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Rasul Nabiyevich Ganikhodzhaev
(On the Occasion of His 80th Birthday)

On November 19, 2025, the distinguished mathematician, Doctor of Physical and Mathematical
Sciences, and Professor at the National University of Uzbekistan, Rasul Nabiyevich Ganikhodzhaev,
celebrates his 80th birthday. He is one of the leading representatives of the Uzbek school of functional
analysis and the theory of discrete dynamical systems.

R.N. Ganikhodzhaev was born in 1945 in Tashkent into a family of scholars. His father, Candidate of
Technical Sciences N.G. Ganikhodzhaev, worked at the Institute of Power Engineering and Automation
of the Uzbekistan Academy of Sciences and greatly influenced the formation of his sons scientific
interests. From an early age, Rasul Nabiyevich demonstrated a deep aptitude for the exact sciences,
actively participating in physics and mathematics Olympiads. After completing secondary school in
1963, he entered the Faculty of Mechanics and Mathematics at Tashkent State University (now the
National University of Uzbekistan).

From 1964 to 1967, he served in the armed forces and, upon returning, resumed his studies, grad-
uating with distinction in 1971. Influenced by the seminars of Professor (now Academician) J.Kh.
Khadjiev, he chose functional analysis as his primary field of research — a direction that would define
his entire scientific career.

In 1971, R.N. Ganikhodzhaev began his postgraduate studies at the Department of Functional
Analysis under Academicians T.A. Sarymsakov and J.Kh. Khadjiev. He defended his Candidates
Dissertation in 1978 on “Quadratic Operator Equations,” where he classified such equations in Hilbert
spaces and established solvability conditions for elliptic-type cases. These results laid the foundation
for his later work on uniformly convex operators.

Inspired by Academician Sarymsakov, who introduced quadratic operators to model biological evo-
lution, Ganikhodzhaev made fundamental contributions to the theory of quadratic stochastic operators
(QSOs). Using combinatorial and graph-theoretic methods, he described quadratic homeomorphisms
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on simplices, formulated conditions for QSO regularity, proved the ergodic principle, and proposed an
analog of the Kolmogorov-Chapman equation.

He also advanced the study of discrete dynamical systems, introducing concepts such as fixed-
point cards and trajectory routes. His work achieved wide international recognition, culminating in
his 1995 Doctoral Dissertation “Investigations on the Theory of Quadratic Stochastic Operators.”
Professor Ganikhodzhaev has authored over 100 scientific and educational works, including textbooks
and manuals, and has supervised numerous researchersfour Candidates of Sciences, six PhDs, and one
Doctor of Science.

Since 1975, Professor Ganikhodzhaev has been deeply involved in teaching and mentoring. He
has delivered a wide range of courses, including Functional Analysis, General Topology, Calculus
of Variations, and Mathematical Analysis, as well as specialized lectures on Operator Theory and
Convex Analysis. With tireless enthusiasm, he has conducted research seminars and mathematical
circles, inspiring generations of young mathematicians.

He serves on the editorial boards of several leading journals, including the Uzbek Mathematical
Journal and the Bulletin of the National University of Uzbekistan. He is also a member of specialized
dissertation councils.

Rasul Nabiyevich has played a vital role in developing mathematical education and promoting
scientific culture in Uzbekistan. He actively supports young researchers, contributes to the formation
of new scientific schools, and organizes student Olympiads. Thanks to his dedication and mentorship,
many talented students have chosen careers in scientific research.

At present, Professor Ganikhodzhaev continues to be actively engaged in research and teaching. He
regularly participates in conferences and seminars and pursues new directions in the theory of discrete
dynamical systems and quadratic mappings.

The Editorial Board of the Uzbek Mathematical Journal, together with his colleagues and students,
extends its heartfelt congratulations to Professor Rasul Nabiyevich Ganikhodzhaev on the occasion
of his 80th birthday, wishing him good health, long life, creative energy, and continued outstanding
contributions to Uzbek mathematics.
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Exponential stability of a numerical solution of a hyperbolic system
with negative nonlocal characteristic velocities and measurement
error
Aloev R., Berdyshev A., Alimova V.

Abstract. In this work, the problem of stabilizing the equilibrium state for a hyperbolic system with
negative nonlocal characteristic velocities and measurement error is investigated. A mixed problem
is considered for such systems, when a limited perturbation of measurement errors is taken into
account in the boundary conditions. The study is based on the use of the adequacy between the
stability for a mixed problem for the original hyperbolic system of linear differential equations and
the stability of the initial-boundary difference problem for it. When analyzing the initial-boundary
difference problems constructed in this way, the properties of logarithmic norms are used. Algorithms
are proposed that make it possible to obtain sufficient conditions for the exponential stability of a
numerical solution of an initial-boundary difference problem with nonlocal coefficients and limited
perturbation of measurement errors in boundary conditions. Sufficient conditions are presented in the
form of matrix inequalities, which involve matrices of boundary conditions. The results are presented
in the form of an a priori estimate of the numerical solution in the norm through the norms of the
functions of the initial data and the norms of perturbation of measurement errors.

Keywords: Lyapunov’s function, hyperbolic system, nonlocal characteristic velocity, Lyapunov
stability.

MSC (2020): 65M12, 65M06, 35140

1. INTRODUCTION

In [I], the Lyapunov stability of the equilibrium position of a mixed problem for a one-dimensional
single hyperbolic equation with a positive nonlocal coefficient of the derivative with respect to x is
studied. Exponential stability is tested using spectral analysis of the linearized hyperbolic equation.
The Lyapunov function is constructed. Using the Lyapunov function, the exponential stability of the
steady-state solution of the hyperbolic equation is proved. The case of positive characteristic velocities
for the scalar case is considered.

In [2], a mixed problem is studied for a nonlinear equation with positive coefficients of the derivative
with respect to . The Lyapunov stability of an equilibrium state is investigated based on the Lyapunov
stability theory. The Lyapunov exponential stability of the solution to the mixed problem is proven.
Based on the construction of a discrete Lyapunov function, the authors were able to transfer the
results obtained to the case of a discrete problem. The case of positive characteristic velocities for the
scalar case is considered.

The work [3] is devoted to the analysis of exponential stability in the Lyapunov sense of steady-
state numerical solutions of a hyperbolic differential equation with nonlocal coefficients in front of
the derivatives with respect to x. They obtain sufficient and necessary conditions for the exponential
stability of a numerical solution of an initial-boundary difference problem with nonlocal coefficients and
limited perturbation of measurement errors in boundary conditions. The case of positive characteristic
velocities for the scalar case is considered.

The Articles [4-11], is devoted to the analysis of exponential stability in the Lyapunov sense of
steady-state numerical solutions of a classical hyperbolic system of linear differential equations in
canonical form. A mixed problem is considered for such systems. The study is based on the use of
the adequacy between the stability for a mixed problem for the original hyperbolic system of linear
differential equations and the stability of the initial-boundary difference problem for it. When ana-
lyzing the initial-boundary difference problems constructed in this way, the properties of logarithmic
norms are used. Algorithms are proposed that make it possible to obtain sufficient conditions for the
exponential stability of a numerical solution of an initial-boundary difference problem for a classical
hyperbolic system of linear differential equations in canonical form. Sufficient conditions are presented
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in the form algebraic inequalities, which involve coefficients of boundary conditions. The results are
presented in the form of an a priori estimate of the numerical solution in the norm through the norms
of the functions of the initial data. Nonlocal characteristic velocities are not considered.

2. DIFFERENTIAL MIXED PROBLEM

Consider the following symmetric t-hyperbolic system:

O M(AW) . =

o 0, tel0,+0), x€0,1], (2.1)

where

M(A(t)) = diag (1p(1a(2)), 21(20(8)); - -, wpt(na(t))

U (1u, 2“7--->nu)Ta

A(t) £ (1a(t), 2a(t), ., na(t))",

i1(s) are some specified functions.

(>

Here the characteristic speeds M(.A(t)) depend on the integral of the unknown vector function
U(t,z) over the entire region [0,1]

A(t) = /0 Ulta)de, e (0,+00) (2.2)

or component by component

1
a(t) = / ude, i=1,n.
0
Initial conditions for system (2.1):

U0,2) = ®(x), «<[0,1], (2.3)
Here ®(z) 2 (10(x),20(2), ..., np(z))" - is the given initial vector function.

In this work, we limit ourselves to the case when the characteristic velocity functions are negative,
ie. M(A(t)) > 0. In this case, it is known from the theory of hyperbolic systems that boundary
conditions for system (2.1) are required only on the right boundary, at z = 1:

—MA@)U(t, 1) =V (t), (2.4)

where V() £ (4 V(t),2V(t), ..., V()" - is the vector function controller.

From works [1] and [2] it follows that with an appropriate choice of M(A(t)), U(¢,0), V(t) it is
possible to prove the correctness of the formulation of the mixed problem (2.1)-(2.4).

In this work we will consider one special case of specifying boundary conditions.

V() + MU =R {—M(A(t)) [U(t,0) + A(t)] + MU} . te(0,+00), (2.5)
where
Y M(U*) - diag (1M(1u*)a 2M(QU*)7 R 71M(HU*)) ’
U* 2 (o, u*, .. 0u)T, R & diag(ir,or, ..., 0r),
A(t) 2 (16(t),20(t), -, n0 ()"
and ;v € [0,1), i = 1,n are given coefficients, and U* is quadratic matrix with coefficients
;u*,  where u* >0, i=1,n are given equilibrium state and A(¢) is constrained disturbance.
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Note that for a given equilibrium state U*, the value of the characteristic vector function is calculated
as follows
“MAW)| = -MU
(A |, =-m@)
In this work we limit ourselves to the following family of characteristic velocities of the type

P
1/’1/(8) = ‘Q+3’

se€0,+), i=1n (2.6)

with ;P >0, ;Q >0, Vie {m+1,m+2,...,n}.

So, consider the following mixed control problem

aU aU
S~ M(A®) 5 =0, t €[0,+00), x € (0,1),

U(0,z) = @(z), x € (0,1),

V() +MU* =R {—M(A(t))[U(t, 0) + A(t)] + MU} . te(0,+00), (2.7)
- M(A®))U(t,1) = V(1) t € [0, +00),

A(t) = / Ut x)d, £ € (0, +00),

where U - is the vector function to be determined.

Let’s consider transformations regarding equilibrium U*:

Ut,z) = U(t,z) — U A(t) = Alt) = U*, &(x) = d(z) — U,

M ;(t) = M(U* + A(t)).

Then system (2.7) with (2.6) for ¢ € (0, +00) can be rewritten as follows:

oU —~ . OU
U(0,z) = ®(z), z € (0,1),

V(t) = RM(t) [ﬁ(t, 0) + A(t)} +(E-R) {M - M;(t)} U,

M3 () = M(U + A(), M) 0 (2. 1) = V(1) 29
B 1 1
A(t) = / U(t,x)dz where / a(t,x)dr = u*, i=1,n,
0 0
u(s) = Qiis’ with ;P >0, ;Q >0, s € [0, +00), i=1,n.

Using the expressions given for functions ;u, 7 = 1,n of characteristic velocities (2.6) in equation
(2.8), we have

diag < 1P nP )
{M* - 1’\71A(t)} Ut = 1@ +u P"Q tath P Ut (29)
— diag ( ! — L >
1Q + 1w +a(t) nQ + nut + ,a(t)
1P aalt) nP na(t)

ey

= diag <(1Q Fu)(Q + o+ ld(t))’ (nQ + nu)(nQ + ur + nd(t))> U*
U™ = QMu(t) A(t),
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where .
0 £ diag (1,2, ..., ,@), iw:ﬁ, i=1,n
Note that matrix inequality 2 < E is true.
For convenience, we omit the “7” symbol. Then for ¢ € (0,+0c0) the system in equation (2.8) with
equation (2.9) can be rewritten as follows:
ou ou
— —M4(t)=— =0 0,1
o~ M =0, v e (0.1)
U(0,z) = ®(x), z € (0,1),
V(1) = RM4(?) [U(2,0) + A(t)] + (E - R)QM4()A(1),
ML(t) = M(U" + A®),  MA(0U(t,1) = V(1), (2.10)
1 1
A(t) = / U(t,z)dx, where / u(t,x)de > —u”, i=1,n,
0 0
(s) L ith ;P >0, ;Q >0, s € [0,400) =1
il\S) = y  WIth 4 s i y S y TOO), t=Ln.
. 1@ + s

3. EXPONENTIAL STABILITY OF THE NUMERICAL SOLUTION

In this section we establish the exponential stability of the numerical solution of the initial-boundary
difference problem.

To obtain the initial-boundary difference problem, we will use the upwind difference scheme for the
numerical calculation of system (2.7). o

To do this, we cover the spatial region [0, 1] using a uniform grid €, = {xj =1h, 7 =0, J} , his
step by z. We calculate the integral A(t) for each value of t* £ k7 (7 is step by time), k € {0,1,2,...}
using the quadrature formula

. J
AR & (1d¥,5d", .0 A" iak:hziuf, ke {0,1,2,...}. (3.1)
5=0

Next, we define the discrete value MF:

Mk 2 M(Ak) = dia‘g(luka 2/“"k7 s 7nuk)7

P
k A k\ __ i .
il —,u(la )—m, zP>07 ZQ>O, Z—l,n, kG{O,l,Q,} (32)
Let us assume that the Courant-Friedrichs-Levy condition is satisfied
O<A’“é%M’“§E, ke{0,1,2,...} (3.3)
where -
Ak:diag (1)\k,2>\k,...,n)\k), i)\k: Eiﬂk, izl,n, ke {1,2,7K}
To numerically solve system (2.7), we propose an upwind difference scheme
Uttt = (1 - A") UF + A*UF, |, j=0,....,J—-1; ke{0,1,...},
UKt = RUM' + (E — R) (M*) ' M*U* + RA*', ke {0,1,...}, (3.4)
Ufz@(a:j), j=0,...,J.
T T
Uf == (1u§,2u§,...,nuf) 5 Ak = (1(5k,25k,...,n(5k)

Let us introduce the following matrices:

[N ko k E ook ok k k k k
U” £ diag (1u0,2u0,...,nuo,lul,gul,...,nul, ...... ,1uJ_1,2uJ_1...,nuJ_1),
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04 71
U” = diag (100520005 - - -y nP05 1915 2015+« y nPLy oo v+ » API-112PT—15 -+ nPI-1) 5
k
1u*,2u*,...,nu* 15 ,0,0,...,0
* * * k
1U 52U 5 oy U 0,25 70,...,0
A . A .

U* £ diag . , A* £ diag '
* * * k
U, ut ) 0,0,0...,0,0% )

Definition 3.1. Let = > 0. Equilibrium state U* of the initial-boundary difference problem (3.4)
is stable in the /2-norm with respect to discrete perturbations that satisfy matrix inequalities AF < Z,
k € {1,2,...}, if there exist positive real constants (; > 0, (3 > 0, (3 > 0 such that for any initial
condition ®(z;), j = 0,J, solution UJ’-“, ke {1,2,...}, j = 0,J of the initial-boundary difference
problem (3.4) satisfies the inequality

[0~ Ul < Goemo 1@ — U e + G max (A7), k€ {1,2,...), (35)

where

U(’f (o) Uy

Uk Pz Ur

Uk & .1 , &= ( 2 , U= .1 ,  |A®| = max [;0°|.
: : : 1<i<n

U!;—l q)('rJfl) U;:—l nxJ

and

J

J-1
|UF = U= 20) (UF-U, [UF =U"]), ked{o,1,...}.
=0
Definition 3.2. (Discrete Lyapunov function). That function L : R™/ — R is a discrete
Lyapunov function for the initial-boundary difference problem (3.4) if:

(1) there are positive constants x; > 0 and x2 > 0 such that for all k € {0,1,...}
xillU" = U <L(U*) < x| U* = U I, (3.6)
(2) there are positive constants > 0 and v > 0 such that for all £ € {0,1,...}

L(U) — L(U*)
At

< —nL(U*) +v (Ak,Ak) .

To simplify the notation, in what follows we will define the sequence of discrete values £* as
£F=LU*), ke{o1,...}

and where U* is a given solution of the initial-boundary difference problem (3.4).

Theorem 3.1. (Discrete stability for the case U* > 0). Assume that the CFL condition (3.3)
is satisfied. Let Z > 0. For each U* satisfying the matrix inequality U* > 0, each R satisfying the
matrix inequality 0 < R < F, each v > 0, and for any initial vector function ® satisfying the matrix
inequality with U" > 0, and

| —U"||;2 <u (3.7)

the solution U* of the initial-boundary value difference problem (3.4) satisfies the matrix inequalities
Uk >0, ke{0,1,...}, and the stationary state U* of the initial-boundary value difference problem
(3.4) is stable in the norm is [*> with respect to any discrete perturbation function A*, k€ {0,1,...},
such that the matrix inequality A* < = holds.

To analyze the stability of the initial-boundary difference problem (3.4) using the discrete Lyapunov
method, we use the following transformation:

UF=UF-Ur, A =hY U, ML =MUT+AY), A =M

J J h Ak

ke{0,1,...},
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~ P 5P P
M(U* + A*) = dia ( ! , n ) 3.8
( ) E\lQ+ 1wt + 108 5Q + pu” + dP nQ + pu* + na* (38)
For simplicity, we omit the symbol “7” in notation (3.8) and discretize system (2.10) as follows
Ut =(1-A")UF+AUF,,j=0,J-1; ke{0,1,...};
UM = RUF™ + (E — R)©A*! + RAF k€ {0,1,...};
. u* 2u* U
cO = dia ( ! , e );
8 1Q + 10 9Q + gu* n@ + nu*
J-1 -
AR =hYUE, My =MU"+ A%, A= EM];k,,k: € {0,1,...};
7=0 (3.9)
P 2P P
M(U* + A%) = dia, < ! , e z >;
( ) 8 1Q + 1w +1a% 7 2Q + ou + pa” nQ + put + a”
J-1
" =hY k> i=Tn, ke{0,1,...}%
3=0
Uj(-):(b(xj), jZO,J
Thus, the assumption in the form of inequality (3.7) in Theorem 1 is now expressed as
@], <U. (3.10)

Note that it can be rewritten in the form
gk s
[0, < Goe" [+ Gy mas (A7), ke {L2,...).

4. COMPUTATIONAL EXPERIMENT

Option. Consider the influence of the parameter r on the numerical solution.

To carry out the computational experiment, the following data were entered: Time T" = 10 seconds,
time step 7 = 0.1, spatial domain [0,1] divided into a grid with step h = 0.1. Parameters P = 1,
Q = 1, equilibrium solution u* = 0, limited (known) disturbance §(¢t) = 2.4 - 1072 - sin(¢). Initial
condition u(x) = 1.1 4 sin(27z).

Norm of the numerical solution for the case when r = 0.1; r = 0.3; r = 0.6 is shown in Fig. [Il Graph
of the numerical solution when » = 0.1; r = 0.3; » = 0.6 is shown in Fig.[2] As can be seen from the
graph, the smaller the parameter r, the faster the numerical solution reaches an equilibrium solution.

CONCLUSION

The Lyapunov exponential stability of stationary numerical solutions of a mixed problem for a
hyperbolic system of linear differential equations with nonlocal matrix coefficients of derivatives with
respect to x is studied. In this case, the boundary conditions take into account a limited disturbance of
measurement errors. A methodology is proposed that makes it possible to obtain sufficient conditions
for the exponential stability of a numerical solution of an initial-boundary difference problem with
nonlocal coefficients and limited perturbation of measurement errors in boundary conditions. Sufficient
conditions are presented in the form of matrix inequalities, including matrices of boundary conditions.
The results are presented in the form of an a priori estimate of the numerical solution in the £2-norm
through the /2-norm of the functions of the initial data and the norms of perturbation of measurement
errors. The proposed method can be used to study the influence of nonlocal coefficients of the original
system and perturbation of measurement errors on the exponential stability of the numerical solution
of the initial-boundary difference problem for hyperbolic systems. A computational experiment was
carried out that confirmed the theoretical results obtained.
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(a) norm of the numerical solution (b) The logarithm of the norm of the numerical solution

F1GURE 1. Graph of the norm of the numerical solution. Here k is time step, Ly
is the norm of the numerical solution at » = 0.1; L1, is the norm of numerical
solution at r = 0.3; L2 is the norm of numerical solution at r = 0.6.

F1GURE 2. Numerical solution graph. Here the graph of the numerical solution
at » = 0.1 is shown in red; blue shows the graph of the numerical solution at
r = 0.3; Green shows the graph of the numerical solution at r = 0.6
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Optimal approximation techniques for solving Hadamard type
integral equations
Akhmedov D.M., Pirnapasov S.O.

Abstract. This paper discusses the frequent occurrence of the Hadamard type integral equation
of the first kind in solving problems in aerodynamics, fluid dynamics, wave propagation theory, and
ecology. Since the exact solution of this equation is also expressed by an integral, the problem of con-
structing an optimal quadrature formula for its approximate calculation is considered. The analytical
form of the coefficients of the optimal quadrature formula is found.

Keywords: Hadamard type integral eqaution, Cauchy type singular integral, quadrature formula,
error functional, extremal function, optimal coefficients.

Mathematics Subject Classification (2020): 65D32

1. INTRODUCTION

Hypersingular integral equations are a type of integral equations where the kernel the function
inside the integral is highly ”singular,” meaning it has an infinitely large value at a certain point. This
singularity is of a higher order than what’s found in more common singular integral equations. These
equations are a powerful tool for analyzing complex, three-dimensional problems in various fields,
including:

Aerodynamics and Fluid Dynamics: Studying how air and fluids move around objects; Elastic-
ity: Analyzing how materials deform under stress; Wave Theory: Understanding the diffraction of
electromagnetic and acoustic waves; FEcology: Modeling certain environmental systems;

Often, hypersingular integral equations are derived from Neumann boundary value problems. These
are mathematical problems for equations like the Laplace or Helmholtz equations, where you're given
the values of the function’s derivative on the boundary of a region, not the function’s value itself. The
process of converting these boundary value problems into integral equations involves using a concept
called the double-layer potential.

We consider the following hypersingular integral equation of the first kind

/JéMde:ﬂm (1.1)

1 (z—1)?

here the functions g(x) and ¢(x) satisfy the Holder condition (or belongs to the class H), —1 < t < 1.
We integrate the left side of integral equation (1.1]) by parts and obtain the following

g(=1)  g(1) /1 g'(x)
(=)

For integral equation (1.1)) or (|1.2)) to have a unique solution in the given class, the value of the
function g(z) at the boundaries of the segment must be equal to zero, i.e.

9(1) =g(-1) =0

dzx = ¢(t). (1.2)

or

We introduce denotation ¢'(z) = p(x), and get

/1m”dm:¢m,1<t<1 (1.4)
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The unique exact analytical solution of integral equation (1.4) that satisfies condition (1.3 is equal
to the following [16]

plt) = (L5)

rx—t

1—752/ VI—2%p(z)

The function under this integral is very complex in practical problems. As a result, it is impossible
to find the antiderivative of this function. Therefore, to approximate such singular integral, scientists
have used the following methods: the discrete vortex method[I5], [10], interpolation methods [14] 1T,
12], [5], the piecewise interpolation method [0, [7, @] and other numerical quadrature methods [ [13].
These methods are not an optimal approximation techniques. In the present paper, we construct an

optimal quadrature formula for approximation of the integral (1.5 in the space ng)(—l, 1).

2. STATEMENT OF THE PROBLEM

We consider the following quadrature formula

/mw

x—t

22 (ColBle(p) + CilBl¢' (xp)), ~1 <t <1, (2.1)

in the Sobolev space LgQ)(—l, 1). This space is a Hilbert space of classes of all real valued functions ¢
defined in the interval [—1, 1] that differ by a linear polynomial of degree second and square integrable
with the second order derivative. Here Cy[3], C1[5] are the coefficients, x5 are the nodes of the
quadrature formula, N is a natural number.

The following difference is called the error of quadrature formula :

V1—a22p(z , N
B / p— Z ColB Z Cr[Bl¢ (x5) = / U(z)p(z)dx
-1 B=0 s
where
V1— a2
bi(x) = :c—t ZCO (z — xp) +ch (& —xp), (2.2)
5=0
g(-1,1(z) is the indicator of the interval [—1, ], J is the Dirac delta-function, ¢(x) is the error functional

of quadrature formula (2.1).
It is important to note that the coefficients are determined and are given by the following [14, 15, [16].

Theorem 2.1. Among all quadrature formulas of the form

), —l<t<1,

/m@ dz NZCO

r—t

with the error functional

g(m):\/l—xe Ly (2 ZCO 3z — a5),

x—t

in the space Lgl)(—l, 1), there is a unique quadrature formula whose coefficients are defined by the
equalities

Col0] = 71 [fo(h) + % (2t +2t —1) — ;me},

Col] = b~ [fo(hﬂ ) — 2fo(hB) + folhB + h)],ﬁ TN
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CoIN) = B oL —h) = & (22— 2¢ — 1) - gwt],

fo(hg) = [, gl da = ( )m% —thﬁ—l)—>arcsm(h5—1)

L= t(hB—1)+/(1—)(1 - (hB— 1)%)

t—(hg—1 1—1¢21 2.3
(= (b8~ )VT— Fn T (2.3
Since functional (2.2) defined in the space L5 (—1,1) in [I7], then we have

(¢, z) = 0. (2.4)

The main aim of the present paper is to construct optimal quadrature formulas in the sense of Sard
of the form in the space LgQ)(—l, 1) by the Sobolev method for approximate integration of the
Cauchy type singular integral. This means to find the coefficients C;[f] which satisfy the following
variation problem

U LP*| .= inf ||¢|LP. 2.5
161Ly"" | cMHI 5 | (2.5)

Thus, in order to construct optimal quadrature formulas of the form in the sense of Sard we
have to consequently solve the following problems.

Problem 2.1. Find the norm of error functional of quadrature formula in the space
LY*(=1,1).

Problem 2.2. Find the coefficients C}[3] which satisfy equality .

In the works [I], 18 [19] for the norm of the error functional the following form was obtained

: b S3—a—Fgjom —
HKIL(QQ)*(_Ll)HQ — Z Z Z Z(—l)’“Ck[v]Ca[B] (W—M)Q(g,a,kgﬁ(hﬁ hy)

B
! N L 2(g— 3=egion(z—(h
~2 30 3 (-1)Calg] [ e s (0D) (2.6)

=0
fl VI e st g
—1

201

Thus, Problem 2.1 is solved for quadrature formulas of the form (2.1) in the space Lf)(—l, 1).

3. THE MAIN RESULTS

Now we turn to minimizing the norm of the error functional for the quadrature formulas with
the orthogonality condition

Here, we use the Cy[f] coefﬁments of Theorem [2 u and subst1tute them into expression . We
then minimize ||¢||* with respect to the C[3] based on condition . In order to do this we apply
the Lagrange method.

We denote C = (C4[0], C1[1], ..., Ci[N]) and A;. Consider the function

(O, N) = [6|LE" (=1, 1)]2 = 2\ (4, 2).
We obtain

N
qu'hﬁ;hﬂ—il = F(hB), B=0,1,2,...,N, (3.1)

Y Cil =g - Zco (hy — 1), (3.2)
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where
_ 2
O ) +Zc eIl
£(hB) = /_1\/1—x2\i::gﬁ+1| "
= 2{ <(h6) h5(4+9t)+9t+6t2> 1—(hB—1)2 (3.3)

+<;(t —2(h8—1)) —t(t — (hB — 1))2>arcsin(hﬂ —-1)—
L= (b8~ 1) + T BT = (= 1)

—(t — (hB —1))*V1 —t2n

|

hE—1—t
1 1_ 2
o :/ VT e = T — 282, (3.4)
-1 x—1 2

The uniqueness of the solution of such type of systems was discussed in [17, 20]

We give the algorithm for solution of system ((3.1} . . ) when x5 = hf3 —1, h = 5, N is a natural
number. Here we use similar method suggested by S.L. Sobolev [17] for ﬁndmg the coeflicients of
optimal quadrature formulas in the Sobolev space LéQ)(—l, 1).

Suppose that C1[5] = 0 when 5 < 0 and 8 > N. Using the definition of convolution, we rewrite
system — in the following form:

Gy (hB) * C1[8] + )\1 = F(hB), B=0,1,..,N, (3.5)
ﬁ%a 8] =g — Z Co[v](hy — 1), (3.6)
where
G\ (hp) — (hﬂ)sgn(hﬁ)7

A1 is an arbitrary constant, sgn(h/3) is the signum function.

Thus we have the following problem.

Problem 3.3. Find the discrete function C,[3] and constant A; which satisfy the system (3.5))-(3.6).
Further we investigate Problem 3.3. Instead of C;[3] we introduce the following functions

v(hB) = Gi(hB)=* Ci[B], (3.7)
u(hB) = v(hf)+ A (3.8)

In such statement the coefficients C1[f] are expressed by the function u(hf), i.e. taking into account

hD1(hp) x Gi(hB) = 6(hB),

where
07 |ﬁ| Z 27
Dy(hB) = h72, Bl =1, (3.9)
—9h~2, B=0.
There are (3.9) and (3.8)) , for the coefficients we have
C1[B] = hD:(hB) * u(hB). (3.10)
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Thus, if we find the function u(hj3), then the coefficients C;[3] can be found from equality (3.10).
To calculate the convolution it is required to find the representation of the function u(hg) for
all integer values of 3. From equality we get that u(hp) = Fy(hf) when h — 1 € [-1,1], i.e.
B =0,1,..., N. Now we need to find the representation of the function u(hf) when § < 0 and 5 > N.

Since C4[B] = 0 when hf3 ¢ [—1,1] then C[f] = hDy(hB) * u(hB) =0, hB ¢ [—1,1].

Now we calculate the convolution v(hf3) = G1(hp) * C1[5] when 8 <0 and > N. Suppose 5 < 0,
then taking into account that G1(hf3) = @ and equality 1' we have

v(hB) = —5(hB)g1 — p1 + Au, (3.11)

1
2
L&
here p; = 3 Eo Co[v](h).
=
Similarly, in the case 8 > N for the convolution v(h3) = G1(h3) x C[5] we obtain

1
v(hB) = 5(hB)g1 +p1+ Ar. (3.12)
Then we denote
ay =—pit+XA (3.13)
ag =pi+ A (3.14)

Taking into account (3.8)), (3.11) and (3.12]) we get the following problem
Problem 3.4. Find the solution of the equation

hDi(hB) *u(hB) =0, hp ¢ [-1,1] (3.15)

having the form:
—3(hB)gr +ag, B <O,
u(hB) = ¢ Fi(hB), 0<B<N, (3.16)
%(hﬁ)gl_{'afa /8>N

Here a; and a; are unknown constants.

If we find a; and ai then from (3.13)), (3.14) we have

1

AL = g(af +ay), (3.17)
1

P = i(af —aj). (3.18)

Unknowns a; and a] can be found from equation , using the function D;(hS) defined by
(3.9). Then we obtain explicit form of the function u(hf) and from (3.10) we find the coefficients
C4[B]. Furthermore, from we get Aj.

Thus, Problem 3.4 and respectively Problems 3.3 will be solved.

Then, using the above algorithm, we obtain explicit formulas for coefficients of the optimal quadra-
ture formula . It should be noted that the quadrature formula is exact for linear function.

The following holds

Theorem 3.1. Coefficients of the optimal quadrature formulas , with equally spaced nodes in the
space Léz)(—l, 1), have the following form

Ci[0] = h! (fl(h) + B fo(h) — 2m(202 +2¢ — 1) + Z(285 + 48> + ¢ — 2)),

Ci[B] = h ' fu(hB—h)=2fi(hB) + fr(hB + D) — 2<fo(h5 —h) —2fo(hB)+
+fo(hB + h)) + h? ﬁ Coln] + h;mf), B=1,2,...N—1,

=0

CiN] = h-t fl(l—h)—Zfo(l—h)—’gw(2t2—2t—1)—g(2t3—4t2+t+2)>,
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where fo, fi1 are defined by (2.3)), (3.3)), respectively.
Proof. From (3.16)) with § =0 and 5 = N we immediately obtain (3.16]), i.e.

a; = fi(0), (3.19)

ai = f1(2) — g1 (3.20)

This means that we have obtained an explicit form of the function u(hp).

Further, using (3.9) and (3.16] - from (3.10)) calculating the convolution hDy(hpB)*u(hp) for 8 =0,
respectlvely, we obtaln results of the theorem. Theorem is proved.

Remark 3.1. So, the approximate calculation of equality is as follows

plt) = ﬁi o(zp) + Ci (B¢ (24))
B=0

4. CONCLUSION

In the introduction of the article, several problems in various fields were listed. It was stated that
the solutions to these problems lead to first-kind hypersingular integral equations. Since there are no
exact analytical methods to solve these types of integral equations, approximate solution methods have
been proposed. In this work, we have provided a new method to partially overcome the shortcomings
of the proposed methods. That is, an optimal quadrature formula was constructed to approximate
singular integrals with high accuracy, and its analytical form was found
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Classification of Frobenius algebra structures on two-dimensional
vector space over any base field
Asrorov D., Bekbaev U., Rakhimov I.

Abstract. In this paper, we first classify all associative algebra structures on a two-dimensional vector
space over an arbitrary base field equipped with a non-degenerate bilinear form. We then determine
which of these are Frobenius algebras. We provide lists of canonical representatives of the isomorphism
classes of these algebras over an arbitrary base field.
Keywords: Frobenius algebra, Non-degenerate bilinear form, Classification, Automorphism.
MSC (2020): 16W20; 16534; 20C05.

1. INTRODUCTION

Frobenius algebras are a fundamental concept in mathematics, appearing in areas such as algebra,
topology, and theoretical physics, particularly in the study of categories, representation theory, and
quantum field theory. They are named after the German mathematician Ferdinand Georg Frobenius.

Initially it was introduced as a finite-dimensional associative algebra equipped with a linear func-
tional whose “kernel” contains no nontrivial ideals. Later, a few equivalent definitions of these algebras
appear depending their applications in various areas of science. Frobenius algebras were first studied
by Frobenius [I3] around 1900. Further properties and relations go back to Nakayama [16] in the
1930s. The characterisation of Frobenius algebras in terms of comultiplication goes back to Lawvere
[15] (1967), and it was rediscovered by Quinn [22] and Abrams [I] in the 1990s (we refer the reader to
[12] as a most fundamental work on Frobenius algebras and their connections).

Frobenius algebras began to be studied in the 1930s by R. Brauer and C. Nesbitt [6]. T. Nakayama
discovered the beginnings of a rich duality theory [16, [I7]. J. Dieudonné used this to characterize
Frobenius algebras [10]. Frobenius algebras were generalized to quasi-Frobenius rings, those Noether-
ian rings whose right regular representation is injective. There are works on generalization of the
concept Frobenius algebra to some specific classes of algebras (see [3, 8, [14] [I§]). In recent times,
interest has been renewed in Frobenius algebras due to connections to Topological Quantum Field
Theory. TQFTs are functors from the category of cobordisms to the category of vector spaces. It
has been found that they play an important role in the algebraic treatment and axiomatic foundation
of Topological Quantum Field Theory [I], [4, 21]. Frobenius algebras underlie the algebraic structure
of 2D Topological Quantum Field Theory’s (TQFT’s). They provide a bridge between physics and
algebraic topology by encoding information about 2-dimensional surfaces and their invariants. Let
us mention a few results, illustrating the importance of the concept. In [I9] the author introduces
foundational concepts related to Frobenius algebras in the context of Hopf algebra theory. A. Atiyah
in [2] discussed the role of Frobenius algebras in the development of TQFT’s and first described their
axiomatic foundation. The authors of [7] present a unified approach to the study of separable and
Frobenius algebras.

In the paper, we first classify all associative algebra structures on two-dimensional vector spaces
over any base field equipped with a non-degenerate bilinear form (Section 3). Then we identify
which of those are Frobenius algebras (Section 4). Section 5 contains a comparison of two lists of
two-dimensional associative algebras over any base fields obtained in [11] and [20].

1.1. Preliminaries. Let A be a Pl-algebra, with a given set of polynomial identities
{P;u1,us,...,u,] =0: j € J} over a field F

and
k;

Pjluy, ug, ...y uy] = ZQ;[ul,ug, ...,un]R;[ul,uz, vy Uyp], Where j € J.

i=1
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In some applications this kind of algebras appear with a non-degenerate bilinear form o : A x A — F
such that Zf;l o(Q}lar, az, ..., an), Rilay, ay, ..., a,]) = 0 at all ay,ay,...,a, € A. A pair (A, o) is said
to be a Frobenius Pl-algebra. The classification of a given class of Frobenius Pl-algebras is of great
interest. In this paper we consider as a class PI-algebras the class of associative algebras and provide a
complete classification of such algebras on two-dimensional vector space over any base field. Therefore,
further an algebra A always is assumed to be associative. The next theorem establishes the equivalence
of several important and useful characterizations of Frobenius algebras (see [9]).

Theorem 1.1. The following statements about a finite-dimensional unital algebra A are equivalent:

e A is a Frobenius algebra, i.e., there exists a linear functional ¢ : A — F whose “kernel”
contains no nontrivial tdeals.

e There exists a non-degenerate bilinear form, o : A x A — F such that o(xy,z) = o(x,yz) for
all x,y,z € A.

e For all left ideals L and right ideals R in A we have
l(r(L))=L, and (r(L) :F)+ (L :F) = (A:F);

r(l(R)) =R, and ((R) :F)+ (R:F) = (A:TF),
where r(P) = {x € A : Px =0} and I[(P) = {x € A : xP = 0} are right and left annihilators
of a subset P C A, respectively and (— : F) is the dimension over F.

Definition 1.2. Let (A, o) and (B, 7) be Frobenius algebras on a vector space V over a field F with
non-degenerate bilinear forms o : AxXA — Fand 7 : BxB — F, respectively. Pairs (A, o) and (B, ) are
said to be isomorphic if there exists isomorphism of algebras f : A — B such that o(xy) = 7(f(x) f(y))
for all x,y € A (we denote it by A = B).

Let A be an n-dimensional algebra and e = (e, €z, ..., ¢,,) its basis. Then x, y and z can be presented
by their coordinate vectors x = (z1, %o, ..., )", ¥y = (Y1, Y2, -, Yn)? and z = (21, 29, ..., 2,) 7 as

x = ex,y = ey and z = ez, respectevely.

Here and onward we use the notions x and z for a vector and its coordinate vector on the basis e.
Therefore, xy = eA(z ® y), where the entries afj of

1 1 1 1 1 1 1 1 1

aél aéz a%n agl G%Q agn Ggl aéﬂ ng

A— ai; ajy ... ay, G313 Q5 ... Ao, ... QApy Qpo ... Gy,
n n n n n n n n n

app Qi - aln Aoy Qg - a2n anl an2 ann

are defined by:

ee; = Zafjek, where 7,5 = 1,2,...,n.
k=1
The matrix A is said to be the matrix of structure constants (MSC) of A on the basis e.
If A is a Frobenius algebra then the Frobenius map o also is presented by its matrix S: o(x,y) =
2T Sy. Then
o(xy,z) = (z7 @ y")ATSz and o(x,yz) = 27 SA(y ® 2).

Therefore, one has

Lemma 1.3. An algebra A is Frobenius if and only if
(2" @y")ATSz = 2T SA(y ® 2). (1.1)

Recently, in [5] a result on classification of two-dimensional algebras over any base field F appeared.
Using this classification in [20] the author gave the representatives of isomorphism classes of all asso-
ciative algebra structures on two-dimensional vector space over any base field and their automorphism
groups. Below we give results from [20] which we make use in the paper.
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Theorem 1.4. Any non-trivial 2-dimensional associative algebra over a field F (Char(F) # 2) is
isomorphic to only one of the following listed, by their matrices of structure constants, algebras:

L (0000
(1>A313'<1 00 0)

, (1000
(2)A33'_<0000 )
. (1000
(3)’433'_(0100 )

,_ (1000
(4)‘453'_(0 010)

2
(5) Asg(a4)::<(1] (1) (1) Oé‘*)%(é (1) (1) a0a4>,wherecmé]F,aEIF(mda#O.

Theorem 1.5. Any non-trivial 2-dimensional associative algebra over a field F, (Char(F) = 2) is
isomorphic to only one of the following listed by their matrices of structure constants, such algebras:

(1)> = <b2(50+a2) (1) (1) ?), where a,b € F and b # 0,
1

1 1 0 ~ 1 1 10
(4) A842(51)::<51 0 1) = (61+a+a2 00 1>a Whereaaﬁ1€F7
s (1000
(5)‘4832_(0 0 0 0 )
1 0 00
(6) ASEQ::(O 10 0).

We also need the automorphism groups of the algebras given in the theorems above.

Theorem 1.6. The automorphism groups of the algebras listed in Theorem[1.4] are given as follows

(1) Aut(As{Qz{(f 22 )|p,s€F, p;éO},

(2) Aut(Asg):{<(1) ?)\teIF,t;&O},
(3) Aut(As%)z{(i ?)\s,teﬂ?,t#o},
(4) Aut(Asé):{<i ?)\s,teﬂ?,t#o},
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Theorem 1.7. The automorphism groups of the algebras listed in Theorem[1.5 are given as follows

(1) Aut(Asl,,) = {( b ) | p#0, SE]F}

s p?

(2)Aut(As§172):{< p )(1)>|p7£OEIF},

Bi(p —

(3) Aut(Asg,) = {<i 2>|t7é0361[?}
s ={(3 9).(1 )}
(5) Aut(AsS,) = {(é (t)>|t7$0€IF},

(6) Aut(As%ﬁz{(i 0>\steFandt7§O}

Let A be a two-dimensional algebra over a field F, e = (ej, ey) its basis, A = (

a b
c d

a1 Qo QO3 Oé4>

Br B2 Bs P

MSC of A and S = < > € GL(2,F) the matrix of 0. Then

(2T @ yT)ATSz = (aqa+ Bic)riyiz1 + (aza + Bac)T1y221 + (aza + Bse)wayi 21
+(aa + Bac)xaysz1 + (b + Srd)x1y1 20 + (2b + Pod)x1Y222
+(azb + Bsd)xayr 2o + (b + Bad)xoys 2o

xTSA(y ® 2) = (a1a+ Bib)x1yiz1 + (aza + B3b)x1y221 + (¢ + frd)xayi 21 (1.2)
+(azc + Bad)xays21 + (c2a + Bob)x1yr 22
+(aga + Bub)z1y220 + (ac + Bod) o112 + (Cac + Bad)x2y2 2,
and can be written as follows

a1a+ fic—aa—pib = 0
Qo0 + BQC — 3a — ng 0
asa + Bsc—ac— pfid = 0
oya + Bac — asc — Bad 0 (1.3)
Oélb + Bld — Q2 — /ng =0
Ckgb + 62d — qa — ,846 =0
Oé3b + Bgd — OaC — 5261 = 0
Oé4b + B4d — 0y — 54(1 =0

as far as the System of monomial functions {mlylzl, T1Y221, L2Y121, L1Y122, L2Y221, L1Y222, T2Y1 22, .’EQZ/QZQ}
is linearly independent over F.

2. CLASSIFICATION OF TWO-DIMENSIONAL ASSOCIATIVE ALGEBRAS EQUIPPED BY A
NON-DEGENERATE FORM o

In this section first we classify non-degenerate bilinear forms given as S = (CCL Z) with respect to

the transformations g7 Sg, g € G, where G is a fixed nontrivial automorphism group from Theorems
and (the transformation S’ = g7 Sg is denoted by S’ ~ S). For the further usage the list of all
nontrivial autmorphism groups in Theorems and [I.7] we enumerate as follows
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>:07étE]F}, .G4:{(€ ;):p,SGF,p#O},

[ ]

«Q

Il
—
N\
S =
+ O

ca= (1) rem ol ¢ G ={ (561 1): pETr20)
(Char(F) = 2),
.« Gy— {(é ‘i) , G ?) }(Char(IF) _9), .« Gy = {(é j&) }(Char(IF) £9).

Now we treat the action g-S = g7 Sg for each G;,i = 1,2,...,6 (g € G;) one by one and find the

canonical representatives of the equivalent classes with respect to this action.

Let g = <(1) g) € G4. Then g7 <CCL 2) g= <7?c ;;Z) and the following canonical forms occur:

° <a ;),Where ad —c # 0,
° GL 2>,where ad # 0,
a 0 a 0
o<0 d>:<0 t2d>,where()7$t€]F, ad # 0.

2
If g = (i g) € G4 then g7 (CCL Z) g= (a + Stcciil;ﬁ;_ std b ;;td> and one comes to the following

canonical forms:

° (Cll 2), where ad # 0,

° (8 2): <g tgd>,whereO7EtEIF, ad # 0,

° (O é),wherec;é(), c+1+#0,

c
° (al é), where a € F.
Let g = G (1]> € G5. Then g7 <a Z) g= <a + EIZ—F d b -5 d> and we get the following canonical
forms
. <CCL Z):<a+giz+d b—gd>,whereadbc7éo,
b ‘ T [a b
r g = s p? EG4,Wherep,sEF,p#O,thengcdg:
2 5 3 )
(p ¢ +§’>ic: pgiz+ sd p bl—;g Sd) and the following canonical forms occur:
a 0 a0
o (c d> o~ (]p;gc p4d) , where p # 0,

0 b 0 p
° (c O)f:(pgc p0>,wherep7$0,b67é0,
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b 2 3b
° (—ab O) ~ (fpgb p() ),WherepyéO.
P 0
Ifg:{(B(p 1) 1>p750€F}6G551then
L(p —

a b p?a+ Bi(p+ 1)(pc+pb+ Gid(p+1)) pb+ fid(p+ 1)
7 (e p)o= (TP AR

and one gets the following canonical forms:

° (a 2)7 where ad # 0,

C

. (g ﬁclld), where ad # 0,

Bld d ﬂld d
B2d) + B#d has no root in T,

20 P2 2
. ( a ﬁld) ~ (p (a—fBrd) + Bid Bld), where ad — $7d* # 0 and the polynomial u?(a —

Bd ), where S:d # 0,
1

2), where ad # 0,

o

— Q

- (o
4
( 2) where ad # 0,

2
. (0 2) ~ (poa 2>,Where ad # 0.

Finally, taking g = (é £1> € Gs we get g7 (Z Z) g = (iac jj) and only the canonical form
appears:

° <CCL 2) ~ <ac _db>, where ad — bc # 0.

Now we turn to pairs (A, o), where A is a two-dimensional associative algebra, o : A X A — Fis a
non- degenerate bilinear form, up to isomorphism. Taking into account the canonical forms of ¢ along
with Theorems [I.4] and [1.7] we state the following results.

Lemma 2.1. The representatives of isomorphism classes of pairs (A, o), where A is a two dimensional
associative algebra over a field F (Char(F) # 2), 0 : A x A — F is a non-degenerate form, are given
as follows:

(1) (As?,), (CCZ ;)), where a,c,d € F, ad — ¢ # 0,

<A83,< )) where a,d € F, ad # 0,
0
(As 3 <g )) <As37 (O t2d>>’ where a,d,t €F, ad #0, t #0,
0
(As,< d>> where a,d € F, ad # 0,
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(5) (As3, (& ) = (a2, (¢ 0 where a,d,t € F, ad #0, t #0
3 0 d - 3 0 t2d ) ) Wy ) ) )
(6) (Asg, <2 é)),whereceﬂ?,c#o, c+1+#0,
(7) <As§, (_al (1)>>, where a € F,
(8) (Asg, <61L 2)), where a,d € F, ad # 0,
9) (Ast, (@ V) = (ast, (@2 where a,d,t € F, ad #0, t #0
3 0 d - 3 0 t2d ) s Wy ) ) )
(10) (Asé, <2 (1)>>, where c€F, c#0, c+1#0,
(11) <As§, ( al 1>>, where a € T,
-1 0
(12) (Asg(O), (CCL é)), where a,c,d € F, ad — ¢ # 0,
(13) <Asg(0), (CIL 2)), where a,d € F, ad # 0,
a 0 N a 0
(14) (Asg(O), <0 d>> = <As§(0), (0 tgd)), where a,d,t € F, ad # 0, t # 0,
(15) <As§(a4), (CCL 2)) = (Asg(a4), (_ac _db)), where ay,a,b,c,d €F, ay # 0, ad — bec # 0,
(16) (Asl, (¢ O)) = (4s pa 0 where a,c,d,p € F, ad #0, p#0
137 c d - 13> pdc p4d ) s &y Uy ) ) )
00 ~ 0 3D
(17) (AS}S, (c 0)) = <As%3, <p30 pO )), where b,c,p €F, be #0, p # 0,

as) (

a b))\ - a  p°b
Asls, (—b 0)) = (As}?,, (fpgb pO >>, where a,b,p €F, a#0,b#0, p #0.

Lemma 2.2. The representatives of isomorphism classes of pairs (A, o), where A is a two dimensional
associative algebra over a field F (Char(F) = 2), 0 : A x A — F is a non-degenerate form, are given
as follows:

2
A8%2,27 <(Z 2)) = <AS%2,27 <p . 0 >> ) U)h€7’€ a, ¢, dap € F7 ad 3& 07 p 7é 07

p’c pld

3
A5%2,27 <2 8)) = <A5%2,27 <p8 p0b>>7 where bv 6D € F; bC # 07 p 7& 07

2 3
° 8)) ~ (As%m ( L p0b>>, where a,b,p € F, 1 0, p#0,
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(4) (ASH 2(B1), (a 2)), where By,a,c,d € F, Biad # 0,

d\Y 2(a— B2d) + B2d pud
6) (st (g ")) = (astiaon, (VO GG, where i ad- g1
0 and the polynomial u*(a — Bid) + B?d has no root in F, 31,a,d,p € T,

d
AS%l,Z(ﬁl)’ (3 IB(li ))7 where 5laaad€]F’ Blad#oy
0 d

AS?IQ(/Bl)? <ﬁ1d ﬂcll >>) U/h@’f’e Blvd € IF; Bld 7é 07
Asi 5(0), (0 2)), where a,d € F, ad # 0,
As 0

511.2(0), 1 d) ) where a,d € F, ad # 0,

2

AS%lQ(O)? (g 2)) = (AS%LQ(O)a <p0a 2)); where pvaad € F; ad 7& 07
>, where a,d € F, ad # 0,
) = <Asg)2, (8 t9d>>’ where a,d,t € F, ad # 0, t # 0,

, whereceF, c#0, c+1+#0,

Asg ,, (_a,l é)), where a € F,

b b+d b+d
AsiQ(ﬁl), <CCL d)) =] <Asi2(f81>’(a+§::__d+ ;)), where f1,a,b,c,d € T,

where a,c,d € F, ad — ¢ # 0,

.
w ut
v
R
(SRS
Q=

, where a,d € F, ad # 0,

QU O

QU O

, wherea,d € F, ad # 0,

QU O

QO

)
))
)= (450 (8 ), whreastremato, 0
))
))

= <As32, (0 t9d>>, where a,d,t € F, ad #0, t # 0,
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(21) <Asg_’2, (2 (1)>>, where c€F, c#0, c+1#0,

(22) (Asg’z, (_al é)), where a € F.

3. CLASSIFICATION OF TWO-DIMENSIONAL FROBENIUS ALGEBRAS
Now we determine those pairs from the lemmas above which are Frobenious algebras.

Theorem 3.1.

e If Char(F) # 2 then any two-dimensional Frobenius algebra over F is isomorphic to only one
of the following such algebras:

* (As%, (COL 2)) = (As?,}, <g t9d>>’ where a,d,t € F, t #0, ad # 0,
* <As§ (0), <61L é)), where a € T,

a b N a —b
* <As§ (o), (b 2a4a)) = (Asg (), <—b 2a4a))’ where oy, a,b € T,
20[40,2 —b? 75 0, Qy 7é O,

3
* <As}3, <2 8)) = <As}3, (p(;b p0b>>’ where b,p €F, p#0, b+# 0.

e If Char(F) = 2 then any two-dimensional Frobenius algebra over F is isomorphic to only one
of the following such algebras:

* <As§72, (8 2)) = (Asg’g, (3 tgd)), where a,d,t € F, t #0, ad # 0,

b d b b+d d b+d
* <A512(61)7 ( +bﬁl d)) = (AS?LQ(Bl)7 ( +b _:_dﬁl —5 )), where /61, b, d S ]F,
Byd? + bd — b2 + 0,

d Bid\\ ~ 2(Brd — B2d) + B2d  Bid
* <A5%1,2(51)7 <g1d 5(11 >> = <A5%1,2(ﬁ1)7 (p (B 5?& )+ A 5& >>;
where the polynomial u?(1 — ) + B1 has no root in F, By,d,p € F, By #0,1, d # 0,

3
* <AS%2,27 (2 8)) = <AS%2,27 <p2b pob)); where bvp € F; p # 07 b ?é 0.

Proof. Let now check the condition o(xy,z) = o(x, yz) for the pairs appeared in Lemma (CharF #
2) and Lemma (CharF = 2), i.e., find the solutions to the system of equations (L.3).

e Let CharF # 2. In this case the system of equations is consistent only for pairs (3), (12),
(15) and (17) of Lemma The solutions to the system are given as follows. For the pair

(w3 )= (56 )

where a,d,t € F ad # 0,t # 0 of Lemma the system becomes an identity, therefore, the pair (3) is
a Frobenius algebra.

Consider the pair (12) <As§(0), (Z ;)), where a,c¢,d € F, ad—c # 0 of Lemmaa As a solution

to the system ([1.3)) we get ¢ = 1 and d = 0 and the corresponding Frobenius algebras are

<As§ 0), <Cll (1))) , where a € F.
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15) (a0 (0 0)) = (ass00. (2 ).

where a,b,¢c,d,ay € F, ad — bc # 0, ay # 0 of Lemma those satisfying ¢ = b, and d = 2a4a are
Frobenius. Thus, we get

(8@ (5 sma)) = (45090 (% o))

where a,b, a4 € F, 2a40% — b* # 0, a4 # 0.
Considering the system of equations ([1.3)) for the pair

o (i (2 )= (1. (2 %)

where p # 0, of Lemma we obtain ¢ = b and hence,

3
<As}3, <2 8)) o <As}3, (p(g)b p0b>> where b,p e F p#0, and b # 0

is a Frobenius algebra.
e Let CharF = 2. Considering the pairs

0 b N 0 3b
(2) <A3%2,27 <c 0)> = <A3%2,27 <p‘°’c pO )) )

where b,c,p € F, bc # 0,p # 0 of Lemma we generate the following Frobenius algebras

0 b\ - 0 %
(b ()= (4 (s 7).

where b,p € F, p # 0,b # 0 as far as the solution to the system of equations ([1.3]) in this case is
c=b=0.
From the pair

6 (asta0. (g "47)) = (astiaton, (7O FD A ),

where (3(ad — B3d?*) # 0 and the polynomial u?(a — 32d) + 32d has no root in F, $3;,a,d,p € F, of
Lemma subjecting to the system (|1.3)) we get a = [;d and obtain the following Frobenius algebra

(s, (31 O7) ) = (st amn), (VO R0 00 BT

where the polynomial u?(1 — 3;) + 31 has no root in F, 8;,d,p € F and $,d*> — 32d* # 0.

Let us consider the pair (15) (Asiz(ﬁl), (z Z)) = <Asi2(ﬂl), (a +EIZ+ d b—;d>>7 where

B1,a,b,¢c,d € F, ad — bc # 0 of Lemma Then the system of equations ((1.3) is equivalent to b = ¢
and a = b+ (1d. Therefore,

(ASZ*,Q(&), (b +bﬂld Z)) ~ (ASZ‘,Q(&% (b +bd++d51d b;d)) ,

where 81,b,d € F, 3,d*> + bd — b* # 0 are Frobenius algebras.
Finally, considering the pair

o (a5 )= (55 )

where a,d,t € F,;t # 0,ad # 0 of Lemma we find the system of equations (|1.3)) to be an identity
and hence, they all are Frobenius algebras.
Note that for all the other classes from Lemma the system of equations (|1.3)) is inconsistent.
O

Among the pairs
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4. REMARKS

(1) The authors of the paper are informed by the referee on a classification of two-dimensional
associative algebras obtained earlier by M. Gerstenhaber and F. Kubo in [I1]. On the way we
compare the classification of [I1] with that obtained in [20]. Here are the comparisons and
some corrections.

o Char(F) # 2:

Algebra from [11] Algebra Isomorphism
from [20]
P =g 'As3(Dg%2,
o 100 0 ASS(l) 1=9 Sg(f)g f
! 00 01 3\4 where g = <_21 i)
1 0 0 d
P2(d):<0 1 1 0>7d7é411 s ) s
1 0 0 ,r.Qd ASS(d)7d7éO7Z PQ(d) :ASS(d)
- (0 11 0 > T 70
P; = g1 As5(0)g®?
1000 . 3 ’
Py = (0 11 0) As3(0) where g = (g (1))
10 00
P4: <O 10 0) ASg P4:AS§
1000 Py =g As;g*,
Py = As! 2 0
0010 where g = 0 1
1 0 00
P6: (0 0 0 0) AS% P6:AS§
00 0O
P7 = (1 0 0 0) AS%3 P7 = AS%3
e Char(F) = 2:
Algebra from Algebra Isomorphism
[11] from [20]
Q1= gAs;,(1)(g71)%,
(1001 s ,
@1 = <() 11 1) Asi(1) where g = <(1) (1))
10 0 d
Q2(d) = ,d#0 Q2(d) = g7 As?) ,(d)g™*,
01 10
1 0 0 r3d Asii(d),d # 0 where g = (0 1>
~(0 1 1 o >  r£0 10
Py =g 1452, ,(0)g%?
/1000 ) 11,2359
P, = (0 00 0) As?, ,(0) where g — (? é)
1 0 00 i
Py = (0 1o 0) As§, P, = As§,
1 0 00
P5 = (0 0 1 0) AS:&Q P5 = AS%Q
10 00
Pﬁ = (0 0 0 0) ASg’Q P6 = ASgg
00 00
P7 = <1 0 0 0> AS%ZQ P7 = AS%ZQ
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Conclusion: In the case of Char(F) = 2 in [I1] the family of algebras Asj,(8:1), 01 # 1 is
missing.

(2) There are the following misprintings in the list of automorphism groups in [20]: in the case of
Char(F) = 3 the groups

Aut(As%?,,s):{(}; 2p(2))|p,seF,p#O}andAut(Asé?,):{(l_i% 2)]75613‘,1&7&0}

must be read as follows

Aut(Asiy ) = {( i p(Q) > | p,s €F,p# O} and Aut(Asy ;) = {( i (z ) | s,teF,t+# O},
respectively.

(3) In the paper we used Maple software for some computations.
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1. STATEMENT OF THE PROBLEM
The time-optimal problem for the heat equation is formulated as follows. Consider the equation.

ou  0*u
in the domain ¢ > 0, 0 < z < 7 with boundary conditions u(¢,0) = u(¢,7) = 0 and a given initial
state u(0,z) = ¢(x). Here, the function v(t,z) from the class Lo, playing the role of control, should
satisfy the constraint
sup |v(t, x)| < vp. (1.2)
If () € LY(0,7) then the equation has a unique solution (¢, z) from the Sobolev class H'?
[1, 2, B]. If at this u(t,z) = 0 for some ¢ = T, then the function v (¢, x) is called an admissible control
due to the initial state ¢(v) and the number 7' is called a transition time. The time-optimal problem
for demands to find an admissible control 0(¢, z) such that the transition time is minimal. We call
the formulated task a Chernousko problem, as in the work [I0] F. Chernousko reduced this problem
to an infinite system of one-dimensional control problems

du,

dt
where u,,, v,, @, are the coefficients of the Fourier expansions of the functions u(t,x), v(t,x), and
(x), respectively, more precisely

= —nu, +v,, u,(0) =, (1.3)

1 T
un(t) = /0 u(t, z)sinz dz,

T
1 T
v, (1) = / v(t, z)sinz dz,
™ Jo
1 /™ .
On = / o(z) sinz dz.
™ Jo

The system (1.3) can be easily solved in the Hilbert space I [II]. However, a control sequence
(v1,v9, ..., Vg, ...) € ly is subject to the constraint.

sup |vysine + vysin2x + ...+ v, sinnz + ... < v,. (1.4)
0<z<m

In other words, the region of values of a control sequence for (1.3)), (1.4) is given by the formula

V= {(vn) €ly|suplvysine + vosin2z + ...+ v, sinnz + .| < vo}. (1.5)
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Obviously is a closed and convex set, but it is unknown whether V' is compact. In any case, the
time-optimal problem for , remains difficult to solve. That is why it is natural to attempt
to find suboptimal controls. It seems logical to truncate the partial sums of the Fourier expansions of
u(t,x), v(t, z), and ¢(x), replacing original the infinite-dimensional problem with a finite-dimensional
one. However, it would be difficult to estimate the remainder terms of the Fourier expansions for
v(t,z) and p(x).

In the paper [I0], the region is replaced by the set

Vi={(v,) €ls||on] <Un,n=1,2,.. (1.6)

where the sequence {U, } should be chosen to satisfy the following condition

> U, =g (1.7)

due to (1.2). F. Chernousko showed that the sequence U, can be chosen so that the time-optimal
control for the fully separated system of control equations

Up = =1 Up + v, |vp| <U,, n=12,... (1.8)

has a solution possessing the property w,(77) = 0 for all n and the same time 7;. The inclusion
Vi € V, implies that T} > T, which means the solution of the system , can serve as a
suboptimal control. Taking V; instead of V' can be interpreted as replacing the domain V with a
Hilbert brick embedded in it. In [12], a stronger result was obtained by replacing V' with the Hilbert
"octahedron” (cocube):

{v, € lg | |o1| + |v2| + ... 4 |on] + ... < wo} (1.9)

Another approach to construct suboptimal controls was suggested in the papers [13], [15], [16],
based on the idea of regrouping the terms of the expansion ), v, sin kz in such a way that the infinite
system of finite-dimensional problems would be reduced to a single finite-dimensional problem. This
is based on the following arithmetic assertion, that has an independent interest. A set of positive

integers {my,na,...,n,,} such that n; < ny < ... < n,,, will be called a decomposition basis if the
partition
Nt = P {kny, kna, ... kn,} (1.10)
keK

holds for some K C N*. (The symbol @ denotes a union of non-intersecting subsets.)
Obviously, the sets {1} and {1,p} (where p > 1) are decomposition bases.

Proposition 1.1. The set {1,2,4,...,2™ '} forms a decomposition basis.

Proof. One may assume m > 3. We will construct the appropriate subset K = {ky, ko,...,kpn,...}
possessing the property (1.10). Every number n € N* can be represented in the form n = 2*"+"p,
where s € Nand pisodd, r=0,1,2,...,m — 1. Thus n € K if and only if r = 0.

The list of respective arrays in the decomposition for m = 3 is as follows

1,2,4; 3,6,12; 5,10,20; 7,14,28; 8,16,32;
9,18,36; 11,22,44; 13,26,52; ...; 23,46,92; 24,48, 96;
It should be verified that the arrays
{ks, 2k;, Ak, o 2™ My},
{kj, 2k;, 4k;, ..., 2" 'k}

do not intersect for i < j. Indeed, the relation 2°k; = 2°k; where i < j, a, 8 € {0,1,2,...,m — 1}
leads to a contradiction because of the representations k; = 2*"p,; and k; = 2%™p;. O
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2. REGROUPING METHOD FOR FINITE-DIMENSIONAL APPROXIMATIONS

Now using the representation (1.10)), terms of the Fourier expansion for a control function v(¢, z)
will be regrouped:

v(t,x) = Z(Uki sin k;x + vgr, sin 2k, + .. . 4 Vam-1y, sin 27 k). (2.1)

i=1

Further, instead of the condition we consider the more stronger constraint (naturally loosing
optimality)

Z Uk, sin k@ + Vo, sin 2k @ + ... 4 Vam-1y, sin 27 k| < vy (2.2)

i=1

for all . Then, following Chernousko’s approach, consider the sequence of constraints
|vg, sin k; @ + v, sin 2k, @ + ... + vom-1y, sin 2™ kx| < Uy, (2.3)

fori=1,2,..., with >>;°, U; = .
In this way, we get the sequence of m-dimensional control problems

Uy, = —kiup, + vk,

g _ 2

Uk, = —(2k;)*ugk, + Vo, (2.4)
’L’LQ'mflki == —22(m71)ki2u27n71ki + Ugnzflki,

fori=1,2,..., with the constraints (2.3). Note that the collection (2.4)) is equivalent to system ([1.3)),
but conditions (2.3)) is stronger than ([2.2]).
Now let us perform the following transformation.

2 k‘2 k‘2
Y1 = ukm Y2 = u?km ceey Ym = u2m—1k137 T = R;T.
Hoke; Mk, Mk,
Vg, = fhp, W1, Vg, = Mk, W2, ..., Ugm-ip, = g, Wp.

Overall, all systems ([2.4]) will be reformulated to the single m-dimensional control system:

yl = - + Wy,
Y2 = —4dys + wy,

ym - _4m71ym + wma

where
1 1 1
Wy = — Vg, Wo = — V2, , ey Wy = —Vgm—1p,.
Mk, Mok, Mok,
Now consider the transformation of the constraints (2.3|) for the control parameter of the system
(2.5). For that, we replace by the even more rigid restriction

max |w1 sin k;x + wq sin 2k;x + ... + w,, sin melkiﬂ <1, (2.6)

for k=1,2,..., that implies if >, pk, = vo. Obviously can be written in the form
mgx}wl Sin T + ws sin 2% + ...+wmsin2m_1;1_c‘ <1, (2.7)
The time-optimal problem , is a concrete finite-dimensional linear system with the region

W of vectors w = (wy,ws,...,w,) € R™, satisfying Obviously, W is a convex compact body
(containing the cube |w;|+|wy|+ ...+ |w,,| < 1). Therefore, there exists an optimal control w(t) with
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a bang-bang property, that can be found by the Pontryagin maximum principle [4], [6]. It is clear that
the optimal control w(t) of the system , generates optimal controls (Og,, Ogp,, - - . , Vgm-14,)
for every problem - , i=1,2,....

Finally, by selecting the sequence of numbers Uy, U,,... according to the technique proposed by
Chernousko, it is possible to guarantee that the optimal transition time for all systems - is
identical. Furthermore, by combining the control functions

(Uki, Vok,y =+ /U2m71ki), 1= 1,2,...,

and subsequently applying inverse regrouping, one obtains a suboptimal control for the problem (2.3])

- @D
CONCLUDING REMARKS

As demonstrated by F. Chernousko, although the Fourier method does not enable the direct con-
struction of an optimal control for the heat conduction equation in a rod, it remains highly effective
for developing finite-dimensional approximations. In contrast to the classical approach, when the
problem is reduced to a finite-dimensional system by truncating partial sums of the Fourier seriesthe
regrouping method proposed in the present work yields an improvement in the quality of suboptimal
control.

A separate investigation will be devoted to a detailed comparison of these two approaches to finite-
dimensional approximations. It should be noted that, for small values of m, the regrouping method
produces systems for which the optimal control can be determined explicitly [13] (see also [14] - [16]).

The authors express their gratitude to D. Ruzimuradova for her valuable assistance in preparing
this article for publication.
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1. INTRODUCTION

Leibniz algebras are generalizations of Lie algebras, which are defined with the property that any
operator of left (or right) multiplication is a derivation. Leibniz algebras were first introduced in the
work of Bloh [7] under the name D-algebras in 1965. Then they were rediscovered by Loday [12],
who called them Leibniz algebras. Since the left and right Leibniz algebras have opposite properties,
researchers investigated just left (or right) Leibniz algebra as a Leibniz algebra. In the recent years,
the theory of Leibniz algebras has been actively examined and many results on Lie algebras have been
extended to Leibniz algebras [4 [10, 1T}, 14].

Symmetric Leibniz algebras are intersections of the left and right Leibniz algebras. The first char-
acterization and theory of symmetric Leibniz algebras are found in the paper of Benayadi and Hidri
[6]. They proved that quadratic left (or right) Leibniz algebra which has properties of invariant,
non-degenerate and symmetric bilinear forms is a symmetric Leibniz algebras. Recently, the theory
of symmetric Leibniz algebras has been intensively studied and many works have been devoted to the
investigation of this theory [5] 6, 11} 13]. Symmetric Leibniz algebras are associated to Lie racks [I] and
any symmetric Leibniz algebra is flexible, power-associative, and a nilalgebra with nilindex 3. Sym-
metric Leibniz algebra gives a Poisson algebra under commutator and anticommutator multiplications
[2].

