, B2, B3, B34], the unique solvability of the nonlocal direct problems and inverse
source problems for the various fractional diffusion wave equations with Caputo and Riemann-Liouville
integral-differential operators were investigated.

The remainder of this paper is organized as follows. In the next section, Section 2, we present the
mathematical formulations of the direct and inverse problems and an equivalent transformed auxiliary
problem. In Section 3, we give well known definations, assertions and formulas that will be used for
proof of results. Section 4 is devoted to the investigation of the direct problem. In section 5, the
inverse problem is studied. Finally, conclusions are presented in Section 6.

2. FORMULATION OF PROBLEM AND AUXILIARY CONSTRUCTIONS

We consider the time-fractional wave equation with convolution integral

t
(D) (2, 1) — o (2, 1) = / Kyu(e,t — T)dr + f(z,1),  (2,8) € QF, (2.1)
0
the solution of which satisfies the initial conditions
u‘t:O - QO(J:), Ut‘t:o = ¢($), HARS R) (22)

where 1 < a < 2, ]]]),(fa) is Caputo-Dzhrbashyan fractional derivative, that is

1 o [ u}(0, )
(c) —a+1, ./ —a+1 t\M
D t) = ——— t— dr —t -
( t U)(l‘, ) F(2 —Oé) 8t/0 ( 7_) uT(T7x) T F(2 _ Oé)’
and ¢(), 1 (z) are given smooth functions, Q} := {(z,t): z € R, 0 <t <T}.
For the given function k(t), ¢t € [0,T], we will call the problem of finding the function u(z,t),
(z,t) € R x [0,T] from the equations (2.1)) and (2.2) as Cauchy problem.
We pose the inverse problem as follows: find the function k(t), t > 0 in (2.1)), if the solution of the

Cauchy problem ([2.1)),(2.2) satisfies
u|z:0 = g(t)’ te [Oa T]v (23)
where ¢(t) is a given function.
Definition 2.1. A function u(z,t) is called a classical solution to the Cauchy problem ({2.1)) and ({2.2))
if:
(i) twice continuously differentiable in = for each ¢ > 0;
(ii) for each = € R is continuously differentiable in (x,t) on R x [0, 7], and the fractional integral

2 —«

(I3 %) (x,t) = 1_‘(1)/0 (t — 1)y, (z,7)dr
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is continuously differentiable in ¢ for ¢ > 0;
(iii) satisfies the equation (2.1)) and initial conditions ({2.2)).

We proceed to define the functional spaces that will be employed throughout the analysis. Let
C™27(QF) be the class of the m times continuously differentiable with respect to z € R variable,
continuous in t and its fractional integral of the order 2 — « is continuously differentiable in ¢ on
[0, T] functions. Everywhere in this paper, we will denote by H (R) the locally Holder continuous and
bounded functions with exponent I € (0, 1]. The space H™*(R) (m is nonnegative integer) and norms
|-, | - |™*! are defined from ([36], p. 16-27). By C(H'(R),[0,T]) we denote a class of continuous
functions with respect to ¢ on the segment [0, 7] with values in H'(R). The norm of a function f(z,t)
in C(H'(R),[0,T]) is defined by the equality

171 += max [1£'(1)].

tel0, T)

Let us denote by C/*(R) the space of functions f : R — R that are m-times continuously differ-
entiable and such that all derivatives up to order m are bounded. This space is equipped with the
norm

Hf||cg"(R) Zsuplf k)
k=0 *€R

Assuming u(x,t) € C>2=*(QI)NCH QL) is a classical solution of the problem, and that the functions
f,©,1, and g are sufficiently smooth, we proceed to transform the inverse problem given by equations

(2-1)-(2-3).
Lemma 2.2. Let u,(x,t) be a classical solution to the problem (2.1] with ¢(0) = g( ), P(0) =

g'(0) and ¢'(x),¢'(z), fo(x,t). Moreover, let, v(x,t) = u,(z,t). Then the problem
equivalent to the problem of determining the functions v € C**=*(Q¥) N CHQL) and ( ) € C[0,T)
from the system of equations:

(]D))(Ea)v) (2,t) — Vg (2, t) = /t E(T)v(z,t — 7)dT + fo(z,t), ze€R, te(0,T], (2.4)
Vo = @' (x), Vi|imo =V (x), =z €ER, (2.5)
V)0 = (D g) (¢ / kE(m)g(t —T)dr — f(0,1). (2.6)

Proof. Denote for this purpose the first derivative of u(x,t) with respect to x by v(z,t), i.e. v(z,t) :=
ug(z,t). Differentiating (2.1) and (2.2)) once in x, we get

(DS 0) (2, t) — Vya(, 1) / k(r)o(e,t —7)dr + fo(z,t), weR, t€(0,T], 27)

Vim0 = @' (), vili=o =¥ (z), xE€R. (2.8)
To obtain an additional condition for the function v(z,t), we note that the second term in (2.1)) is
v (z,t). Setting x = 0 in (2.1]) and using equality (2.3), we obtain

o) (t / k(T)g(t — 7)dT — £(0,1). (2.9)

Thus, if the problem — has a solution (u, k), then the problem — also has a solution
(v, k) with the same k, and v(z,t) = u,(x,t).

Conversely, let (v, k‘) satisfy (2.7)- - Let us show that there exists, a unique solution (u, k) of
system (2.1} Wlth glven k. The uniqueness follows from the uniqueness of the solution of the

Cauchy problem . To prove existence, we note that if (u, k) is a solution of ({2.1] . . then
v(z,t) = uy(z, t); hence

Uz’m O_ ]D)

(o, t) = /0 o(€, £)dE + B(8). (2.10)
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Let us find <I>( ) such that (2.I)-(2.3) are satisfied. From (2.3), we obtain that ®(t) = g(t). Hence

=[5 v(&,0)dE 4 g(0) = gp(:r) —¢(0) — g(0) = ¢(x), i.e., (2.2) is valid. In this manner, it is not
dlfﬁcult to show that u,(z,0) = ¢(z), i.e. (2.2) is valid. We need to verify that (2.1)) holds. From

(2.7) and (2.9) it follows that

DY u(z,t) — Ups(x, t) —/O k(t)u(z,t —7)dr

= [ (preten - useteon) - /k olet-m)) de

:fﬁ (E‘rt)

—v,(0,t) + DYg(t) /k g(t —7)dr = f(x,t).

So, the equivalence of (2.1))-(2.3)) and (2.7)-(2.9) is proved. O

Given functions k(t), f(z,t), o(z), ¥ (z) and a number « € (1,2), the problem of finding the solution
to the Cauchy type problem — we call as auxiliary Cauchy problem.

We now present well-known definitions, assertions, and formulas that will be used in the proofs of
the main results.

3. PRELIMINARIES

In this section, we present well known definitions, lemmas and theorems that will be used for the
proofs of main results and they will mainly deal with fractional calculus.

Fox’s H—function. The Fox’s H-function is one of the so-called special functions of the fractional
calculus and contains, as particular case the Mittag-Leffer function. The H —function was introduced
by Fox [37] as generalization of the Meijer function. Here we adopt the definition and properties
mentioned in [38] with minimal modifications regarding notation. Moreover, the H —function is defined
by means of the Mellin-Barnes type integral in the following form

(0«1’ A1) (ap, AP):| 1

Hyy'(s)27ds,
(b11 Bl)?'“v(blﬂ BQ)

Pq

2mi Q

where
n

[T T(b; + Bys) [T T(1 — ay — Ars)

=1

Hyy'(2) = —— ; (3.1)
H F(l — bj — BjS) H P(al + AZS)
j=m+1 l=n+1

i = (=1)Y2%2 # 0 and z=° = exp[—s{in|z| + iargz}]. We note that In|z| represents the natural
logarithm of |z| and argz is not necessarily the principal argument. In , an empty product is
always interpreted as unity, m,n,p,q € N, 0 < n < p,1 <m < q, A, By € RT := (0,400); ay, b; €
C(R), k=1,....,p,j =1,...,q. The contour Q2 starting at the point p—ioco and going to p+ioco such that
all the poles of I'(b; + B;s),j = 1, ..., m are separated from those of I'(1 —a), — Ays),k =1,...,n,p € R.
The integral is convergent in the following cases:

(1) @ >0, |argz| < t7a va z # 0;

(2) a=0,0u+R() < —1, argz =0 va z # 0,

where
Q_ZA—ZA+ZB_ Zij

j=n+1 j=m+1

ur=ZBj —ZAj, 6::2@-—2%#;
=1 =1 j=1 =1

A more detailed study about the H-function can be found in [38]. We mentioned some of the properties
and its Hankel transform that will be used in this paper.
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Properties of H—function ([38], pp. 11-13). We have the following reduction formulas:

o (a1,A1),..., (ap,Ap) o1 (a2,A2),...,(ap,Ap)
de [Z (bl,B1)7...,(bq17Bq1)7(a17A1)] ~ Hrmtam |:Z (b1,B1);...,(bg—1,Bq-1) ’ (3'2)
H [z [a"’A”] — H" F “b“’B‘J] , n>1¢>m. (3.3)
' [bq,Bq] ' Zl[1=ap,Ap]

Proposition 3.1. Let > 0 and A;(b; +i) # Bj(a; — i — 1) be satisfied. Then the H-function has
the asymptotic expansion at zero given by [38]

Hﬁé"(z) = 0(z9), |z| — 0,
where

¢:= min {
J

1<j<m
R(b;) denotes the real part of the complex number b;.

In this article, we also need the asymptotic behaviour of H— functions for z — oco. It will need only
one result of this kind, for a specific class of H— functions, for a real argument, with only the leading
term of the asymptotic expansion:

Proposition 3.2. The H—function has the asymptotic expansion at given by

(aj.4;)F

Hﬁ’,? {z ] ~ C’zl%eazp (—X%pz%) , 2 — 00,

(b5, B5)7"

P m L po,om o m P

where C = const, e := Y a; — > bj+5(m—p+1), x:=[[ A7 [ B; 7, p:=> B — > Aj.
=1 j=1 =1 j=1 j=1 =1

Now we give formulas for differentiating the H-functions of a special form. For the proofs and
further details, see [38, [40]. They have the following forms:

d (a1,A1) 1 (a1,A1),(0,1)
—H™™ |z = g™ 34
dz" P [ an,Bl)J z ”“’q“{ (1,1),(1,1,31)]’ 34
d\* (a1,A1) (—w,0),(a1,A1)
— 2 H™™ | C2 Y ; i ol . 3.5
(dZ) { - [ (bl,Bnl} prbatt (b1,B1),(k—w,0) (3:5)

Mittag-Leffler function. A two-parameter Mittag-Lefller (M-L) function is defined as ([41], pp
40-45)

o0 n

Eop(2) = Z m’

n=0

where a, 8,z € C,R(«) > 0.
The relationship between the two-parameter Mittag-Leffler function and the Fox H-function is noted
below

> ( ) J2e0) [ ‘(0,1) ] (3 6)
ws(z)=H5 |z . .
s B2 M o),a-p0)

4. INVESTIGATION OF AUXILIARY CAUCHY PROBLEM

First we consider the Cauchy problem
Dga)v(m,t) — Vpp(,t) = F(a,t), t>0, zc&R? (4.1)

with the initial condition
Vim0 = m(x), vili=0 = m2(x), x€ R4, (4.2)
In the work [9] the solution to the problem (3.9)-(4.1)
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et = [ Za-som©ds+ [ Zalo = om()ds

+/t Y(z—&t—7)F(E7)dédr, t>0, xR (4.3)
0 JRre

where - f
_ P o |12 |G . _
Zj(x7t> - W 1,2 |:4ta (£.1),01,1) | J=12,
ta—l 9 |CC‘2 (a,a)
Y(x,t) = W 1,2 [tha (£,1),(1,1) (4'4)

are the fundamental solutions of the one dimensional fractional diffusion equation.
For the Fox’s H-function, based on Proposition 3.2, we get the estimate:

‘H 2[4 1)H < Olzieap(—a5 (2 — a)|2|77), 2 — oo. (4.5)
In 1.) substituting the expression ¢'(z), ¥'(z) and fo (z,t — 7)dT + f.(x,t) instead of
m(z), ne x) and F(x,t) respectively, then we obtain the mtegral equatlon for solution to the direct

problem .
v(z,t) = vo(z,t) — //Y.I—ft—T/k v(&, T — ¢)d¢dédr, (4.6)

where
w(at)i= [ Zia = 60O+ [ Zalo— g 00/
-i-/ot/RY(x—f,t—T)fg(f,T)dde. (4.7)

The following assertion holds:

Lemma 4.1. If k(t) € C[0,T], f(x,t) € C(CZ(R),[0,T]), p(x) € H2(R), ¥(x) € HF(R), [ €
(0,1], v € (% — 1,1], then there exists a unique solution of the integral equation such that

v(z,t) € C22-(QT) N CH(Q).

Proof. For proof of Lemma 4.1 we use the method of successive approximations and consider the
sequence of functions:

. /t/ V(- &t —1) / k(Cvn 1(6,7 — ()dCdedr, n—=1,2,... (4.8)
0 R 0

where vy(x,t) is determined by the equality (4.7)).
Further, we need estimations for functions Z;(x,t), Zs(z,t), Y (z,t) and their some derivatives (see
[35]):

(a0 < 080 exp ool (49)
ox™
Z2(a:,t)' < Ot 3mH D+l oy {—a(fa/ﬂxy)ﬁ} , (4.10)
ox™
iy(m t)‘ < Ot 3m=D-lexp {—a(t*a/w)ﬁ}, Im| < 3; (4.11)
ox™
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9 -1-g —a/2 P
|atZl(x,t) < Ot % exp {—J(t 1z) } (4.12)
8 o4 2
_- -5 —o(t7?| ) ==
‘atZg(:c,t) < Ct exp{ o (t=/2|z)) } (4.13)
0 2-2 —a/2 P
aY(.%,t) < Ctz "exp {—a(t )|z } , (4.14)

here and below the letters C, ¢ will denote various positive constants. We also note that in accordance
with the construction of the functions Z;(z,t), Zy(x,t), Y(x,t), the following equalities are valid:

/ Zi(a, )z =1, te0,T), (4.15)
/Zz(x,t)dx —t, tel[0,T), (4.16)
/Y(x,t)d:c - ;O;al) te0,7]. (4.17)

Introduce the notations
Po = |<P‘2+Va o = W"Hl,fo = HfHC(CE(R);[O,T])'

We estimate the modulus of vg(x,t) in the domain @ép as follows

Jo /t —1 foT*
1) < t —_— t—T7)Hdr < T — =: ().
Similary way from (4.8) for n = 1,2, we obtain
t
_ Collk([T()
1) < k t—7) ldr < LT 4.1
n(o 81 < Culll] [ (¢ = r)etar < e (4.18)

Col|K|| /t 4 Co(llk|IT())? s
)<= t— 1) “dr < T4
foa(, D) < T'(a)l(o+1) Jo (f = m) T < I'(1+2a)
For arbitrary n = 1,2, ..., we have
(o < ColEIT@)"

I'(na+1)

It follows from the above estimates that the series
o0
v(z,t) = Zvn(x,t).
n=0

converges uniformly in QI | since it can be majorized in Q! by the convergent numerical series

lu(z,t)] < Cy Z WTW = CoBo 1 (||K|T()T). (4.19)

where E, 1(-) is the one-parameter Mittag-Leffler function of a nonnegative real argument (see, for
example, [41], pp.40-45).

Under the assumptions of Lemma 4.1 and on the bases of estimates (4.9)- (4.14), one has the
inclusion v, (z,t) € C*?~*(Q¥) N C} (QOT), n =1,2,.... According to the general theory of integral

equations, this implies that the same property will be possessed by the function v(z,t) in @f As
usual, this function is a solution of the integral equation (4.6)). Thus, Lemma 4.1 is proven. O
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Now we will obtam an estimate for the norm of the difference between the solution of the original
integral equation (4.6) and the solution of this equation with perturbed functions k, &, LZ)’ and f,.
Let v(x,t) be a solutlon of the integral equation 1) corresponding to the functions k, &, ¢’ and

fz e,
0(x,t) = vo(z,t) / /Y x—&t—7) / E(QO)o(¢, T — ¢)d¢cdedr, (4.20)

where
e = [ (o= €0 + [ Zaa - €00 €00
* /Ot /R Y(e =&t —7)fe(§ m)dédr.  (4.21)

Composing the difference v — o with the help of the equations (4.6[)-(4.20)and introducing the notations
v—0 =10, vg— Vg =y, k—k =k, we get the integral equation for v

B(x,t) = To(a, 1) //Y:U— t_T/k BEr — O)dcdedr—
_/O/RY( —&t-7) / k(Qu(E, T — ¢)d¢dedr, (4.22)

from which is derived the following linear integral inequality for |v(x,t)]:

t
oz, )] < |vo(2, 1)) +0100Ea,1(|!kHT(a)T°‘)!kH/ (t—r)""'rdr

+y|k|y/d7/yg;— t—T/ 56,7 — O)|dcde

= [00(z, )| + CoCo o (|Ik|T (@) T*)T+ | k]

i / dr / Y(z— &t 1) / (B¢, 7 — O)ldCde, (4.23)

where C; > 0 various constants depending on «, . It follows from the equalities (4.6]) and ( - ) the

estimate .

_ T _
— t < — 2+’y T 1+1 - 2 )
o (, )| < |7 + T[] + Tt a) I fllecz®yo )

Where@:¢_¢7$:¢_¢7f:f_f~'
Introduce notation
_
'T(14a)’
Applying the method of successive approximations to inequality (4.23]), by the aid of the scheme

0 := max {1,T CQCOEa,l(H/%Hr(a)T@)TaH} :

oz, )]0 < 9ll¢\2“ + A1+ I

|o(z, )], <||k:”/d7'/ Y(x—¢ t—7/]v§, Q)|n—1dCde, n=1,2,....

We arrive at the estimate

oz, )] < 0 ll@\”” + [+ (| Fll ooz oy + 1K (4.24)

which will be used in the next section. Indeed, the expression (4.24]) is the stability estimate for the
solution to auxiliary Cauchy problem.. In particular, the uniqueness for this solution follows from
(14.24]).
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5. INVESTIGATION OF INVERSE PROBLEM

In this section, we study the inverse problem ([2.7))-(2.9) using the contraction mapping principle.
First, we differentiate equation (4.6) with respect to z, set x = 0, and equate the result to equation

29).

1"(qpa)2 " ! -7 . -
/R 2, (y, 1) (t°/2y)de + /R Zu(€ )" (€)de + / /R Y (€.t — 1) fee (€, 7)dEd

- [ [vet=n [ oweter - acazar

— 0%g(t) /k: gt —7)dr — £(0,4), (5.1)

where

1 t "
o g(t) = / 9"(s) .o
F2—a)Jy (t—s)!
Next, we differentiate both sides of the resulting equation ([5.1)) with respect to the variable ¢. This
yields the following integral equation for determining k(¢) :

k(1) :k:o(t)+g(10)l/ot/RYt(§, / k(C)ve E,T—C)dgdng—/ k(r t—T)dT] (5.2)

olt) = [d(afgu)) — fi0,8) = St/ / Zi(y, Dy (/) dy — / Zon(&, 00" () de

//Yt §t— 1) fee(§, )dﬁdT]-

Theorem 5.1. If f € C*(CZ(R),[0,T]), ¢(xz) € H'™(R), ¥(z) € HT*(R),l € (0,1], v € (2 —1,1],
g(t) € C*([0,T]), with g"(0) = 0, and the conditions of agreement ¢(0) = g(0) # 0, ¥(0) = ( ).
Then there ezists a number T* € (0,T'), such that there exists a unique solution k(t) € C[0,T*] of the

inverse problem —@.

Remark 5.2. The g(t) € C*([0,T]) and g”(0) = 0 conditions imposed on g in Theorem 5.1 ensure
that %(agg(t)) € C[0,T].

Proof. Let us write equations (4.6 and ([5.2) in the form of a closed system of integral equations of
the Volterra type of the second kind. To do this, we introduce into consideration the vector function
v = (vi(z,t),va(x,t), v3(x, t)) by specifying their components by the equalities

vi(x,t) =v(x,t), oz, t) :=v,(x,t), wvs(z,t):=w3(t) = k(t).
Then the system of equations (4.6 and(5.2) takes the operator form
v= A, (5.3)

where the operator A = (A;, As, A3), in accordance with the right-hand sides of equations (4.6)
and(b.2)) is defined by the equalities

Ayv = v — /Ot/RY(:U —&t—1) /OT v3( AN (§, 7 — A)dAdedr, (5.4)
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Aoy = vy — / /Y vt T)/ Vs(Na(€, 7 — NdAdédr, (5.5)

Aav =+ s //Yt g,t—T)/o V(N (6,7 )d)\dgdr—g(lo)/otug(r)g(t—T)dr. (5.6)

These formulas use the notation vector function vy = (o1, Voz, Vo3):

vala,t) = [ 2o — €09t + [ Zu(o— € 00 d€+//Y:c§tT)fg(€, r)dedr,

Voo, 1) = /R Zi(€.4)" (x — €)dE + /R Z(€, )" (& — €)dE + / /R Y (£t — 7) fee(w — €, 7)dEdr,

voa(t) = ld(af‘g(t)>—ft(07t)—gt“/21 [ 2w @y — [zl 0 )

g(0) | dt
- / t / Vo6t — 7) feel€, ﬂd&h] |

Now, we will show that the functions v, 12, Vo3, defined above, have finite absolute values. To do
this, let ¢ € H'"3(R), ¢ € C(R) and f € C(CZ(R);[0,T]) be given, then we have

2C 4—q« o

vor| < ﬂp( 5 ) lH‘P/HCb(R) + TN ley® + TN F lec® o | = Por,
2C 4—« N

Vool < MF( 2 ) [H(pHHCﬂR) + T4 loymy + T2 le@m o | = Pos

1 d « « a/2—1 "npoa/2 "
s = ‘g(o){dt(a 9(6)) = £0.0) = 5t [ Ziy g (¢ Py = [ Zule 0w (€)de

¢
—/ / Y, (&t — T)fgg(f,T)dde] <go+ fot+CiT* " [@W]l + ol ||l ey my + CsT™" = Py,
o Jr

where
+(ora())

9(0)

ft(O,t)'
9(0) |

| do=

go ‘= max | max
te[0,T]

te[0,7] " €[0,T]

We obtain
Vo = (V017 Vo2, V03)-
Fix a number r» > 0 and consider the ball
Blvy,r] ={veY :|v—-uw| <r},
where Y := C(QY) x C(QY) x C0,T).

First we prove that for an enough small T > 0 the operator A maps the ball B[, r] into itself, i.e.
the condition v € B[y, r| implies that Av € By, 7). It is easy to see that for v € By, r] the estimate

Il < llwoll 47 := 7o (5.7)

holds. Thus, ry is a known number.
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Having estimated the norm of the differences, we observe that

A= varll = max | [ [ Y@=t =) [“mOom(e r— Niragar
< CTHT(1 = S)rd = fy(T)
e~ | = e | [ [ V(o =gt =) [ (067 - Ajddgar
< OTFer(1 - %)7«3 =: Bo(T)
| Asw — s | = |g / / Vi(w— &t —7) / v (A (€, 7 — NdAdgdr — / vs(r)g(t — 7)dr
1 F(Oé) 2ma+1 .
= 19(0)] [F(a+2)r°T ' +WOT} = FslT)-

It is straightforward to observe that §;, (i = 1,2, 3) are increasing functions of 7" and pass through
the origin. Additionally, the system of equations §;(1) = r has solutions, and we denote them by
T =1T,,i = 1,2,3 respectively. Let Ty be the smallest of these solutions. Then, for every T in the
interval [0, Ty], we have AB[vor] C Blvor].

Now let v(t), (t) be two arbitrary elements in Bvg,r]. In this case, using the obvious inequalities

lvevs — | < |v(vs — Us) + Ds(vg — )| < 2m0|v — 7|
and estimates for the integrals similar to those given above, we obtain

(A = Aip)]| = max / [Y@=gt=) [ @ame) - mm))ixdsdr
x,t)eDr
droCT(4 - 5)0(5)

B F(g + 2)

(A = A25)| = max / JRCES t—T)/ (va(\a(N) = P5(\) P () dAdgdr

(z,t)eDT

4TOCP( - E)F(%)
Tt T(5+2)

T |y — 7|| =: Bi(T)[lv — 7

T |y — o] =: Bo(T)l|v — 7]

1
max
19(0)] @0ebs

||(«43V—A317)H =

/ /Yt s t—T)/ (s (N (A) — 75 (A)in (A))dAdEdr
T / g(t = )(vs — i) (r)dr

9(0)
Cl'(a—1) iy 190l T — .
S s Ly = vl + v = ol =: B5(T) v — 7
I'(a+1)g(0) 19(0)]
Suppose that Ty is the smallest number among T}, (i = 1,2, 3) satisfying the inequalities 3;(T) =
p < 1. Then, for all T' € [0, Ty and = € R, the operator A is contractive on the set B|vy,r]. Let us
denote by T the minimum of Ty and Tpo. As a result, equation (5.3) has a unique solution for all
(z,t) € QL. Theorem 5.1 is proven. O

Remark 5.3. According to Theorem 5.1, the solution to the inverse problem can be uniquely found
on the segment [0,7*]. Then the solution to Cauchy problem is found in the same way as it was
found in the case of auxiliary Cauchy problem .
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CONCLUSION

The inverse problem of determining convolution kernel in the time-fractional wave equation with the
Caputo derivative was considered. Direct problem is Cauchy problem for this equation and first it was
studied this problem. The fundamental solution of the time-fractional wave equation is constructed
and properties of this solution are investigated. The fundamental solution contains a Fox’s function,
which is widely used in the theory of diffusion-wave equation. Using the formulas of asymptotic
expansions for the fundamental solution and its derivatives, an estimate for the solution of the direct
problem is obtained. A priori estimate contains the norm of the unknown kernel function and it
was used for studying the inverse problem. The inverse problem is reduced to the equivalent integral
equation. By the fixed point argument in suitable functional classes the local solvability is proven.
The global uniqueness results and also the stability estimate for solution to the inverse problem are
established.

In applications, more important is an equation of the form , when under the integral sign the
kernel k(t) is multiplied by w,,. The study of direct and inverse problems for this equation similar to
those in this work is an open problem.
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fourth-order differential equation
Dudiev U.D., Odinayev R.R.

Abstract. This article studies the inverse problem of finding a multiplier on the right-hand side,
depending on the spatial variable x. In the direct problem, an initial-boundary value problem for a
fourth-order differential equation is considered. Using the Fourier method, the solution to the initial-
boundary value problem is constructed, and its properties are investigated. Sufficient conditions for
the existence of a solution to the direct problem are obtained, which will be used in the study of the
inverse problem. Theorems on local existence and global uniqueness are proven, and an estimate of
the conditional stability of the solution to both the direct and inverse problems is provided.

Keywords: Inverse problem, existence, uniqueness, Cauchy problem, spectral problem, initial-
boundary value problems, Fourier method.

MSC (2020): 34K29

1. INTRODUCTION

Differential equations are commonly used to model real-world problems in science and engineering,
which often involve multiple parameters and variable dependencies. Solving these problems typically
requires addressing initial and boundary conditions, meaning the solutions must satisfy specific con-
straints and data. However, modeling real-world scenarios is a complex task that can take various
forms, and finding an exact solution is often challenging.

The study of vibrations in rods, beams, and plates holds significant importance in structural de-
sign, stability analysis of rotating shafts, as well as in understanding the vibration behavior of ships
and pipelines. These problems often involve differential equations of orders higher than the second,
reflecting the complexity inherent in analyzing such dynamic systems [I]-[4]. In recent years, there
has been a growing interest in the study of both linear and nonlinear initial boundary value problems,
and inverse problems involving the equation governing the vibration of a beam [5]—[14]. Addition-
ally, an initial-boundary problem for the inhomogeneous heat equation, which includes a higher-order
derivative alongside an initial condition, was examined in [13].

Inverse problems in mathematical physics have been extensively investigated across various classes
of differential equations. Inverse problems associated with the simplest hyperbolic-type equation were
discussed in detail in the monograph [I5]. The papers [16]-[20] and other sources have delved into
methods for establishing local existence and uniqueness theorems, as well as uniqueness and conditional
stability theorems, for solutions of inverse dynamic problems. Additionally, numerical methods for
discovering solutions have been explored.

Boundary value problems for the Laplace, Poisson, and Helmholtz equations with boundary con-
ditions involving higher-order derivatives have been explored in the works of Bavrin [21], Karachik
[22]-]25], and Sokolovskii [26].

Now we reconsider the following equation

Ut + Upzzs = p($)Q(t)7 (.’E, t) € D7 (11)
in the domain D := {(x,t); 0 <z <1, 0<t <T} with initial conditions

oFu oty
ﬁ(w‘vo) = p(z), W(%O) =¢(z), 0<z<1, (1.2)

and boundary conditions

w(0,t) = u(1,t) = up(0,8) = upe(1,6) =0, 0<t<T, (1.3)

where k > 2 is a fixed natural number.
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In the direct problem, it is required to find a function u(z,t) € Cy7(D) N Cijf (D) satisfying
equalities (1.1)—(L.3) for given number T" and sufficiently smooth functions p(z), g(t), ¢(z) and ¥(z).

The inverse problem consists in finding the function p(x), from the available additional information
about the solution to the direct problem f :

u(z,T) =g(z), 0 <z <1, (1.4)
where g(z) is a given sufficiently smooth function.

2. STUDY OF THE DIRECT PROBLEM
The solution of the direct problem ((1.1)—(1.3)) will be found in the following form

u(z,t) = iun(t)Xn(x), (2.1)

where X,,(z) is the solution to the following problem:
XD (2) + A\X(z) =0,

X(0)=X(1)=X"(0)=X"(1)=0. (2.2)
The solution to equation is obtained by:

X, (2) = V2sin oz, A, = —pl = — (wn)*. (2.3)

It is known [5], the function system ([2.3]) is orthonormal and complete in L»[0,1]. Let us introduce
the function:

1
un(t) = \@/0 u(z, t) sin p,z dz.

By applying the formal scheme of the Fourier method and using equations ([1.1)) and ([1.3]), we obtain
the folowing result:

ul(t) + pt u,(t) = paq(t), 0 <t <T, n=1,2,.., (2.4)
W) = g uI(0) =,
where
1 1 1
p / p(z) Xo(z) da, ¢ / (1) X, (x) dz, ¢ / ()X () dac (2.6)

The solution to problem (2.4]) and ({2.5)) is represented as

n 7'(']{ n . 7Tl€
u,(t) = % Cos <,uit = 2) + ,u;i” sin <uit - 2)

=Y U s (42 - )

1=0

[5]-1 t
_ (—=1) =2 p,q*=2729(0) cos <uit - 7;) + % / q(t — ) sin p2rdr. (2.7)

— 2 0

=0 n
Using ([2.7)) we find the following derivatives of u, (t):
(k) (1) _ 2 Yn . o Pn [ (k) .9
u,” (t) = @ncos p,t + ——sinp,t + = g™ (t — 1) sinp; Tdr, (2.8)
M iy 0

t
uF V() = —p p,, sin g2t + 1, cos pt + p—;q(k)(O) sin 2t + p—z / q* V(= T)sinpirdr.  (2.9)
u M

n n 0

Now we show that the solution to problem ((1.1)—(|1.3)) exists and is unique.
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Lemma 2.1. The estimates

Palllall ¢ apesr) o £ [Pal 14l
[ua(8)] < M% oul + mm [l + S (a2 ) 4 B
WP 0)] < leal + = ool + LM,
Pnlllq
W) < 12 o +|%|+%<1+T>,

hold for any t € [0,T].
Proof. Estimating u,(t) for any ¢ € [0,T], we obtain:

[u, (2)] < L| | + 1 || +’ZMWQH [k;i \an Z \PanJHT

Un - M2k Pn M2k+2 n M2k+2 2

n n n =0 n =0 n

HqH \pn\ ( AEE ) —ok—2 | afk]—2 ) |Pn| HQH
n n 2 2 T,

where

lall =, e { max 100}

0<i<k+1 | te[0.T

Estimating the functions (2.8]) and (2.9)) for ¢ € [0, 7], we have inequalities (2.11)) and (2.12]).

Lemma [21] is proven.

Formally, differentiating (2.1)), we obtain the series:

Hu(z,t) <~
o > ulP ()Xo (2),

n=1

ak—i—l

(k1)
athrl Z Un, )

Next, we need to prove the absolute and uniform convergence of the series (2.13)—(2.15)).
Lemma 2.2. If the conditions:
p(z) € C*(0,1], ¢ (x) € Lo(0,1), ¢(0) =¢”(1) =0, j=0,2,

Y(z) € C0,1], ¥'(xz) € L2(0,1), ¥(0) =4(1) =0,
p(z) € C*[0,1], pP(x) € Ly(0,1), pV(0) =p (1) =0, j=0,2,

are satisfied, then the representations:

1 1
Pn = _7390513)’ ¢n wnu Pn = _TPS);

are valid, where

1
) = \@/ 0¥ () cos ppxde,
0

— \@/1 Y () cos ppxdr,
0

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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1
P = V2 / p? () cos ppxde,
0

with the following estimates holding true :

> 12 2
Z(s@é‘”‘ < Hcp(?’)
n=1

L2(071)7

[e'S)

2 2
Sl < 1 00
n=1

(2.17)

< Hp<3> S
LQ(O,I)

OO‘ @
;pn

Proof. By integrating by parts ¢, and p, three times and 1, once, considering the conditions of
Lemma [2.1] -, we obtain the representations in (2.16)). The inequalities in are Bessel inequalities
for the coefficients of the Fourier series expansions of the functions 90(3) 1/); and p® in the cosine
system on the interval [0, 1].

Lemma is completely proven. O

Theorem 2.3. Let q(t) € C*[0,T] and the functions p(x), ¥(x), p(x) satisfy the assumptions of

Lemma then there exists a unique solution of problem (1.1))-(1.3]), that can be represented by the
series (2.1)) with the coefficients given by relation (12.7)).

Proof. The series (2.1), (2.13)), (2.14) and (2.15)) for any (z,t) € D are majorized by the following

numerical series:

qu!lpnl ok, afk]-2% !anIQH

TL

S |pnlllgll [ e
Z( 2%k— 4| "|+’u2k 2 |thn] + [t — ('un - 2k+2+:“[ 2 2k+4) +Ni|pn|||Q||T )

n=1 n 1
5 (1ol + o+ el
= K ’
S Pullg
> (sled +toul + 2l ) ).
If the functlons o(x), Y(x) and p(z) satisfy the condltlons of lemma then by virtue of the represen-

tations and - ) the series . -, and converge uniformly in the rectangle

hence the function u(x,t) satisfies relations Here the following estimates hold true :

lu(z,t)] < Cy <||90HL2(0,1) + ”QJZ)”LQ(OJ) + llqll ||pHL2(0,1)) J

L2(0,1)> ’

g (2, 1)] < C (Hso'HLm + 14l g0 + [

OFu(z,t)
k’ < Cs HQO/”Lz(O,l) + ||7/’||L2(0,1) + llall ||p”L2(0,1) )
ot
O lu(x,t)
- T\ (3) ’
\ s \ < (ng on #1920 + lal rrp\\L2(0,1>) -

C;,i = 1,5 are positive constants here and throughout the following.