It is difficult and fundamental problem that to classify up to isomorphism of any class of algebras.
There are several methods for the classification of algebras that were used for the Leibniz algebras.
Barreiro and Benayadi in [5] gave a method for the classification of symmetric Leibniz algebras, which
is based on the property that a symmetric Leibniz algebra forms a Poisson algebra with respect to the
commutator and anticommutator. Using this method, the classification of symmetric Leibniz algebras,
whose underlying Lie algebra is filiform was obtained in [8]. The complete classification of complex
five-dimensional symmetric Leibniz algebras can be found in [3,9]. In this work, using this method we
give the classification of symmetric Leibniz algebras whose underlying Lie algebra is almost filiform.
Moreover, we prove that a non-Lie symmetric Leibniz algebra associated with perfect Lie algebras
does not exist.

2. PRELIMINARIES

In this section, we give the basic concepts, definitions and preliminary results which are used in this
paper.

Definition 2.1. An algebra (L, [—, —]) over a field F is called Lie algebra if for any u,v,w € L the
following identities hold:

[u, 0] = —[v, ],

[u, [v, w]] + [v, [w, u]] + [w, [u,v]] = 0.
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Definition 2.2. An algebra (£, -) is said to be a symmetric Leibniz algebra, if for any u, v, w € £ the
following identities hold:
u-(vow)=(u-v) - w+v-(u-w),

(v-w) u=@W-u) wt+v-(w-u).

Let (L,-) be an algebra. For all u,v € L, we define [—, —] and o as follows
1 1
[u,v]zi(u-v—v'u), uovzﬁ(u-v—i—v'u).

Proposition 2.3. [5] Let (L£,-) be an algebra. The following assertions are equivalent:
1. (L£,-) is a symmetric Leibniz algebra.
2. The following conditions hold:

(a) (L,[—,—]) is a Lie algebra.
(b) For any z,y € L, x oy belongs to the center of (L,[—,—]).
(c) For any z,y,z € L, ([x,y]) oz =0 and (xoy)oz=0.

According to this Proposition, any symmetric Leibniz algebra is given by a Lie algebra (£, [—, —])
and a symmetric bilinear form w : £ x £ — Z(L), where Z(L) is the center of the Lie algebra, such

that for any x,y,z € L,
w(lz,y],2) = w(w(z,y), 2) = 0. (2.1)

Then the product of the symmetric Leibniz algebra is given by

Twy = [:va] +w(x7y)‘

Proposition 2.4. [I] Let (L,[—, —]) be a Lie algebra and w and p two solutions of (2.1)). Then (L,-,)
isomorphic to (L,-,) if and only if there exists an automorphism A of (L,[—,—]) such that

:U'(xv y) = A_I(W(A(x)a A(y)))

In the following proposition, we consider symmetric Leibniz algebras whose underlying Lie algebra
is perfect.

Proposition 2.5. Let L be a complex symmetric Leibniz algebra, whose underlying Lie algebra is
perfect, then it is a Lie algebra.

Proof. Let (L,[—,—]) be a perfect Lie algebra, i.e., [£,£] = L. Then, for any x € L, there exist
zi,t; € L, such that x = Y o[z, t;]. Consider a symmetric bilinear form w satisfying the condition

(2.1). Then, we obtain w(z,y) = Zaiw([zi,ti],y) = 0, for any y € L. Hence, for any z,y € L, we
have z -y = [z,y] + w(z,y) = [z, y]. Thus, (£,-) is a Lie algebra. O
Corollary 2.6. The symmetric Leibniz algebra structure for the following Lie algebras is trivial:

e Schriodinger algebra

Sn : [muyz] =z, [huxi] = I, [ Sjky L ] - 5kz 5j,ixk7
[evf] = h’ [hayz] = —Yi, [ Sj, kayz] - 51@ aY; — 63 iYks
[h,e] = 2e, le, yi] = x;, [s; kaslm]—(slksgm+5 m Sk, T Om k51 +5l]5mk7

5chn : [xwyz] =z, [ha :Ez] = Ty, [6, f] = ha [hayz] = —Yi
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e Virasoro algebra,
Vir: e, e;] = (i — j)eir; + 0ij5te.

o Not-finitely graded Virasoro algebra with basis {eq:,c | ae€l'jie Z,}

— . . CES—OL
W(F) : [ea,i7 eﬁ,j] = (5 - a)ea+5,i+j + (J - 1)€a+6,z‘+j+1 + 5a+ﬂ,05i+j,oTCa
where a, 5 € T'1,5 € Z,.

e Virasoro-like algebra with basis {eq,c | a € T'ji € Z}

WZF) : [Gaﬂ‘, eﬁJ] = (ﬂ — a)€a+5,i+j + (_] - i)ea+67i+]’_1 + 5a+[370(5i+j,_1a3 + 31'51-4”'700424-
+37,(Z — 1)(51'4_]‘)1& + Z(’L — 1)(7, — 2)(5i+j72)c,

where o, B € ')i,5 € Z.

e The twisted Heisenberg-Virasoro algebra with basis {e;, f;,c,c1,¢o | 1,5 € Z}

Hy,, : [ei,ej] =(j— i)eirj + 0iyj, 0112 )
[fi7 f]] = 1.5z+g,001, ] )
leis fi] = G firs + 0injo (1% + 0)ca.

Where 6, ; are Kronecker symbols.

3. MAIN RESULT

In this section, we classify symmetric Leibniz algebras associated with the almost filiform algebra
n, 3. Furthermore, we also describe the symmetric Leibniz algebras whose underlying Lie algebra is
Heisenberg and triangular.

The Lie algebra n,, 3 is a nilpotent Lie algebra with the table of multiplications:

n,; : [es,e,] =e, [es,en_1]=e€1, [ex,€n1]=ex_1, [En_1,6n] =€, 4<k<n—2.
This algebra is called almost filiform and can be found in the monograph by Snobl and Winternitz
[15].
Let M be a complex symmetric Leibniz algebra whose underlying Lie algebra is n,, 3. Since Z(n,, 3) =
span{e; }, then by straightforward computations, we get that the corresponding symmetric bilinear
form w:n, 3 X n, 3 - Z(n, 3) satisfying equation (2.1)) is

wW(en—2,€n_2) = Are1, w(en—2,€,-1) = Aser, w(e,—2,€,) = Ases,

w(enfly €n — 1) = A4€1, w(enfla 6n) = A5617 W(@n, en) = A661,

where (Ala A27 A37 A47 A57 AG) 7é (07 07 07 07 07 0)
Then, considering the multiplication x -y = [z, y] + w(z,y), we obtain that any symmetric Leibniz
algebra M associated with the almost filiform algebra has the following product

M(Ay, Ay, Ag, Ay, As, Ag) 0 eo - e, = e, €n_1-€n = €+ Aseq, €n_2 " €n_o = Ajey,
en - €y = —eq, €n - no1 = —€y + Aseq, €n2 - €n = Azeq,
€3 €n—1 = €1, €n—2 " €n_1 = €n_3 + AQela €n—1 "€p—1 = A4617
€n1°€3= —€1, €n_1-€h_9=—€yh 3+ Aser, e, e, = Ageq,
€k €n 1 = €K1, €n_1°€ = —€_1, 4<k<n-—3.

It is not difficult to obtain the matrix form of the group of automorphisms of the algebra n,, 5 is
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2p2n=8 G5 . _1ab —az nd—asz pb Gy 3. p_ab?" 10 an,4,n72b?"—12 a3,n72b2 al,n—2 al,n—1 ai,n
0 ab™ 3 0 0 0 0 a2 n—1 a2 n
0 ab™ =54 a?p?n—10 Gn—3,n—2b2" 12 ag,n—2b> az n—2 az .n—1 az n
0 0 0 a2p2n—12 S ag,p_ob? agn—2 agn_1 ab™~7d
0 0 0 0 s agn—2b as n—2 a5 ,n—1 0
A= 0 0 0 0 s a7,n72b2 ag,n—2 ag,n—1 0
0 0 0 0 a?b? An—3n-2 4n-3,n-1 0
0 0 0 0 0 a c 0
0 0 0 0 0 0 b2 0
0 0 0 0 0 0 d b =5

Then, using Proposition (2.4]), we obtain the following isomorphism criteria for the algebras of the
previous classes.

Proposition 3.1. Two algebras M( A, As, As, Ay, As, Ag) and M(A}, A}, A}, ALy, AL, AY) are isomor-
phic, if and only if there exist a, b, c,d such that

2 2
/! _ a“A / _ cAi1+b°As+dA / _ aA
A T p2n 187 A2 - . b2n—28 37 A3 - bn—%? (3 1)
A/ . (32A1+2b2CA2+26dA3+b4A4+2b2dA5+d2AG A/ _ CA3+b2A5+dA6 A/ _ @ ’
- a2b2n—38 9 5 7 abn—3 9 6~ p2°

In the following theorem, we give the main result of the work.

Theorem 3.2. Let £ be an n-dimensional complex symmetric Leibniz algebra, whose underlying Lie
algebra is m, 3, then it is isomorphic to one of the following pairwise non-isomorphic algebras:

LY = M(1,0,1,0,0,8) L£57 = M(1,0,1,0,a,8) L= M(1,0,0,0,0,1) L, = M(1,0,0,0,1,0
0,1,1,0,0

L5 =M(1,0,0,1,0,0)  Lg=M(1,0,0,0,0,0) L£%=M(0,0,1,0,0,1) Lg=M(0,0,1,1,
1

Ly = M(0,0,1,0,0,0) £y = M(0,,0,0,0,1) L4, = M(0,0,0,1,0,1) L5 =M(0,0,0,0,0,
L3 = M(0,1,0,0,1,0) L34 = M(0,1,0,0,0,0) L5 =M(0,0,0,0,1,0) L46=M(0,0,0,1,0,
Proof. We make the following denotations:
Al :Al, A2:A3, A3 A AG*Ag
From this and Proposition we get that
/ a2 / a / a2
Al == 62”7_8A1, AQ == WAQ, A3 == WAS

Therefore, the A; are relative invariants under isomorphisms in the given class of algebras. Now,
we consider the following cases:

oIfAl#O,Az#O,Ag#o,thenchoosinga:j%,b: A27c:—%§+‘ml),

, we obtain the family of algebras £5”
o If Al #0, Ag 7é 0, Ag = 0, then defining Ay, = A1 A5 — A2A3, we get A} = st Ay, Next, we
consider the followmg subcases.
— If A, # 0, then choosing a = Arnn:, b= \/AT’ c= —7“(“22?“1), d= —7@(;‘2?;:’43), we
obtain the family of algebras £5°

o If Ay #£0, Ay =0, Az # 0, then choosing a = ,/iS:Z, b= ,/2—?, c= —Ag‘;‘z, d = —As, we
obtain the family of algebras L£f.

d = (A5A1 AzAz)

o If Ay #% 0, Ay = 0, A3 = 0, A5 # 0 then choosing a = %, b = *“"KN/AAZ
d=——\ A;zgl(:jA“_Az), we obtain the algebra L.

o If Al ?é 0, AQ = 0, A3 = 0, A5 = 0, then deﬁning A5 = A1A4 AQ, we get A/ = WAS
Next, we consider the following subcases:

— If A5 # 0, then choosing a = i’;g, b= *""%/As5, we obtain the algebra L.
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n—4

— If A5 # 0, then choosing a = bﬁ, we obtain the algebra Lg.

o If Ay =0, Ay #£ 0, Ag # 0, then choosing a = ~ ’262 , b = /Ag, we obtain the family of
algebras L%.

o If Ay =0, Ay # 0, Ag = 0, then defining Ag = A3A; — 24, A5, we get Af = ——=Ag. Next,
we consider the following subcases:

— If Ag # 0, then choosing a =

%, b= """ AyAq, we obtain the algebra Lg.
— If Ag =0, then choosing a = %, we obtain the algebra L.
e A1 =0,A;,=0, Ag # 0, Ay # 0, then choosing b = /A4, c = —%;Ag, d = —As, we obtain
the family of algebras L.
e Ay =0, Ay =0, Ag # 0, Ay = 0, then defining A; = A;As — AZ,
Next, we consider the following subcases:

— If A; # 0, then choosing a = ,/-2Zs, b = \/Ag, we obtain the algebra L.

— If A; =0, then choosing b = 1/ Ag, we obtain the algebra L;,.

e A, =0,A, =0, Ag = 0, A, # 0, A5 # 0 then choosing a = 45, b = VYA, ¢ =

VAs
n—>5 .
— AT VA +2dAs gﬁz*m, we obtain the algebra L;3.

e Ay =0,A, =0, 46 = 0, Ay # 0, A5 = 0 then choosing b = *""V/A,, ¢ = —Mﬁ, we
obtain the algebra L.

e A, =0,A,=0, 46 =0, A, =0, A5 # 0 then choosing a = bfi’s, we obtain the algebra Li5.

e Ay =0,A,=0,A4=0, A, =0, A5 =0, then A, # 0 and choosing a = bf—fﬁ, we obtain the
algebra L. Box

— 1
we get A? — G@2p2n—10 A?-

Now, we consider a Lie algebra of strictly upper triangular matrices, which is denoted by n(n,[F).
It is known that n(n,F) has a basis e; ; for i < j, which the table of multiplication is

leijiein] =ein, 1=<4,5,k<n.

Consider a symmetric Leibniz algebra £, whose underlying Lie algebra is n(n, F). Since Z(n(n,F)) =
span{e; , }, then by straightforward computations, we get that the corresponding symmetric bilinear
form w satisfying the condition ({2.1]) is

w(€iit1, ehpt1) = Aigern, 1<i<k<n-—1.

Then we obtain the following result.

Proposition 3.3. Any symmetric Leibniz algebra whose underlying Lie algebra is the algebra of upper
triangular matrices has the following multiplications:

€ij " €jk = —€jk " €ij = €ik, 1<i,j,k<n, (j—ik—j)#(1,1),
€iit1 " Citlit2 = €iita + Aiiv1€1 0, 1<e<n,

€it1,i42 " €Ciit1 = —€jiq42 T Ai,i+1€1,n7 1<e<mn,

€iit1 " Chktl = Cht1 * €iit1 = Ajpe1n, <Kk, i+1#k.

Now, we consider a symmetric Leibniz algebra whose underlying Lie algebra is a Heisenberg algebra.
A Heisenberg algebra b is a (2n 4+ 1)-dimensional Lie algebra with basis {z;,y;, 2z} and the following
multiplication table:
[,y =2, 1<i<n.

Since Z(h) = span{z}, then by straightforward computations, we get that the corresponding sym-
metric bilinear form w : h x h — Z(h) satisfying the equation (2.1)) is

w(fﬂul‘j) = 4,2, w(yi7yj) = 51;’27 w<miayj) = Yij%-
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Proposition 3.4. Any symmetric Leibniz algebra whose underlying Lie algebra is the Heisenberg
algebra has the following multiplications:

[10]
11]
12]
13]
[14]

[15]

zi -y = (1 + 9.2, yi-mi= (=1 +vya)z 1<i<n,
T Tp =250 T = Qg YooYy =YY= Bigz, 1<i,5<n,
Ty, =Y =Y % 1<i#Fj<n
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On e*-Semisimple Modules and the Associated Socle
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Abstract. Let R be aring, and let M be a right R-module. Recently, Baannon and Khalid introduced
and studied the concept of e*-essential submodules, extending the notion of essential submodules. In
this context, we consider e*-semisimple submodules, and we define the e*-socle of M as the largest
e*-semisimple submodule of M. It turns out that several properties of the socle can be extended to the
e*-socle. It is shown that the e*-socle of M is exactly the intersection of all its e*-essential submodules.
Keywords: e*-essential submodules, e*-semisimple modules, socle, e*-socle.
MSC (2020): 16D10, 16D60, 16D99.

1. INTRODUCTION

Throughout the paper, R will be an associative ring with identity and all modules are unital right
R-modules.

Let M be a right R-module. A submodule N of M is said to be essential in M if, for every nonzero
submodule K of M, we have K N N # 0. The socle of M, denoted by Soc(M), is the sum of all
minimal (i.e., simple) submodules of M and, consequently, is the largest semisimple submodule of M.
It is also equal to the intersection of all essential submodules of M [1l Proposition 9.7]. It is also worth
recalling that

Soc(M) = Try(S) = Try (@ s) =) Tru(S),

Ses Ses

where S is a set of representatives of the simple right R-modules, and Try(S) denotes the trace of S
in M [I Proposition 9.11].

A submodule N of M is called a small submodule if, whenever N + L = M for some submodule L
of M, it follows that M = L. An R-module M is said to be small if it is a small submodule of some
R-module. It was shown that M is small if and only if it is small in its injective hull [4].

In 2022, Baannon and Khalid introduced and studied the notion of e*-essential submodules; that
is, submodules NV of a module M such that N N K # 0 for every nonzero cosingular submodule K
[2]. Recall that a right R-module M is called cosingular if mR is a small R-module for every element
m € M [5, Definition 2.5].

In this article, we investigate, as an e*-version of semisimple modules and the socle, the concepts of
e*-semisimple modules and e*-socle. The motivation behind this study is that the study of the socle
of a modules has led to some interesting properties and has shed more light on their structure (see,
for instance, [I, Theorem 10.4]).

The paper is organized as follows: In Section [2] we provide a definition of e*-semisimple submodules
of a module M, and establish some fundamental properties. In Section |3 we define the e*-socle of a
module M, denoted by e*-Soc(M), as the largest e*-semisimple submodule within M. We show that
e*-Soc(M) is exactly the intersection of all e*-essential submodules of M (see Proposition [3.2). Once
again, it turns out that

e*-Soc(M) = Try(Su) = Trm(EP S) = D Tru(S),

SeESM SeESM

where Sy is a set of representatives of the e*-simple submodule of M, and Try;(Sy) denote the trace
of SM in M.

From now on, for a module M, Soc(M) will denote the socle of M. We use N < M, N <. M
and N <. M to mean that N is a nonzero submodule, an essential submodule and an e*-essential
submodule of M, respectively. General background material can be found in [I}, 3].
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2. €*-SEMISIMPLE MODULES

In this section we define e*-semisimple (sub)modules and we provide some useful results concerning
this new class of modules. The main result of this section is Theorem [2.10] which provides a charac-
terization of e*-semisimple submodules in a module M. Recall from [6] that a module M is said to
be simple if M # 0 and has no proper nonzero submodules. Moreover, M is said to be semisimple if
it is a direct sum of (possibly infinitely many) simple modules.

Definition 2.1. Let N be a submodule of a module M.

(1) We say that N is e*-simple in M if N is simple and contained in every e*-essential submodule
of M.

(2) Wesay that N is e*-semisimple in M if it is a direct sum of e*-simple submodules. In particular,
if M = N, we say that M is e*-semisimple.

Let (S;)ier be an indexed set of e*-simple submodules of M. If N = @ S;, then @ S; is called
iel icl

an e*-semisimple decomposition of N. Clearly every e*-simple submodule in M (resp., e*-semisimple

submodule in M) is simple (resp., semisimple). However, the converse is not necessarily the case, as

shown in Example (1).

Example 2.2. (1) Let R be a ring and M be an artinian R-module such that M has a non-
essential e*-essential submodule N [2, Examples 1]. Then M has a simple submodule which
is not e*-simple in M. Indeed, by [Il, Corollary 10.11], Soc(M), the intersection of all essential
submodules of M, is an essential submodule of M. If Soc(M) C N, then N must be essential.
Hence, Soc(M) € N. Since, by [I, Proposition 9.7], Soc(M) is the sum of all simple submodules
of M, M has a simple submodule S such that S ¢ N. Hence, S is not e*-simple in M and
Soc(M) is a semisimple module which is not e*-semisimple in M.

(2) Since every essential submodule is e*-essential,

H:= (] LCSocM)= () L.

L<o«M L<.M

Thus, if H # 0, every nonzero submodule of H is an e*-semisimple in M.

Remark 2.3. If M is a simple R-module, then M is e*-simple in itself in the sense of Definition [2.1
Indeed, this follows from the fact that M has no proper e*-essential submodule. This is why we do not
define the notion of an e*-simple module. Moreover, one should be careful to avoid confusion between
the notions of ”e*-semisimple” and ”e*-semisimple in”.

Lemma 2.4. Let N < M be a submodule. It is easy to verify the following assertions.

(1) N is e*-simple in M if and and only if N is a simple submodule of ﬂ L.

L+ M

(2) N is e*-semisimple in M if and and only if N a semisimple submodule of ﬂ L.
Lo« M

We will use the following lemma to support the conclusions which we will reach in the rest of this
paper
Lemma 2.5. (1) Let K and L be nonzero submodules of a module M. Assume that K is isomor-

phic to L and denote this isomorphism by f : K — L. Then, K is e*-simple in M if and only
if f(K) =L ise*-simple in M.

(2) Let g : M — N be an isomorphism of modules and let K be a submodule of M. Then, K is
e*-simple in M if and only if g(K) is e*-simple in N.
Consequently, the class of e*-semisimple modules is closed under isomorphisms.
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Proof. 1. Let K and L be submodules of a module M as in (1). It suffices to show that if K is
e*-simple in M, then so is L. Two cases are then possible.

Case 1. M has no nonzero cosingular submodule (see for instance [2, Example 1]). Then, every
submodule of M is e*-essential. Let P be a nonzero submodule of M. Since K is e*-simple, K C P
and K C L. Hence, PNL # 0; so PN L = L because L is simple. Then L. C P. Hence, L is e*-simple.

Case 2. M has a nonzero cosingular submodule C. Assume that K is e*-simple. If P be an
e*-essential submodule of M, then K C P. We need to show that L C P, but, since L is simple, it
suffice to prove that L N P # 0. Consider the following diagram:

K M _
A
L

M - E(M)v

where ¢ and j are the inclusions, ¢ is the injective envelope of M and h is an induced map such that
hi = ojf. Since, by [3, Proposition 1.11], o(M) <. E(M), o(P) <.- E(M) by [2, Proposition 6]. If
h='(o(P)) = 0, h must be injective; so, by [5, Lemma 2.6], h(C) is a nonzero cosingular submodule
of E(M), so h(C)Na(P) # 0, a contradiction. Thus, h=(c(P)) # 0 and h™(c(P)) <.- M by [2,
Proposition 2]. Then K C h~!(c(P)); so, h(K) C o(P).

Now let = be a nonzero element in K. Then, h(z) = ojf(x) = of(x) # 0 because f and o are
injective. On the other hand, h(z) € o(P), so, h(z) = of(x) = o(p) for some nonzero p € P. But o
is injective; this implies that f(z) = p. Finally, L N P # 0 as desired.

2. It suffices to prove that if K < ﬂ L, then g(K) < ﬂ L. Indeed, suppose that K < ﬂ L.

L<+ M LN L< oM
Let z € K and L be an e*-essential submodule of N; we must show that g(z) € L. By [2, Proposition
2], g (L) e« M (¢g7*(L) # 0 because g is an isomorphism). Then, z € g~'(L). Hence, g(z) € L. O

Proposition 2.6. Let M be a module, and let N and K be nonzero submodules of M with K C N.
Then the following assertions hold true:

(1) If N is e*-semisimple in M, then so is K.
(2) If N <.« M and K is e*-semismple in M, then K is e*-semisimple in N.

Proof. By [1l, Proposition 9.4], K is semisimple. Hence, K is e*-semisimple by Lemma
2. By Lemma [2.4] it suffices to show that K C ﬂ L. If L is an e*-essential submodule of N,

LN
then, by [2 Proposition 1], L is also an e*-essential submodule of M. Since K is e*-semisimple in M,
K C L by Lemma O

Proposition 2.7. Let (S;)icr be an indexed set of e*-simple submodule of M. If S is a simple
submodule of M such that

SNY 8 #0

icl

then there is an i € I such that S =2 S,.

Proof. This follows from [II, Corollary 9.5] O
Before giving the main result of this section which characterizes e*-semisimple submodules in a

given module M, we need to recall some notions. Let (M;);c; be an indexed set of submodules of a
module M. Recall from [I, page 93] that (M;);c; is said to be independent in case for each j € I

7]
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One of the most important results in the study of semisimple structures is that: if (S;);c; is an indexed

set of simple submodules of a module M such that M = >_ S;, then for each submodule N of M there
iel
is a subset J C I such that (S;),c; is independent and
V- NS
jeJ
[1, Lemma 9.2]. Since every e*-simple submodule is simple, the next result follows immediately.
Proposition 2.8. Let (S;)icsr be an indexed set of e*-simple submodules of a module M. If N = 3" S;,

iel
then for each submodule K of N there is a subset J C I such that (S});ec; is independent and

N - KBS
Jj€J
Proof. This is a particular case of [I, Lemma 9.2]. O

An interesting consequence of the Proposition [2.8] arises if the submodule K = 0.
Corollary 2.9. Let M a module. Let N = > S; for an indezed set (S;)ic; of e*-simple submodules

icl
of M, then for some J C I

N=ps;;

jeJ
that is, N is e*-semisimple in M.

Let X be a class of modules. A module M is generated by X in case there is an indexed set (X;);er
in X and an epimorphism @®;c;X; — M [Il, page 105].

Let S be a set of representatives of the simple modules. For a given module M, we define the subset
Sy of S as follows:

Sy :={S €S| S is isomorphic to an e*-simple submodule of M}.
Having finished all the preparatory work, we can now deduce the main result of this section.

Theorem 2.10. Let M be a module, and let N be a submodule of M. The following statements are
equivalent:

(1) N is e*-semisimple in M.

(2) N is generated by Syy.

(3) N is the sum of some set of e*-simple submodules of M (e*-simple means e*-simple in M ).
(4)

4) N is the sum of all e*-simple submodules included in N (again, e*-simple means e*-simple in

Proof. (1) = (2) Follows immediately by the definitions.
(2) = (3) There exists an epimorphism h : @ S; — N where, for each i € I, S; € Sy;. Then, we

il
have N = > h(S;). Then, for each i € I, h(S;) is either 0 or e*-simple submodule of M by Lemma
il
(1).
(3) = (4) Obvious.
(4) = (1) Follow by Corollary O

Corollary 2.11. The following statements are equivalent for a module M :
(1) M is e*-semisimple;
(

2)
(3) M is the sum of some set of e*-simple submodules;
4)

(
Proof. In Theorem let N = M. O

M is generated by Syr;

M is the sum of its e*-simple submodules;
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3. THE e*-SOCLE

Let R be a ring, and let M be a right R-mdoule. The socle of M, denoted by Soc(M), is the sum
of all minimal (i.e., simple) submodules of M and, therefore, is the largest semisimple submodule of
M. Tt is equal to the intersection of all essential submodules of M [I, Proposition 9.7]. In this section,
we define the e*-Socle of a module M, denoted e*-Soc(M), as the largest e*-semisimple submodule of
M and demonstrate that it shares many properties as the socle .

Definition 3.1. We define the e*-socle of a module M as the largest e*-semisimple submodule of M,
and we denote it by e*-Soc(M).

Proposition 3.2. Let M be an R-module. Then,

e*-Soc(M) = Z S = ﬂ L.

S<M L<o+M
S e*-simple

Proof. The first equality is clear from Theorem [2.10l Then, it suffices to prove the second equality.
The inclusion
e*-Soc(M) C m L,
L<oM
follows by definitions. For the reverse inclusion, by Lemma [2.4] we only need to prove that () L is
L< .« M

semisimple. But, Soc(M) is semisimple; then [\ L, being a submodule of Soc(M), is also semisimple.
L<o M
[l

Unlike the socle [I, Proposition 9.8], the e*-socle doesn’t behave well under homomorphisms (see
Example . But we have,

Proposition 3.3. Let f : M — N be a homomorphism of R-modules. Assume that f~*(L) # 0 for
every e*-essential submodule L of N. Then

f(e*-Soc(M)) < e*-Soc(N).

Proof. Let z € e*-Soc(M). If L is an e*-essential submodule of N, then, by hypothesis, f~(L) # 0.
Hence, by [2, Proposition 2], f~'(L) is an e*-essential submodule of M. Then, by Proposition
z € f7Y(L); so f(z) € L. Hence, again by Proposition [3.2] f(z) € e*-Soc(N).

Corollary 3.4. Let f : M — N be a homomorphism of R-modules. Assume that M has a nonzero
cosingualr submodule C. Then
f(e"-Soc(M)) < e*-Soc(N).

Proof. Let L be an e*-essential submodule of N. If f~*(L) = 0, then f is injective since ker(f) C
f=1(L) = 0. Hence, by [5, Lemma 2.6], f(C) is a nonzero cosingular submodule of N. Since L <.. N,
LN f(C) # 0, which is clearly impossible. Thus, f~'(L) # 0 for every e*-essential submodule L of N.
Now, the rsult follows from Proposition O

Corollary 3.5. Let M be a module. Suppose that K N L # 0 for every e*-essential submodule L of
M. If K <.. M, then

e"-Soc(K) = KNe*-Soc(M).
In particular, if e*-Soc(M) <.« M, then e*-Soc(e*-Soc(M)) = e*-Soc(M).
Proof. The inclusion e*-Soc(K) C KNe*-Soc(M) follows from Proposition [3.3] By Proposition [2.6 (1),
K Ne*-Soc(M) is e*-semisimple in M because e*-Soc(M) is e*-semisimple in M. Then, by Proposition

(2), K Ne*-Soc(M) is e*-semisimple in K . Hence, by Proposition[3.2] K Nne*-Soc(M) C e*-Soc(K).
]
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Remark 3.6. Let K < M be a submodule. Suppose that K contains a nonzero cosingular submodule,
and K <. M. Then, e*-Soc(K) = KN e*-Soc(M). Indeed, since K contains a nonzero consingular
submodule, the zero submodule can’t be e*-essential. Therefore, for every e*-essential submodule L,
we have K N L # 0. Then Corollary applies.

The promised example is as follows:

Example 3.7. Let M = M; & M, where, for each i, M; is an artinian modules wich has no nonzero
cosingular submodule (see for instance [2, Example 1]). By [1, Corollary 10.11] M; has a simple module

Si. Notice that e*-Soc(S;) = S; and e*-Soc(M) = [\ K because every nonzero submodule of M is
K<M

e*-essential (M has no nonzero cosingular submodule because, for each i, M; has no nonzero cosingular
submodule, see [5, Lemma 2.6]). Now, suppose that e*-Soc(S;) = S; € () K; that is, § C K for
K<M

every submodule of M, which says that, $; C My, a contradiction. Therefore, e*-Soc(S;) ¢ Soc(M

Now, the e*-socle of a module M is the largest submodule of M that is contained in every e*-
essential submodule of M. In general, though, e*-Soc(M) need not be e*-essential in M; in fact,
nonzero modules can have zero e*-socle (because e*-Soc(M) is submodule of Soc(M) which can be zero
[1, Exercise 9.2]). However, we do have:

Proposition 3.8. The following assertions are equivalent for a module M.
(1) e*-Soc(M) <.- M
(2) Every nonzero cosingular submodule of M contains an e*-simple submodule.

Proof. (1) = (2) If C is a cosingular submodule of M, then C'Ne*-Soc(M) # 0. Hence, by Proposition
-, 2.6, C'Ne*-Soc(M) # 0 is a nonzero e* semisimple submodule of M, which include in C.
(2) = (1) Follows by Proposition O

Let X be a class of R-modules. The trace of X in M is defined by

Try(X)= Y h(X).
heHom (X,M)
Xex
It was shown that Try(X) is the unique largest submodule of M generated by X [1, Proposition 8.12].
For a given module M, let Sy, be a representatives of e*-simple submodules of M as it is defined
in Section 2. So, as an e*-version of [I, Proposition 9.11], we have

Proposition 3.9. Let M be a right R-modules. Then:

e*—Soc( ) TI'M SM TI'M @ S Z TI'M(S)

SESM SeSm

Proof. The first equality follows from definitions and Theorem [2.10} The rest follows form well-know
properties of the trace [I, Proposition 8.20]. a

Corollary 3.10. For any ring R, the e*-Soc(RR), the e*-socle of R as right R-module, is a two sided
ideal of R.

Proof. Follows by Proposition and [I, Proposition 8.21]. O

Recall that a ring R is said to be right cosingular if it is cosingular as a (right) R-module [5,
Definition 2.5]. It follows from [5, Corollary 2.7] that if R is right cosingular, then every right
R-module is cosingular. Consequently, over a right cosingular ring, the notion of ”e*-semisimple
submodules/modules” coincides with the classical notion of semisimple modules.

In the rest of this section, we provide some results concerning this situation, i.e., when these new
relative concepts coincide with their classical counterparts.

Proposition 3.11. Let M be an R-module. The following assertions are equivalent:
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(1) BEwvery simple submodule N of M is e*-simple in M.
(2) Ewvery semisimple submodule N of M is e*-semisimple in M.
(3) e*-Soc(M) = Soc(M).

Proof. (1) < (2) This is clear.

(2) = (3) This follows from Proposition and [I, Proposition 9.7].

(3) = (1) If N is a simple submodule of M, then N C Soc(M). By (3), we have N C e*-Soc(M).
Then, by Proposition [3.2] N is contained in every e*-essential submodule of M. Thus, N is e*-simple
in M. O

Using a similar argument as in the proof of Proposition [3.11] one can prove the following:
Proposition 3.12. The following assertions are equivalent:
(1) Every semisimple R-module is e*-semisimple.

2) For every R-module M, every semisimple submodule of M is e*-semisimple in M.

4) For any R-module M, e*-Soc(M) = Soc(M).

(2)
(3) For every R-module M, every simple submodule of M is e*-simple in M.
(4)
(5)

Every semisimple right R-module has no proper e*-essential submodule.
Acknowledgment. I am grateful to the referee for the careful and critical reading of the manuscript.
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Abstract. Let @ be the field of rational numbers and Q? be the 2-dimensional linear space
over Q. A classification of all non-degenerate symmetric bilinear-metric forms over Q? have ob-
tained. Let ¢ be a non-degenerate symmetric bilinear form on Q2. Denote by O(2, ¢, Q) the group
of all g-orthogonal (that is the form ¢ preserving) transformations of Q?. Put MO(2,0,Q) =
{F:Q* = Q* | Fr=gx+b,g€0(2,0,Q),be Q*}, SO2,0,Q) = {g€ 0(2,¢,Q)|detg =1} and
MSO(2,0,Q) ={F € M(2,p,Q)|detg = 1}.The present paper is devoted to solutions of problems of
G-equivalence of m-tuples in Q? for groups G = O(2,¢,Q),SO(2,¢,Q), MO(2,¢,Q), MSO(2,¢,Q).
Complete systems of G-invariants of m-tuples in Q? for these groups are obtained.

Keywords: Invariant of m-tuple; m-point invariant.

MSC (2020): 14124, 15A63, 15A72.

1. INTRODUCTION

Let N be the set of all natural numbers and m € N, m > 1. Denote by (Q?)™ the set of all m-tuples
(w1, Uz, ..., uy) in Q*, where u; € Q*,Vi =1,2,...,m.

Let V be a finite dimensional vector space over a field B and ¢ be a bilinear form on V. Denote
by O(¢, V) the group of all ¢-orthogonal (that is the form ¢ preserving) transformations of V. Let
MO(¢,V) be the group generated by the group O(¢, V') and all translations of V. In the paper [5],
for the orthogonal group O(¢, V') in the Euclidean, spherical, hyperbolic and de-Sitter geometries, the
orbit of m vectors is characterized by their Gram matrix and an additional subspace. In the book
[1, Proposition 9.7.1], for the group MO(¢,V) in the Euclidean geometry, the orbit of m vectors is
characterized by distances between m-vectors. A complete system of relations between elements of
this complete system is also given in [I, Theorem 9.7.3.4]. In the paper [7], a complete system of
invariants of m-tuples in the two-dimensional pseudo-Euclidean geometry of index 1 and a complete
system relations between the obtained complete system of invariants are given. In the paper [§], a
complete system of invariants of m-tuples in the one-dimensional projective space and a complete
system relations between the obtained complete system of invariants are given. Invariants of m-points
appear also in the theory of invariants of Bezier curves ([3], [I9]. Complete systems of invariants for
various geometric and topological settings have been developed in a series of works. In [9], the authors
construct complete systems of invariants for m-tuples associated with the fundamental groups of the
two-dimensional Euclidean space. The study in [10] presents complete systems of Galilean invariants
describing the motion of parametric figures in three-dimensional Euclidean space. In [11], the authors
investigate global invariants of topological figures in the two-dimensional Euclidean space, focusing on
properties preserved under continuous deformations. Similarly, in [I2], global invariants of objects are
analyzed in the context of the two-dimensional Minkowski space, taking into account the Lorentzian
structure. The papers [13] and [14] extend the study of invariants to immersions into n-dimensional
affine manifolds and to mappings from arbitrary sets into the two-dimensional Euclidean space, re-
spectively. Invariants of m-vectors in Lorentzian geometry are considered in [20], where algebraic
invariants under Lorentz transformations are analyzed. Moreover, the concept of m-vector invariants
appears prominently in applied disciplines such as computer vision ([16], [2I]), where they are used
for recognizing and comparing geometric configurations under affine or projective transformations,
and in computational geometry ([I8]), where such invariants aid in the analysis of shape and spatial
relationships. General theory of m-point invariants considered in the invariant theory (see [2], [5], [0],
[17], [23], [24]).This paper is a continuation of the paper [15]. The present paper is devoted to solutions
of problems of G-equivalence of m-tuples in Q? for groups G = O(2,¢,Q),SO(2,¢,Q), MO(2,¢,Q),
MSO(2,p,Q). Complete systems of G-invariants of m-tuples in Q? for these groups are obtained.
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1.1. A classification bilinear-metric spaces over the field of rational numbers.

Let @ be the field of rational numbers, @? be the 2-dimensional linear space over @ and p(z,y) be
a symmetric bilinear form on Q2.

If we replace the argument y € Q? in the symmetric bilinear form ¢(x,y) by x, where = (1, z3) €
Q?, we obtain the quadratic form ¢(z, z).

Theorem 1.1. (see [4], p.196) For every quadratic form ¢(x,x) on Q?, there exists a basis in Q*
such that it has following form
o(z, ) = M\a? + Nzl

for some A\, Ay € Q, where x1, x5 are the coordinates of the vector x in this basis.

In this case, there exist only following two cases: 1) rank(e(z,z)) = 1 and 2) rank(p(z,x)) = 2.
In the case 1) rank(p(z,z)) = 1, there exists a basis in Q% such that p(z,z) has following form:
o(z,x) = A\x1, where \; € @ and \; # 0.

Consider the case rank(o(x,x)) = 2. In this case, there exists a basis ey, e; in Q2 such that ¢(x,z)
has following form p(z,z) = A\2? + Apx3, where \; € Q, Ay # 0 and Xy € Q, Xy # 0. The equality
p(x,z) = Mat + Az implies following equality: ¢(z,x) = (2] + 3223). Since 32 is a rational
number, there are a, b integer numbers such that i—f = . Then we have: o(z,z) = A (2] + $23).

We may then introduce a new basis e}, e, by setting €] = ej, e, = bey, where b is the above
integer number. This implies that the quadratic form ¢(x,x) can be written in this basis in the
form ¢(z,2) = A\ (2] + abx3). We now consider the case of a positive rational number a - b. If the
prime factors of the product ab have a square of an integer, then we create p(z,x) = A\ (z? + px3) by
introducing a new basis, where p =1 or p = p; - ps - ... - p,, such that p;,j =1,...,n, — prime numbers
and py # py for all | # k,k = 1,...,n,0 = 1,...,n. As a result, there are infinitely non-congruent
symmetric bilinear forms over the field of rational numbers and bilinear-metric spaces relatively.

1.2. A linear representation of the field Q(,/—p) in two-dimensional linear space Q?.
Let @ be the field of rational numbers and p =1 or p = py -ps - ... p,, where p,— prime numbers and

pr # pi for all k # I. Denote by Q(\/—p) the set {a+by/—p | a,b € Q}. Let a = a; ++/—pas € Q(v/—D)
and b = b; + /—pby € Q(y/—p). We define addition and multiplication operations on Q(,/—p) as

follows: put a + b = (a1 + +/—paz) + (by + /—pbs) = (a1 + b1) + /—p(az + b2). A multiplication in

Q(y/—p) define as follows: aob = (a; + /—pay) o (by + /—pbz) = (ar1by — pasbhs) + /—p(a1bs + asby).
We will present the Propositions - mentioned in paper [I5], as these propositions will be
necessary for us

Proposition 1.2. The set Q(\/—p) is a field with respect to the defined above addition a + b and
multiplication a o b operations.

Let a = ay + /—paz. We denote by M, the matrix of the form ( Zl _gaz ) Let M(Q,p)
2 1

denote the set of all matrices M,, where a € Q(y/—p). We consider on the set M(Q,p) standard
matrix operations: the component-wise addition and the multiplication operations of matrices. Then
M(Q,p) is a field with the unit element, where the unit element is the unit matrix. The following
proposition is obvious.

Proposition 1.3. The mapping M : Q(/—p) — M(Q,p), where M : a — M,,Va € Q(/—p), is an
isomorphism of fields Q(y/—p) and M(Q,p).

For a = a; + /=pas,b = by + \/=pby € Q(v/—p), we put (a,b), = a1b; + pasb,. Then (a,b), is a
bilinear form on Q(y/=p) and (a,a), = af + pa3 is a quadratic form on Q(y/=p). For convenience, we
denote by ¥(a) the quadratic form (a, a),.
Proposition 1.4. Let M : Q(v/—p) — M(Q,p) be the isomorphism M : x — M, of fields Q(/—p)
and M(Q,p). Then ¥(x) = det(M,) and ¥(xoy) = ¥(z)U(y)for all x,y € Q(~/—p).

For an arbitrary element a = a; + v/—pas € Q(v/—p), we set W(a) =a = a; — /—pas.

Proposition 1.5. For an arbitrary element a = a1 + /—pas € Q(\/—p) following equalities hold:
a+a=2a,,({a,a), =aoca=aj+paj; € Q.
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Proposition 1.6. The function V(z) has the following properties:
Az) = N2U(x), VA € Q,Vx € Q(v/—p);

e) =1 for the unit element e € Q(\/—p);

r)=xz 0T =Tox hold for all x € Q(\/—p);

x) =Y (Wzx)=Y(T) hold for all x € Q(/—Dp).

Proposition 1.7. Let x € Q(y/—p). Then the element x=* exists if and only if ¥(x) # 0. In the case
U(z) # 0, the equalities ™' = 375 and ¥(z™!) = ﬁ hold.

Put Q*(/—p) = {x € Q(v/—p) | ¥(x) # 0}. @*(/—p) is a group with respect to the multiplication
operation o in the field Q(y/—p). Denote by M (Q*, p) the set of all matrices M,, where a € Q*(1/—p).

Consider elements a = a; + /—pas € Q*(v/—p) and = = 1 + /—pz2 € Q(/—p) as column vectors
a = ( = , T = 1 ) Let M, be the matrix ( S ) Since a € Q*\/—p, we have

Q2 ) Qa2 ay
U(a) = a? + pa2 # 0 and ¥(a) = det(M,) # 0.
Then the equality a o z = (a1 + \/—pasz) o (1 + /—px2) = (a121 — pas®s) + /—p(a1z2 + azx;) has
the following form

wow— ( a )o < 1 > _ < a1 T1 — PasTs > _ < ar  —pas ) < ) > _ M (1.1)
as To 122 + a2y ax a To
where M,z is the multiplication of matrices M, and xz. Hence M, € M(Q*,p) and the mapping
M : Q*(v/—p) — M(Q*,p), where M(a) = M,, is a linear representation of the group Q*(y/—p) in
2

Proposition 1.8. M(Q*,p) is a group with respect to the multiplication operation in the field M(Q).

Put S(Q*,v/—p) = {x € Q(v/—p) | ¥(z) = 1}. It is a subgroup of the group Q*(/—p).

Proposition 1.9. Let M : Q(/—p) — M(Q,p) be the isomorphism M : x — M, of fields

Q(/—p) and M(Q,p). Then M(S(Q*,\/—p)) is a subgroup of the group M(Q*,p) and the mapping
M: S(Q*,\/—p) = M(Q*,p), where M(a) = M, is a linear representation of the group S(Q*,/—p)

in Q2.

Let p=1orp=p;-ps-...-p,, where p,— prime numbers and p;, # p; for all k # [. The symmetric
bilinear form 21y, + pzsy, denote by (x,y),. Denote by @7 the 2-dimensional linear space Q* over Q
with the bilinear form (x,y>p = Z1Y1 + PTays, Where © = (z1,22),y = (y1,v2) € Q%

2. FUNDAMENTAL GROUPS OF TRANSFORMATIONS OF THE 2-DIMENSIONAL BILINEAR-METRIC
SPACE Q*

Definition 2.1. A mapping F': Q(y/—p) — Q(y/=p) is called p-orthogonal if (Fz, F'y) = (z,y), for
all z,y € Q(v/—p)-

We denote the set of all p-orthogonal transformations of @Q? by O(2,p,Q). Let I : Q* — @Q?
be the unit transformation I(z) = z,Vx € Q* Then I € O(2,p,Q). Let Ty, T, € O(2,p,Q) and
T, - Ty, : Q> — Q? be such that (T} - Ty)(x) = Ti(Tx(x)),Vx € Q. Then it is easy to see that

Tl : T2 € O(2ap7 Q)
The following propositions are well known.

Proposition 2.2. O(2,p, Q) is a group with respect to the composition operation Ty - Ty, where Ty, Ty €
0(2,p,Q).

Proposition 2.3. ([25], p.221) Every p-orthogonal transformation of QZ is linear.
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Let z = (v1,22) € Q*,y = (y1,42) € Q> Denote the matrix of the bilinear form (z,y), =
1Y + praye by A, = ||5ij||i,j:1727 where 8, = 1,815 = d21 = 0,20 = p. By Proposition we can
consider an element of O(2,p, Q) as a 2 x 2-matrix. Let H € O(2,p,Q), where H = ||h;j]| i i1 Let
HT be the transpose matrix of H. It is known that the equality (Hxz, Hy), = (z,y), for all z,y € Q°
is equivalent to the equality

H'AH = A, (2.1)

The following proposition follows from the equation [2.1
Proposition 2.4. Let H € O(2,p,Q). Then det(H) =1 or det(H) = —1.

We denote by SO(2,p,Q) the set {H € O(2,p,Q) :det(H) =1}. SO(2,p,Q) is a subgroup of
0(2,p,Q). O(2,p,Q) = SO(2,p,Q) U{HW | H € SO(2,p,Q)}, where HW is the multiplication of

matrices H and W, where W = ( _01 (1)

Theorem 2.5. (see [15]). The equality SO(2,p,Q) = M(S(Q*,\/—p)) holds.

Hence, we conclude from the above theorem that every special orthogonal transformations will be

matrices < Z —pb > such that a? + pb? = 1,a,b € Q . In that case, is the solution of the equation

a? + pb?> = 1 in the rational numbers field? We can answer this question by the following theorem.

Theorem 2.6. The description of the elements of the group SO (2,p,Q) is as follows.

(i) There is no element v = (x1,72) € Q?, such that x; = 0 and M, € SO (2,p,Q), where p # 1.
There are only two elements (xy,x2) € Q?, such that x5 = 0 and M, € SO (2,p,Q). These are (1,0)
and (—1,0).

(i1) Assume that © = (x1,x2) € Q* such that x5 # 0 and M, € SO (2,p,Q). Then there is the number
r € Q, where r # 0, such that the equalities are satisfied:

p—r? 2r
= —_— To =
p+r2’ 2 p+7’2

().

Z

(11i) Conwversely, assume that r is an arbitrary nonzero element in Q and for x = (x1,x2) € Q? the
equalities are satisfied (I). Then M, € SO (2,p, Q).

Proof. (i) This is obvious.

(i7) Assume that x = (z1,x,) € Q such that z, # 0 and 2? + pz2 = 1.

First, we prove that in this case 22 # 1. Suppose 2?7 = 1. Then from the equation z? 4+ px3 = 1, we
obtain that 22 = 0. It follows that x5 = 0. This contradicts to xy # 0. So we proved z? # 1, z; # 1
and x; # —1.

From the equation 27 4+ px3 = 1 and from the inequalities z; # 1, x; # —1 we obtain the following
equalities: 1 — 22 =p2? = pr2=(1—-z,) (1 +2;) = 2= =15,

14z T2
Put r = ffjl. Then we have r = % From these two equalities we obtain the following equalities
Lyn 2 1% _ . From last equalities we obtain = = 2 47, 22 =2 _ ¢ We find z;, 2, from
T2 T2 T T2 T2 To T T2 T

Ty = 2. The (ii) is proved.

p—r
p+r2? V2 T pyr?”

these two equalities and we obtain the following equalities x; =

(7i1) Conversely, let r € @ be an arbitrary nonzero rational number. Put z; = ;’;—:z, Ty = pi’;2. We
.2 2 5 2, 4 2 2 2, 4
have a7 + pr; = (5) + p(.355)* = © 2’{;;%#” =z ?;ff;;’“ = 1. Therefore, M, € SO(2,p, Q).

Hence, all special orthogonal matrices given as follows:

M

p77‘2 —2pr
SO(2,p,Q) = {( pir? i > | VreQ,r# 0}

p+r?  ptr?
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and all orthogonal matrices are given as follows:

% *217; % 2pr2
0(2,p,Q) = pir gfj | Vre Q,r #0 U pL p& | Vre Q,r #0;.

p+r?  ptr? o

ptr2 ptr?

O

2.1. Complete systems of invariants of an m-tuple in Qf, for groups SO(2,p,Q) and
MSO(Qa b, Q)’
Let N be the set of all natural numbers and m € N,m > 1. Put N,, = {j € N|1 < j <m}.

Definition 2.7. A mapping v : N,, — Q?* will be called an m-tuple in Q*. Denote it in the following
form: u = (uy, ug, ... Up).

Denote by (Q?)™ the set of all m-tuples in Q*. Let G be a subgroup of the group MO(2,p, R).

Definition 2.8. Two m-tuples u = (uy,us, ... u,) and v = (v, Vs, ... v,,) in Q% is called G-equivalent
if there exists g € G such that v; = gu;,Vj € N,,. In this case, we write v = g(u) or u <o

Definition 2.9. A subset C' C (Q?)™ is called G-invariant if g(u) € C,Vu € C,Vg € G.

Definition 2.10. Let Q be a set and it has at least two elements and C' be a G-invariant subset
of (@*)™. A mapping f : C — Q is called G-invariant on C if v € C,v € C and u L v, implies

fu) = f(v).

Let C be a G-invariant subset of (Q*)™ and € be a set such that it has at least two elements.
Denote the set of all G-invariant functions f : C — Q on C by Map(C,Q)°.

Example 2.11. Definitions of the groups H = O(2,p, @), SO(2,p, Q) imply that the quadratic form
¥(z) = (z,z), and the bilinear form (z,y)  are H-invariant functions on the set Q.

1 ofx:<x1>,y— yl)eQZ. Since

T2 Y2 T2 N Y2
det(g) = 1 for all g € SO(2,p,Q), we have [(gz) (gy)] = det(g)[zy] = [xy] for all g € SO(2,p, Q).
Hence [z y] is an SO(2, p, Q)-invariant function on the set (Q?).

Example 2.13. Definitions of the groups H = MO(2,p,Q), MSO(2,p,Q) imply that the function
f(z,y) = (x —y,z —y), is an H-invariant function on the set (Q?)?.

Example 2.12. Let [zy] be the determinant ‘

Definition 2.14. (see [22, 1.1]). Let C be a G-invariant subset of (Q*)™. A system {f;|j € J},
where f; € Map(C,Q)%,Vj € J, will be called a complete system of G-invariant functions on C if

u € C,v € C and equalities f;(u) = f;(v),Vj € J, imply u L v.
Definition 2.15. ( see [22, 1.1]) Let C be a G-invariant subset of (Q*)™ and L = {f;|j € J} be a

complete system of G-invariant functions on C. L is called a minimal complete system of G-invariant
functions on C if L\ {f;} is not a complete system of G-invariant functions on C' for any j € J.

Put 6 = (0,0), where (0,0) € Q. Denote by 6,, the m-tuple u = (uy,us,...,u,) € (Q*)™ such
that u; = 6,Vj € N,,. Define the function B : (Q*)™ — N,, U {0} as follows: put B(0,,) = 0. Let
u=(uy,ug,...,u,) € (Q*)™ be such that u # 6,,. In this case, we put B(u) = k, where k € N,,, such
that u; =0,Vj =1,...k —1 and u; # 0.

Proposition 2.16. Let G be a subgroup of O(2,p,Q). The function B(u) is a G-invariant function
on (Q*)™.
Proof. 1t is obvious. O
Denote by U(m;0) the set {0,,}. Let k € N,,. Denote by U(m; k) the set {u € (Q*)™|B(u) = k}.
Proposition 2.17. Let G be a subgroup of O(2,p,Q). Then:
(1) The set U(m;k) is a G-invariant subset of (Q*)™ for k =0 and all k € N,,,.
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(2) U(m;0)NU(m;l) =0,Vl € N,,, and U(m; k) NU(m;l) = 0,Vk,l € N, k # 1.
(3) U(m;0) U (Upen, U(m; k) = (Q*)™
Proof. 1t is obvious. O

Proposition 2.18. Let z,y € Q(\/—p) such that x # 0. Then

(1) The element yx~—' exists, the equality yx=' = —py and the following equality hold
(wv(y))p _p[ﬂ(r y)]
_ 7 T
My = | Lyl way |- (2.2)
U (z) T (x)

(2) det(Myp1) = (5522)2 + p(554)2 # 0 if and only if W(y) # 0.

Proof. (1) Let x = 1 + /—px2,y = y1 + /—py2 € Q(/—p) such that x # 0. Then z~* exists. Hence
yz~! exists. By Proposition et = W@ Using W(z) = :c1 — +/—pzo and the multiplication in

U(z) -
and Eq.(2

the field Q(y/—p), we obtain the equalities yz~! = ;i" + p\p(l)
(2) Let W(z) # 0. Using Proposition|l.4|and Eq.(2.2), we obtain (42)?+p( [w 8 )2 = det(M,,-1) =

V(z)
U(yz™') = ¥(y)¥(™") = 383 Hence (%y )? +P(\[pw(z]))2 = \1/8; This equality implies that
det(M,,-1) = ‘I’(y 7é 0 if and only if ¥(y) # 0. 0

Now we consider the G-equivalence problem of m-tuples for the group SO(2,p, Q).

Proposition 2.19. Let G be a subgroup of O(2,p, Q). Assume that u = (uy,...,Uy),v =
(U1, Um) € (Q*)™ be m-tuples such that u S v. Then B(u) = B(v).

Proof. Assume that u S, By Proposition the function B(u) is G-invariant. The G-equivalence
of u, v and the G-invariance of B(u) imply the equality B(u) = B(v). O

Let u = (ug,...,Up),v = (V1,...,0n) € (Q*)™ be m-tuples such that B(u) = B(v) = 0. Then
w=v=0,, Hence u< v. Now we consider the case B(u) = B(v) # 0.

Theorem 2.20. Let u = (Ug,Us,y ..., Up),v = (V1,V2,...,0,) € (Q*)™ be two m-tuples in Q* such
that B(u) = B(v) = k, where k € N,,,.

(i) Assume that u S0P Y. Then

(i.1) In the case k = m, the equality V(u,,) = ¥(v,,) holds.
(i.2) In the case k < m, the following equalities hold
{ U (ug) = W (o),

<ukvu3>p <Uk7vj>pvv] € Ny, k < g, (2.3)
[uru;] = [vpv], V5 € Ny, k < j.

(13) Conversely, assume that the equality V(u,,) = V(v,,) holds in the case k = m and equalities
Eq.(2.3) hold in the case k < m. Then, in the every of these cases, there exists the unique
matriz F € SO(2,p, Q) such that v; = Fu;,Vj € N,,. In these cases, F' has the following form

(uk,vi)p  _ pluk vi]
_ W(u W(u
F=| 0% s | (2.4)

\Ij(uk) ‘I}(uk)

where det(F)

(wrodp 2 o ol vsly2
(™) PGy =1
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Proof. (i) Assume that u SOZPD 4, In the case (i.1), the function ¥(u,,) is SO(2, p, Q)-invariant.
Hence the equality ¥(u,,) = ¥(v,,) holds.

In the case (i.2), functions W(uy), (uk,u;), and [uyu;] are also SO(2, p, Q)-invariant for all j €
N,k < j. Hence equalities Eq. hold.

(74) Conversely, assume that the equality ¥(u,,) = ¥(v,,) holds in the case k = m and equalities
Eq. hold in the case k < m.

Let k = m. Consider the element g = vju, " € Q*(y/—p). Since vy, = vy (uy, 'ug) = (viuy ' ug, we
have vy = guy. Then by Ejq. ., we obtain that v, = Mjuy, where M, € M(Q (v/=p)). Using the
equality ¥(uy,) = ¥(v;,) and Proposition [1.4] we obtain det(M ) =U(g) = U(vpup ') = U(ve)V(uy') =
U(vg)W(u,)~! = 1. Hence g € S(Q*(\/Tp)) By Theorem M, € SO(2,p,Q). This implies that
vy = Myuy. Since B(u) = B(v) = k, we have u; = v; = 0,VYj € N,,,j < k. These equalities, the

equality vy, = Myu;, and the equality £ = m imply equalities v = Mquj,Vj € Nm. Hence u %Y 4

in the case k = m. By g = viu, ' and Proposition M, has the form . By det(M,) =1 and
Proposition [2.18, we obtain the equality det(M,) = ( 7\*;(:::) )2+ p( [\;’(“u”:)) = 1

Let k < m. Using equalities Eq.(2 [ and equalities u 'u; = ”’“ Qi) /= p$ku“J) Vi € N,k < 7,
Vi Vj

W (ug)
equalities v; 'v; = e, Z;)p + VP50, ),Vj € N,,,k < j, in Proposition [2.18, we obtain following
equalities

uy 'y = v v, Vi € Ny k < . (2.5)

Consider the element g = vyu,' € Q*(y/—p). Since vy = vi(uy 'uy) = (veuy, )ur, we have vy, = guy.
Using equalities Eq., we obtain v (uy 'u;) = vi(v; 'v;),Vj € N, k < j. These equalities and the
above equality g = vju, " imply v; = (vvg vy = vi(vy 'vy) = v(uy, 'uy) = (veuy, u; = gu; for all
j € N,k < j. Thus we have v; = gu;,Vj € N,,,k < j, where g = vyu;,' € Q*(y/—p). The equality
g = vpuy, * implies v, = guy. This equality and the equalities v; = gu;,Vj € Ny, k < j imply equalities
v; = gu;,Vj € N,,,k < j. Then by Eq., we obtain that v; = Myu,;,Vj € N,,,k < j, where
M, € M(Q*(/—p)). These equalities and the equality B(u) = B(v) = k imply that v; = M u; for
all j € N,,. So we obtain that det(M,) = 1. Since det(M,) = 1, by Theorem 2.5, M, € SO(2,p.Q).

. SO(2,p,Q)
Hence we obtain « ~ v

Prove the uniqueness of U € SO(2, p, Q) satisfying the conditions v; = Uu;,Vj € N,,,. Assume that
U € SO(2,p,Q) such that v; = Uu;,Vj € N,,. Then by Eq. and Theorem there exists the
unique b € S(Q*(v/—p)) such that U = M,. Hence we have v; = M,u;,Vj € N,,. By Eq., we
obtain v; = bu;,Vj € N,,. Since U(uy) # 0, the equality v, = bu, implies that b = vu, =g €
S(Q*(v/—p))- The uniqueness of U is proved.

Let us obtain the evident form of M,. By Proposition the element g = v,u; ' is equal

to Lk Z’;;p ++/ p[l;’gu”:)]. Hence the matrix M, has the form Eq.. Since g € S(Q*(v/—p)), by
Theorem 2.5] det(M,) =1. O

Remark 2.21. Let k,me Nym > 1,1 <k <m. By Theorem. 0, the function ¥(uy) is a complete
system of SO(2, p, Q)-invariant functions on the set U(k; k) in the case k = m. By Theorem“7 0 the
system

{W(ug), (ur, w))p, [ug i), j € Ny k < 5} (2.6)

is a complete system of SO(2, p, Q)-invariant functions on the set U(m;k) in the case k < m.

Let G = O(2,p,Q) or G = SO(2,p, Q). Denote by GVTr(2,p, Q) the group of all transformations of
@Q? generated by elements of G and all translations of @*. In particularly, MO(2,p,Q) = O(2,p,Q) V
Tr(2,p,Q) and MSO(2,p,Q) = SO(2,p,Q) V Tr(2,p,Q). Now we consider H-equivalence problem
of m-tuples for the group H = GV Tr(2,p,Q). Let u and v be m-tuples, where m = 1. Then it is
obvious that they are G V Tr(2,p, Q)-equivalent.

Let z € Q*. Denote by z - 1,, the m-tuple (y1,%a,...,¥m) such that y; = z,Vj € N,,. Let u =
(uy,ug, ..., Uy,) be an m-tuple. Denote by u—,, - 1,, the m-tuple () — Uy, Ug — Uy« + s Upy—1 — U, 0).
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Proposition 2.22. Let G = 0(2,p,Q) or G = SO(2,p,Q). Assume that m > 1 and u =

GVTr(2,p,Q)
(Ui, Uy - o v s U ), = (V1, V2., V) € (Q*)™. Then u ~
and v — v, - 1,,, are G-equivalent.

v if and only if m-tuples uw — Uy, - 1.,

Proof. = Assume that u GVITCPQ o Then there exists F € G and a € Q* such that v; = Fu;+a,Vj €

N,,. In particularly, for j = m, we have v,, = Fu,, + a. This equality implies a = v,, — F'u,,. This
equality and equalities v; = F'u;+a,Vj € N,,, imply equalities v; = Fu; + v, — Fu,,,Vj € N,,. These

equalities imply equalities v;—v,, = F(u;—u,),Vj € Ny,. That is (w1 — U, Us—Up, - . -y Up—1—Up, 0) ~
(/Ul —Um; V2 = Umy -+ -5 Um—1 — Um, 0)
G
< Assume that (u; — U, Uz — Uy - ooy U1 — Uy, 0) ~ (V1 — Vpny U2 — Uy -+« s U1 — U, 0). Then

there exists F' € G such that v; — v, = F(u; — u,),Vj € Np,. Put a = v,, — Fu,,. This equality
implies v,, = Fu,, + a. The equality a = v,, — F'u,,, and equalities v; — v,, = F(u; — u,,),Vj € Ny,
Uy, = Fu,, + a imply equalities v; = Fu; + a,Vj € N,,,. Hence u VIR, O

Corollary 2.23. Let G = O(2,p,Q) or G = SO(2,p,Q). Assume that m > 1 and u =

(Ui, Uy ooy Upy), U = (V1,V2,...,0,) € (Q*)™. Then u NP, if and only if (m — 1)-tuples

Uy — Uy, Un — Ugny e v v s U1 — Upy) ANA (V1 — Uy, Vg — Upny -+« , Um—1 — Up) aTe G-equivalent.

( )

Proof. 1t follows from Proposition [2.22] O

Proposition 2.24. Let G = SO(2,p, or G = O(2,p,Q). Assume that u TP Q) v. Then
P y P p

B(u—ty, - 1,,) = B(v — vy - 1,,).

Proof. This statement follows from Propositions [2.19] and [2.22] O

Let v = (ui, U, ..., Uy,) € (Q*)™ and G denote either the special orthogonal group SO(2,p, Q) or
the orthogonal group O(2,p, @). By Proposition the function B(u—u,,-1,,)isa GVTr(2,p,Q)-
invariant function of u € (Q*)™.

It is obvious that B(u — u,, - 1,,) < m — 1,Vu € (Q*)™. We note that B(u — u,, - 1,,) = 0 if and
only if w — u,, - 1,, = 0,,, that is u = up, - 1, = (U1, U2, ..., Uy,), Where u; = w,,,Vj € Np,.
Proposition 2.25. Let G = SO(2,p,Q) or G = 0O(2,p,Q). Assume that B(u—t,,-1,,) = B(v—1v,,-

1) =0. Then u aTer,

Proof. In the case B(u—uy,-1,,) = B(v—v,,-1,,) = 0, the m-tuple u has the form u = (tp,, U, - - -, U )

and the m-tuple v has the form v = (v, Up,...,v,). Then we have v; = F(u;),¥j € N,,, where
F € Tr(2,p,Q) has the following form: v; = v,, = u,, + @ = u; + a,Vj € N,,, where a = v,, — Up,.
Hence u and v are G V T'r(2, p, Q)-equivalent. O

Denote by €(m;0) the set of all u € (Q*)™ such that B(u — t,, - 1,,) = 0. Let k =0 or k € N,,
such that k < m — 1. Put Q(m; k) = {u € (Q*)™|B(u — up, - 1,,) = k}.

Proposition 2.26. (1) Let G = SO(2,p,Q) or G = O(2,p,Q). Then every set Q(m;k) is an
GV Tr(2,p, Q)-invariant subset of (Q*)™ for k=0 and all k € N,,,k <m — 1.

(2) Q(m;0)NQ(m;l) =0,Vl € Ny, 1 <m — 1.
(3) Q(m;k) N Q(m;1) = 0,Vk,l € Ny, where k #1, k <m —1,1 <m—1.
(4) Upt(ms k) = (@)™,
Proof. 1t follows from Proposition [2.17 g

Let u,v € (Q*)™ such that B(u — u,, - 1,,) = B(v — v, - 1,,) = 0. Then, by Proposition [2.24]

u SOCPRUTTEPD L Now we consider the case B(u — uy,, - 1,,) = B(v — v, - 1,,) = k, where

ke Ny, k<m-—1.
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Theorem 2.27. Let u = (uy,Ug, ..., Up), v = (V1,V2,...,0,) € (Q*)™ be two m-tuples such that
B(u—1u,,-1,,)=B(w—uv,-1,) =k, where k € N,,,,k <m — 1.

(i) Assume that u MICEPR) . Then

(i.1) In the case m = k + 1, the equality V(uy — u,,) = V(v — v,,) holds.
(1.2) In the case k + 1 < m, the following equalities hold
{ U(up, — ty,) = V(vp — vy);

(U = Uy Uj — U )p = (Vg — Vpny Vj — U )py VJ € Ny kb < j <m —1; (2.7)
(g — ) (U — wm)] = [(Vk — V) (Vj — V)],V € Ny k < j <m—1.

(ii) Conversely, assume that the equality ¥ (uj, — u,,) = ¥(vx — v,,) holds in the case k+1 =m
and equalities Eq. hold in the case k +1 < m. Then there exists the unique matrix
F € SO(2,p,Q) and the unique element b € Q* such that v; = Fu; +b,Vj € N,,,. In this case,
F' has the following form

w _pw
_ U(up —Um W(Up—Um
= [(uk*umk) (Ve —Vm)] <uk7um,»':k7vm>:0 ) (2:8)

where det(F) = (<"’°;(L;",’c’fzfgm>”)2 +p([(“k;7z$k)fzk3“m)])2 =1 and element b € Q? is equal to
Uy, — FUyyy .

Proof. (i) Assume that u MSOLPQ) Then, by Proposition [2.22 the m-tuples (u; — u,, us —

Uy v vy U1 — Uy, 0) and (V1 — Uy Vo — Uy« « o, Upn1 — U, 0) are SO(2, p, Q)-equivalent. This equiv-
alence and Theorem imply the equality ¥ (us — u,,) = ¥(vx — v,,) in the case m = k + 1 and the
equalities Eq. in the case kK +1 < m.