Unlqueness Assume that the given problem has two solutions, u; (z,t) and us(x,t). We will prove
that u(t) = ui(t) — us(t) = 0. By utilizing the linearity of the problem’s conditions for determining
u(x,t), we have the equation:



68 Durdiev U., Odinaev R.

*u 0
Ou  Ou 2.1
o T et = (2.18)
k }C+1
Z: (z,0) =0, gtkﬂ (z,0)=0, 0<z<L. (2.19)

Let u(x,t) be a solution to this problem. Then, from the problem (2.18)—(2.19)), we have:
up (t) + piy, un(t) =0,

u® (t)]t:O =0, uﬁl’““)(t)!t:O =0.

n

It follows that w, = 0 for all n € N. From the completeness of the eigenfunction system. X, (z) we
conclude that u(x,t) = 0.
Theorem [2.3]is completely proven. O

Now, we establish the stability of the solution of the problem posed under perturbations of the
initial data ¢(x) and ¥ (x) and the right-hand side p(z)q(t). Let us derive an estimate for the norm of
the difference between the solution of problem (|1.1)- (1.3) and the solution u, () of the problem with

perturbed functions @,, ¥, pn and §(t). Let @,(t) be the solution of this problem corresponding to
the functions @, 1, p, and ¢(t), then u,(¢) has the form:

_ Dn mk T k
U, (t) = % cos <unt - > + H;iw sin (,uit — >

2 2 2
(E42)1 "
- ( 1)7,/14# 2k—2 p (’j(k 1-21) (O) sin (Mit _ 7;)
=0
311 wk D, K
o ( ]-)1/1;1: 2k ﬁna(k 2—-2i) (0) CcOS <2 — Hfzt) =+ p—g / E]v(t — T) sin ,U,i’TdT. (220)
lu’n 0

i=0
Composing the difference w,(t) — @, () with the help of equations (2.7), (2.20) and introducing

the notation u(t) = u,(t) — Un(t), B(t) = @n(t) — Gult), ¥(t) = ¥u(t) — ¥n(t), P, = Pn — Dn and
q(t) = q(t) — q(t), we obtain the next formula:

_ D wk v, . mk
U, (t) = e - cos <,unt - ) + P sin (,uit — >

2% 2 2
[(HE]-1
B C\E di2k—2 (k=1-20)  ~ ~(k—1-2i) . B Lk
i=0
[5]-1
B i 4i—2k (k—2-2i) _ ~ ~(k—2—2i) 2 _Lk
Z (=1) sy, Pnq Pnd (0) ) cos | pit 5
i=0

1 t
+;2 / (png(t —7) = D,q(t — 7)) sin py 7d7.
n 0
Using the next formula

= q(t) (P — Pn) + P (a(t) — q(1)) = q(t)D,, + Pna(?),
we obtain
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[H4H]-1 L
- Y O g O (- )
i=0
i 4i2k-2 ~ —(k—1-2i . ™
o (_1) Nzrllz 2k—2 pnq(k 1 21)(0) sin <:U’$Lt_ 2>
i=0
[5]-1 o ‘ &
D I UL (R
i=0
[5]-1 k
i 4ok ~ —(k—2-2i 0
= > (=)' pag* > *7(0) cos (uit— 2)
i=0
Pn [T Po [T
+= / q(t —7) sin pirdr + — / q(t — 7)sin p2rdr.
Ha Jo My Jo
From the previous expression, applying Lemma [3.1) we obtain the following estimate:
GO < Cs (18l acony + [P0, + 1P Do gl + 15l o )
3. STUDY OF THE INVERSE PROBLEM
The main result of this work is the following statement:
Substituting ¢ = T, into equation ([2.7)), and using the additional condition (|1.4]), we obtain:
gn = ? cos (uiT - 2) + 22 sin (uiT — 2)
(551 L
B (—1) 2k=2 4 (k=1 21)(0) sin <NiT_ 772)
=0
[5]-1 o ‘ Tk P T
B (=1) 82 p q*=2-20(0) cos (MELT - 2) + = / q(T — 7)sin p2rdr. (3.1)
— 1% 0
=0 n
where g, is defined as:
1
In = \@/ g(z) sin p,xdx.
0
From equation (3.1)), we can express p,as:
1 ©n 9 7k Un . 9 7k
Pp = WD) <gn — M—%k CoS <,unT — 2) — peTes sin ( pT — 5 ) ) (3.2)
where
[%]71 k
i 45— 2k— —1-2i . ™
WAT) == X (Dt g o (7 - )
i=0
[5)-1 T
_ CqNE, 42k (k—2—2i) 2 Lk i _ in ;2
(=1) ', " q (0)cos | u T 5 + = q(T — 7)sin p; rdr. (3.3)
- 20 0
=0
Thus, we can determine p(x) in the form of a series:
00 1 ©n 9 7k Un . ) rk )
=V2 n— T——) — T—— W 3.4
p(x) \fz Wo(T) (g 2 cos (,un 5 ) e sin | p 5 sin pi, @ (3.4)
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Theorem 3.1. Let q(t) = 1, and the conditions of Theorem are satisfied, additionally, the
following conditions hold:

L g ecto),

9

W (T) =

9® () € Ly(0,1), g9(0) = gV (1) =0, j = 0,2,4.,

then the representation

1
(5) —
gn gn I
s,

where

1
g = \/i/ g () cos ppxdr,
0

holds, and the following series converges:
n=1

Thus, there exists a unique solution to the inverse problem defined by equations ([L.1))-(1.4).

gff’)

<o

L2(0,1)

Proof. We analyze the zeros of the function W,,(T") defined by equation (3.3)).
(k—1) (k—3) (k—5)
W ¢*7(0) | ¢V (0) ¢ (0) 21 q(0)\ o ap T
W(T) = <_ (12K + [2k=2 T 2k=G e (-1 ]/JT sin | p, T — o

B <q<’”)(0) _ a0 ¢V (1)1 (0)> s (MQT B 7rk>

pat pt pit s, T2

—l-f / T — 7)sin p2rdr,

if k is odd number

E=D0) %3 (0 (E=5)(0 ke17¢'(0) mk
q q q ki11q :
H/n(T) — (_ ( + ST ) _ Mzk_(ﬁ ) .. + (_1)[ 2 ] 5 ) sin (MZT _ 2)

prt? It 4
(k—2) (k—4) (k—6)
¢*7(0) ¢"P(0) | ¢"7(0) 51-14(0) o Tk
_< 2k ks + [i2E—5 e+ (1) A cos MnT_7
—1—— / — 7) sin 2 rdr,

if k is even number. Let ¢(t) = 1, and cons1der1ng that Vn € N, VT > 0, we have the following results:

(—1) T\ 1

T
W, (T) = e sin (unT - 2) +— /0 sin p2rdr,

if k£ is odd number,

(_1)[%] Tk 1 /T o,
n - - 5 Y d b
W,.(T) = : cos | u21 5 + oy sin p; TdT

if k is even number.
We get the same result for even and odd values of k,

T
. 2 o

— sin p; 7dT = —

lu’n b, 0 n

2T
W, (T) = oS [,
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Next, we prove the existence of the solution to the inverse problem defined by equations (1.1))([L.4)
expressed in (3.4). The series (3.4) for any (x,t) € D are majorized by the following numerical series:

> |k <|gn|+ n U >
n=1

112k 2k+2
Applying the conditions of Theorem [3.1] we obtain the following estimate:

gl

P@)| < C5( o]

/
La(o.1) + lle ||L2(0,1) + ||¢||L2(0,1)). (3.5)

Theorem is completely proved.

3.1. Conclusion. This article studies the inverse problem related to determining the right-hand side
of a fourth-order differential equation. To represent the solution of the direct problem, a fundamental
solution of this equation was constructed, and its properties were analyzed. Sufficient conditions for
the existence of a solution to the direct problem were derived, which were then used in the investigation
of the inverse problem. Results on local existence and global uniqueness of the solution were proven,
and conditional stability estimates for the obtained solutions were provided.
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Lauricella hypergeometric function Fjgn) with applications to the
solving Dirichlet problem for three-dimensional degenerate elliptic
equation
Hasanov A., Ergashev T.G., Djuraev N.

Abstract. In this paper, hypergeometric function of Lauricella Fé") has been investigated. The
new properties of which are established and applied to the solution of the Dirichlet problem for the
three-dimensional degenerate elliptic equation. Fundamental solutions of the named equation are
expressed through the Lauricella hypergeometric function in three variables and an explicit solution
of the Dirichlet problem in the first octant is written out through the Appell hypergeometric function
F5. A limit theorem for calculating the value of a function of many variables is proved, and formulas
for their transformation are established. These results are used to determine the order of singularity of
fundamental solutions and to prove the truth of the solution to the Dirichlet problem. The uniqueness
of the solution to the Dirichlet problem is proved by the extremum principle for elliptic equations.

Keywords: Appell and Lauricella hypergeometric functions, three-dimensional degenerate elliptic
equation, PDE-systems of hypergeometric type, fundamental solution, Dirichlet problem

MSC (2020): 35A08, 35J25, 35J70, 35J75

1. INTRODUCTION

It is known, that a special functions are used for solving many problems of mathematical physics (see
[4, [18]). These include the Gauss hypergeometric series, Bessel and Hermite functions, Lauricella hy-
pergeometric functions, etc. The Hermite functions are actively applied in algorithms and information
systems that are used in medical diagnostics [16]. The Bessel functions are used in solving a number of
problems of hydrodynamics, radiophysics, and thermal conductivity [14, Part 2]. Some functions that
are used in astronomy can be arranged in hypergeometric series [20, Chapter 3]. Multidimensional
hypergeometric functions are used in the superstrings theory [5].

The study of boundary value problems for degenerate equations is one of the important directions of
the modern theory of partial differential equations. It is known that in the formulation and construc-
tion of local and nonlocal boundary value problems solutions, the main role is played by fundamental
solutions. Fundamental solutions of the two-dimensional degenerate elliptic equations are expressed
by the Appell function F,, and when the dimension of the equation exceeds two — by the Lauricella
hypergeometric function Fj,") with three and more variables.

In this work, the established properties of the Lauricella function are applied to solving the Dirichlet
problem for the three-dimensional degenerate elliptic equation

Yy 2 U, + a:"zkuyy +2"y"u,, =0,m>0,n>0k>0 (1.1)
in the domain Q = {(z,y,2) : 2 >0, y >0, z > 0}.
A degenerate elliptic equation (1.1)) is related to an elliptic equation with the singular coefficients

2a 203

2
Upg + Uyy + Uy + —Uy + —uy + Vuz =0, 0<2a,28,2y < 1. (1.2)
x Yy

z
Namely, if in the region of ellipticity the equation is reduced to a canonical form, then we obtain
equation . Using the fundamental solutions constructed in [9], the main boundary value problems
for the equation in the finite (first octant of the ball) were solved in explicit forms [10, 11}, 22], and
local and nonlocal boundary value problems for the equation by the Fourier method in special
infinite domains were investigated [12} 13].

Few works are devoted to the study of boundary value problems for the two-dimensional analogue
of the equation . In works [1, [19], for the two-dimensional degenerate elliptic equation

Y " Upy + 2" Uyy = 0,m >0,n >0
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solutions of the Dirichlet and Neumann problems in the bounded and unbounded domains were found
in explicit forms.

2. MULTIPLE HYPERGEOMETRIC FUNCTIONS AND THEIR SOME NEW PROPERTIES

The Gauss hypergeometric function can be represented by the following series [0, p.56, Eq. 2.1(2)]

F(a,b;c;x) = Z (a)m(b)mi:, lz] <1, (2.1)

= O

where (z), is a Pochhammer symbol: (z), = z(z +1)...(2 +n—1), n=1,2,..; (2)o = 1.

The great success of the theory of hypergeometric function in one variable has stimulated the
development of corresponding theory in two or more variables. Appell [2] has defined four functions
F, to F,, which are all analogues to Gauss’ F(a,b; c;x). For instance, the Appell function F, has a
form

a,b,b; = mnb b xmyn
FZ[ ! Q:c,y]zz()+(1) (ba), —ron lel gl <1, (2.2)

C1, Co; =0 (Cl)m (Cg)n
which satisfies the following system of partial differential equations [6, p. 234, Eq. 5.9(10)]:

(1 — @)Uy — TYUgy + [c1 — (@ + by + 1) 2] up—b1yu, — abyu = 0,
Y(1 — y)uyy — YUy — bozuy+ [c2 — (@ + be + 1) y] u, — abou = 0.

Lauricella hypergeometric function[I5] (see also |21, p. 33])

n

n b;
FA)|:G’C. X:| Z \k|H kk_|7

’ |k|=0

o] <1

is a natural generalization of the classical Gauss hypergeometric function (2.1)) and the Appell function

(2.2) to the case of many complex variables and their corresponding complex parameters. Hereinafter
b= (by,....,bn), c:= (1, .0y Cp) , X 1= (T4, 0oy Tn)

K= (ki, ., kn), [K| =k + oo+ ko, ko >0,.. K > 0.

Let us list some properties of the Lauricella hypergeometric function FIE,”):
1) tranformation formula [3, p. 116, Eq. (9)]:

m | a,b; | _ —a () | @, c—b; X R
Fy [ c: X}—(I_X) Fy { . X—l]’X'_Z%’ (2.4)

I Cﬂ

2) differentation formula:
d _m [ a,b; aby, a+1,by+1;
8xkF { (¢ X} Cr F ¢y +1; X

where the vectors by, + 1 and ¢, + 1 appear, the k-th component of which is one greater than the
corresponding components of the vectors b and c, respectively:

(2.5)

bk + 1:= (bl, -'-7bk—17bk' + 1,bk+1, 7bn) , Ck + 1:= (Ch ooy Cle—1,Ck + 1ack+17 ...,Cn) 5 k= 1,7’L.

The Lauricella hypergeometric function of n variables satisfies the system with n equations
and this system has 2" linearly independent solutions (for details, see [3 pp. 117, 118]). In
our further studies, we use the following system corresponding to a function of three variables

_ 3 a, b17b27b3; .
u="F C1, C2, Cs; DA
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(1 — 2)Upy — TYUyy — T2U,, + [€1 — (a + by + 1)x]uy — biyu, — bizu, —abju =0,
Y(1 — y)uyy — TYUyy — Y2Uy, — baxu, + [c2 — (@ + by + 1)ylu, — bozu, — abyu = 0, (2.6)
2(1 — 2)uy, — T2Uyy — Y2Uy, — byzu, — byyu, + [c3 — (a + by + 1)z]u, — absu = 0.

The PDE-system (2.6 has 8 linearly independent solutions [3, pp. 117, 118] :

3) | a,b1,b,bs;
1{FA |: c1,Ca, C3; x,y,z|, (27)
1—cy (3) [ a+1*61,b1+1*61,b2,b3;
LA Y - 2 — ¢y, Cy, Cs: x,y,zl ,
1oy (@) | @+ 1 —coybi, by + 1 — co, bs;
3 Y FA I 01,2—62,03; CUaZ/J- ) (28)
1—c3 (3) a+1_637b17b2ab3+1_63;
o FA 61702,2—03; ':U’y’Z_ ’

leepteey @ | @+ 2= — o, by +1— ¢, by + 1 — o, bs; ]
o Y FA L 2_0172_02763; LY
ey 1oeap(® | @+ 2—cy—c3,b1,00 +1—cy,b3+1—cs;
3 y z 3FA A 01,2—02,2—03; xayvz- ) (29)
ey des® | @a+2—c1—c3,b1 +1—ci,by,b3+1 —cs;
T TRy 2 — ¢y, 0,2 — 50 :U,y,z_ ,

a+3icl7027637()1+1*Cl)b2+1702,b3+1—63;
2—c,2—0c3,2—cs; z,y,z|. (2.10)

1 {xl—cl yl—CQZl—CgFjgg)
It can also be shown by direct calculations that the functions (2.7)) — (2.10]) satisfy the system ({2.6]).
3. FUNDAMENTAL SOLUTIONS OF A DEGENERATE THREE-DIMENSIONAL ELLIPTIC EQUATION

Let (z,y,z) and (§,n,¢) be two points of the domain Q. We are looking for a solution of the
equation ([1.1)) in the form

u=r"2"2"1"1, (p,0,0), (3.1)
where w is a new unknown function,
n 3 m k n+2 m+ 2 ) k+2
o= ———- = = : = = = :
4z9€? 4yPnP a2t¢t 1 2 1 2 1, e
p = _W7 0= — p27‘2 Y 0 = - l2T2 ) ro= ? (xq - éq) + ]? (yp - np) + ﬁ (Z - C ) *

It is obvious that
0<2a<1, 0<26<1, 0<2y<1; g>1,p>1,1>1.

Substituting (3.1]) into equation (|1.1]), we obtain a system of differential equations of hypergeometric
type

p(l —P) wpp_pawpa_pewp0+

+ 20— 2a+B+7+3)p|w, —aow, —abwy —a(a+B+7+3)w=0,
0 (1= 0)Woe — Pow,y — 0w+

+ 28— (@ +28+7+3)0]ws = Bpw, — Bwy — B (a+ B+ +3) w=0,
0 (1 —0)wpp — pOw,g — oOwo+

+[2y—(a+B+2v+2) 0wy — ypw, —yow, —y (@ +B+v+3) w=0.

Comparing the system (3.2)) with the system (2.6) which has 8 particular solutions, we obtain [9]

(3.2)

,QafggfgryleIgS) 1/2 +a+ B + v, q /87 v 0,0, 4 , (33)

qo (1’7%23577770 = ]{707' 2&,25,2’}/,
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0 (2,9, 2 €,1,C) = kyagr?e 222 pd) [ 32~ O;t”g;;;g;aﬁv p,0, 9] 7 (3.4)

Q1 (,y, 26,1, C) = kpynr-2e+20-2=3p@) { 3/2+ O;; gfgﬁa%l_ 5 o, 9} ,  (35)

Q2 (7,9, 2;6,1,¢) = k122’C7‘_2a_2ﬁ+27_3F§3) { 3/2+ C;;: gﬁjg%_ag’f; 1= P, 0, 9} ) (3.6)

G (2, Y, 2 €,1,C) = kawylnr>* 27~ F Y [ 52 - ‘;:QJ;_IQ_/BQQ;_ 57 e 9} , (37

a— — é 52—Oé+ﬁ— ,1—06,,6,].— )
421 (CC, Y, z; 577’7 C) = k21$Z€<T2 SRy SF‘S‘S) l: / 2 — 20[, ;67 2 — 2’77 ! e 0:| ’ (38)

—2a — : 52+a_/8_ ,Oé,l—ﬂ,].— ;

Qo2 (2,9, 26,1, C) = kaaynCr—2et274 st(xd)[ / 2a,2—;5,2—27; ! p,g,e], (39)
a — 72—Oé—ﬁ— 71_a71_671_ ;

g3 (x,y,2:6,1m,¢) = kszyzEnCroe 20+ 7F1(43){ / 2—2a,;— 28,2 — 2v; ! p’a’e]’ (3.10)

where ky,..., k3 are constants, which are determined when solving boundary value problems for the
equation .

It is easy to see that the each of three particular solutions ¢;, ¢;1 and ¢, are symmetrical to each
other with respect to the numerical parameters of the Lauricella function. Hence, in further studies
there is no need to consider the functions ¢;; and ¢, i.e. we omit them and study only the function
q1. Similar propositions can be made about the second trio of particular solutions ¢s, g21 and goa: we
study only ¢z, and omit the functions ¢»; and gos.

It is easy to see that the constructed functions ¢qq, ¢:, ¢ and g3 have the following properties:

9 0.9 9
o qo s 4o 92 q1

0
o 8y o ) Q1|m:0 ) 8yQ1 ) )

-0, —
0z o =0

y=0 y=0

=0 QS‘I:O =0, QS‘y:() =0, Q3‘Z:0 =0.

0
q2|1:0 = 07 q2|y:0 = 0; &(h -

Note, these properties will be used in solving four (Neumann, two Dirichlet-Neumann and Dirichlet)
boundary value problems for the equation (1.1).

1
Lemma 3.1. If 0 < 2a,20,2v < 1, then every function q, (k =0,3) has a singularity of order — as

r
r—0.

Proof. To give an example, we consider function gy. The order of singularity of the remaining functions
is determined similarly.
In the case of three variables, the transformation formula (2.4) takes the form

b1, ba, bs; _
) a, 01, 02, b3, zy, 2l =(1—2—y—2)"x
A C1, C2, C3; 4 ( 4 )

» F,f’) [ a,cy — by, c3 — b, c3 — bs; L y i (3.11)

C1, C2, C3; r4+y+z—1Uz+y+z—1z+y+2—-1]"
Using the transformation formula (3.11)), the function gy defined in (3.3)) can be reduced to the form

1 *
do (357972’;57"770 :;qo (xaywz;ganag)v (312)
where
1A
N . o sacopeay ) | @+ BAYH1/2,a,8,q; 4x1€T AyPnP 4z'C
9 (2, y,2:€,m,C) = koo Fy 2c, 2[3, 27; Po?’ pPo? 12e? |’ (3.13)
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1 2 1 2 1 2
o= ?(xq‘i'{:q) +E(yp+"7p) +l3(zl+cl) :
We must show that the value of ¢ (x,y,2;¢,7,() asr — 0,1ie. x =&, y —n, z — (, is bounded.
According to the theory of Lauricella hypergeometric functions [3, Chap. VII], if the sum of the
absolute values of the variables is less than one, then the function F{" is bounded for any values of
the numerical parameters. In the case of three variables, this statement looks like

< oo, |z + |yl + |2 < 1. (3.14)

Flg?)) |: a, b17 b27 b37

C1, C2, C3;

a’"? y? Z:|

By virtue of (3.14)), it is obvious that in (3.13)):
4987 AyPpp 42

<1,
q2 92 p2 92 l2 92
therefore the following inequality is true
« C
45 (%,y,2:€m, Q) < Frarzgrz "0 (3.15)
where C' = const > 0 and . 1 )
R2 — ?1,2(1 + EyQQD + ﬁle' (316)

1
Now from (3.12)) and (3.15) follows that the function gy has a singularity of order — as » — 0. The
T
Lemma |3.1|is proved. O

Based on the Lemma we conclude that the particular solutions defined in (3.3) — (3.10) are
fundamental solutions of the equation ([1.1)).

4. STATEMENT OF THE DIRICHLET PROBLEM AND THE UNIQUENESS THEOREM

Dirichlet problem. Find a solution u (z,y, z) of the equation (L.1]) with the regularity C' (€2) N C? (Q2)
that satisfies the conditions

u(xvyaz)‘z:OZTl(xvy)7 0§$7y<00a
u(m,y,z)\y:O:Tg(m,z), 0<x,2< o0,
u(x7yﬁz)‘$:0:7-3 (yvz)a 0§y,z<oo,
lim u(z,y,2)=0,
R—o0

where Q = {(z,y,2) : >0,y >0, 2 > 0}; R is defined in (3.16)); 7, (v, 2) , 72 (z, 2) , 73 (7, ) are given

continuous functions in a closed domain and have representations

71 (x,y 5
T (z,y) = (1 - 12( L )1 . ) Ti(z,y) € C(0 <,y < 00), (4.5)
+ Zx + Sy
q p
7 (z,2) = (1 17-22(:5,2)1 21)527 To(z,2) € C(0 < 2,2 < 0), (4.6)
+ ST+ 5z
a2 2
BWE) sy €00 <,z < o0), (4.7)

7—3(y7z): (1+L 2p+i 2l>
»Y 1ZR

where €, &5, €3 are a real numbers with o + 4+ v < g1, €9, €3 < 2.
In addition, the functions 71 (x,y), m2(z, 2) and 73(y, 2) satisfy the matching conditions at the origin:
71(0,0) = 72(0,0) = 73(0,0) and at the lateral edges of the domain Q:

7'1(%,0) = 7'2(%,0), Tl(ovy) = T3(y70)7 7—2(072) = 73(072)? T,Y,%2 € ﬁ
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Theorem 4.1. The Dirichlet problem can have at most one solution.

Proof. To prove Theorem [4.] it suffices to show that the corresponding homogeneous Dirichlet problem
has a trivial solution. For this purpose, the finite part of the domain €2, bounded by the planes
x =0,y =0, 2 =0 and the sphere oy :

1

1 1
?$2q+ﬁy2p+l—2z2l:R2, z>0,9y>0,2z>0,

we denote by Qg. Let
71 (y,2) =72 (z,2) = 73 (2,9) = 0. (4.8)

Then the validity of Theorem- 1| follows from the extremum principle for elliptic equations [I7), p. 12].
Indeed, the function u (x,y, z) in the domain Qg, by virtue of ., can reach its positive maximum
and negative minimum only at .

Let (z,y, z) be an arbitrary point in Dr. We take an arbitrary small number £ > 0 and, considering
([4.8), we choose R large enough that |u (z,y,z)| < € on 0o. For R large enough, this point falls in Dy
and therefore |u (z,y,2)| < €. Since ¢ is arbitrary, we have u (x,y, z) = 0. Then u (z,y,2) =0 in D.
The Theorem is proved. O

5. EXISTENCE OF A SOLUTION TO THE DIRICHLET PROBLEM

Consider a function

w(z,y,z) = / / 577 (L, 5) ;ng <w,y,z;t,s,<>] dtds+
0 0 ¢=0

+//tn8k7'2 (t,s) il dtds+//tmsk73 (t,s) = a3
00 O li=o

where g3 (z, y, z ;€,1m,¢) is a fundamental solution defined in . Applying a differential formula
. from we get the following function:

dtds, (5.1)

U (1’, Y, Z) = (.%',y, 2) + Ug ([IZ, Y, Z) + us ($7y7 Z) p (52)

Ty (t,s) "™t 6, 1—a,1—p; 4zt 4yPst)
uy (z,y,2) = k,gmyz// F, 9 20, 2— 28 q2r2 —_, = ey dtds, (5.3)

_ Ty (L, 53) 1A 8, 1—a,1—r;  4dz9t1 428
Usg (-717:% Z) = kszyz // F 2 —2a, 2 — 27; - E, _W_ dtds, (54)

73 (t, ; th h 5, 1—-5,1—n; 4y”tp 4215
uz (x,y,2) = kzgxyz// F, 298, 2 2. 2 ’_W_ dtds, (5.5)

iq—2+2a —2+2/3l—2+2'yr (1-a)l'(1—-8)T(1—~)T (6 —2a—28—27)

ko — 5.6
57 or P T(2—20)T(2-28)T(2—2)T(B3-—a—B—7)’ (56)
7 1 1 1
(5:5—@—,3—7; r%:?(mq—tq)2+7(yp—8p)2+l222l
1 1 1 2 1 1 1 2
2:7 q_tq2 = 2p - [N 2:72q _tp Il .
7”2 q2 (',B ) +p2y + lg (Z 8) ’ 7”3 qQ'T +p (y ) + l2 (Z 8)

Here Fy is Appell hypergeometric function defined in (2.2)).
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Lemma 5.1. If the function T (x,y) can be represented as . then the function uy (x,y, z) defined
by equality (5.3)) is a reqular solution of equation in the domain Q satisfying the conditions (4.4)
and

ul(a:,y,O) = Tl($7y)7 'U,l(.’L',O, Z) = 07 u1(07y7 Z) =0. (57)

Proof. First let us prove that the function (5.3|) satisfies the degenerate elliptic equation ((1.1)). For
this purpose, we consider the auxiliary function

W (z,y, z;t,8) = zyzr; w(d, ), (5.8)
where
o 5,1 — B; _ 4t _ 4ys
(/.)(19,§) .—F2 2 _ 9 2_25719 s 19——7%,§——T—%.

We calculate the necessary derivatives of the auxiliary function W with respect to the variables
x, y, z and substitute them into the degenerate elliptic equation (1.1). As a result, we obtain the
relation

y" 2" Wo, + o szyy + z"y"W,, =
= Pyzr;] P {01 — Pwgy — Iswoe + [2(1 —a) — (2 — a4 6) 9wy — (1 — a)dw}
—l—:Eg,ZT‘;Q“ {§(1 - g)w“ - 19§w19§ + [2(1 - B) - (2 - 5 + 5)§] We — (1 - ﬁ)éw} = 07

which is equivalent to the following system of hypergeometric equations

I(1 — DNwyy — Iswye + 2(1 —a) = (2—a+6) Y wy — (1 — a)dw =0,
§(1 - g)w<< - 19§w19< + [2(1 - B) - (2 - B + 5)d We — (1 - 6)5‘*‘) =0.

Comparing the last system of equations with the system of equations ([2.3|) for the Appell function Fs,

we can conclude that the function ([5.8)) is a solution of the corresponding degenerate elliptic equation.

Consequently, the function u;(z, y, z) defined by (5.3)) satisfies the degenerate elliptic equation (1.1]).

Now we prove that the function wu;(x,y, z) satisfies the boundary conditions (5.7)). Indeed, intro-
ducing in the integrand in (5.3) instead of ¢ and s new variables

L7 —at) (s —y")
R

lu:

9

we obtain

! l
uy (x,y,2) = 126-2} myz2l(a+6 2) / / l“q —{—,uqz /l) (yp + vgz /l)

lx? lyP L+t +V2)

gz pAt
| 6 l-al=p; 4Pz (29 + pg2' 1) APyP (yP + vpzt/l)
X — _
2 -2, 220, P22 (1 +p2+02)" p222 (1 + p? 4 12)

XTy [(xq + ,uqzl/l)l/q (y? + ypzl/l)l/p} dudv.

Taking the expression (5.6)) into account for the coefficient k3, considering the well-known formula
for calculating the double improper integral [8, p. 633, Eq. 4.623]

o

//cp(a +b22d$dy— /
00

0

and Legendre’s duplication formula [0, p. 5, Eq. 1.2(15)],

222—1

res) ==~ I‘(z)I‘(z + ;)
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we obtain
lin}) uy (z,y,2) =11 (2,9) . (5.9)
z2—

Using the similar transformations, we have

lin% u (z,y,2) =0, lin(l) uy (z,y,2) = 0. (5.10)
z— y—

Therefore, based on equalities (5.9) and (5.10) we conclude that the function u,(z,y, z), defined by
, satisfies conditions

Let us show that if given functlon 71 has representation (4.5), then the function u;(z,y, z) defined
in . tends to zero at infinity.
Using the transformation formula for Appell function F» [0, p. 240, Eq. 5.11(8)]

F2 a7b17b2; z,y :(1—$—y)_aF2 a7cl_61762_b2; z ’ Yy ,
C1, C2; C1, C2; r+y—1z+y—1

we write the function (5.3) in the form

Tl t S tn+1 m+1 (5, 1—a 57 4x9td ypsp
(«73 Y,z2) = kayz// F2 2 . 20[7 2 . 2ﬂ, q p2 7p7p2 dtdS, (511)

where

1 1 1
p2: ?(xq+tq)2+E(yp+sp)2+f222l'

It is easy to see that in the following inequality holds
4x9t9 4ypsp
@ P

Let us prove that when the point (x,y, z) tends to infinity, i.e. when R — oo, the function

tends to zero. It known from the theory of Appell functions [2], that, if |z| + |y| < 1, then for any
values of the numerical parameters the Appell hypergeometric function F5 is bounded:

<1, >0,y>0,2>0,t>0,s>0.

| F2 ((I, b17b2;cl7c2;$7y) |S Cl’ |l’| + |y| <L
Next, applying the representation (4.5 for given function 7 (x,y), we obtain

’ | < o // tn+18m+1dtd8 (5 12)
Uy 2LY=z 1 7/2—a—B—v" '
(14 ot L) [ (o g0 4 & (g ) 4 422

Substituting ¢ and s for

in the last double improper integral ([5.12]), we get

@G r oy
R261—2a—26—2fy R R

where €; > a + 5 + 7 (see condition in (4.5 ) and

TT prdudy
K(w7y;R)=// — e (5.14)
0o (u2 v )" (1 4024 2204 2

- K (z,y; R), (5.13)

‘Ulf <

= e

It is easy to show that the double improper integral on the right-hand side (5.14]) is bounded as
R — o0. Indeed, using the formula [7]



Lauricella hypergeometric function Fj{” with applications ... 81

—+oo

+oo

/ / 2 Pty da,

S ()™ e ()™ [ ()™ 4 (rawa) ™)
N—_——

n

:F(pl/(h)-"F(pn/Qn)F(P_t)F(S—’_t_P) P:&—i‘ _‘_Zﬁ
GG TP T ()T (s) @ G’

where py., qi, 7, and s are positive numbers (k = 1,n), 0 < P —t < s, and passing in (5.14]) to the
limit as R — oo, we obtain

lim K(;p,y’R):F(2_51)F(3/2—Q_IB_7+61)

2. 1
o w@2-a-g-y 0 CTPTrsas (5.15)

Thus, by virtue of (5.13) and ([5.15)) the following estimate is valid:

Cy

lup| < R a )

a+fB+v<e <2, R— oo (5.16)

Considering (5.16[), we conclude that the function (5.3)) vanishes at infinity. Lemma is proved. O

Remark 5.2. Repeating the arguments given in Lemma [5.1] one can prove two lemmas concerning
the functions usy(x,y, z) and uz(x,y, z) defined by equalities ([5.4]) and , respectively. Thus, if the
representations and are valid for the given functions 75(z, z) and 73(y, ), then each of the
functions us(x,y, z) and usz(z,y, z) is a solution to the degenerate elliptic equation that vanishes
at infinity and satisfies the set of conditions

uz(x,y,()) = 07 ’LLQ(.%',O, Z) = TQ(JJ,Z), u2(07yaz) = 07

US(xayv O) = 07 ’LL3(Z‘,O, Z) = 07 u3(0,y, Z) = TS(ya Z),
respectively.

Theorem 5.3. If given functions 1 (x,y), m(x,2) and 73(y, z) have the representations (4.5)), (4.6))
and (4.7), respectively, then the function u(x,y, z) defined in (5.2) is a reqular solution of the equation
(1.1) in the domain Q2 satisfying the conditions (4.1) — (4.4).

Proof of Theorem [5.3] follows from Lemma [5.1] and Remark 5.2

REFERENCES

[1] Amanov D. Some boundary value problems for a degenerate elliptic equation in an unbounded domain.
Izv.AN UzSSR, Ser.Fiz.-Mat.Nauki, -1984. —-1.— P. 8 — 13.

[2] Appell P. Sur les séries hypergéométriques de deux variables, et sur des équations différentielles linéaires
aux dérivées partielles C.R. Acad. Sci., Paris, — 1880.-90. — P. 296 — 298.

[3] Appell P. and Kampe de Feriet J. Fonctions Hypergeometriques et Hyperspheriques; Polynomes d’Hermite,
Gauthier - Villars. Paris. — 1926.

[4] Bers L. Mathematical Aspects of Subsonic and Transonic Gas Dynamics Wiley New York. — 1958.

[5] Candelas P., de la Ossa X., Greene P., Parkes L., A pair of Calabi-Yau manifolds as an exactly soluble
super conformal theory. Nucl. Phys., — 1991. — B539. — 21 — 74.

[6] Erdélyi A., Magnus W., Oberhettinger F., Tricomi F. G. Higher Transcendental Functions 1, McGraw-
Hill, New York, Toronto, London. — 1953.

[7] Ergashev T. G., Tulakova Z. R. The Neumann problem for a multidimensional elliptic equation with
several singular coefficients in an infinite domain. Lobachevskii Journal of Mathematics,— 2022. — 43(1). —
P. 199 — 206.

[8] Gradshteyn I. S., Ryzhik I. M Table of integrals, series, and products Academic Press Amsterdam. — 2007.



82 Hasanov A., Ergashev T.G., Djuraev N.

[9] Hasanov A., Karimov E. T. Fundamental solutions for a class of three-dimensional elliptic equations with
singular coefficients. Applied Mathematics Letters,— 2009. — 22. — P. 1828 — 1832.

[10] Karimov E.T. A boundary value problem for 3D elliptic equation with singular coefficients. Progress in
analysis and its applications, — 2010. P. 619 — 625.

[11] Karimov E. T. On the Dirichlet problem for a three-dimensional elliptic equation with singular coefficients.
Dokl.AN Uz, — 2010. — 2. - P. 9 — 11.

[12] Karimov K. T. Nonlocal problem for an elliptic equation with singular coefficients in a semi-infinite
parallelepiped. Lobachevskii Journal of Mathematics, 2020. — 41(1). — P. 46 — 57.

[13] Karimov K. T. Boundary value problems in a semi-infinite parallelepiped for an elliptic equation with
three singular coefficients. Lobachevskii Journal of Mathematics, — 2021.— 42(3).— P. 560 — 571.

[14] Korenev B.G. Introduction to the theory of Bessel functions. Nauka, Moscow, 1971 (in Russian).

[15] Lauricella G. Sulle funzioni ipergeometriche a piu variabili Rend. Circ. Mat. Palermo, — 1893. — 7. — P.
111 — 158.

[16] Mamayev N.V., Lukin A.S., Yurin D.V., Glazkova M.A., Sinitsin V.E. Algorithm of nonlocal mean based
on decompositions via Hermite functions in problems of computer tomography. Proceedings of the 23rd
Inter. Conf. on Comp. Graphics and Vision GraphiCon2013, Vladivostok, Russia. (2013) Sept 1620, P.
254-258 (in Russian).

[17] Miranda C. Partial Differential Equations of Elliptic Type Berlin Springer. — 1970.

[18] Niukkanen A.W. Generalised hypergeometric series arising in physical and quantum chemical applications.
J. Phys. A: Math. Gen., — 1983. — 16.— P. 1813 — 1825.

[19] Salakhitdinov M. C., Hasanov A. Tricomi problem for a mixed type equation with a non-smooth degeneracy
line. Diff. Uravn., — 1983. — 19(1).— P. 110-119.

[20] Smart U.M., Celestial mechanics. Longmans, Green and Co, London - New York - Toronto, 1953

[21] Srivastava H. M. Karlsson P. W. Multiple Gaussian hypergeometric series New York, Chichester, Brisbane
and Toronto Halsted Press (Ellis Horwood Limited, Chichester), Wiley. — 1985.

[22] Tulakova Z.R. Spatial mixed problems and Neumann problem for the three-dimensional elliptic equation
with the two singular coefficients. Uzbek Math. Journal, — 2024. — 68(3). P. 150-157.

Hasanov A. ,

Department of Differential Equations and Applica-
tions, V.I.Romanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences, Tashkent, Uzbek-
istan

Department of Mathematics, Analysis, Logic and Dis-
crete Mathematics, Ghent University, Belgium

email: anvarhasanov@yahoo.com

Ergashev T.G. ,

Department of Differential Equations and Applica-
tions, V.I.Romanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences, Tashkent, Uzbek-
istan

Department of Higher Mathematics, National Re-
search University " TITAME” Tashkent, Uzbekistan
Department of Mathematics, Analysis, Logic and Dis-
crete Mathematics, Ghent University, Belgium

email: ergashev.tukhtasin@gmail.com

Djuraev N.,

Department of Higher Mathematics, Karshi Engineer-
ing Economics Institute, Karshi, Uzbekistan

email: norqul.djurayev@mail.ru



Optimal pursuit game of two pursuers ... 83

Uzbek Mathematical Journal
2025, Volume 69, Issue 3, pp
DOI: 10.29229 /uzmj.2025-3-8

Optimal pursuit game of two pursuers and one evader with the

Gronwall type constraints on controls
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Abstract. We study a differential game of two pursuers and one evader, whose dynamics are
described by linear differential equations, in R™. The control functions of pursuers and evader are
subjected to the Gronwall type constraints. The game is said to be completed when the state of the
evader coincides with the state of any pursuer. The pursuers aim to complete game as soon as possible,
while the evader tries to either evade capture or prolong the time until capture. We construct optimal
strategies of players and find an equation for the optimal pursuit time.

Keywords: Differential game, Gronwall constraints, pursuer, evader, optimal pursuit time, optimal
strategy
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1. INTRODUCTION

Isaacs used the concept of differential games for the first time [I8]. Then many researchers such as
Azamov [2], Blagodatskikh [6], Pashkov et al. [21], Petrosjan [22], Pshenichnii [23], Subbotin [25] and
others developed differential games theory.

Differential games of many players are considered one of the most important current discussions
(see for example, [3 [7, [8] 9] 10, 12} [13] [14] 19, 20} 23] 26, 27, 28, 29]). Most of the literature considers
differential games when the pursuers move faster than the evader to complete the game. The paper
[8] is devoted to simultaneous multiple capture of the rigidly coordinated evaders by several pursuers.

Optimal pursuit-evasion games are another difficult and significant branch of differential games (for
instance, see [1], [5], [15, 16 17, 20]). To construct optimal strategies for players and to find optimal
pursuit-evasion times are the main problems for such games. In paper [I5], the optimal pursuit game
described by infinite system of differential equations is considered. The papers [16] [I7] by Ibragimov,
investigate the optimal pursuit differential games of many pursuers. In the games, optimal strategies
of players were constructed.

The differential game problems are studied usually under geometric, integral and mixed constraints.
However, in the recent works on differential games, control functions are subjected to Gronwall type
constraints [I], 4, 24]. The papers by Samatov et al. [4, 24] were considered optimal pursuit-evasion
and ”Life line” differential games of a pursuer and an evader with Gronwall type constraints.

In the paper [1], a simple motion differential game of two pursuers and one evader is studied. The
players’ control functions are subject to the Gronwall-type constraints. While the present paper is
devoted to a linear differential game of optimal pursuit of two pursuers and one evader when the
control functions of players are subjected to Gronwall type constraints. We find optimal pursuit time
in terms of reachability sets and construct optimal strategies of players. To prove the main theorem,
we consider an auxiliary differential game in a half plane.

1.1. Statement of problem. Let the dynamics of two pursuers x, x5 and one evader y be described
in R” by the following differential equations:

J:’i = ax; + U, "El(O) = T;0, 7= 1,27

; 1.1
y=ay+v,  y(0)=yo, (1.1)

where x;,y, €0, Yo € R", u; and v stand for the control parameters of the i-th pursuer z;, ¢+ = 1,2, and
evader y, respectively, a is given positive number.
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Definition 1.1. Measurable functions w;(t) = (u;i1(t), uie(t)) and v(t) = (v1(t),vs(t)), t > 0, that
satisfy the following constraints

t
u;(t < pi°+ u;(s s, t>0, 1.
2 249k *d 0 2
0
t
WP < ﬁ+%/Mﬂ%&t2Q (1.3)
0

are called admissible controls of pursuers z;, ¢ = 1,2, and evader y, respectively, where p;, p2, o
(p; > o i=1,2) and k are given positive numbers.

We let U;, U, and V denote the set of all admissible controls of pursuers z;, o, and evader y,
respectively.

The trajectories of pursuers and evader corresponding to admissible controls u;(-) and v(-) are
defined by the following equations

t t

m&:mw+/ﬂ”%@$J:Lzy@zmw+/$“%@®, (1.4)

0 0
respectively. We need the following statement.

Lemma 1.2. [II] If, for the positive numbers p and k,
t

WO <+ 2k [ () s,
0

then |w(t)| < peFt, where w(t), t > 0, is a measurable function.

By Lemma for the admissible controls u;(-) € U and v(-) € V, we have
lus (8)| < pie®®, |o(t)] < oeM, t>0. (1.5)
It should be noted that doesn’t imply and . It is not difficult to verify that if
lu; (t)| = pie®, |v(t)| = oe™, t >0, (1.6)

then equations ([1.2]) and ([2.1)) are satisfied, respectively.
Next, we give definitions for the optimal strategies of players and optimal pursuit time.

1.2. Guaranteed pursuit time. Let H(z,r) (respectively, S(z,r)) denote the ball (sphere) of radius
r and centered at x, and let O be the origin.

Definition 1.3. We call the function

Ui(wio,yo,t7v), Ui : R2 X R2 X [0,00) X H(0,0’ekt) — H(O,piekt), 1€ {]., 2},
strategy of the pursuer x;, if for any v(-) € V and for u; = U;(x;0, o, t,v(t)), the initial value problem
(1.1) has a unique solution (z;(t),y(t)), and

t
‘Ui(xw?yO’tuU(t))’z S p;z + 2k‘/' ’Ui(xi()vy()u 87’0(8))‘26187 t Z 0
0

In other words, the pursuer z; uses information about the initial states 9, yo, and the value of the
control parameter v(t) at the current time ¢.
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Definition 1.4. We say that the strategies U; = U;(z;0, Y0, t,v(t)), i = 1,2, ensures the completion
of the game for the time T'(Uy,U,) if, for any v(-) € V, we have x;(7) = y(7) for some i € {1,2}
and 7 € [0,T(Uy,U,)|, where (z1(t),z2(t),y(t)) is the solution of initial value problem with
U; = Ui(xio,yo,t,v(t)), 1= ]., 2.

We call the number T'(U;,U;) a guaranteed pursuit time. It should be noted that any time 77,
T > T(Uy,Us), is also a guaranteed pursuit time corresponding to the same strategies Uy, U,. Let
T*(Uy,Us) denote the infimum of the numbers T'(Uy, Us) corresponding to the strategies Uy, Us.

The pursuers try to minimize T7*(U;,U,) by choosing their strategies U, U, and the evader
tries to maximize T*(Uy,Us,) by choosing v(:) € V. If, for some strategies Ui, Uy of pursuers,
U11n£2 T*(Uy,Uy) = T*(Uyg, Ug), then Usg, Uy are called optimal strategies of pursuers and the number

T*(Uro, Usp) is called a guaranteed pursuit time in the game.
1.3. Guaranteed evasion time.

Definition 1.5. A continuous function
V (210, Too, Yo, t, 11, T2, y), V : R X R? x R? x [0,00) x R? x R* x R* — H(O,aekt),

is called a strategy of the evader if, for any w;(-) € U;, i = 1,2, and for v = V(x19, Z20, Yo, t, 1, T2,Y),
the initial value problem (|1.1]) has a unique solution (x(t), z5(t), y(t)) and along this solution

t
\V (210, 20, Yo, t, 21 (t), T (1), y(1))|* < 0 + Qk/ \V (210, 20, Yo, S, T1(8), Ta(5), y(s))|*ds, t > 0.
0

Definition 1.6. We say that the strategy V guarantees the evasion on the interval of time [0,7(V))
if, for any w;(-) € U,, i = 1,2, we have z,;(t) # y(t), for all i = 1,2 and ¢t € [0,T(V)). We let T,.(V)
denote the supremum of the numbers 7'(V') corresponding to the strategy V. Also, we call the number
T.(V) a guaranteed evasion time corresponding to the strategy V.

The evader tries to maximize the number T, (V') by choosing the strategy V', and the pursuers try
to minimize the number 7, (V) by choosing the controls u;(-) € U;, i = 1,2.

Definition 1.7. If for some strategy V; of the evader sup 7. (V) = T.(Vp), then Vj is called optimal
v

strategy of the evader, and the number T,(Vp) is called a guaranteed evasion time in the game. If
T*(Uyg,Usg) = T (Vp), then this number is called optimal pursuit time in the game ((1.1)).

Problem. Construct optimal strategies Uyg, Usy of the pursuers and that Vi of evader, and find
the optimal pursuit time in game (1.1]).
2. MAIN RESULT
In this section, we demonstrate the main result of the paper.

Theorem 2.1. The number
6 =min {t > 0| H(yoe™,r(t)) C H(z10e™, Ri(t)) U H(z20e™, Ra(t))} (2.1)

is the optimal pursuit time in game ([1.1).

t t
Let & = xio+ [ e u(s)ds and n = y; + [ e **v(s)ds. By (L.4) the equality &;(t) = n(t) is equivalent
0 0

to x;(t) = y(t). Therefore, it is sufficient for us to show that &;(¢) = n(t). Therefore, we consider the
following game instead of (|1.1)):

éi = e_atui7 gz(o) = Zj0, 1= 1727
at

=, 1(0) =y, (22)
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where &, 7, T, Yo € R?, u; and v stand for the control parameters of the i-th pursuer &;, i = 1,2, and
evader 7, respectively.
Let

p t
R;(t) = pi/e(k—a)sds’ i=1,2, r(t) = U/e(k_a)sds.
0 0

It’s easy to establish that the set of all points the pursuer &; (and respectively the evader 1) can reach
from the starting point x; (respectively yo) at time ¢t = 0 up to time ¢ forms the ball H(x;o, R;(t))
(and respectively, H (yo,7(t))).

2.1. A differential game in the half plane. To prove the theorem, we examine an auxiliary
differential game involving a single pursuer x and a single evader y, governed by the following equations:

. t
§=e""u, €£(0)=wmo=(210,22), [u(t)]®<p*+2k[|u(s)Pds, t=>0,
o (2.3)
n=e""v, n(0)=1yo=(Y10,y20), @) <0®+2k [|v(s)*ds, t=>0.
0

t
Assume that p > 0. Define R(t) = p [ e*~9*ds, and suppose the circumferences S(zg, R(6)) and
0

R(0)

Yo

F1GURE 1. Game in the half plane X.

S(yo,7(0p)) intersect for some 0, > 0. We pass a straight line I' perpendicular to the vector yo — xg
through the intersection points of these circumferences (see Figure . We label the half-plane bounded
by I" and containing the point zy by X. Note that the half-plane X may not include the point y,. It
is assumed that the evader must be within the half-plane X at the time 6y, while the pursuer aims to
achieve the condition £(t) = n(t) as soon as possible.

Lemma 2.2. If the position of the evader y(6y) belongs to X, then 6 is the guaranteed pursuit time

in game (2.3)).
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Proof. The pursuer uses following strategy

Yo — Zo
u=v— (v,e)let+e 2 —og2)e?kt + (v,e)2, e= . 2.4
(v,€)e + ey/ (p? — 02)e + (v, ) e (2.4)

We assume, without loss of generality, that X is the upper half-plane bounded by the z-axis.
Consequently, we have x1y = y19. It can be easily shown that

2 .2
ln<1+(k‘—a) M)

Admissibility of strategy (3.1) can be easily verified from the obvious equation: |u(t)]? =
(p* —o?) e + Ju(t)]* and (L.2).
Since yo — ¢ is perpendicular to the z-axis, e = =20 = (0, —1), and consequently, strategy (3.1))

1
0, —
07k

—a

lyo—=zo|
is simplified to the form
Uy = vy, Uy = —\/(p2 — 02) ekt + v3. (2.5)
The condition 7(fy) € X can be written as follows
0o
e~ "uy(s)ds > —yao. (2.6)
0
By (3.2) ui(t) = vi(t), t > 0, and hence & (t) = n:(t), for all ¢ > 0. Therefore, it suffices to show
that &(7) = ma(7) at some 7, 0 < 7 < . To this end, we consider the following vector function
() = (Vp* = o2elh=2t e=atyy(t)), t > 0. Then
6o 0o
&E(00) —m2(00) = a9 — Yoo — /e“”\/(p2 — o2)e?ks + vi(s)ds — /e‘“svg(s)ds
0 0
90 90

= Ty — Y20 —/\f(s)|ds—/e_“5v2(s)ds

0 0
0, 0,
Since [ |f(s)|ds > |[ f(s)ds|, then
0 0
0, 0,
a(6o) —ma(bo) < Tag — Yoo — /f(S)ds — /eaSUQ(S)dS
0 0
p) p) O i
-0
= T30 — Y20 — (Z—a (e(kfa)eg - 1) ,/easvg(s)ds) - /e“svg(s)ds
0 0
i N o\ 1/2
_ p-—a k—a)0o 2 —as
= T20 — Y20 — (i )2< (k=a) 1) + (/6 vz(S)ds)
0

- /e‘“svg(s)ds. (2.7)

By letting foao e~ “vy(s)ds = 8 on the right-hand side of (3.6)), we examine the following function:

p2_0-2

f(B) = 220 — Y20 — \/(k_a)Q(e(k_“)a" — 1) 4 82— B,
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where by (3.3)) 8 > —yao. For the derivative of f(/), we have

B
F(8)=— ——— = —1<0.
e (e —1)7 + 32
Thus, the function f(3) is decreasing, hence, it reaches its maximum value at 5 = —yzy. Consequently,

by using this in (3.6]), we obtain:

2

2 — g ) , 1/2
£(00) —1m2(00) < @a0 — Yoo — <(k—a)2 (e(k_a)eo — 1) + (—y20) > + Y20

2 2 9 1/2
I A OO 2 _
T20 ((k — o) (e 1) + y20> 0.

By combining this inequality with the condition &(0) — 72(0) > 0 and noting that & (t) — n2(t) is
continuous, we conclude that there exists some 0 < 7 < 6y such that &(7) — n2(7) = 0.

Recalling that & (t) = n;(¢) for all t > 0, which specifically implies & (7) = n:1(7), we have (1) =
n(7). Consequently, §, serves as a guaranteed pursuit time in game . This completes the proof
of Lemma 2.2 O

Next, we prove Theorem

Proof. We will begin by demonstrating that 0 is a guaranteed pursuit time in game ({1.1). To do this,
we suggest that the pursuers use the following strategies:

u=v— (v,e;)e; + ei\/(pf —o2)e?kt + (v,e;)?, e = M, i=1,2. (2.8)
Yo — Tio
It is not difficult to see that strategies (3.2)) are admissible.
The following two cases are considered for the time 6:

Case 1. H(yo,7(0)) C H(wp0, Ri,(0)) for some iy € {1,2} (see Figure [2).

FiGURE 2. Case 1: H(yo,r(e)) C H(l’lo,Rl(Q))

In this case, one can prove that strategies (3.7]) guarantee the completion of pursuit for the time

In (1 (k= g0 = %ol yo’) .
p—0

0=

k—a
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More specifically, only the pursuer x;, is capable of finishing the game within the time 6. Figure [2]
depicts Case 1, where iy = 1, indicating that only the first pursuer x; can complete the game by the

time 6 [24].

R(0

T10 .

X

FiGURE 3. Case 2: H(yo, T(‘g)) C H(Ilo, R1(8>> U H(l’go, RQ(H))

Case 2. (see Figure [3)
H(yo,r(0)) € H(zi,Ri(0)), i=1,2, H(yo,r(0)) C H(x10, R1(0)) U H(220, R2(0)). (2.9)
In Case 2, by the definition of 8 we have the following relation
H(yo,r(t)) ¢ H(x10, R1(t)) U H (x99, Ra(t)), 0<t <. (2.10)

We show that 6 is a guaranteed pursuit time in game . Indeed, for some y € S(yo,7(0)), we
have
€ S(x10, R1(0)) NS (20, R2(0)), (2.11)
¢ H(xz, Ri(t)) U H (20, Ra(1))

L

forall 0 <t <#6.

We draw straight lines I'; from the point 7, perpendicular to the vectors yo — x;, ¢ = 1,2. For
example, Figure 3 illustrates the straight line I';. The half-plane bounded by the straight line I'; that
includes the point x;y is denoted as X;, where 1 = 1, 2.

It can be shown similar to Assertion 4 (Appendix, [I7]) that H (yo,7(6)) C X; U X,. By combining
this inclusion with the fact that y(0) € H(yo,r(#)) we conclude that y(#) must be in either X; or X,.
If y(#) € X, then by applying Lemma we obtain z1(71) = y(m1) at some 0 < 77 < 6; similarly,
if y(f) € X», then Lemma implies z5(72) = y(72) at some 0 < 7, < #. This concludes that 6 is a
guaranteed pursuit time in game .

Next, we demonstrate that 6 is a guaranteed evasion time in game for both Case 1 and Case
2. We let the evader employ the following strategy:

V()= 22 ek, >0, (2.12)
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where g is defined as above in Case 2, and § € S(yo,7(0)) N S(x10, R1(#)) in Case 1. Strategy (4.1)) is
admissible. Indeed,

N

"R etk gs — Yo+ U — Y =1,
- yo‘

<

0 0
n0) =0+ [ e us)ds =y + [
0 0

that is the evader reaches the point ¢ at the time 6.

What remains is to demonstrate that &;(t) # n(t) for all 0 < t < 6 and ¢ = 1,2. The following
reasoning applies to the definition of § in both Case 1 and Case 2. Suppose the contrary, let & (7) =
n(t) at some 7 < 0 and iy € {1,2} when the evader applies (4.1). For specificity, assume i, = 1, that

is, & (1) = n(7). This implies [ e~ **(u;(s) — v(s))ds = yo — x10. Then using n(f) = 7, we have
0
0
| —x10] = |yo+ /e“sv(s)ds — Z1g
0
0
= |0~ z0) + [ e u(s)as
0

T

_ / e~ (u(s) — v(s))ds + /g e~(s)ds

Il
— . °

e_“sv(s)ds—i—/e_“ul(s)ds
0

T

=5 Ju(s)] ds + /e‘“ lun(s)] ds
0
0 T

a/e_aseksds+p/e_“seksds

T 0
0

< p/e(k“)sds = Ry(0).

0

IA
e— o ]

IN

This implies y lies within the interior of the ball H(x10, R1(#)), and therefore y € H(x1o, R1(t1)) for
some t; < 6. This contradicts condition (2.11). Consequently, & (t) # n(t) for all 0 < t < 6 and
1 = 1,2, meaning that 6 is a guaranteed evasion time. Therefore,  is the optimal pursuit time. The
proof of the theorem is now complete.

O
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3. CONCLUSIONS

We have studied a differential game described by a linear differential equations involving two pur-
suers and one evader in R?. The control functions of players are subjected to the Gronwall type
constraints. We have found an equation for the optimal pursuit time and constructed optimal strate-
gies of players. The optimal strategies of pursuers are defined by the equation (3.7) and the optimal
strategy of the evader is defined by . The optimal strategy of the evader satisfies the equation
|v(t)| = oe*. Also, according to the Gronwall type constraint we have |v(t)| < oe¥'. Therefore,
we can say that the evader moves with its maximal speed. The equation |v(t)| = oe** and imply
that |u;(t)] = p;e*, i = 1,2, meaning that the pursuers move with maximal speeds as well.
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Abstract.In approximate integration, an interesting and relevant problem is the construction of
formulas with a minimum number of nodes for a given algebraic degree of accuracy.
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1. INTRODUCTION

The literature [1, 2, [3, 14} [5, [6] provides a theory for constructing approximate integration formulas,
and a number of quadrature and cubature formulas are presented. Cubature formulas are constructed
mainly for standard domains: C,, is an n-dimensional cube, C"!! is an n-dimensional cubic hull,
S, is an n-dimensional ball, S"™! is an n-dimensional spherical hull, U, is a sphere (the surface
of an n-dimensional ball), T,, is an n-dimensional simplex, Eff is an n-dimensional space with the
weight function exp (—zf — 23 —--- —x2), E" is an n-dimensional space with the weight function
exp (—\/w% +ai+-+ w?L), etc.

In the works [7, [8, 9} 10} [IT] applications of orthogonal polynomials to the construction of cubature
formulas are shown, and in [12] 13| [14] cubature formulas with a minimum number of nodes for a
given degree of accuracy for some domains are constructed.

In this work cubature formulas of the fifth and seventh degrees of accuracy are constructed for
domains symmetric with respect to the coordinate axes. The point (0,0) the origin of coordinates is
the center of symmetry, which belongs to the domain of integration. Cubature formulas of the fifth
degree of accuracy are constructed using theorem 11.6 [5] p. 234, and the formula of the seventh
degree of accuracy is constructed using a modified method of the reproducing kernel, adapted for
domains with central symmetry [5] p. 245. The number of nodes of the constructed cubature formulas
is minimal.

In recent years, a number of results have been obtained on the construction of optimal formulas for
the approximate calculation of definite integrals (see [15] [16] 17, 18, 19, 20] ).

1.1. Construction of a cubature formula of the fifth degree of accuracy. Let us write out
the main orthogonal polynomials of the third degree of the region under consideration:

Py = — 0 Py = a? - P20 Py = 2%y - B2y Py = p - By,
H20 fh20 L1032 02
Consider the following linear combination:
fl :aP21‘i"}/P03:y(043;‘2—|—fyy2_01'111224_’)/'[1104>7
Ho2
91 = P = 0P, = a(a® ~ 1) (L)
22 H22

Let us list the intersection points of the curves f; =0, g1 = 0: (0,0) is triple point,

<O,i Qlh21 +5M04> — (0, +0), (i\/ﬂzz(aum + Yhtos) i\/#zz(aﬂzz +7M04)> — (+a, +b)

o2 oz (Qptao + Yhiza) o2 (upiao + YHt22)

Curves f; = 0, g1 = 0 intersect at nine points taking into account multiplicity, therefore, by theorem
11.6 [5] p. 234, the following cubature formula exists:
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9*F(0,0) n 9*F(0,0)
0z? 0y?

4 2

+A> F(+a,+b)+ B F(0,%c)

1 1

/ F(z,y) dzdy ~ CyF'(0,0) + Cyo

algebraic degree of accuracy s < 5.

The terms containing the values of the derivatives F,, F),, F,, at the point (0,0) are not written
out here, since it is known in advance that the coeﬂiments of these derivatives are equal to zero. This
follows from the symmetry of the region €2 and the arrangement of the nodes of the cubature formula
(1.2).

The values of the parameters a, b, ¢ are defined as follows: In the cubature formula (1.2), assuming
F = fi -y, we obtain that the integral is equal to zero due to the orthogonality of the polynomial
f1, and in the cubature sum only the term —2Cj; ““"’27‘”””4 remains, since all nodes lie on the curve
f1 = 0. From this we conclude that Cy; = 0 for any « 7& 0, 8 # 0.

Next, consider the following orthogonal polynomial:

Qg + 7#22)

H20 (1:3)

fg = OéPgo +"}/P12 = x(ax2 +’Yy2 -
We define the values of « and « so that the second moments of the polynomials f; and f, are equal.
This is equivalent to the equality:
M22 . Hoa _ ,U4o I /B,Uzz
Hoz M20 ,u H20
From this we get:
Q= aoftos — Mo2i22, B = fozitao — Haofa2- (1-4)
Thus we have:

fi=y(a®+y*)—A), fr=z(a(z®+y%) —A4),

where A = pgapiao — p2, > 0, since A is the Gram determinant composed of monomials x?, y?.
For F = fy -z, from (1.2) we obtain that the integral is equal to zero due to the orthogonality of
the polynomial f5, and in the cubature sum only the term —2C5,A remains, since all nodes of the
cubature formula (1.2) also lie on the curve f, = 0. From this we conclude that Cy = 0.

Now we present the values of the nodes, taking into account equalities (1.4)

() = (+/205 ) 0,20 (O,i\/§>

Let us write the final form of the cubature formula (1.2):

4 2
/ F(z,y) dady = ConF(0,0) + A, 3. F(ka, 4b) + B, 3 F(0, +¢) (1.5)
1 1
where )
20 Y Qb + 7Y o2
A= B=—"—— Cy= -
Apigo’ N 00 = Moo A

and they are determined from (1.5) with F' = 22 y?, 1.
If we take the following polynomials as orthogonal polynomials:

fo = aPsy +yPiz = z(az® +yy° — A),

g2 = Py — FRoi _ y(il?z - @yz) (1~6)
Ha2 H22
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and having performed all the previous calculations, we arrive at the following cubature formula with
seven nodes

4 2
[ ) dwdy = Coob (0,00 + A ST Flar 4h) + B Y Flekar,0 (L.7)
o 1 1
where:
/ /A
ay = @, by = @, C1 =1\ —,
Ho2 o2 o
2 2
o2 o Qfbao + Y o2
Aj=—"2% B =—— Cy= -,
1 4%47 1 tos - A 00 = Moo A

Note that for other values of the parameters o and -, different from (1.4), the values of the partial
derivatives F},(0,0) and F,,(0,0), respectively, will participate in the cubature formulas (1.5) and
(1.7).

The number of nodes of the cubature formulas (1.5) and (1.7) N = 7 is minimal in the class of
cubature formulas that have among their nodes the origin of coordinates - the center of symmetry of
the domain Q [5], Theorem 9.1, p. 196.

Now we will conduct a comparative analysis of the obtained results, without performing computa-
tional work on constructing a cubature formula of the fifth degree of accuracy with the Radon method
of the reproducing kernel for £ = 2. This is explained by the fact that we have already obtained all
the necessary information.

(1) The values of the parameters a and 7 (1.4) are the same as in the Radon method for the
considered domain (.

(2) The nodes of the cubature formula (1.5) are the common zeros of two orthogonal polynomials.

fi=ylaz? +vy* = A), g =x <x2 — ygzm) ,
22

and in the Radon method, the nodes are the common zeros of three orthogonal polynomials:
fi=ylaa® +yy° = A), fo=—w(aa’ +9y° - A), g=z <w2 - yzlfo> :
22

For clarity of further presentation, we present Lemma 8.2 from [5], p. 178.
Lemma 8.2. If L(x) is a polynomial of degree one such that L(a) = 0, then the polynomial

L(x) - Kiy(z), k€N

is orthogonal to all polynomials of degree at most k£ — 1. In particular, if a is the common root of all
orthogonal polynomials of degree at most k + 1, then the polynomial L(z) - K;(x) is an orthogonal
polynomial of degree k + 1.

3. According to this lemma, the point a®) = (0,0) is the common root of all orthogonal polynomials
of degree three, which means that the polynomials

fr=ylaz® + 9y = A),  fo = z(az® +9y° - A)
differ with an accuracy of a non-zero constant factor from the polynomials

yK5(0,0;zy) and xK5(0,0;zy)

So we get
Ky(aWizy) = ci(az® +yy° — A), 1 #0
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Point a? is determined from the condition K,(a™,a®) = 0. It follows that a® = (0, \/§> , and
the corresponding kernel have the form

K2(a(2)7x7y) =C2 <1’2 - lmy2> ’ Co 7é 0.
H22

The curves determined by the reproducing kernels K (a”, xy) and i = 1,2 intersect at four different

real points:
< /M40 ,LL22> ia ib

then by Theorem 12.2 [5], p. 245 there exists a cubature formula

//medmdy_CooFOO +BZ( ( \[)+F<o, g))+A§:F(ia,ib),

where ) .
#20
C = —, B = —, A et
00 by by 4140’
b, = )( (1);a(1)) >0, b= )( (2);a(2)) >0,

so that Cyo > 0, B > 0.

2. CUBATURE FORMULA OF THE SEVENTH DEGREE OF ACCURACY

We will construct a cubature formula of the seventh degree of accuracy using a modified method
of the reproducing kernel. According to Theorem 12.2 [5], p. 245. In this section, we assume that
the boundaries of one integral depend on the variable of the other integral, while maintaining the
symmetry of the domain 2.

Let us present orthonormal polynomials of odd degree k < 3 of the considered domain 2:

_ /7 _ 1 [ H20 3 Hao )
fl_ L120 - y7 f3 Al < )
_ 4 x2+"1x3_%>, _ /MO2<3_M04>7

fa 4< Y AN AN fs A, Y Mozy

where
Ay = oo fleo — Mio >0, Ay = poatteo — M(2)4 >0, 01 = [aoltaz — Haolba2,

02 = Meol22 — HaoMa2, O3 = Moafta2 — Ho2M24, 04 = [oeM22 — Hoafb24-

Ay, Ag are normalizing factors that do not need to be calculated, this is found out quite simply.
As the point aV) we take the point a¥) = (¢, 0), so that the monomial xy? is absent in the reproduced
kernel. For this, it is sufficient to satisfy the equality:

Fiy(c,0) =0 (2.1)

From (2.1) we obtain:

01 02
—c® - —c =0
Ay

g2 )
=0, c= —\/
01 01
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Point (0,0) € V3, and points (j: %,O) ¢ V3, where V3 is the set of common zeros of the basic

orthogonal polynomials of degree three.

Let ) = (¢,0), c¢= /2.

Let us write the reproducing kernel of the point a):

1
KD (@, zy) = Fy (aD)Fy (2, y) + F3(a) Fy(z,y) = —cx + B2 (8 — B0y (53 - K10y

H20 Ay H20 20
After some simplifications we write:
K" (aW;z,y) = e (x3 - N42$> . (2.2)
01 M2z

We take same point on the ordinate axis a/® = (0, d) so that the reproduced kernel does not contain
the monomial zy?. For this, it is sufficient to satisfy the equality:

Fs(0,d) =0 (2.3)
From (2.3) it follows:

O3 2 04

A"

dy =0, dy—= ,/"4 —,/?.
3

Point (0,0) € V3, and points (j: %,0) ¢ Vi,

where V3 is the set of two zeros of the basic orthogonal polynomials of the third degree.

Let a® = (0,d), d= /%

The reproducing kernel of the point a(® is of the form:

d
K®(a®, zy) = 22 (?f’ lmy) (2.4)

03 25

Now we define the common zeros of the polynomials determined by the reproducing kernels:

(0,0),(i ’“‘42,0> (Oi “24>,
Ha2 H22

y—O

s — &m =0
22 :><j: /&7:& /”24>_
yS_%yzo M22 H22
H22

According to Theorem 12.2.1 [5], p. 215, there exists the following cubature formula of the seventh
degree of accuracy:

/ e, y) dedy = i 22 [f(am) n f(—a(i))} + Aif (iﬁi@) -
| £ 2b; ;

+BZf< Ha2 >+CZf<O i\/f)mpf(o 0), (2.5)

where:

b, = K?El)(a(l),a(l)) _ 02(‘72M223— 01 fla2) >0,
1
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by = K2 (a®,a®) = 04(o4u223— Os1is)
03
: 1
_ M 32“22@20_02)_214’
41U’42,Uf24 a2 bl o

>0

1
24 by 03
The cubature formula (2.5) is exact for algebraic polynomials of degree s < 7 and the number of
nodes N = 13 is minimal according to Theorem 9.1 p. 196 [5] in the class of cubature formulas that
have among their nodes the origin of coordinates the center of symmetry of the domain €.

3. CUBATURE FORMULA OF MEDIUM ACCURACY TAKING INTO ACCOUNT THE VALUES OF
SECOND-ORDER DERIVATIVES.

We will construct such a cubature formula using the method of indefinite parameters, arranging
the nodes according to the symmetry of the region and comparing the same values of the coefficients
to each group of symmetric nodes. Let us write the cubature formula in the following form:

//f(x,y) dedy =AY f(+a,+b) + B f(+c,0)+ DY £(0,+d)+
+Co £(0,0) + CQOWQQ?;@ + 02082*’;;2’0), (3.1)

where the undefined parameters are A, B, C, Cyy, Ca, Coa, a, b, ¢, d, the number of which is equal to
nine. We will find them by requiring that the cubature formula (3.1) has an algebraic degree of
accuracy s < 7. For this, the accuracy of equality (3.1) is sufficient for

f=1a2% %0t gt a?y? 2%yt 2yt oty
This follows from the symmetry of the domain and the arrangement of the nodes. The number of

equations is equal to nine, i.e. the same as the number of undefined parameters.
For f = 22 y? 2*y? 2%y* from (3.1) we obtain that

Next, putting in (3.1) f = z*,2° we obtain:

SOT Ll iy g .
4AQG + 2BC6 = Meo Mo — 4Aa4 2 (,U/GO — 4Aa6)2

{4Aa4 +2Bc* = Ju40, N 4Aab (t40 — 4Aa4)3
For f = 22 we get:

4Aa2 + 2BC2 + 2020 = M20,

from which we have:
C20 = % - 2ACL2 - BC2

Similarly, in (3.1), setting f = y*, 45, %, we get:

T 4 AbS D— (pos — 4ABY)?
Mg — 4Ab* ’ 2(,“06 - 4Ab6)2’

Coy = % _ 2A4b® — Dd>.
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And finally, for f =1 from (3.1) we get:

C()O = Moo —4A—QB—2D
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1. INTRODUCTION AND MAIN RESULTS

Let T denote the interval [0, 27]. Let L,(T), 1 < p < co be the Lebesgue space of all measurable
2m—periodic functions defined on T such that

£, = (/!f(a:)!pd:z) < c0.

Let T denote the interval [—m, w], C the complex plane, and L,(T), 1 < p < oo, the Lebesgue
space of measurable complex-valued functions on T. A convex and continuous function M : [0,00) —
[0, 00) which satisfies the conditions

M) = 0, M(z)>0 forxz>0,
w (M (@) /2) = O lim (M (@) /) = o,

li
z—0
is called a Young function. We will say that M satisfies the Ay—condition if M (2u) < ¢M (u) for any

u > ug > Owith some constant ¢, independent ofu.
We can consider a right continuous, monotone increasing function p : [0, 00) — [0, 00) with

p(0) = 0; tlim p(t) =00 and p(t) >0 for t > 0,

then the function defined by

[}

is called N—function. For a given Young function M, let EM(’]I‘) denote the set of all Lebesgue
measurable functions f : T — Cfor which

[ M@ do < .