(i1) Conversely, assume that the equality ¥(uy — w,,) = V(v — v,,) holds in the case m = k + 1
and the equalities Eq. hold in the case £ + 1 < m. Then, by Theorem in every these
cases there exists the unique matrix F' € SO(2,p, Q) such that v; — v,, = F(u; — u,,),¥j € N,,. By

Theorem [2.20, F has the form lb where det(F) = ({tmth—tmp )2 4y, [lun—tm) Ceva)ly2 — 9 pyyg

W (uk—um) U (up—um)

b = v;, — Fu,,. Then this equality and equalities v; — v,, = F(u; — up,),Vj € N, imply equalities
v; = F(u;) +b,Vj € N,,. The uniqueness of F' such that v; — v,, = F(u; — u,,),Vj € N, implies the
uniqueness of b such that v; = F(u;) +b,Vj € N,,. O

Remark 2.28. Let k,m € Nym > 1,1 <k <m — 1. By Theorem the function ¥(uy — u,,) is
a complete system of MSO(2,p,Q)-invariant functions on the set Q(m; k) in the case m = k + 1. By
Theorem the system

{0 (g, — W), (Wl — U, Wy — U ), [(Wh — W) (U5 — U)K +1<j<m—1} (2.9)
is a complete system of M SO(2,p, @Q)-invariant functions on the set Q(m;k) in the case k + 1 < m.

3. COMPLETE SYSTEMS OF INVARIANTS OF AN m-TUPLE IN Q* FOR GROUPS O(2,p, Q) AND
MO(2,p,Q)

First we consider the case m = 1.
Theorem 3.1. Let u,v € Q2.

0(2;57@)

(i) Assume that u v. Then the equality ¥(u) = W(v) holds.

(i) Conwversely, assume that the equality ¥(u) = ¥(v) holds. In this case, ¥(u) =0 or U(u) #0
(13.1) Let ¥(u) =0. Then u=0,v =6, where § = (0,0), and u OBy
(13.2) Let W(u) #0. Then u # 0,v # 0 and u LR 4. In this case, only two matrices Fy €



62 Beshimouv G. R

0(2,p,Q) and Fy € O(2,p,Q) exist such that v = Fyu, and v = Fyu. Here F; € SO(2,p, Q)

and it has the following form
<“’(”>)p _ plu v)]
_ U (u U (u
1= < [uv] (uv’ng ) ) (31)

where det(Fy) = (<u 2 )2 +p(£l(z]))2 =1

Here Fy € O(2,p,Q) and it has the following form Fy = HW, where W = |[wpll}, ;=1 5, win = 1,
Wi = Wo = 0, wee = —1, H € SO(2,p, Q) and H has the following form

(Wu)v),  p[(Wu) ]
— W (Wu) U (Wu)
H= ( [(Wu) o] (Wu)v), ) ) (3.2)
U (Wu) (W)

where det(H) = (<(Z,V(;V)f)>”)2 —i—p([,(ljvzl‘;,y)]) 1 and det(Fy) = —1.

Proof. (i) Assume that u Q)
the equality ¥(u) = ¥(v) holds.

(77) Assume that the equality ¥(u) = ¥(v) holds.
0(2,p,Q)

(#4.1) Let U(u) = 0. Then w = v = . Then it is obvious that u "~ v.
(13.2) Let W(u) # 0. This inequality and the equality ¥(u) = ¥(v) imply inequalities u # 6
and v # 6. By Theorem there exists the unique F; € SO(2,p, Q) such that v = Fju. Since

F, € SO(2,p,Q) C O(2,p,Q), we obtain that u G2 \, put g = vu~ . By this equality and
Proposition 2.18, F; = M. Hence we have v = Myu. By Theorem [2.20, we obtain that M, has the

form and the properties det(M,) = (<$(1:3)”)2 +p(\[1,(u)) =1, M, € SO(2,p,Q), v=M,u hold.

NOW we investigate an existence of Fy € O(2,p,Q) of the form F, = HW such that v = Fyu,
where H € SO(2,p,Q). For given above u,v, the equality ¥(u) = ¥(v) holds. Using Proposition
1.6(4), we obtain the equality ¥(v) = ¥(u) = ¥(Wu). By the equality ¥(v) = ¥(Wu) and Theorem
2.20, there exists the unique H € SO(2,p,Q) such that v = H(Ww). Put F; = HW. Then F, €
{HW|H € SO(2,p,Q)}. Hence there exists Fy € O(2,p,Q) of the form F, = HW, where H €
SO(2,p,Q), such that v = Fyu.

Prove the uniqueness of Fy, € {HW|H € SO(2,p,Q)} such that v = Fou. Assume that Fy = H,W €
{HW|H € SO(2,p,Q)} and F3 = H;W € {HW|H € SO(2,p,Q)} such that v = HyWwu and v =
H3;Wu, where Hy, Hy € SO(2,p, Q). Then we have v = Hy(Wu) = H3(Wu). Using the uniqueness in
Theorem [2.20 we obtain H, = Hj. This means that the unique F, = H,W € {HW|H € SO(2,p,Q)}
exists such that v = Fy(u ) By Theorem [2.20} we obtain that H, has the form and the properties

det(H,) = (Lew o) 4+ p(IHd)? = 1, HaW € O(2,p,Q), det(F>) = =1, v = HyW (u) hold. 0

w(w T (W)

v. By Example [2.11] the function ¥(z) is O(2, p, @Q)-invariant. Hence

1

Remark 3.2. Theorem [3.1/ means that the function ¥(u) is a complete system of O(2, p, Q)-invariant
functions on the set U(1;1).

Let u = (up,ug, ..., uy) € (Q*)™. Denote by r(u) the rank of the system {u;,uq,...,u,} in the
space Q?. For u = 0,,, we put 7(6,,) = 0. Assume that u # 6,,. Then r(u) = 1 or r(u) = 2. It is obvious
that the rank r(u) is O(2, p, Q)-invariant of u. Put Uy(m) = U(m,0). For k € N,,, [ = 1,2, denote by
Ui(m, k) the set of elements u € U(m, k) such that r(u) = [. It is obvious that Uy(m) N U;(m, k) = ()
for | = 1,2 and U;(m, k) N U,(m,k) = 0 for I,q = 1,2 such that | # q. The following equalities
Uy (m, k)UUs(m, k) = U(m, k),Vk € N,, and Uy(m) U (U, U, (m, k)) U (U Us(m, k)) = (Q*)™ hold.

Let u € Uy(m),v € Uy(m). Then u = v = 6,,. Hence u 02pQ)

Theorem 3.3. Let m > 1 and u = (uy, ua, ..., Up) € Ur(m,k),v = (v1,v2,...,0,) € Ui (m, k), where
ke N,,.
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(1) Assume that k = m and u OCLD . Then the equality V(u,,) = ¥(v,,) holds. Conversely,

assume that k = m and the equality V(u,,) = V(v,,) holds. In this case, only two matrices Fy €
O(2,p,Q) and Fy € O(2,p, Q) exist such thatv; = Fy(u;),¥j € Ny, and v; = Fy(u;),Vj € Np,.
Here Fy € SO(2,p, Q) and it has the following form

<uk7vk>p —p [ug vi)
o W(u U(u
F1 — ( [ul(c Ukk)] {uk,v(k>’;) ) ’ (33)

where det(Fy) = (<¥(’Z:;p)2 +p(%)2 =1

Here F, € O(2,p, Q) and it has the following form Iy = HW, where W = [[wyl[,, ;1 , w11 = 1,
Wig = wo =0, wyy = —1, H € SO(2,p,Q) and H has the following form

(Wug),vk), _ pl(Wug) vi]
_ T (Wur) T (Wur)
H_< [(Wukquk] ((Wuk)jffép )7 (3.4)
T (Wur) T(War)

where det(H) = (<(V£€Lv’;)$;>p)2 —l—p([(&;}ﬁ:;]y =1 and det(F;) = —1.

O(%,Q)

(ii) Assume that k < m and u v. Then the following equalities hold

{ U (uy) = ¥(vy),
<uk7uj>;0 = <Uk7vj>p7vj € Ny, k < j.

Conversely, assume that the equalities Eq. hold. In this case, only two matrices Fy €
0(2,p,Q) and F, € O(2,p, Q) exist such that v = Fiu and v = Fou. Here Fy, € SO(2,Q) and
it is has the form Eq.. Here Fy € O(2,p,Q) and it has the following form Fy = HW,
where W = Hwlek’l:w, wip = 1, wip = wey =0, wye = =1, H € SO(2,p,Q) and H has the

form Eq.(3.4)).

Proof. (i) In this case, m-tuples v and v have following forms: u = (u1,us, ..., u,,), where u; = 60,Vj €
Niyj <m, Uy, # 6, v=(v1,02,...,0,), where v; = 0,Vj € N,,,j < m, v, # 6. These forms imply
that the statement (i) follows from Theorem

(i4) Assume that the equalities Eq.(3.5]) hold. Since r(u) = r(v) = 1, m-tuples u and v have following
forms: u = (u1,us,...,Uy), where u; = 6,Vj € N,,,j < k, up # 0, u; = ajug,Vj € Ny, k < j, for
some a; € Q,Vj € Ny, k < j, and v = (v1,v2,...,0,,), where v; = 0,Yj € N,,,j < k, vy, # 0,
v; = bjvg,Vj € N,,, k < j for some b; € R,Vj € N,,,k < j. It is easy to see that equalities Eq.
and the inequality W(uy) # 0 imply equalities a; = b;,Vj € N,k < j. Hence m-tuples u,v have
following forms u = (uq, us, . .., Uy ), where u; = 0,Yj € Ny, j < k, ux # 0, uj = ajug,Vj € Ny, k < j,
and v = (v1,v2,...,0y), where v; = 6,Vj € N,,,, j <k, vy # 60, v; = ajup,Vj € Ny, k < j.

By using Eq.(3.5)), we obtain equality W(u) = U(vy). Since ux # 6, we obtain that U(u;) =
U(v;,) # 0. Then, by Theorem ii.2), only two matrices F; € O(2,p,Q) and F, € O(2,p, Q) exist
such that v, = Fj(uy) and vy = Fy(uy). Here Fy € SO(2,p, Q) and it has the form Eq.(3.3) and F; €
0(2,p,Q) has the form Fy, = HW, where H € SO(2,p,Q) and H has the form Eq.(3.4]). Equalities
v = Fi(uy), v = Fy(ug) and equalities u; = 6,Vj € Ny, j < k, uy, # 0, u; = ajug,Vj € Ny, k < 7,
v; =0,Yj € Ny, j <k, vy, # 0, v; =a;v,Vj € Ny, k < j imply equalities v; = Fi(u;),Vj € N, and
V; = FQ(UJ),VJ € Nm

Now we prove that if a matrix A € O(2,p, Q) such that v; = A(u;),Vj € N,,, then A = F; or
A = F,. Equalities v; = A(u;),¥j € N,,, implies the equality v, = A(ux), where k € N,,,. Then, by
Theorem [3.1)i.2), A = F} or A = F). O

(3.5)

Theorem 3.4. Let m > 1,k € N, and u = (u,uz,...,u,) € (Q)™. Let
{\I/(uk), (ursuz), | € Niny b < j} be the complete system of O(2,p, Q)-invariants on the set Uy(m;k)
given in Theorem[3.3. Then ¥(uy) > 0 for all u € Uy(m;k).
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Proof. A proof is similar to the proof of Theorem [2.20] and it is omitted. O

Let m > 1 and u = (uy,us, ..., uy) € (Q*)™. Assume that r(u) = 2 and B(u) = k, where k € N,,,.
Put B;(u) = B(u). Denote by {\ux|\ € Q} the linear subspace of @Q* generated by u,. Denote by
By(u) the smallest of s,s € N, such that u, ¢ {Aux|A € Q}. Then B;(u) < By(u) < m for all
u € Uy(m, k). The number By(u) is an O(2, p, Q)-invariant of an m-tuple u. The pair (B;(u), Ba(u))
will be called the type of an m-tuple u € Us(m,k) of r(u) = 2. The type (B;(u), Bz2(u)) is an
O(2,p, Q)-invariant of an m-tuple u € Us(m, k). Let k,l € N,, such that k¥ < [. Then there exists
an m-tuple u = (uy, ug, ..., u,) € (Q*)™ such that B;(u) = k and By(u) = I. In this case, vectors
up = (Ug1, ug2) and u; = (uyy, use) are linearly independent.

Denote by FE(u;k,l) the following 2 x 2-matrix

U1  Ug2
Upip Uz '
Since vectors uy, = (ug1, ure) and u; = (w1, wj2) are linearly independent, det(E(u; k, 1)) # 0.
Denote by ®(u; k,1) the following 2 x 2-matrix

( Ukt Pk ) (3.6)

Uiy pug2

We have det(®(u; k,1)) = pugitic — purauyn = pdet(E(u;k,l)). Since det(E(u;k,l)) # 0, we obtain
that det(®(u;k,1)) # 0. Hence the inverse matrix ®~*(u; k,[) exits.
Denote by Us(m, k, 1) the set of all m-tuples u such that B;(u) = k and By(u) = 1.

Theorem 3.5. Let m > 1 and u = (uy, ua,...,uy) € Us(m,k,1),v = (v1,02,...,0,) € Us(m,k,l),
where k,l € Ny, k <1, up, = (g1, up2), wr = (W1, w2), vk = (Vp1, Vra), v = (Vi1, Vi2).

0(2;\13762)

(1) Assume that u v. Then the following equalities hold:

<uk7uj>p = <Ukavj>pvvj € Np, k < J; (3 7)
(ul7uj>p: <Ulyvj>p7vj€Nm7k<j' '

(1) Conversely, assume that the equalities Eq. 1' hold. Then u °“2% v. In this case, the

unique F' € O(2,p,Q) exists such that v; = F(u;),¥j € N,,, and F has the following form
F =0 vk, 1)®(u; k,1).
Proof. (i) Assume that u OG22, Since the functions (ug, u;)p and (u;, u;), are O(2,p, Q)-invariant,
equalities Eq. hold.
(1) Conversely, assume that the equalities Eq. hold. For j € N,,, consider the vectors u; =
(uj1,uj2) and v; = (v;1,v;2). Transposes of vectors u; and v; denote by u] and v} .

U1 Vi1
u; = J ,fujT = J i
U]‘Q Ujg

Consider the following vectors: uy, = (ug1, pug2) and u; = (w1, puga). The multiplication of matrices
uy, and u; is equal to (ug, u;),:

it > = (up, ), Vj € Ny, (3.8)

Uk UJT = (U1, puga) < Uio
J

Similarly we obtain

up - u;r = (ull,pulg) ( z]; ) = <ul,uj>p,Vj € Nm' (39)
J
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Using equalities Eq.(3.8) and Eq.(3.9) to matrices ®(u;k,1), u} and vectors u;, we obtain the
following equalities

O (u; k, lu; = ( k1 Ptz ) ( it > = ( (s, ) > Yj € Ny (3.10)

Uy PU2 Uj2 (uy, Ua>p

Similarly we obtain the following equalities

(v k, Lo, = ( Ukt DUk ) < Vit ) = < (e, V) ) Vj € Ny (3.11)

Vi1 P2 Vj2 <Ula Uj)p

Since By (u) = B;(v) = k, we have u; = v; = 0,Vj € N,,,j < k. These equalities imply the following
equalities

Vi€ Ny, j <k,

(U, uj)p = (U, v5)p =
{ Vj € Ny, j<l. (3.12)

(ur, uj)p = (Vi,v5)p =

0,
0,
These equalities and the equalities Eq.(3.7]) imply following equalities

(Up, 1u5)p = (Vk, Vj)p, Vi € Ny,
{ (g, )y = (v, 05)p, Vj € Ny (3.13)

These equalities and equalities Eq.(3.10)), Eq.(3.11]) imply following equalities

®(us k, Du; = ( (ks 1), ) = ( (v, ;) ) = ®(v; k, 1)v;,Vj € N (3.14)

{w, uj)p (v, v3)p
Since vectors uy, = (ug1, pure) and u; = (u;1, pugz) are linearly independent, the inverse of the matrix
O~ (u; k, 1) exists. The equalities ®(u; k,)u; = ®(v; k,1)v;,Vj € N, in Eq.(3.14]) implies the following
equalities

v; = O vk, 1) ®(u; k, Duj,Vj € N,y,. (3.15)

We prove that the matrix ®~!(v; k,1)®(u;k,[) is orthogonal. Using the equalities Eq. (3.15) and
Eq. (3.7), we obtain the following equality

(@ (v k, )@ (us k, Duj, @ (v k, @ (us k, Dus) = (v;,v,) = (uj,us) (3.16)

for j = k,l and s = k,l. Since the system of two vectors u; and wu; are a basis in Q?, equalities
Eq.(3.16]) imply the following equalities

(@ (v k, 1)®(us ke, D, @ (3 k, 1) (us ky Dy)yp = (2,9),, YV, y € Q. (3.17)

This means that the matrix ®~*(v; k, 1)) ®(u; k, 1) is orthogonal.

Now we prove the uniqueness of a 2 x 2-orthogonal matrix F' such that v; = Fu;,Vj € N,,. Assume
that a 2 x 2-orthogonal matrix F' such that v; = Fu;,Vj € N,,. In particularly, we have v; = Fu; for
7 = k,l. These equalities and equalities Eq. imply equalities

Fu; = & vk, 1)®(us k, Duy, Vi = k, 1. (3.18)

Since the system of two vectors u;, and u; are a basis in Q?, equalities Eq.(3.18) imply following
equalities:

Fr=® "(v;k,1)®(u; k, )z, V2 € Q. (3.19)

This means that F = & '(v; k,[)®(u; k,l). The uniqueness of a 2 x 2-orthogonal matrix F' such
that v; = Fu,;,Vj € N,,, is proved. O
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Remark 3.6. By theorem the system of O(2,p,@)-invariants obtained in Theorem is a
complete system of O(2, p, Q)-invariants of m-tuples.

Now we investigate complete systems of invariants of the group MO(2,p,Q) = O(2,p,Q) V
Tr(2,p,Q) on the set (Q*)™

Let u = (uy, U, ... Up),v = (V1,0s,...,0,) € (Q*)™. By Proposition [2.22 u v if and

only if (v — wu,, - 1,,) Q) (v — v, - 1,,). By Proposition the function B(u — u,, - 1,,) is an
MO(2,p, Q)-invariant.

Let u = (uj,ugy... Uy),v = (V1,09,...,0,) € Ug(m,k). Then u = v = 6,,. This implies that
u MO(E:P,Q) v

MO(EJP,Q)

Let u = (ug,uz,y...,Un),v = (V1,V2,...,0,) € U(m,k). Assume that v and v be m-tuples
such that m = 1. Then it is obvious that they are MO(2,p,@)-equivalent. Assume that u =
(ug,Uay ... Uy) € Uy(m,m) and v = (v1,v2,...,0,) € Ui(m,m). Then it is obvious that they are
MO(2,p, Q)-equivalent.

Let u = (u1, Uy ..y Up),v = (v1,02,...,0,) € (Q*)™. By Corollary 2.23, u MoGPQ) if and
only if (m — 1)-tuples (u; — Up, Uz — Uy« - oy U1 — Up,) a0d (V] — Vppy Vg — Uy - - — U,) are

O(2, p, Q)-equivalent. This Corollary n and Theorems |3.1] -, . ﬂ imply Theorems m -, -

given below.
Consider the case m = 2.

Theorem 3.7. Let u = (uy, uz) € (Q*)? and v = (vy,v2) € (Q*)>.

MO(EJP,Q)

(i) Assume that u v. Then the equality ¥(u; — uy) = VU(vy — vy) holds.

(17) Conversely, assume that the equality ¥(uy—us) = ¥(v1—v2) holds. In this case, ¥(u3—us) =0
or U(u; —uy) #0
(79.1) Let W(u; —uz) = 0. Then uy —uy = vy —vy = 0 and u v. In this case the
unique a € Q* exists such that v; = u; + a,Vj = 1,2. It is equal to vy — us.
(73.2) Let U(u;—ug) #0. Thenu MOZPR) oy In this case, only two elements Fy € MO(2,p, Q)
and Fy, € MO(2,p,Q) exist such that v; = Fiu;,Vj = 1,2, and v; = Fyu;,Vj = 1,2. Here
Fi(u;) = Hi(u;) + a1,j = 1,2, where Hy € SO(2,p,Q), a1 € Q*, and Hy has the following

MO(}\;%Q)

form
<ur?2,mﬂ)}z>p _p[(ulﬂ(u) (v1—v3)]
_ W(uy—u W(uy—u
Hl - [(ul—ug)l (vlz—vg)] <U1*u2,vllfvigp ’
W (u1—us) U (u1—u2)
det(H1) = (7U1szlvlu;)}2 ) +p(—(“1;97f2)1_(22)_v2)])2 == 17 a; = U1 — H1U1.

Here Fy(uj) = HoW (u;) + az,j = 1,2, where Hy € SO(2,p,Q), as € Q*, W = Hwlek’l:M, wy =1,
Wi = Wy = 0 Woy = —1, and Hy has the following form

[(W(u1—u2)) (vi—wv2)] (W (u1—u2),v1—v2),
U(W (u1—uz2)) (W (u1—uz))

(W(ur—uz),v1—v2), (W (ug—u2)) (v1—v2)]
H, = ( U (W (u1—uz)) p W(W(ulfw); ) ,

W (u1—uz2),v1—v 1—u 1—v
det(Hg) _ (( ((W(jl) ;2))2 ) +p([(W($(W1(Z)1)_(u1;)) 2)])2 =1, ay = v, — HyWu.

Proof. By Corollary two 2-tuples u = (uj,us) and v = (vy,vy) are MO(2,p, Q)-equivalent if
and only if vectors u; — up and v; — vy are O(2,p, Q)-equivalent. Hence Theorem implies this

theorem. 0

Let m > 2 and u = (ug,us,...,Un),v € (Q*)™ be two m-tuples such that u = (u; — Uy, us —
Uy e ey U1 — Up) € Ug(m — 1,k),v = (V1 — Uy U2 — Uy oo, U1 — U) € Ug(m — 1, k), where
1 <k <m—1. Then m-tuples v and v have forms u = (Up, Upn, - - -, Upy) AN V = (Vpyy Uy« « o, Upn). b

is obvious that they are MO(2, p, Q)-equivalent.
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Remark 3.8. Theorem [3.7| means that the function U(u; — us) is a complete system of MO(2,p, Q)-
invariant functions on the set (Q?)2.

Theorem 3.9. Let m > 2 and u = (Uy, Uz, .., Up), v = (U1, V2, ..., V) € (Q*)™ be two m-tuples such
that w = (U — Uy, Us — Uy« v oy U1 — U ), U = (V1 — Uy V2 — Uppy ooy U1 — V) € Ur(m — 1, k),
where 1 < k <m—1.

(i) Assume that k =m —1 and u MOZPD o, Then the equality V(uy, — u,,) = V(v — v,,) holds.

Conversely, assume that k = m — 1 and the equality V(uy — ) = V(vy, — vy) holds. In this
case, U(uj, — Up,) =0 or U(u, — uy,) #0

(i.1) Let ¥(up — u,,) = 0. Then up — Uy, = vp — Uy, = 0 and u v. In this case the
unique a € Q* exists such that v; = u; + a,Vj € N,,. It is equal to v,y — Up,.

(1.2) Let ¥(up—u,,) #0. Thenu MOZPQ) y, In this case, only two elements F; € MO(2,p,Q)

and Fy € MO(2,p,Q) exist such that v; = Fiu; and v; = Fyu;,Vj € N,,. Here Fi(u;) =
Hi(uj) 4+ a1,Vj € N, where Hy € SO(2,p,Q), a1 € Q?, and Hy has the following form

MO(E;ZLQ)

(o —tm )y (e —ti) (v —vm)]
_ W (Up — U ) U (U — U )
Hl - ( [(uk—umlﬁ (Vi —Vm)] <"k_um7$k—vm>p ) 5 (320)
\I}(“k_um) ‘Ij(uk_um)
det(H ) — (M)Q + ([(uk_um) (Uk_vm)])Q — 1 a1 = UV — H U
1 W (g —Um ) p U (U — U ) ; U1 k 1UE -
Here Fy(u;) = HyW (u;) + ag,Vj € Ny, where Hy € SO(2,p,Q), az € Q*, W = [Jwyll,, 1—; 5,
wip = 1, wig = woy =0, wey = —1, and Hy has the following form
(W (ur—um), vk —vm), _p[(W(uk—um)) (V1 —vm)]
— (W (up—tm)) U(W (ug —tm))
H,= ( [(W(uk—umﬁ) (v —vm)] <W(uk—um),kvk—vm Y ) ) (3.21)
U(W (up—um)) U (W (ug—tm))

(W (u 7um),v.7vm>p Uk — U Vi —Um
det(Hy) = (g s )? + p( g luseall)2 — 1 ay = v, — HyWouy.

(i1) Assume that k+1 <m and u MO2p.Q)
\I,(uk - um) = \IJ(Uk — Um),
<U/k — U, Uj — um)p = <Uk — Um,Vj — 'Um>p,Vj S Nm7k < ] < m.

Conversely, assume that the equalities Eq. hold. In this case, only two elements F, €
MO(2,p,Q) and Fy € MO(2,p,Q) exist such that v; = Fiu;,Vj € N,,, and v; = Fyu;,Vj €
N,.. Here Fi(u;) = Hy(u;) + a1,Vj € N,,,, where Hy € SO(2,p,Q), a; € Q%, and H, has the
following form Eq.. Here Fy(uj) = HoW(u;) + a1,Vj € N,,, where Hy € SO(2,p,Q),
a, € Q*, W = ||wkl”k,z:1,2f wi1 = 1, wie = wo; = 0, wey = —1, Hy has the form Eq. and
as = v, — HoWuy,.

v. Then the following equalities hold

(3.22)

Proof. A proof follows from Corollary Theorem and Theorem O
Let m > 2 and u = (uy,us,...,uy) € (Q*)™ be an m-tuple in Q* such that (u; — Uy, us —
Uy o e oy U1 — Up) € Us(m — 1,k,1). In this case, vectors uy — Uy, = (Ur1 — Umi, Upz — Ume) and

U — U, = (Upy — U1, Ugg — Upmz) are linearly independent. Denote by F(u — u,,1,,; k, 1) the following

2 X 2-matrix

Ukl — Um1  Ug2 — Um2

Uy — Um1 U2 — Um2 '
Since the vectors u, — u,, and u; — u,, are linearly independent, det(E(u — u,1,;k,1)) # 0. Denote
by ®(u — U1, k, 1) the following 2 x 2-matrix

Ukl — Umi p(qu - Um2)
Uy — Um1 p(ulz - Um2) '

Since det(P(u — U1k, 1) = p - det(E(u — Uy 1,5k, 1)) and det(E(u — un,1,,; k,1)) # 0, we obtain
that det(®(u — w15k, 1) # 0. This implies that the inverse matrix ®~*(u — u,,1,,; k,1) exists.
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Theorem 3.10. Let m > 2. Assume that u = (u1,ua, ..., Uy) and v = (v1,Va,...,0y) are (m —1)-
tuples such that (Uy — Upy, Us — Uy« « oy U1 — Upy) € Us(m—1,k,1), (V1 — Upy Vo — Vppy o+ U1 — Upy) €

Us(m — 1,k,1), where 1 <k <l <m—1.

MO(EJP;Q)

(1) Assume that u v. Then the following equalities hold:

{ <uk — U, Uy — Um>p = <'Uk = Um, U5 — vm>P’vj S Nm?k < j sm-— 1’ (323)

(W = Uy Wi — Upn)p = (U — Vs Vj — U ), VJ € Nppy, < j <m — 1.

MO(2.p,Q)

(17) Conversely, assume that the equalities Eq. hold. Then u v. In this case, the
unique F' € MO(2,p,Q)) exists such that v; = F(u;),Vj € Ny, and F has the following form
F(uj) = (@' (v — vyl K, )P (u — w1 k, 1)) (uy) + a,Vj € Ny, where a = vy — (P71 (v —
U Lo by D)@ (u — Uy 1y K, 1) ().

Proof. A proof follows from Corollary 2.23] and Theorem 0O
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Abstract. Let B be a complete Boolean algebra, let Q(B) be the Stone compact of B, let C(Q(B))
be the commutative unital algebra of all continuous functions x : Q(B) — [—00,+0o0], assuming
possibly the values +00 on nowhere-dense subsets of Q(B). We consider Maharam measure m defined
on B, which takes on value in the algebra L°(Q) of all real measurable functions on the measurable
space (€2, 3, 1) with a o-finite numerical measure . The decreasing rearrangements of functions from
C»(Q(B)), associated with such a measure m and taking values in the algebra L°(Q) are determined.
The basic properties of such rearrangements are established, which are similar to the properties of
classical decreasing rearrangements of measurable functions. As an application, with the help of the
property of equimeasurablity of elements from C, (Q(B)), associated with such a measure m, the
notion of a symmetric Banach-Kantorovich space (E, || - ||z) over L°(2) is introduced and studied in
detail. Here F C C(Q(B)), and |- ||z — L°(Q2)-valued norm in E, endowing it with the structure of
the Banach-Kantorovich space. Examples of symmetric Banach-Kantorovich spaces are given, which
are vector-valued analogues of classical LP-spaces, 1 < p < o0, associated with a numerical o-finite
measure.

Keywords: vector integration, vector-valued measure, decreasing rearrangements, equimeasur-
ablity, the Banach-Kantorovich lattice, symmetric space.

MSC (2020): 46B42, 46E30, 46G10.

1. INTRODUCTION

There are well-known examples of Banach-Kantorovich spaces constructed using integration theory
for vector measures with values in order complete vector lattice (K -spaces), in particular, in the
algebra L°(Q) of all classes of almost everywhere equal real measurable functions on the measurable
space (2, X, ) with a o-finite numerical measure p. Important examples of the Banach-Kantorovich
spaces include the ”vector-valued” analogues of the L,-spaces, 1 < p < oo [1], [2], and the Orlicz
spaces [3], [, [5], [6].

If Q is a singleton, then the class of Banach-Kantorovich spaces coincides with the class of real
Banach spaces, important examples of which are functional symmetric spaces. The theory of symmetric
spaces contains many profound results and has important applications in a wide variety of fields of
function theory and functional analysis, in particular, in the theory interpolation of linear operators,
ergodic theory and harmonic analysis (see for example, [7], [§], [9].

In the general theory of functional symmetric spaces, the notion non-increasing rearrangements
plays an important role as shown in [7], [§]. For an measurable function f € L°(Q) for which u({|f| >
A}) < oo for some A > 0, its non-increasing rearrangement f*(¢) is defined by

0 = inEA > 0 u({If] > A} < 1) = inf{ [ Fralle s A €S, fra € L¥(Q), p(@\A) <1, >0,

where y 4 is a characteristic function of the set A, and || - ||« is & uniform norm in algebra L>(Q) of
all essentially bounded functions from L°((2).

In this paper, we consider a measure m defined on a complete Boolean algebra B, which takes
on value in the algebra L°(Q). It is assumed that the measure m has the property Maharam, that
is, for any e € B, f € L°(Q), 0 < f < m(e), there exists ¢ € B, q < e, such that m(q) = f (such
measures are called Maharam measures). For the Maharam measure, there is always a unique injective
completely additive Boolean homomorphism ¢ from the Boolean algebra B(Q) = {q € L°(Q) : ¢ =
¢*} in Boolean algebra B such that V(m) = ¢(B(Q)) is a regular Boolean subalgebra of B, and
m(p(q)e) = gm(e) for all ¢ € B(R), e € B [10]. Moreover, the algebra L°(f2) is identified with the
algebra L°(V(m)) := Co(Q(V(m))) of all continuous functions z : Q(V(m)) — [—o0, +0o0], defined
on the Stone compact Q(V(m)) of a Boolean algebra V(m), such that 7! ({£oc}) is a nowhere dense
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subsets of Q(V(m)). It is clear that, the algebra C,(Q(V(m))) can be considered as a subalgebra
and as a regular vector sublattice of L°(B) = C.(Q(B)) (this means that the exact upper and lower
bounds for bounded subsets of L°(V(m)) are the same in L°(B) and in L°(V(m))).

Let LS, (92) be the set of all positive elements f € L°(Q). for which the support is s(f) := ig}f{m >

n~'} = 1. With the help of the L°(Q)-valued measure m : B — L°(Q2), non-increasing rearrangements
m(x,t) =inf{h € L% (Q) : m{|z| > h} <t -1},t >0,

for elements = from the algebra L°(B), is determined. Here 1 is a unit of Boolean algebra B.
In this paper, we study the properties of L°(Q2)-valued non-increasing rearrangements of m(z,t), in
particular, it is shown that for every fixed z € L°(B) and t > 0, the equality is true

m(z,t) = inf{||ze|| ro) : € € B, xe € L™(B,L(Q)), m(1 —e) <t-1},t >0,

where L*°(B,L°(Q2)) = {z € L°(B) : |z| < f for some f e L°(Q),} is a Banach-Kantorovich space
with an L°(Q)-valued norm

[2]|co,r0(0y = Inf{f € L°(Q); : |z| < f}, x € L>=(B,L%(Q)).

As an application, the notion of a symmetric Banach-Kantorovich space (E, || - ||g) over L°(f) is
introduced, where E C L°(B), and ||-||g is the L°(Q2)-valued norm in F, endowing it with the structure
of the Banach-Kantorovich space. Examples of symmetric Banach-Kantorovich spaces are given, which
are vector-valued analogues of classical LP-spaces, 1 < p < oo, associated with a numerical o-finite
measure.

Throughout the paper, we use the terminology and notation of the theory of Boolean algebras
[11], an order complete vector lattice [12], the theory of vector integration and the theory of Banach-
Kantorovich spaces [I], as well as the terminology of the general theory of symmetric spaces [7].

2. PRELIMINARIES

Let (2,3, ) be a measurable space with o-finite measure y, and let L°(Q2) = L°(, 3, i) be the alge-
bra of all real measurable functions on (2, ¥, 1) (functions coinciding almost everywhere are identified).
L°(Q) is an order complete vector lattice with respect to the natural partial order (f < g<g—f >0
almost everywhere). The weak unit is 1(w) = 1, and the set B(Q) of all idempotents in L°(Q) is a
complete Boolean algebra. Denote L°(Q), = {f € L°(Q) : f > 0}.

Let X be a vector space over the field R of real numbers. A mapping || ] : X — L°(Q) is called
an L°(Q)-valued norm on X if the following relations hold for any xz,y € X and \ € R:

(1) Jl2ll >0, [lz] =0 & = = 0;

(2) [all = Al Jlz];

3) [l +yll < [lz]| + [lyl-

The pair (X, || -||) is called a lattice-normed space over L°(Q). A lattice-normed space X is said to
be d-decomposable if for any z € X and any decomposition ||z|| = f; + f» into a sum of nonnegative
disjoint elements f, fo € L°(2), there exist x1, x5 € X such that x = z1+x,, ||z1|| = f1 and ||22]| = fa.

A net {z,}aca of elements of (X, | -||) is said to (bo)-converge to x € X if the net {||x — x4/ }aca
(0)-converges to zero in L°(€2), that is, there exists a decreasing net {f,},er in L°(Q2) such that f, | 0
and for each v € I' there is a(y) € A with ||z —z,|| < f, (a > a(y)) [I, 1.3.4] (note, that the o-
convergence of a net in L°(2) is equivalent to its convergence almost everywhere). A net {z,}aca C X
is called (bo)-fundamental if the net {z, — 25},pcaxa (bo)-converges to zero. A lattice normed
space is called (bo)-complete if every (bo)-fundamental network in it (bo)-converges to an element of
this space.

The Banach-Kantorovich space over L°(Q) is defined as a (bo)-complete d-decomposable lattice-
normed space over LY(Q). If a Banach Kantorovich space (X, || - ||) is in addition a vector lattice and
the norm || - || is monotone (i.e. the condition |z| < |y| implies ||z|| < ||y|| for z,y € X ) then it is
called a Banach-Kantorovich lattice over L°(Q) (see [1],[2]). Useful examples of Banach-Kantorovich
lattices are constructed using vector integration theory. Let us recall some basic notions of the theory
of vector integration (see [1],[2]).
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Let B be a arbitrary complete Boolean algebra with zero 0 and unit 1. A mapping m : B — L°(Q)
is called a L°(Q)-valued measure if it satisfies the following conditions: m(e) > 0 for all e € B;
m(eV g) = m(e) +m(g) for any e, g € B with e A g = 0; m(e,) J 0 for any net e, | 0, {e,} C B.

A measure m is said to be strictly positive, if m(e) =0 implies e = 0. A strictly positive L°(Q)-
valued measure m is said to be decomposable, if for any e € B and a decomposition m(e) = fi + fo,
fi, f2 € LY(Q), there exist e;,e; € B, such that e = e; V ey, m(e) = fi and m(ey) = fo. A
measure m is decomposable if and only if it is a Maharam measure, that is, the measure m is strictly
positive and for any e € B, 0 < f < mf(e), f € L°(Q), there exist ¢ € B, q < e, such that m(q) = f
[13].

The following statement shows that, in the case of the Maharam measure m, there is a natural
embedding of the Boolean algebra B(f2) into the Boolean algebra B.

Proposition 2.1. [10, Proposition 2.3]. For each L°(Q)-valued Maharam measure m : B — L°(2),
there exists a unique injective completely additive homomorphism ¢ : B(Q) — B such that
©(B(R)) is a regular Boolean subalgebra of B, and m(p(q)e) = qm(e) for all ¢ € B(Q), e € B.

Let Q(B) be the Stone compact of a complete Boolean algebra B, and let L°(B) := C.(Q(B))
be the algebra of all continuous functions x : Q(B) — [—00, +00], such that 27! ({£o0}) is a nowhere
dense subsets of Q(B). Denotes by C(Q(B)) the Banach algebra of all continuous real functions on
Q(B) with the uniform norm ||z||. = sup |z(t)].

teQ(B)

We denote by s(x) := sup{|z| > n~'}, the support of an element x € L°(B), where {|z| > \} € B
n>1

is the characteristic function x g, of the set E\ which is the closure in Q(B) of the set {t € Q(B) :
lz(t)] > A}, A eR.

Let m : B — L°(2) be a Maharam measure. We identify B with the complete Boolean algebra
of all idempotents in L°(B), i.e., we assume B C L°(B). By Proposition 1, there exists a regular
Boolean subalgebra V(m) in B and a Boolean isomorphism ¢ from B() onto V(m) such that
m(p(q)e) = gm(e) for all ¢ € B(Q2), e € B. In this case, the algebra L°(Q) is identified with the
algebra L°(V(m)) = Co(Q(V(m))) (the corresponding isomorphism will also be denoted by ¢), and
the algebra C,.(Q(V(m))) itself can be considered as a subalgebra and as a regular vector sublattice
in L°(B) = C..(Q(B)) (this means that the exact upper and lower bounds for bounded subsets of
L°(V(m)) are the same in L°(B) and in L°(V(m)). In addition, L°(B) is an L°(V(m))-module.

We now specify the vector integral of the [I] for elements of some abstract o-Dedekind complete
vector lattice. Take as a extended o-Dedekind complete vector lattice the algebra L°(B). Consider
in L°(B) the vector sublattice S(B) of all B-simple elements of z = Y a,e;, where ay,...,a, € R

=1
and ej,...,e, € B are pairwise disjoint. Let m : B — L°(Q2) be a L°(2)-valued measure on B. If
x € S(B) then we put by definition

I,.(z) ::/ xdm = iakm(ek).

k=1

As was described in [I], the integral I,, can be extended to the spaces of m-integrable elements
LY(B,m). On identifying equivalent elements, we obtain the K,-space L'(B,m). For each z €
L'(B,m) (the entry x € L'(B,m) means that an equivalence class with a representative of z is
considered) the formula

ol = [ faldm

defines an L°(Q)-valued norm, that is (L'(B,m), ||x||1..) is a lattice-normed space over L°(2) (see [I}
6.1.3]). Moreover, in the case when m : B — L°(Q) is a Maharam measure, the pair (L'(B,m), ||| 1.m)
is a Banach-Kantorovich space. In addition, L°(V(m))-L'(B,m) C L*(B,m), [(¢(a)z)dm = a [ zdm
for all z € L'(B,m), a € L°(Q) [I, theorem 6.1.10].

Let p € [1,00), and let
L(B,m) = {z € L(B) : [+ € L}(B,m)},
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el o= [ [ leledm]?, o € (3, m).

It is known that for the Maharam measure m the pair (LP(B,m),||z|/,n) is the Banach-Kantorovich
space [2, 4.2.2]. In addition,

o(a)r € LP(B,m) ¥ z € L*(B,m), a € L°(Q), 1 <p < oo,

and [lp(a)z]lpm = |all|l]lpm-

In what follows we identify p(L°(2)) and L°(V(m)), and instead of ¢(f) we will write f € L°(Q).

The element z € L°(B) is called L°(Q)-bounded, if there exists an element f € L°(Q), such that
|z| < f. Denote by L>(B, L°(Q2)) the set of all L°(Q)-bounded elements from L°(B). It is clear that
L>(B, L°(Q)) is a subalgebra in L°(B), as well as order complete vector sublattice in L°(B), moreover,
190)'C L=(B, 1°(9)), C(Q(B)) € L~(B, ().

For each x € L>=(B, L°(Q) put

2| co,L0() = Inf{f € L°(Q)4 : || < f}.

It follows directly from the definition of element ||z||oo,z0) € L°(Q); that |z| < ||2|s,z0(0). The
following results follow from the work of [14].

Theorem 2.2. (L*(B,L°(Q)),] - |l,L0()) s the Banach-Kantorovich lattice over L°().

3. DISTRIBUTION FUNCTIONS AND DECREASING REARRANGEMENTS, ASSOCIATED WITH A
MAHARAM MEASURE

Let m be L°(2)-valued Maharam measure on a complete Boolean algebra B. In the rest of this
section we assume that m(1) = 1.

Denote by LY, () the set of all positive elements A € LY (€2) such that s(A\) = 1. It is clear that
for any A € LY, () there exists A™' € LY () such that A- \~' = 1.

The following notation is used below for the elements x,y € L°(B)
{z >yt =s((z—y)4), {z<yl=s(lz-y)-), {z=y}:=1-s((x—y)-),
{z<y}:=1-s((z—-y)).

Definition 3.1. Let 0 < 2 € L°(B) and h € L, (Q). The L°(Q)-valued distribution function
d(;z) : LY, () — L°(Q)4 is defined by

d(h; z) := m({z > h}),

where {x > h} € B is the idempotent in the algebra L°(B), which is the characteristic function x g, (x)
of the closure Ej(x) of the set {s € Q(B) : z(s) > h(s)}.

Note that L°(Q)-valued distribution function d(z) is also given by

d(h ) = / X eydm, b L, (Q).

A mapping d(.,z) is decreasing, and right-continuous, that is, if h, € L9, (Q),n = 0,1,..., and
hn L ho, then d(ho;z) =supd(h,;x).
n>1

Proposition 3.2. Suppose x,y,z, (n=1,2,...) belong to L°(B), and let h,g € L} (Q). Then
(4). If |z < [y, then d(h;|z|) < d(h; |yl);
(id). d(h; gla|) = d(%; |2]);
(iii.) If £ > 0,y > 0, hy,hy € LY (), then d(hy + ho;x +y) < d(hi;z) + d(hos y);
(). If |z, | 1 ||, then d(h;|z,|) T d(h;|z|) for every h e LY ().
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Proof. (i). If |z| < |y, then {|z| > h} < {]y| > h}. Consequently,
d(h; []) = m({|z| > h}) < m({ly| > h}) = d(hs ly]).

(ii). d(h; gla]) = m({glz| > h}) = m({|x| > 2}) = d(; [«]).

(131). If s € Q(B) and x(s) + y(s) > hi(s) + ha(s), then either z(s) > hy(s) or y(s) > ha(s).
Therefore {x +y > hy + heo} < {x > hi} V{y > ha}. Consequently,

(iv). We fix h € L9 (Q) and put Gi(z) = {s € Q(B) : |z(s)| > h(s)}, Gr(z,) = {s € Q(B) :
|z, (s)| > h(s)}, (n = 1,2,...). Since |z,| < |x,41|, then Gp(x,) C Gp(x,41). Furthermore, the
condition |z,| T |z| imply that Gn(x) = U Gi(z,). Hence, by the monotone convergence property

n=1

of measure m, we have

d(h; |zn]) = m({|zn] > b}) T m({|z| > h}) = d(h; [x]).

Example 3.3. Let t =e € Band he L%, (Q). Then
d(h;e) = m({e > h}) =m(e), if h <1, and d(h;e) =0, if h>1.

It will be worthwhile to formally compute the L°(2)-valued distribution function d(z) of a positive
B-simple element x € S(B) :

Example 3.4. Let x € S(B), i.e.

x = Z ager, (1)
k=1
where ay,...,a, € R" =(0,00), and ey,...,e, are pairwise disjoint elements of B. Without loss of

generality we may assume that a; > as > ... > a, > 0. Then

k

d(h;z) = Zm(ei) if g1 1<h<a-1 (helf, (Q), (2)
i=1
where £ =1,2,...,n, and o, =0.

Definition 3.5. Two positive elements z,y € L°(B) are said to be m-equimeasurable, if they have
the same distribution function, that is, if d(h;z) = d(h;y) for all h € L} (Q).

Example 3.6. Two idempotents e;,e; € B are m-equimeasurable if and only if m(e;) = m(ez) (see

Example .
Example 3.7. Let 2,y € S(B),, = = Z arer and y = Z Brgr, where ay, B € Ry, a3 > as >

o> a >0, B> B> ... > 06,>0, and {er}, respectlvely, {gx} are pairwise disjoint elements of
B. By Example we have

k
d(h;z) = Zm(ei), if apy1-1<h<a-1,

i=1

k
= Zm(gi), if Brsr-1<h<pp-1(helLf, (Q),

where k=1,2,...,n, and «a,41 = B,41 =0.
k
From equality d(h;z) = d(h;y) we get o, = B and Z m(e;) = > m(g;) forall k=1,...,n. Of
=1
the last equalities by k& = 1 we have m(e;) = m(gy). Further if k = 2 the equality m(e;) + m( 9) =
m(g1) +m(gs) is true, thus m(ez) = m(g2), etc., when k = n we get m(e,,) = m(gn).
Thus the elements =z and y m—equimeasurable if and only if ay = 8; and m(ex) = m(gy) for
all k=1,...,n
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Note that the statement from Example 4 holds for simple elements a,b € S(B),, a = Y typr
=1

n

and b = ) spqx, where t,s, € Ry, 0 <t <ty < ... <t,, 0<s < sy <...<s, and

k=1
n—1

{pr}, respectively, {qi} are pairwise disjoint elements of B. It is clear that a =z = )" ¢,_yp,_ and
k=0

n—1
b=vy= > Sy rn_r, where ty,s, € Ry and t, >t, 1 >...>t; >0, 8, > 8,1 >...> 5 >0.
k=0

Accordingito the above, we have that the elements z and y m-equimeasurable if and only if ¢, = s,
and m(p,) =m(qy) forall k=1,... ,n.

Definition 3.8. The L°(Q)-valued decreasing rearrangement of x € L°(B) is the mapping m(.;z) :
(0,00) = L°(Q), defined by
m(t;x) = inf{h € LY (Q) : d(h;|z]) <t-1}, t > 0. (3)
It is clear that m(t;x) < m(s;x) for s < t. In addition, the map m(t;z) has the following useful
continuity property.

Proposition 3.9. If t,,t>0,n=1,2,..., and t,}t, then m(t;z)=supm(t,;z).

n>1

Proof. Let t,,t >0,n=1,2,..., and t, | t. Then

m(t;z) = inf{h € L (Q) : d(h;|z]) < 711211 t,} =inf {h € LY (Q) : d(h;|z]) < t, forall n>1}

= sup {inf{h € L () : d(h; |z|) < t,,}} = sg[l)m(tn;:c),

n>1

ie. m(t;x) =supm(t,;x). O
n>1

Example 3.10. Now we compute the L°(Q)-valued decreasing rearrangement of the B-simple element

x given by (1). Let h € L9, () and let Ay = Y m(e;),(k = 1,2,...,n). Then according to (2) we
1=1

have

0, h Z - 1,

dlh;z) =<9 X, app1-1<h<o,-1, 1<k<n-—1;
A, O0<h<a,l.

Referring to (3), we see that m(t;z) =0ift-1 > A,. Also,if A\, >¢t-1> \,_;, then m(t;z) = o, - 1,
and if \,_; >¢-1> X\, o, then m(t;2) = a,,_1 - 1, and so on. Hence,

1 1, O<t1§)\1,
mt;x) =< a1, A>t-1>XNq, 2<k<n-—1, (4)
0, t-1>\,

Example 3.11. Let z,y € S(B)y, x =Y, aper, and y = Y Brgr (see Example . Let m(t;z) =
k=1 k=1

m(t;y) for all ¢ > 0. Then the elements x and y are m-equimeasurable.

Indeed, if 0 < ¢ -1 < Ay, then by (4), m(t;x) = ;- 1. Hence m(t;y) = «y - 1 if and only if 5, = oy
and 1 = m(g1) = m(e1) = A1 Also, if Ay > ¢-1 > Ay, then m(t;2) = oo - 1 = m(t;y). Because,
Bo = ay and pe = m(g1) + m(gz) = m(ey) + m(ez) = Ag, i.e. m(g2) = m(es), and so on. For t-1 >\,
we have (8, = «,, and m(g,) = m(e,). Therefore, the elements = and y are m-equimeasurable (see

Example .
For fixed = € L°(B), t > 0, we put

£(t; ) = inf{||xel|co,z0(0) : € € B, we € L®(B,L(Q)), m(1 —e) <t-1}. (5)
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Proposition 3.12. For any = € L°(B), t > 0 the equality
§(t;z) = m(t; x),
is true, in addition, m{|z| > m(t;z)} <t-1.
Proof. Fix t > 0, and put
H(z)={h e L5, (Q):d(h;|z]) <t-1}.

If hi,hy € H(z), e = {hy < hy}, then h=h; Ahy="h;-e+hy-(1—e)e L5, (Q), in this case, by
virtue of Proposition [2.1] we have

d(h;lz]) = m({Jz| > h}) = m({|z| > h})-e+m({|z]| > ho}) - (1 —e) <t-e+t-(1—e)=t-1,
i.e. hy Ahy € H(z). Using mathematical induction, we obtain that for any finite set {h;}?_, C H(z),

the inclusion A h; € H(z) is true. Since (£, %, 1) is a measurable space with o-finite measure pu, the
=1

Boolean algeb;a B(€2) has a countable type, i.e. any family of pairwise disjunct elements from B(2) is
at most countable. Hence there exists a sequence {h;}3>,; C H(z) for which hy | g(see, for example,
[12, Chapter VI, §3]), where

g=m(t;z) =inf{h € L (Q) : d(h;|z]) < t-1} € LO(Q),.
Since hy | g and for all k€ N the inequality d(hy;|z|) <t¢-1 is true, then
£-1 > d(hs|al) 1 d(g: |o]).
In particular, the inequality
m{|z| > g} =d(g;|z]) <t-1 ie. m(l—e)<t-1,

is true, where e = {|z| < g} € B. Since |z|e < g € L°(Q),, then ze € L>(B, L°(Q)), in addition, the
inequality ||zelle,Lo0) < g is true. Hence, £(t;2) < g = m(t;x).
To prove the reverse inequality, we set

E(x)={e€ B:zec L™(B,L°(R)), m(1 —e) <t-1}.

By (5), we have £(t;2) = inf{||ze||o, o) : € € E(x)}. Suppose that the inequality m(t;z) = g <
&(t;x) is not satisfied. Therefore, there exists an e € E(x) for which the inequality ¢ < ||z€|s,r00)
does not hold. In particular, this means that there exist 0 # ¢ € B(Q2), € > 0, for which the
inequalities

|req| < llzeglloo o) = [lzellco, o) - ¢ < 49 + €4

are true.
Let r = {|ze| > qg + 2¢ - ¢} € B. From the relations
lzelrq > (g9 +2¢-q)g =qg+2¢-q>qg+c-q> |veq| = |zelq

it follows that |ze|rq > |re|q, which is impossible.
Thus, the inequality m(t;z) < £(t;z) is satisfied. Consequently, the equality &(¢;2) = m(t;z) is
true. O

In the next proposition, some basic properties of L°(Q)-valued decreasing rearrangements are col-
lected.
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Proposition 3.13. Let z,y € L°(B), t > 0. Then
(). &(ta) = mt{[|z — z]lc ro() : 2 € By, (v —2) € L=(B, L(Q))},
where Ry = {z € L°(B) : m(s(|z])) <t-1}, s(|z]) the support of |z|.

(13). m(t;z) = m(t;|z|) and m(t;  \x) = [A\|\m(t;z) for all X € R;
(zir). If m(s(z)) <t-1, then m(t;x)=0;

(). If 2| < [y, then m(t; x) < m(t;y);

(v). mty +to;x +y) <mlty;x) +m(ta;y) for all ty,ta > 0.

(vi). If ©e€ L>~(B,L°N)), t, >0, n=1,2,..., and t,10, then

2] oo, 20 () = sup m(t,; z).
n>1

(vii). If x,,x € L°(B), ne€N and 0<z, 1z, then m(t,z,) T m(t,x) for allt > 0.
Proof. (i). We put
h =inf{||z — z|co,ro@) : 2 € Ry, (x —2) € L™(B,L°(Q))}.

If 2zeé Ry, x—2€ L>*(B,L°(Q)) and e =1—3s(|z|), then e € B, (x—2)e==xe and |ze| < |z —2|.
Hence ||z€| s, ro(0) < | — 2||o0,L0()- Since z € R;, then m(1 —e) = m(s(|z])) < t-1. Therefore,

&(t; ) = inf{||xel|co,r0(0) : € € B, we € L®(B,L%(Q)), m(1 —e) <t-1} <h.

To obtain the reverse inequality, we fix ¢ > 0 and for elements u = s(z;)—s(z_) € L°(B), p = {|z| >
&(t;2)} € B put 2 = up|z|, e =1—p. Then x—2z = u|z|—up|z| = u(1—p)|z| = vex € L>=(B, L°()),
moreover,

[ = 2lloo, o) = [luelz] lloo, o) = llezlloo, o) = lle|#[llco, o) < E(E; ).

By Proposition |3.12) we have
m(s(|z])) = m{lz| > £(;2)} < t-1,
i.e. z € R;. Therefore,

inf{||z — z||oo,r0(0) : 2 € Ry, (x — 2) € L™(B,L°(Q))} < &(t; ).

(ii). The equality m(t;z) = m(t;|xz|) follows directly from the definition of the mapping m(t; x).
If 0# A eR, then
m(t; Ax) = inf{h € LY, (Q) : m{|\z| > h} <t -1} =

=inf{h € L (Q) : m{|z| > [N\|7'h} <t 1} =
=inf{|Ng € LY, () : m{|z| > g} <t-1} =
= \inf{g € L9.(Q) : m{le| > g} < t-1} = \m(t;2).

(¢3i). Since m(s(z)) <t-1 and {|z| > L1} < s(z), then m{|z| > 2.1} <¢-1 forall n € N.
Therefore, m(t;z) = 0.

(). If |z| < |y|, then d(h;|z|) < d(h;l|y|) forall h e L (), and therefore m(t;z) < m(t;y).
(v). For all hy, hy € L°(Q), the following inequality holds

{lz+yl > hy 4+ ho} < {lz] > ha} v {ly| > ha}.

Hence m{|z + y| > hy + ho} < m{|x| > hi} + m{|y| > ho}.
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We fix ¢ > 0 and set hy = m(t1;x), ho = m(t2;y) + ¢ - 1. Using the inequality m{|y| > ho} <
m{|y| > m(ts;y)} and Proposition we have

m{lz +y| > m(ti;x) + m(te;y) + -1} < m{|z| > m(t;2)} + m{ly| > m(t2;y) +e-1} <
< t-T4+m{lyl > m(ta;y)} < (0 +12) - 1,

ie. m{|x +y| > m(ti;x) + m(ta;y) +e- 1} < (1 + o) - 1.
Since m(ti;x) + m(to;y) +e -1 € LY (), then from the definition of the mapping m(t;x) the
following inequality follows

m((t: +ta);z +y) <m(t; @) +m(tz;y) +e- 1.
From here, at ¢ ] 0, we obtain the required inequality

m((t1 +t2);x +y) < m(ty;z) + m(ts;y).

(vi). First we show that for all ¢ € B(Q), x € L>(B,L°(Q)), t > 0 the equality £(¢;qx) = ¢¢(¢;x)
is true. Since

£(t; qx) = inf{||qzel| s, o) : € € B, qre € L>(B,L°(Q)), m(1 —e) <t-1} =

= inf{gllgze]wo o) : € € B, qre € L™(B,L°()), m(1 —e) <t-1} = ¢&(t;qx),
then from the inequality |gz| < |x| and Proposition follows the inequality ¢§(¢;qx) < ¢&(t;x)
(see property (iv)).
On the other hand, if e € B, qze € L>*(B,L°(Q?)) and m(1—¢e) <t-1, then

{(tx) = ¢€(t2) + (1 — )&t 2) < qllgzelco o) + (1 — @)&(t; ).
Therefore,
g€t ) < gllgrelloo o) < llgzellco, o),
and hence ¢€(t;x) < £(t;gx). Thus, the equality £(t;qz) = ¢€(t;z) is true.

If z € L>*(B,L°Q)), then z-1¢€ L>®(B, L)), and it follows directly from the definition of the
mapping &(t;x) that &(¢;x) < ||@]/eo,ro() for all ¢ > 0. Moreover, the inequality &(ti;2) < £(to; )
is true at 0 <ty < t;.

Thus, &(tn;z) T2 < ||2|lse,z0(0) at t, | 0 for some z € L(Q),.

If 2 # |||, L0(), then for any e > 0 exist ¢. € B(f2), that

E(tns2qe) = E(tn; )G < 2¢e < g - |20, 0(02)
for all t, € (0,¢). Hence, by virtue of proposition we get that
m(tn;xq.) = &(tn; 2q.) < zq. for all ¢, € (0,¢).
Again using proposition we have,

m(ﬂxQE’ > th’:‘}) S m({|:€q5| > m(tn’xqa)}) S tn -1

for all ¢, € (0,e). Therefore, m({|zg:| > 2¢.}) = 0. This means that |zq.| < z¢., in particular,
|£qe | 0,200y < 2q., which is not the case. Thus,

1] 00, L0 (2) = Slil;ﬁ(tn; ).

(vit). Since m(t,z,) < m(t,z,1) < m(t,z) for all n = 1,2,... and ¢t > 0, it is clear that

m(t,z,) T, and that

supmt, ) < mit, z)

n>1
for all ¢ > 0. For the proof of the reverse inequality, it may be assumed that ¢ > 0 is such that
m(t,x,) < h, for some h € L% (Q). Hence d(h,z,) < t-1 for all n. Since d(h,z,) 1T d(h,z)
(Proposition [3.2[iv)), it follows that d(h,z) < ¢-1. Thus m(t,z) < h. This suffices to show that
m(t,xz) < sup,,~, m(t,z,). Consequently m(t,x) = sup,,~, m(t, z,). O
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Corollary 3.14. For any z,y € L>*(B,L°(Q)), t > 0 the inequality holds

1€t 7) — £y < |2 — Ylloo,zo@)-

Proof. By proposition (v) we have that

E(tr +to3x) =&(t + oy + ( —y) < E(tsy) + & —y) < E(tsy) + 12— ylloo,Lo)-

Similarly,

§(ty +to3y) =&t + sz + (y — 2)) < &t z) + E(tsy — 2) < E(t2s2) + |2 — Yoo, Lo(0)-

Assuming t; = t, t = 0, in these inequalities, we obtain

E(tx) <&t y) + 17 = Ylloozo) and E(y) < E(E2) + (|2 — Yoo o),

from which it follows that [£(t;2) — (¢ y)| < |2 — ylloo,20(0)- a

4. SYMMETRIC BANACH-KANTOROVICH SPACES

In this section, a class of symmetric Banach-Kantorovich spaces is introduced and examples of
such spaces are given. We will need the following useful property about the equality of integrals for
integrable m-equimeasurable elements.

Theorem 4.1. Let 0 < x € L°(B) and 0 <y e L'(B,m). If© and y m-equimeasurable, then
z € LY(B,m) and [xzdm = [ydm.

Proof. Let z,y € S(B)4, = =

arer, and y = Y. Brgr.- Then by m-equimeasurable x and y
k= k=1

/mdm = ;akm(eﬁ = ;ﬁkm(gk) = /ydm.

Let now z € L°(B);, 0 <y € L'(B,m) and d(;z) = d(;y). Let us, first assume that
y € C(Q(B)). Recall that by assumption m(1) = 1, and therefore C(Q(B)) C L*'(B,m)), in this
case, ||yllim < ||yll«l. Without loss of generality we may assume that ||y|l. < 1 (see Proposition
3.7(ii)). Since d(.;z) =d(.;y), then m{x > 1} = m{y > 1} = 0, that is ||z|l < 1, and therefore
xz € LY(B,m).

Note that from the identities

1
(see Example 4),

m{z <t-1}=m(l)—m{x >t-1} =m1)—m{y>t-1} =m{y <t-1}
using the equalities
{s-1l<z<t-1}={z>s-1}—{x>t-1},{s-1<y<t-1}={y>s-1} —{y>t-1}
for any 0 < s < t, we obtain
m{s-1<zx<t-1}=m{z>s-1}—-m{z>t-1}=m{y>s-1}—-m{y>t- 1} =m{s-1 <y <t-1}.

We now show that there are increasing sequences of positive simple elements x,, € C(Q(B)) and
Yy, € C(Q(B)) (n =1,2,...), such that x,, T = and y, T y and the equalities d(t;z,) = d(t;y,) are
true for all n = 1,2, ....

Consider the following two sequences
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where e, = {11 <z < £ -1}, g ={%" 1<y < £ -1}. Since d(;z) = d(;y), then
m(er) = m(gx), and therefore (t;x ) = d(t;yn) (see Example 4). Hence,
2™ k‘ 2m
/:cndm = Z /ynme/ydm
k=1 k=
Thus,

/xdm = (0)- lim [ z,dm = /ydm.

n— oo

Now let y be an arbitrary positive element L'(B,m). Consider two increasing sequences of
positive elements of C(Q(B))

where p, ={r <n-1}, ¢,={y <n-1}. It is clear that

m{z, >t-1} =mf{zp, >t -1} =m{t- 1<z <n-1}=m{t-1<y<n-1} =

=m{yg, >t-1} =m{y, >t-1}

for any ¢ € RT. Since y, is an integrable element of C(Q(B)), it follows from the above, that
[ xndm = [ y,dm. At the same time, there is a limit

(0)- lim [ xz,dm = (0)- lim [ y,dm = /ydm.

n—oo n—oo

Hence x € L*(B,m) and [xzdm = [ydm. O

Corollary 4.2. Let 0 <z € L°(B) and 0<y € L?(B,m), p> 1. If * and y m-equimeasurable,
then x € LP(B,m) and ||z|pm = |yllp.m-

Proof. Since y? € L'(B,m) and
m{z? >t-1} =mf{z >tr -1} =m{y > tr -1} = m{y? > t-1}

for any t € R, p > 1, then for the elements 27 and y? the proof of Theorem 4.1 is preserved, by
virtue of which we obtain

2P € L'(B,m) and /:Epdm: /y”dm,
ie. x € LP(B,m) and ||z|pm = |yllpm- O

Definition 4.3. Let E be a nonzero linear subspace in L°(B) with the property of ideality, i.e.
for z € L°(B) and y € E, from |z| <|y| it follows that x € E. Consider the L°(Q)-valued norm
|| - ||z on E, which endows E with the structure of a Banach-Kantorovich lattice. We say that E is
a symmetric Banach-Kantorovich space over L°(Q), if m-equimeasurablity of the elements z and v,
where z € L°(B),, 0 <y € E, implies that x € F and ||z||z = ||y||&-

The main and most important examples of symmetric Banach-Kantorovich spaces are the spaces
L?(B,m), 1 <p<oo, and L>(B,L(Q)).

Theorem 4.4. (7). (LP(B,m),|| - llp.m) is a symmetric Banach-Kantorovich space over L°(Q) for
every 1 < p < oo.
(id). (L=(B, L), | - lloo,L0(e)) is a symmetric Banach-Kantorovich space over L°(€).
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Proof. (i). According to [T, Section 6.1], linear subspace L'(B,m) C L°(B) has the ideality property,
moreover, the norm |[|-||; ,,, is monotone, and the space L*(B, m), equipped with this norm, is a Banach-
Kantorovich lattice. It remains to apply theorem 2, by virtue of which the pair (L'(B,m),|| - [|1.m) is
a symmetric Banach-Kantorovich space over L°(Q).
Now let |z| < |y|, z € L°(B), y € LP(B,m), where 1 < p < oco. Since |z|? < |y|? € L*(B,m), then
|z|P € L'(B,m) and
[2l[5 = Pl < MYPllm = 1Yl 0

and therefore |||/, < |Yllpm, 1.e. || - [|pm is L°(Q)-valued monotone norm on LP(B,m), which
endows LP(B,m) with the structure of a Banach-Kantorovich lattice over L°(€2). It remains to apply
Corollary 2, by virtue of which the pair

(LP(B,m), || - ||p.m) is a symmetric Banach-Kantorovich space over L°(Q).
(ii). By Theorem 1, the pair (L>=(B, L*(Q)), || - ||oo,0()) is a Banach-Kantorovich lattice, moreover,
it is clear that L>(B, L°(Q)) has the ideality property and the norm || - ||o,z0(0) is monotone on

L>=(B,L°(Q)).
Let z € L°(B), y € L*(B,L(f)), and let = and y be m-equimeasurable. Assign h(e) =
ylloo,Lo(2) +€-1, € >0. Since h(e) € LY, (), then

m{lz| > h(e)} = m{[y| > h(e)} = 0.

Hence, |z| < h(e), and therefore x € L*(B,L°(Q), moreover, ||, o) < h(e) for every e > 0.
From this it follows that ||2||e,zo) < ||Yllse,L0(0)-
Let’s put now hi(g) = ||||oo,00(0) + € -1 € L} (), € > 0. Using equalities

milyl > hi(e)} = mflz| > hi(e)} = 0,

we get that ||y|le,zo) < hi(e) for every e > 0. This means that ||y|/oc,z0() < ||#]/oo,z0(). Thus,
|0, o) = [Ylloo,0(2)-
Consequently, (L>(B,L°(Q)), ||||eo,z0(0)) is a symmetric Banach-Kantorovich space over L°(Q). O

Following the general theory of functional symmetric spaces, consider a space L'(B,m) N
L>(B, L°(Q) with a norm

Izl oz = N2llim V [@lloo, o), € L'(B,m) N L*(B, L(2)).

Proposition 4.5. (L'(B,m)N L>*(B,L°(Q)),| - [|z1nr~) is a symmetric Banach-Kantorovich space
over L°(92).

Proof. Since m(1) = 1, and for every x € L>(B,L°(Q)) the inequality |z| < [|2]|oo,0() is true,
then L>°(B,L°(R)) C L'(B,m), moreover, ||z||1,m < ||| c,L0(). Hence, L'(B,m) N L>*(B, L° () =
L>(B,L°(Q)) and [|z|/1m V ||2]|co,z0(0) = ||Z]|oo,0()- Thus, the pair

(LH(B,m) N L=(B, L(Q)), || - [ rare (B, L) = (L=(B, L(Q), || - llsc.co(e)
is a symmetric Banach-Kantorovich space over L°(Q) (see Theorem 4.4 (ii)). O

5. CONCLUSION.

In the present work we consider vector-valued Maharam measures m defined on a complete Boolean
algebra B with values in the algebra L°(f2) of all measurable real functions defined on a measurable
space (€2, X, 1) with a o-finite numerical measure p. We define and study the L°(€)-valued decreasing
rearrangements of functions from C, (Q(B)) associated with the measure m and taking values in
the algebra L°(Q) (here C.(Q(B)) is the commutative unital algebra of all continuous functions
x: Q(B) — [—00,+00], assuming possibly the values 0o on nowhere-dense subsets from the Stone
compact Q(B) of B). A class of symmetric Banach-Kantorovich spaces associated with a measure m
is introduced and examples of such spaces are given.
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Abstract. In this paper we study a ratio-dependent predator-prey model with a free boundary caused
by predator-prey interaction over a one dimensional habitat. We study the long time behaviors of the
two species and prove a spreading-vanishing dichotomy; namely, as ¢ goes to infinity, both prey and
predator successfully spread to the whole space and survive in the new environment, or they spread
within a bounded area and eventually die out. The criteria governing spreading and vanishing are
obtained.
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1. INTRODUCTION

In this paper, we consider the following ratiodependent predatorprey model,

b
ut—dluxm—kluszu—uQ—#ﬁ’w, t>0, 0<uz<s(t),
vt—d2vm—k2vw:av—v2—%, t>0, 0<uz<s(t),

d
wt—dg,wm—kg,ww:w—wz—%, t>07 0<$<S(t),

u(0,2) = ug(x),v(0,2) = vo(x), w(0,z) = we(z), 0<z<s9=-s5(0),
uz(t,0) = v, (¢,0) = w,(t,0) = u(t, s(t)) = v(t,s(t)) = w(t,s(t)) =0, t>0,
5(t) = —p (ug + pv, +w,), t>0, x=s(t),

where A\, b, m,d, dy, do, ds, k1, ko, k3, a, ¢, i1, p, So are given positive constants, u, v and w stand for the
prey and predator densities, respectively. The function x = s(t) is the moving boundary determined
by u(t,z), v(t,x) and w(t, x) which is the free boundary to be solved. The initial functions wuy(x) and
vo(x) satisfy the conditions

g, vo, wo € C? ([0, 50]) , uo (), vo(x), wo () > 0,2 € [0, 50),
ug(0) = o (s0) = v5(0) = o (s0) = w,(0) = wo (s0) = 0.