The N—function complementary to M is defined by
N (y) := max (zy — M (z)) , for y > 0.

Let N be the complementary Young function of M. It is well-known [23, p. 69], [37, pp. 52-68]
that the linear span of Ly (T) equipped with the Orlicz norm

1710y = sp { [ 17@s@lde g€ L), [N (g@))do < 1} , (1)
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or with the Luzemburg norm

15 = inf { k>0 /M (’f(zf)’> e <1
T

becomes a Banach space. This space is denoted by Ly/(T) and is called an Orlicz space [23, p. 26].
The Orlicz spaces are known as the generalizations of the Lebesgue spaces L,(T), 1 < p < oo. If
M(x) = M(z,p) := 2P, 1 < p < oo, then Orlicz spaces Ly, (T) coincide with the usual Lebesgue spaces
L,(T), 1 < p < oo. Note that the Orlicz spaces play an important role in many areas such as applied
mathematics, mechanics, regularity theory, fluid dynamics and statistical physics (e.g., [12, 32, 39]).
Therefore, investigation of approximation of functions by means of Fourier trigonometric series in
Orlicz spaces is also important in these areas of research.
The Luxemburg norm is equivalent to the Orlicz norm. The inequalities

”szM(T) < ||f||LM(’]I‘) <2 HfHZM(T) , feLu(T)

hold [33, p. 80].
If we choose M(u) = w?/p, 1 < p < oo then the complementary function is N(u) = u?/q with
1/p+1/q =1 and we have the relation

p P ||u||Lp(’]1‘) = HUHZM(T) < ||u”LM(']1‘) < g/ HUHLP(T)v

1/p
where [lul|, ) = (1{ lu(x)[” d:c) stands for the usual norm of the L,(T)space.

If N is complementary to M in Young’s sense and f € Ly(T), g € Ly(T) then the so-called
strong Holder inequalities [23, p. 80]

/If(w)g(x)ldﬂf S sy 190z
T

J1r @@ dz < 110 9l
T

are satisfied.

The Orlicz space Ly, (T) is reflexive if and only if the N —function M and its complementary function
N Dboth satisfy the Ay—condition [37, p. 113].

Let G be a finite domain in the complex plane C, bounded by the rectifiable Jordan curve T
Without loss of generality we assume 0 € Int I'. Let G™: =Ext I'. Let also T := {w € C: |w| =1},

= Int T and D~ = Ext T. We recall that if for a given analytic function f on G, there exists
a sequence of rectifiable Jordan curves (I',) in G tending to the boundary I' in the sense that
I',, eventually surrounds each compact subdomain of G such that

[1rera: < & <,
F’!L

then we say that f belongs to the Smirnov class EP(G), 1 < p < oo. Each function f € EP (G) has
non-tangential limit almost everywhere (a.e.) on I'" and the boundary function belongs to L? (T").
We define also the Smirnov -Orlicz classes Ey (G)of analytic functions in G as

We define the norm of f € E)y (G)by

1 zpe) = Iy -
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Note that Smirnov-Orlicz class Eys (G) is a generalization of the Smirnov class E?(G). In particular,
if M (z):=2aP, 1 < p < oo, then the Smirnov-Orlicz class coincides with the Smirnov class E?(G)
20, 28].

Let also x be a continuous function on 27. Its modulus of continuity is defined by

w(t,x) = sup X (t1) = x (t2)[, = 0.

t1,t2€[0,27],|t1 —t2|<t
The curve I' is called Dini-smooth curve if it has the parametrization
I:x(t),0<t<2m,

such that x’ (¢) is Dini-continuous [36, p.48], i.e.

s t ,
/Mdmo
0

and
X' (t) #0.

Note that the order of polynomial approximation in E? (G), p > 1, has been investigated by several
authors. In [42] Walsh and Rusel gave results when I' is an analytic curve. When I is a Dini-smooth
curve, direct and inverse theorems were proved by S. Y. Alper [5]. These results were later extended
to domains with regular boundaries for p > 1 by V. M. Kokilashvili [30] and for p > 1 by J. E.
Andersson [6]. The approximation properties of the p—Faber series expansions in the w—weighted
Smirnov class E? (G, w) of analytic functions in G whose boundary is a regular Jordan curve are
investigated in [21].

We denote by ¢ the conformal mapping of G~ onto D~ normalized by

p(00) =00, lim #2)

Z—00 z

> 0.

Let ¢ be the inverse of . The function ¢ and ¥ have continuous extensions to I' and T, their
derivatives ¢’ and ¢’ have definite non-tangential limit values on I' and T a.e., and they are integrable
with respect to the Lebesgue measure on on I' and T, respectively. It is known that ¢’ € E* (G™)
and ¢’ € E' (D). Note that the general information about Smirnov classes can be found in [14, pp.
168-185] and [19, pp. 438-453].

We denote also by w = ¢ (z) the conformal mapping of G onto the domain D™ := {w € C: |w| > 1}
normalized by the conditions

¢1(0) = oo, lim(zy (2)) > 0,
z—0
and let ¢, be the inverse mapping of ¢; .

The functions ¥ and 1, have in some deleted neighborhood of the point w = oo the representations
Y(w) =qw o+ 22y >0
woow

and

The following expansions hold [11], [14] and [38]:

P (w) — 2 — wktl’

Y (w) iF’“(Z) ze€GandweD, (1.2)

and
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)
N (w) — — wk+1
where Fj, (z) and F} (i) are the Faber polynomials of degree k with respect to z and i for the

continuums Gand C\G, respectively. Also, for the Faber polynomials @ (2) and rational functions
F} (1) the integral representations

z€G and weD, (1.3)

_ N* + 1 ¢ ()" _ _
F.(z) = 2F/ = dC, k=0,1,2,..., z€ G,
1 1
b (Z>_[¢1(2)}’“_2m [CEC)] d¢, k=0,1,2, ..., z € G\ {0}
Iy

hold [11, 38].
Let f € L, (T'). Then the functions f™ and f~ defined by

)= 5 g@zdg == [1 (i((l;)))iblz(w)dw, ceG (1.4)
. )
nd O, f (W () 94 () ]
):Tm‘ — 2m/ dw, z€G (1.5)
are analytic in G and G- respectlvely, and f~ (00) = 0. Thus the limit

Se(£) (=) = nmi / 1) 4

C—=z
rn{¢:|¢—=[>¢}
exists and is finite for almost all z € I

The quantity Sr(f)(z) is called the Cauchy singular integral of f at z € I.

According to the Privalov theorem [19, p.431] if one of the functions f or f~ has the non-tangential
limits almost every (a.e.) on I', then Sp(f)(z) exists a.e. on I'" and also the other one has the non-
tangential limits a.e. on I'. Conversely, if Sp(f)(z) exists a.e. on I', then the functions f* (z) and
f~ (2) have non-tangential limits a.e. on I'. In both cases, the formulae

1 _ 1
fr@) =50 +5fG), f7(2) = 5(f)(z) = 5 /() (1.6)
and hence

fFR) =17 -1 (2) (1.7)
holds a.e. on I'. From the results in [25] , it follows that if I' is a Dini-smooth curve Sr is bounded
on Ly/(T"). Note that some properties of the Cauchy singular integral in the different spaces were

investigated in [10, 13, 15, 18, 25, 27, 29, 31, 35].
Let f € Ey (G). Then taking into account f € E'(G) and Cauchy’s intergral formula we obtain

Then using (1.2) and (1.8) we can associate Faber series

z) Zaka (2), (1.9)
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where ) W (w)
w
=5 | Toen dw, k=0,1,2,....
T

ag -

Let f € Ey (G7). In this case, similar to above by Cauchy’s intergral formula and (1.3) we can

associate series
> 1
“- b F | — 1.1
P Sonk (7). (1.10)

1 [ 1 (w)] _
T

Let f e Ly(T). Using (1.2), (1.3), (1.4), (1.5), (1.6) and (1.7) we can associate Faber-Laurent series

oo oo 1
f (Z) “ Zaka (Z) + ZbkFl: <> y
k=0 k=1 z
where the coefficients a, and b, are defined by

. 1 [ flY(w)]
T

where

and

1 f [ty (w)]
b, = M/de, k=1,2,..
T
The coefficients a, and b, are said to be the Faber-Laurent coefficients of f.
We use the constants ¢, ca, ... (in general, different in different relations) which depend only on the
quantities that are not important for the questions of interest.
If T is a Dini-smooth curve, then from the results in [43], it follows that

O0<c <l (z)<ca<oo, 0<ec<lp)(2)]<es< o0,
0<c <Y (w)] <es<oo, 0<cr <Y (w)<csg< oo,

where the constants c;, ¢y, c3, ¢4 and cs, cg, ¢7, cs are independent of z € G~and |w| > 1, respectively.
Let I" be a Dini-smooth curve and let fo (w) := f [¢ (w)] for f € Ly (T') andlet fi(w) := f 1 (w)]

for f € Ly (I"). Then using (1.10) we obtain f, € Ly (T) and f; € Ly (T) for f € Ly ().

Moreover, fi (c0) = f; (c0) =0 and by (1.9)

fo(w) = f" (w) = fo (w),
fi(w) = fit(w) = fi (w). (1.11)

We also introduce the notations

ANE = Y a)F ().
and .
AN = 3 a () F (1)),

for f € Ey (G) and f € E}; (G7), respectively.
Let I' be a Dini-smooth curve We obtain f* € Ey (G) and f~ € E;; (G™) for f € Ly (I'). Then
we can write the series

P~ a (ff)®r(z), 2€G
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and
Zbk )F(1/2), z€ G,

The equality f = f* — f~ is satisfied a.e. on I'. Then we can associate with f the formal series

2~y an (fY) B (2) =Y b (f7) Fy (1/2), (1.12)

a.e. onI'.
We consider the sequences {A },” of complex numbers which satisfies the following conditions for
all natural numbers s and m,

2m—1

’Aq, S Co, Z |A9 - As+1’ S C10- (113)

s=2m—1

Note that for Fourier series the multiplier theorem in Lebesgue spaces was proved by Marcinkiewicz
[32] (see also, [46], Vol.II, p.232). Later on the multiplier theorems in the different spaces have been
investigated by several authors (see [17, 24, 30]). When the weight function satisfies the Muckenhoupt
condition, the Littlewood-Paley type theorem in weighted Lebesgue spaces L? (T), 1 < p < 0o, ob-
tained by D. S. Kurtz [24]. When the boundary of domain G is a Carleson curve in the Smirnov classes
E,(G), 1 < p < oo, the Littlewood-Paley type theorems have been investigated by A. Guven and D.
M. Israfilov [17]. Also, these theorems play an important role in the various problems of approximation
theory. Using Littlewood-Paley type theorems, direct and inverse theorems of approximation theory
in different spaces are obtained ( see [30, 40, 41]).

In this work for Faber series the analogs of Marcinkiewicz multiplier theorem and Littlewood-Paley
type theorem are proved in Smirnov-Orlicz classes, defined in the domains with Dini-smooth boundary.
Similar problems of approximation of the functions by trigonometric polynomials, Faber polynomials
and Faber-Laurent rational functions in different spaces have been investigated by several authors (see
([1-8], [21], [22], [42] and [45]).

Note that in the proof of the main results in this work, we use the methods of proof in the studies
[9], [17] and [24].

Our main results are as follows.

Theoem 1.1. Let G be a finite, simply connected domain with a Dini-smooth boundary I and let
Ly (T') be a reflexive Orlicz space on T'. If f € Ey (G) with the Faber series (1.9) and {A}y is
a sequence of complex numbers which satisfies the condition (1.14), then there exists a function F €
E\ (G) which has the Faber series

z) ~ Z Avag (f) Fi(2), 2 € G
k=—0
and ”FHLM(F) S c”f”LM(F)'
We can write similar theorem for f € E;, (G™):
Theorem 1.2. Let G be a finite, simply connected domain with a Dini-smooth boundary T' and
let Ly (') be a reflexive Orlicz space on T'. If f € E3 (G~) with the Faber series (1.10) and

{Mi}o is a sequence of complex numbers which satisfies the condition (1.14), then there ezists a
function f € E;; (G™) which has the Faber series

Z)\kak HE:(1)z), z€ G~
k=—1
and [[Flly,, w0y < cllfllz, ).
From Theorem 1.1 and Theorem 1.2 the following Corollary is obtained:
Corollary 1.1. Let T be a Dini-smooth curve. If f € Ly (') has the Faber-Laurent seriers (1.13)
and {\i}y is a sequencve of complex numbers which satisfies the condition (1.14), then there exist a
function F € Ly (T'), which has the Faber-Laurent series
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Z)\kak f+ Fk Z)\kbk F* 1/2’)

k=0

and satisfies ||FHLM(F) < CHf”LM(F) :
When the boundary of domain G is a Dini-smooth curve i the Smirnov-Orlicz class Ey (G) the
following Littlewood-Paley theorems hold:

Theorem 1.3. Let I be a Dini-smooth curve and f € Ey (G). Then the two-sided estimate

oo 1/2
[z 1A (f) (z)ﬁ]

k=0

< culfllL,, - (1.14)

€11 HfHLM(F) < ‘
La(T)

holds.
Theorem 1.4. Let T be a Dini-smooth curve and f € E;; (G™).Then the two-sided estimate

1/2
c1s £,y < lz |AL(f ] <cu|lfllpm -

Ly (T)
holds.
2. AUXILIARY RESULTS
Let P :={all polynomials (with no restriction on the degree)}, and let P(D) be the set of traces
of members of P on D. We define two operator as follows [10]:
(D) — Ey (G)
(W)

'(w)
5 D) dw, z € G.

T(P)(z) := =—

and
T:=P(D) — E} (G,w),

T(P)(2) = % [ de, cea.

It is readily seen that

T <i bkwk> = ibka (z) and T* (i dkwk> = ibka (1/z).

k=0
Note that if 2/ € GG, then

L[ P, L (Po0) O (s
5 | ot |y = (Pod) (),

TP = Y(w) — " 2mi (—z

which by (1.6) imples that

T(P)(z) = Se(Pod) () + 5P o) (2),

a.e. on .
Similar to above if z” € G~ the relation

L [P, L[ (Poé)(

TP = 27t Jp P (w) — 2 2i ¢—

d( = (Pogy) (27)
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holds. Then according to (1.6)

T*(P)(2) = Sr(P o 1) (2) — 5Po ) (2)

holds a.e. on I'.

According to the Hahn-Banach theorem, we can extend the operators T and 7™ from P(D) to the
space E)s (D) as a linear and bounded operator. Then for these extiension 7' := Ey, (D) — E)y (G) and
T* := Ey (D) — E3; (G7) we have the representations

T(g)(z) = ;Ti/Tde,zeG,geEMm),
T = o [ D08, se o, ge b ).

In the proof of Theorem 1.1 and Theorem 1.2 we use the following Lemmas:
Lemma 2.1. Let T be a Dini-smooth curve. Furter let g be an analytic function in D which has

the Taylor expansion g (w) = Z s (g) we.

1. If g€ Ey (D), then T (g ) has the Faber coefficients ¢s (g), k=0,1,2, ...

2. If g€ Ey (D), then T* (g) has the Faber coefficients cs(g), k=0,1,2, ...

Proof. Let’s prove the second case first. Let g, (w) := g(rw), 0 < r < 1. It is clear that g €
E, (D). The function g coincides with the Poisson integral of its boundary function. Then using [34,
Th. 10 ] we obtain

lgr = gll = llg (re””) =g ()|, m) = 0 7 =17
The operator T is bounded in the Orlicz space Ly, (I') . Hence we conclude that

17" (9r) = T* (Dl ) = 05 @s 7 =17 (2.1)

Note that the series Y ¢, (g) w® is uniformly convergent for |w| = r < 1, Therefore, the series
s=0

NgE:

¢s (g) r°*w® converges uniformly on T. Then we can write the following expansion for the operator:

EACACOI

s=0

T (9:)(2) =

2wy Y (w) — 2
L« w Py (w
a ;CS { 2772/@01 )—z w}
= ics(g)rst*(l/z),zeG_.

s=0

Taking the limit as 2* — z € I' along all non-tangential paths outside I', we have

T (9,) (2) = ) ¢ (9) r°F7 (1/2), (2.2)
s=0
for z € I'. Consideration of (2.2) and [18 p.43, Lemma 3 | gives us

1 T* (g,
g
L B0 W)
= 5= | = dw
2mi w1

Y1 (w s
= Zcr 2m/£us+(1 ))dw:csr.



108 Jafarov S. Z.

Hence for r — 1~ we have
bs (T (g)) = cs. (2.3)
Using (1.11), Holder inequality for the space Ly, (I') and [36, Theorem 2.1] we find that

b, (T (90) = b (T (9)] = |5 [ =IO (W,

ﬂi wk+1
= % /T [T (9,) = T" (9)]] 1 (w) duw
- % / 1T (9) = T" (9)] ()] |1 (2)] |dz] (2.4)

IN

o [T (9 = T (@) ()]

c * *
o0 T (g9,) =T (Q)HLM(F) :

IN

Use of (2.1) and (2.4) gives us

b (T7 (9:)) = bs (T (g)), 7= 1. (2.5)
Then from (2.3) and (2.5) we conclude that

bs (T (9)) = ¢s (9), s=0,1,2,...

The second case of Lemma 2.1 is proved. The proof of the first case of Lemma 2.1 is done similarly
to the proof of the second case. O

Lemma 2.2. Let {\;}, be a sequence which satisfies the condition (1.14). If the function g €
E,. (D) has the Taylor series

o0

g(w)=3 ¢ (g)w, we D,

s=0

then there exists a function g* € E,, (D) which has the Taylor series
g" (w) :Z)\scs (9)w®, weD
s=0

and satisfies HQ*HLM(T) <c ||g||LM(’]I‘) :
Proof. B,(g) (s=...—1,0,1,..) denote the Fourier coefficients of the boundary function of g. By
Theorem 3.4 in [16, p.38] we have

_ [ e(9), s>0;
Bs(g)_{ 07 s < 0.

Using the proof method of Theorem 2 in [34], we can show that there is a function v € Ly, (T) with
Fourier coefficients f; (v) = AsBs(9) and |[vfl,, ) < cllglly,, o - If we write g* = o™, then g* €
Ey; (D). For Taylor coefficients of g*, we have by (1.7)

1 [ ot (w) 1 [ov(w) 1 [ov (w)
* e + — = — —_—
alg) = ol)= 27r/T wst! dw 2w /T wst! dw + 2r Jp wst! dw
1 [v(w)

2T T wst1

dw = B, (v) = Afs (9) = Ascs (9), s=10,1,2, ...

Therefore, we have

19" Ly my = HUJFHLM(T) <clllp,,m < Ngllp,,m -

The proof of Lemma 2.2 is completed. O
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3. PROOF OF THE MAIN RESULTS

Proof of Theorem 1.1. Let f € Ey (G). Using (1.12) we have fo (w) = fi (w) — f5 (w). Then
by the definitions of the coefficients a; (f) we get

0 (R 1 R 1 [ fw
a (f) = o w1 = omi o dw%i/ e dw
T A J
L[ fy (w)
= 9ri ) wktt dw=c (fy), k=0,1,2....
T

That is the Faber coefficients of f are the Taylor coefficients of f; (w) at the orgin. Then for the
fungtion f;" the Taylor expansion

fi )= e () uk, weD
k=0

holds. By virtue of Lemma 2.2, there is a function Fy € FE); (D) which has the Taylor coefficents
ek (Fo) = Mgar (f), k=0,1,2,...and the following inequality holds:

||F0HLM(T) < cis HfJHLM(T) :

Then by [20] T'(Fy) € En (G) for Fy € Ey (D). It is clear that according to Lemma 2.1 the Faber
coefficients of T (Fp) are ¢ (Fy) = Agax (f). Then we can write the following expansion for T' (Fp) :

T (Fy) (2) ~ Y Aay, (f) Fi(2), 2z €G. (3.1)

Using the boundedness of the operator T, (3.1) and the boundedness of the Cauchy singular operator
in Ly (T) we have

IN

1T (Fo)ll 1T EFoll 1, m) < Hf(j_HLM(T)

c16 [ foll Ly my < car 1F 1l ey -

IN

If F:=T (F) is written in the last inequality, the desired result in Theorem 1.1 is obtained. The
proof of Theorem 1.1 is completed. |
Proof of Theorem 1.2. By considering the formula of the Faber coefficient of f € E}, (G7),

O fA@) W)L (w)

be(f) = 271 wh+1 dw = 271 wk+1 271 wht dw
T 2 J
L[ W) .
B 2mri wk+1 dw:ck(fl)y k=12..
T

That is the Faber coefficients of f are the Taylor coefficients of f;" (w) at the orgin. Using Lemma
2.2 there exists a function F; € Ey; (D) the following expansion and inequality holds:

F (w) = i/\kbk (f)w", we D,
k=0

and
||F1HLM(11‘) < Ci Hf1+||LM(T) :

If F:=T*(F}) is written and using Lemma 2.1, we have
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ZAkbk “(1/z), z€ G™.

Taking into account the boundedness of the operator T, boundedness of the singular operator in
Ly (T) [35] and the formulas (1.6) we conclude that

IFl ey = 1T (Dl < TN L, o)
< cg Hffr”LMar) < a0 ||f1HLM(1r) < e HfHLM(r>-
Thus, the required result was obtained. O

Proof of Theorem 1.3. Let {ry};” be the sequence of Rademacher functions and let ¢ € [0, 1] be
not dyadic rational number. If we set A\ :=r( (t) and \; = () 2*7' < j < 2* then the sequence
{A\;}; satisfies the condition (1.14). By Theorem 1.1 there exists a function F' € Ey, (G) such that

ZA a; (f Zm (2) (3.2)

and
HF”LM(F) < ”f”LM(l")

D~ S ()AL () (2)

and {)\;}° satisfies (1.14), there is F* € E)y; (G) for which

On the other hand since

2) ~ Dk () Ak (f) (2) = D ai (f) B (2)

and
||F*||LM(F) < Ca3 ||FHLM(F)

holds. Since there is no two different functions in Ej; (G) have the same Faber series we have F* = f.
Then we find that

| llparry < MLy < €os 1Ny ) - (3-3)
Using Holder inequality for f € Ly, (I') and g € Ly (I'), (3.2) and (1.1) we obtain

/|F )| de

- /szmk(f AL

k=0

- 1/2 oo 1/2
c / [Z Ak (£) (z)ﬁ] lz Ak (9) <z>12]

)| dz < Z i (1) Ak (f) (2) Ak (9) (2)] dz

k=0

<
k=0 k=0
- oo ~11/2 1/2
< c 1A (f) (2))? [Z |Ax (g ]
Lk=0 - Lar(D) Ln(T)
- S1/2
2
< c Z 1Ak (f) (2)] 191l 2y ry -
L k=0 i LM(F)

Now taking supremum in the last inequality for all functions g € Ly (I') satistying [|g||,,, - < 1, we
find that
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o 1/2
I 0y < €26 lz [ Ak (f) (Z)lﬂ : (3.4)
k=0 L (T)
Using the proof method in study [44] (see. also [46], Vol 1, p.213) inequality,
- 1/2
1N L, ) = Cor lz Ak (f) (Z)lQ] (3.5)
k=0 L (T)

is proven similary to inequality (3.4). The relations (3.3), (3.4) and (3.5) immediately yield (1.15).
The proof of Theorem 1.3 is completed. O
Note that the proof of Theorem 1.4 is similar to proof of Theorem 1.3.
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Abstract. The problem of recovering surfaces by the total or extrinsic curvature is related to the
solution of the nonlinear elliptic equation of the Monge-Ampere type. Using the geometric method,
the existence and uniqueness of a solution to the Monge-Ampere equation is shown in the problem of
recovering a surface by its total curvature in isotropic space. In this article, an exact solution to the
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1. INTRODUCTION

Initially, in the Euclidean space, A.D. Alexandrov posed the problem of recovering of convex poly-
hedra by extrinsic curvature and proved the existence and uniqueness of a solution[I]. Then, he
generalized this problem for convex surfaces [2]. That is, this problem was solved if the extrinsic
curvature is a non-negative, complete additive set function defined on the Borel set. A.V. Pogorelov,
using the property of monotonicity of the extrinsic curvature of the convex polyhedra, showed that a
convex polyhedron exists and is unique by a given monotonic function [I7]. I. Ya. Bakelman stud-
ied the connection between the extrinsic curvature of convex surfaces and the second-order nonlinear
Monge-Ampere equation [10]. In this case, I. Ya. Bakelman showed that the solution of the generalized
Dirichlet problem for the Monge-Ampere equation exists and is unique by estimating the area of the
normal image of the surface [I1]. The listed problems were solved only if the domain D C R, is convex
where the function is defined. By applying the geometry of the Galilean space, A. Artykbaev solved
the problem of the existence and uniqueness of the convex surface according to the given extrinsic
curvature if the domain D C R, is non-convex [3]. Also, in the article [4], the concept of generalized
extrinsic curvature is given, and the existence and uniqueness of the solution of the Monge-Ampere
equation in the multi-connected domain is proved. In addition, Sh.Sh. Ismoilov found a solution for
the family of dual translation surfaces, using the geometry of isotropic space, which is the total curva-
ture is the product of two functions with separate variables [5]. If the total curvature in the isotropic
space is zero, in [8, (12, [15], translation surfaces are classified according to their analytical equation.
M.E. Aydin and other co-authors studied the class of different surfaces which is the total curvature is
equal to a non-zero constant [7, [, 20]. In this paper, we consider the problem of recovering surfaces
in isotropic space where the total curvature is a function defined in the ring domain, and find an exact
solution by solving the Dirichlet problem for the Monge-Ampere equation.

2. PRELIMINARIES

It is known that the Monge-Ampere equation is generally as follows:
Zzzlyy _Ziy = ¢($7y,2,2x72y)~ (21)

In this case, if ¢(x,y, 2, 2;,2,) > 0, the equation is an elliptic and its solution is a convex surface
equation.

Now, if we consider this equation in the semi-Euclidean space, that is, in the isotropic space, it will
be as follows [14]:

ZaaZyy — 2oy = K(z,y). (2.2)

x
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2.1. Isotropic space geometry. Let there be given an affine space Az with the coordinate system

O{ey, e2,e3}. If the inner product of two vectors X {xy, z2, 23} and Y {y1, 2, y3} is determined in this
space as follows:
(

(

Then this space is called an isotropic space[d].

In the isotropic space the norm of the vector Y is determined by the Y =4/ (Y, Y) From this,
the distance between two points A(z1, 2, z3) and B(y1, Y2, ys) is calculated by the following formula:

= V(e =212+ (g —91)? if /(22 —21) + (2 — 11)? #0,
= {‘93_1“3’ if /(22 —21)2+ (g2 —41)2=0. (2.4)

1=x1y1 2oy (X,Y)1 #0,

_JXY)
(X’ Y) B { X7Y)2 = X3Ys3 (XvY)l = 0- (2'3)

In the isotropic space, the motion is given by the following and this preserves the distance ([2.4):

¥ =xzcosa—ysina + a,
Yy =xsina+ycosa+b, (2.5)
Z=hx+hy+z+ec.

Let the regular surface be given by the following vector equation in this space:
@, y) = ri(z,y)é + ra(z,y)é + r3(z, y)és. (2.6)

Where, r;(z,y) are the parametric functions of the surface, and {€}, €5, &} are the basis vectors.
The first and second fundamental forms of the surface are given by the following formulas:

I = ds? = Edu? + 2Fdudv + Gdv?,
Il = Ldu? + 2Mdudv + Ndv?.

The coefficients E, F,G and L, M, N of the first and second fundamental forms of the surface in
isotropic space are calculated as follows:

— 2 .2 2 — (7 g

E_’rw _Tlm+7a217 L_(T$I7n)7

F= rmry = Tlmrly + 7/‘2177/‘23;7 M = Txya ’I’L), (27)
22 2 Y g =

G =7, ="1],+73, N = (7yy, 7).

And from this, as an analogue of Euclidean space, total curvature in isotropic space is determined
by the following formula and differs only in the calculation of the coefficients of the first and second

fundamental forms:
LN — M?

T~ EG-F?*

If the surface is one-valued projected onto the plane Oxy, then the total curvature is as follows[13]:

K (2.8)

K =LN - M?, (2.9)
where, L = z,,, M = z,,,, N = z,,. So, we determine equation (2.2]) by these coefficients.

3. MAIN RESULT

Let there be given a regular surface F' by explicit form z = z(z,y) in the domain D C R,. Then its
total curvature is determined by the (2.9)) in the isotropic space [16].

In this space, we consider the domain D C R, which is bounded by the curves L; : 2% +y* = b* and
Ly : 2° + y?> = a® on the Oxzy plane. Let a spatial closed curve H be given and projected one-valued
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onto the Ly. The domain D C Rs is a doubly-connected domain in the form of the ring and it is given
by the following equation:

D={(z,y): 0’ <2’+y*<a’,0<b<a}. (3.1)

We consider the problem of recovering the surface by the total curvature which is being a function
defined in the ring domain. That is, we find the analytical equation of the surface by solving the
Monge-Ampere equation. For this, we transfer equation to the polar coordinate system. It is
known that the connection between polar and Cartesian coordinates is as follows:

T = pcos, (3.2)
Yy = psin p. )

If we determine the first- and second-order and mixed partial derivatives of the equation z = z (z,y)
with respect to p and ¢, we obtain the following expressions:

Zp =2, CO8Q + zysing , 2z, = p(—2z,singp + 2z, cos ),
Zpp = 222COSPQ + 2,,8I0°p + 2., sin 200,
Zop = p* (2228100 + 2,,c08%p — 2, 85I 2¢) — p (2, cos p + 2, sin ),

sin 2¢p

Zpgp = —p 2 (zacaf - Zyy) + nypCOS 290 + <_Z:C Sin(p + Zy cos 90) :

From this,
Zpp = 24400870 + znyiHZQO + Zgy sin 2, (33)
z z . .
% + ;p = zg8in’p + 2y COS*Q — 2y, 8In 200, (3.4)
z z sin 2¢
% - p% - (2za — Zyy) + Zay COS 2. (3.5)

By simplifying the expressions (3.3)),(3.4)),(3.5) we get the following;:

— Zp Zee
et T e T (3.6)
_ — _ Zp _ Eee _ 2o _ Ze | & ’
Zow = Zyy = \Zop — P )cos 20 2( p pQ) sin 2¢.

From equation (3.6)), we find the following for the second-order partial derivatives:

1 ( Zp | Rep ) 1 ( ( Zp Fop ) <Zp<p %o ) . )
Zow ==\ 2pp+ =+ )+ =2 — —=— 5 |cos2p— [ == — = |sin2¢p |, (3.7)
2\ p p? 2\\" p p P
1 < Zp | Fep ) 1 < < o Fep ) <Zp</> Zp > : >
Zyy ==\ 2pp+—+ = | =z | | 2p— — — = )cos2¢p — | — — — | sin2¢ | . 3.8
w= o \Fr T, 02 B I 02 P 2 (3.8)
By putting the second-order partial derivatives (3.7)), (3.8)) into the formula (3.5)), we find the mixed
derivative: .
_ Zp ey ) . (pr Zyp )
Zoy = = | 2y — = — =25 | sin2p + [ £ — == ) cos 2¢. (3.9)
Y2 < op P PP

If we put the partial derivatives (3.7)), (3.8) and (3.9)) into the Monge-Ampere equation, we get its
form in the polar coordinates:

22,2 22
lzppzw - Zigo + PZpZpp + % - w} . (3.10)

9 1
Zypalyy — 2
2
p

zy:;

The following main theorem is holds:
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Theorem 3.1. If the total curvature is given by the form

a2+b2_2($2+y2)
K (z,y) = N T (3.11)

and the Dirichlet problem for equation satisfies the following boundary conditions:

z]le(), Z‘LQZH H >> 0. (312)

Here, H— is a sufficiently large positive number.
Then the solution of the Monge-Ampere equation in the ring domain D is as follows:

/72 2 2 /72 T2
xT—i_y(\/aQ—xQ—yQ—l—\/x2+y2—b2>+%arcsinxT+y—

2
—%ln(\/x2+y2+\/w2+y2—b2)+A\/m+B,

z(z,y) = (3.13)

where,

1 _ /2 —_ }H2 2 2 2 2
A:a_b(H—(a b)2a b —%—i—%arcsing+%ln(a+\/a2—b2)—%lnb),

ab?

1 b 3 b v
ma —bH—%arcsing—5ln(a+\/a2—b2)+71nb).

B =

a— b( 4
Proof. Taking into account the total curvature, if we write equation ([2.2)) in polar coordinates, it will
be the following form:

1 ) 22,255 %o a? +b* — 2p?
P ZppRop — Zpp T PZpZpp + PR = NN e (3.14)

We seek the solution in the following special form [18, [19]:

z(p,p) = [ (p) + pg (¥)- (3.15)

By finding the first and second order partial derivatives of the expression (3.15]

_ ! . ! S 1 S 1! _ _ !
2o=[f"+9, 2,=0p9 2op=1F", Zpp =09, Zpp =2,p=4""

If we put these expressions to (3.14), then we have the following equality:

A e 12 / " 209> p%g? _ a®+b2—2p°
02 [f Py g +p(f +g)f + P p2 } \/az_pz\/p2_b2 =

a? + b? — 2p?
:> 1 . 1 + + !/ . 1 — < ) . 3.16
fr g g+ =p NN (3.16)
In the formula (3.16]), we can write the total curvature as:
1"( A /. Va?—p? Y p2-b?
f (g +g) + f f P (\/p2b2 \/a2p2> :
From this,
N Y
p \/p2—b2 B \/a2—p2 B f ’ f
9" +g9= = ay, (3.17)

f//

where ag is a constant.
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Thus, from the expression (3.17)), we obtain two ordinary differential equations with separate vari-

ables. Here, f" 40 = f(p) # cop+ 1.
The general solution of the left side of equation (3.17)) is as follows:

g9 () = Crcosp+ Cysinp + ag, (3.18)

where, C;, C, are constants.
Now, we write the expression on the right side of (3.17]) as follows:

1o Lfr — Vat—p?  /p?-b?
f f +ap f p (\/pQ_bz \/a2_p2> :

2 ! 2 2 2 2
a? — —b
I ey :p<\/ P Vp ) (3.19)
2 VR = Vet —p?
By integrating the above expression (3.19)), we will write as follows:

f’2+2aof’ = V —P \/p _b2 (3 20)
T RV A vl |

By using the method of integration by parts, we obtain:

I'= [Va?—p2d (Vp?=0%) + [Vp? = 02d (Va? — p?) = Va® — p?\/p? — B2 + fp\ﬁv:z:idﬁ

Thus,

VPP =PV = P — [ pEdp = 2/ = P B -
[
From this, I = /a2 — p?\/p? — b2 + D;. We will write (3.20)) as follows:
24 2a0f 4+ a2 — a2 = 2/a® — p’/p? — 02+ 2D, =

(f" + ao) —2\/a2—p Vp?— b2+ (2D1+ag)22\/a2—p2\/p2—b2+D1, (3.21)

where D1 = 2D, + a} is a constant.
On the right side of (3.21]), to use the completing the square method, the following expression must

be valid, that is D; = a® — b2. That is,
(f'+a) ==+ 2/ = PP =P =a2— p*+2Va — PP e — B2+ p2 — b2 =
— (VTR
fan =+ (V= + VP T).
Here we consider surfaces with one-sided convexity. Therefore, we consider only one equation:
J'+ag=va® —p? +V/p? = b
From here, integrating again, we find the following:

[=—aop+ [Va>—pdp+ f Vp? = b2dp,
f(p) =—aopp+ 5v/a*> —p?> + % arcsm B+ 2Vp? L ln|p+\/p —bz|+D2
Now, putting the found expressions into (3.15)), we get the following:
z( (\/az—p +/p? —b2> arcsmf——ln’p—kv,o —bQ‘—
—agp + Dy + Cipcosp + Copsing + agp =
p a’® p b
=3 (\/a2 — P2+ /p? —b2>+?arcsinf—§1n‘p+ Vp?—b?
a

Using the boundary conditions (3.12]), we find the constants:

+Cipcosp+ Cypsinp+ Dy. (3.22)
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Va2 — b + %Zarcsing - %lnlﬂ—b(Cl cos + Cysingp) + Dy =0,

%\/a2—b2+§'g—“;ln(a%—\/aQ—bQ)—i—a(C’lcosgo—FC’gsingo)—FDg:H.