Here, u(t,z), v(t,z), and w(t,x) denote the densities of the prey population and the two predator
populations, respectively. The terms d;u,, represent diffusion, while k;u, represent advection or
directional drift. The logistic growth (and decay) terms are given by Au — u?, av — v?, and w — w?.
The ratio-dependent interaction terms have the form, for example, —% for the prey and similar
(with different signs or coefficients) for the predators.

The denominator u + mwv + nw introduces a ratio dependence in the interaction, indicating that the
effect of predation (or any other interaction) depends not only on the absolute densities, but also on
their relative proportions.

The coeflicients b, ¢, d regulate the strength of the interaction, while the parameters m, n weigh
the contributions of v and w in the functional response.

This concise stepbystep formulation sets the stage for further analytical or numerical analysis of the
system such as proving existence, uniqueness, and exploring the long-time behavior of the solutions.

According to the classic Lotka-Volterra type predator-prey theory, there exist a ”paradox of enrich-
ment” stating that enriching the prey’s environment always leads to an unstable predator-prey system,
and a ”biological control paradox” which states that a low and stable prey equilibrium density does
not exist. These two situations are inconsistent with the real world. In numerous settings, especially
when predators have to search, share and compete for food, many mathematicians and biologists have
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confirmed that a ratio-dependent predator-prey model is more reasonable than the prey-dependent
model (see [12, 13} 28] 30, [34] ).

The free boundary is modeled by the equation $(¢) = —u (u, + pv. + w, ), which can be regarded as
a special case of the Stefan condition in two phases. Here, the moving front is assumed to propagate
at a speed proportional to the gradients of the prey and predator densities. This is in line with the
tendency for both predator and prey to constantly move outward from some unknown boundary (free
boundary). Suppose that the predator only lives on this prey as a result of the features of partial
eclipse, picky eaters, and the restraint of external environment. In order to survive, the predator
should follow the same trajectory as the prey, and so is roughly consistent with the move curve (free
boundary) model. This model can be used to study the following two common phenomena: (i) the
effect of controlling pest species (prey) by introducing a natural enemy (predator); (ii) the impact of
a new or invasive species (predator) on a native species (prey).

The Stefan condition arises from the study of melting ice in water [35], but has come to be widely
applied to other problems; for example, the Stefan condition was applied to the modeling of wound
healing [I5] and the presence of oxygen in muscles [16]. For population models, Du et al. [14] 18, 21,
19, [17, 20% B8 2, 33, B6] have studied a series of nonlinear diffusion problems with free boundary on
the one-phase Stefan condition where they addressed many critical problems such as the long-time
behavior of species, the conditions for spreading and vanishing and the asymptotic spreading speed of
the front. Of particular note, they show that if the nonlinear term is a general monostable type, then
a spreading-vanishing dichotomy stands. Wang et al. have investigated a succession of free boundary
problems on diverse Stefan conditions of multispecies models and derived many useful conclusions (see
[9, 11, 22) 23], 25] 26, [8, [7, 10, 5, (4, 6], 111, 32]).

In reference [24], Wang studied the same free boundary problem for the classical Lotka-Volterra
type predator-prey model. A spreading-vanishing dichotomy was proved, and the long time behavior
of solutions and criteria for spreading and vanishing were obtained; moreover, when spreading was
successful, an upper bound for the spreading speed was provided. The manuscript [31] studied a
ratio-dependent predator-prey problem with a different free boundary in which the spreading front
was only caused by prey. In that paper, the author studied the spreading behaviors of the two species
and provided an accurate limit of the spreading speed as time increases.

In this paper, we focus on the research problem and understand the asymptotic behaviors of
both prey and predator via such a free boundary caused by their mutual interaction. We will always
assume that ( u,v,w,s ) is the solution to problem (L.I).

2. A PRIORI ESTIMATES

Local existence and uniqueness results are valid for any quasi-linear parabolic equation when the
given functions have enough smoothness, without any restrictions on the growth type of these functions
with respect to u and u, (see e.g. [3,29]).

Such conditions are necessary when the global solvability of the boundary problems is considered.

The most challenging aspect of the proof is bounding the spacial gradient of the solution. For
functional spaces and norms, we will employ the notations of [3 29], and we will also make use of its
results.

Theorem 2.1. Let (u,v,w,s(t)) be a solution of (1.1) fort € [0,T],T > 0. Then

0 <u(t,r) < max{\ ||uollec} =M1, t>0, z€]|0,s(t), (2.1)

0 <wv(t,x) < max{a, ||vollo} = Ma, 0 <w(t,z) <max{l,||wlle} =Mz, t>0, z€]l0,s(t)],
(2.2
0<s(t)< My, t>0, (2.3)

where My depending only data.

Proof. By maximum principle yields that u(t,z) > 0 in D; = {(t,z) : 0 < ¢,0 < = < s(t)}. The
function v = 0 is a subsolution, since the right-hand side
buvw

flu,v,w) = u(A —u) —

u + mv + nw
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satisfies f(0,v,w) = 0. By the parabolic comparison principle, it follows that u(t,z) > 0 in D;.
Suppose there exists (t.,x,) with t, > 0, 0 < x, < s(t.) such that u(t.,z,) = 0. Then (¢,,z.,) is a
nonnegative interior minimum. Since

fu(0,0,w) = X >0,

the equation is strictly parabolic with a non-degenerate reaction term at v = 0. Hence, by the strong
maximum principle for parabolic equations, we must have © = 0 in the connected component of D
containing (t,,z.), which contradicts ug # 0.

Therefore u(t,z) > 0 for all t > 0 and 0 < z < s(t).

Furthermore, since the initial data are strictly positive and the system is cooperative (the nonlin-
ear terms do not force a sign change), the same maximum principle argument applies to v and w.
Consequently,

v(t,z) >0, w(t,x) >0, t>0,0<z<s(t).

Consider the uequation:

buvw
Uy — dyUyy — kyty = Mt — U2 — ————————
u + mv + nw

Assume w attains its maximum at an interior point (tg, o) with t5 > 0 and 0 < zo < s(tp). At this
point we have
u >0, u, =0, ug <O0.

Then,

0< u—u>— ———— < Au—1u’.
Thus,

w <A = u<\ (sinceu>0).

Therefore, we obtain the apriori estimate
0 <u(t,z) <X 1in [0,s(t)] x [0,00).

Similarly, we have
0<w(t,z)<a, O0<w(tz) <l

Although the free boundary s(t) satisfies

$(t) = —p (ualt, 5(t)) + pua(t, s(t) + wa(t, s(1)))

the a priori bounds for u, v, and w ensure that the spatial derivatives remain controlled via parabolic
estimates.
Since u, v, w > 0 in the interior while vanishing at x = s(t), the parabolic Hopf lemma yields

ug(t, s(t)) <0, v, (t,s(t)) <0, w,(t,s(t)) <0,

which is useful, e.g., to deduce $(¢) > 0 from a Stefan-type condition.
To derive an upper bound for §(t), we introduce W(t, x) as

W(t,z) =w(t,z) + N3(z — s(t)), (2.4)

where Nj is appropriate positive constants, N3 > max{ sup {Z}“—g}, J,:?}
0<z<sg
We find that
D

Wt - dSWww - k3WI < M3 - k3N3 < 07 (t7$) € ’
W(0,2) = wo(z) + N3(z — s9) <0, 0<z< s, (2.5)
W,(t,0) = N5 >0, W(ts(t) =0 0<t.
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Using the maximum principle to the problem ({2.5)), we obtain

Wi(t,x) <0, t>0, 0<z<s(t).

Then, (2.4) implies that

Therefore,
W (t,s(t)) = w.(t,s(t)) + N3 >0,

or

w,(t,s(t)) = —Ns.

Similarly, we have

ug(t,s(t)) = —N; and v,(t,s(t)) = =N,

Then, from the Stefan condition, the estimate (2.3) is obtained. §(¢) < u(N; + pNy + N3) = My
which completes the proof. O

Below, we present a standard approach to transform the spatial domain so that the boundary
conditions become homogeneous at the fixed endpoints. In our problem, the free boundary is defined
by = = s(t) and the spatial domain is 0 < = < s(¢t). By applying a suitable change of variables, we
reformulate the problem in a fixed domain, usually [0, 1], making the boundary conditions easier to
handle.

Define the new spatial variable y = &5, so that = = s(t)y, y € [0,1].
With these calculations, the PDE for u (for instance)
buvw

U — Ay Upg — k1Ug :)\ufUQf—,
u+mo+nw

becomes, after replacing each derivative and writing = = s(t)y:
d; Cys(t) + ke bUV W
s(t)2 Y s(t) U+mV4+nW’

Analogous transformed equations for V' and W are obtained by substitution.
Originally, the boundary conditions are given by

U, —

U,=\U—-U? -

ug(t,0) =0, wu(t,s(t) =0, v.(¢,,0)=0, wo(ts(t) =0 w.(t0)=0, w(ts(t)) =0,

together with the free boundary condition. Under the transformation, the fixed boundary y = 0

corresponds to x = 0 and the moving boundary y = 1 corresponds to x = s(t). The transformed
boundary conditions become

Aty =0
1
U, (t,0) = —=U,(t,00) =0 = U,(t,0) =0.
s(t)
Likewise, V,(t,0) = 0 and W,(¢,0) = 0.
Aty =1:

ult,s(t)) = Ut,1) =0, w(t,s(t)=V(t1) =0, wtst)=W(t1)=0.
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Thus the spatial boundary conditions in the new variables are homogeneous:
Uy(tv 0) = Vy(tv 0) = Wy(tv 0) =0,
U(t,1) =V (t,1)=W(t1)=0.

At x = s(t) (or equivalently y = 1), we have from the chain rule

s (t, (1)) = (ﬂ) U,(t,1),

and Simﬂarly fOf v and w. Hence,
3(t> Y\ Y\ CANS

Here, the derivatives are to be understood in the classical sense on the fixed spatial interval [0, 1].
The transformed system on the fixed domain (¢, y) € (0,7") x (0, 1) becomes, for example, for U (¢, y):

1) =0, 0<t, (2.6)

where a1(t,y) = 5, bi(t.y) = B9 f(u,0,w) = AU(t,y) — U(t, y) — redleleaVien  yigp
analogous equations for V' (¢,y) and W (t,y). The boundary conditions are now V(¢,0) = W, (¢,0) =
V(t,1) = W(t,1) = 0 and the free boundary condition reads
5(t) = fﬁ V(1) + pV,(t1) + W, (£, 1)].
Now, using the results of [29], we obtain Holder-type estimates for systems of equations.
We formulate a theorem for the function U(¢,y).

Theorem 2.2. Assume that the conditions of Theorem are satisfied and let a continuous in Q
function U(t,y) satisfies the conditions of (2.6). If U(t,y) has derivatives Uy, Uy, that are square-
integrable in Q, then

Uy (t,y)| < Ms(My, di,uo),  (t,y) € Q,
UI% < Mo(Ms), |U|5,5 < Mr(Mg).
where Q@ ={(t,y) :0<t<T, 0<y<l1}.

Proof. Theorem [2.3|is proved as Theorem 3 in [24].
Estimates of higher derivatives are established using the results for linear equations [29] [3]. O

Similar results are valid for V (¢, y), W (t,y).

3. UNIQUENESS AND EXISTENCE OF THE SOLUTION

To prove the uniqueness of the solution, we use the ideas of [22, 37]. We derive the integral
representation equivalent to ([1.1)). To this end, we rewrite (|1.1]) as

B 9 duvw
Wy — d3Wyy — k3w, = w — w* —

B (3.1)
u + mv + nw

Integrating (3.1) over D, = {(¢t,z) : 0 <t < T, 0<x<s(t)}, we obtain

s(n s(n)

u+ mv + nw
0 0
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we get
! t s(n) S0
s [, st)dn = ks [w(n.0)dn— [ w0+ [wi@de+ [[ fatwvwidgan,  32)
0 ) J / /s
where f3(u,v,w) = w —w? — —dww

Similarly, we have

t s(n) S0

[ v.lon,s(m)dn = ke / o0y~ [ o €)de + [l©ds+ [[ fwvwpdcan,  (33)

0

t t s(n) 50

&y [t sty =t [ un.0)dn— [ uin&)dg+ [w©dg+ [[ fitwowpdcan 3

buvw cuvw

Where fl(u v w) - )\U - 'LL mv fZ(u v w) =av — U - u+mu+nw ’
Now, multiplying (3.2] and . 3.4) by u, then adding them from Stefan condition we have

s(n)

() = 50+ /<§Z o o>+%pv<n,o>+§u<n,o>>dn— [ oo+ Lo + L un o)t

S0

- / (- un() + £-0u(6) + uo(€))dE + Z [ G ftwow) + 2o w) + ;f?,(u,v,w))dsdn.

2

(3.5)
Theorem 3.1. Under the assumptions of Theorem the problem has a unique solution.
Proof. Assume that (s1(t), wy(t,x),v1(t, ), u;(t,x)) and (s2(t), we(t, ), vo(t, ), us(t, x)) are the solu-

tions of the problem (1.1)) and let y(¢) = min (s; (¢),s2(t)), h(t) = max (s (t),s2(t)). Then each
group satisfies the identity (3.5). Subtracting, we obtain that

t

;’81 (t)—82(t)\§/(§z |wy (1,0) — w, (n, )|+ \vl (1,0) = vz (n; )|+I~€ lu1 (1,0) — uz (1, 0)[)dn+

y(t)
b [ G (1,9 = wa (1, )+ 2 oa 00.€) = 02 ()] + - s (1.8) = wa () +

0
h(t) ) y(t)
P
+ /(%\wi(n,E)Ierglvi(n,«S)l — [ui(n, €) d£+/d77/ \fl(uuvuwzﬂ+*’f2(“w%w1)|+
y(t)
t h(t)
|f3<ul,vz,w d€+/dn/ (g, 01, w1) — fi(utz, 3, ws)] +
0y
1
|f3(U17?)1,w1)*fs(uz,vzawﬂ‘)dfa (3-6)
dz ds

where wu;, v;, w;(i = 1,2) are the solution between y(t) and h(t), i.e

|f2(U1, U1, wl) f2(u27027w2)| + =
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From Theorem2.2] we have that
i (8 2)] < Ny (y(t) =), Jua (9 (1) —ua (8 y (1) < Nafs () = 52 (8)]-
Now, we need to estimate the differences W (t,z) = wi (¢, z) — wa(t, x), V(t,2) = v1(t, z) — va(t, ),

U(ta .T) = (t7 l’) - UQ(t’ l’)
For the U(t,x), we get

Ui — d1Uspy — kiU, = 11 (8, 2)U(t, ) + c12(t, )V (E, ) + c13(t, z)W in Dy,
Us(t,0) =0, Ut,y(t)) = Ny max |s, (n) —s2(n)], 0<t<T,

U0,2) =0, 0<zx< s,

where
bo(t, ) w(t,z) (mo(t,z) + nw(t, x))
cii(t,r) = A — (ug + ug) — ’
" ( ) (@ ( z) + mi(t, ) + ni(t, z))°
coalt. ) = ba(t,x) w(t, z) (a(t,x) + nw(t, ) et ) = bt x) o(t,x) (at,x) + mf;(tvm)).
7 (a(t,z) + mo(t, z) + nw(t, x))2 7 ’ (alt, x) +mo(t, z) + ni(t, x))2

Here (@, 0,w) are intermediate values between (ui,vy,w;) and (ug,vs, wy) given by the mean value

theorem.
Moreover, using the a priori bounds 0 < v < M;, 0 < v < M, 0 < w < M; from Theorem2.2] we

obtain the uniform estimates

b My Ms (mMy + nM. bM; Ms (M; + nMl.
lens (£, 2)] < [\ + 20, + 22 3<522 Dl Jenlta)] < 20 3(521 ) . O

b My My (M, + mM-
|Clg(t,l')| S ! 2 (521 2) = Clg.

Let (u,v,w) satisfy the assumptions of Theore and assume that u + mv +nw > § > 0 in the

domain.
From this problem, by maximum principle, we have

U (1) | < My max |V (t,2) + W (t,2) £+ Ny gua |51 (n) — s () |. (3.7
For the V (¢, x), we get

Vi — daViw — kaV, = o1 (8, 2)U(t, @) + coa(t, )V (t, ) + cas(t, z)W(t,x) in Dy,

‘/ib(t70) = 07V(t7y(t)) = N2 Orgv?i(t |81 (77) — S2 (77) |7 0<t< T?

V(0,2) =0, 0<zx< s,

where cg;(t,x), caa(t,x), cas(t,z) are bounded and continuous functions. From this problem, by

maximum principle, we have

[V (t,2) | < My maux U (8,) + W (t2) [t + N mmase |s: (1) = 52 ()| (3.8)

For the W (t, z), we have

Wy — dsWay — ksW, = e31(t, 2)U (t, ) + c32(t, )V (¢, z) + c3o(t, x) W (t,x) in Dy,
Wa:(t’ 0) =0, W(t7y(t)) = N3 01257%& |‘91 (77) — 52 (77) |’ 0<t<T,

W(0,z) =0, 0<zx< s,

where ¢31(t, ), c32(t, z), c33(t, z) are bounded and continuous functions.
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From this problem, invoking the maximum principle, we conclude that

W (t,z)| < N3 olg?i(t Is1 (n) — sz (n) | + Mo max |U (t,z) + V (t,z) |t (3.9)

Let A(ty) = Jmax |s1(t) — s2 ()] > 0. Then A (tg) < Myto, to < 1. From (3.7)) and (3.8), we have

(W (t,x) | < NsA(to) + My max|W (¢t,2) [t?, 0<t <t
(W (t,z)| < MizA(to),

N3 t < 1
1—Mioto’ 0 Mo *
Now that all the necessary estimates are established, applying the idea of ([24], Theorem 2) can
complete the proof of the theorem.

where M13 =

O

Theorem 3.2. Suppose that the conditions of Theorem and [2.3 are satisfied. Then there exists
in D a solution u(t,z) € C*T*(D),v(t,z) € C***(D),w(t,z) € C***(D),s(t) € C**(0 <t <T) to
the problems (1.1)).

Proof. To prove the solvability of a nonlinear problem, one can use various theorems from the theory
of nonlinear equations, remembering that the uniqueness theorem of the classical solution holds for it.
We apply the Leray-Schauder principle [I5], the established a priori estimates | - |{,,, for all possible
solutions of nonlinear problems and the solvability theorem in the Holder classes for linear problems.
A more detailed exposition of the technique can be found, for example, in (Section VI, [3]; Section
VII, [15]).

O

4. COMPARISON PRINCIPLES

In this section, we provide some comparison principles with free boundaries which are critical to
the subsequent development.

Theorem 4.1. Let (u,v,w;5(t)) and (u,v,w;s(t)) be an upper and a lower solution, respectively.
That is, assume they satisfy

buvw

Up — dilUgy — k1Uy > AU — u® — -

U+ mv 4+ nw

_ _ _ L cuvw

Uy — dolgy — koly > a0 — 02 — —————,

U+ mv + nw
d uvw

Wy — dgWyy — k3, > W — W2

@+ mv+nw’

with
u(t,s(t)) = o(t,5(t)) = w(t,5(t)) =0, u.(t,0)=0,(¢0) =w,(¢0) =0,

and
3(6) = = (@ (t,5(0)) + p (2, 5(1)) + 0 (2, 5(0)) ):
likewise, the lower solution satisfies the corresponding reverse inequalities with

u(t,s(t)) = v(t,s(t)) = w(t, s(t)) =0, u,(t0)=1,(¢0)=w,(t0) =0,

and
5(8) < —p(ua(t,5(6)) + pu, (8, 5(8)) + w, (2, 5(¢)) ).

If the initial data are ordered

w(0,z) < wup(z) <u(0,z), v(0,z) <wvo(z) <v(0,z), w(0,z)<wi(r)<w(0,z), 0<z<s,
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and
5(0) < 50 < 5(0),

then the solutions satisfy for all t > 0 and the corresponding spatial range,
u(t,z) <wu(t,z) <ultz), oltz) <oltz) <o(tz), w(tz)<wlz) <o),

and
s(t) < s(t) < 5(t).

Proof. Define the differential operators for each equation as
Li[z] i= 2t — dizge — kizey, 1=1,2,3.
Then the system can be rewritten in the form
L[] = fi(u,v,w),

with fi(u,v,w) = Au — u? — % and similarly for fs, fs.

Since both the upper and lower solutions satisfy, respectively, the differential inequalities, one may
apply the parabolic maximum principle on the domain 0 < x < s(¢). This step shows that if the
ordering holds initially, then any first time of violation would contradict the strong maximum prin-
ciple or Hopfs boundary lemma (especially at the free boundary z = s(t) where nontrivial derivative

information is used). In detail, if there existed a point (o, o) with
u(to, IE[)) > a(to, .TE())
(or a similar inequality for v or w), then one constructs a contradiction by considering the function

o(t,x) = u(t,x) — u(t, ),

which satisfies a differential inequality showing that a positive maximum cannot occur in the interior
or at the boundaries. An analogous argument applies for the lower solution and for the free boundary
condition, exploiting the inequalities imposed on §(t).
This completes the proof.
O

5. SPREADING-VANISHING DICHOTOMY

In this section, we study the long time behavior of (u,v,w). Since s(t) is monotonic increasing,
then either s(t) < oo (vanishing case) or s(t) — oo (spreading case) as t — oo.

Theorem 5.1. Let (u,v,w, s(t)) be the unique classical solution of the free boundary problem (|1.1)).
Then there exists a threshold value s* > 0 (depending on the model parameters and possibly on the
initial data) such that the following dichotomy holds:

(i) Spreading: If so > s*, then tlililo s(t) = 00, and  (u,v,w)(t,x) — (u*,v*, w*) locally uniformly.

(ii) Vanishing: If sy < s*, then tlim 5(t) = S0 < 00, and
—00
I fJu(t, Hleqosmn = Hm (ot )lleosmn = Hm [wlt,)lleqo.swy = 0-

Proof. (i) Spreading: s, := tlim s(t) = oo.

Since the free boundary expands indefinitely, any fixed bounded region [0, R] with R > 0 will
eventually be contained in the domain [0, s(¢)] for all sufficiently large ¢. By standard parabolic
regularity and the a priori estimates, one may extract convergent subsequences

u(t +t,,x) = u(x), vt+t,,z)—v(x), wlt+t,z)—> w (),
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locally uniformly on [0, 00) as t,, — co. The limit functions (u*, v*, w*) satisfy the stationary equations
derived from

bUVW
_ 1 _ / — _ 2
dU"(z) — kyU'(z) = \U = U TomV i
cUVW
—d, V" (x) =k V() =aV = V? —
V' (2) -~k V'(@) = a UtmV+nW’
dUVW
A 1" L. / — _ 2

In the interior, away from the influence of the free boundary, one may invoke the stability of the
positive steady state in models of this type. Conversely, if the initial data are large enough (or widely
spread) so that an appropriate upper solution existsoften obtained by analyzing the linearized problem
and ensuring that the net growth rates (possibly modified by diffusion) are positivethen one can show
that

ligglf u(z,t) >0, 1ig(i)£1fv(:c,t) > 0, litm infw(x,t) > 0.

—00

That is, the populations spread and persist. Consequently, one deduces that
w(z)=u>0, v (r)=v>0, w'(r)=w>0,
where (@, v, w) is the unique positive equilibrium of the spatially homogeneous system

b d
L S <L A S SO N Y
U+ mv + nw u + mv + nw U 4+ mv + nw

If\/§<%and \/§<)\then

. . . . a++Va*—4cA ) . 14++41—-4dA
thm u(t,x) = u”, thm v(t,z) =v" = — thm w(t,x) =w" = —
—00 —»00 —00

where A = M, moreover, (u*,v*, w*) is the stationary solution of (5.1]).
Below is a detailed discussion, complete with precise calculations, of how one derives criteria that
guarantee either spread or vanishing for the three-component system.

B 9 buvw
Uy =AU —u" — —m8M——
u+mov+nw
9 cuvw

vy =av —Vv — —mM8,
u+mv+nw

5 duvw
wy=w—w — ——————
U+ muv+nw
with nonnegative initial data (and, if posed in a spatial domain, with suitable boundary conditions).

(ii) Vanishing: In many applications spreading means that the solution converges (or invades) to
a positive steady state (often the coexistence equilibrium), whereas vanishing is the situation in which
one or more of the populations decay to zero. In what follows we describe a procedure that yields
sufficient conditions for either behavior.

When the components are very small (either initially or eventually) the quadratic and cubic terms
become negligible. Hence, neglecting the negative nonlinear interactions we obtain the linearized
System

U AU, VR aAv, W W.

Thus the intrinsic growth rates (in the absence of interactions) are
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respectively. In a spatially homogeneous setting (or after appropriate reduction using, for instance,
the method of upper and lower solutions) one expects that if these growth rates dominate any pos-
sible dissipative effects, then each species tends to spread; conversely, if extra damping (arising from
nonlinear overcrowding or from diffusion in a bounded domain) prevails, vanishing may occur.

Assume that one wishes to establish sufficient conditions for vanishing. A common strategy is to
construct an explicit lower solution that decays to zero. For example, one may define

u(t) =v(t) =w(t) =ce t>0,

with constants ¢ > 0 (chosen very small) and v > 0 to be determined. The idea is to use the
comparison principle so that if the initial data satisfy

u(x,0) > u(0) = ¢, v(z,0) > v(0) = ¢, w(zx,0) > w(0) = e,
then for all later times we have
u(z,t) > u(t), v(z,t) >v), w@t)>w().

Since the subsolution decays exponentially, one expects that (under appropriate conditions) the
actual solution cannot remain uniformly bounded away from zero. We now check that our candidate
indeed satisfies the differential inequality (for the ucomponent; the others are analogous).

For the ucomponent, recall that

ult)=ee " = wu,=-—yee " =—yu(l).

Since we set
u=v=w=c¢ce ",
we compute the combined term in the denominator of the fractions,
St)=u+mv+nw=ce"(1+m+n).
Now, evaluate the righthand side of the uequation with the candidate:
buvw 9 ot bede 3 )

2 uvw ot ot —ovt be?e 1
RHS, = u—u* — =)dee " —¢"e =dee MW —gfem M — ———
S ge (1 +m+n) 1+m+n

Dividing the inequality
u, < RHS,

by the positive quantity ee~7* yields

b ot
72 [1+1+m+n]56 '

Since e~ 7" is small (especially for all ¢ > 0 if € is chosen small enough), a sufficient condition is
—v < A, orequivalently v < A. A similar calculation for the v and wequations shows that we must
have y <a and v <1.

Thus, if we choose v < min{\, a, 1}, and choose € > 0 small enough so that the remainder terms
(of order ee™"") are negligible, then the candidate

u(t) = v(t) = w(t) = e

satisfies the required differential inequalities. By the (parabolic) comparison principle, if the actual
initial data exceed the values e, the solution will be forced below any positive threshold in the long
run (thus vanishing).

v < min{\, a, 1} and if the initial data are sufficiently small (or sufficiently localized), then by the
comparison principle the full solution satisfies

limsup u(x,t) = limsup v(z,t) = limsup w(z, t) = 0,
t—00 t—o00 t—o00
i.e. vanishing occurs.

A key point is that the criteria depend on the balance between the intrinsic growth parameters
(A, a,1), the nonlinear inhibition (which, if very strong, may prevent growth), and any spatial effects
along with the size and configuration of the domain.

(I
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CONCLUSION

In summary, by combining estimates a priori, uniqueness, existence theory, and comparison prin-
ciples, we have established a rigorous framework to analyze the spread and vanishing behavior of a
ratio-dependent predatorprey system with a moving free boundary. Our work not only provides ex-
plicit sufficient conditions for these two phenomena, but also sets the stage for future studies on more
general or higher-dimensional free boundary problems in ecological models.

The results obtained in this study allow for the study of free boundary value problems for a reaction-
diffusion-type parabolic equation in the future. Hopefully, our work will encourage the study of various
free boundary value problems for many parabolic equations.
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On confluent forms of the one hypergeometric function of three
variables and their applications
Ergashev T.G., Hasanov A., Safarbayeva N.M.

Abstract. Hypergeometric functions are divided into complete and confluent functions. For the
first time, Srivastava and Karlsson described a method for constructing a set of all possible triple
Gaussian hypergeometric series and compiled a table showing definitions and areas of convergence for
205 different complete series (Srivastava-Karlsson List) depending on three variables. Several authors
subsequently obtained various integral representations and transformations for the functions proposed
by Srivastava and Karlsson. In this work we compile integral representations and transformation
formulas for all confluent forms of one complete hypergeometric function in three variables from the
Srivastava-Karlsson List. To prove integral representations for 8 confluent hypergeometric functions
of three variables, properties of beta and gamma functions are used. The Boltz formula allows us to
derive transformation formulas for the confluent functions under consideration.

Keywords: Euler type integral representation, transformation formula, confluent hypergeometric
functions in three variables, beta function, gamma function.

MSC (2020): 33C15, 33C20, 33C65, 44A20

1. INTRODUCTION

The great interest in the theory of hypergeometric functions (including functions of one, two or
more variables) is primarily due to the fact that hypergeometric functions allow us to find solutions
to various applied problems related to thermal conductivity and dynamic processes, electromagnetic
oscillations, aerodynamics, quantum mechanics and potential theory. These functions, which relate
to higher and special (or transcendental) functions [3|, 19, 20], are often called special functions of
mathematical physics.

Basically, hypergeometric functions of two variables, as the corresponding functions of one variable,
can be represented either by the Euler-Laplace type or by the Mellin-Barnes type of definite integrals.
Integral representations are useful in connection with the analytic continuation of hypergeometric
functions in two variables, their transformation theory, and also for the integration of hypergeometric
systems of partial differential equations. An exposition of these results for double hypergeometric
series of the second order together with references to the original literature are to be found in the
monograph [7, Chap. 5, Sect. 5.7]. When the order of the hypergeometric function exceeds two,
analogous results for the Kampé de Fériet function in two variables are found in [IT], 12} 24].

It is known that there are 205 hypergeometric functions of three variables of second order, of which
regions of convergence have been given in the literature [22, Chap. 3]. Hypergeometric functions of
three variables can be expressed either by integrals of the Laplace type or by integrals of the Euler type
[0, T4]. The list of hypergeometric functions of three variables is too extensive, moreover, Ergashev
[9] recently announced 395 confluent hypergeometric functions of three variables, and it is impossible
to give a complete list of integral representations here. Integral representations of the hypergeometric
functions with three variables are helpful for the analytical continuation [16]. In addition, an analytic
continuation of the Horn hypergeometric function with an arbitrary number of variables is given in
[4]. Therefore, the integral representations are mainly in the theory of transformation, as well as
the integration of hypergeometric systems of partial differential equations [9) [15]. In the attending
work, the authors aim to obtain some new integral representations, reduction and transformation
formulas for all possible confluent forms of the hypergeometric function of three variables Fjy, from
the Srivastava-Karlsson List, which are designated in [9] by from E;53 to Ej40.

2. PRELIMINARIES

In this section, the definition and some helpful relations will concern.
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The hypergeometric function 5 Fj is defined by

. — (@) (b)) 2™
oI (a, b5 c;) = ;Wm’ |z <1,
where (A), is the Pochhammer symbol defined by (), = I'(A + n)/T'(A), with T" is the gamma
function. Hereinafter, as usual, if the Pochhammer symbol ()), occurs in the denominator, then
N#£0,-1,-2,....
The Kummer function is defined by the series

= () m!

= (@), ™
INCEIEDY @)
The Bessel-Clifford function is defined by

PRI e

= (a+1),m!

The two complete Appell F;, [I] and Horn H, [I7] functions are, respectively, defined by

— (@)yyy (0),, (V) 2™ y"
F2 (a,b,b’;c,c’;x,y): Z T 7/n ”77’ ’l‘|+|y| <1>
oo (¢),, (), m! n!

— (a),,_,, (b),, (), (B"), =™ y"
Hy (a,b,b b iy y) = | o=t et (14 [a])|y| < 1.
oo (c),, m! n!

Horn’s confluent functions of two variables [17] , namely, Hy — Hs, Hy;, are given as

> (CL) _ (b) (b’) ™ "
H, (a,b,b';¢c;2,y) = Z mon 2 Tm L nZ g < 1, |y| < oo, (2.1)
mon=0 (c),, m! n!

— (a),,_, (b),, z™y"
H3 (CL, ba c;x,y) = Z Tﬁﬁ) |:II’ < 17 |y‘ < 00,

— (a),,_, (b), ™ y"
H4 ((I,b; C;‘T’y) = Z Tﬁﬁ7 |£L‘| < 00, |y‘ < 00,

(@) 2™ y"
H5 (CL; C;:L‘ay) = Z (C) ﬁma |$‘ < 00, ‘y| < 0,
m

m,n=0
— (a),,_, (0), (), ™ y"
Hll (a,b,b’;c;x,y): Z (C) Wﬁv ‘LE| <OO7 |y‘ <1l
m,n=0 m : :

The two two-variables hypergeometric functions, called confluent Humbert functions [18], are defined
by

o0 (a) (b) " y"
Uy (a,bye, s, y) = oS z] < 1, Jy| < oo,
m%;O (C)m (Cl)n m! n!
- (a) ™ y"
Velaecimy) = T fa| <o, [yl < oo
m;o (C)m (C,)n m! n!

This paper uses standard definitions and notations, including the Pochhammer’s symbol ()),,, the
beta function B(z,y), the gamma function I'(z), the Gauss hypergeometric function and its general-
ization ,F, [7], the Appell functions [I], the Humbert functions [I8], the Horn functions [I7], and the
complete [22] and confluent [9] hypergeometric functions of three variables (see also [21]).
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3. CONFLUENT HYPERGEOMETRIC FUNCTIONS IN THREE VARIABLES

One of the three-variable hypergeometric functions most commonly used in applications is the hyper-
geometric function in three variables defined by Erdélyi [0]

= (@), (a2), (as), (@1), (D), 1, 2™ y™ 2P
Fy (a1, as,as,a4,b;c1,c0,2,1,2) = motn o Tpn b omdnep” 22 3.1
w (a1, a9, a3, a4,b;¢1, ¢ ) m,an_o (@), (ca). ml 1l p) (3.1)

for {|z|+ |y| <1} Nn{|z| <1/(1+ |z|+ |y|)}. For the definition and properties of this function the
reader is referred to [22, Chap. 3].
The following triple confluent hypergeometric series [9] ( for regions of convergence, see [21])

(a1),, (az2),, (as), (0),, 1, 2™ y™ 2P
E153 (a17a27a37b;cla02;$7y72) = = = £ me p7777
m.,g_o (c1),, (c2), m! n! p! (3.2)

lz] + |y < 1,]2] < oo,

= (@), (a3), (@a), (D), 2™ y™ 2P
E a,a,a,b;c,c;@y,;; = m p P m-+n piii,
154 (a1, a3, a4 15 C2 ) m,nz,z;—o (c1),, (c2), m! n! p! (3.3)

(1 +[z[) 2] < 1, |y| < oo,

Eis5 (a1, as,b;c1, Co5,y,2) = mvg_o (al)ﬁijl;i"(:;jrn_pﬂ%j, lz] + y| < 1,|z] < oo, (3.4)
Base (a1, s, b 1, €21, 7, 2) = mgzo (al)?c(f)ip(z))j*"—f’ﬁ%j, o] < 1, ly| < 00, |2| < 00, (3.5)
Ei57 (a,b;¢1, 0052, y, 2) = m,i_omﬁzj’ lz| < 1, |y| < o0, ]|z| < o0, (3.6)
Eiss (as, as, by ¢, 0052, y,2) = mvg_o (as)p(iﬁjip((;:)im_pﬁ%;I!), |z] < oo,y < oo, |z] <1, (3.7)
Eis0 (a,b;¢1,c052,y,2) = mni:;:() Mﬁij, |z| < o0, |y|] < o0, |2| < o0, (3.8)
Ei60 (b;c1, 005, y,2) = m’i_o mi%j |x| < o0, |y| < oo, 2] < oo, (3.9)

can be obtained from (3.1f) by limit (confluence) formulas
) 1
Eis3 (a1, a2, a3, by 1, ¢25 2, y, 2) = l%F4b ai, ag, s, 2’ byci,co52,y,€2 ),
. 1
Eisa (a1, a3, a4, 051, 0252, y, 2) = ll_I;%leb as, g»a& as, byc1,0050,€y, 2 )

11
. . —1i . . 2
E155 (a17a27b7 C1,C2, X, Y, Z) - I%Fﬁlb <a17a27 g7 g7b7 C1,C,Y,E°2 ),
5

)

1
. . 2
g7buclvc2ux7€y7€ zZ,
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) 11
E158 (a37a47b; 01,0253371%2) = lg%Félb (8’ g,a3,a4,b; C1,C2ET,EY, 2 |,

1 1 1
Eis9 (a,b; ¢y, 05,0y, 2) = hmF4b( ,a,b;cy,co5 e, 5y,52>
0 gee’ e’
11 1 1
Eq60 (b; 1, c25 2,9, )—hmF <

-, bicy, cosex, ey, €22
e'ee €’

Note, in [I3] the functions E;53 and E;55 are first defined and designated as A; and A,, respectively
Analogues of the function E;55 with four and more variables are found in [2], [§]

Using the series manipulation technique, we can obtain the following equivalent forms of . -
B9):

=L (a2), (as), (b),_ z
E153 (a17a2)a3ab;cl)c2;xayaz): Z s pyili 2F1 (alab+n_p7cl7 )7 (310)
n,p=0 (02)" n: p

o (01),, (a2),, (8), 4 2™ "
Eis3 (a1, as, a5, b;¢1, ¢33y, 2) = Z - ﬁyil 1Fi(az; 1 —b—m —n; —2)
m,n=0 (Cl)m (CQ)n m. n.

= (=1)" (a3),, 27
Eis3 (a1, a2, a3,b;¢1,¢; 7,9, 2) = 27*, 5 (b—p, a1, az;c1, 05 7,y)

o0 b n
Eis3 (a1, a2, a3,b;¢1,¢05 2,9, 2) = Z wy

(c2), 2 (b+n,a1,a3;¢15,2),

n=0
>, (ag), (aq) (b)n_ " 2P
Eisa (a1, a3, a4,b5¢1, 0053,y 2) = Z - - py' oF1 (a1,0+n —pieiz), (3.11)
o (c2),, n! p!

= (a1),, (a3), (ad), (b),,,_, 2™ 27
Eiss (a1, a3, a4, b5 01, 005 7,y, 2) = Z . = pﬁ* 1Py (b+m —piery),
mp=0 (€1),, m! p!

oo

(a1),,, (0), i 2™ y"
Eis4 (a1,a3,a4,b;¢1,c052,y,2) = ~maominZ 2 R (as,al —b—m —n; —2),
slan s bicn e D) = 0 TGk o 2 0 )

= (=1)"(as), (a4), 2
Eisi (a1, 03,048,001, 0032,y 2) = 1—b§ LW (b —parser, 05, y)
m,n,p=0 p
Eisa (a1, a3, a4, b5 01, ¢33, y, 2 Z yf Hy (b+n,a1,a3,a4; 157, 2)
n:O T'L
= (ay x™
Eis4 (a1, a3, a4,by¢1, c05 2, y,2) = Z Mﬁ Hiy (b+m,as, as5¢23y, 2)

= (c1),, m!

(0),—p (a2),, y" 2
Eiss (a1, a2,b5¢1,¢0;2,y,2) = Z 7y

(02) n‘ pf 2F1 ((Il +n — D, b C1, T ) s (312)
n,p=0 n

(0) (a1),, (a2), z™y" -
E a,a,b;c,c;:v, ,Z2) = men = 0 3 Y-b—m—-n 2V z )
155 ( 1 2 1,02 Yy ) m;l_o (Cl)m (CQ)n m' ' b— ( f)

= (1)
E155(a17a2>55017025$,y>z):Zﬁ* 5 (b—p,ar,as;c1, 051, y)
p=0

o0

b), (a "
Eiss (a1, a2,b;¢1, 0052,y, 2) = Z ©), (02), ¥

Tn' H3 (b—i—n,al;cl;x,z),
n=0 n :



100 FErqgashev T.G., Hasanov A., Safarbayeva N.M.

— (as), (0),,
Eise (a1,a3,b;c1,0252,y, 2) = Z #yfﬁ oFi (a1,0+n—pye;z), (3.13)

Eis6 (ahaa,b% C1,C25 2, Y, Z) =

o (a1),,, (as), (b),,_p, ™ 27
2 )

%E lFl(b—i—m—p;cQ;y),

i (al)m (b)m+n ﬂ yn

— 1F1(a3;1—b_m—n;—2),

E156 (a1 as b; C1,Co5,Y Z) =
) y Uy C1y L2y 4y Yy e (Cl)m (02)n m! n!

> (-1 Qs b_ 2P
Eis6 (a1,a375;01702;$7y72) = ( ) ( 3)p( ) P o, (b+n—Paa1;Cl,C2;xay)7
(1-b) p!
p=0 p
oo b n
E156 (alya?nb; 01,02§$ay72) = Z ((C ))n yf, H2 (b+na CL1,CL3;61;IE,Z),
n=0 2/n T
— (a1),, (0),, ™
Ei56 (a1,a3,b;¢1,¢05 2,9, 2) = —m_m__ Hy(b+m,as;cy,2),
156(1 3 1,C2 Yy ) mzzo (01)m ! 4( 3;C2;Y )
[e’e] (b) B yn Zp
E b; ; = rrZ ZLF b — p;cy; 3.14
157(01, 7617027%3172) n;() (02)n TL' p' 2 1(61, +n p,Chx), ( )
>, a)m (b)m— xm Zp
Eis7 (a,b5¢1, 0252, y, 2) = Z 71)7*' 1By (b+m—pieny),

(c1),, m! p

m,p=

0
- a m b m nxm "o
E157 (CL, b7 C1,C2;,Y, Z) = Z &7& J—b—m—n (2\/2) ’

m,n=0 (c1),, (c2), m! n!

= (1

W (b—p,a;ci;
—0 (02)n (1-— b)p p! 1 ( D, a;C1;T,Y),

Eqs7 (a, b;ci,co3 2, Y, Z) =
p

o0 b n
Eis7 (a,b;c1, 005,y 2) = Z ( )n Yy H,

o (c2), n!

= (a),, (0),, (b+m), , zm
Eis7 (a,b;c1,c0i2,y, 2) = Ui P Hy (b+m;ey, 2),
157 ( 1,C2, T, Y ) mz:o (Cl)m (62)71 ] 5 ( 2;Y )

(b+7’L,CL;Cl;$,2),

>, (a3), (a4), (b),_, y" 2P
Z ¥

(02) n'ﬁ 1F1(b+n—p;cl;x),

Eiss (ag,a4,b; C1,C25 2, Y, Z) =

Eqss (ag,a4,b; 1,030, Y, 2) =

o Uy (b—p;cr,0052,y),

b n
( )n v Hy (b4 n,a3,a45¢152, 2)

&)l pl 1By (b+n—pyes @),
2n . .

e b m ,n
E159(6L,b;61702;$,y,2): Z Miyf lFl(a;libimin;iz)v
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_ 2P
Eiso (a,b;¢1, 0952, 9, 2) :Zlibpﬁ Wy (b —pscr,e052,y)
=0 (1- )p p:

Eigo (b c1, 232, 9, 2) Z ﬂf* T bmn (2V7),

, m!n!

= (1)
Eieo (b5 c1,252,9,2) = 7
160 1,C2 pZO (1 _ b)p p|

\1]2 (b —D; 01562;x7y)5

ElGO (ba C1,C5 T, Y, Z) = Z ]
— (c2), n!

n

H; (b+n5cq52, 2) .

4. INTEGRAL REPRESENTATIONS

Theorem 4.1. If Re(8) > Re(a) > 0, then the following integral representations hold true:

Eis3 (o, ag,a3,b; B, ¢; 2,9y, 2)

= M)PF((’;)_Q) / e (- (1 ae) " H, (b, e 2 (1 - x§)> ge. A
Eis4 (o, a9,a3,b; 8, ¢, 2,9, 2)
= M)Flf(@_a) / e 1 (1) (b, anayie 72z (1- x@) ge. 42
Ei55 (o, a, b; B,c T,Y, 2

5 a) / -9 1 —2¢) " Hy <b,a;c;1_yx§,z(1—mf)> de, (4.3)

Eis6 (a, a,b; B, ¢;x,y, 2)
= F(Q)FF((@_Q) / e (- (L ae) (b, O ;Ug)) g Y

Ei57 (o, b; 8, ¢; 2,0y, 2)

- M)FF(% / e (1), (b; & %xg 2(1— x@) )

F(a)r‘f‘((%)—a)/o ﬁa_l (1_5)5_a_1E158(ﬂvaab;claCZ;xayazé)dga (4-6)

Eiss (aaaa b;ci,cosm,y, 2) =
Eis9 (avb;claCZ;mvyvz)_ B— / £ 1 B o 1Elsg (575 C1,C2; T, y,zf)d{, (4-7)

Ei60 (b; B¢y, 2) = L (/6) — a) / 5a_1 (1 - f)ﬁ_a_l Ei60 (b o, 520, y, Zf) dg. (4-8)

I'(a)I (B 0
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Proof. To prove the relation (4.1]) conformed in Theorem let I denotes its right-hand side. Then,
from the definition of Horn’s function H, in (2.1)), we get

_ B 5 Oy (@) (@)yym e o st bt
I_F(a)F(B—a) > ©). n.p,/i (1-¢) (1 —xg) de.

n,p=0

By applying the following integral representation of the Gaussian function [7, p. 59, Eq. (10)]

. e _ F(C) ! a—1 . c—a—1 - —b
QFl(a,b,c,x)—F(a)F(c_a)/o5 (1= )" (1 — 2€) " d¢, Re(c)> Re(a) >0,
in (4.9), we obtain
>, (a2), (as), (b),_, y" 27

Now, by virtue of the expansion (3.10f), we get the required result. Using the same manner, we find

the identities (4.2)) to (4.5).
Let J denotes right-hand side of (4.6)). By applying the following integral representation of the beta

function [7, p. 9, Eq. (1)]

B(a, 8) :/O €1 (1= 67 de, Re(a) >0, Re(B) >0,

in
J = L f: (B)P (a)P (b)m+n—p ﬁyinip /1 é—afler (1 . g)ﬁ*ozfl df,
[()T (B —a) im0 c1),, (c2),  m!nlplJ
we obtain
I'(B) = (B),(a), (0) s ™y 2P
J=————— PP PBla+p, B — a)— 2. 4.10
L(a)T(8—a) m,%—o (c1),, (c2),, ( P, )m! n! p! ( )
Now, using the well-known expression for the beta function in terms of the gamma function [7, p.
e ()(8)
I'(a)l
B(a,8) = ——-=,

in , We get the required integral representation (4.6). Using the same manner, we find the

1dent1tles and (| . O

Using a similar demonstration as the previous proof, we can give the following theorem.

Theorem 4.2. If Re(a)) > 0 and Re(3) > 0, then the following integral representations hold true:

Eis3 (o, a, 8,b; ¢, 050,y 2) = 5((2)—1_(6))/ ga—l(l—g)ﬁ‘lEm (a+B,a,b;ca,c13y, 28, 2 (1 = §)) dE,

Eis3 (a,B,a,b;cl,CQ;x,y, g((z)—i_ﬁ))/ £ 1 1El78 (a+B,a,b;c1, 0528,y (1 = §), 2) dE,

Eiss (o, B,a,b;¢1, 0052, y,2) = IE‘(OOE)—F( ))/ 5“‘1(1—£)ﬁ_1E177 (a4 B,a,b;ca, 15y, 28, 2 (1 —&)) dE,
Dla+8)

Eis5 (a, B, b;¢1, 052, y,2) = +5 / got 1—5)6 1E173(a+5,b e, coyx€,y (1 —=8),2)dE,

T()D(3)
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Eis6 (an&b;Cl,Cz;%%z)m/ & 1( f)ﬂﬂ Ei74 (a‘i‘ﬂvb;CQ;Cl;yax&Z(l_f))d§7

where Ei73, Ei74, Ei76, E177 and Eqrzg are the confluent functions defined in [9)

oo

amnbmn :,U
E173(a,b;61,62;x,y7z): Z () +() +n—p y"

. (61)m(02)n ﬁm* \/ “i‘ A\/ |y[ < 1 ‘Z| < 00,
m,n,p=

o0

x 2P
E174 (a7b;61762;x7y7 Z n+p m+n pi'y7|7 | |<OO |y| < 1 |Z‘ < o0,
may (c1)m(c2)n  mln!
> (a (a b ™" y" 2P
Buro(aan bicr,cuiyz) = Y (Sl VT oy < 1 s] < o
m,n,p=0 CQ)n m: p
> A1) pin(@ b L T2
Burr (0, a3 bycpy iy 2) = 3 Adwtpl02pOhmencp R )y <,
ma (c1)m(c2)n m! n! p!

oo

m-rn b m-+n—
E178 (al,a2,b;cl,cg;x,y,z) _ Z (al) + (a2)p( ) + p.%'

W enle g Viel+ bl <1, el <o

Theorem 4.3. The following double integral representations hold true

. . - INCRNQ) b a—1,y—1 B—a—1
ElSS(a”%a’b’ﬁ’é’x’y’Z)_F(Oz)F(’y)F(ﬁ—a)F((S—’y)/o /05 n (1_6) X

77)6_%1 (1—a¢— y’?)_blﬂ (a;

x (11— 1 —b;—z (1 —x2€ —yn)) dédn,

(4.11)
Re(B) > Re(a) >0, Re(6) > Re(y) >0, b#0,+1,4+2,£3
E153 (a7167,y7 ba 61762;x7y’z) = I—\]ECE[OZ_FB—{_V) / / §ﬂ+77177ﬁ71 (]‘ _5)0‘71 X
x (1 - 77)771E184 (a4 B+7,b5cr, 052 (1 —8),yén, 2€ (1 —n)) dE, (4.12)

Re(a) > 0, Re() >0, Re(y) >0,
where Eyg4 is the confluent hypergeometric function defined in [9)

o0

am n bm n— x y Z
Eis4 (a,b5c1,005,y,2) = Z (@)mtnip(D)min—p

(Cl) (62) ﬁg* \/ |$’ + \/ |y| < 1 ’Z‘ < 0.
m,n,p=0 m n

Proof. To prove the relation (4.11)) it is necessary to use the well-known integral representation for
the Appell function F; (see [7, p.230, Eq.(2)]):

. B L)L (<)
FQ(aJ),b,C,C,%?/)_ F(b)F(b’)F(C—b)F(C’—b’)X

o S R (R (RS

Re(c) > Re(b) >0, Re(c') > Re(t') >0

" dgdn,
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5. REDUCTION FORMULAS

Under exceptional circumstances, hypergeometric functions of three variables can be expressed in
terms of simpler functions, notably in terms of hypergeometric functions of one or two variables or in
terms of elementary functions. In such cases we speak of reducible hypergeometric functions and of
reduction formulas. The exceptional circumstances arise either if the parameters in a hypergeometric
series satisfy one or several relations, or if the two variables are connected by a relation. In the
latter case the relation is usually the equation of a singular curve of the system of partial differential
equations associated with the series in question.

Certain trivial reduction formulas are obvious: if a; = 0 in - , if z = 0 in any of the series,
the hypergeometric series of three variables can be expressed in terms of series of two variables: such
trivial reductions are disregarded in the sequel.

The following reduction formulas can be proved either by expanding in infinite series and comparing
coefficients, or by manipulating integral representations:

Eis3 (¢1, a0, a3,b;¢1,¢052,y,2) = (1 — $)_b H, (b7 Qg, as; Ca; %» (1-x) Z) )
—x

Eis4 (€1, a2,a3,b;¢1, 05w, y,2) = (1 — w)_b Hiy (b, Az, a3; C2; %» (1-x) Z) )
Eis5 (c1,a9,b5¢1,¢052,y,2) = (1 — $)_b H; (b7 Qz; Cg; %7 (1-x) Z) )
—x

E1s6 (01,02,b§ C1,C25 2, Y, Z) = (1 - $)_b H,4 (57 Qz; C2;

(1-2)z),

Eis7 (c1,b5¢1,¢052,y,2) = (1 — $)_b Hs (bv C2; %7 (1-x) Z) .
—x

6. TRANSFORMATIONS

Although there is essentially only one hypergeometric series of the second order in one variable
(namely Gauss’ series), its transformation theory is quite extensive (see, Sections 2.9 to 2.11 in [7]).
With the considerable number of hypergeometric series of the second order in two and three variables,
the complete set of transformations would run into the hundreds, and only a few examples can be given
here. The best means for deriving these (and other) transformations is the integral representations of
the functions concerned where a change of variables of integration, or a deformation of the contour of
integration will often yield the desired results.

First we have transformations of a series into a series of the same type:

—b
Eis3 (a15a25a37b; 01,023%%2) = (1 - $) Eqs3 <C1 — ay,as,a3,b; ¢y, c; T

Eis3 (a1,a2,as3,b;¢1,¢052,9,2) = (1 — o — y)ib X

2

z y (-z-y)
x E - - b; ; 6.2
153(01 a1, C2 — A2, ag, ’cl’CQ’x—i-y—l’a:—i-y—l’ 1—» Z)v (6.2)

_b X y
Eqs54 (a1;a27a3753 01,62;5373/72) = (1 - x) Eis4 <C1 —ay, az,as,b;cy, co; 1 1—2 (1 - x) Z) s

_ x
Eis5 ((11702717; 01,02§337y72') = (1 - x) bE155 (Cl — aq, ag, b; c1, ca; E’ %7 (1 - x) Z) ) (6-4)

- x
Eise (a1, a2,b5¢1, 0052, y, 2) = (1 — ) "Eise <C1 —ay,as, by ¢, 05 -1 %a (I—x) Z) , (6.5
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1'1—-=x
All these correspond to Euler’s transformation of the ordinary hypergeometric series:

o Fi(a,b;c;x) = (1 —x) % F ( —b;¢ L 1) =1 —2)"%F <c— a,b; ¢ xil) . (6.7)

The transformatlons . . can be proved by applylng the Boltz formula (6.7 to the expan-
sions - . To give an example, by the expansion (3.10)) for E;53, we have

Eis3 (al,ag,a;;,b; C1,C2; T, yvz)

Eq57 (a, b;ci,co3 1, Y, Z) = (1 - JU)_b Eis7 <C1 —a,b;cq,c; La Lv (1 - »”U) Z) . (6'6)
T —

>, (a2), (as), (b),_, y" 27
- v

. x
(), ol p,(l_fE) bente, By <C1 —al,b+n—p;cl;x_1)

n,p=0

_ x Yy
=(1- bES‘ - y 42, ‘ab; yCof — 1- .
(1—2x) 13<cl a1, a9, as,b;cy sz_l 1—1‘( CL‘)Z)

No simple transformations of this type seem to be known for any of the confluent hypergeometric
functions Eqsg, Ei59, E160, defined in (3.7) — (3.9).

7. APPLICATIONS

Confluent hypergeometric functions of three variables have important applications.
1) Fundamental solutions of the generalized bi-axially symmetric Helmholtz equation

" 92 2a0 0 28 0
Z 2242 Ou 2000 a0, 0 < 20,26 < 1
8:ck x, 01 xo O

in the domain {(x1,...,z,) : &y > 0,25 > 0} are expressed by a confluent function E;s5, for instance,
one of which has an explicit form (for details, see [10] ):

4 4 A2 -
¢ = kyr 2 Ey55 (O[?Baa + 520, 28; — ?2&7* 1‘252’79) , 0= Z (z1 — ‘fk)Q'

2
T 4 pt

Moreover, to construct fundamental solutions of the equation

"L (02 20y, 0
Z<Z+O‘k“> —Nu=0, 0< 20, <1
—~\Ozy  x Oy

a multivariable analogue of the function E 55 defined as

3
W‘

l n

Yy

k1., kleO j:1 o=

n a, by, ..., by; -
HE471) |: ' . xl"'wajn;y] = Z

Ciy.eey Cpy

is used [23].
2) Consider the three-dimensional singular Helmholtz equation

2 2 2
Ugy + Uyy + Uz + —auw + —ﬁuy + luz —Mu=0, 0<2a,28,2y<1 (7.1)
x Yy z

in the first octant 2 := {(z,y,2) : 2 > 0,y > 0,z > 0}.
Dirichlet problem. Find a regular solution u (z,y,z) € C (2) N C?(Q) to the singular Helmholtz
equation ([7.1)) , satisfying the following conditions

u(z,y,0) =7i(z,y), 0< 2,y <oo, u(x,0,2) =n(r,2), 0<z,2< o0, (7.2)
u(0,y,2) =13(y,2), 0<y,z< o0, I%imu(az,y, ) =0, R=+/22+y%+ 22, (7.3)

where 71 55 (¢, s) are given functions.
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Theorem 7.1. The following function

7 (t,8)ts

u(z,y, 2) = (1 — 27) kga! 720y =20 1 =2 / / ———FEi55 (1 — o, 1 = B3,0;2 — 20, 2 — 23;X) dtds
1
0 0

(1= 28) ka2t 20 51 27//72 BB (1 0,1 — 7,02 — 20, 2 — 7Y ) dids
0 0

+ (1 - 2a) kyz! 20y 128 1- 27//73 (L= 7,1 — Bas2 — 29, 2 — 28:Z) dtds,
0 0

where a =7/2 —a— 3 —7,

P=@—t) +y—s) +2 =@t ++ -9 =+ (y—1)° + (2 —9);

Azt 4 1 Azt dzs 1 Ayt dzs 1
X:< x,—%s,—4A2r$),Y=( x,—?,—ﬁﬁ),zz( y,—zs,—AQrg),

2
rs Ty r3 5 4 r3 T3 4

is a reqular solution of equation (7.1) in €, satisfying the conditions (7.2]) and (7.3)).
Proof. The validity of the statements of theorem is verified by direct calculation. O
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Abstract. In the paper, we consider a class dynamic control system with a discrete parameter and
under conditions of uncertainty in the initial data. The optimal control problem of the minimax type
is formulated for a non-smooth terminal functional using the principle of the best-guaranteed result.
This problem is studied by methods of multivalued and convex analysis. For this non-smooth control
problem the necessary and sufficient conditions for optimality are obtained.
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1. INTRODUCTION

The issues of decision making in the economic planning, in the design of technical devices and
control processes lead to various optimization problems. Non-smooth optimization problems constitute
a special class of mathematical models [I]-[3]. They are often represented with non-smooth objective
functionals. As a result of studies of non-smooth optimization models, special methods for solving
them have been developed, and sections of non-smooth and multi-valued analysis are being developed
-6l

One of the approaches used in decision-making in conditions of incomplete information about the
initial data of the system and external influences is the principle of optimization by the minimax
criterion, which assumes obtaining a guaranteed value of the quality criterion [7],[8]. This usually
leads to non-smooth optimal control problems in form minimax or maximin [9]-[14]. They are closely
related to the problems of controlling an ensemble of trajectories dynamic systems[15]-[17].

In this paper, we consider a dynamic control system with a discrete parameter under conditions of
incomplete information about the initial state. The goal of management is to achieve a guaranteed
result under such conditions of inaccuracy of information. A terminal functional of the minimum
function type is considered as a criterion for evaluating the quality of management. Necessary and
sufficient optimality conditions are obtained. They develop research of work [12]-[13].

2. STATEMENT OF THE PROBLEM

Let R™ be an n- dimensional Euclidean space; (x,y) is the scalar product of vectors x,y € R",||z||
is the norm of the vector x € R™; (X, 1) = sup{(z,¢) : x € X} is the support function of a limited
set X C R" .

Consider a dynamic control system of the form

&= A(t,y)x + B(t,u,y),t € T,u €U, (2.1)

where x is state n-vector, u is control m -vector, y is k - dimensional parameter of external influ-
ences, A(t,y) is n X n - matrix, b(t,u,y) € R", T = [to, 1] is given time interval.The initial state of
the system is inaccurate, that is, only set possible values are known: z(t,) € D, where D is convex
compact subset of space R"; U is compact set of space R™; the parameter y accepts discrete values,
Le. Yy €Y = {y17y27 "'7yv} C Rk'

We assume that the following conditions are met:

1) the elements of the matrix A(t,y) are summable on variable t € T = [ty, ;] for each y € Y ;

2) the mapping (t,u,y) — b(t,u,y) is measurable on ¢ € T and continuous on u € U for every
y € Y, moreover ||b(t,u,y)|| < B(t),B(-) € L1(T).

The admissible controls for system (2.1) are measurable and bounded m -vector function u = u(t),
t € T, which accepts values from U almost everywhere on T = [tg, t1].
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Let Ur be the set of all admissible controls u(-), and Hr(u(-),y) be the set of all absolutely contin-
uous solutions z = x(t, u(+), zo, y) of equation (2.1) with the initial condition z(¢y) = xy € D for given
admissible control u(-) € Ur(y) and discrete parameter y € Y . Under given conditions, Hr(u(-),y) is
compact set in the space of continuous n -vector functions C™(T) [17].

Let the quality of control of a dynamical system be evaluated by a non-smooth terminal functional

J(u()7$0) = min (P(y)x(tlvu(')7x07y)7l)7 (2'2)

where P(y) is an s X n -matrix, L is a bounded and closed set of R®* . Typically, with a given
initial state of the control system, optimal control is determined from the conditions for minimizing
terminal functionality. Since the initial state of the control system (2.1) is inaccurate, then the goal
of management can be considered to achieve a guaranteed value of the quality criterion J(u(-), o) in
form (2.2). The best guaranteed values of the functional (2.2) we will assume the minimum value of
the following functional:

J() = max rlrgglyey (P(y)z(t1),1). (2.3)

So, for the system (2.1), we will consider the non-smooth optimal control problem of the minimax

type:

max min P(y)x(t1),l) — min, u(-) € Uyp. 924
z(-)eHr (u(-)y),yeY le€L er( (y)z(tr) ) () T (2.4)

From the view of the posed minimax is clear that it is a control problem of terminal state of the
ensemble of trajectories of a dynamical system (2.1) under conditions of indeterminacy of initial data.
We will study the necessary and sufficient optimality conditions for the minimax problem (2.4).

3. CONDITIONS FOR OPTIMALITY
Consider the set Xz (t1,u(-),y) = {& € R"[§ = z(t1,u(-),z(-),y),x0 € D}. It is clear that

Xr(tr,u(),y) ={§ € R [§ = x(tr), 2() € Hr(u(-),y)}- (3.1)

Due to the results of [13],[17], X+ (1, u(-),y) is a convex compact set of R" and for the set Xr(t1,u(-),y)
following formula is valid

t1
Xa(t,u()) = {656 = Fltntog)on+ [ Flnt)btu)di, seDy, (32
to
here F'(t,7,y) is the fundamental matrix of solutions to the differential equation

dz

— = A(t

7 (t,y)z,

je. 2ELTy) A(t,y)F(t,T,y),t € T,7 € T,F(r,7,y) = E, E is an identity n X n- matrix.

ot
Using the formulas (3.1) and (3.2) we have:

D= ety per TR ZPWTD = o D5 e MR PO
yey yey
t1
i P (Ft,t, /Ft,t, b(t, u(t), dt),z): in(e, 1).
max min (yezy () F(t1,to, y)xo + (t1, 8, ) b(t, u(t), y) ey P(yrgl)&g(thu(_)’y) rlréan(g )
’ to 3%

(3.3)
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where

> P)Xr(tu(-),y) =Y Py)F(ti, to,y D+/ZP F(ty,t,y)b(t,u(t),y) dt. (3.4)

yey yey yey

Due to the properties of the set Xr(t1,u(-),y), the set in form (3.4) is closed compact set of space R®.
Now, using the minimax theorem known from convex analysis [I8],we obtain that the equality is valid

max min(&, ) = min max l) = min o P(y) Xp(t {
g€ 32 P) Xr(tau()y) 1L &4 = lecol g€ 5 Ply) Xr(tru(), &0 = <y§; rlboul()9), >
yeE

(3.5)
here co L is convex hull of the set L , o( Y. P(y)X(t1,u(:),y),1) is the support function of the set
yey

> P(y)Xr(ty,u(-),y). So, from (3.3) (3.5) we obtain following statement:

yey
Lemma 3.1. The minimazx problem (2.4) can be written as follows:

min o <ZP X(ty,u(-),y), z) — min, u(-) € Uy. (3.6)

l€co L
yey

In that way, the minimax problem (2.4) is reduced to the problem of repeated minimize (3.6). By
virtue (3.3), the fllowing formula is valid:

(ZP VX (ty, u,y), z) (D,¢°(l))+/t > (b(t,u(t),y), (L, y, 1)) dt, (3.7)

yey yeyY

where ¥ (t,y,1) = F'(t1, t,y) P’ (y)l, ¥°(1) = > ¢(to, y,1).

yey
Consider the function

() =0o(D 1[)0 /tt Iglelnz (t,u,y),¥(t,y,1))dt.

yey

Theorem. 3.1.The existence of the point [ € co L of the global minimum of the function v(1),l € co L
and the fulfillment almost everywhere on 7' the conditions of a minimum

min » _ (b(t, u,y), $(t,y, 1) = D, (b(t,u’(t),y), v(t,y, 1), (3.8)

is necessary and sufficient for optimality of the admissible control u°(¢),t € T.
Proof. Necessity. According to Lemma 3.1 and formula (3.7), minimax problem (2.4) can be
written as problem of minimizing of the following functional

p(u()) = min [a (0. 0)+ [ 300wt )60 y,mdt] () € Ur(y).

l€co L ¢
0
yey

Therefore, if u°(-) is optimal control in problem (2.4), then

p(u’(-)) = min p(u()).

u(-)eUT

We have:

3100 = iy i |70+ [ S0 ]

to yey
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= min lU(D (1)) + mln /t Z (t,u(t Y(t,y,1))dt| = min y(1).

lECoL YeUr l€co L

0()) = i ) = mi
Therefore, p(u’(-)) u(II)léII}T plu(-)) lgilonL’Y(l)-

Let [° € coL be a point of global minimum of continuous function

n'(l) = o(D, /tz (t,u’( W(t,y,1))dt, 1e€coL.

Then we have:

v(1°) = o(D,4° (1) + /ttl min [Z(b(t,u,y),w(t’y,lo))] dt >

> nin [aw,woa)) + [ min bt ). 0t y,mdt] — miny(l) = min p(u() = p() =

l€coL u(-)eUr

" min [aw,w(z» n / ! <b<t,u0<t>,y>,¢<t,y,z>>dt] — min 1°(1) = n(I°) = o(D, (%)) +

lecoL

t1
/ °(t),y), ¥(t,y,1%)) dt > a(D,¢°(1°)) / min » _ (b(t, u,y), ¥ (ty,1%)) dt =(I°).
to yEY to yeyY
From these ratios it follows that
(%) = min (1), (3.9)

i.e. the point [° € co L is point of the global minimum of the function (1)1 € co L, and

/tt1 min Y (b(t,u,y),¥(t,y,1°))dt = / Z (t, u’ V(t,y,1°))dt.

uelU t
yey 0 yey

By virtue of the properties of the Lebesgue integral from the latter we get that the condition (3.8)
is true for almost everyone t € T'.

Sufficiently. Let [° € co L be the point of the global minimum of the function «(1),l € co L , and
the conditions of a minimum (3.8) be true almost everywhere on T'.

Then:

p(u®(-)) = min la (D, 4°(1) / Z (t, u® Yty 0)dt| < a(D,y°(1°)+

leco L
to yey

+/ttl > (bt u’ (1), y),e(t,y,1%))dt = o(D,9°(1%)) /tt min > (b(t, u, ), $(t,y, 1) dt = (1)

0 yevYy yeyYy

= min y(I) < p(u’(-)) = min la (D, (1) / Z (t,u(t Ww(t, y,l))dt] = p(u(+)) Yu(-) € Ur.

lecoL lecoL to =y
Y

Therefore, u(u’(-)) = (II)III[} p(u(-)). So, u°() is the optimal control in the minimax problem (2.4).
S

The theorem is proven.



112 Haydarov T.T.

4. CONCLUSION

In this paper, we studied the problem of controlling an ensemble of trajectories of a system (2.1) with
discrete parameter and under conditions of uncertainty in the initial data. The problem formulated
in the form of a non-smooth control problem of the minimax type. Using methods from multivalued
and convex analysis, we derived the necessary and sufficient optimality conditions. They make up
the theoretical basis for the method of constructing a solution to problem (2.4) by solving finite-
dimensional problems of the form (3.8) and (3.9).

REFERENCES
[1] Clark F. Optimization and non-smooth analysis. John Wiley and Sons, New York, Toronto, Singapore,1983.
[2] Demyanov V.F., Vasilyev L.V. Nonsmooth optimization. Nauka, Moskow, 1981.

[3] Demyanov V.F., Rubinov A.M. Fundamentals of nonsmooth analysis and quasidifferential calculus. Nauka,
Moskow, 1990.

[4] M. Gaudioso and G. Giallobaro, G. Miglionco, Essentials of numerical nonsmooth optimization, Annals of
Operations Research, 314, 2022. pp.213-254. Doi: 10.1007/s10479-021-04498-y.

[5] Y. Cui, J.-S. Rang, Modern Nonconvex Nondifferentiable Optimization, Society for linear inverse problems
with a sparsity constraint, Communications on Pure and Applied Mathematics 57(11), 2021.pp.1413-1457.
Doi: 10.1002/cpa.20042.

[6] Tan H. Cao and B. S. Mordukhovich. Optimal Control of a Nonconvex Perturbed Sweeping Process. Journal
of Differential Equations, 2017, No 11. pp. 137.

[7] Kurzhanskiy A.B. Control and observation under conditions of uncertainty. Nauka, Moskow, 1977.
[8] Keyn V. N. Optimization of control systems by minimax criterion. - Nauka, Moscow, 1985.

[9] R. Gabasov, F.M. Kirillova, Control of a Dynamic Object in Real Time Under Conditions of Contant
Disturbances, Doklady of the National Academy of Sciences of Belarus, 2017, vol. 61, No. 6, pp. 7-13

[10] Natalia M. Dmitruk, Optimal control strategy in the problem of guaranteed optimization of a linear system
with disturbances. Doklady of the National Academy of Sciences of Belarus, 2017, vol. 61, No. 6, pp. 28-34.

[11] Otakulov S, Kholiyarova F, Nonsmooth optimal control problem for model of system with delay under
conditions of uncertainty external influence, International Conference on Information Science and Commu-
nications Technologies: Applications, Trends and Opportunities (ICISCT-2021). Tashkent, 3-5 November
2021, Publisher: IEEE. pp.1-3.

[12] Otakulov S, Haydarov T. The nonsmoth optimal control problem for model dynamic system under condi-
tions of incomplete information, Science and Innovation, 2022, Vol.1, No 1, pp. 349-359.

[13] Otakulov S., Haydarov T. Non-smooth Optimization Problem for Model of Parameterized Dynamic Control
System under Conditions of Uncertainty, 2024, AIP Conf. Proc. 3244, 020031, pp. 1-7.

[14] Otakulov S., Kholiyarova F. On the Method for Constructing Optimal Control in the Problem of Minimizing
the Terminal Functional on Trajectories of Differential Inclusions with Delay. 2024, AIP Conf. Proc. 3244,
020053 (Scopus). pp. 1-8.

[15] Jr-Shin Li. Ensemble control of finite-dimensional time-varying linear systems, IEEE: Transactions on
automatic control, 2011, Vol. 56, No 2, pp.345357.

[16] A. Scagliotti, Optimal control of ensembles of dynamical systems, ESAIM: Control, Optimisation and
Calculus of Variations, 2023, Vol. 29, No 22, pp.139.

[17] Otakulov S. Problems of controlling an ensemble of trajectories of differential inclusions. Monograph.
Lambert Academic Publishing, 2019.

[18] Pshenichny B.N, Convex analysis and extreme problems, Moskow, Nauka, 1980.
Haydarov T.T.
Jizzakh Polytechnic Institute,

Jizzakh,Uzbekistan.
email: omad2015Q@inbox.ru



Differential Game of One Fvader and Multiple Pursuers ... 113

Uzbek Mathematical Journal

2025, Volume 69, Issue 4, pp.

DOI: 10.29229 /uzmj.2025-4-12

Differential game of one evader and multiple pursuers with
exponential integral constraints
Ibragimov G.I., Tursunaliev T.G.

Abstract. We analyze an evasion differential game involving one evader and multiple pursuers in
R™. The control functions of the players are subject to exponential integral constraints to ensure
bounded energy consumption. Evasion is considered possible if, for any time ¢, the position of the
evader differs from the positions of all the pursuers. In this work, we establish a sufficient condition
for the possibility of evasion. We construct an admissible evasion strategy and demonstrate that, for
any number of pursuers m, evasion is possible. Additionally, we show that the number of maneuvers
required for evasion does not exceed m.
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1. INTRODUCTION

Pursuit-evasion games have been a significant topic in differential game theory, with various ap-
proaches and results developed over the years. An enormous amount of work has been devoted to
studying problems (for example, Azamov [I], Azamov et al. [2 B, [4, [5] Pontryagin [21], Petrosyan
[19).

Several studies considered pursuit-evasion differential games with many players such as Chen et
al. [6], Garcia et al. [7], Ibragimov and Salimi [9], Ibragimov [11], Ibragimov and Tursunaliev [13],
Kumkov et al. [16], Kuchkarov et al. [I4], Petrov [20], Ruziboev et al. [22] 23], Salimi and Ferrara
[31], and Von Moll et al. [34].

Further extensions of the pursuit-evasion problem have been considered in various works. Ibragimov
et al. [8] studied an evasion differential game that involves one evader and many pursuers. The
dynamics of the players are described by linear differential equations, with integral constraints applied
to the control functions of the players. They demonstrated that evasion is possible for any positive
integer m by showing that the total energy of the pursuers does not exceed the energy of the evader.
Ibragimov et al. [I2], Pansera et al. [I8], Sharifi et al. [30] and Mamadaliev et al. [I7] contributed to
previous results in pursuit-evasion games and extended the analysis by considering integral constraints
on the motion capabilities of the players.

Many studies have considered different variations of the above problem. Kuchkarov et al. [I5]
analyzed a differential game of the approach of many pursuers and one evader described by linear
systems of the same type. They obtained estimates for the payoff function of the game that players
can ensure and provide an explicit description of strategies. Ibragimov et al. [10] explored admissible
and adaptive strategies in multi-agent interactions.

Samatov and Soyibboev [25] studies a pursuit differential game in which players move under inertial
dynamics controlled by acceleration vectors. Using the parallel approach strategy, optimal interception
is ensured against any evader action. The capture set is shown to be a linear combination of two
Apollonius sets defined by the players’ initial positions and velocities.

In addition, comparisons with existing work help illustrate the novelty of the approach and its
potential applications in real-world scenarios. Rilwan et al. [24], Satimov [28 29], Samatov and
Uralova [26, 27], Scott and Leonard [33], Shchelchkov [32], Zhao et al. [35], Zhang et al. [36], and
Zhou et al. [37] provided further insight into related topics.

In many practical scenarios, the accumulated heat in a system depends on the control effort applied
over time, but past inputs contribute less to the current thermal state due to heat dissipation. To
model this behavior, we impose an exponentially weighted integral constraint on the control input

t

/e‘k(t_s)|u(s)|2ds <P V>0, (1.1)

0
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where u(s) is the control input (e.g., power in a heating system), k > 0 is the thermal dissipation rate,
which governs how fast past control inputs lose their impact due to heat dissipation, p? is a bound on
the effective thermal load, the exponential weight e=*(*=%) ensures that older control inputs contribute
less to the current heat state. If we multiply the inequality by et and denote e**/2u(s) by u(s),
then the inequality takes the form

¢
/|ﬂ(s)|2ds < pPeft vt >0.
0

Clearly, the control u(s) is uniquely defined by the control @(s). In the present paper, we consider
thermal type (exponential) constraints on the control functions of players.

We show that evasion is possible from any initial position of the players. In addition, we construct
an explicit strategy for the evader and then prove the admissibility of the strategy. To the best of
our knowledge, no prior research has addressed the specific simple motion evasion differential game
with exponential integral constraints. The main difficulties in solving the problem are constructing
an evasion strategy and proving that the constructed strategy guarantees evasion.

In this work, the construction of strategy requires the identification of approach times ;. Further-
more, our approach requires #; to be bounded, as well as new techniques to estimate the distance
between a pursuer x,(t) and the evader. Note that according to the strategy constructed, the evader
moves with a positive speed in a vicinity of the y-axis, for any control functions of the pursuers on the
time interval [0,T]. The fact that each maneuvering interval of the evader is contained within [0, 7]
plays a crucial role in establishing key estimates required for the proof of the main result.

2. STATEMENT OF PROBLEM

We consider a simple motion evasion differential game of one evader y and m pursuers x;, ¢ = 1, ..., m,
in R", n > 2. Game is described by the following equations:

i =u;, z;(0)=2% i=1,...,m,
0 (2.1)
y=v, y0) =1y,
where z;, 20, y, 4%, u;,v € R*, n > 2, 20 #4y° i =1,...,m and uy, ..., u,, are the control parameters of

pursuers and v is that of evader.
Definition 2.1. A measurable function u,(t), ¢t > 0, is called an admissible control of the pursuer z;
if .
/ lui(s)Pds < p2e, i=1,....m, (2.2)
0
where p1, pa, ..., pm and k are given positive numbers.

Definition 2.2. A measurable function v(t), ¢t > 0, is called an admissible control of the evader y if

t
/ lv(s)|?ds < o2, (2.3)
0
where o is a given positive number.
Definition 2.3. A function V : [0,00) x RZm+Un 5 Rn,
(L Yy Tty ey Ty Uty eeey Up) > V(Y T1y ey Ty Uy ey Uy,
is called a strategy of evader if the following initial value problem

i =, x(0) =20, i=1,2,...,m,
) 0 (2.4)
Y=Vt y,T1, ., Ty U, ooy Upn),  y(0) =1y,
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has a unique solution (z1(%),...,zm(t),y(t)), t > 0, for any admissible controls of the pursuers u; =
u;(t), 1 =1,...,m, and along this solution the following inequality

/Ot [V (s,9(8),21(8), - . Tm(8),u1(8), ..., um(s))|?ds < o2,

holds.

Definition 2.4. If there exists a strategy V of the evader such that for any admissible controls of
pursuers z;(t) # y(t) for all t > 0, and ¢ = 1,...,m, then we say that evasion is possible.

Problem 1. Construct a strategy V for the evader y and find a condition for the parameters p;,
it =1,...,m, o, which guarantees the evasion in game ([2.1))-(2.3]).

Note that the evader knows the values y(t), z(t),...,zm(t), ui(t),..., u,(t) at the current time t.
During the game, the pursuers apply arbitrary controls u;(t), ..., u,,(t), ¢ > 0, and attempt to realize
the equation x;(t) = y(t) at least for one ¢ € {1,2,...,m}, whereas the evader strives to ensure the
inequalities z;(t) # y(t) for all i = 1,...,m and ¢t > 0.

3. THE MAIN RESULT

We consider the evasion problem in the case where n = 2 and prove a theorem on evasion. The
following presents the main result of this paper.

Theorem 3.1. If
pit et <07 (3.1)

then evasion is possible in game (2.1))-(2.3]).

Without loss of generality, we assume that y° = (0,0), that is, the evader is at the origin at the
initial time. Then, we construct a strategy for the evader which guarantees evasion. There is no
restriction in assuming that J = {1,2,...,m} meaning that only the first m pursuers 29,29, ..., 2%

are in the upper half plane. Let J = {i | 2%, > 0, 1 < i < m}. In Fig. this set of indices is
J=1{1,2,3,4,5}.

eI
0 3
Ty
)
. ol
T
[
° :Ug
0
0
0 e Yy Tg
T10
° )
0 L7
Ty
® o
Ty

Ficure 3. Example of initial states of players.

The solutions of the initial value problem ({2.1)) are given by

xi(t) = 2 + /O/ui(s)ds, i=1,...,m, y(t)=1° —{—/0 v(s)ds. (3.2)

We prove the theorem in several subsections.
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3.1. Notations. Let a be any number satisfying the condition

0<ac< (0= p)’ , op=(pt+ .+ p2)VA (3.3)
2(maxi<j<m Y8 — 2| + 1) "
We choose a number a; from the condition
0<ay <min{;,(0;0f))2,g;,lgi<nm|yo—x? } (3.4)
Let ) ) X
To:alfgngﬁ’yg_%?ﬂ? T:T0+%7 BZZI-G‘S;W' (3.5)

We observe § < % since a < g, k > 0.
Let a sequence {ay}?2, be defined by the formula ay; = 8- a}, k= 1,2,... It is not difficult to
prove that this sequence has the following:

Property 3.2. Z;o:p+1 ar, < 2a,.; for any p > 1.

Proof. Since 8 < %, a; < %, we have a,y1 < af, k=1,2,..., and hence, ay < 1, k = 1,2, ... Then

(oo}
Apt1
Z Ak = Qpi1 + Qprz + oo < Apy1 + Gy + 05 + o < Gpy1+ a5, a0+ .= 1_p7+ < 20,41
k=p+1 Ap+1
The proof of the property is complete. O

3.2. Definitions of approach times. Let 6, = 0 and 6; > 0 be the first time at which

(@) |zi(61) —y(01)] = an,
(i)  zi2(61) > y2(01),

for some 7 € J. Note that such a time #; may not exist. If there are several pursuers x; that satisfy
conditions (i) and (i7), (for example, 6, is an a;-approach time for both pursuers x; and x5, but 6,
cannot be an a;-approach time for both pursuers z3 and x4 because it does not satisfy condition (i7)
(see Fig. ), then we can assume, by relabeling if necessary, that one of such pursuers z; is ;. We
call 6, the a;-approach time. The times 6; are unspecied and depend on the evaders strategy and the
controls of the pursuers. It is important to note the fact that all the numbers 6; will be in the interval
[0, T'], which will be established in Subsection

FIGURE 4. ai-approach time.
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If0,,05,...,0,_1, 0, <6y < ...<8,_y, are a;—,a3—, ..., a,_1— approach times, respectively, then we
define 6, > 6,_, to be the ai-approach time if the following conditions are satisfied

(@) |zi(0) — y(0k)| = ay,

(11)  @32(6k) > yo2(Or),

for some i € J. If there are more than one such pursuers x;, then we assume without loss of generality
that one of them is x;. In this way, we define ag-approach times, 6;, k € J, = {1,2,...,mo}, i.e.,
01,05, ...,0,,,, where myg is a positive integer. Note that ai-approach times 65 will not necessarily be
defined for all pursuers z;,7 € J. We will establish that at most one approach time will be defined for

each pursuer x;,7 € J, and therefore mg < m.

Let 5
0, =0, + % k=1,2,...,mp.

Note that we have defined 6, and ), only for £ = 1,2, ..., m,.

3.3. A function assigning a maneuver for the evader. Denote I} = U2 [0;,0}), I;,41 = 0. We

define a function r : [0,7] — {0,1,...,me}, which plays a key role in assigning a maneuver for the
evader. Set

0, tel0,T]\1I,
N 3.6
r(t) {k t€ 00,00\ L, k=1,...,mo. (36)

The function r(t) has the following property.
Property 3.3. Let mg > 1. Then, for k =1,2,...,(mo — 1),

(i) If 0, < Gy, then r(t) = k for 6, <t < 6.,

(#0) If 041 < 0, then r(t) =k for 0, <t < Oyy.

Proof. Assume that 0, < 6,,1. Then [0;,0}) \ Ir41 = [0k, 0},) since 0, < 041 < O < ... and
[0k, 0;) N I y1 = 0. Therefore, r(t) = k for t € [0, 0;,). This proves item (7).

To prove item (ii), suppose that 0y < 0). Since 6, < Opr1 < -+ < 0,,,, we have [0y,0r.1) C
[0,0;) \ Ixr1. Therefore, r(t) =k for ¢t € [0, 0x.1) by the definition of r(t) (3.6]). O

Example 3.4. If
0="00 <6 <0y <0, <0 <03<0,<6; <6, <6 <6,

then r(t) has the graph shown in Fig.

3.4. Construction and admissibility of strategy for the evader. We now construct a strategy
for the evader. Let u;(t), i = 1,...,m, be arbitrary controls of pursuers. Set

m 1/2
o(t) = V()= (0’a+ (Z |uz(t)2> ) , te[0,TI\ L, (3.7)
o(t) = Vi(t) = (Vau(t),U(t)), te[0,T] NI, (3.8)
where r = r(t), Vi(t) = (Via(t),U(t)), 0 <t <0}, k=1,...,my, is defined as follows

o+ |ug (t)], Y1(0r) > 251 (01),
—(a+ |ura(t)]), y1(0k) < Tr2(On),

m 1/2
Ut) = a+<zu§2(t)> .

Via(t) = {
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FIGURE 5. The graph of function r(t).

Note that U(t) doesn’t depend on k. Finally, let

m 1/2
v(t) = (0, (Z]ui(t)\2> ) , t>T. (3.10)

Equation (3.8]) shows that the function r = r(t) assigns the control V,.(t) for v(t).
We now show that the strategy defined by equations (3.7)-(3.10)) is admissible. Indeed, let we denote

(0,0), te0,T)\1, 0, (S0 [wP)?), e 0TI\,
o(t) = (a,a), tel C o) =S (lun (O], (S ub0)?) te b,
0,0), t>T 0, (S0 fw®))*), >
Note that . .
[ lee)Pds < 2027 o < 3o (311)

Clearly, for v(t) defined by (3.7)-(3.10) we have v3(t) + v3(t) = |¢(t) + 1(t)[>. Therefore, using the
Minkowskii inequality and (3.11)) we obtain, for ¢ > 0,

([ wpas)” = ([ 1o+ vwpas)” < ([ tewras)” + ([ o)

m

1/2
< (22°T)'? + </ Z lui(s)] ds) < aV2T + (Z er%t) = aV2T + pe* < ge,

since by definition of T, T and «

2
aV2T = \/2 <T0—|—a1> :\/2a< max \yQ—xﬁ—FQal)

.....

A
&
[\

Q
/—\
LE
o
N
§
|

@H
e
_|_
\_/
N
Q
|

s

Here, in the last inequality we used (3.3). Thus, the evasion strategy (3.7)-(3.10]) is admissible.
Next, we prove the following statement.
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3.5. One characteristics of the strategy.

Lemma 3.5. If the evader uses strategy —, then

(a) For allk € Jo ={1,....,mo}, we have (i) 0, < Ty and (i7) 0, < T.

(b) If y9 > 2% for some i € {1,...,m}, then ys(t) > wi(t) for all t > 0.

Proof. We first show that y»(Ty) > z;2(Tp) for all i = 1,...,m. Indeed, by (3.7)-(3.9) we have

m 1/2
va(t) > a + (Z u?Q(t)> >+ |up(t)], 0<t<T, (3.12)
and therefore, -
i(yz(t) — zi2(t)) = (va(t) — wia(t)) = (v2(t) — iz (t)]) = > 0. (3.13)

dt
Hence, y2(t) — xi2(t), 0 <t < T, increases strictly. Since Ty < T', by (3.13)) we have

To
Y2(To) — 2ia(To) =y — 73y +/ (v2(8) = win(8))ds > yp — a3y + Ty = yp — a3 + ax ly2 — 25| = 0.
0 SJIsSm

Thus, y2(To) > zi2(Tp) for alli =1,...,m.
Next, since vy(t) > a + |up(t)| for Ty < t < T (see Fig.4a), and vy(t) > |upa(t)| for ¢t > T (see
Fig.4b), therefore for ¢t > T, we have

t

Yo(t) —wia(t) = y2(To) — zia(To) + / (v2(s) — wuin(s))ds

To

> (@) -wa@) b [ (o uas)] - uas)ds (3.14)
[To,t]N[To,T]
> yo(Ty) — xia(T) > 0.
Thus, ya(t) > zsp2(t) for allt > Ty and i =1,...,m.

(o]

(a) ©

To t T
(b) o o o
T T t

FIGURE 6. The location of ¢ relative to 7.

In particular, we obtain that there is no ai-approach time 6, in the time interval [Ty, c0), since by
definition of an ai-approach time 6y, one has to have y5(0;) < xx2(6;). This is impossible for 6, > T
since as proved above y,(t) > xo(t) for all ¢ > Ty. Hence, 6, < Tj for all k =1, .., my.

Next, by definition of 6; we have

2 2
0, =0, + 2 <1 2B =, (3.15)
« (6%

and the proof of item (a) of Lemma [3.5| follows. In particular, (3.15)) implies that I; C [0,7].
Remark 3.6. Due to the inclusion I; C [0,7] the set [0,7] N I; in (3.8) is equal to I;.

To show item (b), using y9 > z% we observe that for ¢t > 0

t
) —walt) = -t [ () —uae)dsz [ (@t fuals)] - uas)ds > 0.
’ [0,£]1[0,T]
The intersection [0,¢] N [0,7] in (3.16)) is equal to either [0,t] (see Fig.5a) or [0,T] (see Fig.5b).
Thus, we have yo(t) > z;2(t) for all t > 0 by (3.16). This completes the proof of Lemma O
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FIGURE 7. The location of ¢ relative to 7.

3.6. Fictitious evader z,. Take any integer p € {1,...,mo} and assume that 6, is the a,-approach
time of the pursuer x, to the evader y. We will estimate the distance between z,(t) and y(¢) on
[0,,0,]. To this end, we introduce a fictitious evader (FE) z, whose motion is described by the
following equation

Zp =Wy, 2p(0,) = y(6,),
where w, is the control parameter of z,. The fictitious evader z,(¢) is defined only on the interval
[0,,,0,] and

wy(t) = Vo(t) = (Viu(8), U (1)), 0, <t <0, (3.16)
The trajectory of FE

Since by (3.16) vo(t) = U(t), therefore

aa(l) = 2a(6)) +/; U(s)ds = y(6,) +/; va(8)ds = yalt), 6, <t <8,

P

We now demonstrate that

0,
/ IV, ()[2ds < 02T (3.17)
Op

By denoting

we have

" 1/2\ 2
Va1 = Vi) + (1) = (a+ ua (5)])* + (a + (Zﬁz(ﬂ) ) = o) + (O, 0, <t <0,

Therefore, using the Minkowskii inequality we obtain

(/:; IVp(s)|2d5> 1/2 B </99; 01(5) + ¢1(s)|2d8> " < </:; \901(5)|2d3> " + </:; \¢1(s)|2ds> "

p P p p

' m 1/2
< (2042(9;—917))1/2—1—(/epzmi(sﬂzds) : (3.18)

P =1
since by (2.2) and (3.15)) we have f(i; lu;(s)[2ds < p2e?*% < p2e?*T | and then it follows from (3.18))
that

o 1/2 m 1/2
(/ |V}a(s)|2d5> < 2,/aa, + (Z p?eQ’“T> =2yaa, + () " = 2y/aa, + petT < ek,
i=1

Op

since by (3.4) a, < a; < %, and hence (3.17)) is true.
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3.7. Distance between fictitious evader and pursuer.
Lemma 3.7. Let the pursuer x, apply an arbitrary admissible control u,(t) on 0, <t <0,. Then

aa?

P
6o2e2kT ’

Proof. Let 0, <t < 0, and for definiteness assume that z,,(0,) < y:(6,). Then by (3.9) we have
Vpr(t) = a + |up (t)|. Therefore,

|2p(t) — x,(t)| > 0, <t <0, and y(t) —zp(t) >a, t>0, (3.19)

|Zp(t) - xp(t)| > Zpl(t) - JUpl(t) =Y (911) — Tp1 (917) + /et (Vpl (5) — Up1 (5))d5

p

> [ (@t fun(8)] — un(5))ds = a(t =), (3.20)

On the other hand,
t
‘Zp(t) - xp(t)’ > |Zp(0p) - xp(ep)‘ - /0 H/;)(S) - up(3)|d3‘ (3‘21)

The integral in (3.21)) can be estimated by using the Cauchy-Schwartz inequality as follows

t t ¢ 1/2 ' 1/2
| Wis) = up(olds < < | vas [ Ws)—up(s)ms) < <<t—ep> / 2<m<s>|2+|up<s>|2>ds> .

01’
(3.22)
Since t — 0, < ¢, — 0, <T by (3.15)), we have
t t
/0 H/vp(S)PdS S 0'262kT, /0 ‘Up(8)|2d8 S p§€2kT S 0'262kT,
then it follows from (3.22)) that
t
/ Vi (s) = up(s)ds < (t—0,)2 (402 7T) > = 25(t — 0,)/2eHT.
0,
By using (3.23) and the equation |2,(0,) — x,(6,)| = a,, (3.21)) yields that
z2p(t) — x, ()| > a, — 20(t — e, .
|2p(t) = 2, ()] > @, — 20(t — 0,)' /2T (3.23)
It is easily seen from (3.20)) and (3.23)) that
|2p(t) =z, ()| = h(t) = max{ha(t), ha(D)}, t 26y, (3.24)
where

hi(t) = a(t —0,), ho(t) =a, —20(t — 0,)"/%e7.

Note that the funcion hy(t), t > 6,, is increasing, and the function hy(t), ¢ > 6,, is decreasing,
therefore, it is not difficult to see that the function h(t), t > 6,, attains its minimum at the point
t = t, where

hi(t) = ha(t), t>0,. (3.25)

Let (t —6,)'/2 = d. Then equation (3.25) takes the form

ad® = a, — 20de"”,
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or ad® + 20e*”'d — a, = 0. This equation has the following positive root

P —oefT +\/c2e?*T + aa,

. =
a

oerT + /0% T 1 qa,

Then

aa?

= (06" + /02T ¥ aa,)”
Since by (3.4) a; < 3 < €7, and in view of & < 0%, we have aa, < aa; < 0?7, therefore (3.26)
implies that

(3.26)

aa?

|2, (t) — 2, (8)| > gi@l}}h(t) > 602%’ 0, <t <0, (3.27)

Next, using the fact that y2(6,) — xp2(6,) > —|y(0,) — 2,(0,)| = —a,, and the equality z,2(6,) = y2(6,)
by (3.17) we obtain

0, 0, m 1/2
22(0)) — 2,2(6)) = 12(6,) 3,206 + [ (U(6) — wyals))ds = —a, + | <a+<§)@@0 —%A@)@
(2% P =1
9; / 2aP
Z—ap—l—a/ ds = —a, +a (0, —0,) = —a, + « 9p—|—7—0p = ay.
0,
(3.28)
Finally, let ¢t > 6. By (3.17) y2(0,) = 2,2(6;), and by (3.7), (3.8) and (3.10), va(t) > |upa(t)|. Then
using (3.10)), (3.28) we get

t
) = 22(8) = 22(60,) ~ 22(6,) + [ (02(5) — was))ds = 22(6)) ~ ,2(6}) 2 @y £ 26,
%
Thus, we have the following inequalities:

aa?

‘Z;D(t) - $P(t)’ > 60_2€§kT7 01) S t S 0;)7 (329)
Yo (t) — zpa(t) > a,, t>0,. (3.30)
This completes the proof of Lemma O

3.8. Distance between real and fictitious evader.

Lemma 3.8. The following estimate holds

ly(t) — 2,(£)] < 60T, [T 6, <1<, (3.31)

Proof. Since z,(6,) = y(0,), we have

[ @) = it

p

ly(t) — zt)| = , 0,<t<0. (3.32)

By and
o(t) = (Vi (1), U(1)),  Vp(t) = (Vu(8),U(1)), 0, <t <6, (3.33)

Consider two cases: (i) 0, < 0,41 and (ii) 0,1, < 0.
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N -0

Y(Op+1) = zp(Opt1

y(0p) = zp(6p)

FIGURE 8. Points y(t) and z,(t) are on one horizontal line.

Case (i). Let 0, < 0,,,. Then by item (i) of Property r=r(t) =p for 6, <t < 0,. Therefore
by (3.11) we have v(t) = V,(t), 0, <t < ¢,. Hence, by (3.10)

[y(t) — 2,(1)] = 0. (3.34)

Case (ii). Assume now 0,,; < 6,. Then by item (i7) of Property we have v(t) = V,(¢),
0, <t < 0,1, therefore, y(t) = 2,(t), for t € [0,,6,.1], and so satisfied. This means that the
trajectories of y(t) and z,(t) coincide on [0,,0,.1] (see Figl). Then, starting from the time 6,,, the
evader applies the maneuver V,,(t) against the pursuer x,.

Next, we estimate |y(t) — 2,(t)| for t € [0},41,0,), we then obtain

y(t) = 2()] =

A;w@—n@wssiﬂwﬁ—%@%

< / lo(s) — Vi, (s)|ds + / [o(s) = Vi, (s)|ds. (3.35)
(Op+1,0)\Ipt1 [Opt1,t)NIpp1

Since by definition r(t) = p for t € [0,,0,) \ Ip41, and [0p41,t) \ I11 C [0,,0,) \ Iy, for t € [0,,0)),
therefore we have r = r(t) = p, and hence, v(t) = V() for t € [0,41,t) \ I,+1. Consequently, the first

integral in (3.35) is 0, and so (3.35)) takes the form
u(®) -0 < [ o(s) = Vi(s)lds: (3.36)

[Op+1,¢]NIp41
By (3:9) and (3-11)
[v(s) = Va(s)l = [Via(s) = Via ()] < 20+ Jura(s)] + |upn(s)],
and therefore (3.36)) implies that

ly(t) — 2 (1)] < / (20 + [y (8)] + |up (s) ) ds. (3.37)

Ip41

To estimate the integral in (3.37)), we need to estimate the integrals

/ Qads,/ |u,1(s)|ds, and/ [ty (s)|ds. (3.38)
Tpta Tpa Ipt1
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The first integral can be estimated using the definition of ), and Property as follows

m 9; m m 2@'
2ads < 20eds = 2 0, —0,) =2 — <8 ) 3.39
/Ip+1 ae = Z/‘;z o az(z ) Oéz a pt1 ( )

i=p+1 i=p+1 i=p+1

Next, we estimate the second integral in (3.38). Using the Cauchy-Schwartz inequality we have

/1 . |ur1(s)ds < ( /I . ds) b ( /I - |uT1(S)\2d5> " : (3.40)

Since 0, <t < 01’0 < T, we have

m
u,q(8)]2ds < w;(8)]%ds < o?e?t < g2e2kT
[uri(8)|"ds < i < <

Ip+a i=1 70

and similar to (3.39)) for the first integral in the right hand side of (3.40) we get

= o 4a
/ ds < Z / ds < —#tL
Tpta 0; @

i=p+1

Then it follows from (3.40) that

/1 [ty (5)|ds < 20eFT %. (3.41)
p+1

Similarly, for the third integral in (3.38]), we have

/I e (5)]ds < 20T [ 9251 (3.42)
p+1

Combining (3.39), (3.41), and (3.42) we obtain from ({3.37) that

a a
ly(t) — 2,(t)] < 8apyy + doe"T |2 < GoetT | 2=
o o)
using the inequality
Gp+1
o

16a,,1 < 20e*T

~—

which follows from the inequalities a,,1 < a; < % (see (3.4)
Thus,

ly(t) — 2,(t)] < 60ekT | [ 224L, (3.43)
(6

The proof of the lemma is complete. O

3.9. Distance between evader and pursuer. Using (3.29) and (3.43|) we obtain

2 2
aa, kT [Gpr1 QG
W)~ 2,0 2 lel0) 50— [2(0) — 9] > n et [ = O

for ¢ € [6,,0,] since by (3.5)
3
a 4

Up+1 = 6156 0kT Up°
Also, it follows from the definition of 5 and the inequality a, < 1 that

Apr1 < at @ a?
p+1l = 1602e2kT P = 19g22kT P
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Therefore, (3.44) implies that |y(t) — z,(t)| > apy1, 0, <t <0, Also, by (3.30)

Yao(t) — 2pa(t) > a,, t>0,.

Thus, starting from the time 6], we can ignore the pursuer x, since x,(t) # y(t) for all £ > ¢, for this
pursuer. We now can conclude that

(1) if yo > % for the pursuer x;, then by item (ii) of Lemma Yo(t) > x;o(t) for all t > 0 and
hence x;(t) # y(t) for all t > 0. This means the evader ensures evasion from such a pursuer.

(2) if 2% > ¢ for all i € {1,2,...,m}, then the a;-approach of the pursuer x; may occur at some
f;. Then, as proved, we have

ly(t) — x,(t)| > a,, for 0 <t <46,, (by definition of 6,) (3.44)
2
aa ,
9(0) — ()] > om > apen, for 6, < £ <6, (by @) (3.45)
ba(t) — 2,0(0) > ay, for ¢ > 6, (by (30)) (3.46)

Based on these relations, we summarize as follows:

If an a,-approach time 6, of pursuer z, to the evader y occurs, then z,(t) # y(t), for all t > 0 (see
— ) Moreover, for any 7 > p + 1, there is no a;-approach time 6, of the pursuer z, to the
evader y. This means that even all the pursuers are in the upper half-plane, and the evader ensures
evasion by applying its own maneuver.

The proof of Theorem [3.1]is completed.

4. CONCLUSION

We have analyzed a differential game of evasion from many pursuers. The control functions
of the players are subject to exponential integral constraints. We have constructed a strategy
for the evader and demonstrated that evasion is possible. The evader uses the control v(t) =

1/2
<0,a + (Z:il ]uz(t)|2) > on the set [0,7] \ I; and applies a maneuver on the set I;. The mea-

sure of the set I; can be made by choosing the parameters a; and «a as small as we wish. We have
also shown that all the approach times 6; for each pursuer can occur only before a specific time
Ty, and the approach times 6 satisfy 6, < T. The total number of approach times 6, associated
with all pursuers does not exceed the total number of pursuers, m. The evader uses the control

1/2
v(t) = (0, <ZZ1 \uz(t)]2> ) for t > T, and the approach time no longer occurs.
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Abstract. This paper studies an analog of the Tricomi problem for a loaded parabolic-hyperbolic
equation of the second kind, which degenerates inside the domain. In proving the existence and
uniqueness theorem for a classical solution to the Tricomi-type problem, a general representation of
the solution to the loaded parabolic-hyperbolic equation degenerating within the domain is derived.
The uniqueness of the solution is established using the extremum principle and the energy integral
method. The existence of the solution is equivalently reduced to integral equations of the second kind,
specifically Volterra and Fredholm equations, which remain relatively unexplored. Furthermore, a
class of prescribed functions is determined to ensure the solvability of the obtained integral equations.

Keywords: Second-kind equation, loaded equation, extremum principle, method of energy inte-
grals, Fredholm integral equation of the second kind.
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1. INTRODUCTION

Many important problems in mathematical physics and biology, particularly long-term groundwater
prediction and regulation problems [I], modeling of particle transport processes [2], heat and mass
transfer problems with finite velocity, liquid filtration modeling in porous media [3], inverse problem
studies [4], and various optimal control problems in agroecosystems [5] lead to boundary value problems
for loaded partial differential equations.

The term ”loaded equation” first appeared in [6]. The general definition of loaded equations, which
is now widely accepted in scientific literature, was introduced by A.M. Nakhushev in 1976. In [7],
a more comprehensive definition and detailed classification of various types of loaded equations were
provided, including loaded differential, integral, integro-differential, and functional equations, along
with their numerous applications.

Boundary value problems for non-degenerate loaded equations of mixed type of the second and
third orders, where the loaded part contains a trace or derivative of the unknown function, have
been studied in [8-20]. For degenerate-loaded equations of hyperbolic, parabolic, and mixed types,
investigations have been carried out in [21-26]. A three-dimensional analog of the Tricomi problem for
a loaded parabolic-hyperbolic equation was examined in [27]. The theory of boundary value problems
for second-order loaded equations with integro-differential operators has been explored in [28-33].

In the study of degenerate loaded equations of mixed type of the second kind, difficulties arise
associated with the lack of a general representation of the solution, as well as the impossibility of
direct application of classical methods. This problem is solved in this paper. A new method for
constructing a representation of the general solution of a loaded parabolic-hyperbolic equation of the
second kind in a form convenient for further studies of various boundary value problems is developed,
and a new type of extremum principle for a degenerate loaded parabolic-hyperbolic equation of the
second kind is proved. The analysis of the state of affairs in this direction shows that boundary
value problems for degenerate loaded equations leading to less studied integral Volterra and Fredholm
equations with shifts.

In this paper, we study problems with the Tricomi condition for a loaded parabolic-hyperbolic
equation of the second kind, degenerating inside the domain. We prove the existence and uniqueness
theorems of the classical solution of the problems posed. The proofs of the theorem are based on
energy identities and the extremum principle, as well as on the theory of Volterra and Fredholm
integral equations.
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2. FORMULATION OF PROBLEM Ar

Let € be a finite simply connected domain in the plane of variables z,y bounded by curves:
S;: (—1Y 'z=1, 0<y<1, S3: O<a<l1, y=1, S4: —-1<z<0, y=1,

2 .
(_y)2/(27m) = 07 Fj+2 : ( l)j 1.%'—’-2_7( y)2/(2 - m) = 17 y < 07 (.] = 172)

2

IE (‘Ujfll’—m

We introduce denotations

Qr=an{(z,y): (-1)'x >0, y>0},Q =Qn{(z,y): (-1)"'z >0, y <0},
L={(z,y): 0< (1)<l y=0}, Q=00 UL, L={(z,y): =0, 0<y<1},
Q=07 UQf UL, A ((-1)Y710)=LnS5;, 0(0,00=1NL, B (1,1)=5n35;,

— — — — _\i—1 i 2/(2—m) — — )
By (—1,1) = 5,N8,, By (0,1) = S5N8,, C; [“;; - ((—1)J ' %TM) } =T,NTj50, (=1,2).

Next, we assume that the domains Q2 and Q] should be symmetric domains of Q3 and Q; with
respect to the axes Oy.
In the domain Q we consider the following equation

0 — { Ugy — ((_1)j71£)puy - P ($, 0) ) (.T, y) § Qj: (21)
Ugpz — (_y) Uyy + U (1‘, 0) ’ (.CC, y) Qj )
where m, p, p;, p; (j=1,2) are any real numbers, and
O<m<1l, p>0, p;>0, w;>0, (j=1,2). (2.2)

In the domain € for equation we investigate the following problem.

Problem Ar. Find a function u(z,y) that satisfies the following properties:

1) u(z,y) € () NCH(Q); 2) u(z,y) € C2LQT UQT) and it is a regular solution of equation (2.1)
in the domain QF; 3) u(z,y) is a generahzed solution of equation (2.1 . ) from the class Ry [34] in the
domain Q; (j =1,2); 4) u(x,y) satisfies the boundary conditions:

ulg, = ¢;(y), 0<y<1, (2.3)

+1 1
ulp, = @), 0<(-)Te< s, (2.4)

5) u(z,y) satisfies the matching conditions on the degeneration line I; (i =1,3):

T u(zy) = lmu(e,y),  lm(ey) = imuy(ey), @€l (=12, (25
hn+10u(az y) = hmou(x ), hqu ug(x,y) = hmouw(az y), (0,y) € I, (2.6)

where ¢;(y), ¥;(x)(j = 1,2) are given function, and ; (0) = 12 (0),
p;(y) € (L) N C'(I3), (2.7)

i (z) € C? {0, ﬂ , o(z) € C? [—; 0} : (2.8)
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3. INVESTIGATION OF PROBLEM A7 FOR EQUATION ([2.1))

If the conditions 1) and 2) of Problem A7z, any regular solution of equation (2.1)) can be represented
as in [16], ([35],p.3-6):

u(z,y) = v(z,y) + w(z) (3.1)
where
— U](LIZ‘,y), (xvy) EQ;_)
o) = { ik Gues (32)
wi(z), (z,+0)€;

w(x) = 3370 ’ 7 3.3
(@) {wj (), (z.-0) €1, (3:3)

here v; (z,y) and w; (x,y)(j = 1,2) are regular solutions of the equation
ij = Vjge — ((_1)j71x)pvjy = 07 ($,y) € Q;ra (34)
Lwj = wjze — (_y)m Wjyy =0, (z, y) € Q; (J =1, 2) (3'5)

and w; (z) and w; (j = 1,2) are arbitrary twice continuously differentiable solutions of the equations

wi'(z) — pjwi(x) = pju;(2,0),  (2,0) € I, (3.6)

"

Wy (@) + oy (@) = —pgw,(,0),  (2,0) € I, (3.7)

Since the function ax + b is a solution to equations (3.4) and (3.6, arbitrary functions w () and
w; (z) can be chosen to satisfy the conditions

wf (7)) =wf (=17 =0, (3.8)

w; (0) = w; (0)=0, (j=1,2). (3.9)

J

The solution to the Cauchy problem (3.7)), (3.9) and (3.8]), (3.10]) is given by:

Wi (@) = V7 /( LT sy =, @0 e, (3.10)
and
oy (@) =~V [ 7 Osingf (@ -0t (@.0) €, (3.11)
0
where
7i(7) = v;(z, +0) = w;(x, —0), (x,0) € L;(j =1,2). (3.12)
In view of (2.1)),(2.3), (2.4), (3.2)), (3.3), (3.9), (3.10) Problem Ar reduces to Problem A%. for the
equation
Lv;, (z,y)eQf
0= 77 ' J 3.13
{ Lw;, (z,y) €Q; ( )
with boundary conditions
vils, = wi(y), 0<y <1, (3.14)
4 1
wilp, = ¥(x) —wi (z), 0< (=1 e < 3 (3.15)

where w; () is determined from (3.12)), (j = 1,2).
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4. UNIQUENESS OF SOLUTION OF THE PROBLEM Ar

To prove the uniqueness of the solution of Problem Ar, we first prove the uniqueness of the solution
of Problem A% for equation . The following lemmas play an important role in proving the
uniqueness of the solution to Problem A%. for equation (3.14).

Lemma 1. If the conditions ,—1 <28 <0, p+28 >0, p1(y) = ¢a(y) =0, Vy €
[0,1] and (x) =0, Vze [O;% , a(x) =0, Ve [—%;0] are satisfied, then

7(z) =0, VY(z,0) € I, (4.1)
where 7;(x) is defined from (1=1,2),28=m/(m—2).

Lemma 1 is proven in exactly the same way as in ([25], p. 39-41, Lemma 3.1 ).

From (4.1)), using (3.11)) and (3.12]) , we obtain

wi(z) =wj (x) =0, Vel

Thus, from , we have
w(x)=0, Veel, Ul,. (4.2)

Lemma 2. The solution v(z,y) € C (Q3) NC(Q3) NC2L (A UQT) of equation in the closed
domain Q3 attains its positive mazximum and negative minimum only on A B U AyBy U I U L.

Proof. By the extremum principle for parabolic equations [36l B7, B8], the solution of equation
inside the domain Qf and QJ cannot attain its positive maximum and negative minimum. We
will show that the solution v(z,y) of equation in the domain €25 does not attain its positive
maximum (or negative minimum) on Is.

Assume the contrary. Suppose that v(z,y) attains its positive maximum (or negative minimum) at
some point (0, 7o) on the interval I3. Then, based on the extremum principle [36} [39] from the domain

Qf , we have
v, (4+0,y0) < 0 (> 0). (4.3)

On the other hand, from the domain €5 , we obtain
v (—0,90) > 0 (< 0).

This inequality, due to the matching condition v, (+0,y) = v, (—0,y), (0,y) € I3, contradicts the
relation . Therefore, v(x,y) does not attain its positive maximum (or negative minimum) on the
interval I5.

By condition from , and considering and 17 (0) = 15 (0) = 0, it follows that
v(0,0) = w;(0,0) = v; (0,0) = 0. Thus, v(z,y) does not attain its extremum at the point O(0, 0).

Using Lemmas 1.1 and 1.2 ([36], ch. 2, § 2.3. p. 93-94), it can be proven that at the point By (0,1),
there is no positive maximum (or negative minimum).

Therefore, v (z,y) does not attain its positive maximum (or negative minimum) on the interval Is.
O

Theorem 1. If the conditions of Lemmas 1-2 and are satisfied, then the solution of Problem
A%, for equation 18 unique in the domain €.

Proof. According to the maximum principle for parabolic equations [37, 38| 40], and considering
Lemma 2, the Problem with conditions(3.13]) and @ for equation in the domain Qs with
7i(x) = ¢;(y) = 0(j = 1,2), has no non-zero solution, i.e.

vi(z,y) =0 in QF (j=1,2). (4.4)

Due to the uniqueness of a solution of the Cauchy problem with homogeneous conditions w;(z,y) ]yz 0=

0, (x,0)€ I, w;, (T, y)|y:O =0, (z,0) € I; for equation 1} in the domain €2;, it follows that
wj(xa y) = O) (JJ, y) € Qj' (45)

Due to (4.4)) and (4.5)), from (3.2)), we have
v(z,y) =0, (z,y) €. (4.6)
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From (4.6) the uniqueness of the solution of Problem A%. for equation (3.14) follows. O
Theorem 2. If the conditions of Theorem 1 are satisfied, then the solution of Problem Ar for
equation s unique in the domain €.

Proof. From (4.2)), (4.6) and (3.1, it follows that wu(z,y) =0, (z,y) € Q. Thus, the uniqueness
of the solution of Problem Az for equation (2.1]) follows. a

5. EXISTENCE OF A SOLUTION TO PROBLEM Ar

The existence of a solution to Problem Az is proven using the method of integral equations. To
prove the existence of a solution to Problem Ar, we first prove the existence of a solution to Problem
A% for equation (3.14]) with the conditions (3.15) and (3.16)).

Theorem 3. If the conditions (2.9), (2.8), (2.9) and

—1<28<0, p+28>0, ¥ (0) =1,(0)=0 (5.1)

are satisfied, then the solution to Problem A%. exists in the domain € .
Proof. The proof of Theorem 3 relies on the following problems, which have independent interest.
Problem B;(j = 1,2). Find a solution v(z,y) € C(Q;) N C*(Q;) N C>' () N C*(£;) to equation
, satisfying the conditions , and

U(Ovy) = 7~-3(y) - w;_(O), (Ovy) € I_Sv (] = 1a 2)7 (52)
where 75(y) = u(0,y), (0,y) € I is a given function, and 75(0) = 1, (0) = 1,(0) = 0,
T3(y) € C(I3) N C (1), (5.3)

and w; (0) is determined from (3.11)) .
Problem Bj. Find a solution v(z,y) € C(Q3) N C'(Q3) N C2) (A UQT) to equation (3.4),
satisfying the conditions (3.15]) and

v(@,y)],m = 7(2) —wf (2),  (2,0) € L, (5.4)
where 7;(z) and w;’(ac)( j =1,2) are determined respectively from (3.11]), and
7i(x) = wj(x, —0) = v;(x,+0), (x,0) € I;.

5.1. Investigation of Problem B;, (j =1,2).

Theorem 4;, (j = 1,2). If the conditions , @, (@, , and are satisfied, then a
solution to Problem B;, exists and is unique in the domain €;.

Proof. By Lemma 1 and from the extremum principle for degenerate parabolo-hyperbolic equations
[36], it follows that the solution v(x,y) to Problem B; with v;(z) = 0 has a positive maximum (PM)
and a negative minimum (NM) in the closed domain 2}, which is attained only at S;UI;, (j =1,2).

According to the extremum principle, the homogeneous Problem B;, taking into account conditions
(3.3) and , i.e., the problem with zero boundary conditions, has no solution other than zero. This
implies the uniqueness of the solution to Problem B;.

Now we proceed to prove the existence of a solution to the problem with conditions ,
and .

The generalized solution of the class R, [25], 34] of the Cauchy problem with initial conditions
m_wj(a;,y) =Tj($),($,0) EI_jv Ugrg_wjy(xvy> :Vj(x)v (2,0) € I,

li
y—0

for equation (3.6) in the domain Q (j = 1,2) is given by the formula

13 n
w; (€)= (1) [/ (n—1)" (€= 1) Ty (1) dt + /5 —D - N, (dt|,  (55)
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2—m 2—m

where E=(-1V e -2 (-y) =, = e 2 (-y)

25-1 I (2 —28)
I2(1-p5)

Nj(x) =Tj (x) [2cos T = yav; (2), 72 =[2(1 —20)] (5.6)

. x T;(t)dt , _ _
Ti(x) = —1]_1/ ? =I(1-23 —1]_1sz 'T.(x), (x,0) € I, 5.7
@) = 1 [ s =T 28 DY), 0 €y (5)
where the function T}(z) is continuous in I; and integrable on I;, and 7; (z) and becomes zero of order

no less than at 1 — 28 when x — 0, and Dng [e] is the integral-differential operator of fractional
order ([41], p. 42-43).

By setting £ = 0, n = x, in (5.5)) considering (3.16), (5.6)), and the properties of integral-differential
operators of fractional order ([41], p. 42-43), ([42], p. 16-21), we obtain
2(=1)"tcosmp
r1-p)
where 3 = 2y, cos 3, and w; (z) is determined from (3.12) (j = 1,2),

Substituting (5.8) into (5.7]), we find the first functional relationship between 7;(x) and v;(z),
transferred from the domain €2} to domain I; (j = 1,2):

Tj(z) = vsv;(w) +

(=1)"'2) Do, ” [y(2) —wj ()], (2,0) €T, (5.8)

7j(x) = T(1 = 28)s(=1)/ 7' D5 () + W), (2,0) € I, (5.9)

where 2T(1— 28) 5
— CosST
U,(x) =
Therefore, as in the work ([43], p.39-48), according to conditions 1) - 2) of Problem Ar, by taking
the limit as y — + 0 in equation (3.4) and condition (3.15)), (5.4]) considering (5.1)), we obtain

vj(x,4+0) = 75(z), (2,0) € L;; vj,(x,+0) =v;(z), (z,0)€ I

Do (1) Dy, [1(x) — wy ()] -

it follows that ‘
T(z) = ((—1)]_135)1) vi(x), (5.10)
75(0) = —w/(0),7; (1)) = ¢,(0), (5.11)

where w/ () (j = 1,2) is determined from (3.11)).
Solving the problem ((5.10) and (5.11]), we obtain the functional relationship between 7;(x) and
vj(x), transferred from the domain Q" to domain I;(j = 1,2):

T

. (=17t . p _
ﬂx):(—1y{A G, (1) (-1 ) vy (0t + fy(2), zel, (5.12)

where

(t+1)z, —1<t<u,

, G2 (1) = (z+1t, z<t<0,

Gl(“"’t):{ (t—1z, z<t<l1
fi(@) = —wi(0) + (=1)""'z [ip; (0) + w] (0)] . (5.13)

By virtue of (3.11]), from (5.12)) and (5.13]), we obtain the Fredholm integral equation of the second
kind with respect to: 7;(x) (j = 1,2):

7i(x) + /0(1)]_ K (z,t)r;(t)dt = ®;(z), (x,0) € I, (5.14)

where

K; (z,t) = /p; (1 = (=1)""z) shy/p; t,
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(-1 v .
®;(z) = (—1)]'_1/0 G (2,1) ((=1)7't) v(t)dt + (=1)" 2, (0). (5.15)

According to the theory of Fredholm integral equations ([44], ch.1, § 15) and from the uniqueness
of the solution to Problem B;, we conclude that the integral equation (5.19)) is uniquely solvable in
the class C*(I;) N C2(I;), (j =1,2) and its solution is given by the formula:

Tj(x):<1>j(:g)/0( v Ki(z,0)®,(t)dt, (x,0) € I, (5.16)

where K7 (z,t) is the resolvent of the kernel K (z,t) (j =1,2) (see [44], p. 81-88).

Eliminating 7; (z) from (5.9)) and (5.16]), considering the matching condition and (3.12), we obtain
the integral equation with respect to: v;(x) (j = 1,2):

(—1)i=
V() — /O M, (2,8) v;(0)dt = Fy(x), (,0) € I, (5.17)
where
‘ _ ((—1)j71t)p 1=28 (0 4} (17 (s 1=28 g (0 N\
My 1) = S DG ) < s [ 6 ) DK (a2

i+ e coswilB - ((—1)—12)? 1N ’
C2(=1) g cos B - ((—1) 1) (1)) Dé;ﬁ/ siny/p (€ — 2) Gj (2, ) dz+

FINQIEG) 0
2(—1)j_1\/;chos7TB- ((—1)j_1$)ﬁ Cvein”
i Y31 = f) (0777
T (—1)i1t
X Dé;ﬁ/ siny/; (€ — 2) dz/ K;(t,s)Gj (s,2)ds, (5.18)
0 0
() — ©;(0) 1-28_ ©;(0) 1 1-28 p-x _
Fy(w) = o o Dl = O /0 t DL K (o, )dt
2cosmf3 io1 AP i-p 2(=1)7"/i;;(0) cos 73 PR
—m((—l) )" Do, ";(x) — ) ((=1)"'z)" x
e [ e O eos TS
x Dy, /Otsm\/E(:c t)dt + =) (—1)'2)" x
x Dy." /OI sin ,uj(a:—t)dt/o( v 2K (t, z)dz. (5.19)

Based on (2.2)), (2.8), (2.9) and (5.1]), considering the properties of the integral-differentiation opera-
tor, Beta, the hypergeometric function (J42], ch. 1, § 1, 2 and 4, p.4-32) and function G; (z,t) (j = 1,2)
from (5.18]) and (5.19)), it follows that the kernel and the right-hand side of equation (5.17)) admit es-

timates

M ()] < C((=1) 1) ((=1) 1), (5.20)
|F; (z )\ < Cia((—1)7'2)? Oy = const >0, (k=1,4). (5.21)

Based on (2.2)), (2.8) and considering (5.21)), we conclude that Fj(z) € C*(I;), where the
function Fj(z )( 1,2 may have a singularity of order less than —243 as (—1)"'z — 0, and it is
bounded as z — (—1)7~

By virtue of (2.2} . - , equation is a Fredholm integral equation of the second kind.
According to the theory of Fredholm integral equations ([44], ch.1, § 15) and from the uniqueness of
the solution to the problemj, we conclude that the integral equation is uniquely solvable in the

,_.\_/\.
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class C'*(I;), and the function v;(x) may have a singularity of order less than —28 as (—1)’~'z — 0,
and it is bounded as x — (—1)?~! | and its solution is given by the formula:

1%

i(x) = Fj(z) + /0( v M; (z,t) Fi(t)dt, (x,0) € I, (5.22)

where M (z,t) (j = 1,2) is the resolvent of the kernel M; (x,t) (see [44], p. 81-88).
Substituting (5.22)) into (5.15]) and (5.16]), we find the function 7;(z):

,1).7‘—1

e . o o,
Tj(x):(—w—l/o G, (2,1) (—1)1t) Fj(t)dt—i—(—l)]_l/o G, (2,1) (—171)" dix

(=1)7~1 (=1)7~1 (=1)7—1t »
></ M; (t,2) Fj(z)dz—(—l)jl/ K;‘(x,t)dt/ G, (1) (—1)'s) F,(s)ds—
0 0 0
, (=17t (-1t , v (-1)77!
(1)J—1/ K;(m,t)dt/ G, (t,2) (~1Y'2) dz/ M (2, 8) Fy(s)ds—
0 0 0

| (-1 |
(—1)"(0) / EK (2, 1)t + (—1)Y 1, (0),

and it belongs to the class

mi(x) € CHIL;)NC*(I), (j=1,2). (5.23)

Therefore, Problem B; is uniquely solvable due to the equivalence of its Fredholm integral equation
of the second kind (5.17)).
Thus, the solution to Problem B; can be recovered in the domain Qj as the solution of the first

boundary value problem for equation 1) [45], and in the domain Q; as the generalized solution of

the Cauchy problem for equation (3.6]) (see (5.5)).
From this, it follows that in the domain €2;, the solution to Problem B; for equation (3.14) exists

and is unique. Theorem 4;,(j = 1,2) is proven. O

5.2. Investigation of Problem B; for Equation (3.4)).

Theorem 45. Let the conditions , (@, and —1 < 28 <0, p+ 28>0 be satisfied,
then in the domain Qs, the solution to Problem Bs exists and is unique.

Proof of Theorem 4;. The solution to the first boundary value problem with conditions ,
for equation in the domain Q} has the form:

_1)j+1

} (
Uj(xay) = (_1)J+1 {/0 Rj (x7t7y;5) (( 1)j+1t) ( )dt+

/R(l) £,y — 1:8) (7(t) — w0 dt—/ R (2,y - 5)<pj(t)dt}, (G=1,2) (5.24)

and belongs to the class v;(z,y) € C(QF)NC2, (), if the conditions (2.8), (5.3), (5.23) are satisfied,
where R; (z,t,y; ) is the Green’s function for the first boundary value problem for equation (3.4]) in

the domain jSs:
Ay (1 =6) Vag
g0 = e {0} L2

s (Ak -0 (0e) ) (v o (Com ) ) e

RY (2,y:8) =1+ (1) (1= 6)*" ) —
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(-1 j 2(1-4) J+1 £\P
[ Rt L 17 =070 (C0e) ag, (5.26)
0
R (,y38) = (1) (1= 8)"" Y
(-7 j+1 2(1-46) j+1 \?
- [ Rage [t a -0 (((07e) (5.27)
0
Jo (2) =30, W/gfi is the Bessel function of the first kind [46], Ay are the positive roots of the
equation J,_;(A\y) =0, k€ NU{0}, = Z%, where
1
5 < o<1 (5.28)

Note that in [46] the convergence of Bessel series and (5.25) was shown, and in [36], [45] the existence
of integrals (5.26) and (5.27) was proven.
Differentiating ([5.24]) with respect to x and taking the limit as (—1)"'z — 0, we obtain

valy) = jy [N - 60) mode+ 1), O € (5.29)

where v5(y) = v;,(0,y), (0,y) € I,

H;(y) = lim (—1)"" 9 {/ R, (z,t,y;0) (1) )P (t)dt —

r—>0
g v 9 v
—wj(())ay/O R (z,y — t;6) dt—ay/o R (2, — £:6) ¢, (1) dt}, (5.30)

N, (y—t:6) = (1-8) " (1)’ lim 9 [R§.1> (z,y —t; 5)} -

x—0 8;5

t) 225A—26
= (-1 )+ ea:p{ i ( }
Z 2 (1=0)J3 5 (M)
where w} (0) (j = 1,2) are determined from .

Based on the properties of the function Jg z) and N; (y — t; ) can be represented as ([46], p. 12):

N, (- t) = p s =0 4 B - ), 51

where the function B; (y — t) is continuously differentiable at y > t.

Substituting (5.31]) into (5.29)), we obtain the functional relationship between 73(y) and wv5(y),
transferred from the domain Q7 to domain I3:

v3(y) = WDl °%3(y) + B; (0) 73 / B} (y —t) T5(t)dt + H; (y). (5.32)

Eliminating v3(y) from the relations (5.32)) as j = 1 and j = 2, and then applying the integral
operator Dj), " [e] considering 73 (0) = 0 and D}, "Dy, °73(y) = 73(y) , we obtain

- / "My (5. 0) B (0)dt = Ho(y),  (0,9) € I, (5.33)

where

Mj (y,1) = 2r1(a> {32(8 - 53(0) - [0 - B0l - z)“‘dz} , (5.34)
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Hs(y) = F(21(g)5)

here H;(y) (j = 1,2) are determined from ([5.30)).

By virtue of (2.2)), (2.8)), (5.28), (5.32) and the properties of the function B; (y — t) from (5.34]) and
(5.35)), it follows that:

1) The kernel M; (y,t) is continuous in {(y,t): 0 <t <y <1} and, for y — ¢ admit the estimate

Dy, [Ha(y) — Ha(y)], (5.35)

|M; (y,1)] < Cs (y — )" (5.36)
2) The function Hj(y) belongs to the class C (I3) C* (I3) and admits the estimate
Hs(y)| < Cey' ™ (5.37)

where C5 and Cg are arbitrary positive constants.

From (5.36)) and ([5.37)), it follows that the integral equation (5.33)) is a Volterra integral equation

of the second kind with a weak singularity. According to the theory of Volterra integral equations of
the second kind [44], we conclude that the integral equation (5.33) is uniquely solvable in the class
C (I;) NC* (I3), and its solution is given by the formula:

_ / "My (g, Ha(0)dt + Hy(y),  (0,y) € I, (5.38)

where M} (y,t) is the resolvent kernel of Mj (y,t)

Substituting (5.38)) into (5.32]), considering (5.36)) and (5.37), we determine the function v;(y) from

the class
V3(y) € Cl (13) )

where the function v4(y) may have a singularity of order less than 1 — § at y — 0 and is bounded
at y — 1. Therefore, Problem Bj; is uniquely solvable.

Thus, the solution to Problem Bjs can be recovered in the domain Q) (j = 1,2) as the solution to
the first boundary value problem for equation [45].

This completes the investigation of the existence of the solution to Problem Bj for equation

in the domain Q3. Theorem 43 is proven. O
From Theorems 4; and 43, it follows the existence of the solution to Problem A%*. for equation ((3.14])
in the domain Q. Theorem 8 is proven. O

We proceed to the proof of the existence of the solution to Problem Ar .

Theorem 5. If the conditions , @, (@) and are satisfied, then the solution to
Problem Ar exists in the domain €2 .

Proof Let the solution u (x,y) to Problem Az in the domain © with conditions , . .,
exist, then, using the results of Theorems 4; and 4, (see Section 5.1), we recover the solution
to the problem AT . By virtue of - - from - -, cons1der1ng . .7 we
determine the functions w+( ) and w; (). Then, in the domain Q , the solutlon to Problem Ay is
expressed as

U (l’,y) =Y (ﬂj‘,y) +w]+ (1’) ’

where v; (x,y) is the solution to the first boundary value problem with conditions and
for equation 1} [36, [45], here 73(y) is determined from formula , and in the domain Q , it is
expressed as:

u(:r,y) = wj(‘Tv y) + w;(l‘), (.7 =1, 2) >

where w;(x,y) is the generalized solution to the Cauchy problem for equation in the domain €2
(j = 1,2) (see (55)).
Thus, in the domain 2 the solution to Problem Ar for equation exists.
Theorem 5 is proven. O
This concludes the study of the problem Ar for equation .



138 Islomov B.1., Nasirova D.A.

6. CONCLUSION

In the study of degenerate loaded equations of mixed type of the second kind, difficulties arise
associated with the absence of a general representation of the solution, as well as the impossibility
of direct application of classical methods. This problem is solved in this paper. A new method for
constructing a representation of the general solution of a loaded parabolic-hyperbolic equation of the
second kind in a form convenient for further studies of various boundary value problems is developed,
and a new type of extremum principle for a degenerate loaded parabolic-hyperbolic equation of the
second kind is proved. The analysis of the state of affairs in this direction shows that boundary value
problems for degenerate loaded equations leading to less studied integral equations of Volterra and
Fredholm with shifts. Moreover, boundary value problems for loaded parabolic-hyperbolic equations
of the second kind, degenerating inside the domain, have not yet been studied.

In this paper, we study problems with the Tricomi condition for a loaded parabolic-hyperbolic
equation of the second kind, degenerating inside the domain. Theorems of existence and uniqueness
of the classical solution of the problems are proved. The proofs of the theorem are based on energy
identities and the extremum principle, as well as on the theory of Volterra and Fredholm integral
equations. A class of given functions is determined that ensures the solvability of the obtained integral
equations. The studied boundary value problems for such equations are effectively used in modeling
processes that are associated with the dynamics of soil moisture, groundwater and biology.
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1. INTRODUCTION AND STATEMENT OF THE PROBLEM

As is known, the application of the Fourier method in solving boundary value problems for partial
differential equations leads to an eigenvalue problem, and the main issue here is the expansion of an
arbitrary function into a series in terms of the system of eigenfunctions (and associated functions) of
this problem. In the case of self-adjoint operators, in general, the system of root functions forms an
orthonormal basis, and, in this case, the indicated problem is theoretically solved [].

As for non-self-adjoint operators, the solution to the above problems is ambiguous [2]. In this case,
the system of eigenfunctions may be incomplete, and the problem arises in supplementing them with
so-called associated functions. It should be noted that the system of eigenfunctions and associated
functions of non-self-adjoint operators is defined ambiguously; that is, there are different approaches
to constructing systems of eigenfunctions and related functions of such operators.

Let us note the well-known works [3], [4], where the theory of associated functions was constructed
and the completeness of the system of eigenfunctions and associated functions of a wide class of non-
self-adjoint differential equations was proven. We also note the work [5], where another method for
constructing associated functions of non-self-adjoint differential operators is proposed. In the works
[6]-[7], a constructive method for constructing the so-called reduced system of eigen- and associated
functions such operators is proposed, and necessary and sufficient conditions of its basis property are
also proved.

We note the works [2], [§]-[10], where new formulas for constructing chains of associated functions
of non-self-adjoint differential operators are proposed and substantiated. More detailed information
on the spectral properties of non-self-adjoint differential operators can be found in the monograph
[11].

As noted above, the spectral problems of self-adjoint problems for ordinary differential equations
of the fourth order, in the case of a model equation of the form

y'(x) = Ay(z) =0 ()

have been theoretically solved [I], [I2]. In this direction, we note the work [13], where the spectral
properties of a differential operator defined by differential equations of even (in particular, fourth)
order with piecewise smooth weight functions, as well as with separated boundary conditions, are
studied.

As for non-classical problems, here we can only note the works of [14],[I5], where for equation (*)
investigates the spectral properties of a Samarskii-lonkin type problem. Using the spectral method,
eigenvalues and the corresponding root functions are found, and their completeness and basis properties
are proven. The associated adjoint problem is also studied. We also note the works [16], where spectral
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issues of multidimensional spectral problem is studied. It is shown that the system of eigenfunctions
is complete and forms a Riesz basis in Sobolev spaces.

As far as we know, the spectral properties of Bitsadze-Samarskii type problems, or interior boundary
value problems for fourth-order equations, have not been studied.

In the proposed work, spectral issues of two nonlocal problems of the Samarskii-Ionkin type for a
non-self-adjoint fourth-order differential operator are investigated. Problems of this type for the heat
equation were first formulated and investigated by N.I. Ionkin [5].

Problem 1. It is required to find such values A for which problem

XV(x) = AX(z)=0,0<z<1 (1.1)
X(1)=0,X"(0)=0, (1.2)
X'(0) = X'(1), X" (0) = X""(1). (1.3)

has a non-trivial solution.
Problem 2. It is required to find such values A for which problem (1.1), (1.2) and

X'(0) + X'(1) = 0, X"(0) + X" (1) = 0, (1.4)

has a non-trivial solution. Here X is a spectral parameter.

The necessity of studying such problems arises when studying boundary value problems for partial
differential equations by the spectral method, when conditions of the form (1.2), (1.3) are given with
respect to one of the spatial variables.

2. SOME AUXILIARY INFORMATION ABOUT THE RIESZ BASIS

Let {¢n(2)} and {4, (x)} are two complete system of functions in L,(a,b). Let (¢,1)), denote the
scalar product of functions ¢(z) and ¥ (x) in Ly(a,b), that is

() = (@) = [ $la)0(@)a.

Definition 2.1. (see [I7]) Two system of functions {p, (z)} and {¢,(z)} form a biorthonormal system
on some interval [a, b], if

b 0,n#k,
(@nawk)o = ‘/a %ﬂﬁkdw = 6nk = { 17 n—k.