Thus,
1 ma?b a’ b v ab?
Dy, = —bH — — in— — —1 2-02)4+ —1 2
2 a—b( 1 b 5 aresin— — 5 n(a + va?—b?) + 5 n(b)), (3.23)
1 —b)Va?—b? 2 qa? b b b?
C’lcosw—i—Cgsincp:a_b(H—(a )2a —%—i—%arcsing—i—?ln(a—i—\/a?—b2)—51nb).

(3.24)

By putting the (3.23])-(3.24)) expressions into equation (3.22), we find the surface equation given in
the theorem. Also, taking into account that the interior boundary is L; : 2% +y* = b* and the exterior

boundary is L, : 2 + y? = a?, it can be shown that the solution obtained in the theorem satisfies the
boundary conditions. Theorem is completely proved. O

Example : If we consider L, : 2° +y?> = 1 and L, : 2% + y*> = 25 and H = 10, then the graph of
the surface is the following:
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1. INTRODUCTION

AW*-algebras are a generalization of von Neumann algebras (W*-algebras), and naturally the
question of generalizing the results obtained for W*-algebras to AW*-algebras arises, which is quite
relevant. It is known that in the study and classification of von Neumann algebras, along with
projections, the concept of a trace on an algebra plays an important role. For example, [1], it was
proved that a von Neumann algebra is finite if and only if there exists a separating family of finite
normal traces on it. Actually, for this reason, C*-algebras have been studied relatively poorly,
some of them do not even have nontrivial projections, not to mention traces. On the other hand,
AW*-algebras have been studied relatively better, since these algebras have a sufficient number of
projections, but these algebras also have problems with the trace. There are papers (see, for example,
[30]) where, for convenience, the existence of a trace on the AW*-algebra is assumed. And so, in
1982, in the paper of Blackadar and Handelman [3] an analogue of a trace, called a quasitrace, was
introduced. Despite the fact that this concept does not completely replace a trace, they and some
researchers managed to obtain an analogue of the results available for traces. This paper presents
Kaplansky’s question: ”Is every quasitrace on a C-algebra linear, i.e. a trace?” This problem remains
open. The last attempt to solve this problem was presented in [4], where it was proved that in ex-
act C*-algebras every quasitrace is linear, i.e. in this case Kaplansky’s problem has a positive solution.

In this paper, a real analogue of a quasitrace is given, and its connection with the quasitrace of
the enveloping C*-algebra is found. Similar to the complex case, some interesting properties of a
quasitrace and the corresponding metric for real C*-algebras are obtained.

2. PRELIMINARIES

A Banach *-algebra A over a field C is called a C*-algebra if ||z*z| = ||z|]?, for any z € A. Let
B(H) be the algebra of all bounded linear operators, acting in the complex Hilbert space H. A weakly
closed *-subalgebra M C B(H) with identity is called W*-algebra. The center Z(M) of an algebra
M is the set of elements of M that commute with each element of M. A W*-algebra M is called a
factor if Z(M) consists of complex multiples of 1, i.e. Z(M) = {\1: X € C}.

Let A be a ring and S a non-empty subset of A. Assume that R(S) = {x € A | sz = 0 for all
s € S} and call R(S) the right annihilator of S. Similarly, L(S) = {x € A| s = 0 for all s € S}
denotes the left annihilator of S. A Baer *-ring is a ring A such that for every non-empty subset S of
A, R(S) = gA for a suitable projection g. The equality L(S) = ((R(S*)))* = ((hA))* = Ah (for some
projection h) shows that this definition can also be given through the left annihilator. AW*-algebra
is a C*-algebra, which is also a Baer *-ring. It is known [5] that every W*-algebra is an AW*-algebra,
but the converse is not true.

3. MAIN RESULTS

Definition 3.1. [3]. Let A be a C*-algebra with unity. A quasitrace 7 on A is a function 7: A — C
that satisfies the following conditions
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(i) T(z*z) = 7(z2*) > 0, x € A
(i7) 7(a +1ib) = 7(a) + i7(b), for a,b € Ap;
(797) 7 is linear on an abelian C*-subalgebra B of A.

We give a definition of a quasitrace in the real case.

Definition 3.2. Let R be a unital real C*-algebra. A quasitrace 7 on R is a function 7 : R — R that
satisfies the following conditions

(i) 7(z*x) = T(xx*) >0, z € R;
(17") T(a+b) =7(a), for a € Ry, b € Ry;
(7i7") 7 is linear on an abelian C*-subalgebra B of R.

We can see that definitions of quasitrace in real and complex cases are slightly different. In the
next two theorems we naturally consider the restriction of a quasitrace from A to R, and conversely,
the extension of a quasitrace from R to A.

Theorem 3.3. Let R be a unital real C*-algebra. If T is a quasitrace on the C*-algebra A = R+ iR,
then its restriction to the real C*-algebra R, defined as

T(a+b) =7(a), a € Ry,be Ry (3.1)
s a quasitrace on R.
Proof. (i) Let * € R and x = a + b, where a € Rj,,b € Rj,. Then by (3.1) we obtain
T(x*z) = 7(a® — b* + ab — ba) = T(a® — b?), since a®> — b*> € R;, and ab — ba € Ry. Similarly,

T(xz*) = 7(a® — b* + ba — ab) = T(a® — b?). Thus, we obtain the equality 7(z*x) = 7(zz*). Since
a? —b* > 0, then 7(z*z) = 7(a® — b*) > 0.

(i) By we have 7(a +b) =7(a) = 7(a+0) = 7(a).

(iii) Let B be an arbitrary abelian real C*—subalgebra of R. Consider the complexification B, =
B + iB, which is an abelian C*-subalgebra of A. By Definition the quasitrace T is linear on
B. . We show that the restriction of 7 to B is linear. Let A € R and let x,y € B be such that
r=a+by=c+d,a,c€ Ry and b,d € R;. Since A\a + ¢ € R;, and \b + d € Ry, then

Az +y)=7(Aa+c+Ab+d) =T(Aa+c).
Since a,c € Ry, C B,, then by the linearity of 7 on B, we get
T(Aa+c¢) =AT(a) + 7T(c) = At(a+b) + 7(c+ d) = M (z) + 7(y).

Therefore, 7 is linear on B. Thus 7 is a quasitrace on R. The theorem is proved. 0

Theorem 3.4. Let R be a unital real C*-algebra. If 7 is a quasitrace on R, then its extension T to
A= R+ iR, defined as T(x + iy) = 7(x) +i7(y), is a quasitrace on A, where z,y € R.

Proof. Recall that the algebra A = R+iR can be embedded in M,(A) as z — e;; ®x and the mapping
7 My(A) = My(C) ® A defined as 7([a;;]) = 3.7 ._, €i; @ a;; is an *-isomorphism, that is,

i,7=1

( G > — €11 ®ay; + €12 @ ajz + €21 @ agy + €22 & aqs.
Q21 Q22
Let x = ¢+ id, where ¢,d € R. Then
T(x*x) =T((c+id)" (c+1id)) = T(c'c+d'd+i(c"d—d*c))
= 7(cc+d'd)+it(c"d —d"c).



Quasitraces on real C*- and AW *-algebras 123

Since ¢*d — d*c¢ € Ry, then applying the equality 7(a + b) = 7(a) (a € Ry, b € Ry) we obtain
T(c*c+ d*d) + iT(c*d — d*c) = T(c*c + d*d). Since 7(z) = 7(x ® e11), then

ce+dd 0
0 0

- (55 o)--(( o) (5 v))
_ < oo ) = 7(cc* +dd*) = 7 (cc* + dd*) + iT ((cd” — dc*))

= F((c+id)(c+id)*) = T(za).

?(gg*gp) = T(C*C + d*d) — T((C*C + d*d) ® 611) =T <

(ii) Let z,y € A, and © = a + ib, y = ¢+ id. Since z = x*, then a = a*, b* = —b, i.e. a € Ry,
b € Ry; similarly we have ¢ € Ry,, d € Ry. Since 7(b) = 7(d) = 0, then we get
T(x+iy) = Tla—d+ilb+c)=7(a—d)+ir(b+c) =
= 7(a)+it(c) = 7(a) +i7(b) + i(7(c) +i7(d))
= T(a+1ib) +iT(c+id) =7(x) + i7(y).
(iii) Let B, be an abelian C*-subalgebra of the AW*- algebra A. Since A = R + iR, then for Vx € B.
there are such a,b € R: x,= a + b, therefore B, = B, + B>, B; C R, for which a € B,,b € B;.
1) Since B.20=0+140 and B,> 1= 1+10, B, 41, then 0,1 € B;,i = 1,2.
If B. =1iB,, then for A € C, A = A\ + i)y, x = ia,y = ib, a,b € B, we have

Tz +y) = T((A +i\)ia+ib) =T(—Xa+i(Ma+b)) =7(—Xa) + it(A\a+Db)
= —Xo7(a) +iM7(a) + i7(b) = i(A +iX2)7T(a) + iT(b) = N0 + iT(a)) + (0 +iT(D))
= A7(z) +7(y),
i.e. in this case T is linear.

2) Let B. = By +iBy,B; C R, By # {0}. Let x = a+ic,y = b+1id, a,b € By,c,d € B;. Then
xy = ab — cd 4 i(cb + ad) and therefore, ab — ¢d € By, ¢b+ ad € B,y. For ¢ = d = 0 we get ab € By,
therefore Bj is an algebra, similarly B, is an algebra. For d = 1,b = 0 we have a € By, hence B, C Bs.
Similarly, we can get B, C B;. Thus By, = By;. Hence B, = B +¢B. Since z* = a* — ib* € B,, then
a*,b* € B. Thus B is a real *-subalgebra.

3) Let’s show the linearity of 7 on B.:

Tla+ib+c+id)=71(a+c)+ir(b+d)
(a+c)+ir(b+d)=7(a)+ 7(c) + iT(b) +iT(d)
(a) +7(c) +ir(b) +it(d) = 7T(a + ib) + T(c + id)
() +7(y),

means 7 is additive. Now let’s show homogeneity.

T(x+y) =

I
\]

Il
\]

T(Az) = T((A+iX2)(a+1ib)) = T(Aa — A2b + i(A1b + A2a))
= 7T(Aa — Ab) +iT(Ab+ Aa) = Ai7(a) — Aa7(b) + A7 (D) + iXa7(a)
= (M F+iX)7(a) +i( A +iX2)7(D) = (A1 + i) (7(a) +i7(b))
= I7(x).

Thus 7 is linear on B,. Theorem proved.

Definition 3.5. A quasitrace 7 is called
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e finite if 7(1) < oo;

o semifinite if the set D = {x : 7(z*z) < oo} is norm-dense in the algebra itself;

e faithful if T(a) > 0, for a > 0, i.e. {z: 7(z*x) =0} = {0};

e extremal if it cannot be represented as the sum of two other quasitraces.
Theorem 3.6. A quasitrace T is faithful, semifinite and extremal if and only if T is faithful, semifinite
and extremal.
Proof. 1) Let T be faithful, 7(a*a) = 0, for a € R. Since 7(a*a) = T(a*a), then from the faithfulness
of T we obtain that a = 0, therefore 7 is faithful.

Conversely, let 7 be faithful and 7(z*z) = 0, for x € A. Let © = a + ib, a,b € R. Similar to the
proof of Theorem 3.4, we obtain 0 = 7(z*x) = 7(a*a) + 7(b*b). Since 7(a*a) > 0 and 7(b*b) > 0, then
7(a*a) = 7(b*b) = 0, and hence a = b =0, i.e. z = 0. Therefore 7 is faithful.

2). Let Dy = {a € R : 7(a*a) < oo}. We show that D; is dense in R. For a € D,
we have T(a*a) = 7(a*a) < oo, therefore D; C D. Also for y = ib € iD; (b € D;) we have
7(y*y) = 7((ib)*ib) = 7(b*b) < oo, therefore iD; C D. Hence D; +iD; C D.

Conversely, let © € A and T(z*z) < 00, i.e. x € D. Let x = a + ib, where a,b € R. Then, as shown
above, T(x*z) = 7(a*a + b*b) + iT(a*b — b*a) = 7(a*a + b*b) and for the element a*a + b*b we have

. — a*a+bb 0\ a* b a 0
T(a*a+b'D) = T( 0 0)-7’((0 O><b 0))
_ a 0 a* b* - aa* ab* '\ aa* 0
- T\\boJVo o)) ket b )T 0 b

= T(CL(L*) + T(bb*) = T(a*a) + T(b*b)

Since T(z*z) < 0o, then 7(a*a) < oo and 7(b*b) < o0, i.e. a,b € Dy, therefore D C Dy +iD;.

Thus we get: D = D; 4+ iD;. Since D = D, +iD, and D = A = R+ iR, then D, = R. Therefore,
T is semifinite.

3). If 7 = 7 + 7, then by Theorem 3.4 we have
T(z +iy) = 7(z) +i7(y) = 11(z) + Ta(z) +i71(y) + i72(y) = To (@ +iy) + Ta(z + iy),
from here we get 7 =71 + To.

Conversely, if 7 = @1 + ¢, then by Theorem 3.3 we have 7(a+b) = 7(a) = ¢1(a) +¢2(a). Therefore
T =T + T2, where 7y (a + b) = ¢1(a) and ™ (a + b) = ¢2(a). The theorem is proved. 0

Let A be a C*-algebra and 7 be a quasitrace on A. Put |z|y = 7(z*7)"/?, * € A. The mapping

II.|l2, called a quasi-norm, is not a norm in general. However, the following properties hold (see [4,
Lemma 3.5])

(1) 7(z+9)2 < 7(2)2+7(y)"/2, abe Ay,
@)l +ylla”? < lal3? + 1yl3°, =y e 4
3) Mzyll < [lzflllyllz and [lzyl2 < |lzll2llyll, =,y € A.

Now let’s set d, (x,y) = ||z —y| |§/3, x,y € A. Then d is a metric on A and has the following properties
(see [4, Definition 3.6 and Lemma 3.7]):

— the involution z — z* is continuous in the d, -metric;
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— the sum is continuous in the d, -metric on A;
— the product is continuous in the d,-metric on bounded sets A;
— x — 7(x) is continuous in the d,-metric on A4, .

The quasinorm and the corresponding metric are similarly defined in the real case.

Theorem 3.7. Let 7 be an faithful, normal quasitrace on a real C*-algebra R. If T is extremal, then
the AW*-completion R of R is a real AW*-factor.

Proof. Let T be the extension of 7 to A = R+ iR. By Theorem the quasitrace T is also faithful,
normal, and extremal. By [4, Proposition 4.6], the AW*-completion A" of A is an AW*-factor. Since

A7 =R" + iRdT, then by [6, Proposition 4.3.1], the AW*-completion R" of R is a real AW*_factor.
The theorem is proved. O
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1. INTRODUCTION

The Hard-Core model is significant in statistical physics as a fundamental representation of a gas
consisting of particles with non-negligible sizes. In this model, the state o(i) = 1 (resp. 0) indicates
that vertex i is occupied by a particle (resp. empty). A key constraint of the model is that no two
adjacent vertices can both be occupied, effectively preventing particles from overlapping. This model
can also be derived as a limiting case of the antiferromagnetic Ising model (see, for instance, [7]).
Moreover, the Hard-Core model has gained relevance in the study of communication networks (see,
e.g., [10]).

The Hard-Core model has been extensively studied on various types of lattices and graphs due
to its broad applications in statistical physics, combinatorics, and operations research. The choice of
lattice often depends on the specific phenomena being investigated and the mathematical properties of
interest. Commonly studied lattices include: Cayley trees (Bethe lattices) [3], 4 8, [1T], 12} 14} [16 18],
triangular and hexagonal lattices [I], [7], d-dimensional hypercubic lattices [15, [17], random graphs [10],
weighted and bipartite lattices [19]. Each of these lattices provides unique insights into the behavior of
the Hard-Core model, ranging from exact solvability on trees to the complexity of dense configurations
in higher-dimensional or irregular structures.

In 1979 Jelitto [9] introduced the zero-field Ising model on the closed Cayley tree of branching ratio
two and proceeded to solve it exactly. After that a great interest has been devoted to the investigation
of various properties of the Ising model (see, e.g., [2, 13, 20]), Potts model (see, e.g., [5, [6]) on the
closed Cayley trees.

In the present paper, we consider the two-state Hard-Core model on the closed Cayley tree of
branching ratio two. On the symmetric case, we exactly solve the model, i.e., we find the critical value
of the parameter such that below this value there are three limiting Gibbs measures. On the other
hand, as in [18] it is shown that the model on the Cayley tree of order two possesses a unique limiting
Gibbs measure for all values of the parameter.

The paper is organized as follows. Section [2| focuses on the preliminary concepts and foundational
material. In Section [3| we derive a functional equation for the model by leveraging the structure of
the graph. In Section [4], we review several results concerning the open Cayley tree. Section [5| focuses
on the analysis of limiting Gibbs measures for the model on the symmetric tree.

2. PRELIMINARIES

An open tree is a graph G = {E, K} that is connected and contains no circuits. Thus, G is an open
tree if and only if, for any two distinct vertices x,y € F, there exists a unique path x = 21, 22, ..., 2, =
y, where z1, ..., 2, are distinct.

A symmetric closed Cayley tree can be constructed recursively as follows (see Fig. 1). At the
initial, or first stage, two nodes are connected by a vertical edge, as shown in Fig. la. To construct
the next stage, each vertical edge in the previous stage is replaced by the elemental cluster illustrated
in Fig. 1b. Consequently, Fig. 1b represents the second stage, Fig. 1lc depicts the third stage, and
this process continues iteratively.
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1 Jo . : '

&
&

a. Step 1. b. Step 2, closed tree 7@ 7
J2

c. Step 3, closed tree 7

Figure 1. The recursive construction of the closed tree.

To define a random field on an infinite closed tree, it is useful to consider its construction from a
different perspective. We begin with a single vertical edge connecting a pair of sites. Next, replicate
this structure to the right and connect the two top sites through an additional site with two edges.
Similarly, connect the two bottom sites in the same manner, thereby forming the elemental hexagon
shown in Fig. 1b.

In the next step, replicate this structure to the right and link the two top sites and two bottom
sites as before. This process generates a closed tree with two upper levels and two lower levels, as
illustrated in Fig. 1c. Denote the finite closed tree constructed at the nth stage by 7. The infinite
closed Cayley tree is then defined as

T = lim 7™,

n—oQ

The infinite closed Cayley tree T can be naturally decomposed into two distinct parts:
T=T'ur*us,

where S is the set of edges which connects upper and lower tree, I'" = {V;, L,} represents the upper
tree, and ' = {V4, L,} represents the lower tree.

We consider binary random fields on 7' that can be regarded as the limiting measure of a spin
system on a sequence of finite closed Cayley trees. Let V = ViUV, and L = Ly U Ly. If [ € L an
edge with endpoints x,y € V then we write [ = (z,y) and the endpoints are called nearest neighbors.
We assume that ® = {0,1}, and o € Q = ®V is a configuration, i.e., o = {o(z) € ® : x € V}, where
o(x) = 1 means that the vertex z on the closed tree T(™ = {V™ LM} is occupied, and o(x) = 0
means it is vacant. A configuration o on the upper (respectively, lower) tree is said to be admissible
if o(x)o(y) = 0 for every edge (z,y) in L; (respectively, Ly). If the configuration o is admissible on
both the upper and lower trees, then it is called admissible on V' and the set of such configurations is
denoted by Q%. Clearly, Q* C ®V. Furthermore, at the first stage, the condition o(z)o(y) = 1 may
occur. In such a case, the edge (x,y) is referred to as an occupied edge.

We represent the random field on 7™ in terms of the potential function

Ho)=~J Y,  o@aly) —5Y o)=Ly o), (2.1)

(z,y):x€V,yEVs 1€V JEV,

the first summation is carried out over all spins on the surfaces sites (i.e., those for nearest neighbor
pairs on upper level 1 and lower level 1), the second (third) summation is taken over the vertices of
the upper (lower) tree of T (see Fig. 1).
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a. Step 1

b. Step 2

c.Step 3

Figure 2. Closed tree model with Jy = oo

Let B be the o-algebra generated by cylindrical sets with finite base of ¢. For any n we let
By = {w € Q% : w|ye = w,} denote the subalgebra of B, where w|y ) is restriction of w to V(™
and w, : 2 € V™ = w, (z) an admissible configuration in V(™.

The resulting for ¢ € By« Gibbs distribution is defined by

1 1
P(o) = 7 &XP <_k‘TH(U)> ,
where

Zm = }:exp<-f{()>

is the partition function. We can rewrite this distribution in terms of the number of “occupied“ edges
no(w) and number of “occupied“ vertices n;(w) and ny(w) on the surface, the upper tree and the lower
tree, respectively, as follows:

1

Pw) = 0]

exp{hono(w) + h1ni(w) + hana(w)}, (2.2)

where h; = kT, 1=0,1,2.
Notice that several special cases of interest can be obtained from the above system as follows:

(a) To recover the system on the open tree, we set Jy, = 0. The resulting system is equivalent to
two independent hard-core models on open trees.

(b) If Jy # 0 and J; = J,, we obtain the closed symmetric model.

(c) If we set J; = Jo and Jy = 0o, we obtain a spin system on the closed tree (as shown in Fig.
2) in which the upper and lower surface levels (i.e., levels 0) have been fused.

3. RECURRENCE RELATIONS

To study the phase transition, we propose an approach using a recurrence relation for the partition
function and subsequently derive some new properties.
The partition function Z™ can be expressed as the sum of four terms:

720 = z80) + 25 + Z0) + 217, (3.1)
where
7% = 3 exp{hono(w) + hiny (@) + hana(w)}
{w:w,=a,w; =B}

with o and 3 taking values 0 or 1, and w,, and w; representing the spins at the uppermost and lowermost
sites of T, & = 1,2, respectively. Each term Z." () B can further be decomposed as a combination of

different Z i"g Y As shown in Figure 3, there are 16 distinct possibilities for each pair (a, B).



The phase transition for the Hard-Core model 129

0 0 0 0

Figure 3. There are 10 fundamental configurations out of the 16 possible configurations with top spin 0 and
bottom spin 1. The remaining 6 configurations can be obtained by exchanging the left and right subtrees in

equation ((3.2)).

Figure 4. The four fundamental possible configurations for eq.(3.3) and eq.(3.4)

1

Figure 5. The fundamental possible configurations for eq.(3.5))

Then

2 2 2 2
250 = (2550) + (Z70) + (20 ) + (2 ) +
12780V Z8 Y ozl Nzl w2z vV Zin
+278 Vi w278V Zi Y w220 1>21” D
2
= (2 + 2 20 20 7) L (32)

Similarly (see Fig. 4 and Fig. 5),

2
25 =t (25570 + 20V (3.3)
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20 = e (205" + Zé,”f”)Q , (3.4)
and )
20 = et (200 (3.5)
The initial values are given by (see Fig. 6)

Zig =1, Zyl=e, Z{ =M, 7 = ottt

1 0 1 0

Figure 6. The initial configurations.

Therefore,

Z(S}O) — (1 4 6h2 + eh1 + ehoJrher)Q7 Z£11) — ehl+h27 Z(g}l) — eh2 (1 + 6h1)2, Zl()lg _ €h1 (1 + eh2)2

)

Let

Z§ Z5 oz

Z1g Zy Zig
and

a=e"v b=e" c=e" (3.7)
Then

x, = M

no b(a:n,1+y",1)2’
_ (@n—1tYn—1tza_1+1)?
yn o bl(xnfl‘:’yn—l)12 ) (38)
=z Cyi—1

T (Tpo1tyn—1)?"

If lim, o ©, = x, lim, _, ¥, = ¥y and lim,,_,, 2, = 2z exist, then

_ c(l+y)?
= bty
oty+z+1)°
y = (Jb(i+y)2) 7 (3.9)
_ )’
2T G

If the system of equations (3.9) has a unique solution, the corresponding limiting measure is also
unique, indicating the absence of a phase transition. On the other hand, if the system has multiple
solutions, this implies there is more than one (actually, infinitely many) limiting measures, which is
characteristic of a phase transition.

4. REVIEW SOME KNOWN RESULTS

When Jy =0, i.e., a = 1, the model is reduced to two identical and independent open tree models
each of which may be represented by

Pw) = 5 exp{him ()}, (4.1)

where h; = k]—% The partition function

2 = zo:exp <_I<:1TH(U)> ,
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where
H(o)=—-J, Z o(x),
zeVL
can be divided into two parts,
2 =zl 4 M) (4.2)

where ) )
2 = (z(()nfl) + zinil)) ;2= (zé"71)> .

The quantities in (3.2)-(3.5) can be expressed as the products of 2™ and z{™ as follows:
2 2
A =2 =, 2= () 20 = () 13
By defining
U, Wa

we reduce the system of equations (4.3) to a single equation

A
Up = m = ¢(Un-1),

where A = e and ¢(z) If u,, has a limit, say u, we must have u = ¢(u).

_
= Qra)?
Remark 4.1. Yu. Suhov and U. Rozikov studied the equation u = ¢(u) in [I§] and it is shown that

it has unique positive solution, which implies that the model on the open Cayley tree of order two
does not exhibit a phase transition.

5. MAIN RESULTS

For Jy # 0, we obtain a Hard-Core model on the closed tree shown in Figure 1. We consider only
the symmetric case, i.e., J; = Jo = J (thus, hy = hy = h and b = ¢). Since h = 0 corresponds to a
trivial i.i.d. model, we always assume that h # 0, i.e., b # 1.

In the symmetric case b = ¢ under consideration, the system becomes

_ (+4p)?
L= Gy
xT z 2
y= g (5.1)
_ eyt
2= Gt

Denote ¢, = % + 14 = 28.0422. The following is true
Proposition 5.1. The system of equations has:

e three solutions when ¢ > c.,;
e two solutions when ¢ = c.,;

e one solution when 0 < ¢ < c¢gp.

Proof. For simplicity, we define u = \/z, v = \/y, t = /z and v = y/c. Then (5.1)) is reduced to

_ 1+v2
u - ’LL2+’L]2’
_ w441
v = y(u2+v2) (52)
2
t= 2

T w242
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From the first equation of (5.2) we get
(u—1)(u?+u+1+0*)=0.

Therefore, © = 1. Then from the third equation, we obtain
2

_ v
1402
Setting it to the second equation of (5.2]), we have
(y0® —v® = 1) (v* + 30> —yv +2) = 0. (5.3)

We consider the first factor of equation ([5.3). Using the Cardano formula, we obtain that equation
v =12 —=1=0
has one positive solution of the form

p*(7) +2p(7) + 4
67vp()

p(v) = \3/108’y2 + 1294/81~2 + 12 4+ 8.

Now we consider the second factor of equation ([5.3)). Using the Ferrari formula, we find the solutions
of the equation

Vo = )

where

vt + 302 — v+ 2 =0.

After some operations, we get

3 2 1
vt 30 —qu 42 = <v2+2+60> - (200v2+w+c3+3c0+4).

Denote B — 128() + 132
Y)— v) +
co(y) = ,
1253(y)
where
B(v) = 6/10872 + 12\/8174 — 226872 — 96 — 1512
and v > ., = @ ~ 5.295494. After some operations, one gets

v* 30—+ 2=

= <v2+\/ﬁv+§+co+2\;ﬁ> : (vQ—\/Eererco—Q;E)
Due to the Vieta formulas, the first factor does not have a positive solution for any ~ > 0. The second
factor has one positive solution if v = ., and two positive solutions if v > ... Therefore, the system
of equations has three solutions when ¢ > ¢.., has two solutions when ¢ = ¢, and has one
solution when 0 < ¢ < ¢, O

Summarising, we obtain
Theorem 5.2. For the Hard-Core model on the symmetric closed Cayley tree with a branching ratio
of two:

e ifh>1In (229@ + 14), a phase transition occurs,

o if h <In (229@ + 14), a phase transition does not occur.
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Abstract. The mathematical model of the control system considered in this paper is presented
in the form of a linear nonstationary differential inclusion. For this model of the control system,
the problem of locally relative controllability is studied. The necessary conditions of locally relative
M —controllability for compact terminal set M are obtained. Property of locally relative controllability
of differential inclusion has been studied using the methods of convex analysis, properties of multi-
valued maps, support functions and the fundamental matrix for solving linear systems of differential
equations.
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1. INTRODUCTION

Differential inclusions have wide applications in the theory of optimal control, in differential games,
in the theory of differential equations with discontinuous right-hand sides and in other fields. Differ-
ential inclusions are a convenient mathematical apparatus in the research of such fundamental issues
of the mathematical theory of optimal control as the problems of controllability of dynamic systems,
the existence of optimal control, necessary and sufficient optimality conditions [1]-[5]. By now, the
scope of research of differential inclusion and applications has significantly expanded.

One of the most important problems for a dynamic system is its controllability property. Along
with full controllability, the problems of conditional, relative and local controllability are also of great
interest in control theory. The necessary and sufficient conditions of controllability have been studied
for various classes of models of dynamic systems [6]-[18]. Many results on controllability problem
obtained for ordinary continuous systems are developed for systems with delays and discrete systems
[19]-[21].

The issues of controllability of dynamical systems can be studied as controllability problems for
models described by various classes of differential inclusions. Some properties of the type of local con-
trollability for systems described by differential inclusions were initially studied by V.I.Blagodatskikh
[3],122]. The property of controllability of differential inclusions are also investigated by F. Clark[2],
B. Sh. Mordukhovich [23], E. S. Polovinkin and G. V. Smirnov [24], H. Frankowska [25].

At the present stage of development of the theory of optimal processes, much attention is devote to
the issues of building optimal control systems in conditions of inaccuracy and insufficient information.
Therefore, the issues of controllability of the ensemble of trajectories of differential inclusions with
control parameters are of particular interest. The works [26]-[28] are devoted to the study of the
controllability property of an ensemble of trajectories. Some properties of the set of relative control-
lability of the differential inclusion were studied in [29],[30]. In this paper for one model of a control
system in the form of a differential inclusion the problem of necessary conditions of locally relative
controllability is studied.

2. STATEMENT OF THE PROBLEM

We will use the designations: R™ is n - dimensional Euclidean space;(x,y) is the inner product of
vectors x,y € R™; ||z|| is the norm of the vector z € R™; ¢(X, ) = sup{(z,v¢) : x € X} is the support
function of a limited set X from R"; || X|| = sup ||z|| is the norm of compact set X; L,(T) is the space

reX

of Lebesgue integrable (summable) functions defined on the segment T" = [to, t1].
Consider a control object whose dynamics in the n dimensional state space R™ is described by
differential inclusion

d
d—";f € Atz + B(t),t >ty (2.1)
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where A(t) is a n X n-matrix, B(t) is a multi-valued mapping. We will assume that the following
conditions are met:

1) the elements of the matrix A(¢) are summable on any T' = [to, t1] C [to, +00); 2) for each t > t5 a
set B(t) C R™ is compact and multivalued mapping t — B(t) is measurable on an arbitrary segment
T C [to,+00) and ||B(t)|| < B(t),where 5(-) € L1(T) .

By the admissible trajectories of the control system we will understand each absolutely continuous
n-vector function = z(t) on a certain segment 7' = [to, t1], satisfying almost everywhere on T' = [to, t1]
a given differential inclusion (2.1).

Let X(to,t1, 20, A, B) be the reachability set of differential inclusion (2.1) from the starting point
ro € R™ at time t; > tg, i.e. the set of all possible points z; € R™ for which there are trajectories
x =x(t), t € T = [to, t1], such that x(ty) = x¢ and z(t;) = =, .

Let M be a given compact set of the space R™ which will use as set of terminal states of the control
object (2.1); M= ={{: & =m+v,m € M,||v|| < e} is the e- neighborhood of the set M.

Definition 2.1. We will say that a differential inclusion (2.1)locally relative M- controllable if there
is a number ¢ > 0 and a time interval T' = [to, 1], such that for any starting point z, € M®
there exist an admissible trajectory x(t),t € T, satisfying the condition z(¢;) € M, i.e. the rela-
tion X (to,t1, 0, A, B) N M # () Vay € M* holds.

In the case when the set M consists of a single element, i.e. if M = {m}, then according to this
definition we will say about the local {m}-contractility of the differential inclusion.And in the case of
m = 0, according to the definition, we obtain a definition of the local zero-contractility of the system
under consideration.

From the theory of multivalued maps and differential inclusions and [1], [3] and linear systems of dif-
ferential equations is known that for the set X (¢, %1,&, A, B) the following formula is true [14],[18],[26]

ty

X(to 11, €, A, B) = ®alts, to)é + / B (11, 1) B(1)dt, (22)

to

dz
where ®,4(t,7) is the fundamental matrix of solutions to equation - A(t)x, t € T. From this

formula and the properties of the integral of multivalued maps, it easily follows that X (¢,t1,£, A, B)
is a convex compact of space R™. According to results of the theory of multivalued mappings and the
properties of support functions [3], from the formula (2.2) follows that for the support function of the
set X (to,t1,&, A, B) the formula holds

t1

X (01, A B), ) = (@alts t0)6,0) + [ e(®altr,0)B0), D)k (2.3)

to
Using the methods of convex analysis, the properties of multivalued maps and support functions, and
the fundamental matrix for solving linear systems of differential equations [3]-[6] we will study the
property of locally relative controllability of differential inclusion (2.1).

3. NECESSARY CONDITIONS FOR LOCALLY RELATIVE M-CONTROLLABILITY

Theorem 3.1. For locally relative M -controllability of differential inclusion (2.1), it is necessary
that the condition

tq

Hg\lllegsgz\l/)f t/c(CI)A(tl,T)[A(T)ﬁ + B(7)],¢)dr > 0, (3.1)

was performed at some moment of time t; > tg .
Proof. Suppose by contradiction, i.e. let for each t; > ty,there exists ¢° = %(t;) € R", |[¢°]| = 1
such that there is an inequality
ty
sup / (@4, M) A(T)E + B(7)],4")dr < 0. (3.2)

ceM
to
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Since the differential inclusion (2.1) is locally relative M- controllable, then by virtue of definition 2.1,
there exists a number ¢ > 0 and some moment of time t; > ¢, such that for all x, € M¢ there is a
ratio X (to,t1, zo, A, B) N M # (), which is equivalent to inclusion 0 € X (to, t1,zo, A, B) — M. Using of
the support functions, the last relation can be written as an inequality

Hiﬂil[c(X(thtth?Aa B)a 77/)) + C(M7 —¢)] > 0.

Using the formula (2.3), the resulting inequality can be written as follows:

ty

H;ﬂf:'l[(q)A(tla to)[]ﬁo, ¢> + /C<¢A(tl7 T)B(T)7 Tb)dT + C(M7 _1/})} Z 0.
to

Hence, in particular, we obtain that for the vector 9° = ¢°(¢;) € R™, ||¢°|| = 1 satisfying the inequality

(3.2), the following inequality is also valid:

t1
(@A(tlato)ﬂfoy"(/fo) + /C(CI)A(th 7)B(7), wo)dT + (M, —lbo) > 0. (3.3)
to
Due to the compactness of the set M, there exists a point m® € M such that (m°, —¢°) = ¢(M, —¢°),

i.e.