Thus, the system {1, (z)} is called biorthogonally adjoint to the system {p, (x)}.

Definition 2.2. (see [I7]) System is called minimal if none of the functions of this system is included
in the linear envelope of other functions of this system.
The minimality of the system ensures the existence of a biorthogonally adjoint system.

Definition 2.3. (see [I7]) The biorthogonal expansion of the function f € Lg(a,b) in the system
{@n(x)} is the series

f(x) ~ Z Cn(Pn(x)a

where ¢, = (f,¥n),-

Definition 2.4. (see [I7]) We call complete and minimal system of functions {p,(z)} the Bessel
system, if for any f € Ly(a,b) the series of squared coefficients of its biorthogonal expansion in
{@n(x)} converges, i.e. if f € Ly(a,b) implies that

oo

D1 tn)ol* < o0,
n=1

where {1, } is biorthogonal conjugate system to {p, (x)}.
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Definition 2.5. (see [I7]) We call complete and minimal system of functions {¢,(z)} the Hilbert

system, if for any sequences of numbers c¢,,, such that Y ¢? < oo, there is one and only one f € Ly(a,b)
k=1
for which these are the coefficients of its biorthogonal expansion in {¢, ()}, i.e.

Cn = (f) wn)oa n = ]-727

Definition 2.6. We call complete and minimal system a Riesz basis, if it is both Bessel and Hilbert
system.

Theorem 2.7. (see [18]) Following statements are equivalent:

1) Sequence {1;}° forms a basis in the space R, which is equivalent to an orthonormal one.

2) Sequence {1;}3° will be an orthonormal basis in the space R at the corresponding replacement of
the scalar product (f,g) with the new (f,g),, which topologically equivalent to the previous.

3) Sequence {1;}7° is complete in R and there exist constants a, as (> 0), such that, for any natural
n and for any complexr numbers Y1, Ya, ..., Yn

n n n
ay Y Pl <>l < a Yl
j=1 j=1 j=1

4) Sequence {1;}3° complete in R and its matrices of Gramm (v;,¢y)° generate a bounded invertible
operator in the space l5.
5) Sequence {1;}° complete in R, it corresponds to a complete bi-orthogonal sequence {x;}° and

forany f € R
STIF P < 00,3 1(f,x)F < 0.

Jj=1 j=1
1 1

Lemma 2.8. (see [19]) Let f(z) € Ly(0,1), a, = [ f(z)e *"dx, b, = [ f(z)e*@Vdx, where X is
0 0

o0 o0
any complex number, Re X\ > 0. Then series Y. |a,|?, > |bn|? converge.
n=1

n=1

3. THE SOLUTION OF PROBLEM 1

Let us find the eigenvalues and eigenfunctions of Problem 1. For this aim, we write the characteristic
equation
= A=0 k'= )\ (3.1)

We have the consider three cases: A <0, A =0, A > 0, from which depends the general expression
of the solution of the equation (1.1). Let A\ = 0. Then equation (3.1) has multiple roots k1234 = 0,
therefore general solution has a form

X(.ZU) = Cl.’IJ?) + ng2 + 03$ + 047

where C;,i = 1,4 are some numbers. Substituting this solution into conditions (1.2),(1.3), obtain
C, =C, =0,C3 = —C,. As consequence, all the solutions of Problem 1 with A = 0 are given by
the expression X (z) = Cy(1 — z), with any real number C;. Thus, we can call Xy(z) = 1 — z the
eigenfunction associated to the single eigenvalue Ag = 0.

Let A < 0. Assume A\ = —4p*, (1 > 0) and we write characteristic equation as follows k* = —4u*,
roots of which are

ki = (L+d)p, ke = (=1+)p, ks = (1 —d)p, ky = (=1 —i)p.
Obviously, the general solution of equation (1.1) has the form

X (z) = C cosh px cos px + Cy cosh px sin px + C sinh px cos px + Cy sinh pa sin p.
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Substituting this expression into conditions (1.2) and (1.3), to find C;,i = 1,4, we obtain a system of

equations
C; cosh i cos i + Cy cosh psin p + Cy sinh pcos = 0,

Cy sinh pcos pp 4+ Cy sinh psin g + Cs(cosh pcospu — 1) = 0,
C cosh psin p + Cy(1 — cosh pcos p) + Cs sinh psin p = 0,
Cy=0.
which has only a trivial solution C; = 0,7 = 1,4, so that Problem 1 also has only a trivial solution
X(x)=0.
(ansiger the case A > 0. Assume, A = u*, (u > 0) and we write the characteristic equation with
its roots k* = p*, ki o = £, ks34 = +pi. The following functions correspond to these roots

Xi(z) =", Xo(z) = e, X3(x) = cos px, X,(x) = sin px,
and the general solution is form
X(x) = Cre"® + Cye™ + C5 cos px + Cy sin pz.

Substituting this solution into conditions (1.2) and (1.3), obtain following system

Ci+Cy,—C5=0,

Cret 4+ Coe™ + Czcospu+ Cysinp =0,

Ci(e' —1) = Cy(e™ —1) — Cysinp + Cy(cospu — 1) = 0,

Ci(e" —1) = Cy(e™ = 1)+ Cysinp — Cy(cosp — 1) = 0.

(3.2)

The resulting system of equations has a nontrivial solution only for those values of y at which its
determinant goes to zero. The determinant of this system is A(p) = 4(2 — e — e )(1 — cos ).
Equating this determinant to zero, we find that the numbers A\, = pl = (27Tn)4, n =1,2,... are the
eigenvalues of Problem 1.

Let us study the multiplicity of the found eigenvalues. It is easy to see that for A\, = (27rn)4 the
rank of the main matrix of system (3.2) is equal to 2. It follows that the geometric multiplicity
of the eigenvalues is equal to 2, therefore, each eigenvalue corresponds to a pair of eigenfunctions.
Since A'(puy) = 0, A”(uy) # 0, we find that the algebraic multiplicity of the eigenvalues is equal to
2. Consequently, all eigenvalues of the problem under consideration have multiplicity equal to two
(geometrically and algebraically), and the eigenfunctions are the functions

eQTrnw _ 627rn(1—x)

Xin(z) = —sin2mnz, Xo,(z) = 5 1 — cos 2mn.
e2mn _

Thus, the eigenvalues of Problem 1 are given by
X =0, \, = (2mn)", neN, (3.3)

and corresponding eigenfunctions has the form

627rn:1: _ e271"(1(17:5)

Xo(x) =2(1 — 2), Xy, (x) = —2s8in2mnz, Xo, () = " — cos 2mnx. (3.4)

Problem 1 is non-self-adjoint and it is easy to see that the following problem will be adjoint to it
YV(x) =AY (z) =0, 0<z <1, (3.5)
Y(0)=Y(1),Y'(1)=0,Y"(0) =Y"(1),Y"(0) = 0. (3.6)
It is not difficult to show that problem (3.5), (3.6) has eigenvalues (3.3), and the corresponding
eigenfunctions have the form

eZme + 627m(1—x)

Yo(z) =1, Yiu(x) = —sin2mnx, Y, (x) = —2cos2mn. (3.7)

627rn -1
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It should be noted that (3.4) and (3.7) are a non-orthogonal system of functions. Indeed, let us
consider, for example, system (3.4) and calculate

(Xo(:c), Xfﬁ(a:))o = —4/1 (1 —x)sin2rnade = —% # 0.

0
We proceed to study the questions of the basis property of systems (3.4) and (3.7) in L(0, 1).

Lemma 3.1. System of functions (3.4) and (3.7) are biorthogonal system in Ls(0,1), that is

1, k=ni=j

0, k#n,i#j

Proof. We present the proof of Lemma 3.1 for the functions X1, (x) and Y3,,(x). According to Definition
2.1, we calculate the integral

(XO7)/O)L2(G’1,) = 17 (szvnn) = { 7i7j = 1727k7n - 1727

1

(X1k, Y1) = —2/sin27rkx (e

0

2Tnx + 627rn(1—:c)

— sin 27mw> dr =

6271'71 -1

1 1
/ (e2™* 4 62””(1_”)) sin 2rkxdz + 2 / sin 2rnz sin 2rkxdr = Iy, + Jin.
0 0

2
e27'rn _ 1

Simple calculations show that

1

2
1 / (e*™ 4 2™ (=) gin 2rkadr = 0,k,n € N,

B e27rn _

Ikn =

0

J 21'2k‘2 o= { T nen
kn = /sm TKX - SIN 2TNnx x_{O,k:;én’ ,n €
0
and so (Xi,,Y1,) =1 at k =n and (X, Y1,) = 0 at k # n, which is needed what to proven. O

Lemma 3.2. The system of functions (3.4) and (3.7) are minimal in Ly(0,1).

The proof of Lemma 3.2 follows from the existence of a biorthonormal system, which was established
in Lemma 3.1.

Theorem 3.3. The system of functions (3.4) and (3.7) are complete in Ly(0,1).

Proof. First, we prove the completeness of (3.4). Assume, on the contrary, that the system of functions
(3.4) is not complete in L5(0,1). Then there exists a nontrivial function ¢(z) in L(0,1), that is
orthogonal to all functions of system (3.4). Let us expand the function ¢(x) into a Fourier series

o(x) = ap+ Z (a, cos 2mnx + b, sin 2wnz),
n=1

o0
n=1’

which converge in Ly(0,1). Since ¢(z) is orthogonal to the system {—2sin2mnz} then the last

expansion can be written as

o(x) =ag + Z a,, Cos 2Tne. (3.8)
n=1
By assumption, ¢(x) is orthogonal to all functions of the form X,(z), Xar(x). Then, multiplying
series (3.8) sequentially by these functions and integrating along [0, 1], we have

1 1 0 1
0:2/ go(x)(l—a:)da:zan/ (1—x)dm+22an/ (1 — ) cos 2mnxdx = a,
0 0 n=1 0
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1 eQ‘n’km _ 627rk(1—m)
0= /0 o(x) - < e — cos 27rkx> dx =

& 1 e27rkz _ e27rk(17x) 1
:Zan/ < —cos27rk:m) cos 2mnxdr = _iak’k: 1,2,3,....
n=1 0

€27Tk _ 1

From here, it follows that a;, = 0, k = 0,1,2,.... Therefore, from (3.8) we conclude that p(z) =0
in [0, 1], which opposing conditions ¢(x) # 0. Thus, system (3.4) is complete in the space L,(0,1).

We prove the completeness of the system (3.7). Let there exists a nontrivial function ¢(x) in
L5(0,1), that is orthogonal to all functions of system (3.7). Since the function ¢(z) is orthogonal to
the system {—2cos2mnx} ", it can be represented in Ly(0,1) as a series of sinus, i.e.

n=0’

o(z) = Z b,sin2mna. (3.9)

n=1

Then multiplying last series to Yj;(z) and integrating along [0, 1], taking into account the orthogo-
nality of the functions ¢(z) and Yi,(z), we obtain

1 2rkx 27k(1—x)
0= /0 o(x) - <e e;ke_ 1 —sin 27Tk:9:> dr =

> 1 2k 2nk(1—x) 1
:an/ (e te —sin27rk:x> sin 2rnxdr = _§bk’k: 1,2, ..,
0

— 627rk -1
that is by = 0, n = 1,2,.... Then from (3.9) it follows that ¢(x) = 0 in [0,1], i.e. system (3.7) is
complete in Ly(0,1). Theorem 3.3 is proven. O

Theorem 3.4. The system of functions (3.4) and (3.7) are two bases of Riesz in Ly(0,1).

Proof. In order to prove this statement, it is sufficient to prove the completeness of systems (3.4) and
(3.7), and the convergence of the following series for p(z) € Ly(0,1) according to Theorem 2.7:

2

> > 2rnx _ 2mn(l—z)
(p(x),2(1 — )2 + Z (p(x), —2sin 27nz)? + Z <cp(x), c e%ne N — cos 27rnx> ,  (3.10)
n=1 n=1 - 0
) ) ) 0 e2mna 4 e27rn(1fx) 2
(p(x),1), + ; (p(x), —2cos2mnx), + ; (gp(m), e — sin 27ma:>0. (3.11)

Since the completeness of systems (3.4) and (3.7) has been proven in Lemma 3.1 we only must verify
the convergence of the previous series. To this end, we consider (3.10) and introduce the following
notations

L =4(p(x),(1— )5, Lo =4 (p(x),sin 2mna);,

2

et e2mn _ 627rn(1—r)
I, = Z <gp(1‘), T — cos 27rnx> .
n=1 0

From I;, applying the Cauchy-Bunyakovsky inequality we obtain

I = 4(/01 (1— :U)(p(x)dx)

i.e. I, is finite.
I, will be represented in the form

2

1 1
4
<t (-Pde [ P)s=gle@) 0

IL=4) (p(z),sin 2777137)3 =2

n=1

K

((p(x), V2sin 27m3:> g 2 i 2,
n=1

3
Il
-
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where ¢,, = (ga(x), V2 sin 27m:c) are the coefficients of Fourier of the function ¢(x) on the orthonor-

mal system {\@sin 2mnx}. From here, applying Bessels inequality, we obtain that I, = 2 Y ¢ <
n=1
2 . . .
2le(@)l7,(0.1s 1-e- I2 is finite.
Consider I5. Let
2rnT 2mn(l—zx) 2

e —e
3 — cos 2mnx
e*m™ — 1

A=<ﬂ@,

0

Since
2

A= (o0 T - plahcoszmna))

627rn —1 0

from here, applying inequality
(a+b)° <2(a® +1?)

obtain that

e2mnr _ 627rn(1fz)

2
> + 2 (p(x), cos 27?71:6)3
0

2

e27rn:v eQ-rrn(l—r) )
=2 <<90(a:), egm_1> - <90($), 62””—1)>0 + 2 (p(x), cos 2mnx), .

Applying the previous inequality again, we get that

A§2<ﬂ@,

627m -1

€2Trna: 2 e27rn(17:1:) 2 5

A<4 (90(53% 62,”1_1)0 +4 (@(ff)7 eg,m_l)o + 2 (p(x), cos 2mnx);, .

Thus
ot 2mne 2 o0 2nn(l—x) 2 e
e (& 2
I;<4) (SO(CU)a 2) +4) (@(m)a 2) +2) " (p(x), cos 2mn)y =
n=1 e — 1 0 n=1 e — 1 0 n=1
=L+ I+ J;3
Consider J;.
J3 =2 Z (¢(x), cos 2mnz)® = Zai,
n=1 n=1

where a, = (gp(a:), V2 cos 27m3:> are the coefficients of Fourier of the function on the orthonormal

system {v/2cos27nz}. Then applying Bessel’s inequality, we get

2
Js =Y al < le@)7,00) -
n=1

Consider J;. Since

1 2

eZ'n’nz 2 e27rn o 1
<¢(x)’ e — 1>o N /go(x) e —1° dr ) =

0 0

2

2 1
1
= /QO(I‘) |:1 + 21:| eQ-rrn(ac—l)dx <4 /C,D(ZE)GQTm(m_l)dx 7
e2nmn
0
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hence
1

1 2
JI<16) /go(:n)ezm(m_l)dx =16 b2.b, = /Qp(x)ezmu—ndx
n=1 0 n=1

0

Here, from Lemma 3.2, it follows that J; is finite. Similarly, we can prove that .J; is finite too.
Thus, the series I; and I, are converge, and therefore series (3.10) also converges. The convergence of
series (3.11) is proved similarly. Theorem 3.4 is proved. O

4. THE SOLUTION OF PROBLEM 2

Let us find the eigenvalues and eigenfunctions of Problem 2. After similar calculations, as in the
case of Problem 1, it is easy to see that the eigenvalues of Problem 2 are given by

A= (20 —1))", neN (4.1)
and corresponding eigenfunctions has the form
67r(2n—1)z 4 eﬂ(Qn—l)(l—z)
eﬂ'(2n—1) + 1

Note that Problem 2 is a non self-adjoint problem. On the contrary, it is not difficult to verify that
the following problem is self-adjoint.

YV(z) =AY (2)=0, 0<z <1, (4.3)
Y(0)+Y(1)=0,Y(1) =0,Y"(0) + Y"(1) = 0,Y"(0) = 0. (4.4)

Problem (4.3), (4.4) have eigenvalues (4.1), and the corresponding eigenfunctions have the form

Xin(z) = 2sin (7(2n — 1)x), Xa,(z) = + cos (m(2n — 1)x). (4.2)

67r(2n—1)a: _ eﬂ'(2n—1)(1—w) ]
Yi,.(x) = T +sin (7(2n — 1)x), Y2, (z) = 2cos (m(2n — 1)x) . (4.5)
It is not difficult to show that systems (4.2) and (4.5) are bi-orthonormalized in L,(0,1). This also
implies the minimality of these systems in L, (0, 1).

Theorem 4.1. The system of functions (4.2) and (4.5) are complete in the space Ly(0,1).

Proof. We prove the completeness of system (4.2). Assume, on the contrary, that the system of
functions (4.2) is not complete in Ly(0,1). Then there exists a nontrivial function ¢(x) in L9(0,1),
that is orthogonal to all functions of system (4.2). Let us expand the function ¢(z) into a Fourier
series

o(z) = Z (ay, cos(2n — 1)wx + b, sin(2n — 1)7x),
n=1
according to the complete orthogonal system {cos(2n — 1)mz,sin(2n — 1)wz} - |, which converges in
L,(0,1). Since ¢p(z) is orthogonal to the system {sin(2n — 1)z}, ., then the last expansion can be

written as -
o(z) = Z a, cos(2n — 1)mx. (4.6)
n=1

Further, multiplying last series by the function X, (x), and integrating along [0,1], by using the
orthogonality of this last function and ¢(x), we obtain the following equality:

1 e(2k—1)7rw +eﬂ(2k—l)(1—w)
0= /0 o(x) - < e + cos(2k — 1)773:) dx =

0 L/ o@h-D)mz | om(2k—1)(1-x) 1
= ;an/o < RET= + cos(2k — 1)7rw> cos(2n — 1) mxdr = ok k=1,2,3,...

From here, it follows that ay = 0, k = 1,2,.... Therefore, from (4.6) we conclude that ¢(z) = 0 in
[0, 1], which opposing conditions ¢(z) # 0. Thus, the system (4.2) is complete in the space Ly (0, 1).
The completeness of the system (4.5) is proved similarly. Theorem 4.1 is proven. O
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Theorem 4.2. The system of functions (4.2) and (4.5) are two bases of Riesz in Ly(0,1).

Proof. In order to prove this statement, it is sufficient to prove the completeness of systems (4.2) and
(4.5), and the convergence of the following series for ¢(x) € L2(0, 1) according to Theorem 2.7:

6(277,—1)77&0 + 677(277,—1)(1—r) 2

i (p(x), 2sin(2n — 1)7z)? + i (cp(m), e + cos(2n — 1)7mc> , (4.7)

0

n=1 n=1

e(2n—mz _  m(2n—1)(1-2) 2

Z (p(x),2cos(2n — 1)mx)2 + Z ( EETE +sin(2n — 1)z, (p(:(})) .

0

n=1 n=1

Since the completeness of systems (4.2) and (4.5) has been proven in Theorem 4.1, we only must verify
the convergence of the previous series. Let us prove the convergence of series (4.7). To this end, we
consider (4.7) and introduce the following notations

o0

Z ,sin(2n — 1)71'3:)0

e(2n71)‘n’$ + 677(2n71)(17$) 2

— Z_:l (@(z), eV + cos(2n — 1)m) '

0

I, represent in the form

o0 oo

Z ,sin( n—lﬂ'x Z( \fsm(n—lwx) —Qch,

where ¢, = (p(x),V2sin(2n — 1)7z), are the Fourier coefficients of the function ¢(x) on the or-
thonormal system {v/2sin(2n — 1)mz}. From here, applying Bessels inequality, we obtain that

L =2 z 2 < 2|l@(@)7, 0.1y, ie. T is finite.
Con81der I,. Let

2

A=

€(2n71)7m: + e7r(2'r171)(1793)
(@),

e@n—1m 4 | + cos(2n — 1)7rx>

0

Since
2

e(2n—1)7rr _"_671'(277.—1)(1—1‘)
A= ((vte) )+ (elo).cosCn = o), )

from here, applying inequality (a + b)® < 2(a2 + b%) we obtain that

6(2n—1)7m; 4 eﬂ'(Qn—l)(l—w) 9
A <2 <(p(l‘), e(@n—1)m +1 )0 + 2 (90(‘7:)7005(2” - 1)7Tx)0 =
6(2n—1)7m: 627771(1_1') 2 2
= 2((@(@7 6(2"1)’T+1>0 + <<P(x)7 6(2"1)’“+1>0) + 2 (p(2), cos(2n — 1)mz); .

Applying the previous inequality again, we get that

2

6(277, 1) 7r(2n 1)(1—xz) 9
A<A4 <tp($), e(gn_l)ﬂ_i_l)o +4 (‘P(l’), M) +2(p(x), cos(2n — 1)mx); .

Thus

e(2n )rx 7r(2n—1)(1—x)

< 42 (ﬁP( e@n—Dr 4 1) +4Z ( e<2"‘””H> +22 ,cos(2n — D))y = Jy+Jo+Js.
n=1
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Consider J; = 2 Y (p(z),cos(2n — 1)71':2)3 = Y a2, where a, = (p(x),V2cos(2n — 1)7z), are the
n=1 n=1

Fourier coefficients of the function () on the orthonormal system {v/2 cos(2n—1)mx}. Then applying

Bessel’s inequality, we get J3 = Y a? < Hcp(x)Hiz(O,l). Consider J,. Since

n=1

67r(2n—1)(1—x) eﬂ(2n—1) Ly
<Sp(x)7 ) = 7( (x)eﬁm7 e ‘n'n:c)
0

em(2n—1) +1 em(2n—1) +1 ¥ 0’

hence

0 €7r(2n71)(17:1:) 2 oo - , %)
B=3 (o) Sy ), 4D (e =1
n=1 n=1 n=1

0

T —27’L7T.’,C)

where ¢, = (p(z)e™, e o- Then from Lemma 3.2, it follows that .J, is finite. Similarly, we can
prove that J; is finite too. Thus, the series I; and I, are converge, and therefore series (4.7) also
converges. The convergence of the second series is proved similarly. Theorem 4.2 is proven. O
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Abstract. In this paper, an initial-boundary value problem with local and nonlocal conditions for a
degenerate partial differential equation of high even order in a rectangle is formulated and investigated.
The method of energy integrals is used to prove the uniqueness of the solution to the problem, and
using spectral analysis methods and the Green function, the solution to the considered problem is
constructed as the sum of a Fourier series.
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1. INTRODUCTION. FORMULATION OF THE PROBLEM

In a rectangle Q = {(x,t): 0 <x <1; 0 <t < T}, we consider the following degenerate equation
of high even order

@4_ H2n ( L0y
o2 " oz \ 7 Bgen

where u = u (z,t) is an unknown function, f (z,t) is a given function, and o € R such that 0 < a < 1.

Many problems on vibrations of beams and plates, which are of great importance in structural
mechanics, lead to differential equations of even order [1I 2, [3].

In 1956, F.I. Frankl in his work [4], considering the flow around a finite symmetrical profile by a
subsonic flow with a supersonic zone ending in a normal shock wave, formulated a problem for the
Chaplygin equation in a mixed domain with a non-local condition of type u (0,y) = u(0,—y). In
this case, local condition u, (0,y) = 0 was additionally specified. In the work [5] N.I. Tonkin proved
the existence of a solution to a non-local problem with conditions w, (0,y) = u. (1,y), u(0,y) =
0,0 <y <Tand u(z,0) =r71(x), 0 <z <1 for the heat conduction equation using the spectral
analysis method. In his work [6] he substantiated the uniqueness of the solution to this problem. Such
conditions are encountered, for example, when solving problems describing the process of particle
diffusion in turbulent plasma, as well as in the processes of heat propagation in a thin heated rod, if
the law of change in the total amount of heat of the rod is given. Due to its wide range of applications,
scientific research in these areas continues to advance.

This paper aims to study a nonlocal boundary value problem for an even-order higher-order differ-
ential equation. We first provide a brief overview of closely related results to situate our work within
existing research.

In the work [7], in a rectangular domain of the plane 2Ot for the following equation

) = f(z,t), neN, (1.1)

O . 0"u
ny_l/2u+ (—1)k% <:B (93:’“) = f(xz,t), k€N,

an initial-boundary value problem with local conditions was investigated, where BY = 3%22 %a% is
the Bessel operator [8], «, 2y € (0,1). They proved the existence and uniqueness of the solution to
the considered problem by applying the method of separation of variables.

For equation with @ = 0, where the derivative with respect to x is of order 2n, various
initial-boundary value problems involving non-local conditions have been studied in [9, [10].

Several studies, particularly [11], 12} 13], have examined both local and nonlocal problems for partial

differential equations containing higher-order derivatives in the spatial variable z and time variable ¢.
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For partial differential equations with multiple variables, [14] analyzed initial-boundary value prob-
lems involving both local and nonlocal conditions, while [15] focused on initial-boundary value prob-
lems with local conditions for a 4nth-order partial differential equation in the spatial variable x.

We also note that for the case n = 1 in equation , the authors of [16] investigated an initial-
boundary value problem for a degenerate equation with three lines of degeneracy.

The main goal and novelty of our work consists in the formulation and analysis of a new boundary
value problem for a degenerate higher-order even partial differential equation, incorporating both local
and nonlocal conditions. As this problem was first introduced by Professor A. Urinov, we hereafter
refer to it as the Urinov problem (Problem U).

Problem U. Find a function u (z,t) that with the following properties:

1) w, (07027 )u, (07/027) [z (0*"/0x*)u] € C (Q), j =0,2n — 1,

(0% )0z [z (0°" ) 0x*™ ) u] , uy € C (Q);

2) in the domain {2 it satisfies equation ;

3) it satisfies the following initial and boundary conditions:

u(x,0)=p1(x), z€][0,1], u(z,0) =¢s(z), z€]l0,1], (1.2)
5% 9% 8% [ o .
507 U (0,t) + 3x2ju(l’t) =0, B (az 8xznu(ac,t)) e 0, j=0,n—1, te€0, 7], (1.3)
H2it1 g+t [ gut [ o B
ax2j+1u(17t) =0, Oz2i+1 (m 8$2nu(x7t)> . + Og2i+1 (a: ax2nu(x7t)) T 0, (1.4)

j=0n—1, te[0,1],
where ¢, (z) and ¢, (z) are given sufficiently smooth functions.

2. STUDY OF THE SPECTRAL PROBLEM

When formally applying the Fourier method to the problem U, we obtain the following spectral
problem:
Mv(z)=XM(z), 0<z <1, (2.1)

. (@) _
v (z), (wav(%) ($)) "eo [0,1), j=0,2n—1,

. | (29)
U(QJ) (O) + U(QJ) (1) — 0’ [xav(Qn) (33):| J — 07 (22)

=0
(25+1)
+ [:Uav@") (w)}

=0

, (2j+1)
vt (1) = 0, {x%@") (m} !

r=1
where M = 92" /9z*" [x°0*"/dz*" |.

Assume that there exists a non-trivial solution v(z) to the problem {(2.1), (2.2)}. Under this
assumption, multiplying both parts of equation by the function v(x) and integrating the result-
ing equality on the segment [0, 1], and then applying the rule of integration by parts 2n times and
considering , we obtain

)\/11)2 (x)dx = /136“ [0(2”) (x)rd:t:. (2.3)

From it follows that A > 0. Let A = 0. Then from (2.3), we have v®" (z) =0, 0 < z < 1.
Hence, by virtue of conditions v?) (0) +v®) (1) = 0, v**Y (1) =0, j = 0,n — 1, we obtain v (z) = 0,
0 < 2 < 1. Consequently, problem {, } can have non-trivial solutions only for A > 0.

Let us assume that A > 0. We will prove the existence of eigenvalues of the problem {,}
using the Green’s function method. The Green’s function G (z,s) of this problem has the following
properties:

1) the functions (97 /927) G (x,s), j = 0,2n — 1 and (97 /9z7) [z (0°"/0x*") G (x, s)],

j = 0,2n — 2 are continuous for all z, s € [0, 1];
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2) in each of the intervals [0,s) and (s,1] there exists a continuous derivative
(0*=1 /x> 1) [z (02" /0x®") G (w, 5)], and at z = s it has a jump:

r=s5+0 o
r=s—0

(0°" 1oz 1) [2* (07" )0x™") G (2, 5)]| 1; (2.4)
3) in intervals (0,s) and (s,1) with respect to the argument = there is a continuous derivative
MG (z, s) and equality MG (x,s) = 0 is satisfied;
4) at s € (0,1) by argument x satisfies the conditions

0%G(0,s)  0¥G(1l,s) 0¥ . 0" N
922 + ST 0, pyeT < axQ"G (z, 3)) T 0,7=0,n—1, (2.5)
0%+1G (1, 5) 92i+1 . 92n 92i+1 . 92n '
Ox2itl 7 Jp2itl (JU 3$2nG(x’S)> o + Op2it1 (x 8x2nG(w’S)> . =0,7=0,n—1
(2.6)

Considering the form of the general solution of the equation M G(z,s) = 0 in intervals (0,s) and
(s,1), we will seek the function G (z,s) in the following form

2n

2n—j
a;xr A2n+;T
. . +) —(————,0<x s,
Z(Qn—])!(Qn—a—j—Fl)Qn ; (2n —j)!

2n An—a—j

vt
G(ZE,S) = ]2n b dn—a—j 2n b 2n—j (27)
jx 2n+jx
; . + ——,s<ax <1,
;1 (2n— )20 —a—j+1),, ;1 (2n — j)!

where a; and b;, j = 1, 4n are unknown functions of the variable s, and (2), = 2(2+1)(2+2)...(2+n—1)

is the Pochhammer’s symbol [17].
Satisfying the function (2.7) with properties 1) and 2) of the Green’s function, we obtain the
following system of equations with respect to b; —a;, j =1, 4n:

bl —a; = 17
i Gl (b, —a;) =0 2,2
T\ i — ;) =Y, my = 4, an,
j=1 (ml - j)' ’ ’ '
2n n—o+mo—j m2  mo—j
Z 82 + J (b] — aj) S J (b2n+j — a2n+j) -0 - m
st (2n—i)2n—a—-j+1),, o (mg — j)!
This system has a unique solution [I8]:
, ()t (1! giio .
P Gl  bansy — gy = 25 . j=T2n 2.8
G- Y =) — a),,
Obeying (2.7) into the second condition of ({2.5)), we obtain
Q2542 = O, j = 0,7’L — 1, (29)
and we substituting this expression into the first equality of (2.8)), we have
§2i+1
byjro=—————, 7=0,n—1. 2.10
25+2 (2]+1)'7 J >y TV ( )
Hence, t he second of the conditions (2.6)) and ({2.5)), we obtain
2j+1 b
—0, j=0n_1 (2.11)

a2j+1 + Z 72
—~ (2j +1—1)!
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and
2j+2 b,
Y =0, j=0n—1, (2.12)
— (27 +2—1)!

respectively.

Changing j to 25 + 1 in the first relation , we get
s¥
Agj41 = boji1 — @, j=0,n—1, (2.13)
and substituting this expression into the system of equations , we obtain

27

S S bi =T n=1 2.14
1= 5 2j+1—2(2j)!_z2 - ,.,]— ,n— 1. (2.14)

=1

From the system of equations (2.12), it is easy to determine the following equalities

1 ! b; -
by = ——, byjiog=— — i =1,n-1. 2.15
2 27 27+2 Z (2]4_2_1)'7 J » T ( )

=1

Solving the system of equations {(2.14)), (2.15))}, we find b;, j = 1,2n and substituting their values
into (2.13), we find asj+1, j = 0,n — 1, and the value of asj12, j = 0,n—1, by virtue of (2.8]), is
found from relations

g2i+1 ‘
Q2542 = b2j+2 + m, J = 0,n —1. (216)

Now, substituting (2.7)) into the first part of the condition (2.5)), and as a result, we compose the
following system of equations

2n

bi b2n+i .
= +2J+Z(271—2)!(271—1—1—@—04)%—1_2(2]—@)! J " (2.17)

i=1

In this case, the ratio

82n+2j—1—oc

2j — DU(25 — )y,

Q212 = bapioj + ( j=1n (2.18)

is determined by substituting j ~ 2j into the second part of ratio (2.8]).
We substitute the found relations ([2.18)) into the system of equations (2.17)) and, taking into account
(2.10]), we obtain

2n+2j—1—a
Do v = — 5 —
R 2(2j — D(2j — a),,
2n b -1 (2.19)
[ 2n—+1 .
- . . Q. 545 =0 Ji=Ln
;2(2n—z)!(2n+1—z—a)2j ;2(2]—1)!

Substituting the results obtained from (2.19)) into relation , we determine ag,, 25, j = 1,n.

Consequently, the Green function satisfying conditions 1)-4) exists, is unique and has the form (2.7)),
and the coefficients a; and b;, j = 1,4n are determined by the equalities (2.9), (2.10), (2.13), (2.14),
[@.15), [@-16), (2-18) and (2.19).

Now, let us prove that it is symmetric for its arguments. It is not easy to prove this fact using
formulas (2.9), (2.10), 2.13), (2.14), (2.15), (2.16), (2-18) and (2.19). Therefore, we will use properties
1)-4) of the Green’s function.
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Let v (z), h(z) € C?*"71[0,1]; z*0® (x), z* A" (z) € C**~1[0,1] N C** (0,1), n € N. Then, the
following identity holds true:
(2n) (2n)
hM [v] — vM [h] = h(x) (:c“v(zn) (x)) —v(x) (x“h(zn) (x)) =
(2.20)

2n—1
d

> {(1)]‘ [h(j) (@) (20 (@) = o () (ah (x))@””)] },o <z<l.

=0

If we assume that v () = G (x,s) and h(z) = G (z,§), then at all points of segment (0, 1), except
points x # &, x # s, the equalities M [v] = 0 and M [h] = 0 hold. Then equality (2.20]) takes the form

2n—1 B ,4

0 j o 82n—1—J . azn
JZ_; % {(_1) {&EJG (3376) Or2n—1-7 (:L’ a$2nG(x73)> _
o7 H2n—1-j < . o2n

——G(z,s) pyT—— x pyen

oxJ

(2.21)

6|} =0 zc00/ ).

Without loss of generality, assume that s < & Then segment [0, 1] is divided into three segments,
ie. [0,s], [s,£] and [¢,1]. Integrating the equality (2.21]) over these segments, we obtain

2n—1 j —1—j
. ag 8277, 1—j 82n
Z {(‘UJ L’?xiG (z,6) Ox2n—1-J <5L‘O‘8x2nG(a:,s)> -

J=0

& A o
_%G (.’E7 S) 8$2n717j (w 8$2nG (x’ €)>:| }:c—o -

2n—1 . ‘
[ o H2n—1-j H2n
! (07
- JZ:O {(—1) [MG(x,f) T (a: ng%G(‘T’S)) _

o s N o
550 @) gy (FgmO @)} |+

r=s+0

2n—1 . '
. aJ 8271—1_] 82n
! (0%
o7 H2n—1-J . 92n 1
P ) | }x_m o
Taking into account properties 1) and 4) of the Green’s function G (z, s), the last equality takes
the form

82n—1 aQn z=5+0 82n_1 agn r=s5+0

- [G (x,8) D2 (ac 81'27LG($78)>:| . + [G (x,s) YT <x 8x2”G(x’§)>] -
H2n—1 . H2n z=£+0 H2n—1 N 92n r=£+0

_ [G (x,8) Hpan (a; 8$2HG($,S)>:| o + {G (x,s) pyT (:L‘ GmQ”G(x’£)>] o = 0.

According to 2) property of the Green’s function G (z,s), the function
(0%~ Jox® 1) [x* (0*"/0x*") G (x,s)] is continuous at x # s. Considering this, from the last,
we have

827171 N a2n a2n71 N 8271
|:G (:E7 5) 8%‘2”71 <"r a$2” G (l" S)) S - G (fL‘, 5) 81‘,277,71 (x 8$2TL G (:E’ S)) z_s+0:| +
82n—1 N a2n 8271—1 N 82n .
+ |G (z,s) Py (x 8x2"G(x7§)) o - G(x,s) Op2n—1 <w 3x2nG($7§)> x—g-o] = 0.
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Hence, by virtue of equality (2.4), we have —G (s,£)+G (£, s) = 0, which was required to be proved.
In a particular case, for n = 1, Green’s function G (z, s) has the form

x3—o¢ N $2_a8 :1;2—04 N S3—a SQ—a N 1 0 < <
— —_ - bl — X - 37
G _ 22-a), (1-a), 2(1-a), 22-a), 2(1-a), 2(1 — ),
(CE, S) - g3—a g2~y g2« 3« 2o 1

T2—a), (e, 21-a), 22-a), 2-a), 2i-a), ST

and for n = 2, it has the following form

_L_i_ (S_l)xﬁ—a—i_ <1_32> ﬂ-f—
2'3!(4—04)4 2 2!(3—04) 2 4(2 —04)4

4
N 53 82 N 1 :L,4—(x N S7—(x Sﬁ—a N
4 (

3! 24) (1-a), 2-34—a), 2-213-a),

(s 1 0 N 1, ghm N z?s? a?—9a+12 ,
)t (-2 — ’—
2) 42— a), ' \6 i1-a),  8(1-a), 16(1—a),

a?—9a+12 , ot —2203 + 16302 — 430a + 328

_ <<
6(1—a), =~ 32(1— a), U=
G ((E, S) = 37704 1 86704 1 ) 8570‘
23 —a), (x_ 2) 2B —a), | (2 - ) 12—,
N 1,3 332 N 1 S4—o¢ N x’?—a :L.G—a N
31 4 " 2a)(0-a), 23(d-a), 22B-a),

+ <52 + 1) LA (1 - 32> T S a2,
2) 12 —a),  \6 i1-a),  8d-a), 16(1—-a),

a?—9a+12 , o' —22a0® + 16302 — 430c + 328

TT6(1—a), © 32(1— a), ’

s<x<l1.

The last two examples demonstrate that the Green’s function is symmetric in its arguments.
Now, using the method applied in [19], problem {(2.1)),(2.2)} can be equivalently reduced to the

following integral equation
1

v(x) = )\/G (z,s)v(s) ds. (2.22)

Since the kernel G (z, s) is continuous, symmetric and positive (A > 0), then the integral equation
, and therefore the problem {,} has a countable set of eigenvalues 0 < A\; < Ay < A3 <
e <A < .., Ag — 400, and the corresponding eigenfunctions vy (z),vs (), v3 (z), ..., vk (z) ... form
an orthonormal system in the space L (0,1) [20].

Moreover, it is easy to verify by direct verification that the system of functions s/ 27)1(@2”) (5) /v Ans
k =1,2,... also constitutes an orthonormal system in L, (0, 1).

Lemma 2.1. Let the function g () satisfy conditions (2.2)) and Mg (x) € C (0,1)N Ly (0,1). Then, it
can be expanded on the segment [0, 1] into an absolutely and uniformly convergent series in the system

of eigenfunctions of the problem {(2.1)),(2.2) }.

Proof. Using the rule of integration by parts, the properties of Green’s function G(x,s) and the
conditions imposed on the function g(x), it is easy to verify that the following equality holds:

/G (z,8) Mg (s)ds = /G (z,s) [sag@") (s)} (zn)ds =g(z).

Since Mg (x) € Ly (0,1), it follows from the last equality that g (z) is a function that can be repre-
sentable through the kernel of G (z,s). In addition, the function G(z,s), i.e. the kernel of equation
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[2.22), is continuous in . Then, based on Theorem 2, p. 153, of the book [20], the statement of
Lemma 2.1l is true. O

Lemma 2.2. The following series converge uniformly on the segment [0, 1]:

e [0 ) s ([ @]”)
Z[Ai)} ZG ¥ } ) , J=02n~-1. (2.23)

k=1 k=1

Proof. Taking into account equality (2.1)) and the properties of function G (z,s), from ) for
v (x) = vy (x) we obtain
1

i B . amy M & e
907 —G (z,s) vk (s) ds = / [S vy (s)} D —G (z,s)ds, j=0,2n—1.

0 0

v (z) = Ak

Hence, applying the rule of integration by parts 2n times, and then taking into account conditions

(2.2), we have

1 .
a2n+J

o9 (z) = /sav,(f") (s) WG (x,8)ds, 7=0,2n—1,
0
from which, by virtue of Ay > 0, the equality

() ! ot /2, (2n)

Ui (@_/(m o ) O Ao

sV s axjasznG(az,s) /e ds, 7=0,2n—1 (2.24)
0

follows.
From ([2.24)) it follows that vk ( ) /VA b is the Fourier coefficient of the function by the orthonormal

system of functions { /221 (6} /\/X k} . Therefore, according to Bessel’s inequality [20], we have
1

. 2
io [ @) < / a{ O )rd i~ 020 =1 (2.25)
2 " < | 8% 5apen O (@:8)| ds, j=0,2n—1. )

0

By 0 < a < 1, the integral on the right-hand side of inequality is uniformly bounded for
j =0,2n — 1, which implies that the first series in converges uniformly.

The convergence of the remaining series is proved similarly.

Lemma [2.2] has been proved. O

From here and the rest of the paper g, denotes the Fourier coefficient of the function g (z) by the
system of eigenfunctions {vy, (z)},°5, i.e.

gk = /g (x) vy, (z)dx, k€ N. (2.26)

Lemma 2.3. Let gV (z) € C’[O, 1, j = 0,2n—1, 2%/2g® (z) € C(0,1) N Ly (0,1), g (0) +
g (1) =0, g%V (1) =0, j =0,n — 1. Then, the followmg inequality is valid

1

Z)\kgi < /:z:o‘ [g@") (:x)]zdx. (2.27)

k=1 0

In particular, the series on the left-hand side converges.
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Proof. Using the equation (2.1]), we can rewrite (2.26)) as follows

1 1

(2n)
Moo= [g@ o @ de =X [g(@) [570 @)] e

0 0

Hence, applying the rule of integration by parts 2n times and considering the properties of the functions
g (x) and vy, (x), we obtain

1
]1€/2gk / a/2 (2n) } {)\;1/2:1:(1/22}](62”) (33‘)} dz.
0

From the last, it follows that the number )\’1€ /2 g, is the Fourier coefficient of the function 2:*/2g2" (g )

in the orthonormal system {z*/?v(" (z)/\/A } 4—; - Then, according to Bessel’s inequality [20], we
have the validity of - Lemma - 3| has been proved. O

Lemma 2.4. If the function g (x) satisfies the conditions (2.2) and Mg (z) € C (0,1)N Ly (0,1), then
the inequality holds true
1

Z)\kgk / g (z)]*dx. (2.28)

0

In particular, the series on the left-hand side converges.

Proof. Considering (2.1]), we rewrite (2.26)), in the following form

1 1

Mg =M [ 9@ v (@) do = [ g(@) [0 (@)

0 0

} (Qn)da;.

Hence, applying the rule of integration by parts 4n times to the integral on the right-hand side of the
last equality and considering the properties of the functions g (z) and vy (), we obtain

1 1

Mg = / {;pf"g(%) (g;)} (2n)vk (x)dx = / (Mg (z)]vg (x) dz.

0 0

From the last, it follows that the number A,g; is the Fourier coefficient of the function Mg (z) with

respect to the orthonormal system of functions {vy (33)}2201 Then, according to Bessel’s inequality,
inequality (2.28)) is valid. Lemma has been proved. O

Similarly, the following lemma can be proved:

Lemma 2.5. If the function g (x) satisfies conditions (2.2)) and [Mg (x)](j) e C[0,1], j =0,2n—1,
2[Mg (@)*" € € (0,1)N L2 (0.1), [Mg @)]*”| _ + [Mg@)]™| =0, [Mg(@)**™"| =0,

= r=1

j=0,n—1, then inequality
1

Foo 2
> Mot < [a*{itg @)} ds (2.29)

0

is true, in particular, the series on the left-hand side of (2.29) converges.
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3. EXISTENCE, UNIQUENESS AND STABILITY OF THE SOLUTION OF PROBLEM U

We will seek a solution to the problem U in the form

= ZOO uy, (t) vi, (), (3.1)

where v, (), k € N are the eigenfunctions of the problem {(2.1)),(2.2)}, and uy (t), k € N are the
unknown functions to be determined.

Substituting (3.1)) into equation (1.1]) and into the initial conditions (1.2]), with respect to u;, (t),k €
N, we obtain the following problem

U; () + Neup (1) = fr (t), t€(0,T), k€N,

ug, (0) = @1x, Uy (0) = Pop,

where
1

cpjk:/gpj(:c) v (@) dz, 7=1,2; fi(t /fa:tvk()dz keN. (3.2)

It is known that the solution to the last problem exists, is unique, and is determined by the following
formula:

uy, (t) = 15 cos (t\/ﬁ) + oA, % sin (tm) +, 17 /tfk (1) sin [(t —7) \/ﬂ dr,0 <t <T. (3.3)

From this, the estimate

T

1 1
— g +/
VTRV J

|ur (O)] < || + fi(r)dr, 0<t<T (3.4)

easily follows.

Theorem 3.1. Let the function ¢ (z) satisfy the conditions of Lemmal[2.5, the function o, (x) satisfy
the conditions of Lemma and the function f (x,t) satisfy the conditions of Lemma with respect
to the argument x uniformly with respect to t. Then the series , whose coefficients are defined by
equalities , determines the solution of the problem U.

Proof. To do this, we need to prove the uniform convergence in Q of the series (3.1)) and the following
series, formally obtained from ([3.1)):

—+oo

+oo

p 3 t .

t):E uy, (t) vy (), u(z, E ug ( (x), j=1,2n—1,
k=1

o7 0%y " (€ )
@ (.’L‘ 8271 ) Zuk (‘/L‘Oélvl(c2 ) (CC)) y J = O) 2n — ]-7

and the uniform convergence in any compact set g C 2 of the series

8277, 8277, n (2n)
Op2n <$ 82n ) Zuk ( 1&2 )(ff)) 2 , (3.5)

u (2,8) =Dy () v (2). (3.6)
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Let us consider the series (3.1]). By virtue of (3.4) from (3.1)), for any (z,t) € 2, we have

T

v
) < 3 e @l ) < 3 A | Rl + o+ | [ s
k=1 k 2

Hence, applying the Cauchy-Schwarz inequality, we obtain

|u<x,t>|sJ2W szk Jz%,ﬁ [ . (37

k=1

8

b
Il
—

The series on the right-hand side of this inequality, by the condition of Theorem according to
Lemmas and converge uniformly. Therefore, the series on the left-hand side, i.e., series
converges uniformly in Q.

Now, let us consider the series (3.5). By virtue of equation , in any compact §2y the series in

(3.5]) can be written as
+oo
> A (8) v (). (3.8)
=1

To prove the uniform convergence of series (3.8]), according to (3.4)), it is sufficient to prove the absolute
and uniform convergence of the series

The series on the right-hand sides of these inequalities, by the conditions of Theorem according
to Lemmas and converge uniformly. Then the series on the left-hand sides, i.e., series
(3.9), converge absolutely and uniformly in ,. Therefore, the series , and consequently the series
in (3.5) converge uniformly in the any compact set €y. Uniform convergence in €, of series (/3.6
follows from the convergence of series and the validity of equation .

The uniform convergence of the remaining series can be proved similarly. Theorem [3.1] has been
proved. O

Theorem 3.2. Problem U cannot have more than one solution.
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Proof. Suppose that there exist two solutions u; (z,t) and us (z, t) of the problem U. We denote their
dlfference by u (x,t). Then the function u (z,t) satisfies equation (|1.1)) for f(z,t) =0, and conditions

(1.2) and (L.3) for ¢1(z) = @a(z) = 0.

Let VT, € (0,77, Qo = {(x t): 0<x<1, 0<t<Ty}.Obviously Qy C Q. Let us introduce the

following function:
To

wlat) =~ [uwg)de. (2.0 € .
t
This function has the following properties:
w, wi, 5%, 2 (20022) e C (), j=0,2n—1;
2) it satlsﬁes conditions (1.3)) for ¢ € [0, Ty] .
Let us consider equation (1.1 for f(z,t) = 0, multiplying it by the function w(x,t) and integrating
the resulting equality over the domain €2y, we have

o [ 0% u(x,t)
/w(:c, t) {utt(x, t) + Dt [ac Dtn ] } dtdx = 0.

Qo

Let us rewrite this equality as

To 1 1 Ty

o [ 0% u(z,t)
/dt/w(:c,t)amzn [az pyen }dx—l—/dx/w(a:,t)utt(x,t)dt: 0.
o 0 0 0

Now, applying the rule of integration by parts, we obtain the equality
o 92r—1 92 ) 522 92
6x2n—1 ax2n 8x 8x2n—2 6$2n
0

2n—1 2n z=1 To 1 2n 2n
0" w(z, 1) <$a(‘9 u(m,t))] dt—i—/dt/xaa w(z,t)0 u(x’t)daﬂ—
=0

81.27;—1 81-271 81-271 axQn

s

from which, due to the properties of the functions w(x,t) and u(z,t), it follows that

0 0

ot

=T Ow(x,t) Ou(x,t)
- / ’ 2| dx =0,
=0 ot

0

1

2n 2n To
/dt/ L, 07w (x,t) 0 (:L‘,t)dx_/dx/&u(x,t)@u(az,t)dt:&

6:U2" ox?n ot ot
0 0
Hence, taking into account the equalities u = %—“: and g:;w = %, we have
; T 0w (z,t) 0%+ w Ou (z, 1)
"w(x,t) 0" z,t
xdx . dt dx ——=dt = 0.
/ / oxn 83:2"(% / / ot

0 0

Next, considering the equalities

190 o 0w (z,t) PP w (2, t) 10 [0%w (x,t)]”
w@t) =5 = 5 @A e _2815[ Dz ]
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and applying the rule of integration by parts to the integrals over ¢, taking into account w(x,Tp) = 0,
u (z,0) = 0, we obtain
1

1
L [07w (2,0)]°
/U2(SU,TO) dl‘ + /CU |:ax2n:| . dl‘ = 0

0 0
Hence, it follows that u (x,Ty) = 0, x € [0,1]. Since VT, € (0,T], then u (z,t) = 0, (x,t) € Q. Then
Uy (m,t) = uy (z,t), (z,t) € Q. Theorem [3.2]is proven. O

Theorem 3.3. Let the functions @1 (x), @2 (x) and f(x,t) satisfy the conditions of Theorem (3.1)).
Then the following estimates are valid for the solution of problem U:

o 12, 0 < Ko [llor @1y + oo @120y + 1 @I 0] (3.10
WM@M)QGWW mﬂmﬂmmmmﬁwmmmqy (3.11)
L 1/2
where ||y (@)L, 1) = {fa:a[gol (x)]Qdaz} and r = r(x) = z%, and Ky and K, are some real
o 0

positive numbers.

Proof. Here, taking into account the orthonormality of the system {vy (a:)}:z and inequality (3.4)),

from (3.1]), we have

2
[Ju (CC?t)HLQ(O,l) = ZUZ (t) <
k=1
<3 [loul + ool e O] <33 [+ b o O )
>~ . gplk \/7 ()0216 \/} k L2 0,7 — P Solk )\k 802k: )\k k L2(07T) .
Hence, applying Bessel’s inequality, we get
2 2
Ju (x?t)HLz(O,l) < Ko (HSDl (x)HLz(O,l) + 2 (2 HL2(0 i Z [ fi (2 HL2 0,T > ) (3.12)

where Ky =3C, C =max (1, 1/\; ).
Taking into account the easily verified equality

If (1) HLQ(Q) = Zka ||L2(0T)’

from we obtain inequality -

Taklng into account the statements of Lemmas [2.2) E 2l and [2.3} . from , we obtain the inequality

1

ol @n) 2
o @, 8) ey = sup Ju (2, )] < K xklmﬂmw%<mm+2wkmmT,
Q

0

+oo
where Ky =sup | > vi (z)/ k-
01] \ k=1
From here, by the introduced notations, inequality (3.11)) follows.
Theorem has been proved. O
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About one composition of partial mapping of Euclidean space Ej
Matieva G., Papieva T., Shamshieva G.

Abstract. In the domain ) C FE5 we consider a set of smooth lines such that through each point
X € Q there passes exactly one line w! from the given set. The moving frame of the domain 2 is a
Frenet frame [I] associated with the line w'. The integral lines of the coordinate vector fields form a
Frenet net [I]. We define the point F} on the tangent of the line w'! in an invariant manner. As the
point X moves within the domain 2, the point F} traces out a new domain 2 C E5. This defines
the partial mapping f? : Q — Q3 such that f7(X) = F}.

Similarly, we define another partial mapping fi : © — Q3 Next, we consider the composition of
these two partial mappings, specifically the inverse mapping (f7)~! and f2 given by:

o (ff)~1: Q) — Q2 such that fdo (f))"'(F}) = F, where (f?)~! - is the inverse mapping f7.

Let the line v, Wthh belongs to the dlstrlbutlon A, = (X, s, s, ?4, €'5) be a quasi-double line
of the pair of distributions (A4, A}) in the partial mapping f7 (where A} = f7(Ay)).

We establish necessary and sufficient conditions for the line ff o (f7)~'(v) to be a quasi-double line
of the pair (A4, A)) of distributions A4, A} in the partial mapping f2 o (f7)™!

Keywords: Euclidean space, Frenet frame, cyclic Frenet net, partial mapping, quasi-double line,
distribution.

MSC (2020): 53A04, 53A15

1. INTRODUCTION

In the domain 2 C E5 we consider a set of smooth lines such that through each point X € ) exactly
one line of the given set passes. The moving frame R = (X, ?i)(i, J,k =1,5) is the Frenet frame for
the line w! of the given set of smooth lines. The derivation formula for the frame R take the form:

d?—w €;,d el—wk?k (1.1)
The forms w’, w! satisfy the structure equations of Euclidean space:
Dw' = w* Awj, Dwf = w! Awh,w! +w! = 0. (1.2)

Integral lines of the vector fields €; form the Frenet net ¥; [1] for the line w' of the given set of
lines. Since frame R is constructed on the tangent of the lines of the net 35, the forms w/ are principal

forms. In other words: _
wi = Afw’. (1.3)

Taking in to account (1.3) from (1.2) we have:
Afj = —Ajy- (1.4)
If we differentiate externally (1.3), we obtain:
Duwt = dAf”'j Aw + Aijwj.
Using equation (1.2) we get:
w)! /\w —dAk A w? —|—A’C Awb Aw].
Taking in to account equation (1.3) the last formula simplifies to:

wl /\Afewe = dAfj Aw! — A’C Aw) Aw
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or equivalently, _
Abw! Aw® = dAS Aw? — AF Awl AWt

From here, we obtain: _
dAS, Aw? — Afwi A w! — Alw! Aw' =0

or
(dAk Aéw _Afj 1)/\wj_0
Using Cartan’s lemma [2], [6], we conclude:
dAk A,sz - Afj i Af‘]m m
Which simplifies to:
dAf, = (MY, + AGLAS, + ALAL W™ (1.5)

The system of variable {A%., A¥, 1} forms a second - order geometrical object. The Frenet formulas

ij) trigm

for the line w! of given set take the form:

d1€>1 :Afl?g, d1€>2 —A _>1+A 21 € 3, dl?g :A§1?2+A§1€>4,
d1?4 = A _>3 + A41 €5, d1?5 = Agl?‘l’
and
A?l = _Agl = O7A4111 = _A?n = 07A?1 = _Agl =0. (1-6)
Agl = _A§1 = 07A31 = _A?u = 07Ag1 = A31 =0. (1~7)

Here ki = A2 ki = A3 ki = A}, ki = A3, = —A2, - represent the first, second, third and fourth
curvature of the line w* respectively (where d; - denotes differentiation along the line w').
A pseudofocus [3], [5] F/ (where i # j) of the tangent of the line w' in the Frenet net 35 is defined

by the radius-vector:
Fi=X_ —7,=%X - (1.8)
A”

There exist four pseudofocuses on each tangent (X, ¢,):
on the straight line (X,€,) - F2, F?, F} F?,
on (X,€ 2) F}, F3, F}, F3;
on (X, € 3) Fi, F}, F}, F};
on (X, 64) F}, F}, F}, F};
on (X,5) - FY, F2, F3, F}.
The net Y5 in Fj is called a cycle Frenet net [3] if the frames

- = = = = - = = = = A e S A
%1:()(,61,62,63,64,65), §R2:(X7627637€4765761)7 §R3:()(:63764765761a62)7

- = = = = - = = = =
%4:()(,64,65,61,62,63), %5:()(,85,61,62,63,64),

are Frenet frames for the lines w', w?, w? w*, w® respectively, of the net X5 simultaneously.
If the net X5 be a cycle Frenet net, we denote it by Xs. [3]. The pseudofocus F? € (X, ) is
defined by the radius-vector:
F=X_- 7. (1.9)

A%5
As the point X moves within the domain Q C Fj, the pseudofocus F} traces out its own domain
Q} C E5. Thus, we define the partial mapping f} : Q — QF such that f7(X) = FP. We associate the

domain Q} C Fj5 with the moving frame %' = (F?, b;)(i = 1,5), where the vectors b ; have the form
4], [

— B? :
b= e+ A51512? Aél ?i;
( 15) 15
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— B} :
b, = ? + 152 — 412 ?i;
T (AL A
— B’ Al
ba=€s+ 28 ¢, — LB, 1.10
T I T A (1.10)
— B Al
Bo= Pt i, Mg,
(AIS) A15
75 - Biss — li5—>'

(A% 1AL T
2. SETTING AND SOLVING THE PROBLEM
It is considered that the line 7, belongs to the distribution A, = (X, o, €3, €4, ?5).
The tangent vector 7 of this line v has the form: ¥ =~2¢,+73 €5+ €4 +~° 5. We will find
the tangent vector of the line
_ — — — — —
T=H0):7 =7 b+ bs " batq7 b
Taking into account formulas (1.10) from here, we find:
T = (72 + b + UL + 70 T+ (77 4 7P A+ b+ Ab2) E ot
+ T+ T a+ (P8 + 70+ 40 s,
» -
where b] - j-th coordinate of the vector b ;.

Definition 2.1. If line tangent of the line v C A4 at the point X and the tangent vector of line
7 = f3(v) at the point F? = f3(X) belong to the same four-dimensional space (X, €3, €3, €4, €5),
then the lines v and 7 are called quasi-double lines of the pair of distributions (A4, A}) in the partial
mapping f7 (where A} = f7(Ay)).

From the condition 7, ? € (X, Ty, s, €, ?5) we have:
2y + v3by + bl +4°b = 0.
Substituting the coordinates b from the (1.10) we get:
V2 Blsy +7° Biss + '743554 +7°Bys; = 0. (2.1)

If the coordinates of the tangent vector 7 of the line v satisfy the conditions (2.1), then the lines
7,7 are quasi-double lines of the pair of distributions (A4, A}) in the partial mapping f7. Thus, the
following theorem is proved.

Theorem 2.2. Lines v and 5 = f7 () are quasi-double lines of the pair of distributions (Ay, A}) in
the partial mapping f? if and only if the coordinates of the tangent vector 7 of the line ~v satisfy the
conditions (2.1).

The pseudofocus F2 € (X, €5) is defined by the radius-vector:
1

When the point X is moving in the domain Q C Es, the pseudofocus Fi describes its domain
Q! C Es. Thus, the partial mapping f2 : Q — Q2 is defined such that: f2(X) = Fy.
We will associate with Qf C E5 the moving frame R = (Fy, d;), (i =1,5) [4], where:

1 4
71 — e, - Az, 2. — D5y 2.
= 1 1 ;
Az, (A54)?
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Al Al D?
2 = —r?f?1 +€s— TZQ?AL Aj422 s
54 54 (A3,)
Ay 5 A | Dy
s _ Zs : 2.3
i v R VYRR (23)
Al D}
74 —%?1 + 5442 s
A5y (A34)
7 Al B45 1=>
s=———-€1+[1+ ICE
A3, (A3,)?

In the work [4], necessary and sufficient conditions were found for the lines v and 7 = f2(7) to
be a quasi-double lines of the partial mapping fi (in which case these lines will automatically be
quasi-double lines of the pair (Ay, A}) where A} = f2(A)):

VAL, + VP Ay + v AL 4+ AL = 0. (2.4)

From conditions (2.1) and (2.4) it follows that the line 7 in the domain Q7 transforms into the line
7 in the domain 3.

It is considered the composition fd o (f)~!: Q3 — Q2 of the partial mapping (f7)~! and f2, where
(f2)~* - is a reverse mapping such that (f7)"'(F}7) = X € Q. Let 7 is a line which tangent vectors
coordinates satisfy the conditions (2.1). Then (f7)"*(¥) = v and f2(y) =7 C Q2, where 7 is a line
which tangent vectors coordinates satisfy the conditions (2.4).

Thus, the following theorem is proven:

Theorem 2.3. If the coordinates of the tangent vector of the line 7 C 0 satisty the condition (2.1)
than f3o (f2) ' (7) =7, where 5§ C Q2 is line, which tangent vector’s coordinates satisfy the condition

(2.4).
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Impact of almost n-Ricci-Bourguignon solitons on anti-invariant
submanifolds of trans-Sasakian manifolds coupled with generalized

symmetric non-metric connection of type («a, )
Mishra R.K., Yadav S.K.

Abstract. We classify almost n-Ricci-Bourguignon solitons on anti-invariant submanifolds of trans-
Sasakian manifolds admitting a generalized symmetric non-metric connection of type (a, ). Certain
results of such solitons on submanifolds of trans-Sasakian manifolds with respect to a generalized
symmetric non-metric connection (GSNM) of type (a, 3) are obtained.

Keywords: trans-Sasakian manifold, anti-invariant submanifold, almost n-Ricci Bourguignon soli-
ton, generalized symmetric non-metric connection of type (a, 3).

MSC (2020): 53C05, 53C025, 53C40.

1. INTRODUCTION

The Ricci-Bourguignon soliton leads to an equivalent soliton to the Ricci-Bourguignon flow, which
is explained by [, 3], [§].
99
3¢ = 25— pRg), 9(0) = go, (1.1)

where S is the Ricci curvature tensor, R is the scalar curvature w.r.t. g, and p is a real non-zero
constant. It should be noticed that for special values of the constant p in equation , we obtain the
following situations for the tensor S — pRg appearing in the equation. The PDE system defines
the evolution equation of special interest if

(i) p = 3, the Einstein tensor S—%¢ (Einstein soliton),

(ii) p = %, the traceless Ricci tensor S—£yg,

(iii) p = ﬁ, the Schouten tensor 5—2(7]31)9 (Schouten soliton),

(iv) p = 0, the Ricci tensor S (Ricci soliton).
In fact, for small t, equation ([1.1]) has a unique solution for p < m
A pseudo-Riemannian manifold of dimension n > 3 is called the Ricci-Bourguignon soliton if

Lyg(X,Y) +28(X,Y) +2(u+ pr)g(X,Y) =0, (1.2)

where Ly g is the Lie derivative of the Riemannian metric g along the vector field V', the scalar
curvature is denoted by 7, S is the Ricci curvature tensor, and p, p are scalars. A Ricci-Bourguignon
soliton is called expanding if u > 0, steady if 4 = 0, and shrinking if pu < 0.

From equation (1.2), we have defined a more general view, namely n-Ricci -Bourguignon soliton.

Lyg(X,Y) +28(X,Y) 4 2(uu + pr)g(X,Y) 4 2Cn(X)n(Y) = 0. (1.3)

For more details, see ([19]-[21]).

Friedman and Schouten first introduced the concept of a semi-symmetric linear connection on a differ-
entiable manifold in 1924 [5]. In 1930, the geometric significance of a semi-symmetric linear connection
was given by Bartolotti [2]. In 1932, Hayden [7] was first introduced and investigated a metric connec-
tion known as a semi-symmetric metric connection with a non-zero torsion on a Riemannian manifold.
Yano has conducted a detailed investigation of the semi-symmetric metric connection on a Riemann-
ian manifold [25]. In 1975, Golab [6] was first introduced, a quarter-symmetric linear connection
on a differentiable manifold. Rastogi [16] carried out a subsequent systematic investigation into the
quarter-symmetric metric connection on a Riemannian manifold. The study of these connections was
further studied by various authors ([12] 14} [I8] 22]). If the torsion tensor T of a linear connection on
a semi-Riemannian manifold M is said to be a generalized symmetric connection, then 7" is defined as

T'(ur,ug) = af(ug)ur — m(ur)us} + B{m(us)pur — m(u1)pusat, (1.4)
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where w1, us are vector fields on M, o and 8 are smooth functions on M. Here, ¢ denotes a tensor of
type (1,1) and 7 is a 1-form and satisfies m(u,) = g(u;,v) for a vector field v in M. If V¢g = 0, then
the connection is called a generalized symmetric metric connection (shortly, GSM-connection) of type
(cr, B). The connection in equation is referred to as a f-quarter-symmetric connection and a-
semi-symmetric connection, respectively, if « = 0 and § = 0. If (o, 8) = (1,0) and (a, 8) = (0, 1), then
the GSM-connection of type («, ) is called a semi-symmetric connection and a symmetric connection,
respectively. The concircular curvature tensor C' of type (1,3) on a Riemannian manifold [23] is defined
by the equation

C(X,Y)Z = ROX.Y)Z + — L 19X, 2)Y — g(Y, Z)X], (1.5)

(n—1)
for all smooth vector fields X, Y, Z € x(M), where R is the Riemannian curvature tensor of type (1,3)
and r is the scalar curvature. Let us consider C¢ be the concircular curvature tensor with respect to
the generalized symmetric non-metric connection, then we have

TG

“XYVZ=R°(X,Y)VZ+ —
CHXY)Z = R (X V)2 + 5Ty

[g(X,Z)Y—g(Y,Z)X], (1'6)

for all smooth vector fields X,Y, Z € x(M), where R® is called the concircular curvature tensor and
r% is said to be the scalar curvature with respect to the GSNM-connection. According to [10] and
[13], the M-projective curvature tensor M of rank 3 on an n-dimensional manifold M is given by the
following equation

M(X,Y)Z =R(X,Y)Z + 2(n1—1)

for all smooth vector fields X,Y,Z € x(M), where () denotes the Ricci operator. Hence, the M-
projective curvature tensor with respect to the GSNM connection is given by

S(X,2)Y =S(Y,Z2)X + [9(X,2)QY —g(Y, 2)QX],

2(n—1)

— 1 1
MG(X7 Y)Z = RG(Xv Y)Z + Z[SG(X7 Z)Y - SG(Ya Z)X] + Z[Q(Xa Z)QGY - g(Y7 Z)QGX]7 (17)
n n
where Q¢ is the Ricci operator with respect to the GSNM connection.
The pseudo-projective curvature tensor on a Riemannian manifold is given by [15].
P(X,Y)Z =AR(X,Y)Z+ B[S(Y,Z2)X —S(X,2)Y]|+crlg(Y,2)X — g(X,2)Y]. (1.8)

For all smooth vector fields X, Y, Z € x(M), where A, B, and ¢ are non-zero constants related as

c:—l( A +B>.
n\n—1

Now we consider P as the pseudo-projective curvature tensor with respect to the GSNM connection
as

PY(X,Y)Z = ARY(X,Y)Z + B[S°(Y, Z)X — S°(X, 2)Y] + er®[g(Y, 2)X — g(X,2)Y],  (1.9)

where A, B, ¢ are non-zero constants related as

c= L (A +B). (1.10)

72n—|—1 2n

In 1977, K.Yano and M.Kon discussed anti-invariant submanifolds of Sasakian space forms [24]. In
1985, H.B Kumar studied anti-invariant submanifolds of almost paracontact manifolds [I1]. In 2020,
P. Karmakar and A. Bhattacharyya investigated anti-invariant submanifolds of some indefinite almost
contact and paracontact manifolds [9].

Let ¢ : M — M be a differentiable manifold, and let the dimension of the manifold M, M be n,m
respectively. If at each point p of M, (d)*)p is a 1-1 map, that is, if rank ¢ = n , then ¢ is called an
immersion of M into M. f ¢ is 1-1, i.e., if ¢ (p') # ¢ (¢') for p’ # ¢’ then ¢ is called an embedding of

M into M. The manifold M is called a submanifold of M , if it satisfies the following conditions
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(i) Mc M
(ii) The inclusion map ¢ from M into M is an embedding of M into M.

A submanifold M is called anti-invariant if X € T,(M) = ¢X € T;-(M),Y z € M, where
T,(M), T}+(M) are respectively the tangent space and the normal space at € M. Thus, in an
anti-invariant submanifold M, we have V X, Y € x(M),

9(X,0Y) = 0. (1.11)

2. PRELIMINARIES

Let M be a differentiable manifold of odd dimension with a metric structure (9,0,&,m), where ¢ is
a (1,1) tensor field, ¢ is a vector field, 1 is a 1-form and a Riemannian metric g satisfying the following
relations-

P’X =-X+nX)E nE) =1, n0o¢d=0, ¢ =0, (2.1)
9(@X,9Y) = g(X,Y) —n(X)n(Y), (2.2)
96X, Y) = —g(X,0Y), n(X) = g(X,€) VX,Y € x(M). (2.3)

An odd-dimensional almost contact metric manifold M (¢,&,m,9) is called a trans-Sasakian manifold
of type (p, q), where p, g are smooth functions on M if V X, Y € x(M) [4.

(Vx@)Y = plg(X,Y)E —n(Y)X]+ plg(¢X,Y)§ —n(Y)eX], (2.4)
Vx§=—p X +q[X —n(X){. (2.5)
In a (2n 4 1)-dimensional trans-Sasakian manifold of type (p, q), we have the following relations [4]
(Vxn)Y =—p g(¢X,Y) + qlg(X,Y) = n(X)n(Y)], (2.6)
R(X,Y)¢ = (p° = ¢*) n(Y)X = n(X)Y ]+ 2pg [n(Y)X — n(X)pY] 27)
+[(YP)pX — (Xp)oY + (Yq)$*X — (Xq)¢*Y], '
R(&Y)X = (p* = ¢*) [9(X, Y)E = n(X)Y] + 2pq [g( X, V)& + n(X)pY] 2.8)
+(Xp)oY + g(6X,Y)(grad p) — g(6X, ¢Y)(grad q) + (Xq) [Y —n(Y)¢], '
S(X,€) = [2n (p* — ¢*) — €q] n(X) — (¢ X)p — (2n — 1)(Xq), (2.9)
Q¢ = [2n (p* — ¢*) — &q] £+ d(grad q) — (2n — 1)(grad q). (2.10)

Lemma 2.1. [I7] In a (2n + 1) dimensional trans-Sasakian manifold of type (p,q), if ¢(grad p) =
(2n — 1)(grad q), then g = 0.

3. GENERALIZED SYMMETRIC NON-METRIC CONNECTION IN TRANS-SASAKIAN MANIFOLDS

In a trans-Sasakian manifold M , let V¢ be a linear connection, and V be the Levi-Civita connection
and X,Y € x(M). We define a linear connection V¢ on M by

VLY = VxY +u(X,Y), (3.1)

where u(X,Y) is a tensor of type (1,2) and V¢ represents a GSNM connection on a trans-Sasakian
manifold as-

1 , ,
u(X,Y) = 5[(T(X,Y) +T(X,)Y)+T (Y,X)] (3.2)
where T is the torsion tensor of V¢ and

g(T'(X,Y),2Z) = g(T(Z,X),Y). (3.3)
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Plugging in , we get

T(X,Y) = a{n(Y)X - g(X,Y)&} + B {n(Y)$X — g(¢X,Y )} (3.4)
Substituting and in , we get
wX,Y) = a{n(Y)X — g(X,Y)E} + Bn(Y)oX (3.5)

Substituting ([3.5)) in (3.1]), we obtain a generalized symmetric non-metric connection V¢ of type («, 3)
in a trans-Sasakian manifold M as

VEY = ViY +a{n(Y)X — g(X,Y)E} + (Y )X (3.6)
Conversely, from (3.7)), the torsion tensor with respect to the connection V¢ is defined as
T(X,Y)=V{Y = V§X — [X,Y] = a{n(Y)X —n(X)Y} + B{n(Y)oX — n(X)pY}. (3.7)

Hence, this shows that the connection V¢ of type (o, 8) in a trans-Sasakian manifold M a generalized
symmetric connection. Now, we have

(VR9) (X,Y) =Xg(Y,Z) =g (VRY, Z) =g (Y,VSZ) = =B {n(Y)g(¢X, Z) +1(Z)g(¢X,Y)} .
(3.8)

From (3.8) and (3.9)), we obtained that V¢ is a generalized symmetric non-metric connection of type
(ar, B) in a trans-Sasakian manifold M.

Now, setting Y = ¢ in (3.7]) and using ([2.5)), we obtain
Vi€ = (a+ ) {X —n(@)&} + (B —p)oX. (3.9)

In a trans-Sasakian manifold M with respect to the generalized symmetric non-metric connection of
type (a, 3), we get

(VY = (a+q) {g(X,Y) = n(X)n(Y)} - p g(Y, 6X) (3.10)

In a trans-Sasakian manifold M , we define its curvature tensor with respect to the generalized sym-
metric non-metric connection of type («, ) by

RY(X,Y)Z =V§V§Z - ViV Z -V Z. (3.11)
Using (3.7)), we obtain
VEVEZ = V§VyZ +a{(V50(2)) Y +n(2)VEY = (VS (9(Y, 2)) € - 9(Y, 2)VEe}

. (3.12)
+B{(Vn(2)oY +n(2)V5(#Y)}.

Now, using & , we get
VS (2) =n(VxZ) = pg(Z,¢X) +q{9(X,Z) —n(X)n(Z)} . (3.13)
Using , & , we obtain
VE(9Y) = ¢VxY +p{g(X,Y)E = n(Y)X} +q{g(¢X,Y)E = n(Y)9X} —a g(X,0Y)E.  (3.14)
Now, applying (3.7), (3.12), (3.13), (3.14) in (3.11), we obtain
RY(X,Y)Z = R(X,Y)Z + (aq — Bp + o®) {n(Y)n(Z)X —n(X)n(Z)Y}
+(ap = Bg— aB) {g(Y, 2)9X — g(X, Z)¢Y} + (2aq + 0*) {g(X, Z)Y — g(Y, Z) X}
+ap{9(Z,¢Y)X — g(Z,6X)Y} + (ag + o®) {g(Y, Z)n(X)& — g(X, Z)n(Y )€}
+Bp{9(Z,¢Y )X — g(Z,dX )oY } + 2(aB + Bq)n(Z)g(d X, Y )§
+ af {n(Y)n(Z)¢X —n(X)n(Z)¢Y }.

(3.15)
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S(Y,2)=S(Y,Z)+ {2n (aq — Bp + o) — aq — Bp — o*} n(Y)n(Z)

+{ag+ Bp+a* — 20 (200+0%)} gV, 2) + {Cn ~ Dop + o+ aB} g(6v. 2).
QY = QY + {2n (ag — Bp+a®) —aqg— fp—a®} n(Y)¢ (3.17)
+ {aq—f—ﬁp—l—(f —2n (2aq+a2)}Y—|— {(2n — Dap + Bq + aB} @Y. ’
r¢ =r —8naq —2n(2n — 1)a’. (3.18)
Setting Z = ¢ in , we get

SOV, €) = S(Y,€) — 2n(aq + Bp)n(Y). (3.19)

Again, putting Y = £ in , we obtain
Q¢ = Q¢ — 2n(aq + Bp)¢. (3.20)

Proposition 3.1. A generalized symmetric non-metric connection of type (a, ) on an anti-invariant
submanifold of a trans-sasakian manifold reduces to a generalized symmetric metric connection of type

(@, B).

4. ALMOST ’r]-RICCI-BOURGUIGNON SOLITONS ON ANTI-INVARIANT SUBMANIFOLDS AND
TRANS-SASAKIAN MANIFOLD WITH RESPECT TO A GENERALIZED SYMMETRIC NON-METRIC
CONNECTION

Let, (g9,&,C, i, p) be an almost n-Ricci-Bourguignon soliton on M with respect to a generalized
symmetric non-metric connection V¢, then from ((1.2)) we have VY, Z € x (M)
(L)Y, Z) +2Ric® (Y, Z) + 2 (u+ p ) g(Y. Z) +200(Y)n(Z) =

0.
= g (VS 2) +9(VSEY) +2Ric“ (Y, Z) + 2 (u+p r€) g(Y, Z) + 2Cn(Y)n(Z) = 0.

Using (3.9)) in the above equation, we get
Ric?(Y,Z) = (a+q—pu—pr9)g(Y, 2) + (a+q— Cn(Y)n(Z). (4.1)

Theorem 4.1. Let (g,&, p, p,C) be almost n-Ricci-Bourguignon solitons on a (2n + 1) dimensional
anti-invariant submanifold M of a trans-Sasakian manifold M of type (p,q), with respect to the GSNM
connection of type (c, 8), then M?" ! is n-Einstein manifold.

Setting Y = Z =¢ in , we get

RicC(€,6) =2(a+q) —pu— pr€ - C. (4.2)

Putting X = ¢ in , we obtain
S(€.€) =2n (p* — ¢*) — 2n(&q). (4.3)
Now, comparing and , we get
20 +q) —p—pr® —C=2n(p* — ¢*) — 2n(&q).
If &g = 0, then from the above equation, we have
p=2a+q)—pr¢—2n(p>—q¢*) - C.

In particular, if we take p = 0, C = 0, then, we yield

rG:i{a+qn(p2q2)}. (4.4)
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Theorem 4.2. If a (2n+ 1)-dimensional of a trans-Sasakian manifold M of type (p,q) admits almost
Ricci-Bourguignon soliton with respect to the generalized symmetric non-metric connection of type
(a, B), provided ¢(grad p) = (2n—1)(grad q), then almost Ricci-Bourguignon soliton (g,&, u, p,C) on
M is expanding, steady, or shrinking according as

2 2 2
TG>;{oz+q—n(p2 — q2)}, rG:;{oH—q—n(p2 — q2)}, or TG<;{a+q—n(p2 — q2)},

respectively.

Corollary 4.3. If a (2n+1)-dimensional of a trans-Sasakian manifold M of type (p,q) admits almost
Ricci-Bourguignon soliton with respect to the generalized symmetric metric connection of type «, f3),
provided ¢(grad p) = (2n — 1)(grad q), then almost Ricci-Bourguignon soliton (g,&, u, p,C) on M is
expanding, steady, or shrinking according as

2 2 2
> JHatg—n(t = @) ="Hara-n@® - @) or 1< Hatq-n(® — ¢},

respectively.

Now, if (o, 8) = (1,0), then from , we get
2
TG:;{1+q—n(p2—q2)}.

Corollary 4.4. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian man-

ifold M of type (p,q) admits an almost Ricci-Bourguignon soliton with respect to the generalized
symmetric metric connection of type («, 5), provided ¢(grad p) = (2n — 1)(grad q), then an almost
Ricci-Bourguignon soliton (g,&, i, p, C') on M is expanding, steady, or shrinking according as

2 2 2
rc*‘>;{1+q—n(p2 - ¢}, TG=;{1+q—n(p2 - ¢}, or 7“G<;{1+q—n(zo2 - ¢},

respectively.

Now, if (a, 8) = (0,1), then from (4.4)), we get
2
= Aa-n@t -0

Corollary 4.5. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold

M of type (p,q) admits an almost Ricci-Bourguignon soliton with respect to the generalized quarter-
symmetric metric connection of type («, 8), provided ¢(grad p) = (2n — 1)(grad q), then an almost
Ricci-Bourguignon soliton (g,&, i, p, C') on M is expanding, steady, or shrinking according as

2 2 2
> 2Ha=n(® = )} = e = @)} or O < T{a—n (0 - @)}

respectively.

Corollary 4.6. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold
M of type (p,q) admits a traceless Ricci soliton with respect to the generalized symmetric metric

connection of type (a, ), provided ¢(grad p) = (2n—1)(grad q), then the soliton is expanding, steady,
or shrinking according as

r¢ >2(2n 4 1) {a+q—n(p® — ¢},

r¥=22n+1){a+q—n(* — ¢}, or

r¢ <2(2n+1) {a+q—n(p* — ¢°)}, respectively.
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Corollary 4.7. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold

M of type (p,q) admits the Schouten soliton with respect to the generalized symmetric metric connec-
tion of type («, ), provided ¢p(grad p) = (2n — 1)(grad q), then the soliton is expanding, steady, or
shrinking according as

rG>4n{oz+q—n(p2 — q2)},
rG:4n{a+q—n(p2 - q2)}, or
r¢ <dn{a+q—n(®® — ¢°)}, respectively.

5. ALMOST 71 - RICCI-BOURGUIGNON SOLITONS ON RICCI FLAT ANTI-INVARIANT SUBMANIFOLDS

In this section, we characterize an almost n-Ricci-Bourguignon soliton on a Ricci flat (2n + 1)
anti-invariant submanifold with respect to the generalized symmetric non-metric connection of type
(o, B). Let (g,&, p,p,C) be an almost n-Ricci-Bourguignon soliton on M, then from (1.3)) we have
VY, Z e x(M).

Leg(Y,Z2) +25(Y,Z) + 2( p+ pr)g(Y, Z) +2Cn(Y)n(Z) =0
= 9(Vv&§ 2) +9(V2EY)+2S(Y, Z) + 2( u+pr)g(Y,Z) +2Cn(Y)n(Z) = 0.

Using , and then applying , in the above equation, we get
SY,Z)=(p+pr—aq)g(Y,Z) +(C+aq)n(Y)n(Z). (5.1)
Setting Z =€ in , we obtain
SY,8) =(p+pr+Cmn(Y). (5.2)
Now, if g = 0 and M is Ricci flat with respect to V¢, then from we have

S(Y,Z) = {ag+ Bp+a® — 2n (ag — Bp + )} n(Y)n(Z)
—{ag+Bp+a® —2n(2aq+a®)} g(Y, Z) — {(2n — D)ap + Bq + aB} g(¢Y, Z).

Using in the above equation, we obtain
S(Y,Z) ={aqg+Bp+a®—2n(aqg—Bp+a®)} n(Y)n(Z) — {aqg+ Bp+ o> — 2n (2aq + o*) } g(Y, Z).
Setting Z = £ in the above equation, we obtain

S(Y,€) = 2n(ag + Bp)n(Y). (5.3)
Equating and , we obtain

1= 2n(aq + Bp) — pr — C. (5.4)
Now, if u =0, C =0, then from , we get

r= 2 (aq+ p) (5.5)

’I‘Nheorem 5.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold
M of type (p,q) is Ricci flat with respect to the generalized symmetric non-metric connection of type

(a, B), provided ¢(grad p) = (2n—1)(grad q), then an almost Ricci-Bourguignon soliton (g, &, u, p, C)
on M 1is expanding, steady, or shrinking according as

2n 2n 2n
r> ?(0‘(1 +Bp), = ?(aq + Bp), or r < ?(aq + Bp), respectively.
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Now, from (.5), if (a,8) = (0,1), and (a,8) = (1,0), then we get r = +(2np) and r = ;(2ng),
respectively. We get the following results.

Corollary 5.2. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold

M of type (p,q) is Ricci flat with respect to the generalized quarter- symmetric non-metric connection
of type (0,1), provided ¢(grad p) = (2n — 1)(grad q), then an almost Ricci-Bourguignon soliton
(9,&, 1, p,C) on M is expanding, steady, or shrinking according as

1 1 1
r > —(2np), r = —(2np), or r < —(2np), respectively.
p p P

Corollary 5.3. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold

M of type (p,q) is Ricci flat with respect to the generalized semi- symmetric metric connection of type
(1,0), provided ¢(grad p) = (2n — 1)(grad q), then an almost Ricci-Bourguignon soliton (g,&, u, p, C)
on M is expanding, steady, or shrinking according as

1 1 1 .
r > —(2nq), r = —(2nq), or r < —(2nq), respectively.
p p p

6. ALMOST n—RICCI—BOURGUIGNON SOLITONS ON CONCIRCULARLY FLAT ANTI-INVARIANT
SUBMANIFOLDS

In this section, we have discussed an almost n-Ricci-Bourguignon soliton with respect to the GSNM
connection of type (a, ), a-semi-symmetric connection and -quarter-symmetric connection on (2n+

1)-dimensional concircularly flat anti-invariant submanifold M of a trans-Sasakian manifold M of type

(p; 9)-
Since M is concircularly flat with respect to V¥, from ([1.6]), we have

RE(X,Y)Z = %(27;;1) [9(Y,Z2)X — g(X,Z)Y].
Contracting the above equation, we get
el
S, 2) = 5 9(Y. 2). (6.1)

Let £g = 0, hence using (3.16)), (3.18)) and (1.11)) in (6.1)), we obtain

S(Y,Z) = [ r — {aq+ﬁp+a2 —2n (2aq+a2)}] 9(Y, Z)

M + 1 (6.2)
—{2n (aq - Bp +a?) —aq— fp — a®} n(Y)n(2).
Setting Z = £ in ((6.2), we obtain
G
Y, &) = 2 Y). .
S(V.6) = { g + 2n(aq + 6) () (63)
Comparing (5.2]) and (6.3), we get
G
p=g - +2nlag+fp) —pr—C. (6.4)
Now, if u =0, C =0, then from (6.4]), we get
1
r=————[2n(2n+1)(ag+ Bp) — 2n(2n — 1)’ — 8n’aq] . (6.5)

[p(2n+1) —1]
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Theorem 6.1. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold

M of type (p,q) is concircularly flat with respect to the generalized symmetric non-metric connection
of type (o, B), provided ¢(grad p) = (2n — 1)(grad q), then an almost Ricci-Bourguignon soliton
(9,&, 1y p, C) on M is expanding, steady, or shrinking according as

r > [/)(271—1—11)—1] [2n(2n + 1)(aq + Bp) — 2n(2n — 1)a? — 8n2aq] 7
"= M [2n(2n + 1)(aq + Bp) — 2n(2n — 1)o® — 8n’aq| , or

1

< [p@n+1)—1] 2n(2n 4 1)(ag + Bp) — 2n(2n — 1)a® — 8n’aq] , respectively.

Now, from (6.5)), if (e, 8) = (0,1), and (e, 5) = (1,0), then we get r = m [2n(2n + 1)p], and
r= e 2n(2n + 1)g — 2n(2n — 1) — 8n’g]. We get the following results-

Corollary 6.2. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold
M of type (p,q) is concircularly flat with respect to the generalized quarter-symmetric non-metric
connection of type (0,1), provided ¢(grad p) = (2n — 1)(grad q), then an almost Ricci-Bourguignon
soliton (g,&, 1, p, C) on M is expanding, steady, or shrinking according as

1
r= __ 2n(2n+1)p|, or
EEDEA 7,
1

< —— = [2n(2n + 1)p|, respectively.

Corollary 6.3. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold
M of type (p,q) is concircularly flat with respect to the generalized semi-symmetric metric connection
of type (1,0), provided ¢(grad p) = (2n — 1)(grad q), then an almost Ricci-Bourguignon soliton
(9,&, 1, p,C) on M is expanding, steady, or shrinking according as

r> [p(2n—|—11)—1] [2n(2n + 1)g — 2n(2n — 1) — 8n’q],
r= [p(Zn—i—ll)—l] [2n(2n + 1)g — 2n(2n — 1) — 8n?q| , or
1

<——  _[n@2n+1)qg—2n(2n—1) — 8n? respectively.
7. ALMOST U—RICCI—BOURGUIGNON SOLITONS ON M-PROJECTIVELY FLAT ANTI-INVARIANT
SUBMANIFOLDS

This section deals with the study of almost n-Ricci-Bourguinon soliton with respect to the gener-
alized symmetric non-metric connection of type («, ), a-semi-symmetric connection, and S-quarter-
symmetric connection on a (2n + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian
manifold M of type (p, q), are investigated.

Since M is M-projectively flat with respect to a generalized symmetric non-metric connection V¢.
From equation , we get

1 1
RE(X,Y)Z = - [S9(V, 2)X = S9(X, 2)Y] + - [9(Y, 2)Q°X — g(X, 2)Q°Y]. (7.1)
Contracting ((7.1) with respect to X, we get
G
Y, Z2) = Y,Z).

Which is the same as equation (/6.1)). Hence, we get the following results:
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Theorem 7.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold
M of type (p, q) is M -projectively flat with respect to the generalized symmetric non-metric connection
of type (o, B), provided ¢(grad p) = (2n — 1)(grad q), then an almost Ricci-Bourguignon soliton
(9,&, 1, p,C) on M is expanding, steady, or shrinking according as

P> g =g 220+ Dlaa + Bp) — 2n(2n — D)o ~ Snag]
" [P(2n+11)_1] [2n(2n + 1)(()((] + Bp) - Qn(Qn - 1)0&2 - SnQQQJ ) or
1

< ——— 2n(2n+ 1) (g + —2n(2n — 1)a? — 8n’aq|, respectively.
Corollary 7.2. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold
M of type (p,q) is M-projectively flat with respect to the generalized quarter-symmetric non-metric
connection of type (0,1), provided ¢(grad p) = (2n — 1)(grad q), then an almost Ricci-Bourguignon
soliton (g,&, 1, p,C) on M is expanding, steady, or shrinking according as

1
r= __ 2n(2n+ 1)p|, or
pen 1) -1 b
1

< ——— = 2n(2n + 1)p], respectively.

Corollary 7.3. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold
M of type (p, q) is M -projectively flat with respect to the generalized semi-symmetric metric connection
of type (1,0), provided ¢(grad p) = (2n — 1)(grad q), then an almost Ricci-Bourguignon soliton
(9,&, 1, p,C) on M is expanding, steady, or shrinking according as

r > [/)(271_:1)_1] [2n(2n 4+ 1)g — 2n(2n — 1) — 8nq|,
r= [p(2n—|—11)—1] [2n(2n 4+ 1)g — 2n(2n — 1) — 8n%q|, or
1

< ——[2n(2n + 1)qg — 2n(2n — 1) — 8n?q| , respectively.
8. ALMOST7N-RICCI-BOURGUIGNON SOLITONS ON PSEUDO-PROJECTIVELY FLAT ANTI-INVARIANT
SUBMANIFOLDS

This section deals with the study of almost n-Ricci-Bourguignon soliton, a-semi-symmetric con-
traction and S-quarter-symmetric connection on a (2n 4 1)-dimensional pseudo-projectively flat anti-
invariant submanifold M of a trans-Sasakian manifold M of type (p, q) with respect to the generalized
symmetric non-metric connection of type («, f3).

Let M be pseudo-projectively flat with respect to a generalized symmetric non-metric connection V.
Now, from equation ([1.9)), we get

ARC(X,Y)Z =— B[SC(Y,2)X — S(X,Z)Y] —cr%[g(Y.Z)X — g(X, Z2)Y]. (8.1)
Contracting (8.1) with respect to X, we have
(A4 2nB)SY(Y, Z) = —2cq(Y, Z). (8.2)
Applying (1.10]), (1.11)), (3.16]) and (3.18]) in (8.2)), we get
G
,
Y,Z) = — 2 —2n (2 2 Y, Z
SY.2) = |5, 77 {ag+ Bp+a® —2n (20qg + )} | g(Y, 2) (8.3)

—{2n (aq = Bp +a?) —aq — fp — a®} n(Y)n(2).
The above equation is the same as the equation (6.2). Hence, we get the following results:
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Theorem 8.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian mani-

fold M of type (p,q) is pseudo-projectively flat with respect to the generalized symmetric non-metric
connection of type (a, B), provided ¢(grad p) = (2n — 1)(grad q), then an almost Ricci-Bourguignon
soliton (g,&, 1, p, C) on M is expanding, steady, or shrinking according as

1

P> CEm o] [20@n + D(eg+ Bp) — 2n(2n - 1)o” — 8n’aq]
- [/)(2n+11)—1] [2n(2n + 1)(ag + Bp) — 2n(2n — 1)a* — 8n’aq| , or
" [/)(2n+11)—1] [2n(2n +1)(aq + fp) = 2n(2n — Da® - 8”ZQQ] , respectively.

Corollary 8.2. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold
M of type (p, q) is pseudo-projectively flat with respect to the generalized quarter-symmetric non-metric
connection of type (0,1), provided ¢(grad p) = (2n — 1)(grad q), then an almost Ricci-Bourguignon
soliton (g,&, 1, p, C) on M is expanding, steady, or shrinking according as

1
1
r = W [2”(2” + ].)p] , or
r< __ [2n(2n + 1)p], respectively.
[p(2n+1) —1]

Corollary 8.3. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian mani-
fold M of type (p,q) is pseudo-projectively flat with respect to the generalized semi-symmetric metric
connection of type (1,0), provided ¢(grad p) = (2n — 1)(grad q), then an almost Ricci-Bourguignon
soliton (g,&, 1, p,C) on M is expanding, steady, or shrinking according as

1
9020+ 1)g—2n(2n — 1) — 8n?
r>[p(2n+1)—1][n(”+ )q = 2n(2n — 1) —8n’q] ,
1
. P@n+1)g—2n(2n—1) — 8n?
r [p(2n+1)_1][n(n+ )q n(2n ) 8nq],or
1
"Shenr D1 [2n(2n + 1)g — 2n(2n — 1) —8n’q] , respectively.

9. CONCLUSION

In 1981, the notion of Ricci-Bourguignon flow as a generalization of Ricci flow [8] was introduced by
J. P. Bourguignon [I], and the short-time existence and uniqueness of the solution of this geometric
flow have been proved in [3]. In this study, we discuss the geometric properties of an almost 7-
Ricci-Bourguignon soliton on an anti-invariant submanifold of trans-Sasakian manifolds admitting a
generalized symmetric non-metric connection of type («, ), and we deduce several conditions at which
the soliton is expanding, steady, and shrinking.
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1. INTRODUCTION

It is considered that a phase diagram of the Gibbs measures for a Hamiltonian has been close to
the phase diagram of isolated (stable) ground states of this Hamiltonian. A periodic ground state
is compatible with a periodic Gibbs measure at the low temperatures, (see [5, 9, [IT], 16, 17, [Ig]). It
encourages us to investigate the problem of description of periodic and weakly periodic ground states.
The notion of a weakly periodic ground state is introduced in [18].

For the Ising model with competing interactions, weakly periodic ground states are described in
[9, 18]. The authors of [18] also explore weakly periodic ground states for the normal subgroups of
index 2 and 4. For the Ising model with competing interactions in [I7] ground states are described
constructively on a Cayley tree of order k£ > 1. In [12] translation-invariant ground states for the Ising
model with translation-invariant external field and some periodic ground states for the Ising model
with periodic external field are described. In [I1], ground states are investigated for the Ising model
with competing interactions and a nonzero external field on the Cayley tree of order two.

In [], for the three-state Potts model with competing interactions on the Cayley tree of order
k = 2, all periodic ground states are studied. Weakly periodic ground states for the Potts model
for the normal subgroups of index 2 are examined in [10, 13]. For the Potts model with competing
interactions, such states for the normal subgroups of index 4 are explored in [I4]. In [3], periodic
ground states are studied for the Potts model with competing interactions and countable spin values
on a Cayley tree of order three.

In [7], translation-invariant ground states for the solid-on-solid (SOS) model with a translation-
invariant external field, as well as several periodic ground states for the SOS model with a periodic
external field, are delineated. The authors of [8] examines periodic and weakly periodic ground states
for the SOS model with competing interactions on Cayley trees of orders two and three. Additionally,
periodic and weakly periodic ground states for the SOS model with competing interactions on a Cayley
tree of order two are examined for the normal subgroups of index 2 in [I].

Modified models in statistical mechanics extend classical frameworks to capture richer behaviors
on complex structures. A recent study by Akin [2] investigates a modified g-state Potts model on
the Cayley tree, introducing cosine-modulated interactions that lead to phase transitions exclusively
in the antiferromagnetic region which is a notable departure from classical models. Using the cavity
method and recurrence relations, the work constructs Gibbs measures and analyzes phase transitions
via fixed-point dynamics. These methods, rooted in the self-similarity of Cayley trees, align with
foundational approaches by Rozikov [I5], and contribute to the growing literature on modified models
on graphs [2].

In this paper, we study periodic and weakly periodic ground states for the modified SOS model with
competing interactions on the Cayley trees of order two and three. The main concepts are presented in
the second section. In the third section, periodic and weakly periodic ground states are investigated
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on the Cayley tree of order two. Furthermore, in the fourth section, periodic and weakly periodic
ground states are meticulously examined on the Cayley tree of order three.

2. PRELIMINARIES

Let I'* = (V, L) be the Cayley tree of order k, i.e. an infinite tree such that exactly k + 1 edges are
incident to each vertex. Here V is the set of vertices and L is the set of edges of I'*. Let G}, denote
the free product of k+ 1 cyclic groups {e; a;} of order two with generators ay, as, as, ...ap;1, i.€., a? = ¢
(see [6, 15]).

There exists a one-to-one correspondence between the set V' of vertices of the Cayley tree of order
k and the group Gy, (see [6, [15]).

For an arbitrary vertex z2° € V, we put

W,={zeV:dxa2")=n}, V,={xeV: dz,2°) <n}, (2.1)

where d(z,y) is the distance between x and y on the Cayley tree, i.e., the number of edges of the path
between x and y. For each x € Gy, let S(z) denote the set of direct successors of z, i.e., if x € W,
then
S(z) ={y € Wy 1 d(z,y) = 1}.

For each = € Gy, let S1(z) denote the set of all neighbors of z, i.e., Si(z) = {y € Gy : (x,y) € L}.
The set S;(z)\S(z) is a singleton. Let z; denote the (unique) element of this set.

Let assume that the spin values belong to the set & = {—1,0,1}. A functiono:z €V — o(z) € ®
is called configuration on V. The set of all configurations coincides with the set Q0 = ®V.

Consider the quotient group Gx/G; = {H, Ho, ..., H, }, where G} is a normal subgroup of index r
with r > 1.

Definition 2.1. A configuration o is called Gj-periodic, if o(x) = o; for all € Gy, with x € H;. A
G-periodic configuration is called translation-invariant.

The period of a periodic configuration is the index of the corresponding normal subgroup.

Definition 2.2. A configuration o is called Gj-weakly periodic, if o(z) = o;; for all x € G, with

The Hamiltonian of the modified SOS model with competing interactions has a form:

H(o)=Ji Y lo(z)—o(y)lcos[r(o(z) —a(y)]+ 2 Y lo(x)—o(y)lcos[r(o(z) —o(y))]. (2:2)

; L z,yEV:
(ey)e d(a,y)=2

where Ji, J> € R.

Unlike the classical SOS model, which depends solely on absolute spin differences |o(z) — o(y)],
our modified Hamiltonian includes an oscillatory factor cos (7(o(z) — o(y))), introducing parity-
sensitive interactions. This modification promotes alternating spin configurations and reflects com-
peting, antiferromagnetic-like behavior. As a result, the model enables the study of richer phase
structures and boundary effects, especially on non-amenable graphs like the Cayley tree.

3. GROUND STATES ON THE CAYLEY TREE OF ORDER TWwO

In this section, we study periodic ground states corresponding to the normal subgroups of index
two and four for the model . Moreover, H s-weakly periodic ground states are examined. Note
that H, is a normal subgroup of index two in Gy (see [6]). For the classical SOS model, the ground
states were studied in the papers [I} [7, [§].

Let M be the set of all unit balls with vertices in V', i.e. M = {{z}USi(x) : Vo € V'}. A restriction
of a configuration o to the ball b € M is a bounded configuration and it is denoted by o,. We let ¢,
denote the center of the unit ball b.

We define the energy of the configuration o, on b by the following formula

U(Ub)Z%Jl > lo(z)=o(e)|cosln(o(z)~a(e)]+T2 Y lo(z)~o(y)|cosln(o(x)~a(y))], (3.1)

z,yEb;
webi(er) a(zy)=2
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where Jl, J2 € R.
We consider the case k = 2. It is easy to prove the following:

Lemma 3.1. For allb e M and any o € Q we have

U(Ub) € {UOa Ula UQa ceey Ull}a

where 2]
U():O, Ul :—71, U2 :—QJQ, U3:—J1—2J2,
Uy =3Jy, U5:37Jl—2J27 Us = 2J, +4J,, U7:—%—2J27
J 3J
Ug = J1 +4J,, U9:?1, Uip = —J1, U11:—71+4J2-

Definition 3.2. A configuration ¢ is called a ground state of the Hamiltonian (2.2)), if
U(ng) = min{UO') U17 U27 eevy U11}7

for all b € M.
For a fixed m =0,1,2,...,11, we set

Ay ={(J1, Jy) € R?: U, = min{Uy, Uy, Uy, ...,Up1 } }, (3.2)
and we find the sets:

AO :Ag :A10 = {(Jl,Jg) c ]R2 : Jl :O, J2 :0},

Ji
ah

A2 :A7 = {(Jl,Jg) ERQ . Jl :0, JQ > 0},

Ay ={(J1, L) eR*:J, >0, 0< J, <

Az ={(J1, o) €R*: ; >0, Jp > %},

Ay =A{(J1, J2) ER?*: J, < 0, % <J, < —%Jl}:

Ay = {(J1, ) €R2: <0, Jp> N

|2

1
1

As ={(J1, o) eR*: J1 =0, J» <0},
A ={(J1, 1) ER*: J; >0, J, <0}

Ag={(J1, o) ER*: J, <0, J, <

11
and |J A,, =R~

m=0
We put
Ci={o,:U(0p) =U;},i=0,..,11
and
BY =|{z € Si(cy) : pu(x) =t} |,
for t € ®.

The following theorem describes translation-invariant ground states.
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Theorem 3.3. If (J1,J2) ¢ Ao, then there is no translation-invariant ground state for the model
on the Cayley tree of order two.

Proof. Let o(x) = [, € &, Vo € V. According to (3.1)), we have Uy = 0, Vb € M and then we can

easily see from ({3.2)) that
AO = {(Jl,Jg) S RQ : Jl = 0, J2 = 0}

This finishes the proof of Theorem O

Remark 3.4. If cos[n(o(z) — o(c))] = —1, where z € Si(c) and cos[r(o(z) — o(y))] = —1, where
x,y € b;d(z,y) = 2, then Hamiltonian (2.2)) coincides with Hamiltonian of SOS model with competing
interactions which is studied in (see [II, §]).

3.1. H,-Periodic Ground States. Let A C {1,2,3} and Hy = {z € G2 : > w,(a;) — even}, where
i€A
w,(a;) is the number of a; in the word .
Note that H4 is a normal subgroup of index two in Gy, (see [0]). Let Go/Hs = {Ha, G2\ Ha} be a
quotient group. We set Hy := Ha, Hy := G5 \ H.
We shall study H s-periodic ground states. Note that each H 4-periodic configuration has the fol-

lowing form:
g1, if ¢ S Hla
o(x) = _ (3.3)
09, if x € Hy,

where 0, € ® = {-1,0,1},i=1,2.
In the sequel, we write (01, 0) for such an H 4-periodic configuration (3.3).

Theorem 3.5. Let |A| = p,p € {1,2,3}. For the modified SOS model with competing interactions
given by the following statements hold on the Cayley tree of order two:

a) If (J1,J2) € Ap2_7pi13 and |01 — o3| = 1, then the number of Ha-periodic ground states is 4 and in
the forms (17 0)7 (07 1)7 (_17 0)7 (07 _1)'

b) If (J1, J2) € A1g—2p and |01 — 03| = 2, then the number of H s-periodic ground states is 2 and in the
forms (1,-1),(—=1,1).

Proof. We prove the theorem for p = 1.
a) Let us consider the following configuration

€Tr) =
gp() ],lf $€H2,

{ m,if =€ Hy,
where |m — j| =1,m,j € ®.
1) Assume that ¢, € H;

wp(cy) = m,B™ =2 BU) =1.

Consequently, ¢, € C'.
2) Let ¢, € Hs, then one has
oy(cy) = j,BY =2,B"™ =1.

Consequently, ¢, € C'.
We conclude that, if (Ji,J2) € A; then the periodic configuration ¢ is an H 4-periodic ground state.
b) Let us consider the following configuration

() m,if =€ Hy,
€Tr) =
4 j, if T € HQ,

where |m — j| = 2.
1) Assume that ¢, € H;
ng(Cb) = mvB(m) = 27B(]) =1
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Consequently, ¢, € Cs.
2) Let ¢, € Hs, then one has
ou(cy) = j, BY) =2,B"™ =1,

Consequently, ¢, € Cg.
We conclude that, if (Jy, J5) € Ag then the periodic configuration ¢ is an H 4-periodic ground state. O

Other cases are proved similar. This finishes the proof of Theorem

Remark 3.6. If [A| = p,p € {1,3} and |07 — 03] = 1, the number of H4-periodic ground states
obtained in the Theorem is equal to the Theorem 2 of [I]. However, the sets containing these
ground states differ. If |A] = 2 and |0y — 03] = 1, the paper [1] does not have the H4-periodic
ground state, but it is found that the H 4-periodic ground state exists by contrast. Furthermore, if
|A| = p,p € {1,2,3} and |0y — 05| = 2, the number of H 4-periodic ground states obtained in Theorem
is equal to the Theorem 2 of [I]. However, the sets containing these ground states differ. The
H s-periodic ground state in p = 3 is G5-periodic ground state, where G$? = {z € G, : |z|—even}. If
|o1 — 09| = 0, then H 4-periodic ground state is translation-invariant ground state. Furthermore, the
differences in the translation-invariant ground states studied in Theorem and the paper [1] shows
that the SOS model does not overlap with model .

3.2. G{"-Periodic Ground States. Let A C {1,2,3}, G ={z € Gy : w;(z) —even, |z| —even}.
JEA

Note that G is a normal subgroup of index four in Gy (see[]). In fact, there are other forms of

normal subgroup of index four as well. But for the sake of convenience we consider the following

quotient group G,/GSY = {H:, Hy, H3, H,}, where

Hl = Ggl),

Hy ={z€G,: ij(w) — even, |z| — odd},
jeA

H;:={zxe€Gy: ij(:v) — odd, |x| — even},
jeA

Hy:={z € Gy: )Y wj(z)—odd, |z — odd}.
JjeA

We study G§4)—periodic ground states. We note that each Ggl)—periodic configuration has the following

form:
g1, if € H17
) o9, if x € H,,
o) =9 o, ifz € H,, (3.4)

Oy, if S H4,

where o, € ® = {—1,0,1},i = 1,2,3, 4.
In the sequel, we write 0 = (01, 02,03, 04) for such a Ggl)—periodic configuration ||

Theorem 3.7. For the modified SOS model with competing interactions given by the following
statements holds on a Cayley tree of order two:

1. Let |A| =1.

l.a) If (J1,JJ2) € A1 N Ay and |0y — 03] = 1, then the configuration ¢ = (01,02, —01, —03) is G§4)—
periodic ground state. They have the following forms (£1,0,F1,0) and (0,41,0,F1).

1.0) If (J1,J2) € Ay N Az and |0y — o3| = 1, then the configuration ¢ = (01,09, —09, —01) is G§4)—
periodic ground state. They have the following forms (£1,0,0,F1) and (0,+1,F1,0).

l.e) If (Ji, J2) € As N Az and |oy — 09| = 1, then the configuration ¢ = (01, —01, 02, —03) is Gg”-
periodic ground state. They have the following forms (£1,%1,0,0) and (0,0,+1, F1).

1.d) Other Gé‘” -periodic ground states correspond to H 4-periodic ground states.
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2. Let |A| = 2.

2.a) If (J1,J2) € Ay N Az and |0y — 09| = 1, then the configuration ¢ = (01, —01,09, —03) 18 Ggl)-
periodic ground state. They have the following forms (£1,F1,0,0) and (0,0,+1,F1).

2.0) If (J1,J2) € As N Ay and |0y — 03| = 1, then the configuration ¢ = (01,09, —02, —01) 1S Ggl)—
periodic ground state. They have the following forms (£1,0,0,F1) and (0,£1,F1,0).

2.c) Other Ggl) -periodic ground states correspond to H 4-periodic ground states.

3. Let |A| = 3.

3.a) All Ggl)—pem'odic ground states correspond to G§2)—periodic ground states.

Proof. 1.a) Let us consider the following configuration

1,if x € Hy,
0,if = € H,,
pi(w) = ~1,if z € Hs,
O,If ZL‘EH4

1) Assume that ¢, € H;
¢y(cy) =1,BM =0,B"Y =0,B0 =3.

Consequently, ¢, € C.
2) Let ¢, € Ho, then one has

¢y(cy) =0,B? =0,BM =2, B = 1.

Consequently, ¢, € C;.
3) Let ¢, € Hs, then one has

oy(cy) = —1,BY =0,BY =0,B =3.

Consequently, ¢, € Cf.
4) Let ¢, € Hy, then one has

op(cy) =0,B® =0,B"Y =2, BY =1.

Consequently, ¢, € Ci;.

We conclude that, if (J;, J2) € A;N A, then corresponding periodic configuration ¢, is a Gé4)—periodic
ground state. Other cases are proved similarly.

b) and c) are proved similar to a). This finishes the proof of Theorem O

Remark 3.8. If [0y — 03] = 1 and (Jy, J5) takes a value different from the sets in the above Theorem
the GSY-periodic ground states coincide with the case a) of Theorem If |oy — 03] # 1, the
Gy

-periodic ground states coincide with H 4-periodic ground states which is studied the case b) of
Theorem [B.5]

3.3. Weakly Periodic Ground States. Weakly periodic ground states have been studied and shown
to be exist for other models, including the Ising and Potts models. For the Ising model with competing
interactions, weakly periodic ground states are described in [9} [18]. In [I8], the authors also explore
weakly periodic ground states for the normal subgroups of index 2 and 4. Such states for the Potts
model with competing interactions for the normal subgroups of index 2 are examined in [10] 13]. For
this model weakly periodic ground states for the normal subgroups of index 4 are explored in [14]. It
should be noted that the set of all weakly periodic ground states include all periodic ground states.
In the above works, non-periodic weakly periodic ground states were found for the considered models.
Therefore, the question arises whether there are non-periodic weakly periodic ground states for model
as well. The answer to this question is given in this subsection.

Let A € {1,2,3}. In this subsection, we describe H 4-weakly periodic ground states, where H, is
a normal subgroup of index two in G5 (see [6]). Let Go/Ha = {Ha, G2\ Ha} be the quotient group.
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We set Hy := Ha, Hy := G5\ Ha. Due to the Definition we infer that each H 4-weakly periodic
configuration has the following form:

011, if ZIIiGHl, xGHl,
012, if $¢€H1, LL‘GHQ,
091, if x, € Hy, x € Hy,
09, if x, € Hy, x € Ho,

o(x) =

where 0;; € ®,1,5 = 1,2.

In the sequel, we write 0 = (011,012, 021, 022) for such a weakly periodic configuration o(z),z € Gy.

Theorem 3.9. Let k = 2 and |A| = j,j = 1,2. If (J1,J2) & Ao, then for the modified SOS model
there is no H a-weakly periodic (non periodic) ground state.

Proof. Let |A| = 1. If 017 = 012 = 091 = 099, then corresponding configurations are translation-
invariant. Translation-invariant ground states for this case are studied in Theorem [3.3] It is easy to
see that in the case 011 = 091 and 015 = 093 the H 4-weakly periodic configuration are periodic
configuration which are studied in Theorem

Now we consider the cases 011 # 091 O 013 7 Tas.
Let

—1, .Z'iEHl, $€H1,

_ 0, =, € Hy, x € Hy,
pla) = 0, z,€ Hy, x € Hy,
1, Xy S HQ, x e HQ.

Let ¢, € Hy, then we have the following possible cases:
a) If ¢, € Hy and @y(cy;) = 0, then py(cy) = —1, BTV =1, BO =2 BW =0, ¢, € Cs.
b) if ¢, € Hy and ¢y(cpy) = —1, then py(c;) = —1, B"Y =2, BO =1, BO =0, ¢, € C;.
c) If ¢y € Hy and ,(cpy) = 1, then ¢,(c,) =0, BEY =2, BO =0, B® =1, ¢, € C4;.
Let ¢, € Hy, then we have the following possible cases:
a) If ¢,y € Hy and py(cpy) = —1, then ¢y(c,) =0, BEY =1, BO =0, BO =2, ¢, € C4;.
b) If Cpy € H, and Qpb(cbi) =0, then gOb(Cb) =1, B = 0, BO) = 2, BM = 1, ¢y € Cs.
c) If ey € Hy and @,(cyy) = 1, then ¢4(c;) =1, B&Y =0, BO =1, B® =2, ¢, € C-.
We conclude that the configuration ¢ is a ground state if

(Jl,JQ) & A3 ﬂA7 ﬂAu == {(Jl,JQ) S R2 . Jl = JQ == 0}

Therefore, if J; # 0 and J, # 0 then the weakly periodic configuration ¢ is not a weakly periodic
ground state. All possible configurations can be checked similarly.

By similar way we can prove that all H 4-weakly periodic (non periodic) configurations are not ground
states. This finishes the proof of Theorem O

Remark 3.10. Due to computational complexity, weakly periodic ground states for the normal sub-
groups of index 4 have not been considered. Furthermore, all H4-weakly periodic ground states
correspond to H 4-periodic ground state. If |A| = 1, H4-weakly periodic ground states are explored
in the [I]. All weakly periodic ground states for the SOS model with competing interactions found to
be H 4-periodic ground states but not translation-invariant.

4. GROUND STATES ON THE CAYLEY TREE OF ORDER THREE

In this section, we are going to continue investigation related to periodic ground states corresponding
to the normal subgroups of index two and four for the modified SOS model on the Cayley tree of order
three. Moreover, H 4-weakly periodic ground states are examined. Let k£ = 3. It is easy to prove the
following lemma.
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Lemma 4.1. For allb € M and any o € ) we have
Ul(oy) € {Uo, Uy, Uy, ..., Urz},

where

U() - 0, U1 - —% - 3J2, UQ - —2J1, U3 - —2J1 + 6J2,

3J
U4 - —71 - SJQ, U5 == —Jl - 2J2, UG == —Jl - 4J2, U7 == —2J1 + 8J2,

J
Us = J, + 6J, UQZ%_3J27 Uip =3/ +6Jy, Uy =4,

3J J
Upp = —=2J3, Uiz = —71 +Jy, Uy = ?1 + Jo,

U15:—7+J2, U16:J1—4J2, U17:2J1+8J2'

Definition 4.2. A configuration ¢ is called a ground state for the Hamiltonian ([2.2), if
U(ng) = min{UO, Ul, UQ, ceey U17}, forallbe M.

For a fixed m =0,1,2,...,17, we set
A ={(J1, Jy) € R* : U,, = min{Uy, Uy, Uy, ..., U7} }. (4.1)
It is easy to check that

A0:A1:As:As=A12:A13:A14:A15:{(J1,J2)€R23J1:0, Jy = 0},

A= {(Ji, ) €R? 120, 0, <D},

Ag = {(Jl,Jg) S Rz : Jl Z 0, J2 == O},
Ji Jo

Ay ={(J1, J2) eER*: J, >0, & <Jy < E,JQZO},
2 Ji
Ag =A{(J1,J2) eR*: J; >0, JzZE},
A7:{(J1,J2)€R23J1 ZO, Jg SO},
Ji 3J1

Ap={(J1, o) R : L <0, =5 < Ty < =77},

5J J
Ao ={(J1,J2) eR*: J; <0, 71 </, < *1},

J J
AHZ%ALNR%LSQ—égkg—ih
2 3J1

AlG:{(J17J2)€R 21 <0, J2 >0, J22_7}7
2 Ji
Ay ={(J1,J2) e R*: J; <0, J2§5}

17
and | A,, =R~
m=0
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4.1. H,-Periodic Ground States. Let A C {1,2,3,4}, Hy = {z € G5 : > wj(z)—even}, where
JEA
w;(z) is the number of letters a; in the word z. It is obvious that H4 is a normal subgroup of index
two. Let G3/H4 = {Ha,G3\ Ha} be the quotient group. We set Hy := Hy, Hy := G3 \ Ha.
We study H 4-periodic ground states. Note that each H4-periodic configuration has the following
form:
o1, ifr € Hy,

o(x) = { (4.2)

09, ifx € Hy,
where 0, € ® = {—1,0,1},i =1,2.

Theorem 4.3. If (J1,J5) ¢ Ag, then there is no translation-invariant ground state for the model
on the Cayley tree of order three.

Proof. Let o(x) = 1,1 € ®, Vx € V. According to (3.1)), we have Uy = 0, Vb € M and then we can see

easily from (4.1]) that
AO = {(Jl,JQ) € R2 . J1 = 0, JQ = 0}

This finishes the proof of Theorem [4.3] a

In the sequel, we write (o1, 02) for such an H 4-periodic configuration (4.2)).

Theorem 4.4. Let |A| = p,p € {2,3,4}. For the modified SOS model with competing interactions
given by the following statements hold on the Cayley tree of order three:

a) If (J1,J2) € A1g—2p and o1 — 02| = 1, then the number of H s-periodic ground states is 4 and in the
forms (17 0)7 (07 1)7 (_17 O)a (07 _1)'

b) If (J1,Ja) € Asp2_orpiss and |01 — 03| = 2, then the number of H 4-periodic ground states is 2 and
in the forms (1,—1),(—1,1).

Proof. Let p = 2. Now we consider the following configuration

m, if x € Hy,
p(x) =

j, if © € HQ,

where |m —j|=1or |m —j|=2,m,j € ®.
a) Let |m — j| = 1.
1) Assume that ¢, € Hy, then

Hence, ¢, € Cs.
2) Assume that ¢, € H,, then

eo(cy) = j, BY =2, Bt = 2.

Hence, ¢, € Cs.
We conclude that if (J;, J3) € Ag, then the periodic configuration ¢ is an H 4-periodic ground state.
b) Let |m — j| = 2.
1) Assume that ¢, € Hy, then
o(cy) = m, B™ =2 BY =2,

Hence, ¢, € Cy7.
2) Assume that ¢, € H,, then

¢o(cr) = j,BY =2,BM™ = 2.

Hence, ¢, € Cy7.

We conclude that if (Jy, J;) € Ay7, then the periodic configuration ¢ is an H 4-periodic ground state.
By the similar way, we can prove easily other cases of this theorem. This finishes the proof of the
Theorem .4 O
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Remark 4.5. It is known from [§] there exist the H 4-periodic ground states for the SOS model with
competing interactions when |A| = 1. By contrast, by Theoremthe H 4-periodic ground state does
not exist when |A| = 1 for modified SOS model with competing interactions. H 4-periodic ground
state does not exist in [8] when |A| = p,p € {2,3} and |o; — 02| = 1 but the existence of H4-periodic
ground states in the Theorem is proved. If |A| =4 and |0y — 03] = 1, the number of H 4-periodic
ground states obtained in the Theorem is similar to the Theorem 2.2 of [8], but the sets containing
the ground states are different. In addition, if |A| = p,p € {2,3,4} and |0y — 03] = 2 too, the
number of H4-periodic ground states obtained in the Theorem [4.4] is similar to the Theorem 2.2 of
[8], but the sets containing the ground state are different. The H 4-periodic ground state in p = 4
is GY)-periodic ground state which is studied in Theorem where G = {z € Gy : |z|—even}.
If oy — 02| = 0, then H 4-periodic ground state is translation-invariant ground state but there is no
translation-invariant ground state due to Theorem [£.3]

4.2. G{"-Periodic Ground States. Let A C {1,2,3,4}, G = {z € G5 : 3 w;(x) — even, |z| —
jeA

even}. Note that G{" is a normal subgroup of index four in G; (see [6]). In fact, there are other forms

of normal subgroup of index four as well. But for the sake of convenience we consider the following

quotient group G3/G§4) ={H,,H,, H3, H,}, where

H1 = Ggl),
Hy, :={ze€G3: ij(x) — even, |z|-odd},
jEA
Hs; :={reGs: ij(x) —odd, |z| — even},
jEA
Hy:={x € Gs: ij(ac) —odd, |z| — odd}.
jEA

We study G:(f)— periodic ground states. We note that each GéA‘)—periodic configuration has the following

form:
oy, if x € Hy,
) oq,ifx € Hy,
o(x) = o3, if v € Hs, (4.3)

oy, if x € Hy,

where 0; € ® = {-1,0,1},71=1,2,3,4.

In the sequel, we write 0 = (01,02, 03, 04) for such a G§4)—periodic configuration .
Theorem 4.6. Let |0, — 05| = 1. For the modified SOS model with competing interactions given by
the following statements hold on the Cayley tree of order three:
a) If (Ji,J2) € Ay N Az and |A| = 1 or |A| = 3, then the configuration ¢ = (01,09, —01, —02) is
Ggf) -periodic ground state. They have the following forms (£1,0,F1,0) and (0,+1,0,F1).
b) If (J1,J2) € Ay N Ay and |A| = 2, then the configuration ¢ = (01,04, —01, —03) is G -periodic
ground state. They have the following forms (+1,0,¥F1,0) and (0,£1,0,F1).
c) If (Ji,Jo) € Ag N A and |A| = 2, then the configurations ¢ = (01,—01,02,—02) and
©* = (01, —09,09,—01) are Ggf) -periodic ground states. They have the following forms (£1,F1,0,0),
(0,0,£1, F1) and (£1,0,0,F1), (0, %1, F1,0).
d) All G§4) -periodic ground states except the case a),b),c) are H 4-periodic ground states.

Proof. a) Let us consider the following configuration

1, 1f$EH1,
(Z’)* 0, 1fx€H2,
PIE) =Y 1, ifz € Hs,

0, if S H4.
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1) Assume that ¢, € H;
¢v(cy) =1,BY =0,B"Y =0,B = 4.

Consequently, ¢, € Cs.
2) Let ¢, € H,, then one has

oy(cy) =0,B =0,BY =3, B =1.

Consequently, ¢, € Cs.
3) Let ¢, € Hs, then one has

() = —1,B"Y =0,BY =0,BO = 4.

Consequently, ¢, € Cs.
4) Let ¢, € Hy, then one has

op(cy) =0,BY =0,B"Y =3 BY =1.

Consequently, ¢, € Cj.
We conclude that, if (J;,J2) € Ay N A3 then the periodic configuration ¢; is a Gg4)— periodic ground
state. Other cases are proved similarly. This finishes the proof of Theorem O

Remark 4.7. When |0, — 05| = 1 and (Ji, J3) takes a value different from the sets in the above

Theorem the Ggl)—periodic ground states coincide with the case a) of Theorem When

o1 — Oy 1, the G(4)—periodic ground states coincide with H 4-periodic ground states which is
3

studied the case b) of Theorem If |A| =4, G§4)—periodic ground states correspond to Géz)—periodic
ground states.

4.3. Weakly Periodic Ground States. In this subsection we describe H4-weakly periodic ground
states, where H, is a normal subgroup of index two.

Theorem 4.8. Let k = 3. The following statements hold:

1. Let |A] = 2.

l.a) If (Jy,J2) € A N Ayz, then for the modified SOS model with competing interactions there are
H s-weakly periodic (non periodic) ground states which are the following forms:

1, if x, € Hy, x € Hy,

-+ —]., ’Lf .’13¢€H1, {L’EHQ,
Pra2= -1, if x, € Hy, x € Hy,
1, if z, € Hy, v € Hs.

1.b) If (J1,J2) € Ay N Ag, then for the modified SOS model with competing interactions there are
H -weakly periodic (non periodic) ground states which are the following forms:

1, if x, € Hy, x € Hy, 0, if =, € Hy, x € Hy,

_ 0, iof =, € Hy, v € Hy, — 1, if x, € Hy, v € Hy,
P34 = 0, if x, € Hy, x € Hy, ¥5.6 = 1, if x, € Hy, x € Hy,
1, if =, € Hy, v € Hy, 0, if x, € Hy, x € Hs.

2. Let |A| = p,p € {1,3}. If (J1,J2) ¢ Ao, then for the modified SOS model with competing

interactions there is no H 4-weakly periodic (non periodic) ground state.

Proof. 1.a) Let us prove the case |A| = 2 without loss of generality which is H 4-weakly periodic (non
periodic) ground state on the set A;q N Ayy.
Let
1, it =, € H, x € Hy,
—1, if xy S H17 T € HQ,
—1, if .’L"LEHQ, I’EHl,
]., if x¢€H27 .IGHQ

5
I
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Let ¢, € Hy, then we have the following possible cases:
a) If ¢y € Hy and ,(cpy) = —1, then py(c,) =1, BEY =3, B =0, BY =1, ¢, € Cy.
b) If ¢,y € Hy and ¢y(cy;) = 1, then py(c,) =1, BEY =2, BO =0, B® =2, ¢, € C45.
C) If Cp, € H, and Qab(cbj,) =1, then Qpb(cb) =—-1, Bt = 1, BO) = 0, BM = 3, vy € Clo.
) If Cp, € H, and gOb(CbJ() = —1, then Sob(cb) =—1, BV = 2, BO) = 0, BM = 2, wp € Cir.
e
)

= o

t ¢, € Hy, then we have the following possible cases:

a) If ¢y € Hy and @y(cpy) = 1, then ¢y(c;) = —1,BCY =1, BO =0, BM =3, ¢, € Cy.

b) If Cpy € H1 and gOb(Cb¢) = —1, then Sob(cb) = —1, B(il) = 2, B(O) = O, B(l) = 2, Yy € 017.
c) If ¢y € Hy and ¢y(cy) = —1, then ¢y(c;) = 1, B&Y =3, BO =0, BY) =1, ¢, € Co.
d) If Cpy S H2 and Sob(cbj,) = 1, then (,Db(Cb) = 1, B(_l) = 2, B(O) = 0, B(l) = 2, ©Yp € 017.

We conclude that the configuration ¢; is a weakly periodic ground state if (Ji,Jo) € A N Ayr.

Remaining cases can be proved analogously. This finishes the proof of Theorem

Remark 4.9. Theorem says that if |[A| = p,p € {1, 3}, then for the modified SOS model with
competing interactions there is no H4-weakly periodic (non periodic) ground state. Furthermore, in
the paper [§], it is proved that there are no weakly periodic (non periodic) ground states for the SOS

model when |A] = 1.
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Abstract. In this work, the extremal function of the error functional in the Sobolev space of
complex-valued functions is derived. Using the obtained extremal function, the squared norm of
the error functional of quadrature formulas is computed. By minimizing the squared norm of the
error functional with respect to the coeflicients of the quadrature formulas, a system is derived for
determining the optimal coefficients of the considered quadrature formula in the Sobolev space. In
addition, an analogue of I. Babuska’s theorem is proved.

Keywords: Extremal function, error functional, Sobolev space, quadrature formula, optimal coef-
ficient.
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1. INTRODUCTION

One of the important tasks of computational mathematics is the development of new methods for
constructing optimal quadrature, cubature, interpolation and difference formulas, and the assessment
of their errors in various functional spaces. The construction of optimal quadrature and cubature
formulas was first considered in the works of S.M. Nikolsky [I], A. Sard [2], S.L. Sobolev [3| [4]. In
the works of M.D. Ramazanov [5], [0, [7] a new algorithm for constructing cubature formulas with a
boundary layer was constructed. In the work of M.D. Ramazanov and Kh.M. Shadimetov [8] weighted
optimal cubature formulas in the Sobolev space of periodic functions were constructed. In recent
years, a number of works have been published on this topic (see [9, 10, 11, 12} 13| 14 5] [16] 17, [18§]).
In this paper, the variational method will be used to construct optimal quadrature formulas in the
Sobolev space of complex-valued functions.

Let us consider quadrature formulas of the form

[r@e@d=>cBleo. (11)
0 p=0
with the error functional
Uy (x) = e () p(x) = > C B (z — hp). (1.2)
B=0

Here p (z) is a weight function. It is required that the integral of this function exists in some sense,

i.e.
1

/p(:c)da:<oo,

0

o(x) € HS™ (0,1), and H™ (0,1) is the Sobolev space of complex-valued functions with the inner
product and norm, respectively

wmwzéﬁﬁlj”wmiymm (1)
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w a real number and w # 0, ¥ (x) is the complex conjugate function of the function ¢ (z), C'[8], B =

0,1,..., N, are coefficients of the quadrature formula (1.1f), eo,1; () is the characteristic function of the

segment [0, 1], 0 (x) is the Dirac delta-function, <T]Z) = k,(%k),, Bl=hB, h==x, N=12.. .
The next difference

(tn.0) = [ @ ¢ @ de =Y B0 = [ tx @) ¢ (@) ds (1.5
0 p=0

R

is called the error of the quadrature formula (1.1).
From the Cauchy-Schwarz inequality

)

(Exy )] < HzNyH2<m>*

el

it is clear that the absolute value of the error of the quadrature formula (1.1]) is estimated using the
norm of the error functional (/1.2))

— sup 1, )l (1.6)

HEN’HQW* (m)
¢ lleli#0 H@\HQ H

in the conjugate space Hg(m)*. It follows that the error estimate of the quadrature formula ((1.1)) on
complex-valued functions in the Sobolev space Hz(m) (0,1) reduces to finding the norm of the error
functional in the conjugate space HQ(m)* (0,1). It is evident that the norm of the error functional
depends on the coefficients C[3] of the quadrature formula . By minimizing the norms of
the error functional ¢y (x) with respect to the coefficients C[5], we obtain the optimal coefficients
of the quadrature formula. The resulting formula is called the optimal quadrature formula.

Thus, in order to construct an optimal quadrature formula in the Sobolev space, HQ(m) (0,1) it is
necessary to find the following quantity

inf Hz a7 1.7

Clf] wIH; (L.7)

We denote this value by ||¢ N]Hz(m)* , which we call the norm of the error functional of the optimal
quadrature formula, i.e.

¢ n|H{*| = int H£N|H§’">* . (1.8)

c (8]
The coefficients C[5] for which the exact lower bound is achieved as in (1.8]) are called the optimal

coefficients of the quadrature formula and are denoted by C[5], 8 =0,1,..., N.
So, we need to solve the following problems sequentially.

Problem 2. Find the norm of the error functional ¢ (z) of the quadrature formula (1.1]) on the space
H{™ (0,1).
Problem 3. Find the coefficients é’[ﬂ], B =0,1,...,N that satisfy ([1.8)).

In the next section, we find the extremal function that helps us to calculate the norm of error
functional.

2. AN EXTREMAL FUNCTION OF QUADRATURE FORMULAS IN SOBOLEV SPACE HS™(0,1) -
COMPLEX-VALUED FUNCTIONS

The explicit form of the norm of the error functional £y (z) in the space H{™* (0,1) is obtained by
means of the so-called extremal function of this functional [T} 2].
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Definition 2.1. (S.L. Sobolev) A function v, 5 (x) € H{™ (0,1) is called an extremal function of a
given functional £ (x) if

(b)) = HgN‘HQ(m)* (2.1)

. Hwe7H‘H2(TTL)

The following is true.

Theorem 2.2. In the Sobolev space HQ(m) (0,1), the extremal function of the error functional £y (x)
s given by the formula

Vu (@) = () * 2 (@) = [ D@ (= 9y~ ZC Jomu (@ —h8),  (22)
where o -
vl 2m—k -2 z

Emw () = 22m T(m—1) 'Z K (2m — )k:(— 1))| s (2:3)

Iy () is the complex conjugate functional of the functional Ly (z), P(y) is the complex conjugate
function of the function p (y), C[B] is complex conjugate coefficient of C'[5].

Proof. To find an extremal function ¢, y (), we use the well-known Riesz theorem on the general
form of a linear continuous functional. The space Hém) (0,1) is a Hilbert space, according to the
Riesz theorem for the error functional £y () and for any function ¢ (z) € HS™ (0,1) there is a unique
function ¢y (z) € H{™ (0,1) for which the following equality holds

(Unsp) = (Yem, SO)Hém, (2.4)

and

| lmg (2.5)

The right side of ( is determined by formula
Now to find 1y, H( ) we solve equation (|2 Taklng 1nto account (| -, after integrating by parts
the right side of (2.4), we get

=3 () = / C dw+i7j (i )”,’j‘@?@ Y| . o)

2
W
k=0 0

From here, taking account the arbitrariness ¢ () and uniqueness of the extremal function, we obtain
the following boundary value problem

S (1) e @ - v o), )

m m 1

ZZ(@( )" k- (@) =o. (2.8)
s=1 k=s 0

On the other hand, by Sobolev’s theorem (see [I] theorem 11), Cg° (0, 1) is the space of functions

that are infinitely differentiable and finite on the interval [0,1] is dense in L, for 1 < p < co. It follows

that the space C§° (0, 1) is dense in the Sobolev space Hz(m) (0,1). Further, by virtue of these results

it follows that in equality the last double sum vanishes. Indeed, from the finiteness of ¢ we have

0= (0) =0, 1 (1) = 0. Then

S5 (1) e @ @)

s=1 k=s
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As a result, to find ¢, g () it is enough to solve equation (2.7). Now we will deal with solving equation
(2.7). We write equation ([2.7) in the form

S () @ =@, 29)

k=0

The operator L,, has the form

m m (_1)k ko ( d? )[m] ( 2 )[ml] ( a2 >
L = aez -\ =1- %= 1-—— . 2.10
o < k?) w2k dx2k w2dx2 w2dr? w2dz? ( )

If we find a fundamental solution of the operator L,,, i.e.

Lyemw (x) =06 (), (2.11)

then the solution to equation (2.9)) is given by the following formula for the convolution of two functions

@z,H () = LUy () *Emw (). (2.12)

Lemma 2.1. A fundamental solution of the operator L,, has the form

we—«l=l mlzm k—2)( )|x|

Emw () = —
22m=1 (m — 1) &~ (m—k—1)!

(2.13)

Proof. Tt is not difficult to verify that

(1 - dQ) e (2) = Em_1. (2). (2.14)

w2dx?
Then

d2 [m] d2 [m—1] 2 2 [m—1]
(1-zz) 0= (-gm)  (-gm) 0= (1-5gm) @
(2.15)

In the same way, we have

d? [} d? [m—1] pe
<1 — u}2d$2> €m7w (.’E) = (]_ — M) €m,(m,1),w (I‘) = (1 — u)2dx2> El,w (ﬂj) . (216)

In case m = 1 expression (2.13)) takes the following form

we_w‘xl
€1w(z) = 5 (2.17)

Now, calculating the generalized derivatives of the function, ¢; ,, (z) we have

2
"

3
€1 (T) = —%efw‘z'sign (), e, (@)= %e*wlm‘-w%(x) . (2.18)

Due to (2.17)), (2.18)), expression (2.16)) takes the following form

1"

(1 - d2>wgmyw (z) = <1 - CF) e (1) = er (1) — e () we ~ e 15 (@) = 6 (x)

w2dx? w2dx? w? 2

So, we have proved Lemma 2.1 completely. O
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Next, using formulas (1.2)), (2.12)) and calculating the convolutions, we obtain

o0

Do () = by (2) * o ( /EN Emw (T —y)dy = / (5[071] (¥)p(y)

— 00

ZC[B](S(@/hﬁ))em,w(azy)dy:/p( )Emw (T —y)dy — ZC Emw (T — hP).
B=0 0

From this, we have

1

¢4,H($):/p( ) Emw (T —y)dy — ZC Emw (T — hB).

0
Theorem 2.2 is completely proved. O
3. THE SQUARE OF THE NORM OF THE ERROR FUNCTIONAL FOR QUADRATURE FORMULAS

Now, using the expression of the extremal function, EE’ g () we calculate the norm of the error

functional for the quadrature formula (1.1]). For this, using formulas (2.1)), (2.2) and (2.5)), we obtain

oo

(£N7¢Z,H) = / (5[0 1] Z C 33 - h7)>

— 00

x ( / B (W) e (@ — y) dy — ; C18) e (2 — hﬁ)) dz = / / P (2)P () Emo (& — y) dady

0

2
Jewtig| =

1 1

_ZC / Emw(h')/ y) dy—ZC’[B]/p(x)Em,w (x_hﬂ)dx"i_zzé[ﬁ]ch]gm,w (hﬁ_h’Y) .

B=0 0 B=0~v=0
So, we have proven the following theorem.

Theorem 3.1. The square of the norm of the error functional of quadrature formulas of the type (1.1))
in the Sobolev space Hém)* (0,1) is expressed by the following formula

1

=3 Zﬁ 181C Weme (b — hB) — S C ] / B (W) Eme (Y — y) dy—

(3.1)

i /P Z) Emw (@ — hpB) dz + // Y) Emw (z — y) dzdy.