(m°, %) + (M, —°) = 0. (3.4)

Consider an arbitrary point £ = m° + v, ||v|| < e. By virtue of the properties of the fundamental
matrix ®4(ty,t), we have:

t1 ty
B At
Byt to)m® —m® = — / Wm%zt - /(I)A(tl,t)A(t)mOdt.
to to

Therefore,

t1

(¢A(tlat0)€a¢o) = (m07w0) + /((I)A(tl,t)A(t)moa %Z)O)dt + (q)A(tlatO)Vv dJO)
Thus, given (3.4), we have:

t1

((I)A(tl,to)gﬂ/)o) + /C(CI)A(t177')B(T)a¢O)dT + c(M, _@ZJO) = (®A(t1,to)v, ¢0)+

to

o, 0) oM. =) + [(@altr VA )dr + [ e(@a(tn,1)B(r). 0 )dr =
= (P a(ty,to)v,°) + /C((I)A(tl,T) [A(T)m° + B(7)],¢%)dr. (3.5)

to

e, (t1,t0)¢°
[ @7, (t1,t0) 90|
the vector £ = g = m° +v° from (3.5) we get:

Consider the vector 1° = — It is clear that ||[°|| = & . Therefore, assuming v = 1°, for

t1

(@alts.t0)z0,0°) + [ c@alt, TVB(r). w)dr + (M, ~0") =

to
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= —¢||®, (t1, to)°|| + /c(@A(tl,T) [A(T)m" + B(7)],v%)dr. (3.6)

Now, considering (3.2), from (3.6) we obtain

t1

(@4 (1, £0)0, °) + /c(@A(tl, PVB(r), 9 dr + (M, —°) < 0

to
The latter inequality contradicts condition (3.3), the validity of which, as already stated above,
follows from the local-relative M- controllability of the differential inclusion (2.1). The resulting
contradiction proves the theorem.
Theorem 3.2. If the differential inclusion (2.1) is locally-relative M- controllable, then there exists
a moment of time t, > ty such that following inclusion takes place:

0 € int / B A(t1, 7)[A(T)M + B(r)]dr. (3.7)

to

Proof. Using the properties of the support functions the necessary condition of local controllability
in form (3.1) can be written as an inequality

Hziprlllfﬂc gw/qm ty, 7)[A(T)E 4 B(1)]dT, %) > 0. (3.8)
It is clear that
(| /<I>A t1, T)[A(T)E + B(7)ldr, ) < C(/ D a(tr, T)[A(T)M + B(7)]dT, ).
geMy to

So, from the necessary condition of locally relative M-controllability in from (3.8), we obtain

t1

inf o [ @a(ts, DAMM + B(ldr.v) > 0
-
Due to the properties of the support functions, the relation (3.8) follows from the last inequality.
Theorem 2.1 is proven.

Corollary 3.1. If differential inclusion (2.1) is locally relative M- controllable, then there exists a
moment of time t; > tq such that

0 € int[X (to, t1,coM, A, B) — coM]. (3.9)

Indeed, for an arbitrary point m € M we have:

/ B 4(t1, 7)[A(r)m + B(r)]dr = / ® (1, 7)A(F)mdr + / B a(tr, 7)B(r)dr =

t1 ty

= —/a(b‘gj_l’ﬂdTm%—/@A(tl,T)B(T)dT: (@a(ti,to) —E)m+/q)A(tlaT)B(T)dT‘

to to to

Therefore,
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t1 t1

= U [(@at.to) — Bym] +/¢A(t1,7)3(7)d7 — (Baltr,to) —E)M+/<I>A(t1,r)B(T)dT,

meM to to

where E is a single n x n - matrix. Since the condition (3.1) is equivalent to the ratio (3.8), we obtain
that the necessary condition (3.1) takes the form of inclusion

0 € int[(Ba(ts, to) — E)col + / B 4(t1,7)B(r)dr].

Therefore, using formula (2.2), we obtain a formula (3.9).
Remark 3.1. From the condition (3.9) follows that if the differential inclusion (2.1) is locally
{m}-controllable, then
m € intX (to, t1,m, A, B)

for some moment of time ¢; > ;.
Corollary 3.2. If the differential inclusion (2.1) is locally relative M- controllable, then there exists
a moment of time t; > ty such that there is an inequality

inf sup ¢(Pa(ts,t)[A(t)M + B(t)],¢) > 0. (3.10)

Hll1=1telty, t1]

Indeed, if we assume that (3.10) does not hold for any ¢; > ty, then for each moment of time ¢; > ¢,
there exists ¢¥* = 1*(t;) € R™, [|¢)*|| = 1 such that

b c(Palty, AOM + B(0)),47) <0
Then, from this inequality we get
t ty
o / B 4(t1, T)[A(T)M + B(r)|dr, ") = /C@A(tl, AT)M + B(#)], ¢ )dr < 0.
to to
But this contradicts to the necessary condition of locally relative M-controllability in the form (3.7).

Theorem 3.3. If the differential inclusion (2.1) is locally-relative M- controllable, then there exists
a moment of time t; >ty such that

Ocinteo | ®alts,t)[A(t)M + B(t)].

tElto,t1]

Proof. According to corollary 3.2, there exist of a moment of time ¢; > ¢, and the condition (3.10)
is fulfilled. The left part of (3.10) is denoted by § > 0. Then it is clear that

6 < sup c(Palty, t)[A)M + B(t)],¢) =

tefto,t1]
=c( U @alt,)A®M + B(1)]v) ¥ € R", |l = 1.
tE[to,t1]
Therefore, according to the properties of the support functions, we have

Ocinteo |J @alts,t)[A(t)M + B(2)).

tE€[to,t1]
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Theorem 3.3 is proven.

Theorem 3.4. Let B(t) = C(t)U(t), where C(t) = (c;;(t)) is a n x m -matriz whose elements
cij(t) € Ly(T) at each T = [to,t1], t — U(t) is a measurable multivalued map, U(t) is compact set
from R™ ||U@)|| < g(t),t € T = [to,t1], g(-) € Li(T). Then if the system (2.1) is locally zero-
controllable, then there exists t; > to such that for any 1 € R |[|| = 1 the relation u©(1p) > 0 is
valid, where pO (1) is the Lebesque measure of the set O(1) = {t € T = [to, t1] : C' ()@, (t1, 1) # 0}.

Proof. Suppose contrary, i.e. for any t; > ¢, there exists ¢* = ¢(¢t;) € R",|[¢*|| = 1 such that
pf{t € [to,t1] : C" ()@ (t1,t)1* # 0} = 0. Then we have:

tl tl

/ (@4 (tn, )C(OU (), ) dt = / c(U(1), C ()8, (b, 1)) dt =

t() tO

= [ c(U@®),C'(0)@,(t, t)y~)dt = 0.

nO(y~)

But, on the other hand, since the zero-controllability property takes place, then by virtue of Theorem
3.1 the ratio is valid.

t1 t1

/c(@A(tl,t)C’(t)U(t),w*)dt _ /C(U(t), C'(1)® (b1, £)07)dt > 0,

to to
which contradicts the equality obtained above. This contradiction shows that our assumption is
incorrect, and therefore, the theorem has been proved.

Corollary 3.3. Let A(t) = A, B(t) = CU(t), where C is a n X m- matriz, t — U(t) is a measurable
multivalued map, U (t) is compact set of space R™, ||U(t)|| < g(t), t € T = [to,t1], g(-) € L1(T). Then,
if the system (2.1) is locally zero-controllable, then rankK = n, where K = {C, AC, A*C, ..., A"~'C}.

In fact, if we assume that rankK < n, then there exists ¢ € R”, ||1|| = 1 such that

W C =19 AC =9 A2C = ...= ¢ A" 'C =0.

According to the Cayley-Hamilton theorem from algebra, a square matrix A of size n satisfies the
equality
A"+ o AV A+ 4y, A+ 0, E =0,

where ay, g, ..., a,, are the coefficients of the characteristic equation det(A—AE) = 0. It follows that all
degrees A”,v > n of the matrix A are expressed as linear combinations of matrices F, A, A2, ..., A" 1.
Therefore, using the definition of an exponential matrix, we have:
t2 $n— 1
=E+tA+ A+ ...+ A"1+ A"
2! (n—1)!

=Gi(t)E+ B(t) A+ ...+ 5n(t)An717

where (31, Ba, ..., B, are the analytical functions of the argument ¢. Therefore, given that ®4(¢;,t) =
eAt—t we have:

VDY (t1,8)C = eNIC = [BL(H)E + Bo(t) A+ ... + B (H) A" C =
= ()Y C + Bo(t)) AC + ... + B (t) A"71C = 0,Vt € [to, t].

Thus, ¢’ ®4(t1,t)C = 0 Vt € [to,t1]. And this contradicts the necessary condition of local zero-
controllability u{t € T = [to,t1] : C"()®(t1,t)¢) # 0} > 0 from Theorem 3.4. The resulting contra-
diction proves the statement of the corollary.

Remark 3.2. The fulfillment of the inclusion 0 € intco |J P@a(t1,t)B(t) for a certain t; > tg

te(to,t1]
is mecessary condition of zero-controllability. A mnecessary condition for local M -controllability with
there will be condition 0 € intco |J B(t), t1 > to. If A(t) =0 and B(t) = B, then the condition
tefto,t1]

0 € intcoB is a necessary condition for the local M -controllability of the system (2.1).
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4. CONCLUSION

The paper researches the problem of local relative controllability for a mathematical model of a
control system in the form of a linear nonstationary differential inclusion. Assuming that the terminal
set M is compact, the necessary conditions for locally-relative M- controllability are studied. From
these conditions, the consequences are derived, which clarify and supplement the results obtained.
These results, in particular, are of interest for the question concerning the conditions of openness of
the field of zero-controllability of a dynamical system.

REFERENCES

[1] Aubin J.P., Cellina A. Differential inclusions. Set-valued maps and viability theory. Berlin a.o. : Springer,
1984.

[2] Clark F.H. Optimization and non-smooth analysis. John-Wiley and Sons, New York, 1983.

[3] Blagodatskikh V.I., Filippov A.F. Differential inclusions and optimal control. Proceedings of the Mathe-
matical Institute of Academy of Sciences of USSR. 1985, vol. 169. pp. 194-252.

[4] Borisovich Yu.G., Gelman B.D., Myshkis A.D.,Obukhovsky V.V. Introduction to the theory of multivalued
maps and differential inclusions. Moscow: KomKniga, 2005.

Polovinkin E.S. Multivalued analysis and differential inclusions. Fizmatlit, Moskow, 2015.

]
| Lee E.B., Marcus L. Fundamentals of the theory of optimal control. New York-London-Sydney, 1967.
] Gabasov R.F., Kirillova F.M. Qualitative theory of optimal processes. Nauka, Moscow, 1971.

]

Bartoshevich Z. Approximate controllability of neutral systems with control delays. J. Diff. Equat. 1984,
volume 51, No. 3. pp. 295-325.

[9] Margaery A. On the 0-local controllability of a linear control system. J. Opt. Theory and Applications,
1990, vol. 66, No. 1. pp. 61-69.

[10] Frankowska H., Local controllability of control systems with feedbacks, Journal of Optimization Theory
and Applications, 1989, No 60. pp. 277-296.

[11] Aubin J.-P. | Frankowska H., Controllability and observability of control systems under uncertainty, 1990,
Volume dedicated to Opial, Ann. Polonici Mat, LI. pp.37-67.

[12] Kaczorek T., Linear Control systems, Research Studies Press and John Wiley New York, 1993.

[13] Klamka J., Constrained Controllability of Nonlinear Systems, Journal of mathematical analysis and appli-
cations, 1996, No 201. pp. 365-374.

[14] Klamka J., Controllability of Dynamical Systems, Matematyka stosowana, 2008, 9. pp. 57- 75.

[15] Agrachev A.A., Sachkov Yu.L., Control theory from the Geometric Viewpoint, Springer-Verlag, Berlin,
2004.

[16] Jurdjevic V., Geometric Control Theory, Cambridge University Press, 1997.

[17] Kaczorek T., Klamka J., Convex linear combination of the controllability pairs for linear systems, Control
and Cybernetics , 2021, Vol. 50, No 4. pp. 111.

[18] Blagodatskikh V.I., Introduction to theory of optimal control, Moscow, Visshaya shkola, 2001.

[19] Klamka J, Controllability of fractional discrete-time systems with delay, Scientific Notebooks of Silesian
University of Technology, Series of Automatics, 2008, 151. pp. 6772.

[20] Klamka J., Constrained controllability of semilinear systems with delays, Nonlinear Dynamics, 2009, 56
(12). pp. 169177.

[21] Razmyslovich G.P., Krakhotko V. V. Controllability of linear systems with many delays in the control
of differential regulators. Bulletin of the Belarusian State University. Mathematics and computer science.
2018, No.3. pp. 82-85.

[22] Blagodatskikh V.I. On the local controllability of differential inclusions. Differential Equations, 1973, vol.9,
No. 2. pp. 361-362.

[23] Mordukhovich B. Discrete approximations and refined Euler-Lagrange conditions for nonconvex differential
inclusions. STAM J. Control and optimization. 1995. Vol. 33. pp.882-915.



About the Conditions for Locally Relative Controllability of a Differential Inclusion 141

24]
25]
26]
27]
28]
[20]

[30]

Polovinkin E.S., Smirnov G.V. On the time optimal control problem for differential inclusions. Differential
equations. 1986. Vol.20, No. 2. pp. 1351-1365.

Frankowska H. Local controllability and infinitesimal generators of semigroups of multivalued maps. STAM
J. Control and Optimization. 1987. Volume 25. pp. 412-432.

Otakulov S. Problems of controlling an ensemble of trajectories of differential inclusions. Lambert Academic
Publishing House, 2019.

Jr-Shin Li. Ensemble Control of Finite-Dimensional Time-Varying Linear Systems. IEEE | Transactions on
automatic control, 2011, vol. 56, No. 2. P. 345357.

Rahimov B. Sh. About conditions of controllability of ensemble trajectories of differential inclusion. Bull.
Inst. Math. (Uzbekistan), 2024, vol.7, 2. -p. 83-91(in Russian).

Otakulov S., Rahimov B. Sh. Haydarov T.T. On the property of relative controllability for the model of
dynamic system with mobile terminal set. AIP Conference Proceedings, 2022, 2432, 030062. -p. 15.

Rahimov B.Sh. Properties of the Controllability Set of One Class of Differential Inclusions. Russian Math-
ematics, 2024, Vol, 68, No. 9, pp. 63-69.

Otakulov S.,

University of Innovation Technologies,
Republic of Karakalpakstan, Uzbekistan
email: otakulovb52@mail.ru

Rahimov B.SH.,
Jizzakh Polytechnic Institute,
Jizzakh, Uzbekistan.

email: raximovboyxoroz@gmail.com



142 Partohaghighi M., Marcia R., Chen Y.(Q.

Uzbek Mathematical Journal

2025, Volume 69, Issue 3, pp.

DOI: 10.29229 /uzmj.2025-3-15

Effective Dimension Aware Fractional-Order Stochastic Gradient
Descent for Convex Optimization Problems
Partohaghighi M., Marcia R., Chen Y.Q.

Abstract. Fractional-order stochastic gradient descent (FOSGD) leverages fractional exponents
to capture long-memory effects in optimization. However, its utility is often limited by the difficulty
of tuning and stabilizing these exponents. We propose 2SED Fractional-Order Stochastic Gradient
Descent (2SEDFOSGD), which integrates the Two-Scale Effective Dimension (2SED) algorithm with
FOSGD to adapt the fractional exponent in a data-driven manner. By tracking model sensitivity and
effective dimensionality, 2SEDFOSGD dynamically modulates the exponent to mitigate oscillations
and hasten convergence. Theoretically, this approach preserves the advantages of fractional memory
without the sluggish or unstable behavior observed in naive fractional SGD. Empirical evaluations in
Gaussian and a-stable noise scenarios using an autoregressive (AR) model, highlight faster convergence
and more robust parameter estimates compared to baseline methods, underscoring the potential of
dimension-aware fractional techniques for advanced modeling and estimation tasks.

Keywords: Fractional Calculus, Stochastic Gradient Descent, Two Scale Effective Dimension,
More Optimal Optimization.
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1. INTRODUCTION

Machine learning (ML) and scientific computing increasingly rely on sophisticated optimization
methods to tackle complex, high-dimensional problems. Classical stochastic gradient descent (SGD)
has become a mainstay in training neural networks and large-scale models, owing to its simplicity
and practical performance. However, standard SGD exhibits notable limitations: it typically treats
updates as short-term corrections, discarding a rich history of past gradients. In contrast, fractional
approaches in optimization draw upon the theory of fractional calculus to capture long-memory effects,
thereby influencing the trajectory of updates by retaining historical gradient information over extended
intervals 2} [3].

We assume the parameter space © C RY represents the parameters of a neural network with L
layers, where each layer j has parameters ) € R%, and d = Zle d;. The Fisher Information Matrix
and 2SED measures are computed for each layer to adapt optimization updates.

Fractional calculus extends traditional calculus to include non-integer orders, offering a powerful
tool for modeling and control in various fields, including optimization. It allows for the incorpora-
tion of memory and hereditary properties into models, which is particularly beneficial in dynamic
systems and optimization, e.g. [4]. By leveraging fractional derivatives, optimization algorithms can
potentially achieve better convergence properties and robustness against noise, as they account for the
accumulated effect of past gradients rather than relying solely on the most recent updates [6]. This
approach has shown promise in enhancing the performance of optimization algorithms in machine
learning and other scientific computing applications [14].

By embracing these generalized derivatives, FOSGD modifies the usual gradient step to incorpo-
rate a partial summation of past gradients, effectively smoothing updates over a historical window.
The method stands especially valuable for scenarios where prior states wield significant impact on
the current gradient, as often encountered in dynamic processes or highly non-convex landscape [§].
Nonetheless, the quest for harnessing fractional updates is not without drawbacks. Incorporating frac-
tional operators demands added hyperparameters (particularly the fractional exponent «), which can
prove sensitive or unstable to tune. Excessively low or high fractional orders may slow convergence
or lead to oscillatory gradients, thus negating the presumed benefits. Bridging the gap between the
theoretical elegance of fractional calculus and the pressing computational demands of real-world ML
systems remains a formidable challenge.
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Although FOSGD helps mitigate short-term memory loss by preserving traces of past gradients,
selecting and calibrating the fractional exponents can introduce substantial complexities in real-world
settings. For instance, deciding whether o = 0.5 or a = 0.9 is most appropriate for capturing relevant
memory structures is neither straightforward nor reliably robust, with the optimal choice often varying
considerably across tasks or even across different stages of training. In practice, if the chosen exponent
fails to align with the true dynamics of the loss landscape, updates may drift or stall, resulting in
unpredictable or sluggish convergence. Moreover, fractional terms can amplify variance in gradient
estimatesespecially under noisy or non-stationary conditions thereby causing oscillatory or chaotic
training behaviors that undermine stability.

Beyond these convergence and stability concerns, fractional exponents impose additional burdens
on tuning and hyperparameter selection. Even minor changes in a can radically alter the memory
effect, forcing practitioners to engage in extensive trial-and-error experiments to achieve consistent
results. Such overhead becomes especially prohibitive in large-scale or time-sensitive applications,
where iterating over a range of fractional parameters is not feasible. Consequently, despite its theo-
retical promise as a memory-based learning strategy, FOSGD faces limited adoption in practice, as
the algorithm’s strong reliance on well-chosen exponents can undercut the potential advantages that
long-range gradient retention might otherwise provide.

Studies have highlighted issues such as the need for precise tuning of fractional orders to avoid
erratic convergence paths [9, 10]. Additionally, challenge of converging to a real extreme point en-
countered by the existing fractional gradient algorithms is addressed in [I1]. These challenges under-
score the need for robust fractional SGD variants that balance computational efficiency with stable
convergence. A geometry-aware strategy like Two-Scale Effective Dimension (2SED) can dynamically
regulate the fractional exponent in FOSGD. By examining partial diagonal approximations of the
Fisher information matrix [15], 2SED identifies regions of high sensitivity and adapts the exponent
accordingly. This approach dampens updates in areas prone to instability while exploiting longer
memory in flatter regions. Consequently, combining 2SED with FOSGD reduces erratic oscillations,
preserves long-term memory benefits, and yields more robust performance across diverse data sets
and problem types. We introduce a novel 2SED-driven FOSGD framework that dynamically regu-
lates the fractional exponent using the dimension-aware metrics of 2SED. This adaptive mechanism
aligns historical-gradient memory with the sensitivity of the optimization landscape, thereby enhanc-
ing stability and data alignment. Under standard smoothness and bounded-gradient assumptions,
the method satisfies strong convergence criteria. In practice, geometry-based regularization fosters a
more consistent convergence, as evidenced by solving an autoregressive (AR) model under Gaussian
and a-stable noise. We organize this paper as follows. In Section [2] we thoroughly examine the
2SED algorithm, illustrating how it approximates second-order geometry to produce dimension-aware
updates. Section [3|reviews FOSGD, highlighting its appeal for long-memory processes and the hyper-
parameter dilemmas that hinder practicality. Also, we detail how to embed 2SEDs dimension metrics
into the fractional framework, providing both equations and pseudo-code. Section 4] delves into a con-
vergence analysis, establishing theoretical performance bounds for our method. Section [5| showcases
experiments across different tasks, such as an auto-regressive (AR) model and image classification,
demonstrating that 2SED-driven exponent adaptation yields measurably stronger results. Finally, Sec-
tion [6] concludes by summarizing key findings, identifying broader implications for optimization, and
suggesting directions for further research in advanced fractional calculus and dimension-based learn-
ing techniques. This overarching narrative underscores the growing intersection between fractional
approaches and dimension-aware strategies. Aligning memory-based methods with geometry-aware
design, we move closer to an optimization paradigm that capitalizes on historical information without
succumbing to the pitfalls of unbounded memory effects. Our findings thus underscore the promise of
28ED + FOSGD as a more stable algorithmic solution poised for wide adoption in deep learning.

2. Two-SCALE EFFECTIVE DIMENSION (2SED) AND FRACTIONAL-ORDER SGD

Classical complexity measures, such as the Vapnik-Chervonenkis (VC) dimension [16] or raw pa-
rameter counts, often overestimate the capacity of overparameterized neural networks. Zhang et al.
[17] demonstrate that deep networks, such as Inception-style models with millions of parameters, gen-
eralize well despite their ability to memorize random labels, undermining naive VC-based bounds.
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This discrepancy arises because many directions in the high-dimensional parameter space © C R?
are “flat,” contributing minimally to model outputs, while a subset of sensitive directions dominates
learning [1§].

Curvature-aware approaches, leveraging the Fisher Information Matrix (FIM) [19], better capture
local sensitivity. We adopt the Two-Scale Effective Dimension (2SED) [I5], which integrates global
parameter counts with local curvature effects encoded in the FIM, offering a more nuanced complexity
measure than Hessian-based metrics [20] or K-FAC approximations [2I]. In this section, we define
2SED and its layer-wise variant, Lower 2SED, and propose their use in adapting fractional-order
stochastic gradient descent (FOSGD) to improve optimization stability and generalization.

2.1. Foundational Definitions. We consider a neural network with L layers, where layer j has
parameters §; € R%, and the parameter space is @ = ©; x --- x O C R¢, with d = Zle d;.
The Fisher Information Matrix (FIM) and 2SED are computed layer-wise to adapt optimization
updates, leveraging the Markovian structure of feed-forward networks [I5]. Each layers parameter
vector 0; € ©; C R% represents the trainable weights and biases, while ©; is the bounded domain of

possible parameter values, ensuring regularity in the statistical model.
Definition 2.1 (Fisher Information [15]). For a statistical model py(z,y) with parameters §# € © C R9,
assuming py is differentiable and non-degenerate, define the log-likelihood as
lo(x,y) = logpo(z,y).
The Fisher Information Matriz F(6) is given by

F(0) = B~y [(Volo(z,y)) @ (Volo(z,y))], (2.1)
where ® denotes the outer product and the expectation is over py. Under regularity conditions, this
equals E[—V34y(z,y)] [19].

Definition 2.2 (Empirical Fisher). [I5] Given an i.i.d. sample {(X;,Y;)}Y,, the empirical Fisher
Information Matriz is

1 N
Z (Vols(Xi, Vi) © (Valo(Xi,Y5)) (2.2)
z:l

converging to F(f) as N — oc.

Definition 2.3 (Normalized Fisher Matrix [I5]). The normalized Fisher matriz F(0) rescales F(0)
so that R
Eo[TrF(0)] = d,

where d = dim(©). Formally,

o) = {Mﬁwm if B [TrF (6)] > 0,

. (2.3)
0, otherwise.

2.2. The 2SED Approach. Although d = dim(©) represents the nominal number of parameters,
many directions in O are flat, contributing minimally to the loss [I8]. The Two-Scale Effective Di-
mension (2SED) integrates a curvature-based term derived from the Fisher Information Matrix with
the parameter count d, capturing the effective dimensionality of active directions.

Definition 2.4 (Two-Scale Effective Dimension [I5]). Let F(6) be the normalized Fisher matrix,
positive semi-definite under mild conditions. For 0 < e < 1 and { € [%, 1), the 2SED is:

d¢(e) = Cd + (1 = Q)deurv(€), (2.4)

where
log Eg [det (Id + sg’lﬁ(H)%)}

|log (54*1)]

dcurv({‘:) = (25)

Here, I, is the d x d identity matrix, and F/(6)? is the positive semi-definite square root of F(6).
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For layer-wise optimization, we compute dY )(5) for each layer j, using the layer-wise FIM Fj;(6;),
approximated empirically as in Definition The parameter ¢ balances the nominal dimension
d; and the curvature term de,(¢). Smaller ¢ amplifies the contribution of significant eigenvalues,
emphasizing high-curvature directions. As { — 0, 2SED prioritizes curvature-based modes, while { —

1 recovers the nominal dimension d;. The term log det (Id + R (9)%) summarizes the spectrum of

F (6)%, emphasizing directions with large eigenvalues (high curvature) while suppressing flat directions.
Rewriting the determinant as [], (1 + 54_1)\3/2), we get:

¢ log (1 + 5<*1>\§/2)
|log (¢ 1) '

dcurv(g) - (26)

where \; are the eigenvalues of F (f). This aligns with information geometry, capturing the effective
degrees of freedom in parameter space [19].

2.2.1. Lower 2SED for Layer-wise Complexity. The Lower 2SED is a critical component of our 2SED-
FOSGD algorithm, enabling efficient and adaptive optimization in deep neural networks. Unlike the
global 2SED, which requires computing the Fisher Information Matrix (FIM) for all model parame-
tersa computationally prohibitive task for deep architectures like ResNet-50 with millions of param-
eters Lower 2SED leverages the Markovian structure of feed-forward networks to compute layer-wise
complexity measures. This reduces memory requirements from O(d*) to O(d3) per layer, where d;
is the number of parameters in layer j, and enables scalable computation. By providing a per-layer
complexity metric, d(¢), Lower 2SED allows 2SEDFOSGD to dynamically adjust the fractional-order

exponent ozfj ) for each layer, tailoring updates to the local curvature of the loss landscape. This leads to
faster convergence and improved generalization compared to standard FOSGD, which uses a uniform
fractional order [22]. The Lower 2SED, introduced by Datres et al. [15] for Markovian models like
CNNes, is defined iteratively for each layer j = 1,..., L of a model with parameters 0 = (6y,...,0r),
where §; € ©,. The FIM for layer j is:

Fij(0,...,0;) =Eyy.. 0, , [/ (ng log py, (x; | xj,l))
X; (2.7)

T
X (Vej log pe, (2; | xj—l)) o, (d; | xj—l)} )
where py. (x; | x;_1) is the conditional output distribution of layer j. To model deterministic CNN

outputs probabilistically, we assume layer outputs follow a Gaussian distribution with mean equal to
the deterministic output and variance o? = 0.01, as in [I5]. The Lower 2SED is computed as:

di(e) = dj i
noggw f / logdet (I + =<~ Fy (01, 0,)* ) (2.8)
X dGJd(I)J,
where (:)j = 0; X -+ X 0,_1, d®; is a normalized measure over previous layers parameters, and

dé (¢) is computed for the first layer (see [I5] for details). In practice, F; is approximated empirically

using Monte Carlo integration. The Lower 25ED, dg(a), replaces 2SED in our 2SEDFOSGD algorithm
(Algorithm , scaling fractional-order gradients layer-wise to enhance convergence and generalization.
The selection of the parameter ¢ in the two-scale effective dimension (2SED) is pivotal for balancing
theoretical rigor and practical applicability in deep learning model complexity analysis. As specified
in Theorem 5.1 in [15], ¢ € [%, 1) ensures the validity of the generalization bound.
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3. FRACTIONAL-ORDER SGD AND 2SED ADAPTATION

Classical stochastic gradient descent (SGD) updates parameters using instantaneous gradients.
However, optimization in deep learning often exhibits memory effects, suggesting that incorporat-
ing past gradients could improve convergence. Fractional calculus, via the Caputo derivative, provides
a principled way to encode gradient history, with the fractional order a controlling the memory effect
[23].

3.1. Caputo Fractional Derivative and Fractional Updates.

Definition 3.1 (Caputo Derivative [23]). For n — 1 < a < n, the Caputo fractional derivative of a
function f is:

£ Py
Dof(t) = — )/O( GO (3.1)

I'(n—« t—r)entl

The Caputo form is preferred in optimization as it handles initial conditions naturally and yields zero
for constant functions [22].

In discrete optimization, the classical gradient V f(6,) is replaced by the fractional gradient D f(6,).
The fractional-order SGD update is [22] 0,1 = 0, —nD f(0;). For o € (0,1), 6 > 0, and using a Taylor
series approximation [22]:

Vf(0i41)

T2 —q (en =0 + 07 (3:2)

0t+2 = 0t+1 — Mt

The offset § > 0 prevents stalling when consecutive iterates are similar.

3.2. Adapting the Fractional Exponent via Lower 2SED. To adapt the fractional exponent
for each layer j of the neural network, where layer j has parameters %) € R%, we compute the
2SED déj )(6)|t for layer j at iteration t. A fixed fractional exponent « can lead to instability if the
model’s curvature changes dramatically during training. Intuitively, high curvature or high 2SED

indicates directions of rapid change or “sensitivity,” so a smaller al(tj ) (closer to 0) is preferred, as it

. . 17(1?)
increases the memory effect by amplifying the fractional term (\Ht(ﬂr)l — 0,53 )\ + (5) in the update

rule. This smooths updates, enhancing stability and preventing overshooting in these sensitive di-
rections. Conversely, in regions with low curvature or low 2SED, which correspond to flatter areas
of the optimization landscape, a larger aij ) (closer to ayg) is preferred, as it reduces the influence of
the fractional term, making the update resemble standard SGD. This allows for faster convergence
by relying more on the current gradient in regions where large steps are safer. Hence, we propose a
2SED-based FOSGD that dynamically adjusts « using 2SED of each layer. Suppose we compute the

, , 4
2SED, d(C])(e), for layer j and let aE]) = ag — B X Z:ZL, where o is a base fractional order, 5 > 0
a9
is a tuning parameter and d,,., is the maximum observed 2SED among all layers. The fraction — 7 ( )|f

scales the current 2SED to the range [0, 1].
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Algorithm 1 2SED-Based Fractional-Order SGD (2SEDFOSGD)

Input: Neural network with L layers; parameters §° € RY; loss function f(6); base fractional order
ap € (0, 1]; tuning parameter 8 > 0; singularity offset § > 0; base learning rate uy > 0; 2SED balance
parameter (; curvature sensitivity €; maximum iterations t,,,, € N.

Initialize: 0 < 0° — 1V f(0°) (classical SGD step).

1: fort=1,2,...,tha — 1 do
2: Compute gradient: g(0") <+ V f(8")
3: Compute Fisher matrices: F;(0") for j =1,...,L
4: for j=1,...,L do
5: Compute dé])(a)h
6: Compute dyax ¢ max; x déj)(s)‘k
) 4|
Compute ;" + ay — B X T

7

8: end for
9 Update learning rate: p; < %
10: for j=1,...,L do

' , . 4 NG
11: Update parameters: 9,821 — oY) — F(Qi‘;gj)) X ( 09 — 09, | + 5) ' g;(0")

12: end for

13: end for

14: Output: #mex € RY > Final optimized parameters

3.3. 2SEDFOSGD Algorithm.

4. CONVERGENCE ANALYSIS FOR CONVEX OBJECTIVES

This section provides a detailed convergence proof for the 2SEDFOSGD algorithm under convex
objectives, where the fractional order a; € (0,1] for each layer j is dynamically adjusted based on
the Two-Scale Effective Dimension (2SED). The 2SED quantifies the effective number of parame-
ters by combining the nominal parameter count with curvature information derived from the Fisher
Information Matrix. We prove convergence in terms of the expected function value gap, ensuring
ming << E[f(0°) — f(6*)] = O(1/V/T). The analysis contains an explicit fractional factor bounds,
precise descent lemma constants, and corrected step-size summations.

4.1. Foundational Definitions and Assumptions.
Assumption 1 (Convex Objective). Let f(#) : RY — R be convex, with § = (0',...,0F), 67 € R%
and >, d; =d. For VA € [0,1],0,0" € R?, convexity implies:

FOO+ (1= X&) < AF(6) + (1— N (@), (4.1)
We assume f is differentiable, ensuring V f(0) exists everywhere, and let §* = argmin, f(6).

Assumption 2 (Smoothness and Lipschitz Continuity). The function f is L-smooth, meaning for
any 0,0 € R%:
IVF(0) = V(O] < L[j6 — &'

The gradients are bounded, i.e., [|[Vf(8)| < G for all § € RY, where G > 0.

Assumption 3 (Bounded Iterates). We assume the iterates are bounded, with |[|# — 6/ || < Ra for
some R > 0, ensured by the step-size schedule and gradient bounds (Proposition [4.1)).

Assumption 4 (Fractional Derivative Parameters). The base fractional order is defined as aq € (0, 1],
serving as the starting point for the adaptive fractional order for each layer j. Specifically, the fractional

ZJC(E), where dé (¢) is the Two-Scale Effective Dimension (2SED)

order for layer j is given by a; = o —f3
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for layer j, and dpax = maxy ¢ d’g(s)\t represents the maximum 2SED across all layers k and iterations
t. The parameter 3 > 0 is chosen to ensure that a; € (0,1], as established by Lemma thereby
maintaining the validity of the fractional order within the required range.

Assumption 5 (Fractional Factor Boundedness). The update for layer j is 67, , = 6] — T )(HHJ
6] || + 6)' g7 (6"), where p, = B2, 1o > 0,6 >0 is a small constant to prevent singularities, and
g7 (0") is the stochastic gradient for layer j.

To bound the effective step size 1/, we analyze the fractional factor in the update rule. Since the
fractional order o; € (0,1], we have 2 — «; € [1,2], and the gamma function I'(x), being positive
and continuous, satisfies 1 < I'(2 — a;) < 1.6. We define ¢p = T'(2) = 1 and Cr = I'(1) = 1 as the
lower and upper bounds, respectively, noting that I'(2 — «;) is typically close to 1 but may reach up
to 1.6 for small o;. Additionally, the term (||¢ — 67_,| + )~ is bounded given ||} — 6! _,| < Ra.
With @ = max;;o; and @, = ming, a;, we set ca =07 and Ca = (0 + Ra)'~mex,
ensuring 0 < ca < (||6] — 0_,|| +6)' =% < Ca < co. Consequently, the effective step size satisfies

nl € [mi me).

Assumption 6 (Stochastic Gradient Bounds). For the stochastic gradients used in the optimization,
we assume that the stochastic gradient g7 (6') for layer j at iteration ¢ is an unbiased estimate of the
true gradient, satisfying E[g7(6")] = V7 f(6"). Additionally, the variance of the stochastic gradient is
bounded, with E[||¢7(0%) — V7 f(0")|?*] < 02, where ¢* > 0 is a positive constant. Furthermore, the
norm of the stochastic gradient is bounded such that ||¢g?(6")|] < G + o, where G > 0 represents the
bound on the true gradient norm ||V f(0)]|.

Assumption 7 (Step-Size Schedule). The step-size schedule is defined as p; = %, where po > 0 is
a positive constant, and this schedule satisfies specific bounds on its sums. Specifically, the sum of
the step sizes over T iterations is bounded by Zthl pe < po(2v/T — 1), ensuring controlled growth

proportional to v/T. Additionally, the sum of the squared step sizes is bounded by Z;T:l i < pd(l+
InT'), reflecting a logarithmic growth that maintains stability in the optimization process.