C [] are the coefficients of the quadrature formula and C [3] are the complex conjugate value to
them, &, ., (x) is determined by equality (2.3), P (y) is the complex conjugate function to the function
py)-

4. SYSTEM OF EQUATIONS FOR DETERMINING THE OPTIMAL COEFFICIENTS OF QUADRATURE
FORMULAS

_ We proceed to minimize the error of quadrature formulas with respect to the coefficients C [y] and
C'[B]. To do this, by calculating the partial derivatives of the square of the norm of the error functional
¢xn with respect to C'[y] and C'[3]. Then we obtain

N 1

= S OBl by = 1) ~ [ P(@) e (= ), (4.1)

B=0 9

8H£N|H2 *|*
9C ]
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N

ofesitg™ [ 1
— - > Chlemw (hy —hp) - / p(z) e (z — hB) da. (4.2)

Equating these partial derivatives to zero, we have

ZC Emw (hy —hB) = [ P(y)emw (hy —y)dy, v =0,1,..., N, (4.3)

O\H

NE

I
=)

Cy]emw (b —h7) :/p x)Emw (B —x)dx, =0,1,. (4.4)
0

v

From these systems it is clear that systems (4.3 and (4.4]) are obtained from each other. Therefore,
it is enough for us to solve one of them. In What follows, we will solve system (4.4). The solution of
this system are the optimal coefficients for the quadrature formula (1.1]), which we denoted by C|3],
8=0,1,...,N.

If we know the optimal coefficients of the quadrature formulas, then by virtue of (4.3) the optimal
square of the norm of the error functional of the optimal quadrature formula is determined by the
equality

1

/1 /1 P@)P(y) em (@ = y) dedy - ZC / 2) eme (@ = hB)dz.  (4.5)

If we use system (4.4]) then we have

° 2
EN‘HQm)* _

ZN\H;")* i = ()P (y) emw (x — y) dedy — 3 C 8] | P(2)emw (@ —hpB)da. (4.6)
0/ 0/ p(2)p(y)e y) dady ; O/ p(r)e
It follows that
Zg 8] / P (@) Em (v — hB) d =3 C 8] / B (x) eme (@ — hB) do (4.7)
B=0 0 B=0 0
> [ |0 Blp@ - [P @) el — h)de =0
B=0 0

Thus, we have proved the following

Theorem 4.1. The square of the norm of the error functional of optimal quadrature formulas in the
space HS™"(0,1) is determined by the formula

1

:/1/1p(:1:)p(y)€m7w( y) ddy — ZC / () Emw (x — hp) dx

=0 0

° 2
EN‘HQm)*

From system (4.3) we obtain the following theorem, an analogue of the theorem of I. Babuska.
Theorem 4.2. Let the error functional {y (z) be defined on the space H{™* (0,1) and be optimal,
i.e., among all functionals of the form

N

e () p(x) =Y C[B]6 (z — hB)

=0
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it h

whi

as the smallest norm in the space Hz(m)* (0,1). Then there exists a solution to the equation

S () @ =t

k=0

ch vanishes at points h3, 8 =0,1,..., N and belongs to Hém) (0,1).
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Abstract. We investigate the interception problem in a differential game with non-inertial players
(a pursuer and an evader) who move in dynamic flow fields with various influences. Throughout the
paper, we solve the pursuit and “life-line” game problems. To solve the pursuit, the strategy of parallel
pursuit (Il-strategy for short) is defined and used. With the help of the II-strategy and applying the
Gronwall-Bellman inequality, sufficient pursuit condition is determined. In order to solve the “life-
line” game to the advantage of the pursuer, we build the set of meeting points of the players and prove
that this set monotonically decreases with regard to inclusion relative to time. The “life-line” game to
the advantage of the evader is solved by constructing evader’s attainability domain where it reaches
without being caught for an arbitrary control of the pursuer.
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1. INTRODUCTION

Differential games are a special kind of problems for dynamic systems particularly moving objects.
In 1965, this theory was studied systematically by R. Isaacs and published in the form of monograph
[21], in which numerous examples were examined and theoretical questions were only touched upon.
The foundation of the modern theory of the differential game was settled by mathematicians R. Isaacs
[21], L.D. Bercovitz [§], R.J. Elliot, N.J. Kalton [14], A. Friedman [15], O. Hajek [17], Y. Ho, A. Bryson,
S. Baron [18], L.S. Pontryagin [27], N.N. Krasovskii [22], L.A. Petrosyan [26], B.N. Pshenichnii [28],
A A. Chikrii [12].

In the differential games theory, in accordance with the basic approaches proposed by L.S. Pon-
tryagin [27] and N.N. Krasovskii [22], a differential game is explored as a control problem from the
viewpoint of either the chasing player (pursuer) or the escaping player (evader). Under this framework,
the game can be stated as either a pursuit or an evasion problem. Pursuit-evasion differential game
have been extensively studied in the literature [8] 12} [16] 19, 20l [32] with significant contributions
addressing theoretical foundations, optimal strategies, and real-world applications.

The book [21] by R. Isaacs covers several game problems that were explored thoroughly and proposed
for further investigation. One of these is named ”life-line” problem that was initially stated and
examined for specific cases in [21] (Problem 9.5.1). When control functions of both players meet
geometric restrictions, the stated game has been rather comprehensively considered in [26] by L.A.
Petrosyan. The II-strategy, which was introduced in [26], 28] for a simple pursuit game with geometric
restrictions, functioned as the starting point for the development of the effective method in pursuit
games with multiple pursuers (see [3|, 4, 1T}, 12], [29]-[30]).

There are numerous studies on nonlinear differential games that have found key conditions for
successful capture and the optimality of capture time. For example, in work [33], a differential game
of the stationary nonlinear system was studied, and the optimality of capture time was analyzed
for a specific case on a plane, where the pursuer applied a counter-strategy. Similarly, A. Azamov,
in [2], considered the pursuit differential game, where the dynamics were governed by a nonlinear
system of differential equations of a specific form, through a positional counter-strategy on a plane,
and also presented clear examples that illustrate the explicit characteristics of the game. In [24], a
two-player nonlinear differential game with an integral quality criterion was investigated at the time
interval divided into two segments. Necessary and sufficient conditions were obtained for the existence
of a saddle point for a general two-person zero-sum differential game when one or both players use
suboptimal control laws of specified form (referred to as piecewise control laws). Additionally, the work
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of K.A. Shchelchkov [34] was concerned with the problems of stabilization to zero under disturbance
in terms of a differential pursuit game described by a nonlinear autonomous system of differential
equations. The sufficient conditions for the existence of a neighborhood of zero from each point of
which a capture occurs in the indicated sense were derived.

Some optimal control problem formulations have taken into account the effect of an external flow
field. For example, in [23], the authors considered the problem of optimal guidance of a Dubin’s vehicle
[13] to a specified position under the influence of an external flow. The minimum-time guidance
problem for an isotropic rocket in the presence of wind has been studied in [7]. The problem of
minimizing the expected time to steer a Dubin’s vehicle to a target set in a stochastic wind field has
also been discussed in [I]. However, the same level of attention in the literature has not been devoted
to pursuit-evasion or “life-line” games with two (or more) competing agents under the influence of
external disturbances (e.g., winds or currents). In papers [35]—[36], a multi-pursuer and one-evader for
the pursuit-evasion game in an external dynamic flow field is considered. Due to the generality of the
external flow, Isaacs’s approach is not readily applicable [21]. Instead, in [36], a different approach is
used and, the optimal trajectories of the players through a reachable set method are found.

This work studies the differential game with a “life-line” when players (a pursuer and an evader)
move in dynamic flow fields with various influences. Throughout the paper, we solve the pursuit
problem and the game with a “life-line”. The obtained results are based on Krasovskii-Pontryagin’s
formalization ([22] 27]), Pshenichnii-Chikrii’s method of resolving functions ([12} 28]), the II-strategy
(B]-[6], 11l 26], [29]-[31]) and the properties of the multi-valued mapping [10].

2. STATEMENT OF PROBLEMS

Let two controllable players P and F be given in Euclidean space R™. The first player P called a
Pursuer chases the second player E called an Evader. Suppose, x signifies the position of the Pursuer,
and y signifies that of the Evader in R™. Then the players perform their motions in accordance with
the equations

P: &=u+ Fp(t,x), x(0)=x, (2.1)
E: y:v+FE(t7y)a y(O) = Yo, (22)
appropriately, where z,y,u,v € R", n > 2, t € R, := [0,+00); Fp : Ry X R — R"

(Fg : Ry x R™ — R™) is an effective flow field for the Pursuer (for the Evader); xg, yo are the players’
initial positions. It is considered that zy # yo.

In , the parameter u denotes as the Pursuer’s control, and it is hereafter selected as a measurable
function u(-) : Ry — R"™ complying with

lu(t)] < a for almost all t > 0, (2.3)

where « is a positive constant.
Likewise, in ([2.2)), the parameter v denotes as the Evader’s control, and it is henceforth chosen as
a measurable function v(-) : Ry — R" complying with

|v(t)| < B for almost all £ > 0, (2.4)

where [ is a non-negative constant.

In the Theory of Differential Games, inequalities and are generally called geometric
constraints (briefly, G-constraints) for the control functions.

Henceforward, the considered game f is referred as the nonlinear differential game -

or briefly, NDG f.

Definition 2.1. A measurable function v : Ry — R”, |u(t)] < «, t > 0, (respectively, v : R, — R™,
lu(t)] < B, t > 0) is called an admissible control of the Pursuer (respectively, Evader).

Let Ug (respectively, V) denote the set of all admissible controls of the Pursuer (respectively,
Evader).
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Assumption 2.2. (Caratheodory’s conditions) Let the functions Fp(t,x) and Fg(t,y) be defined on
the domain D := R, x R™ and let they satisfy the conditions given below: 1) Fp(t,z) and Fg(t,y) are
continuous in x and y for each fixed ¢; 2) Fp(t,x) and Fg(t,y) are measurable functions in ¢ for each
fixed x and y; 3) for each compact subset @ of D, there can be found Lebesgue-integrable functions
hp(:) : Ry — Ry and hg(:) : Ry — Ry, where sup,~,hp(t) = b}, 0 < b} < 00, sup,sq he(t) = hj,
0 < h% < oo, such that |Fp(t,z)| < hp(t) and |Fe(t,y)| < hg(t) for all (¢, z), (t,y) € Q.

In equations , , the functions Fp(t,z) and Fg(t,y) represent the exogenous dynamic flows,
but they may also represent the endogenous drift owing to the nonlinear dynamics of the players
[35]-[36]. It is reasonable to suppose that the magnitude of these flows (e.g. winds or currents) is
bounded from above by some functions hp(t) and hg(t) in the third condition of Assumption[2.2] B.T.
Samatov et al. [31] considered the intercept problem when objects move in the same type external
dynamic flow field. Unlike this work, in our study, the players are assumed to move within different
influence zones, and the pursuit problem is solved for the “life-line” game also. In other words, our
work can be regarded as a logical continuation of the study [31].

Assumption 2.3. (Lipshitz’s conditions) For each compact subsets Qp and Qg of D, there exist
Lebesgue-integrable functions kp(-) : Ry — Ry and kg(-) : Ry — R, where sup,,kp(t) = kp,
0 < kp < 00, sup,sq ke(t) = kj, 0 < kj < oo, such that

|Fp(t,z1) — Fp(t,z2)| < kp(t)|x1 — x4,

[Fe(t,y1) — Fe(t,y2)| < ke(t)|yr — vel
for all (t,21), (t,22) € Qp and (t,y1), (t,12) € Qp.
Proposition 2.4. If Assumptions and[2.3 are valid, then
[Fp(t,x) — Fe(t,y)| < p(t)|z -yl + q(t) (2.5)
is true for any x,y € R"*, where
p(t) =kp(t) + ke(t), q(t)=hpt)+he(t),

supp(t) = p = kp + ki < 00, supq(t) =q=hp + hj < occ. (2.6)
t>0 t>0

Proof. Indeed, by using inequalities in Assumptions and the left side of (2.5 can be estimated
as follows:

|Fp(t, ) = Fp(t,y)| = [Fe(t, 2) — Fp(t,y) + Fp(t,y) = Fu(t,z) + Fp(t, ) — Fp(t, y)|

< |Fp(t,z) = Fe(t,y)| + |Fp(t, y)| + |Fp(t, )| + [Fu(t, x) — Fp(t,y)|
< kp()|z—yl+hp(t) +he(t)+ke)|z -yl = (kp(t) +kp(t))|x —y[+hp(t) +he(t) = p)|z -yl +q(D),

which is the desired result.
O

In NDG (2.1)—(2.4), the objective of Pursuer P is to catch Evader E (a pursuit game) at some
moment 7T, 0 < T, < +00, i.e. to reach the equality

z(T.) = y(T.),

where z(t) and y(t) are trajectories generated during the game. The notion of ”trajectories generated
during the game” requires clarification. Evader E tries to avoid the meeting with Pursuer P (an
evasion game), i.e. to guarantee the relation z(t) # y(¢) for all ¢ > 0, and if it is impossible, to prolong
the moment of the meeting as far as possible. Naturally, this is the preliminary problems setting.
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Definition 2.5. If u(-) € Ug and v(-) € Vg, then Caratheodory’s differential equations

& =u(t)+ Fp(t,z), z(0) =z,

g=v(t)+Fe(ty), y(0) =y

give rise to the unique trajectories z(t) = z(t; zo, u(+)) and y(t) = y(¢; yo, v(+)) correspondingly. In the
given case, z(t) is called the Pursuer’s trajectory, and y(t) is called the Evader’s trajectory.

Definition 2.6. A control function u(¢,x,y,v) : Ry x R”™ x R™ x R® — R" is said to be a strategy
of Pursuer P if: 1) w(t,z,y,v) is continuous with regard to z,y,v for each fixed t; 2) u(t,z,y,v)
is Lebesgue measurable with regard to ¢ for each fixed (z,y,v) and is Borel measurable with regard
to v for each fixed (¢,z,y); 3) u(t,z(-),y(-),v(-)) € Ug for all v(-) € Vg; 4) there exists such a
Lebesgue-integrable function w(-) : R, — R, that

lu(t, 21, y,0(t) — u(t, z2,y,0(t))| < w(t)|zr — o

for any (¢,z1,y,v(t)), (t,22,y,v(t)) with ¢t > 0, z1, 22,y € R", v(-) € V.

Write
z(t) = x(t) —y(t), 2(0) = 20, 20 = o — Yo (2.7)

Definition 2.7. A strategy u(t,z,y,v) is said to be a parallel pursuit strategy or briefly, IT-strategy
if for all v(-) € Vi, the function z(t) is representable as

2(t) = A(t. (1), y(t), () 2o, (2.8)

where (z(t),y(t)) is the solution of the system of differential equations
{ a'c:u(t T, Y,V t))+Fp(t z), x(0) = o, (2.9)

and A(t,z(t),y(t),v(-)) is a scalar monotonically decreasing continuous function with respect to ¢,
t > 0, and it is generally called an approach function of the players P and F in the pursuit game.

Remark 2.8. It is necessary to state that similar to the definition of Il-strategy for the case of simple
motions of the players given in works [3], [4], [26], [28]-[31], the following properties are met: a) the
vector z(t) in (2.8) joining the positions of the players changes its position in the parallel way to
itself during the pursuit; b) depending on the property of the approach function A(t, z(t), y(t), v(-))
in Definition the distance between the players |z(t)| = |z(t) — y(¢)| strictly decreases.

Definition 2.9. We say that H—strategy guarantees that Pursuer P wins on the time interval [0, TG}
in NDG . % ) if for all v(-) € Vg: a) there exists a time moment T, € [0,Tg] at which the
vector function z(t Wthh is defined by the solutions z(t) and y(t) of system (2.9)), meets z(7%) = 0;
b) w(t, z(-),y(") ) € Ug on [0,T.]. In the given case, the number Tg is called a guaranteed time
of the pursuit.

3. THE OBTAINED RESULTS

The given section is devoted to give solutions of the pursuit and “life-line” game problems for NDG
—. First of all, in the pursuit game, a Il-strategy is set up for Pursuer P, and a sufficient
pursuit condition is demonstrated. By this strategy, an explicit formula for a set of all the meeting
points of the players is generated. Then in the “life-line” game, a reachability domain of Evader F is
constructed.
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3.1. The pursuit game solution. Write the following functions:

w=w(t,x,y,v) :=v+ Fr(t,y) — Fp(t,x), (3.1)
r(w) = (w, 2o) + \/<w, Z0)2 + a? — |wl|?, (3.2)
where 2y = 22, and (w, Z5) means the scalar product of the vectors w and Z, in R".

[z0]”

Definition 3.1. For o > |w/|, the control function
u(w) :==w —r(w)zp (3.3)
is called the IT-strategy of Pursuer P in the pursuit game.

It should be mentioned that the function r(w) is mainly called a resolving function [12].

Lemma 3.2. If a > |w|, then the function r(w) is continuous and non-negative in w, w € R, and it
is bounded as
a—|w| <rw) <a+ |wl. (3.4)

Proof. As a > |w|, the function r(w) is monotonically increasing with regard to (w, Zo) (see (3.2)).
Thus, applying —|w| < (w, Z9) < |w| to r(w) yields (3.4)), which ends the proof. O

Lemma 3.3. If a > |w|, then the function w(w) is continuous in w, w € R"™, and it satisfies
lu(w)| = a.
Proof. Squaring both sides of gives
w(W)* = w]” + r(w) [r(w) — 2(w, 2)],
and replacing into the last expression leads to |u(w)|* = a2, which is our claim. O
Lemma 3.4. If a > |w|, then there is a Lebesgue-integrable function g(-) : Ry — R, that satisfies
|[w(wi) — w(ws)| < g(t)]a1 — o
for any wy,ws € R™, where
w1 = w(t,z1,y,v) :=v+ Fg(t,y) — Fp(t,z1), ws=w(t,x2,y,v) :=v+ Fr(t,y) — Fp(t,x2).

Proof. Write ¢ = (w, ), b = o — |w|? and introduce a function ¢ (c) = ¢ + v/c + b from (3.2)). Since

d‘s(cc) =1+ \/c;ﬁ’ we can assert that the function t(c) is continuous on [cy, ¢,| and is differentiable at

each point of the interval (cl, cg). Thus, on the basis of the Lagrange theorem, there is such a point
ct e (cl,cg) that
Y(ca) —Y(car) = T/’(C*) (C2 - 01) = ¢(C*) (<W27 Zo) — {wi, 50>)
= 1/J(C*)<6L)2 — wi, 5’0> < w(c*)}wl — wg‘. (3.5)

Now, with the help of (3.1)), (3.3, (3.5) and by Assumptions the function u(w) can be estimated
for any wy,wy € R™ as follows:

lu(wi) — u(ws)| = [v+ Fr(t,y) — Fp(t,z1) — v — Fp(t,y) + Fp(t,zs) — r(wi) 20 + r(w2) 20|

IA
&l

p(t, xl) —Fp t,a:g)| + |r(w1) — r(w2)| = |Fp(t,:1;1) — Fp(t,azg)} + WJ(Cl) — ¢(02)|
1) = Fp(t,z)| + 0(c) |wr — wa| = (¥(c*) + 1) |Fp(t,21) — Fp(t, 22)| < g(t)|21 — 22,
where g(t) = (¢(¢*) + 1)kp(t). This completes the proof. O




206 Turgunboeva M.A., Soyibboev U.B.

Lemma 3.5. (The Gronwall-Bellman inequality [25, pp. 13, Theorem 1.3.2]) Let n(t) be a real valued
continuous function, and let ¢(t) be a non-negative integrable function in respect to t, t > 0. If the

integral inequality
o /¢ 3)\ds

|2(t)] < n(t) + /¢(8)n(8) exp (/ ¢(T)d7) ds
holds. S

Theorem 3.6. Let o > + q + plzo|. Then II-strategy guarantees that Pursuer P wins on the
time interval [O,TG] i the pursuit game, where

1y, a=B- ~
T — lnaﬁq FEE if p>0,
<= if p=0
a—B—q’ '

is valid, then

Proof. Suppose, Evader E makes use of an arbitrary control function v(-) € Vg and Pursuer P
realizes Il-strategy (3.3]). Then by means of (2.9)), (3.1)), (3.3]), we derive the system of Caratheodory’s
differential equations

{i:um+4%@w@»—rwuﬁv»wmvw»%7dmzxm (3.6)
§ = o(t) + Fe(t,y(1)), y(0) = o, ‘

where the equations in (3.6) pose the unique trajectories (t) := z(¢; zo, u(-)) and y(t) := y(t; yo, v(-))
of the players P and F, respectively. On the basis of (2.7)), it proceeds from ({3.6|) that

z=—r(w(t,z(t),y(t),v(t)))2, 2(0) = z. (3.7)
Integrating equation , we attain the solution
2(t) = A(t, z(t), y(t), v()) 20, (3.8)
where
At 2(t), y(),v() = 1 — ’1/ y(s), v(s)))ds. (3.9)

By reason of (2.3)), (2.4)), (3.1)), (3.4) and by Proposition the function (3.9) is maximized as follows:

At (1), (), 0()) =1 — [ r(w(sz(s), y(s),v(s)))ds <1 — — [ (@ Jw(s)])ds

EY Y
0 0

=1- 1 (at - / |v(s) + Fg(s,y(s)) — Fp(s,x(s))|ds)

|0l

§1—’1<a— t—/]Fpsaz FE(sy )|ds)
Zo|

s1—](m—ﬁﬁ—/ﬂmMﬂ@—y@n+«@M%

Zo’
0
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1 t
<1 (<a —B—q)t— /p|z<s>|ds) ,

0

or to sum up,
Alty (), y(0), o) <1 - =9 / yle(e)lds. (3.10)
20
Combining (3.8) and (3.10)) we obtain

201 <Jaol ~ (@~ 8= )t + [ pla(s)lds. (3.11)

0

In the right side of (3.11)), taking as n(t) = |z0| — (o — 8 — q)t, ¢(t) = p and applying Lemma to
(3.11)) give rise to

()] < K(2), (3.12)
where KC(t) = |z0| — (. — B — ¢ — plzo]) (e = 1) /pif p > 0, K(t) = |20| — (a = B — q)t if p = 0. Since
a > B+ q + p|zo|, substituting the value of Tg (see the theorem) into K(t) ylelds K (T ) = 0. For
this reason and because of (3.12] - there is a time value T, € [0, Tg] satisfying z(7.) = 0, which is the

desired conclusion.

Now let’s confirm the admissibility of Il-strategy for all t € [0,T.]. To this end, we have to
show a > |w(t)| on the interval [0, T,] as specified by Definition By means of Proposition [2.4] and
by , we obtain the following estimations from the condition of the theorem:

a > f+q+plzol = [v()] + q(t) + p(t)]=(1)]

> o(t)| 4+ |Fe(t,y(t)) — Fp(t,z(t))]| > |v(t) + Fe(t,y(t)) — Fp(t,z(t))| = |w(t)]-
This ends the proof of the theorem. |

Remark 3.7. If the players P and E move in the same compact subset of R", then in (2.5)), it is
supposed that p(t) = min{kp(t), kg(t)} and q(t) = hp(t) + he(t), where kp(t), kg(t), hp(t), hg(t) are
given functions in Assumptions 2.2 and

3.2. The set of meeting points of the players. In the theory of differential games, after solving
the pursuit game problem, it is highly significant that the set of all points, which the players P and
FE meet, is explicitly constructed.

Let D(z,y) designate a domain consisting of such all points d that Pursuer P starting its motion
from the position x is able to first get through to the point d before Evader E starting its motion from
the position y, i.e.:

D(w,y) = {d| Bld— 2| = ald - yl}. (3.13)

For a # 3, the boundary of the domain in (3.13)) is represented as
0D(z,y) = {d| Bld — z| = ald — y|},

which is usually said as the sphere of Apollonius.
If Theorem is satisfied, then, with the help of II-strategy , Pursuer P can catch Evader F
on some point in R”. For NDG 7, we are going to define a meeting domain of the players.
As known, the pair (yo,v(-)), v(-) € Vg, produces the Evader’s motion trajectory y(t)
y(t;y0,v(+)), and the pair (zo,u(:)), u(-) € Ug, creates the Pursuer’s motion trajectory z(t) :=
z(t; o, u(+)) for every t € [0,1,], 0 < T, < Tg, where T, is the players’ meeting time, viz,
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z(T,) = y(T.) holds at this time. Accordingly, for (z(t),y(t)) at each ¢ € [0,7.], it makes sense
to write the multi-valued mapping

D(x(t),y(t)) = {d | Bld — z(t)] > ald —y(t)|} (3.14)
on the interval [0, T, *] Mention that
D(xo,y0) = {d | Bld — x| > ao|d — yol}-

It is apparent that y(t) € D(x(t),y(t)) is accurate on account of |z(¢)| > 0 on the interval [0, 7,].

Proposition 3.8. It is true to write the multi-valued mapping as
D(x(t),y(t)) = x(t) + A(t, (), y(t), v(-)) [D(z0, o) — o], (3.15)
where A(t,z(t),y(t),v(-)) is the approach function of the players in , and

04»3|20’
2 _ g2’

D(z0, Yo) = 2o — C(20) + R(20)B, C(z) = (M) 20, R(z) = (3.16)

B:{bER"Hb\Sl}.
Set

- ( a6ﬂ2/’FP s,2(s)) — Fr(s,y(s ‘ds) /Fp s, x( (3.17)

Then, write the multi-valued mapping
D (1, (), y(1)) = D(a(t). y(1) + H(t, 2(t), y(1)) (3.18)
Theorem 3.9. D*(t2, 2(t2), y(t2)) C D*(t1, (t1),y(t1)) for t1 <t from any ty, to € [0,T.].

Proof. First off, let us introduce the following notation for convenience in calculations:

§(t) = &(t, z(t),y(t) = Fp(t,2(t) — Fr(t, y(t)). (3.19)
Inequality (2.4) can be immediately transformed into the form
2 B 2 2
‘U(t)‘ < o2 — ﬂ2 (Oé - ‘U(t)‘ ) (320)
Then considering (3.1)) and (3.19)), inequality (3.20) may be rewritten as
2 B 2 2
w(t) +£@)] < o 2 (@ —|w(®) +E®))%)

or from here it is derived that

2
< B (
= a2 — B2

In accordance with (3.2), it can be readily verified that the following equality holds:

o’ — w®)]* = r(w(t)) (rw(t) — 2(w(t), %)) (3.22)

w(®)]* + 2(w(t), £(1)) + [§()[* o — lw(t)]* = 2{w(t), £(t) — [E®)%) - (3.21)
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Replacing the right-side term of (3.22)) into (3.21)) leads to the inequality

O + 2 {wlt), 2 rwl)ze) + e

Ck2—52

< e -2 (u). 55 ew).

N

wOF +2 (w0, SO+ 5T ew) + S0P < S reo). B

We convert both sides of (3.23)) into quadratic forms:

P +2{wt), g+ 5 ne0) +| S premia+ 5 e
’672 2(t.w(t)) — o |2 a74 £)1? ’874 2(w(t
Sz (t,w(t)) a2_62\§( )+ ( 2_52)2\5( )1+ " (w(?))
2
12575 r)aeo)
or we get
32 2 2
w(0)+ ) + )
af ? 2 2
S\e_m (r*(w(®)) + 2(r(w(t))z0, £(8)) + [ED)[) ,
that is,
w0+ )i+ 5 ew] < i)+ € (3.24)

It is evident that for any vector ¢ € R™, with [¢)| = 1, the following relation is true:

(w0 + )i+ 5T e0.0) < |olt) + 2w+ e

Applying the latter inequality to (3.24]), we obtain

ﬁQ ) 042
(00 + g ®)i + =560, <

a2 _ 62
The left-side term of (3.25) may be rewritten as:

2

(w0 + (5 1) )i + 60,0 ) = (wlt) = (o0 v)+

o? o?

ol = 2 (r(w(t)zo +&(8), ¥) = (u(w(?),¥) + —— 72

From the last equality and from (3.25)), it is achieved that

_l’_

o? af

o7 — (r(w(t))2o +&(t),9) — 5

(w(w(t)), ) +



210 Turgunboeva M.A., Soyibboev U.B.

The multi-valued mapping D(z(t),y(t)) is, by and large, regarded as the ball with center and
radius changing in time. Thus, a support function c(D(:E(t), y(t)),lj)> of D(z(t),y(t)) can be defined
for arbitrary 1» € R, || =1 (see [10, pp. 68]), and this enables to determine a support function

oD (o) y(t),v) = s (dw)
deD* (t,3(t),y(t))
of the multi-valued mapping D*(t,z(t),y(t)) as well. Now, we compute the ¢-derivative of
c(D* (t,x(t),y(t)),w) by the properties of a support function (see [I0, Property 1, pp. 34; Prop-

erty 3, pp. 35; Theorem 1, pp. 67]). To do this, from (2.1)), (3.3), (3.9), (3.15)—(3.19), (3.26]) it is
derived that J

%C(’D* (t,x(t),y(t)),¢) = ﬁc(D(x(t),y(t)) + H(t,x(t),y(t)),zb)

— %c(x(t) + At (), y(t), v() [D(x0, o) — 0], ¢>

t

+%c (azofﬁzo/tf('?)ds— (QQO‘_B/BQ/K(S)MS) B—O/tFp(svw(s))ds,w)

0

o? af

= (uw(®), ) + (Fp(t,2(0)), ) + g5 (rw(t) 20, ¥) = 5 r(w(t)

;32
o? af
+042 — B2 (€(t),¥) — 2 _ 32 1E@)| = (Fp(t,z(t)), )
= (D)) + 5 )% + 60,8 — 2 ()il + 1)
a? a/@

(r(w®)zo +£0):¥) = F— g Irw ()2 + ()]

In consequence, we get

d /.. o? .
e (620, y(1).9) < (w((0),8) + 575 (r(@(0)2 +£0). )
o .
—m\r(w(t))zo +&(1)]-
Referring to (3.26)), we conclude that the relation %c(D* (t, z(t), y(t)),d;) < 0 holds for all ¢ € [0, 7]
and for any ¢ € R", || = 1. The proof is now complete. O

Lemma 3.10. For an arbitrary control v(-) € Vg, the following inclusions are satisfied for all t €
D) u(1) € Dl ) — (e 200, 5(0);
2) y(t) € D(zo,y0) — H(t, z(t),y(t)).
Proof. 1) We should say that Theorem implies
D*(t,z(t),y(t)) € D*(0,2(0),y(0)).
For this reason, from the views of D* (¢, z(t),y(t)) and H (¢, z(t),y(t)) in f the following

arise:
D(.%'(t), y(t)) + H(t> x(t)> y(t)) - 2 (Oa .T(O), y(O)) = D(x(h yO)a
or we can write
D(z(t),y(t)) C D(xo,y0) — H(t, (1), y(t)). (3.27)
2) Tt is evident from that y(t) € D(z(t),y(t)) for ¢t € [0,T.], and accordingly, we see that
y(t) € D(zo,y0) — H(t, z(t),y(t)) is valid owing to . O
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On the strength of Theorem [3.9)and Lemma we define the set of meeting points of the players
in the pursuit game.

Definition 3.11. For an arbitrary control v(-) € Vg, we call

Te

Dy (0,90, Ta) = | (D (w0 30) — H(t,2(), (1)) ) (3.28)

t=0
the set of meeting points of the players, where Tq is defined in Theorem

3.3. The “life-line” game solution. Consider a closed subset L, referred to as a “life-line”, in the
space R™. The Pursuer aims to capture the Evader before the Evader reaches the set L, meamng
that there exists a time 7 > 0 such that their positions coincide, i.e. l‘(T) = y(T) Meanwhile, the
Evader’s goal is to either to reach the subset £ before being captured or to carry on the inequality
x(t) # y(t) for all t > 0. Notably, the Pursuer’s motion is not restricted by the subset £. Additionally,
it is supposed that the initial positions xy and y, are given under the conditions xq # yo and yo # L.

Definition 3.12. It is said that IT-strategy (3.3]) guarantees that Pursuer P wins on the time interval
[0, T G] in the “life-line” game, if there exists a time T' € [0, T G] such that:

(i): x(f) :y(f>,
(ii): y(t) # L for all t € {O,ﬂ.

Definition 3.13. We say that a control v, () € Vg guarantees that Evader E wins in the “life-line”
game if, for any control u(-) € Ug:

(i): there exists a finite time T such that y(1;) € £ and z(t) # y(t) for all ¢ € [0,T,);
(i3): z(t) # y(t) for all t > 0.

Theorem 3.14. Let o > B+ q+p|zo| and LNDp (29, Yo, Tc) = @. Then I-strategy guarantees

that the Pursuer wins on the time interval [0, TG] in the “life-line” game, where Tq is the guaranteed
time of the pursuit.

Proof. The proof arises instantly from Theorems [3.6] and [3.9 and from Lemma [3.10 O

Our next concern will be solving the “life-line” game to the advantage of Evader E.
First off, define the following set:

D(x0,y0) = {d | Bld — zo| = (a + pl2o| + q)|d — wol}- (3.29)
Lemma 3.15. In accord with the definitions of D(zo, o) and D(x¢,%o), the inclusion

D(z0,%0) C D(x0, Yo)
1$ satisfied.

Proof. Due to p >0, ¢ > 0 (see Proposition i and owing to % > %, we have

a + plzg| + «
Oy > Ly, (3.30)
g p
Combining the inequality in (3.29)) with (3.30) yields
a + plzg| + «
|d — xo| > p‘ﬁolqld — ol > B|d — Yol

From here, it follows
o

The lemma is proved. O
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Definition 3.16. The set

DE(ymTEavﬁ) = {dE | dE :y(yOaTﬁavﬁ)}a (331)
is said to be a reachability domain of the Evader in the “life-line” game.

Theorem 3.17. Let o > B+ q + p|zo| and LN DE(yo,Tg,’Uﬁ) # &. Then there exists a control
ve(+) € Vg which guarantees that FEvader E wins in the “life-line” game.

Proof. In accordance with the second condition in the theorem, there is at least one point dg €
DE(yO,Tﬁ, ’UL) N L that
de =y(yo, Tz, ve).

From Definition [3.16] if the Evader employs v, then it gets to the point dg at the time 7.
Let

d— _
e = Te(d) = 0L d e Do) (3.32)
and
=) =L 4D
ve = v )_ﬁ\d—yo|’ € D(z0,Yo)- (3.33)

Now, we prove that the condition (%) of Definition is satisfied, more precisely, the Evader remains
uncaught. Let us suppose the 0pp081te that is, there exists some control u(-) € UG of the Pursuer

giving rise to z(t) = y(t) at a time T less than T}, i.e., T < T;. Due to denotations , we generate
the initial value problem

2(t) = a(t) — v + Fp(t 2(t) — Fe(t,y(t)), 2(0) = 2,
and integrate both sides of this equation, we obtain

t t t

z(t) = 20 + /&(s)ds - /'v[;ds + / (Fp(s,z(s)) — Fr(s,y(s)))ds. (3.34)

0 0 0

Consequently, equation (3.34) allows us to write

T T

= 2o +/ s)ds — /vgds + / (Fp(s,z(s)) — Fr(s,y(s)))ds = 0. (3.35)

0 0

In essence, depending on how the control 4(-) € Ug is chosen, the Pursuer can chase the Evader
along different motion trajectories. In particular, the distance between the players may first increase
and then decrease, or in the second case, it may continuously decrease from the initial distance |z|
at the start of the game. Therefore, the time T will be less in the second case rather than the first
one. For this reason, it suffices to consider the second case, i.e., |z(t)| < |zo| for all ¢ € [0, 77, to prove

the condition (%) of Definition Hence, by dint of (2.3)), (2.5), (2.6, we carry out the following
estimates in (3.35):

zo/f'vﬁds §i|ﬂ(s)ds+/’Fp(s,x (s)) — Fr(s,y(s))|ds

T

< [lalds + [ ((s)12(9)] + a(s))ds < (@ + plzo] + )T

or
]zo - vﬁT] < (o + plzol + )T (3.36)
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Taking the square of both sides of (3.36)) and taking account of |v.| = 3, we get

((a + pl2o| + )% = B2)T? + 2T (e, 20) — |20]* > 0.

From the latter, the solution is

- 1
T>
~ (a4 pleo| +q)? — B2

(Ve 2002 + Lol (@ + plzo] + )2 = 82) = (ve, z0)). (3.37)

In light of the assumption 7, > T it is derived from {i and 1) that

d — yol 1
B (a+plzo] +q)* = B°
We obtain the following inequality from (3.29):

(\/<’Uz:, 20)2 + |20]? (o + pl2o| + ¢)% — 52) — (v, Zo>)- (3.38)

Bld — ol = (o + plzo| + @)ld — yol.
From this and from zo = zq — yo (see ) it is taken that
B%|z0 — (d —yo)|* > (@ + plzo| + q)°|d — wol*,
and this reduces to the following form after using and making some computations:
2] > |d — yol? 2|d — yol
p? g

Now, firstly, multiplying both sides of (3.39) by ((a + p|zo| + ¢)*> — %) and then adding (v, z)? to
both sides gives

(e + plzo| +9)* = 5%) + (v, 20)- (3.39)

d— 2
(ve:20)” + (@ + plzol + 9)° = 7)o" > [<va,20> - | 53/0! ((a+plzol + )% — 52)} :
or
! 2 2 2 2 d — yol
(o + plzo| + q)2 — B2 (v, 20)2 + |20 ((Oé +plzol +¢)2 -0 ) —(vg,20) | > T (3.40)
In the light of (3.38]) and (3.40)), we meet a contradiction. This concludes the proof. O

Corollary 3.18. In accord with the definitions of and , it is confirmed that

DE(y07T£7 UL) - DP(OUo,yOaTG)
1S accurate.

4. EXAMPLES

Example 1. Consider the differential game
P: i=u+x+zcos’t, z(0)=umo, |ult)l<a, (4.1)

E: y=v+y—zsin’t, y0) =y, [v(t) <5 (4.2)

respectively, where z,y, u,v,20 € R", n > 2. zg = g — ¥o.
For Proposition we can take as p = 1 and ¢ = |2zo|. Thus, the function K(¢) in (3.12) will be as
follows: K(t) = |z0| — (o — B — 2|20]) [exp(t) — 1]. Then we will give the following result.

Theorem 4.1. Let o > 5+ 2|zg|. Then II-strategy guarantees that Pursuer P wins on the time

interval [0,Tg] in the pursuit game f, where Tg = In 2=8=1z

a—pB-2[z| "
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Example 2. Consider the differential game

P: & =u+sin(2e"z), z(0) =z, |u(t)] < a, (4.3)

E: y=v+cos < ) , y(0) =50, |v(t)| <8, (4.4)

211’
where x,y,u,v € R™. Here it is obvious that

Fp(t,z)| = |sin (2e7'2)| <1 = h%,
P

1 <1l=h;
cos | —— = .
2 19 > E

To compute Lipschitz constants for Fp(t, ) = sin (2¢'z) and Fg(t,y) = cos (ﬁy), we use the

[Fe(t,y)| =

following statement.

Lemma 4.2. ([9]) Let f : [a,b] x D — R™ be continuous for some domain D C R™. Suppose that
[0f /0x] ezists and is continuous on [a,b] x D. If, for a convex subset W C D, there exists a constant
L > 0 such that }%] < L on [a,b] x W, then the Lipschitz condition

is satisfied for allt € [a,b], z,y € W.
According to this property, we get

OFp(t, x)
ox

OFp(t, 1. /1
:|267tcos(2e*tx)|§2:L1, ‘ E@(y y)‘:‘_t2+1sm<t?+1y>‘S1:L2'

From this and from Assumption it follows that
|Fp(t,x1) — Fp(t,x2)| < kp(t)|xy — 22| = Ly|xy — 22,

|Fp(t,y1) — Fp(t,y2)| < kp(t)|z1 — 22| = Lofyr — ya|.
Consequently, for Proposition wefindp =k} +k =24+1=3andg=hp+h=1+1=2.
Thus, the function K(t) in (3.12]) will be as follows: K(t) = |zo| — (a — 5 — 2 — 3|20]) [exp(3t) — 1] /3.
Then we will give the following result.

Theorem 4.3. Let a > 8+ 3|z9| + 2. Then Il-strategy guarantees that Pursuer P wins on the
time interval [O,TG] in the pursuit game 7, where Tg = %ln a—p-2

a—pB—-3|z0|—2"
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1. INTRODUCTION

An extensive study of Lie algebras has yielded many beautiful results and generalizations. In
the classical theory of finite-dimensional Lie algebras, it is known that any Lie algebra over a field
of characteristic zero decomposes into a semidirect sum of its solvable radical and its semisimple
subalgebra, according to Levi’s theorem. Thanks to the results of Malcev and Mubarakzjanov, the
study of non-nilpotent solvable Lie algebras is reduced to the analysis of nilpotent algebras and their
derivations [I4], [LI]. Consequently, the focus of research on finite-dimensional Lie algebras has shifted
to nilpotent algebras and the representations of semisimple algebras. Numerous studies have been
dedicated to solvable Lie algebras with given nilradicals [10], [I3], [4], [6], [I5]. Maximal solvable Lie
algebras, which form an important class of Lie algebras, can be analyzed through their cohomological
properties. This research explores the conditions under which the second cohomology group of such
algebras becomes trivial, offering insights into their deeper structure and potential applications in
representation theory and algebraic topology.

The investigation of cohomology groups of Lie algebras has been a central focus in the fields of
mathematical physics and algebraic geometry. Cohomology problems have been explored in many
papers [1], [2], [3], [5]. In particular, the second cohomology group, H?*(L, K), where L is a Lie
algebra and K is a field, plays a significant role in understanding the structure and classification of
Lie algebras. This article specifically examines when the second cohomology group of certain maximal
solvable Lie algebras vanishes. The goal of this work is to establish specific criteria that determine
when the second cohomology groups of these algebras are trivial, under a variety of necessary and
sufficient conditions. F.Leger and E.Luks [9] provided some necessary conditions for cohomological
rigidity in certain solvable algebras. We build on their work by generalizing these conditions and
providing additional sufficient conditions for cohomological rigidity under specific restrictions.

Unless otherwise stated, any Lie algebra considered in this work is finite-dimensional and R = N'xT.
Here, T is the maximal torus of N, N =N, ® N,, ® - D N,,, N,, with representing the root
subspaces with respect to the maximal torus in V. Additionally, dim N, = 1 for all « € W, rank(N) =
s and zero is not in W.

2. PRELIMINARIES

Definition 2.1. A vector space with a bilinear bracket (L£,[—,—]) over a field of F is called a Lie
algebra if for any z,y, z € L the following identities hold:

[x,y] = —[y,:r]
[z, ], 2] + [y, 2], 2] + [[z, 2], 4] = 0.

For a given Lie algebra £ we define the descending central sequence and the derived sequence in the
following recursive way:

LY=L, L =k L], and £V = £, cFH = [ £ k> 1, respectively.

Definition 2.2. A Lie algebra L is called nilpotent (respectively, solvable) if there exists s € N
(respectively, k € N) such that £* = 0 (respectively, LI¥l = 0.)
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For a given Lie algebra R, let C*(R, M) be the space of all alternating F-linear homogeneous
mappings A"R — M, k > 0 and C°(R,M) = M. Let d* : C*(R,M) — C**1(R, M) be an F-
homomorphism defined by

k+1 ‘ R
(dEf)(xy, .o xpyr) . = ;(—1)’*1[:Ui,f(x1,...,zl,...,:nkﬂ)]—l—
+ 1<‘<Z<k+1(*]—)i+jf([xiv:Cj]a:Ela"'7@7"'@’"'7xk+1)a
<i<y<

where d¥f € Z¥(R,M) and x; € R. Since the derivative operator d = Y d’ satisfies the property

i>0
dod =0, the k-th cohomology group well defined and

H* = 78R, M)/BMR, M),
where elements of Z*(R, M) := Kerd® and B*(R,M) := Imd*' are called k-cocycles and k-

coboundaries, respectively.
Hoschild-Serre factorization theorem simplifies computations of cohomology groups for semidirect
sums of algebras [12].

Theorem 2.3. If R = N & Q is a solvable Lie algebra such that Q is Abelian and operators adgrt (t €
Q) are diagonal, then the adjoint cohomology H?(R,R) satisfies the following isomorphism

H?(R,R)= Y  H*(Q,K)® H"'(N,R)?,

a+b=p

where
HY(N,R)? ={p € H'N,R)| (t.p) =0, t € Q} (2.1)

is the space of Q-invariant cocycles of N with values in R, the invariance being defined by:

(t.©) (21, 22, -« oy 2) = [t (21, 22, -y 20)] — an(zl, ce [t zs)y ooy 2p)e

s=1

Let consider
Ker (d*)

where d* : C*(Q,K) — C**(Q,K). Since ¢ : Q@ X --- x Q@ — K and [t;,¢;] = 0, t;,t; € Q we get
(d*¢)(t1,...,tar1) = 0. It implies that Im d* = 0 and Ker d* = C*(Q,K), i.e., H*(Q,K) = A*Q.

Therefore, the cohomology groups H*(R,R) vanish if and only if the space of Q-invariant cocycles
H*(N,R)< vanish. On the other hand, HP(R,R) = 0 implies that H*(A,R)2 =0 for all 0 < b < p.

Ha(QvK) =

Definition 2.4. A torus on a Lie algebra £ is a commutative subalgebra of Der(L) (the set of all
derivations of £) consisting of semisimple endomorphisms. A torus is said to be maximal if it is not
strictly contained in any other torus. We denote by 7,,.. a maximal torus of a Lie algebra L.

We should note that if dimT = dim(N /N?), then N is called nilpotent Lie algebra of maximal
rank.

Definition 2.5. A solvable Lie algebra R+ = N x T is said to be of maximal rank, if dim7T =
dim(N /N?).

The dimension of a maximal torus of a nilpotent Lie algebra is denoted by rank(N\).
Denote by W = {a e T* : N, # 0} the roots system of N associated to 7, and by ¥; =

{ai,...,as} the set of primitive roots such that any non-primitive root can be expressed by a linear
combination of them. In fact, any root « € W we have a = Y. p;«a; with p; € Z.
a; €V,

We should note that Q in the Theorem 2.3. is nothing else but torus of N'. In the following steps, we
consider maximal solvable extensions of nilpotent Lie algebras which are constructed by their maximal
torus, i.e. @ = T,,4.. We have the following remark.
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Remark 2.6. It should be noted that if (R, R)? = 0, where R = A" x T is a solvable Lie algebra such
that 7 is Abelian and operators adrt (t € T) are diagonal, then H(R,R)* =0 for any 0 <7 < p — 1.

Let consider b = 1 on :
H'(N,R)” ={p e H'(N,R)| (t.p) =0, t € T}.

Hence,

H'WN,R)=H'No, @ ON,, , Noy, @ ON,, &T).
Let ¢ € H'(N,R)7, then

(t-p)(na) = [t p(na)] — ([t na]) = [t p(na)] + a(t)p(na) = 0.

It implies that
[p(na), t] = at)p(na) = ©(Na) C N

Conditions of the triviality of the first cohomology groups of maximal solvable Lie algebras are
obtained in [§].

Theorem 2.7. [8] A solvable Lie algebra is complete if and only if it is the maximal solvable extension
of a d-locally diagonalizable nilpotent Lie algebra.

Let R = N x T be maximal solvable extensions of nilpotent Lie algebra of maximal rank. Then by
applying Theorem 4.9. in [7], we can take multiplications table of R as follows:

WV, N
R: 3 [Mati] = ing,,  1<i<k,
Maists] = Qigna, 1<j<k, k+1<j<n,

where N =N, @& -®N,, & -®N,, and N, are root subspaces with respect to the maximal torus
on N. Since any Lie algebra is also a Lie superalgebra, we can rewrite the following corollary (see,
Corollary 4.11. in [7]).

Corollary 2.8. [7] A mazimal solvable extension of a nilpotent Lie algebra of maximal rank has trivial
center and it admits only inner derivations.

Due to Theorem [2.3] and Corollary we can obtain the following remark.

Remark 2.9. Let R be a maximal solvable extension of a nilpotent Lie algebra of maximal rank.
H?(R,R) = 0 if and only if H*(N,R)7 = 0.

For the elements ¢ € Z2(N,R)7, we have the following:

0= (t'90>(naiv naj) = [tv ‘P(nanna]‘ )] - ‘P([tanai]ana]‘) - Qp(naiv [ta na_j]) =
[tv ‘p(namnaj)] = ‘P([t> nai]’ naj) + @(naiv [ta naj]) = (O‘i + O‘j)(t)so(nannaj)-

It implies that ¢©(na,, Na,) € Naita,- Since B2 (N, R)T C Z*(N,R)7, for any element ¢ € B*(N,R)7
we have 1 (nq,, Na,) € Na,1a,-

Now, we present a proposition mentioned in the paper by F. Leger and E. Luks in [9]. We will
formulate this proposition using our notation:

Let AV be a nilpotent Lie algebra over a field F', of characteristic not 2, 7 is a subalgebra of Der(N),
R is semi-direct sum R =N x 7 and we shall assume the following properties (i)-(iv) hold.
(i) 7 is diagonalizable over F and dimT = dim(N /N?).
Let W denote the set of weights of 7 in A and for each « in W, denote by N, the weight space for a.
(ii) For o € W, dimN, =1 and if o, B, + B are all in W, [N,,Nj] = Nyip. We fix oy, as, ..., @, in
W and ey, es,...,e, in N so that N = > Fe; + N? (vector space direct sum) and ¢ - e; = a(t)e; for

t in 7. The weights ay, ay, ..., a,, will be called primitive. Every weight in W has the form > r;a;,
=1

where the r; are non-negative integers.
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(iii) If characteristic of F' is p # 0 we assume further, for every o in W, that 0 < r; < p/2 for each 1.
Since each weight in A/? is the sum of two weights, it follows from (iii) that zero is not in W.
(iv) If o, 8,7y, 0, e+ 7y, 5+ ¢ are all in W with «, 8 primitive and unequal and with a+~ = S+, then
there is some p in W such that 6 = o+ p, v = 8 + p and at least one of the following is satisfied:

Case 1. a+ [ is not in W.

Case 2. a+ fisin W but a + 25 is not in W and p = 8 + v for some v in W.

Case 3. a+ g isin W but 2a+ £ is not in W and p = a4+ v for some v in W.
Proposition A. Suppose 7, N are as (i)-(iv). Let R be an 7+ module such that the representation
of T on R is toroidal and the weights of 7 in R are in W. Then H*(N,R)” = 0.

A linear Lie algebra K is called toroidal if it can be diagonalized over an algebraic closure of the
base field; a representation p of K is called toroidal if p(K) is toroidal. From this, we can conclude
that in our case, the representation of 7 on R is toroidal.

3. MAIN PART.

Theorem 3.1. Let N be a nilpotent Lie algebra of mazimal rank such that N = 0. Then, R = N'xT
is cohomologically rigid, i.e., H*(R,R) = 0.

Proof. Due to N3 = 0, we can express non-zero products using only primitive roots:
N : { [namnaj] = Ai,jnamtaja 1<q 7£] <s,

where n,, € N,,. If A;; =0forall 1 <i# j <s, then N is abelian. In this case, it is clear that R
can be written as a direct sum of two dimensonal solvable Lie algebras R;, which have one dimensional
abelian nilradical. Since, they are all rigid, we can assume R is cohomologically rigid(see, Proposition
2,1in [3]). Assume A;; # 0, for some 1<i# j<¢, (s <s), then without loss of generalities we can
take as A;; =1for 1 <i#j <s"

Ni{ [namnaj]:nari-ajv 1<i#j<s.

Remark implies that it is enough to show that H*(N,R)7 = 0. Let suppose ¢ € Z>(N,R)7.
Since ¢(Na,,Na,) € Na,1a,, We can denote as:

{ Sp(namnaj) = Di,jna¢+aj7 1<1 7é,7 < 3/7

where D, ; are scalars.
We now show that ¢ € B*(N,R)7 too. In other words, we prove existence of f € C*(N,R) such
that ¢ = d' f, satisfying the following identity:

@(ea)eﬂ) = [f(ea))eﬂ} + [eomf(e,@)] - f([eone,@]) for all O[,ﬁ ew.
Let denote f(n,) = p(na)na, where pu(n,) are scalars. Then
{ (P(nai7n04j) = (:U«(nal) + M(naj) - /"L(nai+(¥j))n(¥i+aj = Di,jnm+aja 1 < i 7'&.7 < 3/7
Then we come to

{ iu(nai) + /‘L(na]‘) - u(nai+04j) - Di,j = 07 1 S { 7& ] S 3/7 (31)

system with variables (1, ), (1, ), #(Na,4a,), 1 <i#j <8
System (3.1]) has the following solution:

f(na,) = p(ne,) =1, 1<i#j<s,
M(nai+a]‘):2—Di’j, 1§Z7é]§5'

Therefore, there exists f € C1(N,R) such that d*f = ¢, i.e., H*(N,R)” = 0. By Remark we
obtain that H*(R,R) = 0. O
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We now consider the case N* = 0.

Theorem 3.2. Let N be a nilpotent Lie algebra of mazimal rank satisfying N* = 0 and rank(N) = 2.
Then R is cohomologically rigid, i.e., H*(R,R) = 0.

Proof. Without loss of generalities we can take the following products for N:

[nal ’ noéz] = Alnal-‘roém
N : [na1+a27na1] = A2n2a1+a27

[na1+a27no¢2] - A3na1+2a2'

where n, € N,. If A, = 0, then we come to the case N is abelian, then similar to the proof of
Theorem 1, we can prove that H?(R,R) = 0. Let A; # 0, then we can assume A; = 1. Remark
implies that it is enough to show H*(N,R)7 = 0. Let suppose ¢ € Z2(N,R)7.

Take the following denotions:

©(Nays Nay) = BiMay 1ass
Sp(na1+a27no<1) = (1 - 5A2,0)B2n2a1+a27 (32)
Qp(na1+0¢27n042) = (1 - 5A3,0)B3n041+20é27

where B;, By, Bz are scalars. We now show ¢ € B2(N,R)7 too. In other words, we prove the existence
of f € CY(N,R) such that ¢ = d' f, satisfying the following identity:

So(emeﬂ) = [f(ea)veﬂ] + [emf(eﬁ)] - f([emeﬂ]) forall o,8cW.

Let denote f(n,) = p(ny)n., where p(n,) are scalars. Then the system (3.2]) has the following
non-zero solution:

(na,) = ( 2) =
(Nay taz) = Bla
3— B — 2 if Ay #0,
#(n201+0,) = 0, otherw1se
83— By — B, if Ay £0,
P(Net20,) = 0, otherwise.
Therefore, there exists f € C'(N,R) such that d'f = ¢, i.e., H*(N,R)” = 0. O

Now, we consider the case rank(N) > 3 and N* = 0.

Lemma 3.3. Let N be a nilpotent Lie algebra of mazimal rank satisfying N* = 0 and rank(N) > 3.
If oy + oy + au, € W, then the element Ny +aj+ar, € Nai0+0‘j0+ako can be represented in at least
two different ways.

Proof. 1t is enough to show that the following equality holds:
Qi + (ajo + ako) = G, + (aio + ako)? (33)

if o, + o, + oy, € W for unequal primitive roots o, o, , Q-
Suppose contrary
Qo + (ajo + ako) 7& Qjg + (aio + ako) (34)
for the triple {io, jo,ko}. Because of oy, + oy, + ax, € W and (3.4]), without loss of generalities, we
can suppose

I:najo+ak07naio] 75 0, [naio+ak0 ) najo] =0, [naio+0¢jg ’ nako] = 0.

(if this [na,, 1a;, > May, | Product is nonzero too, then we can write the equality(3.3) as

Qg + (ajo + ako) = Qg + (aio + ajo)7
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which contradicts our assumption). However, this Jacoby identity

[naioa [najo ) nako]] + [najoa [nako ) nociu]] + [nakoa [naio ) najo]] =0

#£0 0 0

leads to contradiction.
O

Now, we provide criteria for the triviality of the second cohomology groups of maximal solvable
extensions in the case N* = 0 and rank(N') > 3. We consider it in two cases:

e o +a; + ay ¢ W for all unequal primitive roots «;, a;, ay,.

e o, +a; + oy € W for some unequal primitive roots a;, o, ay,.
Theorem 3.4. Let N be a nilpotent Lie algebra of mazimal rank satisfying N* = 0 and rank(N') > 3.
If a; + o + ax ¢ W for all unequal primitive roots o, o, ay, then H*(R,R) = 0.

Proof. In the multiplication table of N, without loss of generalities, we can write the following prod-

ucts: | |
[no‘i’ naj] = Ai,jnai_paj, 1< 7& J < S,

N . [na,+aj7nai] - Ai+j,in2ai+aj 1 S Z 7&] S 87 (35)
[n()é,j-‘r()éj?naj] = Ai+j,jno¢i+2aj 1<y 7é i < s.
Because of ¢(na,, Na,) € Na,+a, property for ¢ € Z*(N,R)7, we can denote as:
<p(nai7n04j) = (1 - 5Ai,_7‘»0)Bi7jnai+aj7 1 < { 7&] < S,
So(naq‘,-i-ajvnaq‘,) - (1 - 6147:4’,0)(1 - 6A1‘,+j,i70)Bi+j»in20¢i+Oéj7 1< #.7 < s, (36)
@(na7‘,+ajvn0tj) = (1 - 5147:,3‘70)(1 - 5Ai+j,j,0)Bi+j7jn04i+2ajv 1<i 7é.7 <s.

We now show ¢ € B2(N,R)7 too. In other words, we prove the existence of f € C*(N,R) such that
¢ = d' f, satisfying the following identity:

plea,ep) = [f(ea), es] + [€a, f(ep)] — f([eare5]) forall a,8 € W.

Let denote f(n,) = p(na)na, where p(n,) are scalars. Then, we come the following system of linear
equations (1 <i # j < s):
A (Bre) + p(na) = 1(nasve)) = (1= 6a,,.0) B,
Aitgi ((Maiva;) + 1(Na,) = 1(N2a,10,)) = (1 =04, ,.0)(1 = 0a,.;..0) Bitji (3.7)
Ai+j7j (:u(naﬂrllj) + M(na]’) - lu(noéi+2aj)) = (1 - 5141’,]’70)(1 - 5Ai+j,j,0)Bi+j7j'
Then the system (3.7)) has the following solution:

1(na,) ZU(na_j) =1, 1<i#j<s,
2 Duif A £0 1<i#£j<s,

M(na-Jra-) = S : ; ;
e 0, otherwise, 1<iz#j<s,
3—%—%, i Ay #0 1<i#j <s,
H(M2aita;) = 0, otherwise, 1<1i#j <s,

B— R — FEf A #0 1<i#j<s,
#lnat2e,) = 0, otherwise, 1<1i# j <s.

Therefore, there exists f € C'(N, R) such that d'f = ¢, i.e., H*(N,R)7 = 0. Then by Remark [2.9]
we obtain that H*(R,R) = 0. O
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An example that satisfies the conditions of Theorem 3.4:

N : { le1,e0] = €4, [e1,e3] =e5, [ea,e3] =6, [e5,e1] = er.
N can be decomposed to the following root subspaces:

Nal - {el}a Na2 - {62}7 Nag - {63}7 Na1+a2 - {64}7 Naﬁ-cx:; - {65}a Na2+a3 - {66}7 Af?og—}—cx;; - {67}'
Its maximal solvable extension R(N) = N x T4, has the following products:

N [eiatl] = €, 1= 174757 [677t1] — 2677
R( ) ’ [eiatQ] :€i7 i:274a67 [ei,tii] = €4, 7::376;7’ [Na-/\/']

This algebra satisfies the conditions of Theorem 3.4, i.e., a; + ap + a3 ¢ W and one can check that
H*(R(N),R(N)) = 0.

An example that does not satisfy the conditions of Theorem 3.4:

M : [61762] = €4, [62763] = €g, [64,63] = €s, [66761] = €s,
' [61763] = €5, [65761] = ér, [65762] = 2es.

M can be decomposed to the following root subspaces:
Mlll = {61}7 Ma2 = {62}7 Mas = {63}7 M(¥1+a2 = {64}7 MalJras = {65}’ Ma2+a3 = {66}7

M2a1+a3 = {67}7 Ma1+<¥z+a3 = {68}‘
Its maximal solvable extension R(M) = M x T4, has the following products:

[eiytl] = €4, 1= 1; 4, 55 85 [e7>t1] — 267)
R(M) ' [ei7t2] =€, 1= 2a4a6587 [eiatS] = €4, 1= 3>5’677787 [MvM]

This algebra does not satisfy the conditions of Theorem 3.4, i.e., a; + as + a3 € W, and one can verify
that dim H*(R(M), R(M)) = 1.

We should note that in Theorem 3.4, the case a;, + a;, + oy, ¢ W for all unequal primitive roots
a;,,q; ,q, has been considered. It has been proven that all the maximal solvable Lie algebras in
this case are cohomologically rigid. Therefore, we present the following theorem in the case where
a;, +a; + o, € W for some roots «; ,; , 0, in ¥y, where 1 < p < C3, and s is the number of
different roots in ;.

Theorem 3.5. Let N be a nilpotent Lie algebra of mazimal rank satisfying N* = 0 and rank(N') > 3.
Then H*(R,R) = 0 if and only if for any unequal primitive roots a; , o; , o, such that oy +oy 4oy, €

W, the equalities a;, + (o, + o) = o, + (0, + ) imply oy, +a;, ¢ W for 1 <p < C2.
Proof. By Lemma 2.3, from «; + «;, + o, € W, we can write

a;, + (a;, +ag,) = a;, + (i, +ag,). (3.8)

P

Because of Remark instead of H?(R,R), we consider H*(N,R)7. Let H*(N,R)” = 0, we now

show that for any unequal primitive roots «; ,a;, , s, such that a; +«;, + g, € W, these equalities

aip+(ajp+akp) :ajp+(aip +akp)7 1 gpgcf,

imply
a;, +aj, ¢ w, 1§p§0§’.

Assume contrary, let H2(N,R)7 = 0, but there exists a triple of primitive roots {«,, a;,, ax, } such
that oy, + a;, + o, € W, and this equality

Qg + (ajo + ako) = Qy, + (aio + O[;%)
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implies
(67N + Qj, eWw.

Then, without loss of generality, we can write the products of A as follows:

no‘io ’ n("jo] = Na Qig g

My Moy ] = Ny +ag

n
Qg nako] = naJO +0¢k0 9

S

na¢0+ak0 ) najo] Anaz0+aj0+akoa A 7é 0,

najOJrakO s naio] = (A — ].)na io 0otk

] {Oé,ﬁ} 7& {almajo} ?é {alovako} 7é {ajoﬂako}
Na+ﬁ’ ] {O%ﬁ} # {O‘Zoaam} # {O‘mvako} #* {ajmako}
[ 2aaNﬁ]7 [NaaNZB]'

[
[
[
[nai(, +agg nako] Mo +oot+ang
[
[
N
[

Let us consider the following map, defined as:

Sp(naio +agg nOéjO ) = naio +ajytagy
So(najo Fang ) Tag, ) = Naig+ajo+ang (39)
©(ng,ng) =0, otherwise.

For 2-cocycles, we have the following identity:

¢(a, [b,c]) = ¢([a,b], ) + ¢([a, c],b) + [a, p(b, c)] — [p(a,b),c] + [p(a, c),b] =0, (3.10)

for any elements a,b,c € N.

Now, we show that ¢, defined as in , belongs to Z2(N,R)7. Let us consider the identity
for the triple {n,,ng,n,} in the case where one of «, 8,7 is non-primitive. Then, due to N* =0 and
the way ¢ is defined, all terms in simultaneously equal zero. Therefore, it remains to check the
triples {n,,ng,n,} where all «, 8, are primitive. If at least one element in the triple {n,,ng,n,}
differs from the triple {nmo,nam,nako}, then, due to the way ¢ is defined, all six summands in the
2-cocycle identity are simultaneously equal to zero.

Now, it is enough to check for the triples {na, ,Ma,,s oy, }- By applying the 2-cocycle identity
to the triple {nq, ;Na,, ,Na,, }, We obtain the following result:

[naio ) @(nam ) nako) - [‘p(naio y Ny )7 nakg] +[§0(nai0 y Rau, )7 najo] +

0 0 0

+ (p(nai(ﬂ [najo ) nako]) - (P([naio ) naj0]7n04k0) + (P([naio ) nako]a najo) =0.

Tagg ey tak 0 Majy tojg o,
Therefore, ¢ € Z*(N,R)7. Let assume ¢ € B%(N,R)7, then suppose there exists f € C*(N,R)
such that ¢ = d'f, and we have the following identity:

(10 ng) = [f(na), 1] + [na; f(15)] = f([na,15])  forall o, 5eW.

( (1(na ) + M(nam) - N(nai0+ajo))nai0+ajo =0,
(N = (p(na ) + H(nako) - H(naiOJrako ))naio+ak0 =0,
‘P(na ot nako) (1 (naio +a_7'0) + ﬂ(nako) - M(naio +ovjy ok ))nai0+a_70 tok, — 0,
(nq o) = Al(Masy +ary) + H(Nagy) = (Mg +ajy+ary ) Ta,+as,+ar, = Masy+az,+arg

Then we come to

iu(naio) + M(na]’o) + lu(noéko) = :u(naz‘o+0¢jg+ak0) = _% + :u(naio) + lu’(nOéjO) + M(nak0)7 A 7& 0.



Vanishing of the second cohomology groups of certain solvable Lie algebras. 225

Thus, ¢ ¢ B2(N,R)7 and it is a contradiction for triviality of H*(N,R)”.

Let assume for any unequal primitive roots «; , o, , ay, such that o; +a;, +ai, € W, the equalities
a;, + (aj, +ag,) = o + (a;, + o) imply o) +a;, ¢ W, 1 <p < C2. Let us show that all the
conditions of Proposition A hold true for N.

(i) holds true, because of N is a nilpotent Lie algebra of maximal rank i.e., dimT = dim(N JN?);
(ii) holds true, because in our case dim N, = 1 for all « € W

(iii) holds true, because we are considering zero is not in W case;

(iv) holds true, because, if we take as

a=qa;,, B=o;, Y=0a; tap, d=a, +a,, 1<p<C?

then o + v = 8+ §, which is what we need to show.
Finally, the condition oo + 3 ¢ W implies that we are in Casel. Therefore, by Proposition A, we
obtain H2(N,R)T = 0. O

An example that satisfies the conditions of Theorem 3.5:

L: { le1,e0] = eq, [er,e3] =es5, [es,e3] =eq, [e5,€2] = €.

L can be decomposed to the following root subspaces:

‘COQ = {61}’ [’062 = {62}’ ‘Caz = {63}7 ‘COélJraz = {64}’ ‘Ca1+0¢3 = {65}"CC¥1+C¥2+0¢3 = {66}'

Its maximal solvable extension R(L) = L X T4 has the following products:
R(L) : { leist1] =€, i =1,4,5,6, [ests] =€;, i =2,4,6, [es,t;] =e;, i =3,5,6, [L,L].

If we take as a1 = «;,, o = o, a3 = ay,, then o, + o, + ag, € W. Due to Lemma 3.3, we
can write o, + (g, + @) = ag, + (o, + @), and we have «a;, + oy, ¢ W. One can check that
H*(R(L),R(L)) = 0.

An example that does not satisfy the conditions of Theorem 3.5:

Let consider the algebra M as we already mentioned above:

M { [61,62] = €4, [62763] = €g, [64,63] = €g, [66’61] = €s,

[61,63] = €5, [65,61] =€, [65,62] = 2es.

M can be decomposed to the following root subspaces:
Mal = {61}7 Ma2 = {62}7 Ma3 = {63}> Ma1+a2 = {64}> MalJrag = {65}7 Ma2+a3 = {66}7

M2a1+a3 = {67}7 M051+062+(¥3 = {68}‘

This algebra does not satisfy the conditions of Theorem 3.5. Indeed, o + oy + a3 € W and for all
identity o; + (a; + o) = a; + (o + @), 1 <@ # j # k < 3 we have o; + a; € W. One can check that
for its maximal solvable extension, we have dimH?*(R(M), R(M)) = 1.
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