4.2. Propositions and Lemmas.

Proposition 4.1 (Bounded Iterates [I]). For p, = 2 (and po for t = 0), [¢’(6")| < G + o, the
iterates satisfy:

; j C
16 — ;]| < Ra = MOTA(G + o).
r
Lemma 4.2 (Bounding the 2SED Measure [I]). Let d‘é(s) be the 2SED for layer j, updated via

exponential moving averages of Fisher blocks. Assume the gradients satisfy E[||g7(0")]]?] < G* + o2,
where G? and o are positive constants. There exists a finite constant Aoz, finite > 0 such that:

d% (5) S dmaa},ﬁnitw Vtu.]
Lemma 4.3 (Descent Lemma [I]). For convex f, with layerwise updates 0], = 0] —n]g’(6*):

E[f(6") | 0'] < f(6) — Zm FOI®

+Z G2+0)

4.3. Main Convergence Theorem.

Theorem 4.4 (Convergence in Convex Setting). Under the above assumptions, the iterates {6'}
satisfy min,<,<p E[f(0°) — f(0*)] = O(1/VT) as T — oc.
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Proof. From Lemma

E[f(0") = £(07) | 0" < £(0") — £(6")
= O omlIVIFO) + Co Y ().

J

where C; = Cy = %Z(G2 + 0?). Taking expectations:

E[f(0"") — f(0")] < E[f(0") — £(67)]
ANk

J

— CiE + C,E

Z(nﬁ)ﬂ :

Summing from ¢t =1 to 7"
E[f(07F) = f(0")] < f(0") — f(6")
GRS Al

Since f(67+) > f(6*), we have:

T
C;) E
t=1

+C Y E lZ(ni)Q] :

Znillvjf(9t)ll2] < f(0") — f(67)

+C2) E [Zmz)?] -

Bound the error term: .
2

> i) < f*ﬁ, Z < pp(1+InT).
cr t=1

Thus:
CA
Cr

Bound the gradient term:

T T T
. CA Mo Mo
" T > >/ 20 gz = 2u0(VT — 1).
Ej = L E_ e > N o )

t=1 t=1
So:

T

SNl > Ly~ - 2(VT - 1)

— C

t=1 j
The expected function value gap is:

1z
min E[f(0°) — Z E[f 0*)].

s<T

Using Jensens inequality for convex f, E[f(6")] > f(E[f']), and assuming f(6") — f(6*) < fmax — fmins

we bound:
an‘yvjf(et)u?] :
J

T

Y E[f(6) — f(0)] < Ci ) E

t=1
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Thus:

| F(0) = F(0%) + CoLud(1 + In T)

CiLpuo2(VT — 1)

D E[f(0) - f(67)] <

N

For large T, the dominant term in the denominator is 2v/T, so:

Y= f(0") + CoLpd(1+InT
min E[f(6°) — f(6%)] < f(0") = f(6*) + CoLpg (1 +1InT)
= CiLpo -2VT

= O(1/VT).

since InT/+/T — 0. Hence, the convergence rate is O(1/V/T). O

5. ILLUSTRATIVE EXAMPLES

To illustrate the effectiveness of the proposed algorithm, we first consider a system identification
task based on an auto-regressive (AR) model of order p. The system output is given by [22] y(k) =
b ay(k—i)+£&(k), where y(k—i) denotes the output at time k—i, (k) is a stochastic noise sequence,
and a; are the parameters to be estimated. Our objective is to determine these unknown coefficients.

The corresponding regret function is J,(0) = 1 [y(k) —¢T(k)é(k)]2, with (k) = [ay(k), ..., a4, (k)]” and
o(k) = [y(k—1),...,y(k—p)]T. We consider an AR model: y(k) = 1.5y(k—1)—0.7y(k—2)+£(k), where
&(k) is a-stable noise with zero mean and variance 0.5. The goal is to estimate the true coefficients
a; = 1.5 and a; = —0.7 under oy = 0.98 and 5 = 0.01.

—— FOSGD 1.2 —— FOSGD
2SEDFOSGD 2SEDFOSGD
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FI1GURE 4. Convergence of a; and as under a-stable noise.

Figure [4] illustrates the convergence of absolute errors in a; (left) and a, (right) under a-stable
noise (a = 1.8), comparing FOSG and 2SEDFOSGD. 2SEDFOSGD achieves smoother, lower error
trajectories by adapting to heavy-tailed fluctuations, while FOSGD exhibits spikes due to its sensitivity
to outliers.

6. CONCLUSION

In this paper, we proposed the 2SED Fractional-Order Stochastic Gradient Descent (2SEDFOSGD)
algorithm, which augments fractional-order SGD (FOSGD) with a Two-Scale Effective Dimension
(2SED) framework to dynamically adapt the fractional exponent. By continuously monitoring model
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sensitivity and effective dimensionality, 2SEDFOSGD mitigates oscillatory or sluggish convergence
behaviors commonly encountered with naive fractional approaches. We evaluated the performance of
2SEDFOSGD through a system identification task using an autoregressive (AR) model under both
Gaussian and a-stable noise.

Declaration of AI Use: During the preparation of this work, the authors used Copilot to check grammar
and improve readability.
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1. INTRODUCTION

Let {ex}}", be the standard basis of the space R™. Suppose that R™ is equipped with the [ —norm
Ix[l1 :== >"ie; |xk| where x = (21, ,2,,)" € R™. We say that x > 0 (respectively, x > 0) if 2 > 0
(respectively, z > 0) for all k € I,,, := {1,2,3,--- ,m}. Let S" ' = {xeR™:x >0, ||x||; =1} be
the (m — 1)—dimensional standard simplex. An element of the simplex S™~! is called a stochastic
vector. Let ¢ = (£,---, 2)T be the center of the simplex S, Let intS" ' = {x € S™' : x > 0}
and 9S™~! = S§™~ 1\ intS™~! be, respectively, an interior and boundary of the simplex ™.

1.1. Higher-Order Singly and Doubly Stochastic Hyper-Matrices. Let us first recall the def-
initions of higher-order singly and doubly stochastic hyper-matrices.

Definition 1.1 (Higher-Order Singly Stochastic Hyper-Matrix). A (k 4+ 1)—order m—dimen-

sional hyper-matrix Pr 1 = (p“m): Z:;n:l is called stochastic if one has that

m
Zp’bllkj = ]" pi1'~~ikj Z 07 v ila e 7Z.k:7j S I'm
j=1

Definition 1.2 (Higher-Order Doubly Stochastic Hyper-Matrix). A (k+ 1)—order m—dimen-

sional hyper-matrix Pyi1 = (pil.,.ikj)m’m "™ s called doubly stochastic if one has that

i1, ik,J=1

m m
th...ikj = Zpilmikj =1, piyi; 20, Vg, iy, € L.
=1

ip=1

Let B : S™~1 — S™~! be a polynomial stochastic operator

qg(X) = Z s Z Liy * L Piy-ipes YV x (S S"L_l, (11)
i1=1 in=1

m,---

mm:1 is a (k+ 1)—order m—dimensional stochastic hyper-matrix such that

(AR

where Py = (pil---ikj)

pil-niko = (pil---iklv e 7pi1-~ikm) € Smil? V il S Im> g S Ik:

It is worth mentioning that if k¥ = 2 then we derive a quadratic stochastic operator and if k = 3
then we derive a cubic stochastic operator.

Historically, a quadratic stochastic operator was first introduced by S. Bernstein [I], back in 1942. A
quadratic stochastic process (see [2, 22]) is the simplest nonlinear Markov chain. The analytic theory
of the quadratic stochastic process generated by cubic stochastic matrices was established in the papers
[2,22]. The quadratic stochastic operator was considered an important source of analysis for the study
of dynamical properties and modeling in various fields such as biology, physics, control system. The
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fixed point sets, omega limiting sets, ergodicity and chaotic dynamics of quadratic stochastic operators
defined on a finite-dimensional simplex were studied in the references [3, 4[5, [6]. A long, self-contained
exposition of recent achievements and open problems in the theory of quadratic stochastic operators
and processes were presented in the references [7, [I6]. The analytic theory of the cubic stochastic
processes was established in the paper [19]. Accordingly, the fixed point sets, omega limiting sets,
ergodicity and chaotic dynamics of cubic stochastic operators defined on a finite-dimensional simplex
were studied in the references [8| 9] 10, 11 12} 14], 15 17, 18], 20, 21].

In this paper we are aiming to study a global stability problem for polynomial stochastic operators
(1.1) associated with higher-order diagonally primitive doubly stochastic hyper-matrices.

1.2. Global Stability. Let us now recall a notion of global stability of polynomial operators associ-
ated with higher-order stochastic hyper-matrices.

Definition 1.3 (Global Stability, [13]). Let B : S™ ' — S™~! be a polynomial stochastic operator

given by (1.1)) and let g € S™! be a fixed point, i.e., P(q) = q. A fixed point q € S is called globally

stable within the simplex S™~! if one has that lim B (x) = q for any initial point x € S™~!, where
n—roo

P+ (x) = P(P™ (x)) for all n € N. In this case, a polynomial stochastic operator 9 : S™~1 — §m~!

given by ([1.1)) is also called globally stable within the simplex S™1.

1.3. The Matrix Form. Throughout this section, we always assume that a (k + 1)—order

m—dimensional hyper-matrix Py, = (pil...ikj)m"”7m’m is doubly stochastic unless explicitly spec-

i1, 40k, =1
ified otherwise. Furthermore, it is important to emphasize that we do not impose the condition

DPiviz-vin,j = piw(l)iﬂ(Q) (k) sJ

where 7 is a permutation of the set I.

Let P41 = (p“zkj): Z:jmzl be the (k+ 1)—order m—dimensional doubly stochastic hyper-matrix
and Po..atjk = (Piy-int)ir . =1 De its k—order m—dimensional I*" subhyper-matrix for fixed [ € I,,,. It

m,--- ,m
i1

is clear that P,...er = (Diyoint)i " in—1 1s also stochastic hyper-matrix.
We define a polynomial stochastic operator B : S™! — S™~! associated with (k + 1)—order

my, -+, m,m

m—dimensional doubly stochastic hyper-matrix Py1 = (pi,...;, j)il iy 88 follows

(B(x)), = Z e Z Diyigl Tiy " Ti Vi € 1,,. (1.2)

i1=1 in=1

We also define a polynomial stochastic operator ; : S™~! — S™~! associated with the k—order
m—dimensional stochastic hyper-matrix P,...eyjx = (Di,-inl)s, .. ire1 a5

.
i1,

(ml(x))j = Z U Z Diyvig_1gl Lig * " Lig_qs VJ S Im- (13)

in=1 ip_1=1
for all [ € I,,. It follows from and ((1.3) that
(B(x), =D (Bux)); 25 = (Bi(x),x), V€L,

j=1

where (-, -) stands for the standard inner product of two vectors.
Therefore, the polynomial stochastic operator B : S™1 — S™~! given by (1.2) can be written as
follows

B0 = (B )%, (B %)) (14)

where 3, : S™71 — S™~! is defined by (1.3)) for all [ € 1,,,.
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We now define an m X m matrix as follows

(ml(x))1 (ml(x))z (‘,Bl(x))m
B(x) — (%(;X))l (%(;x))2 (B | (15)

(Bu(), (Bu), - (Bulx),

We show that P(x) is doubly stochastic matrix for every x € S™~!. In fact we know that P(x) =
(plj (X))z,j:1 where

pii(x) = (Pu(x)), = Z "'v D Pt Tiy T (1.6)

i1=1 _

Therefore, it follows from (|1.6]) that

-

ﬁ

S
Il
-

m m m
Zplj (X) = e Z (Zpir“ikljl) Liy Ly
=1 i =1

U — =1

_ :($1+...+xm)k71:1’

N
[y
Il
=
~
£
|

I
NE
™
8
8

1
m m m m
E bij (X) = E T E E Diyvig_qgl | Tiy = Ligo_y
j=1 ii=1 ir_1=1 \j=1

. Z ‘/I"il"'xik,1:($1+"'+xm)k_1:1,

I
'ME

7,1:1 ik,_lil
Hence, it follows from (|1.4) and (1.5 that
Plx) = P(x)x (1.7)

and it is called matriz form of the polynomial stochastic operator B : S~ — S™~! (1.2)) associated
with the (k 4+ 1)—order m—dimensional doubly stochastic hyper-matrix Py, = (pil___ikj)m"" MM

i1, g, g=1"
2. THE MAIN RESULT
Let us first introduce a notion of higher-order diagonally primitive doubly stochastic hyper-matrices.

Definition 2.1 (Higher-Order Diagonally Primitive Doubly Stochastic Hyper-Matrices).
A (k + 1)—order m—dimensional doubly stochastic hyper-matrix Py, = (p“w)::;r;l is called
diagonally primitive if its diagonal matrix diag(Pry1) = (pi...ij)m.’:l is a primitive square stochastic
matrix, i.e., there exists s € N such that the s'"—power of the square stochastic matrix diag(Pyy1) :=

(pm])lnjfl is positive, i.e., [diag(PkH)]S > 0 where

m,m

P11 P12 0 Pileam
. P2..21 P2.22 cr P2.a2m
diag(Prs1) = .

We are now ready to state the main result of this section.

Let e; = (1,0,0,---,0)", e; = (0,1,0,---,0)7, e,, = (0,0,0,---,1)T be vertices of the simplex
Sm=1 and "V 1= p (el(”)), where e{") := e, for all [ € I, and n € N. Let x"™) := (x™) for all
n € N be a trajectory starting from an initial point x(*).
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-,m,m

Theorem 2.2 (Global Stability Criterion). Let P, = (puw): b1 bea (k + 1)—order

m—dimensional doubly stochastic hyper-matriz and let B : S™~1 — S™~1 be the associated polynomial
stochastic operator. Assume that a (k + 1)—order m—dimensional doubly stochastic hyper-matriz
Pr+1 = (p“w): Z;n:l is diagonally primitive. Then the trajectory {x™1}> | starting from any
initial point x) € S™ of the simplex S™™! converges to the center ¢ = (&=, , =)T of the simplex

Sm=1 if and only if for each | € 1,, there exists n; € N such that e("l) € intS™ 1.

Proof. The “only if” part. Let us assume that the trajectory {x(™}2° starting from any initial

point x(!) € S™! of the simplex S™~! converges to the center ¢ = (+,---, L)7 of the simplex S™*.
Particularly, the trajectory {e(™}°° | starting from any vertex e,(c ) .= ey, k € I, of the simplex S™~!
also converges to the center ¢ = (=+,---, £)7 of the simplex S™~!. Consequently, since ¢ € intS™,

it is evident that for every [ € I,,, there exists n; € N such that el("’) € intS™1.
The “if” part. Let {x™ }20:1 where x("*1 = 3(x(™) be a trajectory of the polynomial stochastic

o0
operator P : ™! — S™~! starting from an initial point x(*) € S™~!. Particularly, let {el(")} be
n=1

a trajectory of the polynomial stochastic operator 9 : S™~! — S™~! starting from a vertex e; of the

simplex S™~1! for all [ € I,,. According to the definition, the multi-agent system eventually reaches

a consensus if {x("}2°, converges to the center ¢ = (X, L)7 of the simplex S™~! for any initial

point x( € S™~!. We accomplish it under two hypotheses:
(i) For each [ € I, one has e{™ € intS™~! for some n, € N;
(ii) A doubly stochastic hyper-matrix Py, = (phw):? :;n:l is diagonally primitive.

Step-1. We first show that B(intS™') C intS™!. Indeed, let x € intS™~!. This means that z; > 0
for all i € I,,,. Since P(x) = (plj(x));njzl is a square doubly stochastic matrix and P(x) = P(x)x, we
derive that

O<m1n:E] <Zplﬂ z; = (P(x)),, viel,

j=1

This means that (x) € intS™ .
Step-2. We now show that there exists ny € N such that for any initial point x) € S™! one has
x(m) € intS™~'. It has been noted that ny does not depend on an initial point x> € S™~'. Indeed,

since for each [ € I,, one has e(m) € intS™~! for some n; € N, it then follows from the previous step

that for each [ € I,, one has e|" » € intS™~! for any n > n;.

Let ng := max . Then el("") € intS™! for all I € I,,. We now show that x("o+1) = q(x("0)) ¢
el

intS”~! for any initial point x(*) € S™~'. In order to prove it, we first prove the following inequality
for any initial point x") € §™~!

<+ > xi((n)egn) + l_;((n)eén) NS xﬁ(n)egg), n €N (2,1)
where K(n) = k" for any n € N. Let us first introduce some necessary notations. Let Mp,, , :
(R™)** — R™ be a multi-linear operator associated with (k 4+ 1)—order m—dimensional stochastic

) F
hyper-matrix Py = (p”m)l1 o1 38 follows

2) k
'M'Pk+1 (y(1)7y(2)’ e 7y(k)) = Z Z 111)y£2 yz(k)pll 'Lk.
i1=1 =1

where pj,.ive = (Diyoig1s " s Diyigm) € S™71 for any iy,--- .4 € L,. It is clear that PB(x) =
Mp,,, (x,%x,---,x) for any x € S™~'. Moreover, if x = \vy + -+ A\v, € S™! with vy, ,v, €
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1A+ + A =1,and A, -+, A, > 0 then

q q
= Z"'Z)‘il“')‘ikMPm (Vi 3 Vi)

ii=1 ip=1

= Alfm(vl) +oot Asm(vq) + Z >‘i1 U AikMPk+l (Vil’ U 7vik) (22)

at least for two
Gpyint GuFiy

Hence, it follows form (2.2)) that

x® = Px) = Vel 4+ 25Mell) 4 ... 4 2KMe) 4 remaining terms,
x® = Px?) =K (2) + 2 (2)952) + - 4+ 28®e? 4 remaining terms,
xD = p(x) = el 4 g EMelM 1. 2KMel™ 4 remaining terms.

Consequently, the last equality yields the inequality .

Moreover, it follows from the inequality and e, > 0 for any n > ng, | € I, that x"+1) > 0
for any n > ny and for any x") € S™~1. This shows that x("*t1) € intS™~! for any n > ny.

Step-3. We now show that for any x(*) € S”~! the omega limit set w ({X(”)}) of the sequence
{x(M}ee | is a subset of the interior intS™~! of the simplex S™~! i.e., w ({x™}) € intS™~!. This
indeed follows from the previous step that o+ (S™~1) € intS™~!. Since the image of simplex under
the polynomial stochastic operator is a compact set, there exists a > 0 such that

Pt (s > ae = (a,a,--- )" Vv x e Sml.
On the other hand, since the interior intS™~! of the simplex S™~! is an invariant set (see Step-1) and
PrH(Em ) € PO (E) C 8,
for any n > ngy, we have that {X(n)}io:no-&-l C S,, i.e., x™ > ae for any n > no where
Se :i={xe€S" " : x> ae}.

Consequently, the omega limit set w ({X(”)}) of the sequence {x(™}°° | is a subset of the set S,, i.e.,
w({x™}) CS, CintS™! for any x(M) € S™1.

Step-4. As we showed in the previous step ™ (S™~1) C S, for any n > ng. It is therefore enough
to study the dynamics of the polynomial stochastic operator over the set S, which is an invariant set.
Let x € S,. Then x™ € S,, i.e., x™ > ae for any n € N. It follows from the matrix form of
the polynomial stochastic operator that

X+ — p(x(M) = p (XW) <« —p (X(m) P (X@)) P (X(1)> <

where P (x) is the square doubly stochastic matrix defined by (1.6). Let us set for any two integer

numbers n > r
Pl = p (x) B (x) B () B (x7).

Then for any n > r > 0, we obtain
X(n+1) _ P[X(n)’x(l)]x(l) _ ]P[X(TL)’X(T)]X(T).

Then from ([1.6)), for a stochastic matrix P(x(™) = (plj(x(”)));nj:l we have

m

pl (X( ") Z Z pll i1l IE(") ’ J;EICL)I —pJ J]la >0

211 Zkll
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for any [,5 € I,, and n € N. Hence, we obtain that
P(x™) > oF [diag(Pk.H)}T, V' neN.

Consequently, since [diag(PkH)]s > 0 for some s € N, the last inequality yields that

n+s n S T
P[X( +9) x( )] — P(X(n-‘rs)) e P(X(n+1))P(X(n)> > ak:s [[dlag(,])k—i-l)] :| >0
for any n € N.
Step-5. Let 6(P) = = max Z |Diy; — Din;| be Dobrushin’s ergodicity coefficient of a square stochastic

matrix P = (p;;)i%=,. We ﬁrst recall some properties of Dobrushin’s ergodicity coefficient for the
reader’s convenience. The following statements are true for any two square stochastic matrices P and

Q (see [23)):
(1) 0 <4(P) <
(P) = 0 if and only if rank(P) = 1, i.e., P is a stable stochastic matrix;

(i

)

(13) o(
) 6(P) < 1 if and only if P is scrambling. If P > 0, then §(P) < 1
) 5(PQ) < 6(P)3(Q) and [5(P) — 5(@)| < P — Q.

(1v

As it was shown at the end of Step-4, the square doubly stochastic matrix P[x(nm’x(n)} is positive

and its entries are uniformly bounded away from zero for any n € N. It is Worthy noting that, by

using the same idea, we can also show that not only IP’[X("H) } but also IP’[ v )] is positive and

its entries are uniformly bounded away from zero for all y*) > ae. Since §(-) is continuous, we then

obtain that
A= Fl)a}S{ ) <]P)|:y(8+1)7y(1):|> -5 (P[yi5+1>,y§l)]> <1
yeSy

for some yﬁl) € S,. Hence, for any n > s + 1, we have that

J

(s
5 (]}D[X(")’x(l)]> < H 5( t‘”’»"(‘”‘““}) <Al and  lim 5(113["("*"“)}) =0,

n— oo

here f(t) = [t]| is a floor function. Therefore, due to Lemma 4.1, page 136, [23], the backwards
products (which are the transpose of forwards products) of doubly stochastic matrices {IP’(X(”))};.;1
are weakly ergodic (see Definition 4.5, page 136, [23]). Moreover, weak and strong ergodicity (see
Definitions 4.6, page 136, [23]) are equivalent for the backwards products of doubly stochastic matrices
(see Theorem 4.17, page 154, [23]). Due to the definition of strong ergodicity (see Definitions 4.6,

page 136, [23]), this means that the backwards products {IP’[X(M’X(I)]} of doubly stochastic matrices
n=1

{P(X(”))}:Ozl must converge to the rank-1 doubly stochastic matrix. Since the only rank-1 doubly
stochastic matrix is mec”c, we obtain that

lim P =] = mele,  lim x™Y = lim plx™x V] = c, vxWMes,,
n—00 n— 00 n—oo
where ¢ = (£, .-+, =)T. This completes the proof. 0O

Corollary 2.3. Let Pr1 = (pilmikj)r.n,‘-~,m7m

11, ,ik,jzl
chastic hyper-matriz and B : S™1 — S™1 be a polynomial stochastic operator associated with

s ,m,m

be a (k + 1)—order m—dimensional doubly sto-

a (k + 1)—order m—dimensional doubly stochastic hyper-matriz Py, = (pzlzk]): P If a
(k + 1)—order m—dimensional doubly stochastic hyper-matriz Py = (pi,.. lk])m:;n . z's positive
(or only diagonally positive) then the trajectory {x™} | starting from any initial point xV) € ™1

of the simplex S™~' converges to the center ¢ = (+,--- , )T of the simplex S™ .
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Example 2.4. Let a = (a;,a2,a3) € S? be a positive stochastic vector, i.e., a;,as,a3 > 0 and
a; +ay +az =1. Let e = (1,1,1). The following cubic stochastic operator B, : S? — S? is globally
stable to the center ¢ = (3, 3, %) of the simplex where

3
Pa(x) = a (2] + 25 + 25 + 6z12273) + E(e —a)(ziwy + 2iws + 2175 + 2175 + 2573 + ToT3).

Example 2.5. Let a = (ay, - ,a,,) € S™ ! be a positive stochastic vector, i.e., aj, - ,a, > 0
and a; + -+ +a, = 1. Let e = (1,---,1) and m > 3. The following cubic stochastic operator
Pa : S — S is globally stable to the center ¢ = (&, , £)T of the simplex where

e—a m — 3 e + 2a
1 Z(xij + xle) +6 ( Z T T,
Tt gy (m z<j<k
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1. INTRODUCTION

Discrete analogues of differential operators play a crucial role in the construction of optimal cuba-
ture, quadrature, interpolation, and finite-difference formulas in various functional spaces.

The discrete analogue of the polyharmonic operator was first studied by S.L.Sobolev [IJ.

Subsequently, the construction of discrete analogues of various differential operators and their ap-
plications have been considered in works [2, [3, 4] [5] 6] [7, 8 @, [10].

It is not difficult to verify that the function

6_‘1‘

plw) = (2l - 1)

is the fundamental solution of the following differential operator L:

2

de

. d
prc] +281gn3:% +1,

i.e., it satisfies the equation
Ly =46,

where §(z) is the Dirac delta-function.
In this work, we aim to construct a discrete analogue of the operator L.

Definition 1.1. The function ¢(hf) is a function of discrete argument if it is given on some set of
integer values of 5.

This discrete operator L[] is the solution of the equation

L [B] = pn[B] = 0[B]. (1.1)
Here, convolution is defined as
L8] * pun[B Z L[yl - pnlB =1,
o IhBl
pn[B] = ——([hB = 1), (1.2)

5[] is the discrete delta-function and it is equal to one when § = 0, and zero for all other integers of

3.
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2. ALGORITHM FOR CONSTRUCTING THE DISCRETE OPERATOR

To proceed, we use the concept of of harrow-shaped functions [IJ.
In the space of harrow-shaped functions, equation (|1.1)) takes the following form

L (2)x H (z) =35 (). (2.1)
Here, these harrow-shaped functions are defined as follows:
L(x)= Y LulBld(x—hB), (2.2)
B=—0c0
Ho(x)= > mlBlo@—hB), §(x)= Y Bz —hB)=0().
B=—00 B=—00

It is known that there exists an isomorphism between the class of harrow-shaped functions and the
class of functions with discrete arguments [I].
To construct the discrete operatorL,[5], we apply the Fourier transform to both sides of equation

(2.1), consequently having

~

F [ T (x)% 1 (a:)} = F[5(z)]. (2.3)

Using the known formulas
and

equation (2.3) takes the following form

~

Hence, the Fourier transform of the harrow-shaped function F [E (a:)} is given by the equation

— 1
FIL (@) = —= (2.4)
F [M (az)]
Applying the inverse Fourier transform to both sides of (2.4)), we obtain
- . 1
L (x) =F I v— ] (2.5)
F i (2)]

From this and equation 1D we derive the desired operator Zh[ﬁ].
In the following sections, we implement the given algorithm.

3. FOURIER TRANSFORM OF THE HARROW-SHAPED FUNCTION / ()

Now we calculate the Fourier transform of the function 1 (z).
By definition, the transform takes the form

Fli @) = F [ 3 uhw]«s(:c—hﬂ)] = S wlAF G- hB)] = . i) exp(riph).

B=—00 B=—00 B=—00

Using expression (|1.2]), we obtain

_ S
Flii @)=Y T (1hB] = 1) exp(2miph). (3.1)

B=—00
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Taking into account the evenness of the function wu|[f], ie., uy[5] = pn|[—05] and denoting A =
exp(2miph) expression (3.1]) takes the following form

- e~ Ihs e
Fli @)=Y — (Bl - 1N =3
B=—o0 B=1
From this, expanding the brackets, we obtain

(RB—=1) (N +A177) — %. (3.2)

F [ﬁ (a:)] = —i — iiehﬁxf — iz e AT 44— ZB(""A" + - Zﬁe*hﬁ)\ o (33)

B=1 B=1
Since |A| = |exp(2miph)| = 1, the series in (3.3)) converges. To compute the series, we use the following
formulas N
- A
St = S (3.4)
et 1—e )\
= e h 1 1
(ehA~? - , (3.5)
ﬁ:l T l_e Al e
S BN =h (3.6)
— (1—e A
SonpleA ) =" (3.7)
B=1 (ehr —1)
Substituting expressions (3.4)-(3.7) into (3.3)) after some simplifications, we obtain
- 1 e\ e ha\~! e h\ e A1
F - —h —h
[“ (”3)} 7 Ry S Py (1—e ")) (1-— eh)@f]
1 e hA 1 e "\ e\
=——11 —h —h
4 * 1—ehA * ehh—1 (1—e\)? (eh\ — 1)2]
L[N e ) 1N et AT e
B A2+ A(eh+eh)—1

0 le;h)\(eh)\ — 1)2 + eh)\(l — e‘h)\)2H

(A2 4 X (el 4+ eh) — 1)

1 [ A(e"+e) B he*h)\ (N2 —2e" X+ 1) + "X (1 —2e "X+ ezh)\z)l
41 -N+A(+eh)—1 (A2 4+ A(eh +e ) —1)°
1 [ A(e"+e) e\ —2X\2 4 e7hA et N — 2X2 4 7P A3
A XA e -1 (=X2 4+ A(eh +eh) —1)° 1
1 B (e"+e ) (=XN+X(e"+e™)—1) hl(e"+e )N —4X+ (e" +e") A
S (=22 + A (el +eh) —1)° B (=22 + A (el +eh) —1)° 1
A 2sinh(h) [-A? + 2 cosh(h)\ — 1] — h [2 cosh(R)A? — 4\ + 2 cosh(h)]
T4 (A2 — 2cosh(h)A 4 1)
A | A?[—2sinh(h) — 2h cosh(h)] + X [4h + 4 cosh(h) sh(h)] ~ [—2h cosh(h) — 2sinh(h)]
T4 (A2 — 2cosh(h)A 4+ 1)° (A2 — 2cosh(h)A 4+ 1)° ]

A A? [hcosh(h) + sinh(h)] — 2\ [l + cosh(h) sinh(h)] + h cosh(h) + sinh(h)
T2 (A2 = 2cosh(h)A 4 1) '
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Thus, we have ultimately obtained the expression for the Fourier transform of the harrow-shaped

function 1 (z):
h cosh(h) 4 sinh(h)

(A2 = 2cosh(h)A + 1)

- A A? [hcosh(h) + sinh(h)] — 2\ [h + cosh(h) sinh(h)]
F [,u (3:)} 2 l (A2 — 2cosh(h)A +1)° -

Let us denote a; = hcosh(h) + sinh(h), a; = h + cosh(h) sinh(h), then F [H (m)} can be written in

the following form
a A2 — 2a,)\ + aq

_ A
Flii @) =5 (A2 — 2cosh(M)A + 1)°

4. THE DISCRETE OPERATOR L;[f]

We now compute

1 2\ —2cosh(h)A+1)*
F [ﬁ (a:)} A (a1 A2 — 2a9\ + ay)
~ 2(X* —4cosh(h)A® + 2X% + dcosh” (h)A? — 4 cosh(h)A + 1) (41)
- a1 A3 — 2a9)\ + a;\ '
Thus,
2(A2 — 2cosh(h)A +1)° 2 4 ) Ry(N)
=—\+— -2 h(h 4.2
)\(a1/\2—2a2/\—|—a1) a +a12 (aQ @1 CO8 ( ))+G1A3—2a2)\2+a1/\’ ( )
where
4
Ry(\) = [2 + % (a1?cosh®(h) + as® — 2asa, cosh(h))] A2 — . (2a; cosh(h) + az — 2a; cosh(h)) A+2
1 1
o 8 2| \2 Az o as 2 9 as
= |2+ —(aicosh(h) —az)”| A* =4—=A+2= 2+ 8(cosh(h) — — ] | \* —4—=A+2. (4.3)
a; ap ax ax
Next, we decompose ﬁ% into elementary fractions. For this, we obtain
Ry(N) By  Bia B
= — : =~ 4.4
N TN (4.4)

A (al)\2 — 2@2)\ + CLl) N A

Here, A\, and )\, are roots of the polynomial a;\? — 2a,\ + a;.

Using (4.4)), expression (4.2) becomes
2(A2 — 2cosh(h)A +1)> 2 4 B, B B
( cosh(h)A+1)" )\—I——(a2—2a12cosh(h))+fo+ Lo, b2
A A=A A=)

o 2

A (G1A2 — QG/QA + Gl) aq aq

Hence, we have
2 2_ 2 2 4 9
2(A*2cosh(h)A +1)" = a—)\ (a1 A? = 2a9A + aq) + P (as — 2a; cosh(h)) A (a1 A — a2\ + a1)
1 1
Bisdai (A=) (A=A
+Bo(a1)\2—2a2)\+a1)+ N 1,2 1(/\_/\12)( 2).

B]_’]_)\al ()\ — )\1) ()\ — )\2) +

Hence, by substituting A =0, A = Ay, A = Ay we obtain 2 = Bya,, or

Bo:ia

ay
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2()\12 — 2COSh(h))\1 + 1)2 = Bl71)\1(11 ()\1 — )\2) y
2()\22 — 2COSh(h))\2 + 1)2 = Bg’g)\gal ()\2 — )\1) y
~2(M% = 2cosh(W)A; + 1)

B, = 4.6
1,1 )\1a1 ()\1 - A2) ) ( )
2(Ao® — 2cosh(h)\s + 1)°
B, = ( 2 cosh(h)ra + ) (4.7)
A2y ()\2 - /\1)
Considering A\; = /\1—2, we obtain
1 1 A® —2cosh(h)A + 1
Ao® — 2cosh(h)Ay +1 = —5 — 2cosh(h)— +1 == €08 2( )+ ,
AL A1 AL
5 200 —2cosh(h)s + 1) 202 =2cosh(h)A +1)°  2(\2 = 2cosh(h)A, +1)°
b2 )\2@1 ()\2 - A1) /\14)\2(11 ()\2 — )\1) )\14)%a1 ()\2 — )\1)
B 2(A\1* — 2cosh(h) A, + 1)2 B 2(\? — 2cosh(h)A; + 1)2 By,
MPa; (N — ) APAar (Ao — Ap) A
Hence B
Byo= ——21t, 4.8
1,2 )\% ( )
Then we have By, = —Bj)\] = —3;52 and By, = —B/\I%;Q. Let 0 < Ay < 1, Ay > 1, then in the
expression
RQ()‘) _ & Bl,l + B1,2
)\(al)\2—2a2/\—|—1) A )\—)\1 )\—)\27
the second and third terms can be rewritten as
Bi, 1 By, 1 YOV
— = : :Bllz<> (4.9)
A1 b ’
A=A A 1= A = A
B, B, Blzi<A)‘*
2 2 _ by AN (4.10)
A—)\Q )\2( _%) >\2 8=0 )\2
From (4.1)), (4.2), and (4.4]), we have
1 2 4 By Bi, B
— = “ X+ — (ay — 2a® cosh(h)) + — + — + —. 4.11
F[ﬁ(x)} a a§(2 1 cosh(h)) A A=A A=) (4.11)
Here, the coefficients were determined in (4.5)-(4.7). From (4.9) and (4.10]), expression (4.11))
becomes
1 2 4 By 1 = A\ Bl XA
———— = —X + — (ag—2aicosh(h)) + — + —B () - (> .

From this, using formula (4.8)), we obtain

1 2 4 2 By 1 (AN Buies (A
ﬁ}:alwra%(az—%lcosh(h))—AJF)\BMZ(A) +A%Azz A2

B=0 N2

2 4 ) By BiiX</M\' B/ A\
:—)\+—2(a2—2alcosh(h))+7+ 3 Z()\> + N Z(M) . (4.12)

a1 a1 B=0 B=0
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Now, substituting into (4.12)) the value of exp(2miph) in place of A\, we obtain

1 2 4
———— = — exp(2miph) + — (a2 — 2a7 cosh(h)) + By exp(—2miph)
Flii (@) @ a
Bii M\ B a2 4
’ _— ’ A 2miph))” = — 2miph
+ N BZ_O <exp(27riph)> + N BZ_O( 1 exp(2miph)) o exp(2miph)
4 B &<
+ — (az — 2aj cosh(h)) + )\—11 Z AN (exp(—2miph))* T
ai 1550
B
=l Z N (exp(2miph))”. (4.13)
Expression (4.13)) can be written as
Z Dy, [B] exp(27iph[3).
g [” @]
Here,
4 B
Dy[0] = = (az — 2aj cosh(h)) + Ll
B\
Dh[—l] — BU + 1,1 1’
At
Dyl = — + —=X
h[ ] a + )\1 1
B
DalB) = 5N 1812 2,

from and , it follows that
[ } Z Dy, [5] exp(2miph(3).

B=—00

From this and from equations (2.4)) and (2.5)), it follows that the desired operator Lj [5] is equal to
D, [B], .. Ly [8] = Dy [5] and it has the form

4 B
Ly[0] = —2 — 8cosh(h) + =1, (4.14)
ai A
2
Ly[l] = Ly[-1] = P + By, (4.15)
1
Ly[B] = B, A, |8 > 2. (4.16)

Here,
a; = hcosh(h) + sinh(h),

= h + cosh(h) sinh(h),
2(A2 — 2cosh(h) + 1)
a1 A (A1 — Az) ’

B1,1 =

h + sinh(h) <cosh(h) — y/sinh®(h) — h2>
h cosh(h) — sinh(h)

Thus, we have proven the following theorem.

)\1:
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Theorem 4.1. The discrete analogue Ly, [B] of the second-order differential operator

2

" dr?

d
L + 2signxr— + 1
dx

is defined by formulas —.
5. CONCLUSION

In this paper, using functions of a discrete argument and harrow-shaped functions, a discrete ana-
logue of the second-order differential operator with a variable coefficient has been constructed.

REFERENCES
[1] Sobolev S.L.; Introduction to the Theory of Cubature Formulas, Nauka, Moscow, 1974, -808 p.

[2] Shadimetov Kh.M.; Discrete analogue of an operator and its construction, Problems of Computational and
Applied Mathematics 1985, (79), pp. 22-35.

[3] Hayotov A.R.; The discrete analogue of the differential operator and its applications. Lithuanian Mathe-
matical Journal., 2014, 54(3), pp. 290-307.

[4] Shadimetov Kh.M., Davronov J.R.; The discrete analogue of high-order differential operator and its ap-
plication to finding coefficients of optimal quadrature formulas. Journal of Inequalities and Applications.
2024, 2024:46 https://doi.org/10.1186/s13660-024-03111-7.

[5] Shadimetov Kh.M., Jalolov I.I.; Weighted Optimal Formulas for Approximate Integration. Mathematics,
2024, 12, 738. https://doi.org/10.3390 /math12050738

[6] Ahmadaliev G.N., Hayotov A.R.; A Discrete Analogue of the Differential Operator % — QwQ% +
w4%, Uzbek Mathematical Journal, 2017, Volume 3, pp. 10-22.
7] Shadimetov Kh. M., Shonazarov S.K.; On an implicit optimal difference formula. Uzbek Mathematical
) ; p P

Journal, 2024, Volume 68, Issue 4, pp. 128-136, DOI: 10.29229/uzmj.2024-4-15

[8] Akhmedov D.M., Abdikayumova G.A.; Construction of optimal quadrature formulas with derivatives for
Cauchy type singular integrals in the Sobolev space. Uzbek Mathematical Journal, 2020, Volume 64, Issue
1, pp.4-9, DOI: 10.29229 /uzmj.2020-1-1

[9] AkhmedovD.M., AtamuradovaB.M.; Construction of optimal quadrature formulas for Cauchy type sin-

gular integrals in the WQ(I’U)(Ol) space. Uzbek Mathematical Journal, 2022, Volume 66, Issue 2, pp. 5-9,
DOI:10.29229 /uzmj.2022-2-1

[10] Akhmedov D.M.; Optimal approximation of the Hadamard hypersingular integrals. Uzbek Mathematical
Journal, 2023, Volume 67, Issue 3, pp. 5-12, DOI: 10.29229/uzmj.2023-3-1

Shadimetov Kh.M.

Tashkent State Transport University,

1, Odilkhodjaev street, Tashkent, 100167, Uzbekistan;
V.I.LRomanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences,

9,University Street, Tashkent 100174, Uzbekistan
e-mail: kholmatshadimetov@mail.ru

Esanov Sh.E.

Termiz State University,

43, Barkamol Avlod str., Termiz, 190111, Uzbekistan
V.I.LRomanovskiy Institute of Mathematics,
Uzbekistan Academy of Sciences,

9,University Street, Tashkent 100174, Uzbekistan
e-mail: esanovsher@mail.ru



168 Sharipov R.A.

Uzbek Mathematical Journal

2025, Volume 69, Issue 3, pp.

DOI: 10.29229 /uzmj.2025-3-18

The Dirichlet problem in the class of m-convex functions
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Abstract. The well-known classical Dirichlet problem states that if D C R™ is a regular domain,
then for any continuous function ¢(§) € C(9D), there exists a unique harmonic function w(x) € C(D),
such that w|sp = ¢. In the work of Sadullaev-Sharipov [24], under an additional condition of strict
m-convexity of the domain D C R", an analogous result for m-convex (m — cv) functions has been
proven.

In this paper, a stronger result on the existence of the solution to the Dirichlet problem in regular
domains D C R" is proved under one necessary condition on the boundary function ¢(¢).

Keywords: strongly m-subharmonic functions, m-convex functions, Borel measures, Hessians,
Dirichlet problem
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1. CLASSICAL DIRICHLET PROBLEM

Let a bounded domain D C R"™ and a function ¢(£) € C(0D) be given. The classical Dirichlet
problem claims that there exists a function w(z) € h(D) N C(D) such that w|sp = ¢. It immediately
follows from the maximum principle for harmonic functions that, if a solution to the Dirichlet problem
exists, then it is unique.

To solve the Dirichlet problem in the domain D C R”, we use the well-known Perron method. We
consider it as a very convenient tool in potential theory and in the theory of harmonic functions.

Moreover, it may be useful in other boundary problems of elliptic equations. For a given function
(&) € C(OD), we set

U(p,D) = {u €sh(D): lim wu(x) < go(f)}, w(x) = sup u(z).

rz—E€D weU(p,D)

Here, h(D) class refers to the class of harmonic functions in D, for which the Laplace equation holds:
Au = 0. The sh(D) class refers to the class of subharmonic functions in D, for which the inequality
holds: Awu > 0.

To ensure that the extremal function w(z) is a solution to the Dirichlet problem w(z) € h(D)NC(D)
with w|sp = ¢ in the domain D C R”, an additional condition requiring the existence of a barrier is
imposed (see [6]).

Definition 1.1. We say that the domain D C R™ has a barrier at the point £ € 9D, if there exists a
function b(z) € sh(D) N C(D) such that:

1) b(¢) =0,

2) sup  b(z) <0 for any £ > 0.
|z—¢| >e,z€D

In this case, the function b(z) is called a barrier at the point & € dD. Note that if any Dirichlet
problem is solvable in the domain D C R™, then the domain D C R™ has a barrier at any point £ € 9D.

Theorem 1.2. If a bounded domain D C R™ has a barrier at all boundary points £ € 0D, then the
Dirichlet problem for the Laplace equation

Aw =0, wlogp=¢, (&) e C(OD)

always (for any function p(§) € C(9D)) has a solution w € h(D)NC (D), and this solution is unique.

Definition 1.3. A bounded domain D C R” is called a regular domain, if there exists a strictly
negative function p(z) € sh(D) such that p(z) < 0, ling p(x) = 0. The latter condition means that
z—

for any number ¢ < 0, the set {x € D : p(z) < ¢} is a compact subset in D.
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Theorem 1.4. (Regularity Criterion). The following conditions are equivalent:
1) D has a barrier at every point £ € 0D;
2) D C R™ is regular domain.

2. mM-CONVEX FUNCTIONS

The Potential theory in the class of strongly m-subharmonic functions is based on differential forms
and currents (dd“u)*AB"F >0, k=1,2,...,n—m+1, where 8 = dal°||z|]2 is the standard volume form
in C". Then the potential theory in the class of m-convex (m — cv) functions, in particular, maximal
m — cv functions and the Dirichlet problem, are related to Hessians H*(u), k = 1,2,....,n — m + 1.
The main method for studying maximal m-convex functions, which, in general, are not smooth, is to
connect m — cv functions with strongly m-subharmonic (sh,,) functions (see [9], [28]). The theory of
sh,, functions is well-studied and is currently the subject of research by many mathematicians (see
Z.Blocki [9], [8], S.Dinew and S.Kolodziej [14], S. Li [16], H.C. Lu [17], [18], H. Bremermann [7],
A.Sadullaev, B.Abdullaev [20], [1]).

We recall that a twice smooth function u(z) € C?(D), D C C", is called strongly m-subharmonic,
u € sh,,(D), if at each point of the domain D the followings holds:

shy (D) ={ueC?: (dd°u)* A "% >0, k=1,2,...,n—m+1} =

={ueC?: ddun B >0, (ddu)> A B> >0,...,(ddu)""" AT > 0L, (21)

where 8 = dd¢||z||* is the standard volume form in C".
Operators (dd“u)* A 3" are closely related to the Hessians For a twice continuously differentiable

function v € C?*(D), the second-order differential ddu = % Z 7%, auz dzj N dZ, (at the fixed point

o € D) is a Hermitian quadratic form. After a unitary transformatlon of coordinates, this form can

be reduced to the diagonal form dd“u = 5 [Adz AdZy + ...+ A\pydz, A dZ,], where /\1, ..., A\, are the
eigenvalues of the Hermitian matrix (%) , which are real: A\ = (Ay,...,\,) € R". Note that, the

unitary transformation does not change the differential form 3 = dd¢||z||*. It is easy to see that
(dd°u)* A 8" = K!(n — k) H"(u)B8", (2.2)

where H*(u) = > Aj,---Aj, is the Hessian of dimension k of the vector A = A\(u) € R™.
1<j1<...<jr<n
Consequently, a function u(z) € C*(D), D C C", is strongly m-subharmonic if at each point o € D,
the following inequalities hold:

Hf(u)=Hf(u) >0, k=1,2,...n—m+1. (2.3)

Note that the concept of a strongly m-subharmonic function is defined, in general, in the distribution
sense

Definition 2.1. A function u € L}, (D) is called sh,, in the domain D C C™, if it is upper semicon-

tinuous and for any twice continuously differentiable function sh,, functions vy, ...,v,_,,, the current

dd®u A ddvy A -+ - A ddv,,_,, A BT defined as

[ddcu Addvy A - ANddvp,_pm N Bm_l] (w) =

= /uddcvl A ANddvy_p A BT A ddw, w e FOP (2.4)

is positive,

/uddcvl A ANddvy_p AB"TEAAdw >0, Yw e FY0 w>0.
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In the work of Blocki [8], it was proven that this definition is correct, in the sense that, for functions
u € C?*(D), this definition coincides with the original definition of sh,,. Moreover, the operators
(dd°u)k A "% >0, for k = 1,2,....,n — m + 1 are defined in the class of bounded sh,, functions as
Borel measures in the domain D (see [20], []]).

Let now D C R™ and u(z) € C*(D). Similar to (2.1)), we want to define m — cv functions in the

domain D C R™. The matrix 88_28“ is symmetric, 6‘928“ - = 68?; . Therefore, after a suitable
LTjO0T TrOTj TjOTk
orthonormal transformation, it is transformed into a diagonal form
AN O - 0
o%u 0O X --- 0
— . . .
(af’?jafﬁk) : R
0 0 - A\,

where \; = \;(x) € R are the eigenvalues of the matrix ( Ou ) . Let

8Ij61k
Hfu)=H"XN) = > A,
1<j1 < <jk<n
be the Hessian of dimension k of the A = (Ay, Ag, ..., \,).

Definition 2.2. A function u € C?*(D) is called m-convex in D C R", u € m — cv(D), if its A =
AMz) = (M(z), A2(x), ..., Ay (x)) satisfies the conditions

H*(u) = H*(\(z)) >0, VYzeD, k=1,..,n—m+ 1.

When m = n, the class n —cv N C*(D) = {A\ + X2 + ...+ A\, > 0} coincides with the class of
subharmonic functions, and when m = 1, this class 1 — co N C*(D) = {A\; > 0,Xy > 0,...,\, >
0} coincides with functions that are convex in R™. The class of convex functions is well studied
(A. Alexandrov, I. Bakelman, A.Pogorelov, see [2, [3, [4, 5l 19]). For m > 1, the class m-convex
functions has been studied in series of works by N. Ivochkina, N. Trudinger, X. Wang, etc. (see
[12), 13, (15, 27, 28, 29, B30)).

The key point in studying m—cvNL;,. functions is the relationship between m—cv and sh,,, functions
(see for instanse [8, 12} 25], [26]). We embed R’ into C? by R} C C? =R} +iR} (z = x +iy), as a
real n—dimensional subspace of the complex space C".

Theorem 2.3. A function u(z) € C*(D), D C R"™, is m-convezx in D, if and only if a function
u®(z) = u(x +iy) = u(z) does not depend on variables y € R} and is shy, in the domain D x iR}.
Definition 2.4. An upper semicontinuous function u(x) in a domain D C R” is called m-convex in
D, if the function u°(z) is strongly m-subharmonic, u¢(z) € sh,,(D x iR}).

We can now define Hessians H*, for k = 1,2, ...,n—m -1, in the class of locally bounded, m-convex
functions in the domain D C R?. Let u(z) be a locally bounded, m-convex function in the domain
D C R?. According to definition we constract u®(z) € sh,,(D x iR}) and define Borel measures
. in the domain D x iR} C C7:

pr = (ddu®)* A" % kE=1,2,...,n—m+1.

Since u® € sh,, (D X ’LRZ) does not depend on y € R}, then for any Borel sets £, C D and E, CC R},
the measures meiEy e (Ey x E,) do not depend on the set E, CC R}, i.e., ﬁm“k (E. x E,) =
v (E,) . Borel measures are defined as

Ve v (By) = we (Ey x Ey), k=1,2,....n—m+1, (2.5)

mesk,
where we call by H* = H* (E,), for k =1,2,...,n—m+1, as Hessians for a locally bounded, m-convex
function u(z) € m—cv(D). For a twice continuously differentiable function, u(z) € m—cv(D)NC?*(D),
the Hessians are ordinary functions. However, for a non-twice continuously differentiable function
but bounded upper semicontinuous function w(z) € m — cv(D) N L*>*(D), the Hessians H*, k =
1,2,...,n —m + 1, are positive Borel measures (see [23]).



The Dirichlet problem in the class of m-convex functions 171

3. MAXIMAL FUNCTIONS AND THE DIRICHLET PROBLEM

Definition 3.1. A function u(z) € m — cv(D) is called maximal in the domain D C R" if for
this function the maximum principle holds in the class of m — cv(D), i.e., if v € m — cv(D) and
lim (u(z) —v(zx)), then u(x) > v(z), Y € D.
z—0D

Below we will use the following more convenient criterion of maximality: a function u(x) € m—cv(D)
is maximal in the domain D C R” if and only if for any domain G CC D the inequality u(z) >
v(z), Ya € G holds for all functions v € m — cv(D) : ul,o > v, (see [24]).

Maximal functions are closely related to the Dirichlet problem.

Theorem 3.2. (see [24]). Let D = {p(x) < 0} be a strictly m — cv convex domain in R™ and ¢(&) be
a continuous function defined on the boundary 0D. Put

U(p,D) ={uem—cv(D)NC(D) :ulsp < p}

and
w(z) = sup{u(x) : u € U(p, D)}. (3.1)

Then, w(z) € m — cv(D) N C(D), wlop = ¢ and in addition, w(x) is the mazimal m — cv function in
D, i.e. H* ™ (w(z)) = 0.

We recall that, the domain D = {p(z) < 0} is called strictly m — cv, if the function p(z) is strictly
m — cv in a neighborhood Dt D D, p(xz) € m — cv(D*). Moreover p(x) — 8|z|*> € m — cv(D™) for
some 0 > 0. We note, that the ball B (0,7) = {x € R": |z| < r} is strictly m — cv domain, but the
parallelepiped II = {z = (21,22, ...,z,) € R" : |z1] <1, |z2] < 1, ..., |x,| < 1} is not strictly m — cv in
R™, although II is a regular domain in the sense of classical potential theory.

It is natural to call the function w(z) as a solution to the Dirichlet problem that is w(z) is maximal
and w|sp = ¢. For regularization w* which is m — cv function in the domain D condition of continuity

on the boundary is also satisfied: lin% w*(x) = p(§), V& € dD. From w*(z) € m—cv(D), lir{r}D wr=¢
T—r r—
follows that w*(z) < w(z), ie. w*(zr) = w(x) and w(z) is m — cv function. Let us show that

w*(z) = w(z) is maximal.
Assume the contrary, let there be a domain G CC D and a function ¢(z) € m — cv(D) : ¢|,5 <
W]y but ¢(z°) > w(z®) at some point z°.

Function B
w(z) = { max {w(z), ()}, if 2€G
w(z), if v€D\G

is m-convex, w(z) € m — cv(D), w|,, = wl,p = ¢. Therefore, w(z) < w(z) and ¢(z°) < w(a®). This
is contradiction.

4. THE DIRICHLET PROBLEM FOR NON STRICTLY m — cv REGULAR DOMAIN D C R"”

As we saw in Section 3, some condition is imposed on the domain D C R"™ for the existence of a
solution to the Dirichlet problem, which is related to its strictly m-convexity.

Let’s provide an example where the domain D C R" is simply m-convex or regular in the sense
of classical potential theory, and Theorem does not hold. First, let us note that if the Dirichlet
problem is solvable in the domain D C R"™, then

H" " Hw(@) =0, w(z) € m —cw(D)NC(D), wlap =, () € C(ID),

the given boundary function (&) necessarily continues inside D as m-convex function. However, not
every function defined on the boundary 0D can be m- convexly continued inside D.

Example 4.1. n =2, m = 1. Let D =1 = {|x] < 1, |z2| < 1} be a square. Then the class 1 — cv
coincides with the class of convex functions. For any convex function w(z) € 1 — cv(I?) N C(12), its
boundary values w*(§) consist of two convex functions w*(£;,0) and w*(0,&;). Thus, if the given
boundary function () is not convex on the interval {|¢;] < 1,& = 0} or {&; =0, |&2] < 1}, then such
a function cannot be continued in D = [? as an 1 — cv (convex) function. For example, the function
©(&,0) = —£7 is not convex on the interval (—1,+1).
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Nevertheless, it is true

Theorem 4.2. Let D C R"™ be a regular domain in the sense of classical potential theory, and let ¢ €
C(0D) be a function such that it is the trace of some function w € m—cv(D) with liné w(z) = p(&) for
r—r

€ € OD. Then, the function w(z) is mazimal function in D C R"™. Moreover, w € m—cv(D)NC(D) and
wlap = . This function is called the solution to the Dirichlet problem: H"™ ™! (w(z)) =0, w|op = ¢.

We note that if in Theorem [3.2 the condition for the existence of a solution to the Dirichlet problem
pertains to the domain D C R”, in this theorem the condition is imposed on the boundary function
v € C(0D).

Proof. (Proof of Theorem According to the property of m — cv functions for the envelope:
w(z) =sup {u(z) € m —cv(D)NC(D) : ulop < ¢},

the regularization w*(x) will also be an m — cv function.

Along with the family {u(z) € m —cv(D)NC(D), ulsp < ¢} we also take the family
{v(z) € sh(D)NC(D),v|op < ¢}, which is involved in solving the classical Dirichlet problem. Since
any m-convex function is subharmonic, we have:

{u(z) e m — cv(D)NC(D), ulop < ¢} C {v(x) € sh(D)NC(D),v|op < ¢} . (4.1)
Since D is a regular domain in the sense of classical potential theory, the function
q(z) = sup {v(z) € sh(D)NC(D), v|op < ¢}

represents a harmonic function in D, ¢(z) € h(D) N C(D) and q|sp = ¢. Furthermore, from (4.1, it
follows that: B
w(z) =sup {u(z) € m — cv(D)NC(D) : ulop < ¢} < q(x).

From this, we get -
limw(z) < limg(x) = p(€), &€ aD. (4.2)

z—E€ z—E€

To prove the reverse inequality, we use the function w € m — cv(D) with lirré w(x) = ), £ € OD.

(€
From the definition of the class U(p, D), it is clear that w € U(p, D). Thus w(z) < w(z), ie.,
lin% w(z) > lirré w(z) = p(§), £ € D, and this together with (4.2) gives us hrréw (x) = (&), £ € ID.
z—> z—> U

From the proof, it follows that w* € U(p, D) and, consequently, w* = w. We prove, that the
solution w* = w is maximal. Regularization w* is m — cv function in the domain D, for which the
continuity condition on the boundary is satisfied: lirré w'(z) = p(&), V¢ € 0D. It follows from

T—

w*(x) € m — cv(D), 1i%1D w* = ¢, that w*(z) < w(z), i.e. w*(zr) =w(z) and w(z) is m — cv function.
z—
Let us show that it is maximal.

By contradiction, let there exist a domain G CC D and a function ¢(z) € m—cv(D) : ¢l < w|y6,
but ¢(z°) > w(z®) at some point z° € G.

The function (o), o)) if a
max{w(x), p(x)} if x €
g(x)_{w(x) if e D\G

is m-convex, g(z) € m — cv(D), gl,p, = w|yp = ¢. Therefore, g(z) < w(z) and ¢(z°) < w(zP).
Contradiction.

Now we can prove, that w is continuous in D. Let’s build an approximation ws(z) = w o
Ks(x —y) € m — cv(Ds) N C>®(Ds), Ds = {x€D: p(x)<d}, ws(z) | w(z), as 6 | 0, where
Ds = {x € D: dist(x,0D) > ¢}. For small enough 6 > 0 each interior normal ne, £ € 0D inter-
sects 0Ds at a single point 1(€) € 0Ds, so that a homeomorphism n;s is defined ns : 9D — 9Ds. Let
us put ps(n) = ¢(ns(§)),n € 0D;, € € D. Since gllgn%w(x) = (&), V¢ € ID, then for any fixed ¢ > 0

there is a 6o > 0 such that |w(x) — ¢s,(x)| < e, Vo € ODs,. For a fixed §p > 0 the domain Ds, CC D
and the approximation w;(z) | w(z), for § | 0 covers the domain Dy, .
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Applying Hartogs’ lemma to a compact set 9D;, and a function s, (x) € C(9D;,) we find 0 < §" < g

such that
ws(z) < ws, (x) + 3¢, Yo € dDs,, § <. (4.3)

Since the solution to the Dirichlet problem w(z) is maximal in D, from ws(x) < @s,(x) + 3¢, Vz €
0Ds,, 6 < 0’ follows that ws(x) < w(x)+4e, Vo € Ds,, 6 < ¢’ because w(x) > ¢s,(z) — 3¢, Ya € 0D, .
From here, w(z) < ws(x) < w(x) +4e, Vo € 0D;,, 6 < &, ie. |ws(z) —w(z)| < 4e, YV € Ds,, 0 <
0'(do). Since € > 0 arbitrary, then the convergence ws(x) | w(x) will be uniform inside D and w(z) €
C(D), because ws(z) € C(Ds).

It remains to prove that, H" ™" (w(x)) = 0. This statement is directly followed by the following
theorem

Theorem 4.3. (see. [24]). A continuous m — cv function u(z) € m — cv(D) N C(D) is mazimal if
and only if the Borel measure is H™™ ™! (u) = 0.

0

Given the importance and need for work, we will formulate the following comparison principle

Theorem 4.4. (Comparison principle), (see. [24]). Let u(x), v(x) € m —cv(D)NC (D) and F =
{u(z) <v(z)} CC D be open set. Then

/ Hm () > / H (). (4.4)

The following maximum principle in a class of m — cv functions can be found in the work [16].

Theorem 4.5. Let u(z),v(z) € m —cv (D) NC? (D) : H* ™! (u) < H" ™+ (v), x € D. Then, if
ulyp > V|yp, then u(z) > v (z) Vo e D.

Proof. (Proof of theorem Let u(x) € m —cv (D) N C (D) is maximal. Let’s take a ball B CC D
and consider the Dirichlet problem in Hessians:

=1 (u) =  (2), () € m— e,
u|3B = ¢,

where ¢(z) € C (B), ¥ (z) >0, ¢(§) € C(dB).

Many works are devoted to solutions of the Dirichlet problem . Thus, in the non-degenerate
smooth case ¥(z) € C*(B), ¢ (z) > 0, ¢(§) € C>(dB), equation has a unique solution
u(z) €m —cv(B)NC> (B), ulop = ¢ (see. [10]-[12], [16]).

For the degenerate case, to solve the equation

(4.5)

H " (u) =0, wu(x)€m—cu,
ulos = ¢, ¢ (§) € C(9D)

we will use above statement. Fix a ball B CC D. We approximate the function ¢ (£) by infinitely
smooth functions: ¢; (§) L ¢ (§), ¢; (&) € C* (0B). According to the above equation

Hr=m+ (u) = %, u(x) € m— cv,

u|aB = ¥j

has a unique solution u; (z) € m — cv(B) N C® (B), ujlop = ¢;. According to Theorem the
sequence u; (z) is decreasing, u; () > w1 (). Due to the Hessian property, the Hessian sequence
Hm= ™+ (y; (z)) weakly converges: H™ ™t (u; (z)) — H™ ™ (u(x)). Since H" ™+ (u; (z)) = %,
then Borel measure H"™™"!(u) = 0 in B CC D and since the ball B CC D is arbitrary, then
H=™* () =0 in D.

Vice versa, let u(x) € m—cv (D)NC (D) : H* ™" (u) = 0. We will show that u is maximal. Let’s
assume the opposite, that u is not maximal. Then for some domain G CC D there exists a function
vem—cv(D): ulagg > v|ag, but v (2°) —u (2°) = € > 0 for some point 2° € G.
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Approximating v infinitely smooth m — cv functions v; | v. Then by Hartogs’ lemma we find j, € R
such that, vj |, < ulye + 5-

Let’s compare the function u (z) with function vj, () + d|z||*, where § = For such

3-max{|\z|\2: zeé} )
§ >0, the set F = {u(z)+ £ <wvj, (2) + p(2)} is not empty and lies compactly in G.
Then according to the comparison principle (Theorem |4.4)

5"/ (da 12])" < / (ddew + oda |12*) " < /(ddcu)" —0,

F F F

which contradicts, what / (ddc HzHQ)n > 0. Theorem and with this the main Theorem are
F
proved.
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Abstract. In this paper we obtain the criterion of weak convergence of the sequence of the sum
of the first n terms of the linear process {Xy,, k =1,2,...,n; n=1,2,...} with random coefficients
{Uk ,keN }, generated by the innovation sequence {&,,k € Z} satisfying the condition of infinite
smallness to the limit distribution and as a consequence of this result we obtain the analog of the
Lindeberg-Feller theorem for the auto regression process with random parameter v, 0 < v < 1. In
addition, the strong law of large numbers and the law of iterated logarithm are proved.
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1. INTRODUCTION

{&n, k € Z,k <n,n > 1} — a sequence of series of random variables satisfy the following condition
(A): for any € > 0

P {sup |€kn| > 6} — 0.
keZ n—oo

Definition 1.1. If a series X, = Z;’io @ink—in converges with probability 1, then a sequence of
random variables { Xy, k € Z} is called a linear process with coefficients {ay,, k € Z,n > 1} generated
by an innovation sequence {&,, k € Z}.

Remark 1.1. If the conditions (A), E&, = 0, k € Z are satisfied, then the series Y~ v*&in
converges with probability 1, and therefore the linear process is defined quite correctly in this case.

The paper is devoted to the asymptotic analysis of the sum of the first n terms of a linear process
with random coefficients ay, = v*, generated by an innovative sequence {&,}. By means of BN-
decomposition (Beveridge-Nilson distribution) we prove the criterion of weak convergence of the ran-
domly normalized sum of the linear process to the iterated limits and as a consequence of this result
we obtain the analog of the Lindeberg-Feller theorem for the auto regression process with a random
parameter v, 0 < v < 1. In addition, we prove the strong law of large numbers (SLLN) and the law
of iterated logarithm for a linear process associated with a 1 - order auto regression process with ran-
dom parameter v. Many known results obtained about the asymptotics of the distribution of the sum
distribution of a linear process can be found in the articles [ 4], [6 - 12]. In [2] a class of auto regression
processes of 1 -order with random coefficients with the form X, — u = p,(X,,_1 — p) + €,, n € Z,
where, = EX,, {e,,n € Z} white noise: a sequence of independent, identically distributed random
variables with mathematical expectations equal to zero and unit variance and {p,} - a sequence of
independent, identically distributed random variables satisfying the condition sup |p,| < 1(with prob-

ability 1). Obviously, the auto regression process considered in this paper does not belong to the class
of processes considered in [2].
In this paper we consider a 1st-order auto regression process with a random parameter v:

Xn = UXn—l + §7L7 ne Za (11)

where v,0 < v < 1 is a random variable (r.v.) independent of sequence {,,n € Z}, {&,,n € Z} is
a sequence independent and identically distributed random variables with E¢, = 0, E€2 = 0% < .
There exists only one solution to equation (1.1)) such that EX, = 0. This solution is of the form see
2, 3]
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Xk = Z’Ujfk,j, k e N. (12)
j=0

Many problems related to the asymptotics of the sum of n first terms of a linear process
X = 22720 ajnéi—; are solved using the following decomposition :

Lemma 1.1. If a series > _,~ __ ay, is absolutely convergent, then there is a decomposition of

— 00

Xy = <Z ak”) Ein + Z'Yj{t—j,n - Z Yi&t—j+1,m5 (1.3)
k=0 j=1 j=1

oo
where v; = Zk:j Gl -

Equality ((1.3)) can be proved directly by comparing the coefficients ahead of the random variables
&; 1 =0,4£1,4£2, ... in the expression of the random variable X,,. In particular, from the expansion
(1.3) we obtain the following expansion for the sum of the first n terms of the linear process:

Sn=2 Xi= (Z “a‘u) D b+ D v (Ejn — &) - (1.4)
t=1 j=0 t=1 j=0

Decompositions and are commonly referred to in the literature as BN-decomposition.
The BN-decomposition was formally applied by Beveridge and Nelson (1981) in the study of cycle
fluctuations in commercial activities. Phillips and Solo (1992) [4] gave a general treatment of the
BN-decomposition and applied it to prove the CLT the SLLN and the invariance principle of the
law of iterated logarithm for linear processes generated by independent and identically distributed
innovations. Similar results, in the more general unequally distributed case are obtained in the work
of one of the authors (see [7]). In [8], an asymptotic analysis of the distribution of the sum of
linear processes with non-random coefficients satisfying the condition of infinite smallness (the transfer
theorem) to the limit distribution was carried out and, as a consequence of this result, an analog of
the Lindeberg-Feller theorem for linear processes generated by ¢— mixing innovation sequence was
obtained. Almost all known results about asymptotics of linear processes follow from the main result
of this paper.

BN- decomposition in the special case when the linear process has the form is defined by the
formula

1 n oo
Sn = <1—U) ;gtn + ;73 (él—j,n - fn—j-&-l,n) ’ (15)

where v; = >.2 v".

2. MAIN RESULTS

Before we formulate the main results of the paper, we prove the following main lemma.
Lemma 2.1. If condition (A) holds, then the following relations can be written:

oo

> 7 (G1mjm — Eamjsrn) — 0 with probability 1. (2.1)

Jj=0

Proof. Using the formula of the sum of infinitely decreasing geometric progression, we obtain

o J

Z’Yj (gl—j,n - gn—j—i-l'n) == Z ka(gl—j,n - gn—j-i-l,n) == Z 1/U_ v (gl—j,n - §7L—j+1)'
j=0

J=0 k=j Jj=1
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It follows that, relation ([2.1f) is equivalent (see [5], p.269) to the statement: for any € > 0, at n — oo

P,(e):=P igp Z m(fkj,k —&—ji1)| > €] = 0,n — 0.
zn j=1
There is inequality:
= ) 5 v £
P,(e) <2P nl>=|=2P—— nl >=1.
(e) < (;1_0%5& |>2> <(1_U)28ukp|£k |>2>
Hence, since the value of —%— with probability 1 is bounded and independent of n, based on

(1-0)2
condition (A), it follows that the relation in (2.1)) of the lemma holds. The lemma is proved.
As a first application of the lemma 2.1, we prove the SLLN for an auto regression process with a
random parameter.

Theorem 2.1. (SLLIN) The auto regression process of 1st-order with a random parameter v, 0 <
v < 1 obeys the SLLN, i.e. the following relation is true

& —— 0 with probability 1.
n n—oo
Proof. The auto regression process is a linear processX; = Z;io 07— ; where{¢;}—is a sequence
of independent identically distributed random variables with mathematical expectation equal to zero,
which satisfies the strong law of large numbers. Hence, and from lemma 2.1, by virtue of the decom-
position , the proof of the theorem follows.
We now formulate and prove the following main theorem.

Theorem 2.2 (transfer theorem). If the innovation process {&xn, k € Z} satisfies some limit
relation (in the sense of weak convergence, almost sure convergence, or convergence in probability),
then the random sum (1 — v)S,, follows the same limit relation, and conversely.

Proof. According to decomposition , we have

1=0)8 = &+ 1L =0)>_ % (1o — Enmjsrn) (2.2)

=0

since the second summand in the right-hand side of equality (2.2)) tends to zero with probability 1
according to lemma 2.1, the sequence (1 —v)S,, has the same limiting relation as Y, _, &, and vice
versa.

It follows from theorem 2.2 that almost all asymptotic statements valid for the sum of the first n
terms of the sequence {{,} are also valid for the linear process X; = Z;io vI&,_jn. Below we give
some of these statements.

Corollary 2.1 (analog of Kolmogorov’s theorem). Let X; = Z;io v1&,_;— be a linear process
generated by a sequence of independent and identically distributed random variables, and assume that
E|&| < oo. Then the following relation holds:

(1—-wv)S,

n n—00

m with probability 1.

Here, m = F¢,. is the mathematical expectation of the random variable.

The proof follows directly from theorem 2.2, by virtue of the well-known Kolmogorov theorem
valid for a sequence of independent identically distributed random variables with finite mathematical
expectations.

To prove the next result, the following result established in [13] will be required.
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Lemma 2.3. Let {{,,n > 1} be a sequence of independent and identically distributed random
variables with E¢; = 0, F&2 = 1. Then following relation hold

lim sup 1 &l =1 with probability 1.

n—oo V2nlnlnn

Corollary 2.2. Let auto regression process of order 1 with random parameter v, 0 < v < 1
generated by a sequence of independent and identically distributed random variables with E§&, =
0, B¢ = 1. Then the is true

lim su M
n—>oop vV 2nlnlnn

The proof follows directly from Theorem 2.2 and Lemma 2.3.

= 1 with probability 1.

Theorem 2.3. Let a linear process X = Z;io vI&,_;n is generated by a sequence of independent
random variables satisfying the condition (A). Then, for the following relation to take place

P((l—v)iXk§x> = F(x),

k=1

where F(z) — is an arbitrary distribution function, it is necessary and sufficient to fulfill the
condition (B) F,,(z) = F(x), where F,(z) = P (3"} _; &n < ).

Proof. Since the summand in the right-hand side of the expansion , according to lemma 2.1
converges to zero with probability 1 (hence also in probability), then, according to the random
variables (1 —v)S,, and >, _; &, are asymtotic identically distributed.The theorem has been proved.
From theorem 3, by virtue of the Lindeberg-Feller theorem, the following statement follows.

Corollary 2.3. Let a linear process X, = Z;io v/, ; » be generated by a sequence of independent

random variables with E¢, = 0, EE;, = o, < oo, satisfying condition (A). Then the sequence
(1 —v)S,/B,, satisfies CLT if and only if Lindeberg’s condition is satisfied:

(L) 22 Sis BT {I6n] = £(By)} —— 0,

o, . 2 _ n 2
for any positive ¢, where B, =Y, _, 07,
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